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1 Introduction

Let {S,} be a symmetric random walk on Z? with covariance matrix I'. Let

Bo= 3 8(S5,5) (L.1)

1<j<k<n
where
|1 ifrz=y
O(,y) = { 0 otherwise (1.2)

is the usual Kroenecker delta. We refer to B,, as the self-intersection local time up to time n.
We call
Yo =: By, —E B,

the renormalized self-intersection local time of the random walk up to time n.

In (13]) and (16) it was shown that ~,,, appropriately scaled, converges to the renormalized
self-intersection local time of planar Brownian motion. (For a recent almost sure invariance
principle see (5).) Renormalized self-intersection local time for Brownian motion was originally
studied by Varadhan (I8) for its role in quantum field theory. Renormalized self-intersection
local time turns out to be the right tool for the solution of certain “classical” problems such
as the asymptotic expansion of the area of the Wiener sausage in the plane and the range of
random walks, (4), (14), (13).

One of the applications of self-intersection local time is to polymer growth. If S, is a
planar random walk and PP is its law, one can construct self-repelling and self-attracting random
walks by defining

dQ,,/dP = c,esBn/m,

where ( is a parameter and ¢, is chosen to make QQ,, a probability measure. When ¢ < 0, more
weight is given to those paths with a small number of self-intersections, hence Q,, is a model for
a self-repelling random walk. When ¢ > 0, more weight is given to paths with a large number
of self-intersections, leading to a self-attracting random walk. Since E B,, is deterministic, by
modifying ¢,,, we can write

dQp /dP = cpetPnEB)/n,

It is known that for small positive ( the self-attracting random walk grows with n while for large
¢ it “collapses”; in the case of collapse its diameter remains bounded in mean square, while in
the case of non-collapse the diameter is of order n in mean square. It has been an open problem
to determine (., the critical value of { at which the phase transition takes place. The work (2)
suggested that the critical value (. could be expressed in terms of the best constant k(2,2) of
a certain Gagliardo-Nirenberg inequality, but that work was for planar Brownian motion, not
for random walks. In (2) it was shown that Ee<7 is finite or infinite according to whether ¢ is
less than or greater than x(2,2) ™%, where 7; is the renormalized self-intersection time for planar
Brownian motion. In the current paper we obtain moderate deviations estimates for -, and
these are in terms of the best constant of the Gagliardo-Nirenberg inequality; see Theorem
However the critical constant . is different from #(2.2)* (see Remark|1.4]) and it is still an open
problem to determine it. See (6) and (7)) for details and further information on these models.
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In the present paper we study moderate deviations of ,. Before stating our main theorem
we recall one of the Gagliardo-Nirenberg inequalities:

I£lls < CIVFIY 2111572, (1.3)

which is valid for f € C! with compact support, and can then be extended to
Wh2(R?) =: {f € L*(R?)|Vf € L*(R?)} (1.4)
We define (2,2) to be the best constant in (L.3), that is,
. 1/2 2
#(2,2) = inf {C> 0| |Ifla < CIVALPISIE",  vrew 2@} (1)

In particular, 0 < k(2,2) < co. We note for later reference that

sup {( B g(x)]4dx> " ;/ngg,vgmx} _ %#(2,2) (1.6)

gEF2

where

Fo={ge W ®R*)| llglla =1} (1.7)
The identity (1.6]) is a special case of (8, Lemma 8.2).

In this paper we will always assume that the smallest group which supports {S,} is Z2.
For simplicity we assume further that our random walk is strongly aperiodic. This is needed to
get suitable estimates for the transition probability estimates in the proof of Lemma [2.1] and is
also used in an essential way in the proof of Theorem [£.1]

Theorem 1.1. Let {b,} be a positive sequence satisfying

lim b, =00 and b, = o(n). (1.8)
For any A > 0,
1
lim logIP’{Bn _EB, > )\nbn} — _AdetT k(2,2)74, (1.9)

n

We call Theorem a moderate deviations theorem rather than a large deviations result
because of the second restriction in . Our techniques do not apply when this restriction is
not present, and in fact it is not hard to show that the value on the right hand side of
should be different when b,, =~ n; see Remark

Moderate deviations for —v, are more subtle. In the next theorem we obtain the correct
rate, but not the precise constant.

Theorem 1.2. Suppose E|Sl\2+6 < oo for some § > 0. There exist C1,Cs > 0 such that for
any sequence b, — oo with b, = o(n)

~ ¢y < liminfb! log]P’{E By — By > (21) " det(D)~Y2n log bn}
< limsupb,! log]P’{E By, — B, > (27) " det(I)"Y?nlog bn}
n—oo
< Oy (1.10)
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Here are the corresponding laws of the iterated logarithm for ~,.

Theorem 1.3. B _EB
limsup ———— = det(I)"2x(2,2)*  a.s. (1.11)
n—oo TNloglogn
and if B|S1 [>T < oo for some § > 0,
B,—EB
lim inf — o — —(2n) tdet(D)"V2  as. (1.12)

n—co nlogloglogn

In this paper we deal exclusively with the case where the dimension d is 2. We note that
in dimension 1 no renormalization is needed, which makes the results much simpler. See (15} [9).
When d > 3, the renormalized intersection local time is in the domain of attraction of a centered
normal random variable. Consequently the tails of the weak limit are expected to be of Gaussian
type, and in particular, the tails are symmetric; see (I3]). As far as we know, the interesting
question of moderate deviations in dimensions 3 and larger is still open.

Theorems are the analogues of the theorems proved in (2)) for the renormalized
self-intersection local time of planar Brownian motion. Although the proofs for the random
walk case have some elements in common with those for Brownian motion, the random walk
case is considerably more difficult. The major difficulty is the fact that we do not have Gaussian
random variables. Consequently, the argument for the lower bound of Theorem 1.1 needs to be
very different from the one given in (2, Lemma 3.4). This requires several new tools, such as
Theorem which we expect will have applications beyond the specific needs of this paper.

Remark 1.4. Without the the restriction that b, = o(n), Theorem is not true. To see this,
let N be an arbitrarily large integer, let ¢ = 2/N?, and let X; be be an i.i.d. sequence of random
vectors in Z? that take the values (N, 0), (—N,0), (0, N), and (0, —N) with probability £/4 and
P(X; = (0,0)) = 1 —e. The covariance matrix of the X; will be the identity. Let b, = (1 —¢)n.
Then the event that S; = Sp for all i < n will have probability at least (1 — ¢)”, and on this
event B, = n(n — 1)/2. This shows that

logP(B,, — E B,, > nb,/2) > nlog(1l — ¢),

which would contradict (1.4).

The same example shows that the critical constant (. in the polymer model is different
than the one in (2)). We have

E B,

B oxp {02 =B}

-1
Zexp{—C’ }(1—5)"exp{0n2 }
This show that (. is no more than 2log %_5 On the other hand, if ¢ is sufficiently small,
2log 1= < k(2,2)7%

This paper is organized as follows. In Section 2 we establish some estimates which are
used throughout the paper. Section 3 begins the proof of Theorem 1.1, while a crucial element
of that proof, Theorem is established in Section 4. Sections 5 and 6 prove the upper and
lower bounds for Theorem 1.2, and Section 7 is devoted to the laws of the iterated logarithm.
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2  Preliminary Estimates

Let {S],} be an independent copy of the random walk {S,}. Let

I =Y _6(S;, ) (2.1)
J=1k=1
and set I, = I, ,. Thus

Iy =#{(j,k) € [L,n]*; S; = Si}. (2:2)

Lemma 2.1.
E Lyn < c((m+n)log(m+n) —mlogm —nlogn). (2.3)

In particular
E (I,,) < en. (2.4)

We also have
E Ly < cv/mn. (2.5)

Proof Using symmetry and independence

n

Elnn = Y. Y E&(S;,S%) (2.6)
j=1k=1
= > > E&(S; - S,0)
j=1 k=1
= Z E§(S j+k7 Zzpﬁ-k
j=1 k=1 j=1 k=1
where p,(a) = P(S, = a). By (17, p. 75),
1 1 1
0= 5 2 ) @)

so that

ElL,n < < drd 2.8
' CZZ]—I—k /ro/o7“+8 ras (2:8)

j=1 k=1

and . follows. is then immediate. . follows from and the bound (r + s)7! <
(Vrs)™! O

It follows from the proof of (8, Lemma 5.2) that for any integer k£ > 1
E(I}) < (k)?2"(1 + E (I,))". (2.9)

Furthermore, by (13| (5.k)) we have that I,,/n converges in distribution to a random variable
with finite moments. Hence for any integer k > 1

E (IF

n—00 nk

= ¢ < 00. (2.10)
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Lemma 2.2. There is a constant ¢ > 0 such that

sup E exp {EITL} < 00. (2.11)
n n

Proof. We need only to show that there is a C' > 0 such that

EI" <C™mIn™ m,n>1.

We first consider the case m < n and write [(m,n) = [n/m] + 1. Using (8, Theorem 5.1)

with p = 2 and a = m, and then (2.4), (2.9) and (2.10)), we obtain

my1/2 m! k 1/2 \1)2
EL) " < > m(EIz@n)) - (EL )

k1, km >0
C™m/! k1/2 km/2
S 2 mratt el E )" (B i) (2.12)
k1+-+km=m
k1,~~~,km20

_ m/2 m/2
<2m 1) mic™(2) < <2m> mic™ (1) /
m m m m
where C' > 0 can be chosen independently of m and n. Hence

EI™ < (Qm)Qcm(m!)Q(")m < <2m>20mm!nm. (2.13)

m m m

<2m> <qm. (2.14)

Notice that
m
For the case m > n, notice that I,, < n?. Trivially,
E" < n2m < mMmn™ < C™min™,
where the last step follows from Stirling’s formula. O

For any random variable X we define
X=X-EX.

We write
(m,n]% ={(j, k) € (m,n]* j <k} (2.15)

For any A C {(j,k) € (Z%)* j <k}, write

B(A)= Y 6(S;,5%) (2.16)

(J,k)eA
In our proofs we will use several decompositions of B,. If Ji,...,J; are consecutive disjoint
blocks of integers whose union is {1,...,n}, we have
By = B((Ji x Ji) N (0.n]2) + > | B(J; x Jj)
i i<j
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and also

n_ZB ((J; x J5) +ZB ) X Ji).

Lemma 2.3. There s a constant ¢ > 0 such that

supE exp{g\ﬁn\} < o0. (2.17)
n n

Proof. We first prove that there is ¢ > 0 such that

M =supE exp{£|§2n]} < 0. (2.18)
n 2n
We have
Bon (2.19)
n 2971
B( ((2k — 2)2"7, (2k — 1)277] x ((2k — 1)2", (214)2”*3']).
7j=1 k=1
Write
o = B(((2k —92)2md (2 — 1)2"7] x ((2k — 1)2", (2k)2“*]’]) (2.20)
—EB(((Qk —2)2"70 (2 — 1)2"] x ((2k — 1)2", (2k)2“—j]).
For each 1 < j < n, the random variables aj, k = 1,--- ,2071 are ii.d. with common

distribution I9n—j — E I5n—;. By the previous lemma there exists § > 0 such that

1
SLrle sng exp {(5W|Cz]‘71|} < 0. (2.21)
sn

By (3, Lemma 1), there exists # > 0 such that

co) = supsupEexp{ 27/2

n o j<n

Z ’} (2.22)

k=

= supsupE exp{02 ’/22n ]‘Zaj,k’} <00

nojsn k=1
Write
N 00
H (1-277/2) and A =[] (1-2777). (2.23)
7j=1 7j=1
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Using Holder’s inequality with 1/p =1 — 2-n/2 1/q= 27"/2 we have

n 201
E exp Mg S > o} (2.24)
242

n—129- _9-n/2
< (Eew{higs zzaak\})
on— 1 2_n/2
<E exp{2”/2)\ —‘Zank })
n—127-1 ,
n/2
<Eexp{ n— 12n‘ZZaJk‘} 2 .
=1 k=1

Repeating this procedure,

Zn: ZJZ aj, k(} (2.25)

=1 k=1
S 0(0)2—1/2+..,+2—n/2 S 0(9)2_1/2(1—2_1/2)_1_

E exp{

So we have
supIE exp{ |Bgn \} < 0. (2.26)

We now prove our lemma for general n. Given an integer n > 2, we have the following

unique representation:
n=2"142M2 ... 4 2M (2.27)

where mq > mg > ---my > 0 are integers. Write
ng=0 and n; =2" + ... 4 2™ i=1,---,1L (2.28)

Then

-1

l
Z 5(Sja Sk) = Z Z 5(Sj, Sk) + ZB((m_l,ni] X (nz,n])

1<j<k<n =1 n,;_ 1<]<k)<n2 =1
l

= ZBQW + ZA (2.29)
=1 =

By Holder’s inequality, with M as in ([2.18])

l
E exp {%( Z(Bgf)% ~EB) } (2.30)
2™ l
<1l <IE exp {—|Bzml - IEBQ,,LZ|}> "< T M2" i =
i=1 =1
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Using Hoélder’s inequality,

-1 2

sep{E A} <[] (Bew{ma))

=1 i=1

Notice that for each 1 <7 <[ —1,

2Mi n—ny; 2Mq 2™
A ST A58 < 0> 885,80,
j=1 k=1 j=1k=1

where the inequality follows from
n_ni:2mi+l+...+2ml Szmi.

Using (2.32) and Lemma we can take ¢ > 0 so that

E exp{%Ai} <supE exp{EIn} =N < oo.
T n n

Consequently,
-1 -1

E exp{%ZAi} <[ v*" /" < N.

i=1 =1

In particular, this shows that

Combining (2.35) and ([2.36]) with (2.30]) we have

supE exp{i\ﬁn\} < 00
n 2n

Lemma 2.4.

1
EB,=————nlogn+ o(nlogn),
2rv/det T’ & (nlogn)
and if E1S81*7% < oo for some § > 0 then
EB, = — 1 nlogn+0(n)
= nlogn n).
2mv/detT' &

Proof.
EB, =E Z §(Sj, Sk) = Z pe—j(0)

1<j<k<n 1<j<k<n

where pp,(x) = E (S, = z). If E|S1]*t?% < 00, then by (12, Proposition 6.7),

0 1 L 1
=———— — 4o —— ).
Pm omv/detT m mi+o
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Since the last term is summable, it will contribute O(n) to (2.40]). Also,

1 " n—-m 1
i — — 2.42
> =D T mnD n (242)
and our Lemma follows from the well known fact that

> 1o logn +~+ O <1> (2.43)
m n

m=1

1<j<k<n

where v is Euler’s constant.

If we only assume finite second moments, instead of (2.41)) we use (2.7)) and proceed as
above. 0

Lemma 2.5. For any 6 >0
0
supE exp {—(E B, — Bn)} < o0 (2.44)
n n

and for any A >0
lim bilogP{E B, — B, > )\nbn} - —. (2.45)

n—oo n

Proof. By Lemma [2.3] this is true for some 6, > 0. For any 6 > 6,, take an integer m > 1 such
that Om~! < 6,. We can write any n as n = rm + i with 1 < i < m. Then

EB, — B, (2.46)

< [E Z 0(Sk, S;) — Z 0(Sk,S1)| + EB,, — mE B,.

j=1 (G-Dr<k,I<gr GG—Dr<kl<jr

We claim that

E B, — mE B, = O(n). (2.47)
To see this, write
EB,—mEB, =EB, - Y EB(((l-1)r,r%) (2.48)
=1
Notice that
B, =Y _ B(((l—1)r,ir]2) (2.49)

1=1
=" B(((1 1), Ir] x (Ir,mer)) + B((mr,n]2)
=1
+B((0,mr] x (mr,n])

Since
d

B(((l = V), Ir] x (Ir,mr]) = I, (m—pyr (2.50)
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by [2:3) we have
E B(((L— 1), Ir] x (Ir, mr]) (2.51)
< c{(m = = 1)) log(m — (1 = 1)r)
~((m — 1)r) log((m — 1)r) — rlog '}

Therefore

> EB(((I - U, Ir] x (Ir,mr]) (2.52)
=1

<0 {(m— (=) log(m — (L= 1))
=1

~((m — 1)r) log((m — 1)r) — rlog}

= C{mr logmr — mr logr} = Cmrlogm.

Using (2.5) for E B((0,mr] x (mr,n]) = E Iy.; and (2.38)) for E B((mr,n]2) then completes the
proof of ([2.47)).

Note that the summands in (2.46)) are independent. Therefore, for some constant C' > 0
depending only on 6 and m,

Eexp{%(EBn—Bn)} §C<IE exp{Z(EBT—BT)})m (2.53)

which proves (2.44), since 6/n < 8/mr < 6,/r and r — co as n — oo.
Then, by Chebyshev’s inequality, for any fixed h > 0

h
— B, > < g~ hAbn - — .
IP{IE By — By > )\nbn} < e MR exp {n(IE B, Bn)} (2.54)
so that by (2.44)
1
lim sup — log IP’{]E By — By > )\nbn} < —h. (2.55)

n—oo n

Since h > 0 is arbitrary, this proves (2.45|). O

3  Proof of Theorem [1.1]
By the Gértner-Ellis theorem ( (LI, Theorem 2.3.6)), we need only prove

1 bn 120 _ L 42 —1/2
lim —logE exp{e,/ "B, ~EB,| }_ 10(2,2)167 det(D) /2, (3.1)

n—aoo Op,

Indeed, by the Gértner-Ellis theorem the above implies that

1
lim —logP{|Bn _EB,| > /\nbn} — \/det(D)w(2,2)~4. (3.2)

n— oo bn
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Using ([2.45) we will then have Theorem It thus remains to prove (3.1)).

Let f be a symmetric probability density function in the Schwartz space S(R?) of C*
rapidly decreasing functions. Let € > 0 and write

fo(z) = e 2f(etx), xcR? (3.3)

and
n

l(n,x) = Z(S(Sk, x), U(n,x,¢€) Zf 1/2 (Sk — ). (3.4)

k=1

[(n,x) is the local time at x, that is, the number of visits to = up till time n. I(n,z,€) is a
smoothed version of the local time. Note that

*252’” 2551,5 =B, + n (3.5)
t,j=1

Hence we can replace B, in l' by %Zx I2(n, ). This motivates the next Theorem, proved
below, which shows that in certain sense B,, — E B,, is close to %erzz 12(n,z,¢).

Theorem 3.1. For any 6 > 0,
/ 1 2 12\ _
1£r(1)nh_)nc}oalogE exp |B E B, — 5 2232l (n,z, €| } = 0.
xe

This Theorem together with a careful use of Holder’s inequality, the details of which are
spelled out in the proof of (10, Theorem 1), shows that

1 n
lim ——logE eXp Hy/b—|Bn —EBn|1/2} (3.6)
/ 1/2
= lim lim —logE exp{ l2 n,T,€) }
e—0n—oo b n f %Z:Q )

By a minor modification of (8, Theorem 3.1),

nlirgob—logE exp{\[ i( Z P(n,z,e )1/2} (3.7)

z€Z?

[ ([ g 2>”2_1 }
—;;g{ﬂ(/wwg ch@Pds) - [ (V9.0Vgds ).

It is easy to see that

2y
lim sup {0</ lg? * fe(x)|2dx> — / <Vg,FVg>d:z:} (3.8)
6%096]:2 2 R2 2 R2

0 L\
:sup{ ( [ 1ot dx) -3/ <v9,rw>dx}.
geEF2 R2 R2
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The upper bound is immediate since by Young’s inequality | g * fc||2 < ||g?||2, whereas the lower
bound follows from the fact that for any g € F5 the left hand side is greater than

lim {2 ( NG fe(:v)Ide> " 5 v rv9>dx} (3.9)

_ {\%(/R ]g(ac)|4dx>1/2 - ;/RQ<VQ,FVg>dx}.

_ Odet%_l/Qf(Gdet%_l/4 r-1/2,

gseujl__)Q {\%(/RQ ]g(a;)|4da:>1/2 - ;/W(VQ,FVQMQ:} (3.10)

02 1/2
= 7 det(r) ™2 sup {( [ rf<x>|4dm) -5 [, Vf>dfv}

feFa

Furthermore, by writing g(x) ) we see that

92
= det()~2k(2,2)*

where the last step used . then follows from -.

Proof of Theorem B, is a double sum over i,j and the same is true of
Y ez I2(n,z,€). The basic idea of our proof is that the contribution to B, in the scale of
interest to us from 4, j near the diagonal is almost deterministic and therefore will be controlled
by E By, while the contribution to Y ;2 [*(n, z, €) from 4, j near the diagonal is itself negligible,
due to the smoothed out nature of {(n, z,€). This is the content of Lemma[3.2] The heart of the
proof of our Theorem is to show that the contributions to B, and Y, ;2 [*(n,z,€) from i, j far
from the diagonal are ‘almost’ the same. This is the content of Lemma [3.3] whose proof extends
through the following section. In order to get started we need some terminology to formalize
the idea of ‘near the diagonal’ and ‘far from the diagonal’.

Let [ > 1 be a large but fixed integer. Divide [1,n] into ! disjoint subintervals Dy, - , Dy,
each of length [n/l] or [n/l] + 1. Write

D; ={(j,k) €D} j<k} i=1--1 (3.11)

With the notation of (2.16|) we have

~

B,=Y B(Dj)+ Y B(D;xDy) (3.12)
i=1 1<j<k<l

Define aj,b; so that D; = (aj,b;] (1 < j <1). Notice that

B(Dj X Dk) = 5(57117‘9712)

(]

n1€Dj,n2€Dy,

- Z 5((Sn1 - Sbj) + Sbj’ Sak + (Sm - Sak))

n1€Dj,n2€Dy,

- Z 5((‘9”1 - Sbj)7 A + (Sn2 - S%)) (3.13)

n1€D;,n2€Dy,
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with Z < Sa, — Sb;, so that Z, Sy, — Sy, Sn, — Sa, are independent. Then as in 1'

EB(D; x Dp)=E > po—nysna—ar(Z)- (3.14)

nleDj,TLQEDk

Note that since X; is symmetric its characteristic function ¢()) is real so that ¢?(\) > 0. Thus
for any m

1 , 1
Sup pam (x) = sup — /e”\'”"gbgm()\) d\ < /ngm()\) d\ = pan,(0) (3.15)
T x 2T 27
and sup, pam+1(x) = supg Y-, P1(Y)p2m(z — y) < pam(0). Then using (3.14) we have

EB(Dj x Dk) <2 Z (pbj—n1+n2—ak (0) +pbj—n1+n2—ak—1(0))‘ (316)

ni EDJ' ,TLQGDk

As in the proof of (2.4]) we then have that

EB(D; x Dy) < cn/l. (3.17)
Hence,
B, —-EB, (3.18)
l
=> [B(D;))-EB(D;)|+ >  B(D;jxDy)—E Y  B(D;xDy)
i=1 1<j<k<l 1<j<k<l
!
=Y [B(D}) —EBD))]+ Y  B(Djx Dy)+0(n)
i=1 1<j<k<I
where the last line follows from ([3.17)).
Write
G(n,m,€) = > [t/ (Sk — ). (3.19)
keD;
Then
l
Z l2(7’L,IL‘,E) = Z Z 51'2(”7x> 6) +2 Z Z Ej(na$7€)§k(na$7€)' (320)
z€Z? i=1 ze7? 1<j<k<lzcz?
Therefore, by (3.18])
1 2
’(Bn ~EB)) -5 > P, e)) (3.21)
T€Z2

l l
<> |B(D;) ~EB(D})| + % DY &nae)
=1

=1 gez?

+ Z ‘B(DJ X Dk) - Z gj(nvxve)ék(n7$76)

1<j<k<l z€Z?

+0(n).
The proof of Theorem [3.1] is completed in the next two lemmas.
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Lemma 3.2. For any 6 > 0,

lim sup b— logE exp{ ﬁ(i Z & (n,, e))l/Q} (3.22)

e i=1 z€72

1
< z—lﬁm, 2)46? det(I") /2

and

1imsupbilogE exp{ \/>(Z |B(D;) —EB D*)Dl/Z} <I'H@?, (3.23)

n—oo n

where

1 —1
H = (sup{/\>0; supE exp{)\—|Bn—EBn|} <oo}> . (3.24)
n n
Proof. Replacing 0 by 6/V1, n by n/l, and b, by b% = by, (notice that b;/l =by)

1/2
lim sup — logE exp {0\/@( Z ¢2(n, x, e)) } (3.25)

n— o0 b
€72
/l 1/2
b 2(
_117{Ln_)sol<1)pb { (Z&nwe) }
n/l z€72

Applying Jensen’s inequality on the right hand side of (3.7]),

Lsr@r = [ [[ fe-nrwa)]
< [ [de-vrwyde= [ 10 [ 4 y)da] dy
- [ [d@ar [ rwa= [ owa

Combining the last two displays with (3.7) we have that

1 b, 1/2
lim sup o logE exp {0\/ - < Z & (n,, e)> } (3.26)
n—oo n xEZQ

<sup 42 ([ Jg(a)ttar 1/2—; (Vg(e), TVg(x))dr
ger LVI\Jr R

/2 4
=192 det(F)_l/2 sup {( |h($)|4d$> - / |Vh(:v)|2dm}
heFs R2 2 R2
= %z—l det(I')~1/2k(2, 2)*6?,
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where the third line follows from the substitution g(z) = /| det(A)|f(Az) with a 2 x 2 matrix
A satisfying

ATTA = %z—leﬂ det(T")~V/2T, (3.27)
and the last line of (8, Lemma A.2 ); here I is the 2 x 2 identity matrix.
Given § > 0, there exist @1 = (a1,1, *,a14), "+ ,@m = (@m1, " ,am ) in R such that
|a1| =+ =|ap| =1 and
2| < 1+ 0)max{a, - z,--- ,am - 2}, zeR. (3.28)

In particular, with

— (( 3 &, e))l/z, . < > flz(n,x7e)>1/2> (3.29)

€72 r€Z?

we have

(i > 5?(7%9:,6))1/2 ) max Zaﬂ< 3 Ena,e) )1/2. (3.30)

=1 xEZQ IEZQ

E exp {9@(26 > &(n,ae) )1/2 (3.31)

i=1 xeZ?

m 1/2
§ZEexp{9\/71+5 Zaﬂ< 53nme> }
, i

j=1 i=1 re

iﬁﬂ*}exp{ \/>(1+5a”<251 (n, e>1/2},

j=1i=1 z€Z?

Hence

where the last line follows from independence of |[&;(n, z, €)|[12(z2), i = 1,...,l. Therefore

lim sup — log E o,/ l . v 2
im upb ogE exp - ZZﬁk(n,m,ﬁ) (3.32)

nmee k=1 zcZ?
1 l
< L1 4 242 2
< max 5176(2,2)(146)% (Z;a]>
1
= 5z—l det(T)~/2k(2,2)*(1 + 6)%6%.

Letting § — 07 proves (3.22)).

By the inequality ab < a? + b? we have that

br,
Eexp{&y/;|Bn—EBn|1/2} (3.33)

1
< exp {0292bn}E exp {0_27|Bn — EBn|},
n
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and taking ¢=2 1 H~! we see that for any 6 > 0,

hmsup—logE eXp \/ \B —EB, \1/2} < HH%. (3.34)
n—oo b
Notice that for any 1 <7 </,
* %\ d
B(D}) —EB(D;) = By(p,) — EBun,)- (3.35)

We have

E exp {0\/?3(1):) . EB(D:);1/2} —E exp{\%\/:»%]B(Df . EB(Dj)yl/z}.

Replacing 6 by 6/v/1, n by n/l, and b, by b’ = by,, (notice that b;‘l/l = by,) gives

lim sup zT logE exp 9, /% (D7) - EB(D;*)P/?} <17 He?. (3.36)
n— oo n
Thus (3.23) follows by the same argument we used to prove (3.22)). O

Lemma 3.3. Forany 0 >0 and any 1 < j < k <1,

hmsuphmsupb—logIE exp \/ ‘B (Dj x Dy) — Z &i(n,x,€)8p(n, z, € ‘ 1/2 } (3.37)

e—0t n—oo e72

Proof. We will exploit the fact that for j < k£ the random walk during the time interval Dy, is
almost independent of its behavior during the time interval D;. In the next section we will state
and prove Lemma |4.1| which is similar to our Lemma but 1nvolves objects defined with respect
to two independent random walks. In the remainder of this section we reduce the proof of our
Lemma to that of Lemma [4.1]

Fix 1 < j < k <l and estimate

B(Dj x D) — > &(n,x,€)ék(n, z,¢). (3.38)
T€Z?

Without loss of generality we may assume that v =: [n/l] = #(D;) = #(Dy). For y € Z? set

> 5(Snis Spy + y)- (3.39)

ni,no=1

Note that I, = I,,(0). By (3.13]) we have that
B(D; x Dy) £ 1,(Z) (3.40)

with Z independent of S, 5"
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Similarly, we have

Z &i(n,x,€)8p(n, x,€)

x€Z2

= Z Z fe(bgln)lﬂ (Sny — 5E)f5(b;1n)1/2(5n2 - )

z€Z2 n1E€Djn2€Dy,

- Z Z fe(bgln)1/2 ($)fe(b;1n)1/2(5n2 — Sy, — )

x€Z? n1€Dj,n2€Dy,

= Z f€(b;1n)1/2 ® fG(bgln)1/2 (Sn2 — Snl)

ni€Dj,n2€Dy

= Z fe(b,fln)l/Q @ fG(bgln)1/2((Sn2 - Sak) - (Snl - Sb]) + Z) (341)

ni€Dj,n2€Dy

where

fafy)=> fl (3.42)

r€Z?

denotes convolution in L'(Z?). It is clear that if f € S(R?) sois f ® f. For y € Z?2, define the
link

ST fe® £(Shy = Suy ) (3.43)
ni,na2=1
By (3.41) we have that
d
> &, é(n,ze) S Ly, y1,12(2) (3.44)

zeZ?
with Z independent of S, 5"

Lemma 3.4. Let f € S(R?) with Fourier transform f supported on (—m,7)2. Then for any
r>1

/ eN(E ® £) ) dy = (FrA)2 VA € R, (3.45)
Proof. We have
[e™enmdy = X @) [y -ody (3.46)
T €72
= fO) Y floe™
T€Z2
iy 1 ipx 7 —iAT
- f(A)mgsz((W Jemwan) e

For z € 72

[T o e o

u€”Z? W7ﬂ2
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and using Fourier inversion

3 < / €77 F(p) dp) it

x€Z2

= 2. ( /[_ P e f(p + 2mu) dp) e (3.48)

u€Z2 xcZ?

= (2m)% > (A + 2mu).

u€”Z?

Thus from (3.46|) we find that

/ N fly)dy = FO) S FO+ 2mu), (3.49)

~

Since ﬁ()\) = f(r\) we see that for any r > 0

/ei)‘y(fr ® fr)(y) dy = F(r)) Z FlrA + 2mru). (3.50)
u€Z?
Then if » > 1, using the fact that f()\) is supported in (—m, )2, we obtain (3.45). O
Taking f € S(R?) with f()\) supported in (—,m)?, Lemma [3.3| will follow from Theorem
4.1 of the next section. o

4 Intersections of Random Walks

Let S1(n), So(n) be independent copies of the symmetric random walk S(n) in Z? with a finite
second moment.
Let f be a positive symmetric function in the Schwartz space S(R?) with [ fdx =1 and

fsupported in (—m,m)2. Given € > 0, and with the notation of the last section, let us define
the link

In,e(y) = Z f(();1n)1/26 ® f(bgln)1/2e(52(n2) - S1(n1) +y)) (4.1)

ni,na=1

with I, . = I, (0).

Theorem 4.1. For any A >0

lim sup lim sup sup (4.2)
e—0 n—00 Y
1

I
2 logE | exp{ A
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Proof of Theorem |4.1] -. We prove this result by obtaining moment estimates using Fourier
analysis. The fact that f is supported in (—, 7)? plays a critical role by allowmg us to express
both I,,(y) and I, ¢(y) as Fourier integrals over the same region. Compare (4.4] ., 4.6) and (4.9 .

We have

In(y) (4.3)

1 n
=1 > 6(S1(na), Sa(n2) + )
n ni,na=l1

1 .
- - ip-(S2(n2)+y—51(n1)) 4
b;ln(Qﬂ')2 Z |:/[—7r,7r]2 ‘ p:|

ni,no=1

where from now on we work modulo +7. Then by scaling we have

n

1 , —1,y1/2
_ ip-(Sa(na) +y—S1(n)) /(b 0)1 /2 ]
(b 'n)?(2)> 2 U(bnln>1/2[m]26 g

ni,na2=1

As in . ., using Lemma (3.4} the fact that e(b;'n)Y/2 > 1 for € > 0 fixed and large
enough n, and abbreviating h= ( f )2

Tnln,g(y) (4.5)

n

¥ [/RQ6"?'(52("””‘51‘"1”ﬁ(e(b;1n>l/2p)dp}

ni,n2=1
n

1 1/2 ~

- ip-(S2(n2)+y—S1(n1))/(bp )"/

= — E [/ P h(ep) dp]
(bn, " n)2(2m)? oy LRe

Using our assumption that h supported in [—7,7]2, and that e~ < (b;'n)Y/? for € > 0 fixed
and large enough n, we have that

1
—— 1. 4.6
o Ine(9) (4.6

n

1
(a2 (2m)? 2

ni,na=1

[/ L[ a]? (P (S2(n2)+y=51(n1))/ 6 )2 Jy ) dp]

/ P (52(m2) =81 () /b )2 ) i |
( Y1/ 2[—7, ]2
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To prove (4.2) it suffices to show that for each A > 0 we have

1/2
sup E (exp {)\ }) (4.7)
y

< Cby(1— CAS™A)7H (L 4 CA/ApY/2)eCN !0,

In(y) —In, (y)
bgln

for some C' < oo and all € > 0 sufficiently small.

We begin by expanding

By (4.4), (4.6) and the symmetry of S; we have

e ({2 - In,e<y>>}m> 49

1
= (br 'n)2m (2mr)2m Z / n)U/2 [ ]2

nl] nQJ—l
J=1...,m

E <6iZ?:wg”(52(n2,j)+y+51(n1J) /@n'n 1/2> H

J=1

B ({ () - 1) | ) | (1.10)

<(b n2m27r Z Z /— )1/2[—

nljfl nzjfl
‘7 17 7m‘7 17 ’m

ep] ) dp;.

Then

2m

E (ei Py pj'Sl(nl,j)/(b;Lln)l/Q) ‘

m

i n n1/2
E( ST pyeSa(na )/ (b ) Hu—hem | dp;.
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By the Cauchy-Schwarz inequality

/(bﬁln)l/Q[—mr]m

E (6"2?:1Pj'Sz(nzj)/(bZl")l/Q)

2
<
- H {/<bn1n)1/2[m]2m

=1

E (ei 251 PitS1 (nl,j)/(blen)l/z) |

Hll— h(ep;)| dp;

7j=1

(zz 1 S(ni )/ (b n1/2>

Thus
. e |1/2
e ({2 - )
)
< -
- Jz_:l (bﬁln)m@ﬂ)m{ (b )1/ 2[~m,m]2m
7j=1,....m

E (eiz?:lpf (n)/(bn n1/2>

7=1

For any permutation ¢ of {1....,m} let

D (¥) = {(n1, .-, nn)| L <y <0 Sy < -

Using the (non-disjoint) decomposition
{1 = D®)

we have from (4.13)) that

E (eiZ?‘:m S(nj)/(bn'n 1/2)

where the first sum is over all permutations ¢ of {1....,m}.

1014

1/2
H\l— ep]dpj} .

1/2
H\l— (ep;) dpg}

1/2
epj )| dp; } .

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)



Set
d(u) =E <eiu's(1)> . (4.16)

It follows from our assumptions that ¢(u) € C2, 8%iqb(()) = 0 and #;uj?b(o) =
—E (S(;)(1)S;)(1)) where S(1) = (S(1)(1), S2)(1)) so that for some § > 0

B(w) =1 - ((u-S(1)?) 2+ olful), |u] <5 (4.17)
Then for some ¢; >0 ,
o) < el ful < 4. (4.18)
Strong aperiodicity implies that |¢(u)| < 1 for u # 0 and u € [—7,7]%. In particular, we can
find b < 1 such that |¢(u)| < b for § < |u| and u € [—7, 7|2, But clearly we can choose cy > 0
so that b < e=e2[l* for u € [—m, 7]2. Setting ¢ = min(cy, ¢z) > 0 we then have

p(u)| < e’ e [~ ]2 (4.19)

On D, (v)) we can write

S i 8m) =" pui)( = S(ny(j-1))- (4.20)
j=1 J=1i=j
Hence on D, (1)
E (o 3mn Sty = TTo((3 o)/ (b 'm) /)=o), (4.21)
Jj=1 =]

Now it is clear that

Z {/(bzln)lﬂ[—n,wpm (4.22)

Dm ()

1/2
H 21% 1) b n) 1/2)(nwm My (j-1)) H il h(epj)dpj}
ol = ol

P 2R Y

1<y, (1) < Sy () <1

2

. 1/2
IJI- (epj)dpa}

7=1

m m
H pr l) b n 1/2)(n¢(]) Ty (- 1)
s -

is independent of the permutation . Hence writing

uj = Zpi (4.23)

=7
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we have from (4.15)) that

e ({2 -t} )

1
< ml! - -
= Z (bgln)m(Zw)m {/(bnln)l/z[n-,ﬂ?m

1<n; <--<nm<n
2 1/2

Hll— (epj)| dp;

7=1

1/2

m

H u]/ b n 1/2)(”11 nj—1)

Foreach A C {2,3,...,m} we use D,,(A) to denote the subset of {1 <ny <---

for which n; = n;_; if and only if j € A. Then we have

e ({2 - In,€<y>>}m)

< m! Z Z bn ) {/(bgln)l/Z[wﬂTPm

AC{2,3,...,m} Dn(A)

1/2

1/2
m /

H uj/b n1/2 (n] Tj— 1

m
Hll— (ep;)| dp;

(4.24)

For any u € R? let % denote the representative of u mod (b; 1n)1/22772 of smallest abso-

lute value. We note that
|—ul=lal, and |u+o|=[a+7]<[a]+[o].
Using the periodicity of ¢ we see that implies that for all u
6/ (b, ") /)] < e/ O,
Then we have that on {1 <n; <--- <mn,, <n}

m 2 m
H (u /(b ) /2 =m0 | < T emelmilna—ns-2)/ )

j=1 j=1

Using |1 — (epj)| < ce!/?|p;|*/? we bound the integral in 5) by
m

uj|*(nj—n;— 2in
e /(bl )1/2] He_duJP( g/ | |12 .

Using (4.23) and (4.26) we have that

LT esl'? < TT (5112 + fajaa %)

j=1 j=1
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and when we expand the right hand side as a sum of monomials we can be sure that no factor
|ﬂk|1/ 2 appears more than twice. Thus we see that we can bound 1' by

m

Cmem/Q Inax/ 6_C|T"j‘2(nj_n]'—1)/(b7_lln) |ﬂj |h(j)/2 dp] (431)
h(3) J(bptn)1/2[—m,m]2m S

where the max runs over the the set of functions h(j) taking values 0,1 or 2 and such that
>_;h(j) = m. Here we used the fact that the number of ways to choose the {h(j)} is bounded
by the number of ways of dividing m objects into 3 groups, which is 3™. Changing variables,
we thus need to bound

/ T el ==/t 0) g, 12 gy (4.32)
noj=1
where, see (4.23)),
A = {(u1,... um) | uj — uj1 € (by'n)'?[—m, 7]%, Vj}. (4.33)
Let C,, denote the rectangle (b, 'n)'/?[—x, 7> and let us call any rectangle of the form

21k + C,,, where k € Z?, an elementary rectangle. Note that any rectangle of the form v 4+ C,,,
where v € R?, can be covered by 4 elementary rectangles. Hence for any v € R and 1 < s <n

e 5|72
/ e ‘ot |2 du (4.34)
v+Ch
—c s u2
§4/ e TR |2 du
R2
s \—0+h/4)
o)
bnn
Similarly
/ 172 du < C(bn) /), (4.35)
v+Chp

We now bound by bounding successively the integration with respect to uy, ..., Um.
Consider first the du; integral, fixing ug, ..., Um. By the duy integral is over the rectangle
ug + Cp, hence the factors involving u; can be bounded using . Proceeding inductively,
using when n; —n;_1 > 0 and when n; = n;_1, leads to the following bound of

(4.32), and hence of (4.29) on D,,(A):

m

T2 (s s ~1,
cmem/Z /(b1 YL/2] 12 H e*C|U]|2( 5=/ (on )|pj|1/2 dpj (436)
n —r, | 1

A . —(1+h(5)/4)
< omem? H(b;ln)<1+h(j)/4) H ((n; — "ﬂ—l)) ’ .

—1
jeA jeAe b
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Here A° means the complement of A in {1,...,m}, so that A® always contains 1. If A°¢ =
{i1,...,ix} where i1 < --- < i} we then obtain for the sum in (4.25)) over D,,(A), the bound

1
com m/4 | | p-1 (1+h(5)/4) 4.37
¢ I}ILI(%( (bptn)m 'eA( n ) (4.37)

o 1)>—<1+h<j>/4>/2

O™

1<n;, < <ng, < <njeAc

Note that )
(b;ln)(1+h(j)/4)/2j — 0 as n — oo. (4.38)
b, n
Using this to bound the product over j € A, and then bounding the sum by an integral, we can

bound (4.37) by

- i DN\ -OHRG//2
m_m 4.39
o D L) g e
1<ny <--<n; <n jEAC
<cment 1}3(6‘-?/ T (rj = rj) 209 ar,
J 0

STil <"'<Tik<bn jEAe

bZJeAc(l/Q h(4)/8)
< O™e™* max L

nG) T(Xjenc(1/2 = N(5)/8))

Using this together with (4.25)), but with m replaced by 2m, and the fact that
(2m!)Y/2/m! < 2™, we see that (4.7)) is bounded by

S cac(1/2-h(5)/8) 1/2

— b
CmATm /A max = ; . (4.40)
2 i o BT 172 = KG9

We have }° acq1035  omy 1= 22m. Then noting that > jeac(1/2—=n(j)/8) is an integer multiple
of 1/8 which is always less than m, we can bound the last line by

o0 00 /4 7 bl+j/8 1/2
> (ZC A ) ; (Wﬂ/&) (4.41)

=0 \m=lI
00 00 bl 1/2
ngnZ Zcmwem/‘* (r(?))

1\ /2
< m/4 -1 IND(1/471/2
< Cby(1 — CAe ZE%CAH bY <r(z)>

for € > 0 sufficiently small.
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(4.7)) then follows from the fact that for any a > 0

i a (P;l)> v (4.42)

O
Remark 4.2. Tt follows from the proof that in fact for p > 0 sufficiently small, for any A > 0

lim sup lim sup sup (4.43)
e—0 n—oo Yy

1/2

In(y) B In,6(y)

1
—logE | e A
& P €P b;ln

br,

5 Theorem [1.2; Upper bound for E B, — B,

Proof of Theorem [1.21
We prove (|1.10)):

—C; < liminfb,'log ]P’{E By, — By > (27) " det(I)"?nlog bn}

< limsupb;t 1og]P>{E By — By > (2w)*1det(r)*1/2nlogbn} <y (5.1)

n—oo

for any {b,} satisfying (1.8).

In this section we prove the upper bound for . We will derive this by using an analo-
gous bound for the renormalized self-intersection local time of planar Brownian motion. Let ¢ > 0
and write K = [t71b,]. Divide [1,n] into K > 1 disjoint subintervals (ng,n1],--- , (nx_1, k],
each of length [n/K]| or [n/K]+ 1. Notice that

=

EBn — Bn S Z [EB((nz,l,nl]i) - B((nl,l,nz]i)} (52)
i=1 p
+E B,, — ZEB((nl_l,nl]i)
i=1
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By (239).

K K
ZEB((niflvni]i) = ZEBM*MA (5.3)
=1

=1

K
= Z; [W(n/K )log(n/K) 4+ O(n/K)

= W}mnlog(n/K) +O(n)

With K > 1, the error term can be taken to be independent of ¢t and {b,}. Thus, by (2.39),
there is constant loga > 0 independent of ¢ and {b,,} such that

K
EB, > EB((ni1,n]%) (5.4)
j=1

1
= (2m)vdet T’

It is here that we use the condition that E |S1 [>T < oo for some & > 0, needed for (2.39)).

By first using Chebyshev’s inequality, then using (5.2)), (5.4) and the independence of the
B((ni-1,n%), for any ¢ >0,

n( log(t~'b,) + log a) .

P{E B, — By, > (21) ! det(I)/?nlog bn} (5.5)

< exp { — ¢by,, log bn}E exp{ — 2ropVdet F%(Bn — EBn)}
b K
< exp {qﬁbn(loga - logt)} (E exp{ — 2wV det I‘;n(B[n/K] — EB[n/K])}>
By (16, Theorem 1.2),
bn d ~
vdet F;(B[n/K] —EByk) — Y, (n— 0) (5.6)

where 7; is the renormalized self-intersection local time of planar Brownian motion {Ws} up to
time ¢. By Lemma [2.5] and the dominated convergence theorem,

b _
E exp{ — 2wV Aet T2 By i) — EBWK])} . E exp{ . 27r<bt*yl}, (n—o0)  (5.7)

where we used the scaling 7, 4 ty1.
Thus,

lim sup b, ! log IF’{IE B, — B, > (2m) "' det(I')"/?nlog bn} (5.8)

n—oo

1 ~
< ¢(loga — logt) + n logE exp { — 27T¢t71}

= log(a6) + - ogE exp { — (91) log(6r) — 2r(1)7 }

1020



By (2, p. 3233), the limit

1
C= tlirn n logE exp{ —tlogt — 27rt:?1} (5.9)
exists. Hence
lim sup b7 log IP’{E By, — By > (27) " det(D) Y20 log bn} (5.10)

n—oo

< ¢log(ag) + Co.

Taking the minimizer ¢ = a~te~ (T we have
limsup b ! log P{E By — Bn > (21) " det(D) Y2 log bn} (5.11)

n—oo

< gl (1HO),

This proves the upper bound for (5.1)).

6 Theorem [1.2} Lower bound for E B, — B,

In this section we complete the proof of Theorem by proving the lower bound for . As
before, we will see that the contribution to B,, in the scale of interest to us from 4, near the
diagonal is almost deterministic and therefore will be comparable to E B,,. The heart of the
proof of our Theorem is to show that with probability which is not too small the contributions
to By, from 4,j far from the diagonal is not too large. We accomplish this showing that with
probability which is not too small we can assure that the random walk has a drift so that S; # S;
for i, j far apart.

Let F, = 0{X; : i < k}. Let us assume for simplicity that the covariance matrix for the
random walk is the identity; routine modifications are all that are needed for the general case.
We write © for (27r)~! det (I')~'/2 = (27)~'. We write D(z,r) for the disc of radius r in Z2
centered at x.

Let K = [b,] and L = n/K. Let us divide {1,2,...,n} into K disjoint contiguous blocks,
each of length strictly between L/2 and 3L/2. Denote the blocks Ji,...,J k. Let v; = #(J;),
w; =%y vj. Let

BO = > 68,8k, A= > 6555 (6.1)
J,ked;,j<k jeJi—1,ked;
Define the following sets:
Fi,l = {Swz € D(Z\/Ev \/E/lﬁ)},
Fio = {S(J) Cli—V)VL—-VL/8iVL+VL/8 x[-VL/8$,VL/8]},

Fis = {B{) -EB{) <L},
Fia = D 1p,vp)(S) < werL forallz € D(ivVL,3VL),1/VL <r <2},
Jjedi

Fz'5 = {Ai</€3L},

)
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where k1, ko, k3 are constants that will be chosen later and do not depend on K or L. Let

Ci=F1NFaNF3NEaNF; (6.2)
and
E=nk,C. (6.3)
We want to show
P(Cl ‘ fwi_l) >c1 >0 (6.4)
on the event C; N--- N Cj—1. Once we have (6.4]), then
P(N}1Ci) = E (P(Cin | Fur, )i O5'C) = erP(NI5C), (6.5)
and by induction
P(E) = P(NL,Ci) > of = ef18et = 72K, (6.6)

On the set E, we see that S(J;) NS(J;) =0 if |i — j| > 1. So we can write

K

K K
By=> (BY) —EBW)+> EBY +> A (6.7)
k=1 k=1 k=1

On the event E, each Bq()],:) — ]EBf,I,:) is bounded by k1L and each Aj is bounded by x3L. By
1) each IEBI(,IZ) = Oug log v, + O(L) = Ouy log L + O(v). Therefore

Bn < 51 KL+ ©KLlog L+ O(n) + ksKL, (6.8)

and using (2.38)) again,
EB, — B, > ©nlogn—csn— Onlog(n/b,) (6.9)

= Onlogb, —c3n
on the event E. We conclude that
P(E B,, — B, > ©nlogb,, — c3n) > e c2bn, (6.10)
We apply with b, replaced by b, = c4b,,, where ©log ¢y = ¢3. Then
Onlogh), — csn = Onlogh, + Onlogcy — c3n = Onlogb,,. (6.11)
We then obtain
P(E B, — B, > Onlogh,) = P(E B, — B, > Onloghl, — csn) > e %, (6.12)

which would complete the proof of the lower bound for (5.1]), hence of Theorem 1.2

So we need to prove (6.4). By scaling and the support theorem for Brownian motion (see
(I, Theorem 1.6.6)), if W; is a planar Brownian motion and |z| < v/L/16, then

p® (W € D(VL,vVL/16) and (6.13)
(W0 < s < v} € [-VL/8,9VL/8] x [-VL/8, ﬁ/g]) > ¢,
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where ¢; does not depend on L. Using Donsker’s invariance principle for random walks with
finite second moments together with the Markov property,

P(Fi1NFig | Fu, ,) > cs. (6.14)
By Lemma[2.3] for L/2 < ¢ < 3L/2

P(B; —EBy > k1L) < cg/2 (6.15)
if we choose k1 large enough. Again using the Markov property,

P(E,l N Fi,2 N Fi73 | sz’—l) > 66/2. (616)

Now let us look at Fj 4. By (17, p. 75), P(S; = y) < c7/j with ¢7 independent of y € Z?
so that

2
L
P(S; € D(z,rVL) = Y P(Sj=y) <2 (6.17)
J
yE€D(x,rVL)
Therefore
(2]
E Y 1pe.vp(S) < Y P(S; € D(x,rVL)) (6.18)
Je€N j=1
[2L] )
S ’I”QL—l- Z CgT'.L
j=r2L J

< r’L 4 cyoLr?log(1/r) < cp1Lr?log(1/r)

if 1/VL <r <2. Let Cp = di<m 1D(xrﬁ)(‘sj) for m < [2L] 4+ 1 and let Cp, = Clar)q for
m > L. By the Markov property and independence,

E[Cox —Cnm | Fin]l <1+ E[Coso — Cpog1 | Fin (6.19)
<1+ ECy < crpLr?log(1/r).

By (I, Theorem 1.6.11), we have

Clarj+1
c12Lr? log(

E exp (Clg 1/r)> < cua (6.20)

with c¢13, c14 independent of L or r. We conclude
IP( Z Loy (55) > c15Lr? log(l/r)) < crpe” AT, (6.21)
jeJ1

Suppose 27¢ < r < 275F! for some s > 0. If z € D(O,3\E), then each point in the disc
D(x,rv/L) will be contained in D(z;,27°t3V/L) for some x;, where each coordinate of z; is an
integer multiple of 275~2/L. There are at most ¢,52%* such balls, and Lr?log(1/r) < ¢192%/?Lr,
SO

P< T Z e rﬁ)(Sj) > C20TL> < 0212253—02202023/2‘ (6.22)
z€D(0,3VL),2-s<r<2—s+1 i ;
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If we now sum over positive integers s and take ks = cgg large enough, we see that
P(F,) < cs/4. (6.23)
By the Markov property, we then obtain

P(Fi1NFioNEi3sNFia| Fy, ) > ce/4. (6.24)
Finally, we examine F; 5. We will show
P(Fs | Fuw_y) < c6/8 (6.25)
on the set ﬁ;;lle if we take k3 large enough. By the Markov property, it suffices to show

(2L]

IP’(Z Ls,cq) = ,@,L) < /8 (6.26)
j=1

whenever G € Z? is a fixed nonrandom set consisting of [2L] points satisfying the property that
#(GND(x,rVL)) < korL,  xe€D(0,3VL), 1/NL<r<2. (6.27)

We compute the expectation of
(2]
> Lis,ean(p(0,2-*VEND(0.2-F+1 V)" (6.28)

J=1

When j < 272KL, then the fact that the random walk has finite second moments implies that
the probability that |S;| exceeds 27*+1/T is bounded by c235/(272*2L). When j > 272¢ L, we
use (I7, p. 75), and obtain

—k /{22_kL
P(S; € GN(D(0,27*VL) < coy——=. (6.29)
J
So
[2L]
E > 16(S)) (6.30)
j=1
H227kL J
<> > em ; D D o o—2k+2],
k [2L)>j>2-2kL k j<2-2k[,
< 2(02552/@27’% + 262 2FL) < cor L.
k
So if take k3 large enough, we obtain ([6.26)).
This completes the proof of (6.4), hence of Theorem O
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7 Laws of the iterated logarithm

7.1 Proof of the LIL for B, — EB,,

First, let S;, S’ be two independent copies of our random walk. Let

= 6(Si,x), O(n,x) =Y 6(S], )
=1 ]

and note that

k n
T =Y 6(8:,8)) = > Uk, )l (n,x).

i=1 j=1 z€Z?

Lemma 7.1. There exist constants c1,co such that

P(In > MWkn) < cre™,

Proof. Clearly

dm =3 3 (114 MZ><HM%)

x1E€Z2 Tm€Z2  i=1
Using the independence of S and ',

m m

E ()™ = Y -+ > E(T]tk)E(T[¢na2).

x1EZ2 T €Z2 i=1 i=1

By Cauchy-Schwarz, this is less than

m

(5 5 (e([Tn) ]

r1€Z2 Ty €22

[ % (s(MTrem) "

Ty

We can rewrite

=3 Y B ([ k) (T ha0) = E (@17,
i=1 =1

r1€7Z2 Ty €EZ2

and similarly Jo =E ((I,)™).
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Therefore,

E exp(aly,/Vkn) (7.8)

a m
= Z k‘m/2nm/2m!E ((Ik,n) )

m=0
m

< Y e B (™) AE (L))

(CoE())  (Cae ()"
(E el /k) 1/2 (E paln /n) vz

By Lemma [2.2] this can be bounded independently of k and n if a is taken small, and our result
follows. o

IN

IN

We are now ready to prove the upper bound for the LIL for B, — EB,. Write Z for
VdetT (2,2)~*. Recall that for any integrable random variable Z we let Z denote Z — E Z.
Let € > 0 and let ¢ > 1 be chosen later. Our first goal is to get an upper bound on

P B > (14¢)2 tnlogl .
(n/gnga;én k> (1+¢)=" nloglogn)

Let mg = 2V, where N will be chosen later to depend only on ¢ and n. Let Ag be the integers

of the form n — kmg that are contained in {n/4,...,n}. For each i let A; be the set of integers

of the form n — kmo2~" that are contained in {n/4,...,n}. Given an integer k, let k; be the

largest element of A; that is less than or equal to k. For any k € {n/2,...,n}, we can write
B = Pko + (Ekl — Eko) +--+ (EkN - Ekal)‘ (7.9)

If Eﬁz (14 &)=~ tnloglogn for some n/2 < k < n, then either
(a) Bi, > (1+ 5)E 'nloglogn for some ko € Ao; or else
(b) for some ¢ > 1 and some pair of consecutive elements k;, k, € A;, we have

Ek; — By, > ﬁEflnlog log n. (7.10)

For each kg, using Theorem and the fact that kg > n/4, the probability in (a) is
bounded by
exp(—(1 + £)loglog ko) < c1(logn)~*3). (7.11)

There are at most n/mg elements of Ay, so the probability in (a) is bounded by

n__a (7.12)

mo (logn)'+5

Now let us examine the probability in (b). Fix ¢ for the moment. Any two consecutive
elements of A; are 27 'm apart. Recalling the notation (2.16) we can write

By —Bj=B([j +1,k%) +B([1,4] x [j + 1,k]), (7.13)

1026



So

P(By — B; > 7522 'nloglogn) < P(B([j+1,k]2) > 55&2E 'nloglogn)

+P (B([1,4] x [j + 1,K]) > 552E 'nloglogn) . (7.14)

We bound the first term on the right by Lemma [2.3] and get the bound

log 1
ce nlog ogn) SeXp<

xp < T 802 2imyg - 780 2/ (n/mo) loglog n) (7.15)

if 7 and k are consecutive elements of A;. Note that B([1,7] x [j + 1,k]) is equal in law to
I;_1x—j. Using Lemma we bound the second term on the right hand side of (7.14)) by

e nloglogn )

clexp(—CQ . -
O V2imj

< cjexp ( — 227’/2(11/m0)1/ loglogn). (7.16)

801

The number of pairs of consecutive elements of A; is less than 2¢71(n/myg). So if we add (7.15)
and ([7.16) and multiply by the number of pairs, the probability of (b) occurring for a fixed i is
bounded by

03£Zi exp ( — 422 (n/mg)?log log n/(80i2)). (7.17)

mo

If we now sum over ¢ > 1, we bound the probability in (b) by
C5m£0 exp ( — cg(n/mo)"/? loglog n) (7.18)

We now choose myq to be the largest power of 2 so that cg(n/mg)'/? > 2; recall n is big.

Let us use this value of mg and combine (7.12)) and (7.18). Let n, = ¢ and

Cy={ max Bj> (1+¢e)= 'nsloglogng}. (7.19)

ng_1<k<ng
By our estimates, P(Cy) is summable, so for ¢ large, by Borel-Cantelli we have

max By < (1+¢)E 'ngloglogny. (7.20)
ny_1<k<ng

By taking ¢ sufficiently close to 1, this implies that for k large we have Bj, < (1+2¢)Z~'kloglog k.
Since ¢ is arbitrary, we have our upper bound. O

The lower bound for the first LIL is easier. Let 6 > 0 be small and let ny = [e? "], Let
Dy = {B([ne—1 +1,nJ%) > (1 — &)= 'nyloglog ng}. (7.21)

Using Theorem 1.1, and the fact that ng/(n; — ne—1) is of order 1, we see that ) ,P(Dy) = oo
if 0 < ¢/(1 —e€). The Dy are independent, so by Borel-Cantelli

B([ne_1 +1,n42%) > (1 — &)= 'ngloglogng (7.22)
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infinitely often with probability one. Note that as in ([7.13)) we can write

Eﬂz = B([nf—l + 17n€]2<) +§W—1 +§([17n€—1] X [nf—l + 1,71@]). (723)

By the upper bound,

B

lim sup et < =1
t—oo T—1l0glogmne_q
almost surely, which implies
B,
lim sup ——a—— = 0. (7.24)

t—oco Tuloglogny
Since B([1,n¢_1] x [ng—1 4+ 1,n¢]) > 0 and by (2.5)

E B([1,n0-1] X [ne—1 + 1,n4]) < c1y/Me—1v/1e — ne—1 = o(ngloglogny), (7.25)
using - yields the lower bound. O

7.2 LIL for EB, — B,

Let A = 27vdetI'. Let us write J, = E B, — B,,.

First we do the upper bound. Let mg, A;, and k; be as in the previous subsection. We
write, for n/2 < k <n,

Je=Jkg + (Jby — Jio) + -+ (Jby — Jkn_y)- (7.26)

If max, jo<p<n Ji > (1 + £)A~!nlogloglogn, then either
(a) Jk, > (1 + 5)A ! nlogloglogn for some ko € Ay, or else
(b) for some i > 1 and k;, k] consecutive elements of A; we have

€ A1
iy — I, 2 MA nlogloglogn. (7.27)

There are at most n/mg elements of Ay. Using Theorem the probability of (a) is
bounded by
Clﬂe—(l-&-%)loglogn‘ (7.28)
mo

To estimate the probability in (b), suppose j and k are consecutive elements of A;. There
are at most 271 (n/mg) such pairs. We have

—B([j + 1,kI2) = B([1,5] x [ + 1, k]) (7.29)
< —B([j + 1,k2) + EB([1, 4] x [j+1,l-c])
B

< =B([j + LE2) + cov/5VE — §,

as in the previous subsection. Provided n is large enough, co/jvk —7 = cov/jV/2 imyg
“nlogloglogn for all <. So in order for Jj, — J; to be larger than

Jp—J; =

802

A~!nlogloglogn, we must have —B([j + 1,k]%) larger than oA Inlogloglogn. We use

4012
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Theorem 1.2 to bound this. Then multiplying by the number of pairs and summing over i, the
probability is (b) is bounded by

o

. __e__n
2 :22-1-1 n e 802 27 mg loglogn < c3 n 6—04(n/m0)log10gn' (730)
: mo mo

i=1

We choose mg to be the largest possible power of 2 such that cs4(n/mg) > 2.
Combining (7.28) and (7.30), we see that if we set ¢ > 1 close to 1, ny = [¢], and

E, = Je > (1 A~ n,loglogl , 7.31
¢ {W/gﬂgé}énz k= (1+e)A  nglogloglogne} (7.31)

then ), IP(Ey) is finite. So by Borel-Cantelli, the event F, happens for a last time, almost surely.
Exactly as in the previous subsection, taking ¢ close enough to 1 and using the fact that ¢ is

arbitrary leads to the upper bound. O
The proof of the lower bound is fairly similar to the previous subsection. Let n, = [eéué].
Theorem and Borel-Cantelli tell us that Fj will happen infinitely often, where
Fy={-B([ne_1 + 1,7’Lg]2<) > (1 —e)A  nylogloglogng}. (7.32)
We have o
JIn, > —B([ne—1 + l,n(g]2<) + I,y — AL, ne—15 -1, 10). (7.33)
By the upper bound,
Ine_, = O(ny_q logloglogn,_1) = o(nslogloglogny). (7.34)

By Lemma [7.1]
eny loglog log ny

2
VTU—14/T — Thp—1

P(B([1,m0-1] X [ng—1 + 1,m4]) > englogloglogny) < c; exp ( —c ) (7.35)

This is summable in ¢, so

B([l,ng_l] X [ng_l —+ 1,ng]) <e

lim sup

l—00 ny loglog log ny (7.36)

almost surely. This is true for every e, so the limsup is 0. Combining this with (7.34]) and
substituting in ([7.33]) completes the proof. O

Acknowledgment. We thank Peter Morters for pointing out an error in the proof of Lemma
2.2 in a previous version.
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