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Abstract

In a bounded open region of the d dimensional space we consider a Brownian motion which is
reborn at a fixed interior point as soon as it reaches the boundary. The evolution is invariant
with respect to a density equal, modulo a constant, to the Green function of the Dirichlet
Laplacian centered at the point of return. We calculate the resolvent in closed form, study its
spectral properties and determine explicitly the spectrum in dimension one. Two proofs of
the exponential ergodicity are given, one using the inverse Laplace transform and properties
of analytic semigroups, and the other based on Doeblin’s condition. Both methods admit
generalizations to a wide class of processes.
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1 Introduction

The paper studies a process analyzed in [10]. This type of processes were first introduced
in [8] and also investigated in [15]. Let R be a bounded open region in R? with a smooth
boundary (to make things precise, of class C?) such that the origin O € R. For z € RY, let
W, = (w(t,w), {Fi}i>0) be a Brownian motion on RY such that P(w,(0,w) = ) = 1. On the
region R, for any x € R, we define a process {z,(t,w)}+>0 with values in R which is identical to
a standard d dimensional Brownian motion until the almost surely finite time 7 when it reaches
the boundary, then instantaneously returns to the origin O at 7 and repeats the same evolution
indefinitely. This is the multidimensional version of the problem described in [10], which may be
called Brownian motion with rebirth, since after emulating the Brownian motion with absorbing
boundary conditions (in other words, killed at the boundary) it is reborn at the origin. The
state space can be shown to be compact with the topology described in (14) creating a shunt
at the return point. As a consequence, the dynamics has an invariant measure. We identify it
as the Green function G(-,-) for the Laplacian with pole at £ = 0, modulo a normalizing factor.
The average time a Brownian motion starting at x spends in the set B C R before hitting the
boundary is determined ([13], Section 7.4) as [p G(x,y)dy. Our particle will repeat the trip
from the origin to the boundary indefinitely and will stabilize in time, by ergodicity, towards
the measure which gives the mean value over all configurations, at exponential rate.

Theorem |1 provides an explicit formula for the transition probabilities of the process and shows
that the associated semigroup is a strongly continuous compact Feller semigroup on the domain
X where the boundary and the return point are glued together (14). In any dimension, Theorem
2| gives a closed formula of the resolvent and the spectrum of the generator o = {\;}i>0 is
described as a subset of singularities appearing in the resolvent formula (23), ordered according
to the real part 0 = Ao > R(A1) > R(A2) > .... The exponential ergodicity with the exact
convergence rate (A1) is given in Theorem [3.

We note that the compactness of the semigroup is used to validate the sharp rate of convergence
(lower bound) in the exponential ergodicity limit (26). The strongly continuous Feller semigroup
property is crucial for the inversion formula of the resolvent.

The proof is based on the inversion formula for the Laplace transform (Proposition [6) and the
estimates of Propositions [7 and [8, which make essential use of a contour integration over the
boundary of a sector of the complex plane with angle 2¢p > w. Whenever the semigroup
is analytic (Theorem 7.7 in [17]), the integral exists and provides an inverse formula giving an
exact exponential rate for the error term.

It is natural that a key part of the proof consists in establishing that the semigroup corresponding
to the rebirth process is analytic, more specifically, proving estimate (24). To begin with, we
need the analytic semigroup results for operators on the space of continuous functions with the
topology of uniform convergence found in [18] - [19]. In our case, they are applied to the Dirichlet
Laplacian on a regular domain R, but more general dynamics can be considered with the same
method.

Another advantage of the method is that once Theorem [1l has been established for delta func-
tions, one can readily generalize to arbitrary redistribution measure p. The closed formula (23)
captures the renewal mechanism imbedded in the process. The estimates needed for the Laplace
transform inversion formula are not harder to obtain in an LP norm than in the uniform norm. A
reference in that direction is again [17]. The proofs presented in this paper are easy to modify in
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order to include the LP case. For example, when the measure p(dz) has a density in L?(R), then
part of the analysis carried out for establishing (40))-(37) is simplified due to the explicit form of
the resolvent of the Dirichlet Laplacian in the square norm. Recently, more detailed results on
the spectral properties of diffusions with rebirth are worked out, with different methods, in [2].

Section 6] looks at the one dimensional case. We are able to calculate the spectrum of the
generator of the process exactly, and show that the spectral gap is equal to the second eigenvalue
of the Dirichlet Laplacian \; = A3 < A%, by identifying a set of removable singularities in
(23) which includes the point )\‘fbs. This corrects the spectral gap estimate from [10], which is
correct in the sense of an upper bound only, as A} < /\‘fbs.

In Section [7 we give an alternative proof of the exponential ergodicity, based on the Doeblin
condition. For explicit computations as in Section [6, the Doeblin condition is not helpful.
However, the Doeblin condition argument leads to various generalizations, and is very short.

There are two venues for applications of the rebirth process. The first originates in a variant of
the Fleming-Viot branching process introduced in [3] and studied further in [11]- [12]. Assume
that the singular measure pu(dz) giving the distribution of the rebirth location of the Brownian
particle is replaced by a time-dependent deterministic measure pu(t,dz). The tagged particle
process from [12] is an example in the case when u(t, dz) is the deterministic macroscopic limit
of the empirical measures of a large system of Brownian particles with branching confined to the
region R. In particular, in equilibrium, the updating measure u(t, dz) is constant in time, being
equal to u(dx) = ®1(z)dzx, the probability measure with density equal to the first eigenfunction
of the Dirichlet Laplacian (normalized).

The second application is coming from mathematical finance. If {S(t)}+>0 denotes the asset
process in a model for the derivative markets, then S(¢) is typically assumed to follow the path
of a geometric Brownian motion (see [6], also [9]). The double knock-out barrier option has
payoff equal to S(t) as long as it belongs to a region R with the prescription that it falls back
to one (zero rate of return, or a prescribed value) as soon as the barrier or boundary is reached
and then resumes its evolution. In that case, log S(t) is a diffusion with rebirth.

2 Main results

We shall denote by (€2, F, P) a probability space supporting the law of the family of d-dimensional
coupled Brownian motions indexed by their starting points x € R. Let A be an open region in
R? and z € A. In general we shall use the notation

Tp(A) =inf{t >0 : wy(t,w) ¢ A}, (1)

the exit time from the region A for the Brownian motion starting at z. Occasionally we shall
suppress either z or the set A if they are unambiguously defined in a particular context. We shall
define inductively the increasing sequence of stopping times {7, },>0, together with a family of
adapted nondecreasing point processes {N(t,w)}>0 and the process {z;(t,w)}1>0, starting at
v €R. Let 1o = T, = inf{t : w,(t,w) ¢ R}, while for t < 79 we set N,(t,w) = Ligry(wz(t,w))
and z,(t,w) = wy(t,w) — fg wy(8,w)dN,(s,w). We notice that z, (10—, w) = wy(19,w) € OR. By
induction on n > 0,

Tp+1 = inf{t > 7, : wy(t,w) — /OT" 2z (s—,w)dN,(s,w) ¢ R} (2)

1301



which enables us to define, for 7, <t < 7,41,

Nx(t,w) = Nx(Tnaw) + 1{873}(213@_7"‘))) ) (3)
as well as

t
2z (t,w) = wy(t,w) — /0 zz(s—,w)dNy(s,w) . (4)

We notice that z,(t,w) = 0 for all ¢t = 7,,. The construction and the summations present in (2)
and (4) are finite due to the following result.

Proposition 1. The sequence of stopping times 19 < 11 < ... < Tp < ... are finite for alln and
limy, 00 T = 00, both almost surely. Also, the integer-valued processes Ny (t,w) defined fort > 0
have the properties (i) they are nondecreasing, piecewise constant, progressively measurable and
right-continuous, and (i) for any v € R, P(Ny(t,w) < o0) = 1.

Proof. 1t is easy to see that 7, , n > 0 are i.i.d. with finite moments, and the conclusion follows
from the law of large numbers (more details are given in [10]). Since the processes N (t,w) > 0
are clearly integer valued, non-decreasing and right-continuous by construction (3)), they auto-
matically preserve the same value until the next boundary hit. Progressive measurability is a
consequence of the fact that the first exit times {7,} are stopping times. O

Let f € C(R) and paps(t, z,y) denote the absorbing Brownian kernel generating the semigroup
{Si* Y0

1% @) = [ Fpane(t. .9}y = B (wslt.0) < To(R). (5)
The operator A with Dirichlet boundary conditions on R has a countable spectrum {X;bs bis1
0> o5 > \gbs > (6)

with corresponding eigenfunctions {®,,(z)} and

Pabs(t,%,) ZeXp(

The functions {®,(z)} are smooth and form an orthonormal basis of L?(R) (reference [13], or
[7], (6.5)). The resolvent of the absorbing Brownian motion applied to f € C(R) will be denoted
by

abst

)®u(@)@0(y) (7)

RO f(x) / / et 2, ) (y)dydt (8)

In the following, the Laplace transform of the first exit time 7,(R) from the domain R of a
Brownian motion starting at x will be denoted by

hi(a) = ByleT=(R)] = /0 h e~ h () dt . (9)

where h*(t) is the density function of T,(R). The Laplace transform (9) exists on the complex
plane for all o with () > A\$** and can be extended (page 211, [20]) via analytic continuation
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to the resolvent set of the Dirichlet Laplacian. Also Ez(a) can be re-written directly in terms of
the resolvent R%* as shown in equations (34)-(35).

The law of the process {z;(t,w) }+>0, adapted to {F; }+>0 will be denoted by @, and the family of
processes {Q; }zer Will be denoted simply by {@}. The construction described by equations (2)
through (4) can be made deterministically for any € R and each path w,(-) € C(]0,00),R%)
resulting in a mapping preserving the progressive measurability

B(ws(-)) = wa(-) — /O'wm(s,w)de@,w). (10)

With this notation ® : C([0,00),R?) — D([0,00), R) and Q, = W,o® ! is the law of the process
{zz(t,w)}+>0 with values in the region R, a measure on the Skorohod space D(]0,0),R).

Let m € Zy, a = (a1,02,...,0aq) € Z% be a d dimensional multi-index vector and we write
la] =% o;. T ACRY and f : A — R, we use the standard notation

olel

= 90149 .02 ag
0z{'0xy? ... 0wy

0\ f(x) (z)

if the derivative exists. Naturally C™(A) is the set of functions for which all derivatives
with multi-indices a such that |a| < m exist and are continuous. We recall that the pro-
cess {zz(t,w)}+>0 is adapted to the filtration {F;}+>0 corresponding to the underlying standard
d-dimensional Brownian motion.

Proposition 2. If f € C?(R)NC(R), then

t t
Flealt) = £@) = [ GATGs.)ds = [ (F0) = Flaulsmw)iNotsw) (1)

is a Fy - martingale with respect to Q.

Proof. The proof is identical to the d = 1 case from [10]. O
Let
D= {f € C2(R) : V]a| <2,Vb € dR, Ilimy_, @ f(z) € R} )
Do = {f €D :VbedR, lim,_y f(z) = f(O)}.
Corollary 1. If f € Dy then
!
Flealti) = £@) = [ GA7Gu(s.0)ds (13)

is a Fy - martingale with respect to Q.

The next result allows us to regard {z,(t,w)}t>0 as a process with continuous paths on the
compact state space X obtained by identifying the boundary OR and the origin O.
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Below B(z,r) C R? is an open ball centered at z € R? of radius r» > 0. Let X = R with the
topology 7 generated by the neighborhood basis

)

Ver = {B(z,7r) : B(az,r)CR\{O}} it #£0,r>0
Voo = B(O,r)u(UbeaR(B(b,r)ﬁR))} it 2=0,re/(0,dx dR)).

(14)

We define the class of functions of class C2 up to the boundary {0} of X \ {0}

D(X)={f e C*X\{0}) : Elii_rga(a)f(x)eR, Vel <2,Vye {0} UIR} (15)

with the notational convention that the one-sided limit lim,_., g(z) is defined as lim,_., g(z)
in the topology inherited from R by the set B(0,r) C R, r > 0, in the case of y = 0 and
RN B(y,r),if y € OR.

The inclusion mapping Z : D(X) — D is defined as D(X) > f — Z(f) € D, where Z(f)(x) =
f(i(x)) and i(x) = x is the identification mapping from R to X.

Under the inclusion mapping Z : D(X) — D we define the domain

Do(X) = {f €D(X) : Vb EIR  lim f(z) = iii)l})f(x)}. (16)

Corollary 2. Let @:3 = Qg oi ! be the measure induced on C([0,00), X) by i : R — X. Then,
Q. solves the martingale problem for the Markov pregenerator

£= (0%, Do(X)) (17)

with the convention that Ax f = AZ(f) for any f € Do(X).

Remark 1. The space (X, 7) is compact and homeomorphic to a sphere in RI*! with the North
and South poles identified. The boundary conditions from below introduce a shunt at the origin
which is responsible for the intrinsic asymmetry of the evolution. The domain is composed of
functions which are C2? up to the boundary {0}, yet the one-sided limits on the South pole
neighborhood are equal, ensuring C? regularity on the lower sheet of the domain, while the
one-sided limits on the North pole (that is, the boundary inherited from OR) are non necessarily
equal, with the exception of the multi-index || = 0 which ensures continuity.

Remark 2. We note that the domain Dy of the original process on R is not dense in C'(R).

Proof. The argument does not change with d > 1 and is presented in [10]. We refer to [14] for the
definition of a Markov pregenerator. The properties of f € Dy(X) ensure that Do(X) = C(X).
In addition, we have to show that if z is a maximum point for f, then Af(x) < 0. If x # 0,
this is a consequence of Taylor’s formula around z. At x = 0 we can still apply the standard
argument which shows that V f(0) = 0 because it only depends on the ball B(0, ), which is a
subset of a neighborhood of the origin in (X, 7) as well, and then necessarily Ax f(0) < 0. The
rest is immediate from Proposition 2] d
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In the following we shall use the notation || f|| c(r) for the supremum norm of the bounded

function f and we assume that the domain R has boundary OR € C?. We also recall that the
Laplace transform of the first boundary hit (9) is analytic on the resolvent set of the Dirichlet
Laplacian (6) due to the analyticity of the resolvent [20].

Given ¢ € R and ¢ € (§,7), we denote by

Ue@)={aeC: Jagla—Q <o}, L) =0U(0) (18)

the sector of angle 2¢ with vertex at ¢ and its boundary contour. For R > 0, we denote by
U¢(R, ¢) the truncated sector

Ue(R.¢) = {a s largla = Ol <6, la—¢| > R} (19)
In the following, the angle ¢ will be omitted whenever not necessary.

Theorem 1. Let P(t,z,dy) be the transition probability for the process {Qz}rer. For anyt >0
the measure P(t,z,dy) is absolutely continuous with respect to the Lebesgue measure on R and,
if Nx(t,w) is the total number of visits to the boundary up to time t > 0, its probability density
function p(t,z,y) fort > 0 is given by

p(t, Z, y) = pabs(ta Z, y) + /0 pabs(t -5, 0’ y)dE[Nm(sa w)] (20)

where - -
E[N,(s,w)] = ZP(Nm(s,w) >n)= / (h® % (RO~ 1Y(r)dr (21)

n=1 0 n=1

with the convention that (h°)** = &g for k = 0. Moreover, the semigroup it generates on

feC(X)
Suf () = /R Pt x.9)f () dy (22)

1$ a strongly continuous, compact Feller semigroup.

Theorem 2. (i) The generator L of the semigroup Sy has a pure point spectrum o included in
the union of the eigenvalues of the Dirichlet Laplacian (6) and the zeros of 1 — i/La(oz), and there
exist ¢ € (§,7), R > 0 such that the resolvent set ¢ includes the union of (A$P% 00) \ {0}, the
right half-plane R(c) > 0 and the truncated sector Uy(R, ¢) from (19).

(i) The resolvent R, of the semigroup S; is a meromorphic function on the resolvent set of the
Dirichlet Laplacian given by

h®
Rof(z) = B2 () + R £(0) ) 23)
1—hO«)
and there exists M > 0 such that
M
1Ro e < o Ifloge ¥ o € UolB.0). (24)
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Theorem 3. The resolvent R, has a simple pole at o = 0 with residue equal to the continuous

operator with kernel
G(0,y)
Y) = —— 25
p(y) TG0, y)dy (25)

where G(z,y) is the Green function of the Laplacian with Dirichlet boundary conditions. More-
over, if a* is one of the nonzero elements of the spectrum o with mazimal real part, then

sup R(a) =R(@*) <0
aco\{0}

and

tim 1oz (sup_[5i/0) = [ )/ Ezlogy)) = Rla”). (26)

t—oo e <t

Corollary 3. The process {Q} is exponentially ergodic.

3 Proof of Theorem 1

The derivation of (20) does not depend on the dimension d € Z hence we can refer to the proof
of Theorem 1 in [10] directly. To prove that S; is a strongly continuous Feller semigroup, we have
to show that (F1) S.f € C(X) for all f € C(X), and (F2) lim;)o S¢f = f in the norm of uniform
convergence on X. In addition, S; is a compact semigroup if the operator S; is compact for any
t > 0, which is property (F3) to prove. In the following we shall use R instead of X where there
is no possibility of confusion. Without loss of generality, we shall assume that ¢ € [0,7], T'> 0
arbitrary but fixed.

Denote v(t) = 302 | (h%)*"~1(¢). Then (20) reads

Suf(x) = /R Pass(ts 2. 9) £ (3)dy + /0 /R Pass(t — 5,0, 9) F(W)dy(h® = v)(s)ds  (27)
and if we set .
Ut) = /0 595 £(0)u(s)ds = [S™° £(0) + v()](t). (28)

with S defined in (5), we obtain
t
Suf @) =S (a) + [ Ule = 9(s)ds. (29)
0

where Sfbs denotes the semigroup corresponding to paps.

Proposition 3. For any T > 0, the function U(t) is continuous on [0,T], bounded by Cy || fl|,
with Cy 1 independent of t € [0,T] and f € C(X). In addition, it is differentiable for t > 0, and
for any e € (0,T), there exists C1(e,T) > 0 such that

sup |[U'(s)| < Ci(e, T)||f]]- (30)
s€le,T)
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Proof. We have
U(t) = S7"F(0) + [S™F(0) + Y _(hO)"1()](1) - (31)
n=2

Denote g(t) = Y00 o(h%)*"~1(t). The first term in U(t) is continuous for ¢ > 0 and bounded by
[|f]|. For any ¢ € [0,7T] we have

/Otg(s)ds = E[Ny(t)] < o0, E[Ny(t)] = ZP(N t) >k

k=1

where Ny(t) is the number of boundary hits up to time ¢ from (21), when starting at © = 0. The
second term is bounded by ||f||E[No(T')]. The constant Cyr = 1+ E[No(T)] < oo due to the
renewal theorem.

To prove continuity at t9 € [0,7], we observe that the convolution of a bounded continuous
function with an integrable function is continuous. More precisely, in our context, we write the
second term in (31)

T
/1 4 ()55 7(0)g(s)ds
0

For sake of detail, we formally extend continuously S®* by setting S2*f(0) = f(0) for s €
[~T,0]. We note that the integrand converges to 1ig4(s)SE, f(0)g(s) a.e. in s € [0,T] as
t — tg. At the same time,

1110,9()SE23F(0)g ()] < [1f119(s)
and g is integrable. Dominated convergence implies that the second part of is continuous.

The proof of smoothness for ¢ > 0 is based on the inversion formula given in Proposition [7 for
the Laplace transformation

0(a) = /0 et (1)t = R £(0)(1 — W0(a)) !

We can apply relation (35) and the lower bound (43) from Proposition[5 to obtain a bound away

from zero uniform in « on a truncated sector Uy(R’, ¢') for 1 —h9(«). Without loss of generality,
the bound from the analytic semigroup properties for paps stating that |aRf(0)] <
Mib8||f|| < oo is valid on the same Uy(R/,¢'). Putting the bounds together, we have that
|aU ()| < Ms||f]] < co. We mention that both bounds (37) and (43) are based on independent

proofs regarding the resolvent R of the absorbing Brownian kernel pgps.

The inversion formula from Proposition [6, together with Proposition [7]show that
d" 1
Z U@ =

)= — " (a)d 32
dt™ 27 L(¢1) ¢ (Oé) @ ( )

where the contour is chosen as in Proposition [7, with ¢; > 0 and Ug, (¢”). We note that it is
always possible to choose ¢” € (7, ¢'] such that, on the domain to the right hand side of L(¢1/2),

U(a) is analytic and there exists Ma; < oo such that |aU(a)| < Mai||f||. For the differentiation
under the integral we refer the reader to Lemma 2 in [10].
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Let € > 0 be a small number. We want to show (30). Formula (32) with n = 1 gives a bound

U'(s)] M21HfH / €% dla M21HfH€Cls

- 7?\ cos(¢”)|s

leeCls
m|cos(¢')|s " O

The proof is done by setting C1(e,7) = supyefe 1

Proof of (F1). Let t > 0 be fixed. We shall prove a stronger statement, namely equicontinuity
of the family {S;f(x)} for f € C(X) with ||f|| < 1, more precisely the limit

lim sup [S¢f(z) — Sef(zo)| =0. (33)

ETEo <1

Without loss of generality, we may further assume that f(0) = 0, since the difference in (33)
remains identical under constant addition. Since f € C(X), this means that the function f
satisfies the Dirichlet boundary condition.

Step 1. First, we prove continuity at xog # 0. The first term of (29) is the solution to the heat
equation with Dirichlet b.c. for the half-Laplacian which is continuous in (¢,z), t > 0, z € R.
Since the kernel pgps(t, z,y), t > 0 is continuous in z and y on R up to the boundary, the
semigroup S¢* is compact, which implies that lim, ., sup||f||<1 |Sgbs f () — S8 f (o) = 0 by
the equicontinuity of the family {S# f(z)} for ||f|| < 1, f € C(X) with f(0) =

For the second term, we split the difference fot U(t—s)(h*(s)—h"(s))ds in two parts, an integral
on [0, €] and another on [e, ¢], for an arbitrary but sufficiently small fixed e.

In the second integral on [e, ], h*(s) is continuous in (s, z) € [¢,T] x B(xg,71) for a sufficiently
small 71, and hence uniformly continuous. Since |U(t)| < Cyrl||f|| for all t < T, we have shown
limg .z sup| pij<y | [ U(t — )(h®(s) — h*0(s))ds| = 0.

The integral on [0, €] is bounded above by Cu.r||f||[Pe(10 < €) 4+ Py (10 < €)]. As z — xp and
then € — 0 it also vanishes, proving uniform continuity at 2o on {f € C(X) : ||f]| < 1}.

Step 2. We prove continuity at xg = 0. If £ — zg from a ball centered at z(, the proof is
identical to the case g # 0. Let © — 9R. The first term in (27) approaches zero. Formally,
h*(t) — do(t) in the sense of distributions, so lim, g S¢f(x) = U(t).

On the other hand, S;f(0) = S £(0) 4 [S®™s£(0) * v(-)](t) — S5 £(0) = U(t) due to the fact
that the summation in v(-) starts at n = 2 when = = 0. To conclude the argument, we have to
prove rigorously that hA*(t) — 0¢(t) and that the convergence is uniform in f. We know from
Proposition |3 that U is bounded for ¢ > 0 and has continuous derivative for ¢ > 0. Choose
arbitrary but fixed e € (0,¢). Then fot h*(s)U(t —s)ds —U(t) = A+ B—U(t) with A and B the
integrals on [0,¢ — €] and [t — €, t], respectively.

A—U(#) = /0 U — s)ds — U (1)

t—e
+ Po(mo < s)U'(t — s)ds — U(t)
0

= (Po(ro <t —¢) = 1)U(e) + Ule)
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+/0 “(Py(ry < 5) — V)U'(t — $)ds — (U(e) — U()) — U(#)

such that .
|A—=U(t)| < Pu(mo >t —¢€)|U(e)] —I—/ P.(19 > s)\U’(t —s)|ds
0

showing that

t—e
sup [A—-U(t)| < CurPr(ro >t—€)+Ci(e,T) P,(19 > s)ds.
IF1I<1 0

The last limit converges to zero as * — IR due to the regularity of the domain R and by
dominated convergence in the case of the time integral.

Finally B < Cyrl|f||Px(t — € < 19 < t) that vanishes as x approaches the boundary. This
concludes the proof.

Proof of (F2). Without loss of generality we can assume f(0) = f(z)|zcor = 0 and we prove
continuity at ¢ = 0. We write |S;f(x) — f(z)| < A1 + As + A3 with A; = E;[f(2(t)),t <
0] — f(x), Ay = E;[f(2(t), 10 <t < 1], A3 = E.[f(2(t)), 70 < 71 < t]. By construction,
Ay = S f(x) — f(z) converges in the sup norm to zero as t — 0 due to the strong continuity of
5% and f being zero on the boundary. Again by construction and the strong Markov property
we see that As < ||f||Po(ro < t) uniformly in x, which approaches zero as ¢ — 0. There are two
cases for Ag, if v € Rs = {x € R : d(z,0R) >}, and * € R\ Rs. The first case is bounded
above by ||f|[sup,7; Po(70 < t), with limit zero as ¢ — 0. Finally we have the second case
bounded above by sup,¢jo, Eo[f(w(s))]. Here we replaced the process z(t) by the Brownian
motion w(t) after using the strong Markov property. Given a small ¢, this is bounded by

sup Eo[f(w(s))] < |[f[|[Po( sup |w(s)| =€)+ sup [f(z)].
s€[0,t] s€[0,t] z€B(0,€)

The martingale inequality shows that the first term vanishes as t — 0. The second term is
independent of x and vanishes as ¢ — 0 since f(0) = 0. This concludes the proof that S; is a
strongly continuous Feller semigroup on C(X).

Proof of (F3). Since [|S¢|| < 1 and the space X is compact, we shall apply the Arzela-Ascoli
theorem to prove that the family of functions {S;f} with ||f|| < 1 is equicontinuous. The
statement (33) shown in (F1) is equivalent to equicontinuity, proving that the semigroup is
compact.

4 Proof of Theorem 2

By definition, the Laplace transform of a function ¢(t) is equal to §(« f e~ g(t)dt whenever
the integral converges. From equation P(T, >t) fR Pabs(t, x y)dy we see that

ﬁ(a) = E[e_aTm} = —/0 e dP(T, > 1) / / e dpaps(t, z,y)dy . (34)
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For R(«) > 0, we derive
(o) = - ( / eatpabsu,x,y)dy) ™ 0B e) =1 - a1 () (33)
R

where 1(z) is the constant function equal to 1 and R%* is the resolvent of the half Laplacian with
Dirichlet boundary conditions (the infinitesimal generator of the absorbing Brownian motion)
from (8). If R(cw) > 0 and arbitrary x € R we immediately have |ﬁ5(a)\ < 1.

We shall use the results on analytic semigroups generated by strongly elliptic operators under
Dirichlet boundary condition from [18] and [19]. More precisely, Theorem 1 in [18], adapted to
the simpler case of the Dirichlet half-Laplacian, shows that there exist Ry > 0, ¢g € (3, m) and
M9 > 0, such that, for all u € C%(R) N C(R) vanishing on the boundary R, we have the

bound
Mabs 1
lullom) < Tal H(iA —a)ullgry  for all a € Uy(Ro, ¢o) - (36)

Proposition 4. For any radius R’ € [Ry, 00) and any angle ¢' € (5, o] we have

sup  sup |1 — aR¥®1(x)| < co. (37)
a€Uo(R!,¢') TER

Proof. For a, [ in the resolvent set p (a subset of the resolvent set of the Dirichlet half-Laplacian)
the resolvent identity reads

R — R = (5 — o) R (RE"). (39)

Let 3 € o with ®(3) > 0. For such 3 the semigroup S defined in (5) and its resolvent Rgbs
can be applied to any f € C(R). The function R%bs f(z) belongs to C%(R) N C(R) and vanishes
at the boundary. Moreover, it satisfies the inversion formula (31 — %A)R%bs (x) = f(x). Thus,
consistently with (38), R%* can be applied to all f € C(R) for arbitrary a € ¢

RE” f(x) = [I + (8 — @) R”J(RE” f(x)). (39)

Notice that Rgbs is applied to a continuous vanishing on the boundary. Relation also implies
that (o — LA)RY f(z) = f(z).

Setting u(x) = R¥®*f(x) in for f € C(R), we obtain that the main estimate for analytic
semigroups (from [17;20])

Mabs
HRZbeH(J(ﬁ) < o Moy for all € Us(Ro, ¢o) (40

|

is valid for any f € C(R), in particular the constant f(xz) = 1(x). Based on this observation,
the uniform bound (37) is satisfied. O

The resolvent identity (38) applied to the constant function 1 for «, 3 € ¢ (we switched a and

p) is
RE*1 — RI1 = (a — §) R (R1)
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and implies

(1-(1- g) aR)(BRY*1—1) = aR*1-1. (41)

Let 8 = |a|. Since we have ||aR%*|| < M9 in the operator norm from C(R) to C(R), then for
all a in the truncated sector Uy(Rp, ¢o) from (40),

11— (- 2y are) < (14 2007) = oy

Therefore,

aos /8 aos aos aos
laRG*1 = 1lemy = (1 = (1= =) aRG*) (BRE*1 = 1) llom) < MilIBRE*1 — ller) > (42)

showing that we can bound the left hand side of (42), depending on arbitrary « in the truncated
cone by the right hand side, which depends on § with R(3) > 0, an identity needed in the next
proposition.

Proposition 5. There exist a radius R’ € [Ry,00), an angle ¢’ € (5, ¢o] such that

inf
acUo(R!,¢')

aR‘;bsl(O)‘ >0, (43)

Proof. Assume that (43) is false for any Up(R’, ¢(R')) where R’ > Ry and ¢(R') € (%, ¢ is of the
form ¢(R') = Z +arcsin(4). Let R,, — co. Then, there exists a subsequence {ny};>1 such that
{an,} € Uo(Ry,, ¢(Ry,)) violates the lower bound (43). The domain Uy(R', ¢(R’)) is closed
under complex conjugation and the complex norm from is invariant under conjugation.
This shows that we can assume, without loss of generality, that (o, ) > 0. For simplicity we
subindex the subsequence by n as well.

We write a,, = r, exp <z(§ + en)> Naturally r,, > R, — oo and also ¢, < arcsin(Rin). On
the other hand, we can select a subsequence such that liminfe, = 0. Otherwise there exists
€ > 0 such that €, < —¢ for large enough n. This, together with the inequality |a, R2*1(0)| >

1- |;L5(an)| derived from and

lim |ﬁ6(an)| < lim E[e_rncos(g—ﬁ)To] -0

n—oo n—oo

would imply a contradiction with the assumption on {a,,}. We have shown that €, — 0.

Equation (41) can be re-written in the form

g(ﬁRgbsl(x) — 1)+ (1 - g) (I - ajo’S) (BR®*1(z) — 1) = aR®*1(z) — 1. (44)

Choose
Bn = Ty exp (z(g — 5n)>

with 6, = arcsin( in) Then the second term from (44) applied to z = 0 with a = «,, and
B = Bn,

ﬁ

(1- g) (1= are™) (BRE1(0) - 1)
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has the upper bound

/B aos aos ﬂ aos
1= 2|1 = aRLNIBRE1() — Vo < |1 - 2|+ M2,

where we used for the operator norm and for the uniform norm. This term vanishes
Ou| <2 sin(%%)

Qn
The first term in (44) at « = 0 satisfies the bound

as n — 0o since ‘1—

2 samipra0) - 1) <

B, R%1(0) — 1’ <

< E[e—%(ﬁn)%} _ E[e—(rnsinén)To} _ E[e—\/ﬁTo} 0.

These estimates show that as n — oo, the left hand side of (44) with a = «v, , 8 = 3, vanishes
meanwhile the right hand side approaches —1 by the assumption made on the sequence {a,},
which is a contradiction. This concludes the proof of (43). O

We now resume the proof of Theorem 2. With and in mind, for ®(a)) > 0, we obtain

/ P2, 9)f (y)dy = / Fan (v 2, y) f(y)dy +
R R

—
[e.e]

+/Rﬁbs(a,0,y)f(y)dy( (b % (h0)*-"1) ) (@)

n=1

- [ Fatonz) foay + | P 0.0y @) (@) )

which proves (23) on {a : ®(«) > 0} in the form

1 — aR®1(x)

Raf(x) = Rgbsf($) + Rgzbsf(o) aRabs]_(O)

(45)
For any f € Dy(X) the resolvent R%*f(z) is analytic on C\ {\%* : n > 1} (]20], page
211, applied to the generator of a semigroup), which implies that (45) can be extended as a
meromorphic function outside the spectrum (6) of the Dirichlet Laplacian.

We want to extend the estimate to the resolvent to obtain (24). There are two parts in
the right hand side of the equation (45) multiplied by . For the first part aR%* f(z), (40) grants
that there exist Ry > 0 and ¢ € (Z, ) such that « R f(z) stays bounded by M“b5||f|]0(§) for
a € Uy(Ry, ¢p). For the second part, we need to show that there exist a radius R’ > 0, an angle
¢' € (§,m) and a constant M > 0 such that

1— absl
sup  sup aRngf(O)M

< M||fl e - 46
acUo(R! ,¢') TER aRabs1(0) I ”C(R) (46)

Since |a R f(0)| can be bounded by M?%|| f|| using (40), the goal is achieved based on relation
(37) from Proposition 4 and the lower bound (43) from Proposition [51 Without of loss of
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generality we can choose R’ € [Ry, 00) and an angle ¢' € (%, ¢o] so as to satisfy both Propositions
and (5l Now by letting R = R, ¢ = ¢’, we have proved (24).

On the real axis, the function h(«) is the Laplace transform of the first hitting time to the
boundary, equal to 1 at o = 0 and non-increasing on (A%, 0o). The function is analytic wherever

R%s is analytic, hence 1 — ﬁa(a) has no other zeros on a neighborhood of (A%, c0).
Since R f is analytic in the union of Uy with the right half-plane ®(a) > A**, the denominator

1 — h%(a) = aR%*1(0) from (45) has only isolated zeros. We conclude that all singularities of
the resolvent R, contained in the resolvent set of the Dirichlet Laplacian are poles coinciding
with the zeros of the denominator.

5 Proof of Theorem |3

We can compute the residue at oo = 0. Multiplying (23) by «, we get

aRg" f(0)

aRq f(z) = aRW f(x) + «RaP1(0)

(1 - aRe1(x))

Since R%Sf is analytic in a neighborhood of a = 0, it is enough to figure out the limit of
aR, f(x) as @ — 0 along the positive real axis. By dominated convergence, or directly from the
continuity of the resolvent R%* at a = 0, we see that lim, gy aR% f(2) = 0, and that

_aR®f0)  [rG0,y) fly)dy
alﬂ%ﬂr aRWs1(0) RfRG(O,y) dy —/Rp(y)f(y) dy

where p(y) = G(0,y)( [ G(0,y) dy)~".
All singularities, with the exception of zero, have negative real part since S; is a Feller semigroup.

Notice that the singularities must be among the zeros of the denominator aR%*1(0) = 1—h%(a).
Suppose « = ik with k € R is a zero to 1 — 716(04). We need to show that the Fourier transform
of a probability density function f(¢) can never attain the value one except at k = 0. The
transform is [~ et f(t)dt = 1 and this implies that Jo (1 —cos(kt)) f(t)dt = 0, a contradiction
unless k£ = 0.

We recall from the proof of (46) that there exists R > 0 and ¢ € (5, 7) such that Uy(R, ¢)
belongs to the resolvent set and the bound is satisfied. There are finitely many elements
of the spectrum in |a| < R. After ordering the elements of the spectrum (except the origin)
according to their real values, let a* be a representative of the values with largest real part and
o™ be a representative of those with second largest real part, that is 0 > R(a*) > R(a™*). Pick
ag > 0.

For all sufficiently small € > 0, there exists an angle ¢* € (7, ¢) such that the following conditions
are satisfied.

1) The domain U 20 (¢*) is included in the resolvent set,

2) All elements of the spectrum with real part less than or equal to R(a**) are in the complement

Of U§R(o¢**)+§ (¢*)
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3) All elements of the spectrum with real part greater than or equal to (o) are in Ugp(q)1e(¢*)\
Uea (¢%)

For a given f € C(R) and z € R, Proposition 6 provides an inversion formula for the resolvent
a — Ry f(x). For ag > 0 (plays the role of {y in the proposition) and ¢ > 0,

Sif(z) = —PV. / M et fe)da (47)

27 0—ico

From the bound that characterizes the analytic semigroup (24) we see that Proposition [7 can
be applied to o — R, f(z) with (; = /2 (or any positive number less than ayg).

Apply Proposition [§ below to o — R f(x) with 5 = R(a™) + 5, 2 = R(a™) + € < R(a*),
¢1 = ap/2, and (] = . Then, by construction of the contour L((2) = dU,(¢*), the simple pole
Bo = 0 and the poles 3;, 1 < j <1 with R(5;) = R(a*) and multiplicities m; are situated in
the corresponding domain Uy, \UQ of Proposition 8l At this point, we set d in the proposition
equal to €/4. Let

l
C' C . *
_ Bt ) J2 Jm m;—1Y) _ R(a*)t >
G.(t, (@) ;:1:63 (0J1+ Tt o ™ ) RENp@ ) (z), t>T

with coeflicients .

Couf @) =5z [ (@B Raf(a)da, (15)
Tt JoB(B;,p)

1 <k < mj and p > 0 sufficiently small so that §; is the only singularity in the ball B(g;, p).
Then Cj;, are bounded linear operators applied to f at the point z, and the operator norm
[|P(t,-)|| is of polynomial order.

Denote A; = Sif(z), A2 = Res(0;e™ Ry f(z)), A3 = Gi(t, f)(x) and the improved error bound
given after (53) A4 = CMie(%(a**H%)t with the particular choice of ¢ = ¢ + 0 with the current
values (5 = R(a™) + § and 6 = €/4. We notice that for g(a) = Raf(x) there exists M! > 0
independent of f and x such that M< from Ay satisfies Me < M(||f[|. Since [|A; — Aa| —[As]] <
|A1 — A2 — As| < Ay we have, for all f with ||f|| < 1, the double inequality

|Ag| — CM!e®@TEI < | Ay — Ay| < |Ag| + C MBI+ (49)

Taking the supremum over z € R and f with ||f|| < 1, the upper and lower bounds for (49)

become
RO P(t, )| £ CMLeREHDE

Upper bound. The norms ||P(t,-)|| are of polynomial order, as mentioned before.

Lower bound. The lower bound is nontrivial. It is sufficient to find a function ¢(z) with
|¢llomy = 1 such that |[P(Z,¢)|[ox) is bounded away from zero uniformly in ¢. Since the
semigroup S; (22) is a strongly continuous and compact Feller semigroup, it follows from The-
orem 3.3 in [17] that the corresponding resolvent R, (for $(a) > 0) is compact, and as a
consequence the infinitesimal generator £ has a pure point spectrum. Let 3;, 1 < j <[ be one
of the eigenvalues with £(5;) = R(«*) and let ¢ be a corresponding eigenfunction normalized to
have norm one. Since R,¢ = (a—ﬂj)_lqb, all Cji¢ are zero except for j' = j and k = 1, when it
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is exactly ¢, making P(t,$)(x) = e’SPi)t¢(z) which gives a lower bound ||¢|| = 1 uniform over
t.

After taking the logarithm, dividing by ¢ and passing to the limit as ¢ — oo, we have proven
(26).

Finally, we give the statement of the classical inversion theorems for the Laplace transform
(Proposition 3, Chapter 4 in [5]).

Proposition 6. Let G(t) be a continuous function defined for t > 0 such that there exists an
Co € R with the property that

/ Ot G(1)]dt < oo
0

Then, the Laplace transform g(a) is analytic in the half-plane Re(a) > (o and the following

inversion formula is valid
C+ioco

Glt) = PV, /< ¢*g(a)da (50)

211 — o0

where { > (g s arbitrary.

For a given angle ¢ € (3, ), we recall the definition of the sector Us = U¢(¢) from (18). Let
L(¢) be the contour R(«) = ( + Rcos ¢ and I(a) = £Rsin¢ for all R > 0.

Proposition 7. Let (1 < (o be real numbers and g(a)) be an analytic function in an open set
including the domain U¢, \ {a € C : R(a) > (o} such that there exist Ry > 0 and ¢ € (5, )
and My > 0 such that |ag(a)| < My for all « € Ue, (Ro, ¢). Suppose that the integral (50) is
finite, then fort >0, (50) is equal to

1

— e g(a)da (51)
27 Jr)

in the sense of principal value along L((1).

Proof. First we pick a simple closed curve in C consisting of piecewise straight line segments
connecting A~,C, AT, BT, D, B~ and coming back to A~ with counterclockwise orientation
where the coordinates of the points are C' = ((,0), D = ((1,0), A* = ({,+Rsin¢) and
B* = ({1 + Rcos ¢, £Rsin ¢). Choose R > 0 large enough so that Ry < Rsin ¢. By the residue
theorem, we have
/ eg(a)da = / e g(a)da + Eg
A-CA+ B-DBt
and the error term Eg is given by

Er = —/ e g(a)da — / e“g(a)da.
At B+ B—A—

From Ry < Rsin ¢, we have the line segments A" BT and B~ A~ inside Ug, (Ry, ¢). Hence we
reach an upper bound on &
’6R| < C(ta C0> QS)MQR_I

where C(t,(p, ¢) is a constant that only depends on ¢,{y and ¢. Letting R to infinity we see
that (51) exists and is equal to (50) in principal value sense. O
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We can now give the inversion formula in the case of multiple poles.

Proposition 8. Let (5 < (2 < (1 < (] and let g(a) be analytic in the domain V = Uy \UC{ with
the exception of a = 3, 0 < j <[ which are poles of order mj € Z, all contained in Ug, \Ucl
with the principal part of the Laurent expansion about 3; equal to
Gj1 Cim;

— .

(o —B;) (a — B;)m
Assume that g(a) is bounded outside of a ball of radius Ry > 0 centered at the origin in V. Then
for any given T > 0 the integral (in principal value sense)

1

G(t) = — eatg a)do
(t) 2 Jyen (@)

(52)

18 uniformly convergent for t > T, and we have

!
) Cj2 Cyjm; —1 Cat

G(t) - eﬁﬂf(c-l + Lt ™ )} < Ce™" sup |g(a)|, (53)

’ = J 1! (mj —1)! a€L(Ca)

where C does not depend on g, t and (2 fort > T. Moreover, for any sufficiently small § > 0,
if My is an upper bound of |g(a)| on Ucé+5 \ Ug,, then for any ¢+ < ¢ < (o, the right-hand
side of (53) can be replaced by C MjseSt.

Remark. The supremum of g over L((2) (and U% +5 \ Ug,) is achieved due to the fact that g is
continuous and bounded far from the origin.

Proof. Consider a contour made of piecewise line segments connecting A=, C, AT, Bt D, B~
and coming back to A~ with counterclockwise orientation where the coordinates of these points
are A* = ({1 + Rcos ¢, £Rsin ¢), B¥ = ({2 + Rcos ¢, +Rsin¢),C = (¢1,0) and D = ((,0).

Choose R > 0 large enough so that the line segments AT B+ and B~ A~ are outside B(0, Ry),

ball of radius Ry centered at 0 and also that (; + Rcos¢ < 0. For instance, one can choose

R > max{Ry + |C1| + |C2|, |C1]/| cos ¢]}. Let cg =sup{|g(a)|:a €V, |a] > Rp}.

First we prove the uniform convergence of G(t) on [T,00) for any given T > 0. Let Gr(t) =
Ly A-ca+ €*'g(a) da. Then for R large enough to satisfy the condition mentioned above,

2mi

¢ c
G(t)—Grt) <2 (Gitreosd)tg. “9 (G+Rcosg)t
G0 RO < 7T/R ‘ " Wt\cosqb\e

Hence for t > T, we have

Ci+Rcosp)T

IG(t) — Gr(t)] < —— el

~ 7T cos ¢

which tends to zero as R goes to infinity. Therefore G(t) converges uniformly on [T, 00).

The residue theorem for the integral around our contour provides

0 mj
i 1
GR( ) jzoe ’ ; (k‘ — 1)‘ 2711 R € g(O[) a+gR (5 )
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where the error term is

_ _i at at
Er = 27Ti<//x+B+€ g(a)da—i—/B_A_ e g(a)da).

It is easy to see that [5_,p. e*g(a)do converges to fL( e g(a)da as R goes to infinity uni-
2

formly on [T, 00) via the analogous argument used for Gr(t) converging to G(¢) uniformly on

[T, 00).

On the other hand, for large enough R as described at the beginning of the proof and for ¢t > T,

Er| < S8 (tReoso)t < 0 (Gr+Reoso)T
ot —aT

which converges to zero uniformly on [T, 00) as R goes to infinity. Sending R to infinity on both
sides of the equation (54), we reach

m;j

¢
j 1
G(t) — Z efit Gk __gh=1 — e*gla)da.

§=0 k=1 (k=1 2w L(¢2)

Further estimate on the integral along L((2) reveals

1 / ot 1 Cot Cat
— 69&d0&‘§762 sup |g(a)| < Ce*?* sup g« 55
57 Jy, €90 < e s lg(a)) S lg@ 69

where C = m for all ¢t > T independent of g,t and (s.

Let Ms = sup{|g(a)| : a € UCQM \Ug, }. If we replace the integral over L((2) by that over L(()
where ¢} + 6 < ¢ < (3 and bound |g(«)| by M;s, then we can improve the error estimate in (55)
to C'MgseS! with the same constant C' appeared in (55). O

6 The one dimensional case

Ind=1,let R = (a,b), witha < 0 < b asin [10]. Let Ay = kn/(b—a), k = 1,2,..., and
Oabs = {—A2/2 : k=1,2,...} be the spectrum of the half Laplacian with absorbing boundary
conditions with transition kernel (7)

2 o
Pabs(t, 2, y) = 3 —— > e O iy (x — a) sin Ae(y — a), (56)
k=1
and resolvent kernel
Dabs (@0, T, y) = 2 i ! sin Ay (x — a) sin A\, (y — a) (57)
Pabs| &, ’y_b—ak:1a+/\z/2 k kY .

The Laplace transform of the first exit time (34) can be written in two forms (see [10])

cosh \/ﬂ(l’ - HT“)
cosh \/ﬁ(b*Ta)

— o2 k
h.’lf = E - i )\ — =
) (b—a)? kot0dd * T AL/ sinde =)
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and the kernel of the resolvent (23) of the process given by the transition kernel (20) is then

pla, 2, y) = Pabs(a, ,y) + Dabs(, 0, y) H (e, ) (59)

where

h (o) cosh \/ﬁ(gp — HTG>
- 1 _ﬁﬁ(a) - cosh \/%C’*T“) — cosh \/E(HT“) ‘

H(a, x) (60)

Set v = —A2/2 = —7%(v/2(b — a))~2. Then we write oqps = {vk? : k € Z, } for the spectrum of
the absorbing Brownian kernel and

o = {0} U{4(1 + |a|/b)*vE* ,4(1 +b/|a|)*yk? : k€ Z,}

for the zeros of cosh v/2« (b_7a) —cosh v2« (HT‘I> . In addition, 6% and ¢¢?°" denote the subsets

abs abs

of o4ps for k odd and k even, respectively. It is easy to see that when b/a ¢ Q, then o Nogps = 0.

even

Genlop. As a

Proposition 9. The spectrum o of the Brownian motion with return is o
consequence, the largest nonzero point of the spectrum is —)\3/2 = 4.

Proof. Part 1. We prove that if 8 € oy, then pups(a,0,y) is analytic and nonzero at a =
B. For B € og \ oas, we only have to show that pus(3,0,y) # 0, which is evident since
Pabs(3,0,7), as an element in L>[a, b], has nonzero Fourier coefficients. If 3 € o N 04, then
there exists a positive integer k such that 8 = —k*y = —A2/2, A\, = kn/(b — a) and from (60),
oS )\k(b_T“)(l —cos A\pa) +sin )\k(b_T“) sin \ya = 0. For k odd, (—1)% sin \ya = 0 and for k even
(—1)5(1 —cosA\ga) = 0. In all cases sin \ya = 0. By taking the limit as « goes to 3 in (57)
with z = 0, we see that (3 is a removable singularity of paps(+,0,y) and that the limit is not zero,
which proves the claim.

Part 2. Since 0 C o045 U oy, we divide the proof in three steps.

(i) o \ oaps € 0. Let p=1,2,... be the multiplicity of the pole denoted by 5 of H(«,x) such
that 5 ¢ o4ps. Then

tim { (0 = ) Bass (v, 2. y) + Puss (. 0,) [(@ = B H(@,2)] } = Pus(8,0.9) H(B,2)  (61)

a—pf

where lim,—g(oc — B)PH (v, z) = H(B,z) # 0. Since paps(5,0,y) # 0, 3 is a pole.

(ii) oaps Nom C 0. Let B = —A2/2 € oaps Nop. We know that 3 is not a pole of Paps(c, 0,y). If
p > 1, since pgps has only simple poles, the limit (61) is of the same type as in case (i). When
p =1, the limit is

2(b— a) " sin Mg (z — a) sin A\g(y — @) + Paps(—A2/2,0,y)H(—)2 /2, z)

where the last factor is nonzero. As a function of y in L?[a,b] the limit is not identically zero,
so 3 is a pole.

(iil) oups \ o C 0. Let B = —A2/2 € 045 \ 0. The limit with p = 1, based on (57), gives

2(b—a) " tsin \p(y — a) | sin A\p(z — a) — sin \pa H(—)2/2,2) | . (62)
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In this case, we have

cos A (z — )COS)\k( @) 4 sin A\ (z — a) Sln)\k(b_Ta)
cos Ag (2 5%)(1 — cos Aga) + sin )\k( 43 sin A\ga

H(=)\}/2,2) = iii%H(a,a:) = (63)

The bracket in is equal to (sin )‘ga) Ycos \(z — &) # 0 for k even and vanishes for k odd,

which implies that o5<" C o and aggg No = 0.

Part 3. We notice that sup{3 € og \ {0} } < 47, the second eigenvalue of pups, and 4+
corresponds to k = 2, the first even value in the spectrum. O

7 Exponential ergodicity via Doeblin’s condition

Let p(dx) be a probability measure concentrated on R. We shall consider a generalization
of the process z,(t,w) from Proposition [2, that upon reaching the boundary OR jumps to an
interior random point zy € R chosen with probability distribution p(dzg). The original process,
Brownian motion with rebirth, corresponds to u(dzg) = do(dxo). In this case, equations (20),

(21), (23) are satisfied by replacing paps(t,0,y) With paps(t, 1t,y) = (Paps(t, -, y), 1), and hO(t)
with h* = <h(’), u), where the angle brackets denote the integration over R. In the following,

we shall give a proof of the exponential ergodicity based on Doeblin’s theorem. The Lebesgue
measure will be denoted by A(dx).

Proposition 10. There exists a set A C R with A\(A) > 0, a time T' > 0 and a constant ¢ > 0
such that for all x € R we have

p(2T,z,y) > ¢ VeeR,Vye A, (64)

where p(t,z,y), t > 0 is the probability density of the transition kernel of the process
{za(t, w) >0

Proof. For sufficiently small § > 0, let Rs = {x € R|d(z,0R) > d}. Since p is a probability
measure concentrated on R, there exists a § > 0 such that (Rs) > 0. Let A be a compact subset
of R (e.g. a closed ball centered at a given point of R). Due to the regularity of the domain,
it is possible to choose a sufficiently large 7' > 0 such that inf,cp\r, P(T:(R) < T) > 1/2.
Moreover, the density paps(t, zo,y) is continuous in all arguments for ¢ > 0. Then there exists
c1 > 0 such that pups(t,0,y) > c1 for all T <t < 2T, 79 € Rs and y € A. From (20), the
density p(t,z,y) > paps(t,z,y), and so

Dty = / Paps(ts 70, y)pa(dag) > / Pabs(t, 20, )pu(dro) > 1 u(Rs) = > 0, (65)
R Rs

forall T <t < 2T and y € A.

Case 1. Suppose & € Rs. Take t = 2T. From (20), for z € Rs and y € A, we have

p(tvxay) 2 pabs(tvxvy) Z C1 > 0
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Case 2. Suppose z € R\ Rs. From (23), or directly from (20) we have

Dt 2.) = Pass(t, 2. ) + /0 Pt — 5,1, y)h"(s) ds (66)

Let x € R\ Rs. Then, using and then (65), we see that for all y € A,

T
p(2T,z,y) > / p(2T — s, p1,y)h"(s) ds > %"
0

We conclude the proof by choosing ¢ = min{cy, ¢,/2}. O

We state the Doeblin condition, that ensures uniform exponential ergodicity. For the statement
in discrete time, the reader is referred to [16] or [1], and Theorem 5.3 in [4] settles the case
of continuous time processes. The Doeblin condition is much stronger than what is needed in
Theorem 5.3, and its assumptions are trivially satisfied.

Theorem 4. Let X be a locally compact metric space and Zy, t > 0 be a continuous time
Markov process with state space X. Assume there exists a time Ty > 0, a probability measure
v(dz) on X and a positive constant ¢ < 1 such that for all x € X and all B € B(X) we have
P,(Zg, € B) > cv(B). Then, the process has an invariant measure n(dz) and there exist positive
constants C' and r < 1 such that

11P:(Zs € ) = n()ll| < O, (67)
where ||| - ||| denotes the total variation norm on the space of measures.

Theorem 5. Under the same reqularity conditions on R as in Theorem 1, the Brownian mo-
tion with rebirth at a random point with measure p is uniformly exponentially ergodic, and the
invariant probability measure has density given by (G(-,y), 1), modulo a normalizing constant.

Proof. Let B be a Borel subset of R and let A(:|4) be the probability measure defined by
A(BJA) = AM(BN A)/A(A) with the set A from Proposition(10l Then, for any = € R,

p(2T,z,B) > p(2T,x, BNA) > cA(BNA)=cAA)AB|A4).

Setting cp = min{c A(A4), 1}, we have proven that Doeblin’s condition from Theorem|4]is satisfied
for the Markov process p(t, z,y) with Ty = 2T, v(-) = A(-]A) and ¢ = ¢p. To conclude the proof,
the invariant measure exists and is unique from Doeblin’s condition and is easily identified in
the same way as in the proof of Theorem [T. O
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