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1 Introduction and Result

1.1 The information recovery problem

Let £ : Z — {0,1} designate a double-infinite message-text with 2 letters. Such a coloring
of the integers is also called a (2-color) scenery. Let S = {S(t)}ien be a recurrent random
walk on Z starting at the origin. In this paper we allow the random walk S to jump, i.e.
P(|S(t+1)—S(t)] > 1) > 0. We use S to mix up the message-text . For this we assume that
¢ is observed along the path of S: At each point in time ¢, one observes x(t) := £(S(t)). Thus,
x designates the mixed up message-text, which is also the scenery £ seen along the path of S.
The information recovery problem can be described as follows: observing only one path realiza-
tion of the process x, can one retrieve a certain amount of information contained in £7 A special
case of the information recovery problem is when one tries to reconstruct the whole £. This
problem is called the scenery reconstruction problem . In many cases being able to reconstruct
a finite quantity of the information contained in &, already implies that one can reconstruct all
of £. This paper is concerned with the information recovery problem in the context of a 2-color
scenery seen along a random walk with jumps. The methods which exist so far seem useless for
this case: Matzinger’s reconstruction methods [Mat99a; Mat05] do not work when the random
walk may jump. Furthermore, it seems impossible to recycle the method of Matzinger, Merkl
and Lowe [LMMO4] for the 2-color case with jumps. The reason is that their method, requires
more than 2-colors. Hence, the fundamentally new approach is needed. That is presented in
this paper.

1.2 Main assumptions

Let us explain the assumptions which remain valid throughout this paper:

o & = {&(2)}.ez is a collection of i.i.d. Bernoulli variables with parameter 1/2. The path
realization £ : z — £(z) is the scenery from which we want to recover some information.
Often the realization of the process {{(z)}.ez is also denoted by .

o S ={5(t)}ten is a symmetric recurrent random walk starting at the origin, i.e. P(S(0) =
0) = 1. We assume that S has bounded jump length L < oo, where

L := max{z|P(S(1) — S(0) = z) > 0}.

We also assume that S has positive probability to visit any point in Z, i.e. for any z € Z
there exists ¢t € N, such that P(S(t) = z) > 0.

e ¢ and S are independent.

e m = m(n) designates a natural number depending on n, so that

1 an
— — ) <
1 &P (lnn) < m(n) < exp(2n)

where oo :=1In1.5
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e For all t € N, let x(t) := &(S(t)). Let

x = (x(0), x(1),...)

designate the observations made by the random walk S of the random scenery £. Hence
x corresponds to the scenery & seen along the path of the random walk S.

We need also a few notations:

e For every k € N, let &§ := (£(0),£(1),...,&(k)) and let &% := (£(0),£(=1),...,&(=k)).

e Let f: D — I be amap. For a subset E C D we shall write f|E for the restriction of f
to E.

Thus, when [a,b] € Z is an integer interval and ¢ is a scenery, then &|[a, b] stands for the
vector (£(a),...,&(b)). We also write £ for £|[a, b] and % for 1|[a,b]. The notation

is often used.

e Let a=(ay,...,an), b= (b1,...,bn+1) be two vectors with length N and N + 1, respec-
tively. We write a C b, if

a < {(bl, . ,bN), (bg, .. .bN+1)}.

Thus, a C b holds if a can be obtained from b by "removing the first or the last element”.

1.3 Main result

The 2-color scenery reconstruction problem for a random walk with jumps is solved in two
phases:

1. Given a finite portion of the observations x only, one proves that it is possible to reconstruct
a certain amount of information contained in the underlying scenery &.

2. If one can reconstruct a certain amount of information, then the whole scenery £ can a.s.
be reconstructed. This is proven in the second phase.

This paper solves the first of the two problems above. The second problem is essentially solved in
the follow-up paper [LM02a]. In order to understand the meaning of the present paper, imagine
that we want to transmit the word £j*. During transmission the lector head gets crazy and
starts moving around on ¢ following the path of a random walk. At time m?2, the lector head
has reached the point m. Can we now, given only the mixed up information XB”Q, retrieve any
information about the underlying code £7'? The main result of this paper theorem 1.1, shows
that with high probability a certain amount of the information contained in £j* can be retrieved
from the mixed up information X6”2. This is the fingerprint of £;*, referred to in the abstract.
Here is the main result of this paper.
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Theorem 1.1. For every n > 0 big enough, there exist two maps

qg: {O, 1}m+1 N {07 1}n2+1
§: {0, 1y 5 10,1}

and an event
Egen ok € 0(§(2)|z € [-em, em])

with ¢ > 0 not depending on n such that all the following holds:

1) P(EY) ox) — 1 when n — oo.

2) For any scenery £ € ElL) ok»
P(90") C o(§5)|S(m?) = m,€) > 3/4.

3) g(&) is a random vector with (n? + 1) components which are i.i.d. Bernoulli variables with
parameter 1/2.

The mapping g can be interpreted as a coding that compresses the information contained in
£7"; the mapping ¢ can be interpreted as a decoder that reads the information g(£j*) from the
mixed-up observations X6”2+1. The vector g(£7) is the desired fingerprint of £J*. We call it the
g-information. The function § will be referred to as the g-information reconstruction algorithm.
Let us explain the content of the above theorem more in detail. The event {§(x7") C g(£2)} is
the event that § reconstructs the information g(&;") correctly (up to the first or last bit), based
on the observations X6n2- The probability that § reconstructs g(§(") correctly is large given the
event {S(m?) = m} holds. The event {S(m?) = m} is needed to make sure the random walk
S visits the entire £J* up to time m?. Obviously, if S does not visit £J%, we can not reconstruct
9(&")-

The reconstruction of the g-information works with high probability, but conditional on the event
that the scenery is nicely behaved. The scenery ¢ behaves nicely, if { € El; ox- In a sense,
E7.1 ok contains “ typical” (pieces of) sceneries. These are sceneries for which the g-information
reconstruction algorithm works with high probability.

Condition 3) ensures that the content of the reconstructed information is large enough. Indeed,
if the piece of observations X6”2 were generated far from £j’, i.e. the random walk S would start
far from 0, then g(j*) were independent of X()"Q, and P(Q(Xg‘2) C g(f{)”)) would be about 27",
On the other hand, if S starts from 0 and n is big enough, then from 1) and 2), it follows that

Pa(xE") € 9(&)|S(m?) = m)> 3/4 (11)
and 5
~ m2 m
P0G E g(65) = 2 P(5(m?) = m).
Since, by local central limit theorem, P(S(m?) = m) is of order = > €72 we get that

P(Q(Xg"ﬂ) C 9(56”)) is at least O(e™2"). Although, for big n, the difference between o~ n?
and e~ 2" is negligible, it can be still used to make the scenery reconstruction possible.
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1.4 History and related problems

A coloring of the integers £ : Z — {0,1,...,C — 1} is called a C-color scenery. In a sense,
the scenery reconstruction started with the so-called scenery distinguishing problem that can
be described as follows: Let 1 and ¥° be two non-equivalent sceneries which are known to
us. Assume that we are only given one realization of the observations x := 1 o S, where
Y € {y* ¢}, Can we a.s. find out whether ¢ is equal to ¥® or 1*? If yes, we say that the
sceneries ¥® and 1® are distinguishable. Kesten and Benjamini [BK96] considered the case
where the sceneries 1® and ¥° are drawn randomly. They take ¥* to be an i.i.d. scenery
which is independent of 4. In this setting, they prove that almost every couple of sceneries is
distinguishable even in the two dimensional case and with only 2 colors. Before that Howard
[How97] had shown that any two periodical non-equivalent sceneries are distinguishable. The
problem of distinguishing two sceneries which differ only in one element is called the single
defect detection problem. In [How96|, Howard showed that single defects can always be detected
in periodic sceneries observed along a simple random walk. Kesten [Kes96] showed that one
can a.s. detect single defects in the case of 5-color i.i.d. sceneries.

The question of Kesten whether one can detect a single defect in 2-color sceneries lead Matzinger
to investigate the scenery reconstruction problem: Given only one path realization of {x () }:en,
can we a.s. reconstruct £7 In other words, does one path realization of x a.s. uniquely
determine £7 In general, it does not: in many cases it is not possible to distinguish a scenery
from a shifted one. Furthermore, Lindenstrauss proved [Lin99] the existence of sceneries which
can not be reconstructed. However, one can reconstruct “typical” sceneries: Matzinger takes &
randomly, independent of S and shows that one can reconstruct a.s. the scenery up to shift and
reflection. In [Mat05] and [Mat99a], he proves this for 2-color sceneries observed along the path
of simple random walk or a simple random walk with holding. In [Mat99b], he reconstructs
3-color i.i.d. sceneries observed along a simple random walk path. The two cases require
very different methods (for an overview of different techniques, see [ML06]). Later Kesten
[Kes98] asked, whether one can also reconstruct two dimensional random sceneries. Loewe and
Matzinger [LMO02b] give a positive answer provided the scenery contains many colors. Another
question was formulated first by Den Hollander: To which extent can sceneries be reconstructed
when they are not ii.d. in distribution. Loewe and Matzinger [LMO03| characterize those
distributions for which Matzinger’s 3-color reconstruction works. Yet another problem comes
from Benjamini: Is it possible to reconstruct a finite piece of a scenery close to the origin in
polynomial time? We take for this polynomially many observations in the length of the piece
we try to reconstruct. Matzinger and Rolles [MR03a; MRO6] provide a positive answer.

The scenery reconstruction problem varies greatly in difficulty depending on the number of
colors and the properties of the random walk. In general, when there are less colors and the
random walk is allowed to jump, the problem gets more difficult. Kesten [Kes98] noticed,
that Matzinger’s reconstruction methods [Mat99a] and [Mat05] do not work when the random
walk is allowed to jump. Matzinger, Merkl and Loewe [LMMO04] showed that it is possible to
reconstruct a.s. a scenery seen along the path of a random walk with jumps, provided the
scenery contains enough colors. However, with more colors the system is completely differently
behaved. This implies that the method of Matzinger, Merkl and Loewe is not useful for the
2-color case with jumps. The present paper is the first step towards reconstructing the 2-color
scenery.

Let us mention some more recent developments and related works. A generalization of the
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scenery reconstruction problem is the scemery reconstruction problem for error-corrupted
observations. In that problem, there exists an error process v;,t € N and error-corrupted
observations x so that x: equals to the usual observation x;: if and only if v = 0. The error
process is i.i.d. Bernoulli and independent of everything else. The problem now is: is possible
to reconstruct the scenery based on one realization of the process x only? Matzinger and
Rolles [MRO03b] showed that almost every random scenery seen with random errors can be
reconstructed a.s. when it contains a lot of colors. However, their method cannot be used for
the case of error corrupted 2-color sceneries. The error-corrupted observations were also studied
by Matzinger and Hart in [HMO6]. A closely related problem is the so-called Harris-Keane coin
tossing problem introduced and studied by Harris and Keane in [HK97] and further investigated
by Levin, Pemantle and Peres in [LPPO1].

In the scenery reconstruction results above, the reconstructable scenery is a "typical” realization
of a random (i.i.d. Bernoulli) scenery. A periodic scenery is not such kind of "typical”
realization, so the abovementioned results do not apply for the case of periodic scenery.
Howard [How97] proved that all periodic sceneries observed along a simple random walk path,
can be reconstructed. This lead Kesten to ask what happens when the random walk is not
simple. In [LMO06], Matzinger and Lember give sufficient conditions for a periodic scenery being
reconstructable when observed along a random walk with jumps.

A problem closely related to the reconstruction of periodic sceneries, is the reconstruction of
sceneries with a finite number of ones. This problem was solved by Levin and Peres in [LP04],
where they prove that every scenery which has only finite many one’s can a.s. be reconstructed
up to shift or reflection when seen along the path of a symmetric random walk. The used a
more general framework of stochastic scenery. A stochastic scenery is a map £ : Z — I, where
I denotes a set of distributions. At time ¢, one observes the random variable x(t¢), drawn
according to the distribution £(S;) € I. Given S and &, the observations x(t) for different t’s
are independent of each other. The observations are generated as follows : if at time t the
random walk is at z, then a random variable with distribution 7(z) is observed. Hence, at time
t, we observe x(t), where L(x(t)|S(t) = z) = n(2).

Recently, Matzinger and Popov have been studied continuous sceneries [MPO7]. They define
a continuous scenery as a location of countably many bells placed on R. In continuous case,
instead of random walk, a Brownian motion is considered. Whenever the Brownian motion hits
a bell, it rings. So, unlike the discrete scenery reconstruction, there are no colors: all the bells
ring in the same way. The observations consists of time lengths between successive rings.

For a well-written overview of the scenery distinguishing and scenery reconstruction areas, we
recommend Kesten’s review paper [Kes98]. An overview of different techniques as well as the
recent developments in scenery reconstruction can be found in [MLO6].

Scenery reconstruction belongs to the field which investigates the properties of a color record ob-
tained by observing a random media along the path of a stochastic process. The T'T~!-problem
as studied by Kalikow [Kal82] is one motivation. The ergodic properties of observations have
been investigated by Keane and den Hollander [KdHS86], den Hollander [dH88], den Hollander
and Steiff [dHS97] and Heicklen, Hoffman and Rudolph [HHRO00]. An overview of mentioned
results as well as many others can be found in [dHSO06].
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1.5 Organization of the paper

In order to explain the main ideas behind the g-information reconstruction algorithm, we first
consider a simplified example in Subsection 1.6, In this example, £ is a 3-color i.i.d. scenery
instead of a 2-color scenery. The 2’s are pretty rare in the scenery &: P(£(z) = 2) is of negative
exponential order in n. The one’s and zero’s have equal probability: P({(z) = 0) = P(£(z) = 1).
The (random) locations z; of the 2’s in £ are called signal carriers. For each signal carrier z;,
we define the frequency of ones at z;. The frequency of one’s at z; is a weighted average of
¢ in the neighborhood of Z;. The g-information g(§;") if a function of the different frequencies
of ones of the signal carriers which are located in the interval [0, m]. The vector of frequencies
works as a fingerprint for £J'. The reading of this fingerprint works as follows: Typically, the
signal carriers are apart from each other by a distance of order e”. Suppose that S visits a signal
carrier. Before moving to the next signal carrier, it returns to the same signal carrier many
times with high probability. By doing this, S generates many 2’s in the observations at short
distance from each other. This implies: when in the observations we see a cluster of 2’s, there
is a good reason to believe that they all correspond to the same 2 in the underlying scenery. In
this manner we can determine many return times of S to the same signal carrier. This enables
us to make inference about £ in the neighborhood of that signal carrier. In particular, we can
precisely estimate the frequencies of ones of the different signal carriers visited. This allows us to
estimate g(&(). The estimator g is the desired decoder. The details are explained in Subsection
1.6. However, it is important to note, that between this simplified example and our general case
there is only one difference: The signal carriers. In the general case we can no longer rely on
the 2’s and the signal carriers need to be constructed in a different manner. Everything else —
from the definition of g and § up to the proof that the g-information reconstruction algorithm
works with high probability — is exactly the same. (Note that the solution to our information
recovery problem in the simplified 3-color case requires only five pages!)

For the general case with a 2-color scenery and a jumping random walk, the main difficulty
consists in the elaboration of the signal carriers. In Section 2, we define many concepts which
are subsequently used for the definition of the signal carriers. Also there, some technical results
connected to the signal carriers are proved. The signal carriers are defined in Section 3.

The main goal of the paper is to prove that the g-reconstruction algorithm works with high
probability (i.e. that the estimator g is precise). For this, we define two sets of events: the ran-
dom walk dependent events and the scenery dependent event. All these events describe typical
behavior of S or £&. In Section 3, we define the scenery dependent events and prove that they
have high probability. In Section 4 the same is done for the events that depend on S.

In section 5, we prove that if all these events hold, then the g-information reconstruction algo-
rithm works, i.e. the event

E? woris = 1007) C 9(€5)}

holds. The results of Section 3 and Section 4 then guarantee that the g-information reconstruc-
tion algorithm works with high probability. This finishes the proof of Theorem [1.1.

1.6 3-color example

In this subsection, we solve the scenery reconstruction problem in a simplified 3-color case. We
do not change the assumptions on S.
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1.6.1 Setup

Recall that £7* and X8‘2 denote the piece of scenery [0, m| and the first m observations x|[0, m],
respectively. We aim to construct two functions

g {0,131 = {0,13"*1  and §:{0,1}"™* — {0,1}""
and a {-dependent event E’; 5 such that
1) P(Eg ok) — 1

2) For every £ € B ok, it holds

P (90") € gleg)| Sm*) = m,€) > 2

3) g(&) is ii.d. binary vector where the components are Bernoulli random variables with
parameter %

Then (1.1) holds, implying that with high probability we can reconstruct g(§") from the
observations, provided that random walk S goes in m? steps from 0 to m.

Since this is not yet the real case, during the present subsection we will not be very for-
mal. For this subsection only, let us assume that the scenery £ has three colors instead of two.
Moreover, we assume that {{(z)} satisfies all of the following three conditions:

a) {{(z): z € Z} are i.i.d. variables with state space {0, 1,2},
b) exp(n/lnn) < 1/P (£(0) = 2) < exp(n),
c) P(£(0) = 0) = P(£(0) = 1).

We define m = n?5(1/P(£(0) = 2)). Because of b) this means

n??exp(n/Inn) < m(n) < n?®exp(n).
The so defined scenery distribution is very similar to our usual scenery except that sometimes
(quite rarely) there appear also 2’s in this scenery. We now introduce some necessary definitions.

Let z; denote the i-th place in [0, 00) where we have a 2 in . Thus
zZ1 :=min{z > 0|{(z) = 2}, Zi11 :=min{z > z|¢(2) = 2}.

We make the convention that Zp is the last location before zero where we have a 2 in . For
a negative integer ¢ < 0, z; designates the ¢ + 1-th point before 0 where we have a 2 in &.
The random variables z;-s are called signal carriers. For each signal carrier, z;, we define the
frequency of ones at z;. By this we mean the (conditional on &) probability to see 1 exactly
after e"' observations having been at z;. We denote that conditional probability by h(z;) and
will also write h(7) for it. Formally:

0.1

h(i) == h(z) == P(g(S(e” )+ 5) = 1(5).
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It is easy to see that the frequency of ones is equal to a weighted average of the scenery in a
neighborhood of radius Le™" of the point . That is h(i) is equal to

h(i) == > E()P(S(e™) + 7z = 2) (1.2)
ZE[—LE”OAI,LE'”OAI]

2#£Z;
(Of course this formula to hold assumes that there are no other two’s in
[2@ — L€n041 , 2 + Leno'l]

except the two at z;. This is very likely to hold, see event Ef below).
Let
9i(&0") == Ij0,0.5)(h(i)).

We now define some events that describe the typical behavior of €.

e Let Ef denote the event that in [0,m] all the signal carriers are further apart than
exp(n/(2Inn)) from each other as well as from the points 0 and m. By the definition
of P(£(i) = 2), the event P(Ef) — 1 as n — oo.

e Let ET be the event that in [0, m] there are more than n?+1 signal carrier points. Because
of the definition of m, P(E}) — 1 as n — oo.

When E7 and Ef both hold, we define ¢g(£7) in the following way:

g(&0") == (91 (§0") 92 (£0") » 93 (§0") 5 - - +» Gn241 (£07)) -

Conditional on Ef' N E we get that g (§™) is an i.i.d. random vector with the components being
Bernoulli variables with parameter 1/2. Here the parameter 1/2 follows simply by symmetry of
our definition (to be precise, P(g; (§") = 1) =1/2 — P(h(i) = 1/2), but we disregard this small
error term in this example) and the independence follows from the fact that the scenery is i.i.d.
and ¢;(£7") depends only on the scenery in a radius Le"™" of the point z; and, due to Ef, the
points z; are further apart than exp(n/2Inn) > Lexp(n1!).

Hence, with almost no effort we get that when E} and E§ both hold, then condition 3) is
satisfied. To be complete, we have to define the function g such that 3) holds also outside
E? N Eg. We actually are not interested in g outside ET N Eg - it would be enough that we
reconstruct g on ET N EY. Therefore, extend ¢ in any possible way, so that ¢ (§;") depends only
on &* and its component are i.i.d.

1.6.2 g-algorithm

We show, how to construct a map § : {0,1}"" — {0,1}" and an event EZ ok € (&) such that

P(E”, oK) is close to 1 and, for each scenery belonging to £, 5k, the probability

P(30") € g[S (m?) = m.¢) (1.3)

is also high. Note, when the scenery £ is fixed, then the probability (1.3) depends on S, only.
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The construction of § consists of several steps. The first step is the estimation of the frequency
of one’s h(i). Note: due to Ef we have that in the region of our interest we can assume that
all the signal carriers are further apart form each other than exp(n/(2lnn)). In this case we
have that all the 2’s observed in a time interval of length ¢ must come from the same signal
carrier. We will thus take time intervals T of length e"’” to estimate the frequency of one’s.

Let T = [t1,t2] be a (non-random) time interval such that ty — t; = ¢™ . Assume that during
time 7' the random walk is close to the signal carrier z;. Then every time we see a 2 during T’
this gives us a stopping time which stops the random walk at z;. We can now use these stopping
times to get a very precise estimate of h(¢). In order to obtain the independence (which makes
proofs easier), we do not take all the 2’s which we observe during 7. Instead we take the 2’s
apart by at least e"”" from each other.

To be more formal, let us now give a few definitions.

Let v, (1) denote the first time ¢ > t; that we observe a 2 in the observations y after time ¢;.
Let vy, (k + 1) be the first time after time v, (k) + € that we observe a 2 in the observations
X. Thus v, (k + 1) is equal to min{t|x(t) = 2,¢ > vy, (k) + e™'}. We say that T is such that
we can significantly estimate the frequency of one’s for T, if there are more than en’” stopping
times 14, (k) during 7. In other words, we say that we can significantly estimate the frequency
of one’s for T, if and only if vy, (e™?) <ty — ™

Let X;, (k) designate the Bernoulli variable which is equal to one if and only if

x(, (k) + ™) = 1.

When th(enm) < t9 — e we define BT the estimated frequency of one’s during 7" in the

following obvious way:
n0-

. 1 & ; R
hr =~ > X, (k).
k=1
Suppose we can significantly estimate the frequency of one’s for T'. Assume Eg N E} hold. Then
all the stopping times th(eno'z) stop the random walk S at one signal carrier, say z;. Because
of the strong Markov property of S we get then that, conditional on &, the variables Xy, (k) are
i.i.d. with expectations h;. Now, by Hoffding inequality,

P(lhr = h(i)] > e™/) < exp(—(2"/%))
So that, with high probability, A is a precise estimate for h(3):
\hp — h(i)| < e ™7/ (1.4)

The obtained preciseness of hr is of the great importance. Namely, it is of smaller order than
the typical variation of h(7). In other words, with high probability |h(i) — h(7)| is of much bigger
order than exp(—n®2/4), i # j. To see this, consider (1.2). Note that, for each z,

0.1

pi(z) == P(S(e" ) + 2 = 2)

is constant, and, conditional under the event that in the radius of Lexp(n®!) are no more 2’s
in the scenery than Zz;, we have that {(z; + z) are i.i.d. Bernoulli variables with parameter %
Hence

va@l < Y 2(m)"

z€[~Len®! Len®1]
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Since our random walk is symmetric we get that

> )

2€[=Len®! Len®1]

is equal to 1/4 times the probability that the random walk is back at the origin after 2¢™"" time.
By the local central limit theorem that probability is of order e=""'/2_ This is much bigger
than the order of the precision of the estimation of the frequencies of one’s, e"*/4. Since
h(i) is approximately normal, it is possible to show that with high probability all frequencies
h(0), h(1),...,h(n?+1) are more than exp(—n®!1) apart from 1. By the similar argument holds:
If {Z;}ics is the set of signal carriers that S encounters during the time [0, m?], then for each
pair 4, j € I, the frequencies of ones satisfy

(i) = h(j)| > exp(—n"'1).

Let E} be the set on which both statements (h(i)’s are more than exp(—n®!) apart from 1/2
and from each other) hold.

Define
Ega ok = EY N EY N Eg.

Since KT, EY and Eg all depend on &, only, so does E7.) ok. From now on we assume that

E. ok hold and we describe the g-construction algorithm in this case:

Phase I Determine the intervals 7' C [0, m?] containing more than e two’s (in the observa-

tions.) Let T; designate the j-th such interval. Recall that these are the intervals where
we can significantly estimate the frequency of one’s. Let K designate the total number of
such time-intervals in [0, m?].
Let 7(j) designate the index of the signal carrier z; the random walk visits during time
T; (due to Ef, the visited signal carriers are further apart than Le™? from each other
and, hence, there is only one signal carrier that can get visited during time 7}. Thus the
definition of m(j) is correct.)

Phase II Estimate the frequency of one’s for each interval T}, 7 = 1,..., K. Based on the
observations XSIQ only, obtain the vector

~ ~

by, - ) = (R(r(1), h(x(2)), ... h(r(K))).
Here h(i) denotes the estimate of h(i), obtained by time interval Tj, with 7 (j) = 1.

The further construction of the g-reconstruction algorithm bases on an important property of
the mapping
m:{1,...,K} = Z.

Namely, with high probability = is a skip free walk, i.e. |7(j) — w(j + 1)] < 1. Clearly, after
being near to the point Z;, S moves to the neighborhood of Z;;1 or Z;_; (recall that on E7 -k,
2’s are rather far from each other). Say, it goes to the neighborhood of Z;;. The important
property of S is that, with high probability, before moving to the vicinity of the next 2 (that is
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located in Z;4o or Z;) it visits 2,11 sufficiently many times. This means that there exists a time
interval [t1, 2] of length e such that Vi, (6"0‘2) <ty—e". For big n, this clearly holds holds,
if, after visiting 2;41 once, before en”? — en? steps, S visits 2,41 again at least en”*! times. This
can be proven to hold with high probability.

Hence, the random walk during time [0, m?] is unlikely to go from one signal carrier to another
without signaling all those in-between. By signaling those in-between, we mean producing in the
observations for each signal carrier z; a time intervals of for which one can significantly estimate
the frequency of one’s h(7). In other words, with high probability, the mapping = is a skip-free
random walk. In particular, 7(1) € {0.1}, i.e. m, <1, where

T =min{n(j):j=1,..., K}, @ :=max{n(j):j=1,...,K}.
If S(m?) = m, then by the event ET, it holds 7* > n?.

Phase III Apply clustering to the vector (ﬁTl,ﬁTZ, cel, lAzTK)7 i.e. define

Ci = {}AlTj : ’i:LTj _iLTz‘ < exp(—n0’12)}, fZ = A |C‘ Z Ty i = 17"'7K'

Formally there are K clusters. However, if % holds and for every T', the estimate hy satisfies
(1.4), then for each different i, j either C; = C; or C;NC; = (). To see this note that |iLTj — iLTZ’ <
expl—n012]
the same signal carrier, then by (1.4), their difference is at most 2 exp[—n 0-2/4] < exp[-n
On the other hand, if hz, and hT estimate h(i) # h(j), respectively, then

if and only if they estimate the same signal carrier. Indeed, if fLT]. and iLTi estimate
0.12],

|, = hry| = [R(i) = h(j)| = 2exp[-n"2/4] = exp[-n®!"] — 2exp[-n®?/4] > exp[-n"'?],

since on EY, exp[—n®] < |h(i) — h(j)|. Hence the clusters C; and C; coincide if and only if
(i) = 7T(]) otherwise they are disjoint. Thus, f; is the average of all estimates of i (m(j)) and,
therefore, f] is a good estimate of h(7(j)). Since C; and C; coincide if and only if 7(z) = 7(j),
it obviously holds that

fi = fj if and only if 7 (i) = 7(j). (1.5)

We denote f(%) := fj, if w(j) = 4; (1.5) implies f(%)) # f(%;), if i # j.
After phrase IIT we, therefore, (with high probability) end up with a sequence of estimators

f(zw(1)>a RS .]E(Zﬂ(K))

that correspond to the sequence of frequencies h(7(1)),...,h(n(1)). Or, equivalently, j — fj is
a path of a skip-free random walk 7 on the set of different reals {f(zr.),..., f(Zx=)}.

The problem is that the estimates, f(ZW(l)), cey f(Zﬂ(K)) are in the wrong order, i.e. we are not
aware of the values 7(j), j = 1,..., K. But having some information about the values 7(j) is
necessary for estimating the frequenc1es h(1),..., h(n? +1). So the question is: How can get

from the sequence f(z Z(r(1))s - o f Gy K)) the elements f(z),..., f(z Zp241)? Or, equivalently:
after observing the path of 7 on {f(zﬁ*), -, f(Zx+)}, how can we deduce f(Z1), ..., f(Zp241)?
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1.6.3 Real scenery reconstruction algorithm

We now present the so-called real scenery reconstruction algorithm - AE. This algorithm is able
to answer to the stated questions up to the (swift by) one element.

The algorithm works due to the particular properties of 7 and {f(ém), . .,f(,?,r*)}. These
properties are:

A1) w(1) € {0,1}, i.e. the first estimated frequency of one’s, f; must be either an estimate of
h(1) or of h(0). Unfortunately there is no way to find out which one of the two signal
carriers zy or z; was visited first. This is why our algorithm can reconstruct the real
scenery up to the first or last bit, only;

A2) 7(K) > n? This is true, because we condition on S(m?) = m and we assume that there
are at least n? 4+ 1 2-s in [0, m] (event E7);

A3) 7 is skip-free (it does not jump);
A1) f(z)# f(z) Yi#i, i€ {m,... 7}

Algorithm 1.2. Let f (fl, fz, cees fK) be the vector of real numbers such that the number of
different reals in f is at least n? + 1. The vector f is the input for AR.

o Define Ry := fl.

e From here on we proceed by induction on j : once R; is defined, we define
Rjt1:= fs where s :=1+ max{j : fj =R,}.

o Proceed until j = n? 4+ 1 and put

AR(f) = (RayRay o, Rz )-

The idea of the algorithm is very simple: Take the first element fl of f and consider all elements
of the input vector f that are equal to fl and find the one with the biggest index (the last fl)
Let j; be this index. Then take f]1+1 as the first output. By A1), f1 is either f(zo) or f(zl) by
A2) and A3), f]1+1 ie cither f(z) or f(22). Now look for the last f]1+1 Let the corresponding
index be ja and take f]2+1 as the second output. By A2) and A3), f]1+1 is either f(z3) or f(z3)

(depending whether the first output were f(z1) or f(z2)). Proceed so n? times. As a result, on
obtains one of the following vectors

(f(21)7 ceey f(2n2)) or (f(ZQ)v s 7f(2n2+1))'
This means AR(f) € {(F(20), ... Fz)), (FE2), - FEap )}, e

AR(F) E (250 f(Eraga)). (1.6)
Phase IV Apply AR to f. Denote the output AR(f) by (f1,..., fa2). By (1.6) ,
(f17-~-7fn2) E(f(21)7"'7f(2n2+1))' (17)
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Now recall that we are interested in reconstructing the g;(§5") := Ijg5)(h(i)) rather than h(i).
Thus, having estimates for h(Z;), namely f(Z;), we use the obvious estimator for g;: I, 0,0.5)(fi)-

Phase V Define the final output of §

2

Ixo" ) = (1[0.5,1](f1)a---1[0.5,1](fn2)>-

Recall that because of E}, with high probability all random variables h(1),...,h(n? + 1) are
more than exp(—n®!!) apart from 3. Since exp(—n®!!) is much bigger than the preciseness of
our estimate, with high probability we have f(%;) < 0.5 if and only if (%) < 0.5. By this
means

0") = (Tos () Tos () € (Tos (), - Tios 1y (h(ze4)) ) = 9(€5)-

Hence, when E7. i holds, then g is properly defined and the probability (1.3) is high. In
particular, by choosing n big enough, it can be proven to be greater that %. Since we are not
interested in g beyond E; ok, we extend the definition of g arbitrary.

2  Whole truth about signal probabilities

In the previous section we considered the case where the scenery has three colors: {0,1,2}. The
locations of the 2’s where called signal carriers. The ¢-th such place was denoted by z;. In reality
we have only two colors 0 and 1. Thus, we need to show that with 2 colors we also manage to
define signal carriers z; in such a way that all of the following holds:

a) Whenever the random walk passes by a signal carrier, we can recognize that the random
walk is close to a signal carrier by looking at the observations (with high probability).

b) The probability to be induced in error by the observations, so that one infers that at a certain
time one is close to a signal carrier when one is not, is small. This type of mistake never
happens up to time m?2.

¢) When we pass a signal carrier we are able to estimate its frequency of one’s with high precision
(with high probability).

In the present section, we define and investigate an important concept that leads to the signal
carriers: Markov signal probability.

2.1 Definitions

In this subsection, we define the main notions of the section: delayed signal probability, strong
signal probability and Markov signal probability. We also give a few equivalent characterizations
of these concepts, and we try to explain their meaning. In the end of the subsection we give a
formal definition of the frequency of ones.

409



e Let D C Zandlet (: D — {0,1}. For example, ¢ can be the scenery, £ or the observations,
X. Let T'= [t1,t2] C D be an integer interval of length at least 3. Then we say that T is
a block of { if and only if we have that

C(t1) = ((t2) # C(t),Vt €]t o]

We call to —t; the length of the block T'. The point ¢; is called the beginning of the block.
For example, T is a block of ¢ with length 4, if ¢|7" = 01110.

e Let T'=T(x) C Nbe a time interval, possibly depending on the observations. For example,
T can be a block of y or T = [t,t + n?] can be a time interval of length n? + 1 such that
x(t) = x(t+1)=--- = x(t +n?). Let I C Z be an integer interval (a location set). We
say that T was generated (by S) on I, if and only if Vt € T, S(t) € I.

e We now define the delayed signal probability. To simplify the notations afterwards, define

M = M(n) :=n'%0 —n2 M :=nl%0 _2n2

Fix z € Z and let S, denote the random walk translated by z, i.e. for all t € N, S, (¢) :=
S (t) + z. We define the random variable 6 in the following way:

5 =P (g (S. (M) =+ =£(8. (n'% — 1)) = £(S. (n'°)) ’5) : (2.1)
In other words, 0¢ is the conditional probability (conditional on &) to observe only one
color in the time interval [n'%%° — n? n?] if the random walk starts at z. We shall call §¢

delayed signal probability at z.
During time n'%% the random walk can not move more than Ln'%°. Thus, 6¢ depends
only on the scenery £ in the interval [z — Lnt%0 4 Lnlooo]_

e Let, for each z € Z
I = [z — Ln'%% 2 + [n'0%). (2.2)

We have that 6¢ is a random variable which is measurable with respect to o (&(s)|s € I,).
Since the distribution of ¢ is translation invariant, the distribution of §¢ does not depend
on z.

e For some technical reason, we need a stronger version of the delayed signal probability.
Again, let z € Z. We define the strong signal probability at z, ¢, as follows

5;1 — P(f(SZ(M)) = =£(S,(n'Y),  S.(M+1),S.(M+2),...,5.(n'% ¢ [z—LM,z—i—LM]‘{).

Note that 0¢ is measurable with respect to the sigma algebra o (£(s)|s € [z — LM, z+ LM]).

Also note that, obviously, §¢ > S;l However, the difference is not too big. Indeed, Hoffding
inequality states that for some constant d > 0

e~ 5 = P(g(szuw)) = = (S, (n1%%)), Fse {M,...,n'%%0} [z — S,(s)| > LM(g)
< P(|S(M)| > L(M — n2)) < exp(—dn®®).
(2.3)
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Next we define the Markov signal probability at z. Roughly speaking, the Markov signal prob-
ability at z, denoted by 6, is the conditional (on &) probability to have (at least) n? + 1 times
the same color generated on I, exactly n'%° — n? after we observe n? 4 1 times the same color
generated on I,. In this formulation the part after we observe a string of n? + 1 times the
same color generated on I,” needs to be clarified. The explanation is the following: every time
there is in the observations n? + 1 times the same color generated on I,, we introduce a stopping
time v,(¢). The position of the random walk at these stopping times defines a Markov chain
with state space I,. As we will prove later, this Markov chain {S(v.(k))},~,; converges very
quickly to a stationary measure, say u.. So, by "M after we observe n? + 1 times the same color
generated on I,” we actually mean: "M time after starting the random walk from an initial
position distributed according to u,”. Since the distribution of S(v,(i)) converges quickly to p.,
6M is close to the probability of observing n? + 1 times the same color generated on I, exactly
M time after time v,(i). In other words, 6 is close to the conditional (on &) probability of the
event that we observe only one color in the time interval [v,(i) + n'%%0 —n? v (i) + n'%%] and
that during that time interval the random walk S is in I,. Thus (for k big enough) 6 is close
to:

P(X(yz(i) FM) == x(w(6) + 0% and  S(vu(i) + M), ..., S(v.(i) +n'%%) € 1Z|g).
(2.4)
The ergodic theorem then implies that on the long run the proportion of stopping times v, (i)
which are followed after M by n? + 1 observations of the same color generated on I, converges
a.s. to 5£/[ . Actually, to make some subsequent proofs easier, we do not take a stopping time
v, () after each n? + 1 observations of the same color generated on I,. Rather we ask that the
stopping times be apart by at least en’ !
In order to prove how quickly we converge to the stationary measure, we also view the explained
notions in terms of a regenerative process. The renewal times will be defined as the stopping
times, denoted by ¥, (k), which stop the random walk at the point z — 2Le™". To simplify some
proofs, we also require that there is at least one stopping v, (i) between ¢,(k) and 9,(k + 1).
Thus 9,(0) denotes the first visit by the random walk S to the point z — 2Le™" . We define
v,(1) to be the first time after 9J,(0) where there happens to be n? 4+ 1 times the same color
generated on I,. Then, (1) is the first return of S to z —2Le™"" after v,(1) and so on. Let us
give the formal definitions of all introduced notions.

e Let ¥,(0) denote the first visit of S to the point z — 2Le™"" . Thus

9,(0) = min{t > 0| S(t) = z — 2Le"0'1}.

e Let v,(1) designate the first time after J,(0) where we observe n? + 1 zero’s or one’s in a
row, generated on I,. More precisely:

. t)=x{t—1)=..=x(t—n?
v,(1) := min {t > 19,(0) ‘ and XS(t _ n>2<),5’(t R 1)?(( ,S(t))e I } .

Once v, (i) is well defined, define v, (i + 1) in the following manner:

X(#) =x(t-1)=..=x(t—n’) }
and S(t —n?),S(t—n?+1),...,5(@) € I,

0.1

vy(i+1) := min {t > v,(i) + "
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o Let U,(k) denote the consecutive visits of S to the point z — 2Le™"" provided that between
two visits random walk S generates (at least once) n+ 1 consecutive 0-s or 1-s on I,. More
precisely,

9.0k +1) == min{t > 0,(k)|S(t) = 2 — 2Le""" 3 : 0.(k) < v.(j) < t}, k=1,2....

Basically, the definition above says: if 9, (k) is defined, we wait until we observe n? + 1
same colors generated on I.. Since S(d.(k)) = z — 2Le""", then the first n2 + 1 same
colors generated on I, can not happen earlier than e times after 9,(k). This means,
the first n? 4+ 1 same colors generated on I, can not happen earlier than e times after
last stopping time v,, say v,(i) (this happens before 9,(k)). Thus, the first n? + 1 same
colors generated on I is actually v, (i + 1). Observing v, (i + 1), we just wait for the next
visit of S to the z — 2Le™"". This defines ¥, (k + 1).

o Let X.;,7=1,2,... designate the Bernoulli variable which is equal to one if exactly after
time M the stopping time v, (4) is followed by a sequence of n2 +1 one’s or zero’s generated
on I,. More precisely, X, ; = 1 if and only if

X(v2(i) + M) = x(v2(i) + M +1) = -+ = x(v2(i) + n'*)

and
S(G) €L Vj=wv(i) + M,... v (i) +n'"%

e Define £,(0) := 0. Let k,(k) designate the number of stopping times v,(k) occurring
during the time from 9,(0) to 9.(k). Thus (k) is defined by the inequalities:

v (k2 (k) < 9.(K) < vs (ks (K) + 1).

For all k, S(9.(k)) = z—2Ln'%°, Hence, for all i, 9. (k) # v.(i) and the inequalities above
are strict.

e Define the following variables:

(k)
X (k) = X.i Z.(k)y=r(k)—r(k—1), k=1,2,...
i=r(k—1)+1

Thus, Z,(k) is the number of stopping times occurring during the time interval from
time 9,(k — 1) to time 9J,(k). Note that Z,(k) > 1, Vk. The random variable X, (k)
designates the number of such stopping times which, during the same time interval, have
been followed exactly after time M by a sequence of n? + 1 0’s or 1’s generated on I,.
Note that conditional on & the variables X, (1), X,(2),... are i.i.d. and the same holds for
Z.(1), Z.(2),....

e Fix ¢ and z. Let Y; := S(v,(7)), i = 1,2,... denote the Markov chain obtained by stopping
the random walk S by v,(i). The state space of Y; is I,. Because of the nature of S, Y; is
finite, irreducible aperiodic and, therefore, an ergodic Markov chain.
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e Let u. denote the stationary distribution of {Yj}. In the present section z is fixed, so we
write 4. The measure p is a discrete probability measure on I, so p = (u(j))jer,. For
each state, j € I, define the hitting times 7;(I), [ = 1,2, 3,.... Formally,

7;(1) :==min{i > 1:Y; =3}, 7()):=min{i >7;(I-1):Y; =3}, [=2,3....

e We define:
= —_—— (2.5)

We call M Markov signal probability at z.

In the following we give some equivalent forms of (2.5). Note that conditional on &, X, ; is a
regenerative process with respect to the renewal k. (k). Hence, conditioning on &, we have

r (k) k )
3 X gy 30 Xat gy S 0) _ B2l
lim ~ = lim E 2= lim &=L = J .
r—00 P r k—o0 1 K,(k') k—oo Zle ZZ(Z) E [Zz,l‘ 5]

1=

(2.6)

We count (up to time 7) all sequences of length n?+ 1 of one’s or zero’s, generated on the interval
I, according to the stopping times v, (i), k = 1,2,.... Among such sequences, the proportion of
those sequences which are followed after exactly time M by another sequence of n? 4 1 zero’s or
one’s generated on the interval I, converges a.s. to §M as r goes to infinity.

On the other hand,
N;(r)

1 < N 1
T;Xz,i —ZJ: jr Nj(?“) lz; Xz,'rj(l)v

where N;(r) := max{l : 7;(I) < r}, r = 1,2,3,.... Since 75(I), | = 1,2,3,... is a (delayed)
renewal process with the corresponding renewal numbers N;(r) and with the expected renewal
time % we get

u(j
er(r) u(j) as
On the other hand, X ; is a regenerative process with respect to each 7;(1), [ =1,2,3,.... Hence
1 N;(r)
Nj(r) ; Xz,Tj(l) - E[Xz,T]-(z)], as r— oo a.s.

Since E[X. ;. (2)] = P(X. r;2) = 1). The latter equals
P(S,(M), S,(0M+1). - ;1) € L and €(S,(M)) = €(S,(M+1) = - = £(5,(n"")).

This can be rewritten as

> P3,D6.(1),

lel,
where P(j,1) := P(S(M)=j —1) and



or

oM =" uli) P, 1)o:(1). (2.9)

JlEl,

Using the same notation, we have an equivalent form of writing the delayed signal probability

87 =" P(z,1)5.(1). (2.10)

I=I,

Formula (2.9) can be interpreted as follows: let U be a random variable with distribution g,
and let S be a random walk, independent of U. Let Sy denote the translation of S by U, i.e.,
for each ¢, Sy(t) = U + S(t). Then (2.9) states

§M = P(g(sU(M)) = = £(Sp(n'))  and  Sp(M),- -, Sy(n'®%0) ¢ IZ|§>. (2.11)
Thus, 6™ is the limit-version of (2.4) when i — oo.

We now define the frequency of ones. To obtain the consistency with the Markov signal
probability, we formally define the frequency of ones in terms of regenerative processes.
However, we also derive the analogue of (2.11), which explains the meaning of the notion.

o Let U,; = &(S(v.(4) + e™")) and define

k(k)
Uz(k:) = Uz,i-
i=r(k—1)+1
. et BUL)E)
") = Bz e

The random variable h(z) is o(£(i) : i € [z — L(n'0% + e "),z + L(n!000 4+ eno'l)])—
measurable; h(z) is called as frequency of ones at z. As in (2.6), conditioning on &, we

have
T

lim Z Uni _ h(z) a.s..
T

r—00 4
i=1

With the same argument as above, we get

N;(r)

I , Ni(r) 1 ,
lim =Y U,; = lim » i(r) — > Uy = 1()NEWU. ).
r—oo P r—00 r r N] ('r) P -

Now,
i=j+Len"
. n0-1 .
E(U..,2) = > &@)P(S(e" ) =1i)

i=j—Len"!
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and, therefore

j+LenO'l z+L(n1000+e”0'1)
hz) =Y u() Y E@P(Se) =i) = ST €@ Yo uG)PS(e) = ).
J=I= i=j—Len®! i=2—L(n10004¢n0 1) j=I:

(2.12)
Now, it is easy to see that in terms of U and S as in (2.11]), i.e. U and S are independent,
U has law p,, we have

1

h(z) = P(E(U + S(e™)) = 1|¢) = BIEU + S(e™))le], (2.13)

2.2  Auxiliary results

In the present section we investigate the relations between 6 and §¢. Note that they only
depend on the scenery ¢ in the interval [z — Ln!%% 2 + Ln1%%9]. In other words,
z 17z

§M 64 € a(g(j)yj €[z — Ln1 ;4 Lnlooo]).

The distribution of both §¥ and ¢¢ does not depend on particular choice of z. Hence, without
loss of generality, in the following we consider the point z = 0, only.

Define pys = max{P(S(M) = z)|z € Z}. We call a block big, if its length is bigger

n
than nn:

Proposition 2.1. For any cs € [pur, 2pa], the following statement hold:
a P(6% > ¢5) < exp(—an/Inn), where o := In(1.5)

b P (8¢ > cs) > (0.5)" > exp (—n)

c If all blocks of &|[z — Ln'0% 2 + Ln'%9] are shorter than n/Inn + 1, then §¢ < ¢5. Formally:

{55 > 05} C{ [z — Ln' =z + Ln'%%] contains a big block of £ }

d Conditional on {§¢ > ¢} it is likely that [z — Ln'%%, 2 + Ln'%%] contains at most 0.5Inn big
blocks of £. More precisely:

P (B§.| 62 = ¢5) < (2Ln10)"7 " (0.5) 70
where

Es . := { [z — Ln1%% 2 4+ Ln'0%] has less than 0.5Inn big blocks of & }

In order to prove Proposition 2.1, we use the following lemma. The proof of it can be found in
[LMMO4].
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Lemma 2.1. There exists a constant a > 0 such that for each t,r € N, for each subset I C Z,
and for each j € I and for every mapping ¢ : Z — {0, 1}, the following implication holds

if all blocks of ¢ in I are shorter or equal to r, then

¢(S;(0) =¢ (S5 (1)) =--=¢(5 (1)) at
P< and S; (0),5;(1),...,8; (t) € I ) S exp <_>

Proof that ¢ holds: Without loss of generality assume z = 0. Suppose that the length of all
blocks of &|[—Ln'0% Ln1%9] is at most n/Inn. Let I := [—Ln!%%9 Lnl%0) Denote §(1) = 5o(1),
where dp(l) is as in (2.7). If the all the blocks in I are not longer than n/Inn we get by Lemma

2.1 that for all j €
2

50 < exp () =
By we get that
L1000 L1000
st= Y P0,j)iG) < Y PO, jm e < pelnn (2.14)
j=—Ln1000 j=—Ln1000

The expression on the right side of the last inequality is of smaller order than any negative
M

polynomial order in n. By the local central limit theorem pj; is of order n~ 2. Thus, for n big

enough

(5g < Pm < .cs.

Proof that a holds: Without loss of generality assume z = 0. Define the event

Part c states that
{68 2 es} < U B

2€[—Ln1000, ,;,1000]

Thus,

LnlOOO

Now, clearly

B In(2)n
P(E,) =exp ( o > .
So,
P(52 > c5) < 2Ln'"% exp <—1n1(2) ") . (2.15)
nn

The dominating term in the product on the right side is exp (—In (2)n/Inn). Hence, for
ln(1.5)n)
Inn

n big enough, the expression on the right side of (2.15) is smaller than exp(—
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Proof that b holds: It suffices to prove that
P(62 > 2par) > (0.5)".

Without loss of generality assume z = 0. Define £ := {£{(0) = £(1) = --- = &(n)}. We are going
to show that
EC{6¢>2py} and P(E) > exp(—n).

Recall the definition of 6(j). If E holds, then for any j € [0,n] we have
8(j) = P(S;(t) € [0,n], ¥t € [0,n))

Now, because of the central limit theorem, there is a constant b > 0 not depending on n, such
that for all j € [n/3,2n/3] we have:

P(Sj(t) € [0,n],Vt € [o,n2]) >b.
By the local central limit theorem, again, for all j € [n/3,2n/3] we have, for n big enough, that
P(0,5) > 2L, (2.16)

Using (2.10) and (2.16) we find that when E holds, then

n

Lo"‘j

b
54> S bP(0,5) > "gM. (2.17)

|3

J
For n big enough, obviously the right side of (2.17)) is bigger than 2py;. This proves E C {58’ >

2ppr}. Furthermore, we have that P(E) = 0.5". The inequality 0.5" > exp(—n) finishes the
proof.

Proof that d holds: Without loss of generality assume z = 0. For a block T', the point inf T’
is called the beginning of the block. Let ¢1,%s,... denote the beginnings of the consecutive big
blocks in [—Ln!%% co). Define tg := —Ln'%% and g; :=t; —t;_1, i = 1,2,.... So, g; measures
the distances between consecutive big blocks. Clearly, g;-s are i.i.d. Note,

0.5lnn

Eg,O C { Z 9i < 2Ln1000} - ﬂ?fllnn{gi < 2Ln1000}.
=1

Note
LnlO()Oil
P(g1 <2Ln') < > P(a big block begins at z) < 2Ln'*(0.5)wa.
z=tg
Hence,

P(E§,) < Pg; < 2Ln1000)0.51nn _ (2Ln1000)0'51nn(0.5)0'5".
Combining this with b, we get

P(E¢S
P(E§l00 > ¢5) < (E5o)

T N80/ 9 [, 1000 0.5Inn 0.5)~0-5n 0.
= P(6d > cs) (2Ln7) (0:5) -

IN

Lemma 2.2.

P (822 ¢5) (2Ln'") 7" <op (61762 > o1 - O(MH))).
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2.3 Proof of Lemma 2.2

In the present subsection we prove Lemma [2.2. To the end of the section we assume z = 0. At
first we define fences.

Fences

An interval [t,t +4L — 1] C D is called a fence of ¢, if

0=C(t)=¢t+1) - =Ct+L—-1)#((t+L)=-=C(t+2L—-1)#
C(t+2L) = =C(t+3L—1)#C(t+3L) = =C(t+4L — 1)

The point t 4 2L is the breakpoint of the fence. So, T is a fence of { corresponding to the L = 3,
if and only if ¢|7" = 000111000111.

Let 2o := —Ln'%% and let 2, k = 1,2, ... be defined inductively: z; denotes the breakpoint of the
first fence of scenery & in [z +4L, 00). We call the points zj the breakpoints of consecutive fences
(of scenery &). Define l; := 2; — 2;_1, 4 = 1,2,... and N := max{k : zx_1 < Ln'%0} < [n!00
The random variables I; measure the distances between the breakpoints of consecutive fences,
they are i.i.d. Let [ := Ln'%° — 25, I < lyy1. The moment generating function of I1, say M(\),
does not depend on n and it is finite, if A > 0 is small enough. Let M := exp(Al;) < oo and
choose C' > 1 such that A\C' > 1. Now define the event

Eb::{l,ligCn, i:1,2,...,N}

and apply the large deviation inequality to see P(l; > Cn) = P(Al; > A\Cn) < Me~*™. Now,

Lnl()OO
P(ES) < > P(l; > Cn) = Ln'"P(ly > Cn) < Ln'"0Me2n,
=1

Applying b, we get

< Ln'0%0pge(1-20m g, (2.18)

Mapping

Let O denote the set of all possible pieces of sceneries in I := [~ Ln1%0 Lnl%9] je. O :={0,1}!.
The random variables 565, 5(])\/[ as well as the events {5g > ¢5}, Es0, Ep depend on the restriction
of the scenery to I, only. Hence they can be defined on the probability space (O, 2, P), where
P stands for the normalized counting measure.

Define
C .= {56l > s} NEsoNE,CO.

Hence C consists of all pieces of sceneries, 7, with the following properties: §3(n) is bigger than
cs, the number of big blocks is less than 0.5Inn and the gaps between the breakpoints of the
consecutive fences in [ is at most Cn.
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Let n € C and let zp, z1,...,2n be the breakpoints of consecutive fences (restricted to I) of 7.
Since 1 C Ej, we have N > 2Ln*?. Now partition the interval I as follows:

I=0LULU---UIyUInqq, (2.19)

where Iy, := [zp_1,2k — 1], k= 1,..., N, Iny1 := [Iy, Ln!%%). Let I(I}) := 2z — kp_1 denote the
length of I;,. We shall call the partition (2.19) the fence-partition corresponding to 7. The fences
guarantee that any block of 7, that is longer than L is a proper subset of one interval I;. Since
ne {(53 > c5} N Es, there is at least one and at most 0.5Inn big blocks. Let I}/, k=1,...N*,
N* < 0.5Inn denote the k — th interval containing at least one big block. Similarly, let I,
k=1,...,N+1— N* denote the k — th interval with no big blocks. Clearly, most of the
intervals Ij, are without big blocks, in particular Y, [(I2) > Ln!'%%. Define

j
5% :=min{j : Y 1(I7) > Ln'}.
k=1

To summarize - to each 1 € C corresponds an unique fence-partition, an unique labelling of the
interval according to the blocks, and, therefore, unique j°. We now define a mapping B : C — O
as follows:

B(U) = (n|‘[10777|‘[57 s 77"‘[](‘)0)7”];7 e ’77|I]>§/'*777|I_;?0+17 s 777|I]0V+17N*)'
We also define the corresponding permutation:
Hfr]:I_>I, Hn(l) == (IIO,IS,...,Ijqo,If,...,I]ﬂ;[*,llj‘oo+17...,_[]0\]+1_N*).

Thus, B(n) = noll,.

Since all big blocks of n are contained in the intervals I, the mapping B keeps all big blocks
unchanged, and just moves them closer to the origin.

The mapping B is clearly not injective. However, B(n;) = B(n2) implies that the fence-partitions
corresponding to 71 and 7y consists of the same intervals, with possibly different order. Also
the intervals with big blocks (marked with star) are the same, but possibly differently located.
Moreover, the ordering of the similarly marked blocks corresponding to 7; and 72 are the same
(i.e. if the 8-th interval, Ig, of the partition corresponding to 7; is the 20-th interval, Isg,
of the partition corresponding to 72, then their marks are the same. If Ig in its partition is
the seventh interval with o (Ig = I9 in the partition corresponding to the 7)), then the same
block in the second partition must be also the seventh interval with o (I29 = I¢ in the partition
corresponding to 72). Therefore, the partition corresponding to 71 and 7, differ on the location of
the star-intervals, only. Since the number of intervals is smaller than 2Ln'%%° and the number of
star-intervals is at most 0.5 Inn, the number of different partitions with the properties described
above, is less than (2Ln!'900)0-5n7 " This means

| B(C)|(2Lnt000)0-51n 10, (2.20)

Proof of Lemma [2.2: Because of the counting measure and (2.20) we get

P(B(C)) _ |B(C)]
P(C) €|

> (2Ln1000)*0.5 lnn'
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By Propositions|2.2] and 2.3,
P(B(C)) < P(ég ASM > es(1 — O(M—%))).

By (2.18) and d) of Proposition 2.1 we get:

P(C)

—— = P(Es0N Ep|6d > ¢5) > 0.5,
POE > o) (Es N Epldg > c5)

provided n is big enough. These relations yield:
P(ég ASM > e5(1 — O(M—%)))z (2Ln1000y=05In 5. p(5d > ),
The lemma is proved.

Proposition 2.2. For any ¢ € B(C) we have
54(<) = 5[t — O(M 2]

Proof. Let ¢ € B(C). Choose 7 € B~1(5). Let {I;} be the fence-partition corresponding to 7.
Let 62(1), 65(1) denote the probabilities defined in (2.7), with & replaced by 1 and ¢, respectively.
As already noted, because of the fencing-structure, any sequence of consecutive one’s or zero’s
can be generated on the one interval Iy, only. More precisely, if [ € I, then

50(1) = P(Si(0), ..., 5(n) € I, n(Si(0)) = ... = n(Si(n?))). (2.21)

By the argument of the proof of ¢ of Proposition 2.1, we get that each interval without big
blocks, I, has the property: the probability of generating n? 4+ 1 consecutive zeros or ones is
smaller than n~%m". In other words o(l) < n=¢®" VI € I°, where I° := U,I?. Denote
I := UI};. Now, by (2.10) and (2.21) we have

=Y POOGW = (X + ) PO.050

lel lele  lel*
< > PO D YT P0,0)57 (1)
lelo lel*
< p—elnn + Z P(O’ l)58([) < pelnn +pum Z 5g(l)
eyt ler~

Since 1 € C, d4(n) > ¢s > pur, we have

_ ,—alnn —alnn /M
Szt 21— = 1-0( ) (2.22)
el bwm Pwm n
Clearly O(-YM) = o(n~), for all a > 0.

Now consider ¢ = M(n). Let Ji,Jo,...Jy4+1 denote the new location of the intervals I; after
applying the mapping II,, to I. Fix an j € I and let j € Jj,. The equation ¢|.J;, = 1|} and (2.21)
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imply

36(J) = P(SJ(O) ..., 8(n?) € 1,5(8(0)) = -+ = <(8;(n?)))
P(85(0),...,8j(n%) € J,<(8;(0)) = ---<(S;(n*)))
= P(Sz( ), 81(n?) € I, n(Si(0)) = -+ = n(Si(n?))) = 50(1),
where | = II(j) € I. This means 65(j) > 0)(IL,(j)), Vj € I. In particular,
PIEHOEDPEHE) (2.23)
J€Jk lely,

If I = Jy and Iny1 = Jyy1, i.e. the first and last intervals do not contain big blocks, then,
obviously, (2.23) is an equation.

Let J* = IL,(I*), i.e. J* is the union of all intervals with big blocks in the new location. The
length of I'* (and, therefore, that of J*) is at most 0.5Cn Inn. Thus, J* is at most Cn+0.5Cnlnn
from the origin. Let n be so big, that Cn 4+ 0.5CnInn < n?. Then, j < n? for each for each
j € J*. Denote by:

po = min{ P(S(M) =1) : |i| <n?}.
Now from (2.22) and we get

=Y P(0,7)55(1) = > P(0,7)55(7) = > P(0,5)0(1)

JEJ* lel*

—alnn
>, 5nl>c_n—alnn&26 1_pM_po_n Po
=D 1621:* o) = (cs )pM s( oor pa— )

_1 \/M 1
= 5[l = OM72)] = O(—p) = es[l = O(M2)].

Proposition 2.3. For any ¢ € B(C) we have

N

8" (¢) = esl — O(Mz)].

Proof. We use the notation and the results of the previous proof. By the representation (2.8)

we have
60" (<) = D w(@)P(i,)55(7) = D pi)P(, §)5()) (2.24)

i,j€1 1,j€J*

where 1 = {u(7) }ier is the stationary measure of Y, = S(vp(k)), k=1,2,....

Use local central limit theorem (CLT in the sequel) to estimate

n2
min PGi) > min{PG.) s i 1] < ) > — exp(~90) — O )
) . (2.25)
- —=(1-0(5p) —o0r ™) =pu(1-0(—)).

with d, ¢ being constants not depending on n.
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Hence, because of (2.24), (2.22) and (2.25)

M . 1 cs — n—alnn
0" (6) 2p(T")lpw (1 = O( =) =— = 226)
=71 = O 65 =™ = (7)1 = O( =) )es.

We now estimate p(J*). We shall show that
P(Yip € T Vi =j)>1-oM™") Vjel
Then pu(J*) =3, P(Yi1 € J*[Yy = j)p(j) =2 1 — o(M~1) and, by

5(5) 2 (") = (1= o(M)es[t = O(M~2)] = e[t — O(M 2],

Estimation of ;(J*)

Fix an j € I and define v as the first time after e"”" when n? + 1 consecutive 0-s or 1-s are
generated on I. Formally,

0.1
v ;= min {t > e

x(t)=x(t—1)=..=x(t—n? }
and Sj(i) € ILYi=t—n? ...t

where x = ¢ o §;. Clearly
P(SJ(V) S J*) = P(Yk+1 S J*|Yk = ])

Thus, it suffices to estimate P(S;(v) € J*).

At first note that by (2.22) and (2.23}) we get >~ ;. 5 (j) — 1. Since |J*| < n? (and n is big
enough), we deduce the existence of j* € J* such that

" 1
3 (J°) > 3

(2.27)

Then, because of the fences we have:
{Sj(v) ¢ J*} = {S;(v — n?),.. LS8i(w) e INJ*, x(v— n?) =-..=x()}.

Now, let 75 be the k-th visit after time en”" —n2 to the interval I. Let 7 be the k-th visit after
time e" — n? to the point j*. Define the events

Fr o= {S(me —n2),..., Sy(m) € I\, x(m—n?) = - = x(r)}, k=1,2...

2000 _1

F=Ury HSj(m+1i) =4}, k=12,...

F,::{X(T]:):"':X(TI:—FTLZ)}, k=1,2,...



We consider the events

E = {I/ > Tn2020} U {S](V) € J*}, Esy = {T;lo < T,2020 — n2}, E3 .= UZ;OIF,:

The event E; ensures that within the first 72020 visits of S; to I no consecutive 0’s or 1’s were

generated on I'\J*. The event Ey ensures that before time 7,200 — n? the random walk visits at
least n'0 times the point j*. Finally, the event E3 ensures that during these n'0 visits of j*, at
least one of them is a beginning of n? consecutive 0’s or 1’s. If these events hold, then v < 7,,2020
and S;(v) € J*. Thus

EiNEyNEsC {S](I/) € J*}

Next, we give upper bounds for the probabilities P(E1), P(E2), P(E3).

2020

1) Note that: ES C Up2" Fy, implies: P(ES) < Y7, P(Fy). For each k,
P(Fy) = Y PISi(0),...,85(n?) € \J*,<(Si(0)) = -+ = ¢(Si(n?))]x

lel\J*

X P(Sj(Tk — n2) = l)
There is no big blocks in I\ J*, hence by the argument of c:

P[S)(0),...,5/(n?) € I\J*,<(S;(0)) = - - - = ¢(Sy(n?))] < n~olnn
implying that:
P(Ef) < n2020—a1nn‘

2) To estimate P(F3) we use the Hoffding inequality. By central limit theorem there exists
a constant p > 0 not depending on n such that P(F}) > p. Also note that F] and F] are
independent if |k — I| > n?%%. Hence, the set {F[}, k = 1,...,n?%?% contains a subset {Fy}
i =1,...n% consisting of independent events. Let X; := IF;Q.' Now, T,2018 + 12900 < 7 5010 <

2020 — 02, if n is big enough. This means

=1
Now, when n is big enough, we have
n18 n18 n18
P(ES) < P(3X; <) = P} (X - EX)) < 0! = 3 EX;)
i=1 i=1 i=1
nl8 8
< P(Z(Xi — EX;) < —(n'®p — n10)> < P(Z(XZ- ~EX)) < —n”) <
i=1 i=1

2n34

< exp(— o) = exp(—2n%).

nis
3) Note Fy, Fy are independent, if |k — | > n? Let {Fpti=1,2,... ,n’ be a subset of {F}}
consisting on independent events, only. By (2.27), P(F}) > %, Vk. Now

’VL7 7

P(ES) < PO F) = T[0 - P <(1- )" (228)
=1
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The right side of (2.28) is smaller than (0.5)”4 if n is big enough.
Thus,

4

P(Sj(v) € J*) > 1 — [n?0207alnn o oxp(—2n16) 4+ (0.5)"
—1- O(n72020+alnn) —1— O(Mil).

]

2.4 Corollaries

We determine the critical value ¢,. Since we choose it within the interval [pas,2pas], it has
all properties stated in Proposition 2.1 and Lemma [2.2. However, we also have to ensure that
with high probability the signal probabilities 6¢ and 6 are significantly away from c,. By
"significantly” we mean that the difference between these probabilities and ¢, is bigger than a
polynomially small quantity in n. This polynomially small quantity will be denoted by A. Thus,
¢, must be properly chosen and that will be done with the help of Corollary[2.2.

At first, some preliminary observations.

Proposition 2.4. For any j > 2, there exists an interval [a,b] C [par, 2pnr] of length par/ (nj+2)
such that 1
P(63 < b|6§ > a) < — (2.29)
n
Proof. We do the proof by contradiction. Assume on the contrary that there exists no interval
[a,b] C [par,2pa) of length | := py/n/? such that is satisfied. Let a; := py + il,

i=0,...,n/72 Since [a;,a;11] C [par,2pa] is an interval of length [, by assumption:
d d 1 - j
P(6g > ai+1]05 > pm +a;) < (1—7), i=1,...,n -1
n
Now, by b) of Proposition [2.1:

j+2
ni -1 ni+?

1
e < P> 20) = [[ PO&= a6l >a;) < (1 - 7) . (2.30)

nJ
i=0

Since (1 — n%)"] < e ! we have (1 — L)”"™ < e’ Thus, (2.30) implies e < e - a

nJ
contradiction. O

Corollary 2.1. Let [z,y] C [pm, 2P be an interval of length l. Then there exists an subinterval
[u,v] C [z,y] of length 62%1 such that
1

P68 < v|0d > u) < s

(2.31)

Proof. The proof of the corollary follows the same argument that the proof of Proposition [2.4:
(2.31) together with the statement b) of Proposition 2.1 yield the contradiction: exp(—n) <

P(6§ = 2pa) < PO = 0) < [ (1 - i)} < exp(—e"). m

The next proposition proves the similar result for 5(])\/[ A 53. Since we do not have the analogue
of b) of Proposition 2.1, we use Lemma 2.2, instead.
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Proposition 2.5. Let [a,b] C [pam,2pn] be such that 2py — b > pMO(M_%). For any i > 2
there exists an interval [z, y] C [a,b] with length (b — a) /n'*? such that, for n big enough

1

P < ylodt A6d > x) < P(6Y AGE < y|odt AoE > x) < —

(2.32)

Proof. Suppose that such a (sub)interval does not exists. Then follow the argument of the
previous proof to get

nj+2

P(éé” ASE > 2par(1 — O(M*%))> <P AsE>D) < (1 - E) <exp(—n?). (2.33)

By Lemma 2.2 and b) of Proposition 2.1

P<5§4 ASE > 2par(1 — O(M*%))) > 0.5(2Ln1000) =051 M oy (). (2.34)
For n big enough, the right side of is bigger than e~2". This contradicts (2.33). O

The following corollary specifies ¢, and A.

Corollary 2.2. Let A := (pM/S) n 10054 A — Ae=2". Then there exists ¢, € [par+A, 2pp — Al
such that, for n big enough, simultaneously,

P (661 > ¢ — A) < exp((Inn)*)P (58l A > ¢ — A) ; (2.35)
P < ¢, + AISY A GE > ¢, — A) < 10000 (2.36)

and .
P63 < e, — A+ Al§d > ¢, — A) < exp(—n). (2.37)

Proof. By Proposition[2.4/there exists an interval [a,b] C [par, 2pas] of length pys/n? such that

P53 > b)

1
0= psd > pled > —— >0.5. )
PI> a) P(6g > blog > a) > 1 50 > 0.5 (2.38)

We now consider the interval [a, %2]. Note that:

a+b b+a b—a py 1
b— 5 = 5 _2n52>pMO(M 2).

Now use Proposition [2.5 with ¢ = 10000 to find a subset [z,y] € [a, “E] with length [ :=
b2 ~10002 — PM py~10054 guch that holds.

Let us now take z = x + 4. By Corollary 2.1, there exists an subinterval [u,u + A] € [z, 2] with
length —b- such that

4e2n

P63 < u+ A|6¢ > u) < exp(—n). (2.39)
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Now take A := L = (par/8)n 1004 ¢, := u + A. Since [¢; — A, ¢, + A] C [z, y], we have that

POM <, + AIYAGE > e, —A) < POY AOG < + Al ASE> e, —A) <
P(A—cr<(5é\4/\56l<y)<
PMANGE>A—¢)
P(y>5(])‘4/\5g>:z)—P(33§6é\/[/\58§cr—A)<P(y>5é\/[/\56l>x)
P NS >a)—Pla<d Asg<e, —A) = P A >a)

P8 A SE < ylod ASE > e — A) =

Hence, holds.
Since u = ¢, — A, we also have that holds.
It only remains to show that the chosen ¢, also satisfies (2.35).

Clearly A > 2pMO(M7%) > crO(Mfé). That implies:

P(ag ASM > e (1— O(M—%))g POEASM > ¢, — A).
Combine this with Lemma 2.2/ to get

P(5§ > ¢)0.5(2Ln ') =05 < p(SEAG)T > ¢p — A) (2.40)
Since [¢, — A, ¢ + A] C [a, b] we have

P(6¢>a) > P(6d > ¢, — A) > P(68 > ¢,) > P(68 > b).

Now, by (2.38)
d> d>
P55 > ¢r) > P(6§ > b) S 05,
P(d>c, —A) ~ P(0d > a)
The last inequality above, together with (2.40) implies
P(63 > ¢, — A) <0.25(2Ln'000)05mn p(sd A 5M > ¢ — A) (2.41)

Now, the relation
0.25(2Ln1090)0-5I0n < exp((Inn)?)

together with (2.41) establishes (2.35). O

3 Scenery-dependent events

In the present section we define and investigate the signal points and Markov signal points.
We show that with high probability the location of the signal points follows certain clustering
structure. This structure gives us the desired signal carriers in the 2-color case.
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3.1

Signal points

We are now going to define the Markov signal points, strong signal points and signal points —
these are the location points, where the corresponding signal probabilities are above the critical
value ¢,. The Markov signal points form the core of the signal carriers, the (strong) signal points
will be used in our proofs. In an oversimplified way, we could say that the Markov signal points
are places in the scenery & where the conditional probability to see in the observations some rare
unusual pattern is above ¢,. The unusual pattern is basically a string of n2, zero’s or one’s.

In the present subsection, with the help of the signal points, we define many other important
notions, and we also investigate their properties.

In the following, A and ¢, are as in Corollary (2.2l In particular,

A P?Mn7100547 pyv = max{P(S(M) = z)|z € Z}.

A (location) point z € Z is called signal point, if 6¢ > ¢, — A.
A (location) point z € Z is called strong signal point, if 6¢ > ¢, — A.
A (location) point z € Z is called Markov signal point, if

6¢>c,—A and M >e¢ — A

We call a Markov signal point z regular, if §M > ¢, + A.

Let z; be the first Markov signal point in [0,00). Let zj be defined inductively: Zzj is the
first Markov signal point in [2,_; + 2Ln'%% o0). Let Zy be the Markov signal point in
(—00, 0] which laies closest to the origin. Let zZ_; be defined inductively: z_j is the right-
most Markov signal point in (—o00, Z_(x_1) — 2Ln1%%0 Thus ...,z 9,2 1,20, 21, 22, ... 15
sequence of ordered random variables which we call signal carrier points.

For given z, the set

N, = [z _ L(nlooo + €n0'3)’z _ L(nlooo)] U [(z+ Lnlooo’z + L(nlooo + eno'

3
)]
is called the neighborhood of z. We say that the neighborhood of z is empty, if N, does
not contain any block of ¢ longer than n%3°. Thus, {N, is empty } C o(&,i € N3).

We say that z has empty border, if the set I, — [z — M, z + M] does not contain any block
of ¢ longer than n%35. Thus, {\, has empty border } C o(&;,i € I, — [z — M, z + M]).

Let p, p and p? be the probability, that a fixed point is a Markov signal point, a strong
signal point or a signal point, respectively. From (2.3), part a) of Proposition and by
(2.35) of Corollary 2.2 we know

p?— exp(—dn®?) < p < % (3.1)

<pt< _an, 2

p<p < exp(—=); (3:2)
Pd 3

" < exp((Inn)?). (3.3)
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e Foreach j =0,1,2,...,2Ln'% partition the set ZN[—Ln!%% +j, co) into adjacent integer
intervals of length 2Ln'0%0. Let Ij, ; denote the k-th interval of the partition who’s first
interval starts at —Ln!'%% + j. Thus,

Il,j — [] _ LnlOOO,j + LnlOOOL IQJ‘ — [] + LnlOOO 4 17] 4 3Ln1000 4 1]’

I35 = [j 4 3Ln'"% 4 2,5 + 5Ln'0% + 2],

I = [+ kLnt0% + k — 1,5+ (k +2)Ln'0% + k —1].

e Let z; denote the midpoints of I ;. Hence
zjn=7J, zjo=j+2Ln'"0 41 . oz =4+ 2kLn'%% 4 (k- 1).
For each j, the intervals I j, k = 1,2,... are disjoint. Thus, the events
{zx; 1is a Markov signal point}, k=1,2,...
are independent with the same probability p.

e Let k' denote the integer valued random variable that shows the index of the first interval
I}, o which has its midpoint being a Markov signal point. By such a counting we disregard
the first interval. Thus, ¥’ > 1 and, formally, k&’ is defined by the relations

Supo NOM < —A, ... M A Ogcr—A,éMOAéd > — A

22,0 2R/ —-1,0 Zpl 1, 2yt 2K’ 0
Clearly, k' — 1 is a geometrical random variable with parameter p and, hence, Fk’ = %4— 1.

e Let Z be the location of the first Markov signal point after 2Ln'%%°. Recall 2; is the
location of the first Markov signal point after 0. Note, that for each ¢ > 0, we have

P(z <i) < P( j‘:o{i is a Markov signal point}) < pi (3.4)
and
P(Z <) < p(i —2Ln'%%), i > 20,100, (3.5)
From (3.4) and (3.2) we get
P(z < 2Ln'%%) < p2Lnt0% < 21,1000 exp(—la—n) — 0. (3.6)
nn

e We now estimate EZ. For this note: Z < 279 = 2k'Ln'%0 + k' — 1 and

1 1 3
EZ < (= +1)2Ln'%0 4+ — < Z1nt00, (3.7)
p PP
From (3.3) we get
d
EZp? < 3% 1n1000 < 31,1000 oy ((1n)3). (3.8)
p
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On the other hand by (3.5) we have, for each z, EZ > 2 P(Z > x) > (1 — pz). Now, take
r = (2p)~! and use to get

1 1 an

EZ > exp(—). (3.9)
Take m(n) = "n?5EZ7.

By and b) of Proposition (2.1 we get

37,1,1002.5
n?*?EZ < T exp((In n)?) < 3Ln'%%5 exp((Inn)® + n) < exp(2n),
p
implying
1
1 exp(%) < m < exp(2n), (3.10)

provided n is big enough.
Next, we define the random variables which we are using later:
XZ = I{ﬁg>CT—A, 6ZJ\/I>CT_A}, 22071,2,....

Thus, X, indicates, whether z is a Markov signal point or not. The random variables X,
are identically distributed with mean p.

We estimate the number of Markov signal points in [0, cm], where ¢ > 1 is a fixed integer,
not depending on n . For this define:

cm
Ey = {Z X, < n10000}.
z2=0

Thus, when FEj holds, the interval [0, em] contains at most n!%°%° Markov signal points.

To estimate P(FEy) we use the Markov inequality and (3.7)

cm 2.5

_ 10000 (em+1)p _c(n*°EZ+1)p+1
P(Eg) = P(Z Xi>n ) < o0 = 1710000
1=0

< C3Ln1002'5_10000 + (C+ 1)n—10000 _ 0(1)‘

Finally, define Zy < Z7 < --- < Z} < --- as follows:

Zo = 0, Z1 = Z, and, let Zyy1 be the first Markov signal point that is greater than
2Ln'0% 1 7, Note the differences: Z, Zy — Z1, Z3 — Zo, ..., Zs1 — Zp, . .. are i.i.d. Also:

{No Markov signal points in [0,2Ln'%]} = {Z; = z, for all i} := E™. (3.11)
From (3.6) we know that
P(E") — 1. (3.12)
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3.2 Scenery-dependent events

Next, we describe the typical behavior of the signal points in the interval [0,cm]. Here ¢ > 1
is a fixed integer, not depending on n. Among others we show that, with high probability, for
each signal carrier point z; in [0, cm], the corresponding frequency of ones, h(Zz;), vary more than
e (events EF and EF below). We also show that, with high probability, all signal points in
[0, cm] have empty neighborhood.

All the properties listed below depend on the scenery £ only. Therefore we refer to them as the
scenery dependent events.

We now define all scenery dependent events, E7, ..., E} and prove the convergence of their
probabilities. All the events will be defined on the interval [0, cm], where ¢ > 1 is a fixed integer.
Thus, if a point z is such that N, & [0,cm], by the neighborhood of z, we mean N, N [0, em).
This means E € o(£, : 2 € [0,cm]). The exact value of ¢ will be defined in the next chapter
(in connection with the event EZ o). During this chapter, c is assumed to be any fixed integer
bigger than 1. 7

At first, we list the events of interest:

B} = {Zp241 < m}k;

EY := {every signal point in [0,cm] has an empty neighborhood};

E3 := {every pair 7,7 of signal carrier points in [0, cm)] satisfies : |h(2) — h(Z')| > e """ if z £ 7'}
i .= {every signal carrier point z, in [0, cm] satisfies : |h(2) — %| > e_"o'll};

EP = {every signal point z € [0, cm] satisfies 6 & [c, — A, ¢, + A]};

Eg = {for all signal carrier points z; in[0,cm] we have EZn! %0 > |z, — z,.1| > EZn 11001}

E? := {no signal carrier points in [m — EZn~10 m + BZn=10L A em] U [0, EZn~ 1001}

EY = {every strong signal point in [0, cm| has empty border};

EY := {every signal point in [0, cm] is a strong signal point}.

Proof that P(E}) — 1

If E7 holds, then in [0, m] we have more than n? signal carrier points .

Define the random variables Zp < Z; < --- < Zj, < --- as in (3.11). Let E}, := {Z,2,1 < m}.
Since E; N EY, C ET, it suffices to show that P(E],) — 1. To see this, we use the Markov
inequality:

EZ 241
P(EYS) = P(Zy241 >m) < n?+l (n”+1)

— 0.

m - n2-o
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Proof that P(E}) — 1

E3¢ = { there exists a signal point in [0, em] with non — empty neighborhood}.

Clearly,
Ey¢ = U Eq(z), where Fs(z):= {z is a signal point and A, is not empty}.
For each z, the events {N is empty} and {J, > ¢, — A} are independent. Thus, for each z,
P(Ey(2)) = P(6, > ¢, — A)P(N is empty) = p?P (N, is not empty).
We obviously have P(N, is empty) = P(N, is empty) and

P(N, is not empty) =

35

P(N,, contains at least one block longer than n°3) < 2L exp(n®3)2~""

Hence, from (3.8):

0.3 0.35

_ 1
P(E5°) < cmdeL exp(n0'3)(5)” ° < 6en?o L2n1000 exp((In n)3 + n0'3)2_”

— 60L2n1002'5 eXp(n(].S + (ln n)3)2,n0435 R 07

if n — oo.

Proof that P(E}) — 1

For each z, the events {6¢ > ¢, — A} and {z has empty border } are independent. Now use the
same argument as in the previous proof.

Proof that P(E?) — 1

Note
E?¢ = {there exists a non — regular Markov signal point z € [0, cm]}.

As in the previous proof, write:
Ef = U E5(2), where Es5(z):={z isanon — regular Markov signal point}.
For each z,

P(ES(2)) = P(OM A 62 > ¢, — A)P(M < ¢, + AISM NG9 > ¢, — A)
=pP(0M <, + AIGM AL > ¢, — A).

From (2.36) of Corollary 2.2 we have:
POM <, + Al6M A6 > ¢, —A) < n10,

Thus, from P(E2€) < empn™10" < ¢(n?PEZ +1)pn=19" = ¢3Ln!002:5-100000 4 o —=10° _,
as n — 00.
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Proof that P(E}) — 1
We use the same argument as in the previous proof. Note
E§°¢ = {there exists a signal point z € [0, cm] that is not a strong signal point}.
As in the previous proof, write
EJ¢ = U Eo(z), where Fg(z):= {2 isanon — strong signal point}.
Recall (2.3): 67 > 67 — exp(—dn?%?). Since, for n big enough, exp(—dn®?) < A = A exp(—2n),
we get
51 51— A
Now, for each z,

P(Ey(2)) = P(0% > ¢, — AYP(3¢ < ¢, — A|6¢ > ¢, — A)
=p?P(6¢ < ¢, — A6 > ¢, — A) < pP(6T— A < ¢, — A6 > ¢, — A)
<plP(0¢ < e, — A+ A|¢ > ¢ — A).

By (2.37) of Corollary (2.2 we now have:
P(Ey(2)) < p exp(—n).
Hence, by (3.8):

P(E§©) < emp? exp(—n) < pdc(EZn2'5+1) exp(—n) < e3Lnt%% exp (In n)3 exp(—n)+o(1) = o(1).

Proof that P(E}) — 1

Consider random variables Zy < Z; < -+ < Zj, < --- asin (3.11). Let N = max{i : Z; < em}.
Define

Bl ={Z; — Z;_ 1 < EZn'% i =1,2,... n'%% (3.13)
Bl ={Z;— Z; 1> EZn 10 =12 ... nl0%0} (3.14)

and note that:
E,NESNEL N{N <n!%0%}) ¢ B2

Since E C {N < nt0%00} we get P(N < n!%00) — 1. We also know that P(Es) — 1. Thus, it
suffices to show that P(Eg), P(EgS) — 0 as n — oo. Now, by the Markov inequality, (3.5) and
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(3.7):
P(Eg)=PE1<i< nt%00 such that : Z; — Z;_1 > EZn!000)

10000

< S P(Z — Ziy > BEZnl000) = pl000p(7 710001y <

10000__ EZ _ 1.
n EZnl000I — 3

P(EZ) = P(31 <4 <nt0%0 guch that : Z; — Z;_1 < EZn~11001)

10000,

<SS VP(Zi — Ziq < EZnm 1001y < pl0000 p(7 < [z~ 11001y <

—1001 1000—1001 _ 3L
pEZn <3Ln = <.

Proof that P(E?) — 1

Consider the event

{there is no signal carrier points in [0, EZn'10]}.

Every signal carrier point is a Markov signal point. Hence, for the proof, it suffices to show,
that with high probability there is no Markov signal points in the interval [0, EZn!001].

Now, by (3.4)) and (3.7)

P(No Markov signal points in [0, EZn!1%1]) =
P(ZO > EZn—llODl) < pEZn—HOOl < 3Ln—11001+1000 — 0(1)

Thus P(No Markov signal points in [0, EZn~11001]) — 1.

Now repeat the same argument for the intervals [m,m — EZn =% and [m, m + EZn =110,

3.3 Proof of P(E}) — 1 and P(E}) — 1

The proof relies on the rate of convergence in the local central limit theorem (LCLT in sequel).
In the next subsection we present some technical preliminaries related to the proof.

3.3.1 Some preliminaries

Let S be the symmetric random walk with span 1. Define: py(k) = P(S(N) = k). The random

walk S has lattice +\ — 2,z € Z; its variance is 2.

Use local CLT ([Pet95], page 197):

1 k2
sup oV Npy (k) — —— exp{——5+1}| = O(

Nor: T ) (3.15)

L
VN
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or

1 k2
su k‘ — ——F———€ — :O — ).
1p pn (k) TN xp{—5 ot ()
Denote

qn (k) == } |k| < LN.

1 k2
v P gy
Let ty := (InN)®, b > 1.

We estimate:

Ipx (k) — an (k)] < (pn () + qn (k) sup |pxy () — an (k)|

< [2ax (k) + O )10( ) = Ol

and
[Px (k) — X (k)] < (LVN)O(—=—=) = O(5), j=—tn, -+ ,tn
k>tn+7 \/NN N
Estimate:
AR (k) +O()
2
Dokt PNR) TSV 2 (k) T SRR (k) — (0] + SR L a (k)
O(%)

Zk>tN+ 2 (k) (N)
forall k and j = —tn ..., tN.
Now,

LVN ) 1 LVN £2
Z qn (k) 2027 N Z P(—m)
k>ty+j k>ty+j

and

L\/ﬁ k2 L\/ﬁ k2 L\/ﬁ L2

Z exp(—UQ—N) > Z exp(—m) > Z exp(—;) = M(LVN — 2ty).

k>tn+j k>2tn k>2tn
Thus, for each j = —ty,...,tN,
2 1
sup P (k) < O(w) _ Ky _ O(L) (3.16)

Sty PN(R) T E(LVN —2ty) —O(%)  KiVN — Koty — K3 VN

where K, K1, Ko, K3, K4 are constants.

Let p be a probability distribution on {—ty,—ty + 1,...,0,...,txy — 1,tx}. Consider the
convolutions

tN

un(k)= Y pn(k—ju, k=—(LN—ty),...,LN +ty. (3.17)
Jj=—tn
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If pn(k) > pn(k + 1) for all k > 0, then for each k > ¢y, we have the bounds

pn(kE+tn) <un(k) <pn(k—tn). (3.18)

In this case,
tN+LN

N
> un(k) = D> pall).

k>tn 1>2tn
And from (3.16), taking j =ty we may deduce that:

2 2
sup u (k) < sup —pN(k) <O(

1
ty<k Zk>t1\, u?v(@ 0<k Zk>2tN p?v(k) B VN

Generally, choose an atom A := p; > 0. Then

). (3.19)

un (k) > Apn(k +3),  ux(k) > Npk(k+5)

and
tn+LN N

Yo oukk) =N Y sk (3-20)

k>tNn k>tn+7

Since supys;, Uy (k) < supgsopi (k), we get from (3.16):

2 2
uy (k) (k)
SUp —=——————5—— < sup = O(
tn<k Zk>tN U?v(k) kA2 Zk>tN+j p%v(k)

In particular, from (3.21) follows:
1

3 2
> ud, (k) < maxun() > u (k) < max _uvlk) 0(=)- (3:22)
Y uiy (k) S ugi (k) Y uy (k) S ufi (k) 2 uiy (k) N
Suppose that arrays ug := un (k) and vi, := vy (k), ty < k < LN +ty both satisfy (3.22). Then

Seded) o Seded)
So(ud + )/ S (uf +v7) So(uf +v3)/ > (uf +v7)

. *_y= o) (3.24)

< max{max ——, max
SR

2
Let us make one more observation. Since exp(%; &) — 1, there exists a ¢’ > 0 such that

). (3.21)

(3.23)

—9t3;
202N

/

exp( ) > ¢

for each IV big enough. Thus, there exists a constant ¢ > 0 such that

pn(k) > —=, V|k[ < 3ty.

3
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Take A as previously. Then

un (k) > plk + j)A > \;%

Hence there exists C' > 0: u(l) > VI such that |l + j| < 3tn.

e
VN
In particular

C
3.3.2 Proof that P(E}) — 1
Define the random variables z1, 22, ... as follows: 21 is the first Markov signal point in [0, 00),

2, is the first Markov signal point in [z,_q + ¢, 00). Note that a.s. there are infinitely many
such points.

From the signal carrier part we know that, if each Markov signal point in [0, ¢m| has empty
neighborhood, i.e. E¥ holds, then they form clusters which have radius at most 2Ln'% and lie
at least "’ apart from each other. In this case all signal carrier points in [0, ¢cm] coincide with
the z;’s defined above. We define the event:

25, = {for cach i, < 0!, j we have [h(z) — h(z;)] = exp(~n"") }
Then: B B
E; NEYNEy C EY.
Since P(EY, N Ey) — 1, it suffices to show that P(EY,) — 1 as n — oo.
Let z;, zj, i # j. For simplicity denote them as z and 2’ Let
€n := exp(—n"1h).

Consider the event:
En(i,j) = {|h(z) — h(z)| = €n}.
For each y € Z, define the random vector:

0.1 0.1

nly) == (g(y — Int0% — e ¢y — L' — ™ £ 1), E(y + anoo)),

Now, let &, := &,(z) and &, := &,(2’). They are independent.

z+L(n1000+e"0‘1) z’-&-L(nwOO—i—e"O'l)
for= > wRER), fio= D> ub(k)ER),
k=2+Ln10004] k=2'+4Ln100041
where
Z+LTLIOOO Z/+Ln1000
0.1 0.1
un(k) = > P(Si(e" ) =k, up (k)= > P(Si(e" ) = k)
i—2— [;1000 i — L1000

and g, i = 2 — Ln'%0 ... 24 Lnt0% and pf i = 2/ — Lnt0%0 ... 2/ + Ln10%0 denote the atoms

of the stationary measure corresponding to z and 2/, respectively.
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Recall that by (2.13)

z+L(n1000+e”0'1) z’+L(n1000+e"0'1)
h(z) = >, un()E(k),  fh = > y (R)E(R).
k=z—L(n10004¢n0-1) k=2'—L(n10004¢n%1)

Note that conditioning on &,, the coefficients wu, (k) become constants.

(More precisely, f,, has the same distribution as

L(n1000+en0'1)

k>L1’L1000
with
Ln1000 [,n1000
~ 0.1 - 0.1 N o~
(k)= Y, P ) =hij= Y P(SE")=k-j
j=—Ln1000 j=—Ln1000

with i := {jij} := {p21;}, —Ln'0% < j < Ln'%0 being a random probability measure indepen-
dent of {7,100 1, .. ,01. In this setup, conditioning on &, means conditioning on fi.)

Hence o
L(en‘ +N1000)

W — Efy 21000 n(k)(Ek) — 3)
P(f\/l%c = x‘§n> - P( kfi/ L(eno-lmeOO),:Q (k) ) = x’én),

2 k>Ln1000 n

where (uy(k)) are the fixed coefficients of type (3.17) (with N = ™', b = 10000). Now the
Berry-Esseen inequality for independent random variables (see, [Pet95], Thm 3, p.111) states:
n k k) — 1 3 k
s (Z 2 T g
@ 3V 2 un (k) > up (k) /32 ui (k)
with some constant A not depending on n and u,(k)-s. By (3.22) (with N = €™, b = 10000),
0.1

the right side of (3.26) is bounded by O(e ~i ). Here ® stands for the standard normal distri-
bution function.

<alg) — (@) <4

By similar argument, conditioning on (&,,&],) and using (3.23) instead of (3.22) yields:
_ f/l _
o

n

_p0-1

P < aln,€)) = (@) = O( ™), (3.27)

sup ‘P(fn
x
with py, := E(fn — f1,), on := /D fn + Df! where (f, and f], are independent.)
Let gn := hyp — fn, g, := hl, — f]. The event E,(i,j) can be written as:
En(i,7) = {fn — fi € gn — g + [—€ns €nl}-
Given &, and &/, the random variable g, — ¢/, is a constant. By (3.27) we have

P(ES(i,§)én, &) = p<fn—£7;—#n c gn—gn+[;m,en]_un‘§m€;) -

n

P(ELotn < afg,, €)= ()| +sup {®(a) - @(b)|a b= 22—} <

2sup,, NoTE

_p0-1

Ole™1 ) +,/2a

m™on "
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Next, we estimate the standard deviation o,. For that note: because of (3.25) u2(z + Ln!'%% +
1) > C2e—n"", u’i(z’ + Lnt0% 4+ 1) > C2e=""" if n is big enough. Thus,

_ 01

on=+\/Df,+Dfl, = %\/Z ud (k) + > wRi(k) > %\/2026”0'1 =V2Ce 2

Hence, for n big enough there exists a constant Cy < oo such that

92 1 0.1
\/76” < — exp(—n"t 4 nT) < Cyexp(—n®0%). (3.28)
7r

Thus, (3.28), give:

_,0.11

P(E”(zjj)) < O(QT) + O(e—no-%) _ O(efno'os).
By definition .
Ei?a = ijJ#jEn(i,j)
nd 110000
P(Ezq) < Z P(E™(i,])) < nQOOOOO(e*"O'OS) = o(1).
1,907

Outline of the proof that P(E}) is close to one

Denote the Use to get:

P(E}“|¢n)

P(|fn + gn — 0.5 < €y)&n) = P(fn + gn € [0.5 — €,,0.5 + €,]|&n)
P(fn € [(0.5—=gn) — €n,0.5 — gn, + €,]|n)
fn—Efn 05—FEfp—gn—€n 00— FEf, —gn+e€n

<aap (%l <o) o forw -owlo 0= f7 )

—n01 2 e, 0.05
< - _ n
Oe ¢ )+ \/>\/D7n O(e ),

because D f, > C exp(—%). The rest of the proof goes as previously.

e In the following we consider the scenery dependent events defined on [—cm, em). For this,
we define the events E", i = 1,...,9, where E is defined exactly as EI, with [—cm, 0]
instead of [0, cm)].

e Finally, we define the events: . B
E!:=E'NE!.

The results of the present section show that Vi=1,...,9,

P(E}') -0, n — oc.
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3.4 What is a signal carrier?

Let us briefly summarize the main ideas of the previous sections.

A signal carrier is a place in the scenery, where the probability to generate a block of n? + 1
times the same color is high. However, it is clear that such a place can not be too small. In the
3-color example the signal carrier depends on only one bit of the scenery. In the 2-color case, it
takes many more bits to make the scenery (locally) atypical. We saw in Proposition [2.1, that
for z to be a signal point, it is necessary that the interval I, contains at least one big (longer
than n/Inn) block of {. Thus, if a point z is a (Markov, strong) signal point or not, depends
on &|1,.

If z is a signal point, then the scenery ¢ is atypical in the interval I,: 6¢ is high. Thus, signal
points would be our candidates for the signal carriers, if, for each z, we could estimate 6¢. The
latter would be easy, if we knew when the random walk visits z. Then just take all such visits
and consider the proportion of those visits that were followed by n? 4+ 1 same colors after M
steps. Unfortunately, we do not know when the random walk S visits z. But we do know (we
observe) when S generates blocks with length at least n?. Thus we can take these observations
(times) as the visits of (the neighborhood of) z and estimate the probability of generating n?+ 1
times the same color, M steps after previously observing n? + 1 times the same color. This idea
yields the Markov signal probability. The problem now is to localize the area where the random
walk (during a given time period) can generate n? + 1 times the same colors in the observations.
If this area was too big, we could neither estimate the Markov signal probability nor understand
where we are. To localize the described area, we showed (event EF) that signal points have
empty neighborhood. In the next section we shall see that the probability to generate a block of
n? + 1 times the same color on the empty neighborhood is very small. This means, if S is close
to a signal point z, then, with high probability, (and during a certain time period) all strings
of n? 4 1 times the same colors in the observations are be generated on I,. The fact that all
signal points have also empty borders (events Eg and EJ) makes the latter statement precise.
Thus, a Markov signal point seems to be a reasonable signal carrier. But which one? Note, if
z is a Markov signal point, i.e. I, contains at least one big block, then, very likely the point
z + 1 is a Markov signal point, too. In other words, Markov signal points come in clusters.
However, when EZ holds, then each point in such a cluster has empty neighborhood. On the
other hand, for z to be a Markov signal point, it is necessary to have at least one big block
of £ in I,. This means that the diameter of every cluster of Markov signal points is at most
2Ln'%%0 The distances between the clusters are at least L(e”o'3 —n19%9) Hence, in 2-color case
one can think of signal carriers as clusters of Markov signal points (provided EZ holds, but this
holds with high probability). However, to make some statements more formal, for each cluster
we have one representator, namely the signal carrier point. Since the diameters of the clusters
are at most 2Ln'%% our definition of signal carrier points ensures that different signal carrier
points belong to different clusters. If the cluster is located in [0, c0), then the signal carrier point
is the left most Markov signal point in the cluster; if the cluster is located in (—o0,0), then the
signal carrier point is the right most Markov signal point in the cluster. The event EF ensures
that there are no Markov signal points in the 2Ln'%%-neighborhood of 0, so Z; and Z; belong
to different clusters, too. The exact choice of a signal carrier point is irrelevant. However, it is
important to note that given a cluster, everything that makes this cluster a signal carrier cluster
(namely, the big blocks of scenery) is inside the interval Iz, where Z is the signal carrier point
corresponding to the cluster. In particular, all blocks in the observations that are longer than
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n? will be generated on I;. This means that the signal carrier points, z; (or the corresponding
intervals I3,) serve as signal carriers as well. At least, if we are able to estimate 5% with great
precision. This is the subject of the next section.

4 Events depending on random walk

In the previous section we saw: if all scenery dependent events hold, then the signal carrier
points are good candidates for the signal carriers. In this case the signal is an untypically high
Markov signal probability. Hence, to observe this signal, we must be able to estimate the Markov
signal probability. In the present section we define these estimators and in the next section we
will see that they perform well, if the random walk S behaves typically. We describe the typical
behavior of S in terms of several events depending on S. The main objective of the present
section is to show that the (conditional) probability of such events tends to 1 as n tends to
infinity.

4.1 Some preliminaries

As argued in Subsection 3.4} the main idea of the estimation of the Markov signal probability is
very simple - given a time interval 7', consider all blocks in the observations x|r that are bigger
than n?. Among these observations calculate the proportions of such blocks, that after exactly
M steps, are followed by another such block. The time interval used for this estimation must
be big enough to get a precise estimate but, on the other hand, it must be in correspondence
with the size of an (empty) neighborhood. Recall that the neighborhood N, consisted of two
intervals of length Len””. Hence, the optimal size of the interval T is en’?.

We now define the necessary concepts related to the described estimate - stopping times (that
stop when a string of at least n2+ 1 times the same color is observed) and the Bernoulli variables
that show whether the stopping times are followed (after M step) by another such string or not.
For technical reasons after stopping the process, we wait at least en™! steps until we look for the
next block.

e Let ¢ > 0 and let 74(1) be the smallest s > ¢ such that:

x(t) =x(t—1)=--=x(t —n?). (4.1)

We define the stopping times 4(i), i = 2,3,... inductively: (i) is the smallest ¢ >
21(i — 1) + ™ such that (4.1) holds.

e Let X;; be the Bernoulli random variable that is one if and only if:
X(04(i) + M) = x(01(i) + M +1) = .. = x(2(i) + M +n?).
Let T = T(t) := [t,t + e""]. Define:
n0- 3 0.1

2

1 ip oA 0.2 0.

s ) or L Keg W B(eT) <tteT et (4.2)
0 otherwise.

440



e We define some analogues of 74 and X;. Let z € Z and t € N. Let v, (1) designate the
first time after ¢ where we observe n? zero’s or one’s in a row, generated on the interval
I.. More precisely:

B R e e Lo B8

Once v, +(i) is well defined, define v, +(¢ + 1) in the following manner:

X(s)=x(s=1)=..=x(s—n? }
S()EIZ,VJ—S— n%...,s '

0.1

vy+(i+1) :=min {t > vy 4(i) +€”

o Let X,;;, ¢ = 1,2,... designate the Bernoulli variable which is equal to one if exactly
after time M the stopping time v, ;(i) is followed by a sequence of n? + 1 one’s or zero’s
generated on I,. More precisely, X, ;; = 1 if and only if

XVt (@) + M) = x(v20()) + M 4+ 1) = -+ = x(v24(i) +n°)  and
S(vy4(i) + M), ..., S(v4(i) +n'%) € L.

Define

1 enO.Q
SM . )
5z,t T p02 Z Xz,t,z-
(&
=1

As argued in Subsection 2.1, {S(v,,,)} is an ergodic Markov process with state space I,
and with the stationary measure I,. Hence,

1 J
f,ZXZ7t7i—>6£/[, a.s.
J =

Now we can apply some large deviation inequality to see that if j > exp(n®?2), then 5%
gives a very precise estimate of 6.

The problem is that the random variables X ; ; and, hence, the estimate 5% is a priori not
observable. This is because we cannot observe whether a string of n? 4 1 times the same
color in the observations is generated on I, or not. Thus, we can not observe neither v; , ()
nor Xy ;. However, the event EY 4, stated below, ensures that with high probability 5%

is the same as 6/ , provided that during the time interval T', the random walk S is close
to z (the sense of closeness will specified later).

e We define the estimates for the frequency of ones. Again, we define a general, observable,
estimate: ht and its theoretical, a priori not-observable counterpart: hzt

Define
n0.2
P T ) +e™) i (e <t e — o™
t-— )
0 otherwise.
0.2
. 1% 01
heyi= —z D xeal) + ).
=1
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e Finally, we define the stopping time that stop the walk, when a new signal carrier is visited.
Let ...,z_1, 20, 21, ... denote the signal carrier-points in R. Denote I; := I, and let p(k)
denote the time of the k-th visit of S to one of the intervals I; in the following manner:
when an interval I; is visited, then the next stop is on a different interval.

More precisely, let p(0) be the first time ¢t > 0 such that S(¢t) € U;I;. Denote I(p(k)) the
interval I; visited at time p(k). Then define p(k) inductively:

plk+1) = min{t > p(k)|S(t) € Uil;, S(t) & I(p(k))}.

4.2 Random walk-dependent events

In this section, we define the events that characterize the typical behavior of the random walk S
on the typical scenery on the interval [—cm, cm]. The (piece of) scenery &|[—cm, cm] is typical if
it satisfies all the scenery-dependent events E*, i = 1,...,9. Recall, that the events E}* are the
same as the events E* defined in Section 4.2 with [0, cm] replaced by [—cm, cm]. Also recall that
¢ > 1is an arbitrary fixed constant not depending on n, and m = "n?%EZ". Hence, throughout
the section we consider the sceneries belonging to the set:

Eeen ok = Nj_1 E}". (4.3)
Clearly, Ecen ok depends on n. We know that P(Ecen ok) — 1 if n — oo.

Let ¢ : Z — {0,1} be a (non random) scenery. Let Py(-) designate the measure obtained by
conditioning on {¢ = ¢} and {S(m?) = m}. Thus,

Py() i= P(I¢ = v, S(m?) = m). (4.4)

Let P(:[¢)) denote P(:|{ = v). We now list the events that describe the typical behavior
of S. The objective of the section is to show: if n is big and ¥, :=: ¥ € FE.q ok then all
listed events have big conditional probabilities ;. The events depending on the random walk are:
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Elg = {S(mz) = m};
Ey g = {Vt € [0,m?] we have that S(t) € [—cm,cem]};
Eyg:={vt e 0,m?], it holds : &M < ¢,, if 521‘(5) < —AVseT(t)};

B = {p(n®) > m?},

Ep g :={Vk < n?590 e have: if p(k) < m? then lﬁp(k)(enm) < p(k) + e —en”' )
for any t € [0, m?] satisfying x(t) = - - = x(t + n?)
Egg = there exists s € [t,t + n?] such that S(s) ;

is contained in a block of ¢ bigger than n%3°

B g(z,1) = { M _ M

< e*”O'u}, z€Z, t>0;
Ef g = M2 Mg Bl s(2,1);

zZ=—Ccm

Epg(z,t) = {

iLZ7t — h(z)) < e_”o'u} , z€Z,t>0;

Z=—Ccm

We now estimate the conditional probabilities of all listed events. In most cases we prove

statements like Py, (EJ”S) — 1. This means: for an arbitrary sequence ,, € E™

L OK> We have:

lim P(E7s|S(m?) = m, ¢ = ) = 1.

n—oo

4.3 Proofs

At first note that by LCLT, we have:
1 1
P(FE = —+0(—).
(Brs) =~ +0( )
Clearly, Ey g does not depend on &, i.e. P(E; s|Y) = P(E1,s). Using (3.10) we get:
P(E; s|v) > exp(—2n) — O(exp(—4n)) > exp(—3n). (4.5)
From (4.5) follows that for any event F,

py(ss) = B Stn) = mle) __P(EIY)

P(S(m?) =mly) ~ exp(=3n)’
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Proposition 4.1. For each € > 0 there ezists c(€), independent of n, such that for each 1,
Py(Eyg) > 1 — €, provided n is big enough.

Proof. At first note, that, for each n, the event E3 ¢ is independent of the scenery . Thus,
Py(E3g) = P(E3g|S(m*) =m).

Define
E"(c) = {Vt € [0,m?] we have that S(t) < em}

E7(c) = {Vt € [0,m?] we have that S(t) > —cm}

Clearly,
Ey s = Eq(c) N Ey(c).

We now find ¢, not depending on n such that Py (E7(c)), Py(E}©(c)) <
Let us define the stopping time J:

¥ := min{t|S(¢t) > cm}.
Let forall je1,...,L:
pj = P(S(mQ) =m, ¥ <m? and S(¥) = cm+j)
We have that
P (E2(c) N EYg) Zp]

Our random walk S is symmetric. By the reflection prlnc1ple, forall j €1,...,L, we have:

pj = P(S(m?) =cm~+j+ (em+j—m)=2cm+2j —m, 9 <m? and S(¥) = cm + 7).
Thus p; < P (S (m2) =2cm —m+2j ) and

L
P(Ej°(c)NEfg) <> P (S(m®) =m(2c—1) +2j). (4.7)
j=1

By LCLT, for big m, the right side of (4.7) can be made arbitrary small in comparison to
P (S (m2) = m) by taking c big enough. In other words, there exists ¢ , not depending on n
such that:

Zle P (S’ (mz) =2cm +m+ 2j )

€

< —

P (S (m?)=m) -2

This means
P (Ege(e)n By g) :
— P (E(0) < &
P (Es)

Similar argument gives Py (Ej“(c)) < § O
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Note, that the choice of ¢ does not depend on n. From now on, we fix ¢ such that Proposition
[4.1 holds with € > %. This particular ¢ is used in the definition of all scenery-dependent events
and, therefore, in the definition of E.. ok as well as in the definitions EZ g9 Eg g

In what follows, we often use these versions of the Hoeffding inequality:

Let X1,...,Xn be independent random variables with range in [a, b]. Let Sy denote their sum.
Then:
€ d'é
P(|Sy — ESn| > ¢€) < 2eXp(—2m) < exp(— N );
) . (4.8)
P(N|SN —ESN|z¢€) < QGXP(*QW) < exp(—d'é€’N).
For our random walk, this gives:
€2 de?
P(|S(N)| = €) < 2exp( ) < exp(——)
S(N ’N
P(\%\ >e) < QQXP(_Z?) < exp(—dé’N),
for some d', d > 0.
We also use the following results: let Xi,..., Xn be ii.d. random variables with mean 0 and
finite variance o2. Let M, = max;—1,__n Si, M,, = max;—1,__n |Si|. Then
My My S(N)
= sup W;, and ( , ):> sup |W|, W (1)), 4.10
/N oo, N oy = (2, W W) (20)

where W; is standard Brownian motion. It is well-known that Vo > 0, P(supgc;<g Wi < ) =
20(z) — 1.

Proof that liminf, Py(E}¢) > 1 —

0ol

For each n, fix an arbitrary v, € El; ok Since v, € El ox C Eg, we have that for every
signal carrier point z; € [—cm, em]:

Zi4l — Ziy Zi — Zi—1 = EZn 11001, (4.11)

For this proof, let y:= EZ and N(n) := pu?n=24%, Since m < n?5u+ 1, we have n?%%0 x N =
n25000 5 2240000 — ;21000 ~ 42 Hence, if E} s fails, then there must be at least one
k € {0,...,n?°%0 — 1} such that p(k + 1) — p(k) < N. Moreover, if B} ¢ fails, then for each
k€ {0,...,n?%0 — 1} it holds p(k) < m2. We formalize this observation. Let:

Eqa(k) :={p(k+1) = p(k) = N, p(k) <m?}

7n25000—1

Ea’4 =Nk Ea74(k‘). (412)

It holds
Efffg C E274. (4.13)
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By Proposition (4.1} for n big enough, Py (£ ¢) < %. Thus,

n25000—1

1
Pu(Ef%) < Pu(Ef N Byg) + Pu(B3%5) < o+ > Pu(Boa(b)NEjg).  (414)
k=0

We now bound Py (Eq4(k)).

Suppose Ej g holds. Then p(k) < m? implies that the signal carrier visited at time p(k)
is in [—cm, em]. By (4.11) this means that the closest signal carrier point is at least at distance
pun~ M1 Tet I; be I(p(k)). Then

inf{|t —s|: t€l,s eI} >pun 100 —21pl00 (4.15)
where j € {i — 1,7+ 1}. By (3.9), u2 > n?%%°, Then p > n'?50 > 2112902 implying
1001 _ 97,1000 > ), —11002 (4.16)
We consider the event
Baa(k)* N s € {p(k+1) = p(k) < N, S(p(k)) € [~em, em]}.

From (4.15) and (4.16) it follows that:

P(p(k +1) = p(k) <N, S(p(k)) € [—em, em]

Un) < Plplk+1) = p(k) < N|S(p(k)) € [~em, em], € = 1) <

P(sup |S(I)| > pn 11001 — 2Ln1000> < P(sup |S(1)| > pn~ 110021,
= I<N

Use the following maximal inequality:

—11002y K _11002 ' '
P(max |S(1)| > n )_3%%13(15(1); > &n ) (4.17)

By the Hoeffding inequality, for each [ < N:

2, —22004 2, —22004
Ko —11002 du~n dp~n
P(18()] > En=192) < exp(- ) < exp(-FE—
dn,24000—22004 A, 1996
< 2 ) = _
_exp( 9 ) exp( 9
Hence,
1996 dn 1996
P(Eqa(k)|) < exp(— )y P(Eqaltp) < n* exp(— 5
By (4.6), we get
P, (E") < 25000 30 — dn>%%
S (B) < 0¥ exp(3n — 2

The right side of the last inequality tends to 0 if n — oco. Relation (4.13) now finish the proof.
Proof that Py (E3g) — 1
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Let ¢ > 0 be an integer and define the stopping times 27(1),2¢(2), ... as follows:
vP(1) is the smallest time s > ¢ + e"" such that:

x(s —n?) =x(s —n*41)=--- = x(s) and 5g(5) < —A. (4.18)

Once 22(k) is well defined, define 2(k + 1) to be the smallest time s > 02(k) + ™ such that
(4.18) holds.

Let X)) be the Bernoulli variable which is equal to one if and only if

X7 (k) + M) = x (07 (k) + M + 1) = - = x (07 (k) + M +n?).
Finally define:
. 02
5% = 02 Xl?,k
k=
Let R
E3 (1) {5% < cr} .
Clearly,
m
ﬂ Eys(t) C Ejg, imlpying P(E3S Z (4.19)
te0,...,m2 t=0
where v is an arbitrary fixed scenery.
Note, for any fixed scenery 1, the random variables X7}, X, ... are clearly independent (but

not necessarily identically distributed). However, for each i, F (XtOzW) < ¢, — A, implying that

n0-2

Cr — noz ZEszW}

Recall A = 10054 We know that A > n~%, where /3 is an integer bigger than 11000. Thus, by
(4.8)

PES (W) = PO 2 alv) = P Z Xgi = o)

en0.2

1 .
< P(w Y (X2 — EXPy) > AWJ)S exp(—d A%
i=1
<exp(— (d'n_wenw)).
Now, use (4.6), (4.19) and (3.10) to get

Py(Eg%s) <m? exp(—d'n~2%e""” 4 3n) < exp(Tn — (d'n~2%e""")) — 0,

as n — OoQ.
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Proof that P (Egq) — 1

Let:
if x(t) =x(t+1)=---=x(t+n?)
Egs(t) = then Js € [t,t + n?] such that

S(s) is contained in a block of ¢ longer than n%3

We have that
Egg= ﬂ Eg 5(t)

te[0,m2]
and thus
m2
Py(Egs) < ) Py(Egs(t))-
t=0
Note:
Vs € [t,t +n?] the random walk S(s)
Egs(t) = is contained in a block of & with length at most n®-3°

and x(t) = x(t +1) = --- = x(t + n?)

Fix a scenery . Let I = Z/U B(3), where B(,,) is a block of 9 bigger than n°-3% and the union
is taken over all such blocks. Note I = UyI};, where I}, are disjoint intervals, at least n035 far
from each other. Thus, if S(t) € Iy, then S(t + s) ¢ I; for each [ # k and for each s = 1,...,n?%.

Hence
P(EYS(8)]) = ZP(S(t), o, S(t+n?) el and x(t) = - = x(t+n2)|S(t) = j>P(S(t) =)
jeI

SN P(S5(0), . S(2) € I and x(t) = -+ = x(t + 1) ) P(S(t) = j).

k jeli

By Lemma 2.1, there exists a constant a > 0 not depending on n such that, for each j,

P(Sj(O), ., 8Mm?) el and x(t) == x(t+ ng)) < exp(—zgj). (4.20)

Then,
P(EgS(t)) < exp(—an'?).

Thus, by (4.6):
Py(Ey%(t)) < exp (—an'® +3n) — 0

and by

1.3
m?exp(—an'? 4 3n) < 7T 0.

Proof that Py(E7 ) — 1

Preliminaries

Recall that the definitions of stopping times involved:
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a) 9.(k), k=0,1,... stands for consecutive visits of S to the point z — 2Le”0‘1, provided that
between 1, (k) and 9. (k + 1) at least once n? + 1 same colors have been generated on I;

b) v-(1) (v(i), i = 2,3,... ) is the first time after 9,(0), (after v,(k — 1) + €"") observing
n? 4+ 1 times the same color generated on I..

In Section (2.1 the stopping times ¥, (k), v, (i) as well as the random variables X ; were used to
define the random variables r,(k), X, (k) and Z.(k). The latter were used to define 62/. Then
we fix an arbitrary time ¢ and define the counterparts of all the above-mentioned stopping times
and random variables starting from ¢. In Section [4.1 we already defined the ¢-counterpart of
v,(i) and X, ;, namely v, (i), and X,;;, i = 1,2,.... Recall that in the definition of v, (1),
the starting point 9.(0) was replaced by t, the induction for v, (i) is the same as the one for
v,(4), i = 2,3,.... The Bernoulli random variables X ;; were defined exactly as X, ; with the
stopping times v, ;(i) instead of the v,(7)’s.

We define the t-counterpart of 9,(k), k =0,1,....
e Let 9,4(0) =t and let
0,4(k) == {mins >0, (k— 1) : S(s) = 2 — 2Le"™ ", Fj 1 5> 12,4(j) > Doy (k — 1)}
We use 9, ¢(k) to define the t-analogues of £, Z, and X,.
e More precisely, let £, .(0) = 0 and let . (k) be defined by the inequalities
Vat(Kzt(k)) < V.4(k) < vep(kze(k) +1).
The definition of Z,; and X ; is straightforward:

Kzt (k)

Xoak) = > Xeyi Zea(k) =rkoy(k) = kop(k—1), k=1,2,...
i=k(k—1)+1

Note that, if £ is fixed, then, for all ¢ > 0, the random variables & ;(1), X, (2), ... are indepen-
dent and the random variables X +(2), X, +(3),... are i.i.d. with the same distribution as X, (k).
The same holds for Z, (1), Z,.(2),.... Also note, that Z, (k) > 1, k=1,2,....

Hence, for all ¢t > 0,

SM — §M(¢) — E(X.:(2)[€) lim 25:1 X, (1)

E(Zz,t(2)|£) koo Z?:l Zz,t(l)

We are now going to show that for each &, t, z, the first e"”? observations of X 2t are enough
to estimate 627 (€) very precisely, i.e. 624 is close to 627,

Fix z,t,v and define:

Zyp=2Z,4(k), X=X (k), Xii=Xpp, FEX=FEXY), EZ=E2ZY), P()=P(l).
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Thus:
oM =

Let a = "e3"”" 7 and define:
Zi=2ZxNa, X =X.Na, EX*:=FEXN), EZ°:=FE(Z39Y).

Finally, define:

We consider the events:

X0 4 XD A n2
Bry={| 1+k+ L pat) < 2, Vke[ea ;1) and
Za‘ .. Z‘l A n0.2

Bro= {22 _pze < 2 whe [T e}

First step

First we show that:
E77a N E?,b N E77c C E?S(Z, t).

Let 7 be (random) number defined by the inequalities:
Zit A 5 <" < Ei 4+

Since Zp > 1, we have 7 < e Let k= Z1 4+ -+ Z;. Now,

0.2 _ 0.2 _ 0.2
M _ Yo X _ D1 Xk D iy X _ ke X+ T i Xi

zt — 0.2 7. 0.2 7. 3 202 1.
en k+ev™ —k %_i_e i—k
Denote
7 1 e 0-2
Ap=BX* - X)+ =) (Xi—EX")+- ) X,
LA ! i=k+1
1 o T
Appi=B(2" - ) + - Y (2i—-EZ%)+ - > z.
=1 i=k+1
Thus,
M FX + A[
2T BZ 4+ Arp

Suppose now, that E7, holds. Then, for each i =1,..., 6"0'2, we have Z; = Z¢, X; = X

(4.22) then follows that e"”” < a, i.e.
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_ 0.2 0.2 T . 0.2 - . ”0'2 0.2 -
When 7 =€, then e = — k = 0, otherwise ¢~ — k < Z;41 < a. Since Zf:Hl X; <" —k,
we get

2 0.2

A
<a’e™™ = exp(6n® —nl?) < 5 (4.24)

1=
>
A\
o)
VAN
< Q

provided n is big enough.
Hence, by (4.23) we have (recall that we assumed E7 )

_ _ 1n0-2
1< A 1< A ¢ 1< A
(1t o] < )= (30 s < 3} = Y (13w < 8-
k=1 k=1 jen? k=1
l 0.2
1 A "
5 {(72(9\65 - Bx)| < 20= ea , .,e”“}_ Erp
k=1
Similarly, .
1 (]
{‘jZ(xk _EBxY)| < 7} > Er.,
L=
Thus, by (4.24) on E7, N E7, N E7. we have
A A
|A7| < |[EXY — EX| +2§ =FEX - X% +2§
A A
|Arr| <|EZ*—EZ| — 2§ =FE(Z-2%+ 23.
Fix k =1,2,.... Denote by ng,ni,ne, ... integers that satisfy ng = 0, 2™ 41 >ng —Nj—1 >
62”0'1, Vi. Let Y}, 7 =0,1,... denote a Bernoulli random variable which is equal to 1 if and only

if between time v(¥J(k) + 1 + nj) and v(9(k) + 1 + njy1) the random walk does not visit the
point z* := 2z — 2Le"”". The random variables Y; are independent.

By definition, v(i + 1) — v(i) > €. Hence, v(d(k) + 1 + njt1) — v((k) + 1+ n;) > e’
At time v(9(k) + 1), the random walk is located on I, and, therefore, no more than 3¢™" from
z*. By (4.10), the probability to visit the point z* within time 3’ starting from the 3en”-
neighborhood of z* goes to 1 as n — oco. Hence, sup; P(Y; = 1) — 0. Let n be so big, that
P(Y;=1) <e™!, for all j. This means, for each

P(Z, >t )< P(Y;=1,j=0,...,7t7— 1) <exp(—"t7) < exp(—t), k=1,2,... (4.25)

Now,

E(Z-2%) = ZdP—aP(Z > a) = aP(Z > a)+/ P(Z > z)dx—aP(Z > a) :/ P(Z > x)dx.
{Z>a} (a,00) (a,00)

By (4.25)):



Thus, for n big enough:

0.1

E(Z - 2% <& exp(—e" ) <

| >

Since, X < Z, we get:

E(Xx —X%) :/( )P(X > x)dx < / P(Z > x)dx <

(a,00)

| >

Thus, on E7, N E7, N E7. we have:

|Ar], |Arr] < AL (4.26)
Recall that we have
LT EZ 4+ A
Hence, by (4.26):
ExX—-A ., EX+A
< 5 <
EZ+A "~ -~ EZ-A

By Taylor’s formula,

EX-A EX (EX+EZ
EZ+A EZ (EZ)2
Since 1 < EX < EZ, the latter means (for A small enough)

)A+0(A).

EX-4A EX (EX+EZ)A+0(A) < 2A 1 o(A) < 3A.

EZ+A EZ|I-\ (EZ)?
Similarly
EX+A EX
EZ—A Bzl <3
Now, 5% = M implying that

0.12

62 — M| <3A < e
Thus, (4.21) holds.

Second step
We now show that P(E% ), P(E7,) and P(EZ ) are of order o(exp(—n1000)),

Taking t = """ (4.25) yields:

0.1

P(Z, > a) < exp(— ), k=1,2,....

Thus:
0.1

P(E7,) < exp(n®?) exp(—e™ ) = exp(n®? — 6"0‘1) < exp(—nt00). (4.27)

e"’]. By (4.8

0.2

To estimate P(E7;) and P(E7.) we use the Hoeffding inequality. Fix [ € [e”a
we have:

l

(‘ Z ~BXY)

A

6) < exp( QZ(GA—‘S)Q).
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On the other hand, since &, k > 2 are i.i.d., we have:

!
1 1 2 . A
’7 N EXf - EXY| = S|EX — EX{| < T < 2a% "7 = 2exp(6n”! —n®?) < 2
l P l l 6
Thus,
l l
1 1 A Ao 0.2 A2
P(‘7 S xp-Bxe| > 7) < P(‘7 S (xp-Ex)| > E) < exp(—2l(%) ) < exp(—Ke" =
k=1 k=1
where K = %. Now,
L A2 1 0.2
e 2—3 = exp(n®? — —n%% —9n01) = exp(§n0 2 9n®y > exp(——)
a
and
1< a “ 0.2
P(‘jzét’k ~Exa| > ) < exp(—Ke"T)
k=1
Finally
0.2
: 1 ! A 0.2 TLO'Z 0.1
P(ES,) < Z P(‘fZX,?fEX“ > —) <e" Texp(—Ke 1) <exp(—e" ) < exp(—n').
7 jen®:2 Lo 3
(4.28)
The same bound holds for P(EY ).
Because of (4.21), (4.27) and (4.28) we get:
P(E%(c,t)) < 3exp(—nt®). (4.29)

The bound in (4.29) do not depend on the choice of z,t and 1. Note that on [—cm, cm] x [0, m?],
there are no more than (cm)? values of (z,t). Hence

P (E?,%') < Z:ze[—cm,cm],te[o,mz}13 (E?,CS(va) :

From (4.29) it follows
P (E7%) < (em)*3exp(—n'"). (4.30)

Recall that by (3.10): (cm)3 < c3e®". Hence, the right side of (4.30) is less than 3¢3 exp(6n —
n1990) . This is of order o(exp(—3n)). By (4.6), we therefore have:

Py(Erg) — 0.

Outline of the proof that Py(E{¢) — 1
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Note that in the previous proof the exact nature of X, ;, X, (k) as well as X, ;;, X, (k) was not
used. Hence, the proof holds, if they were replaced by U, ;, U.(k), x(v:+(i) + e”o'l) and

r(k)

Z X(vz(i) 4+ €”

r(k—1)+1

0.1

),

respectively. By (2.12) this proves that P¢(Egs) — 1.
Proof that Py (Ey ) — 1.

Fix ¥, € Ely ok

For each k =0,1,2,..., let 74(0) := p(k) and for each j = 1,2,..., let 74(j) be the smallest time
t>7(j — 1) +2e""" for which S(t) € I(p(k)).

Let Xj(j) be the Bernoulli random variable which is equal to one if and only if during time
[76(5), 7(5) + (n3°9° + n?)] we observe n? + 1 consecutive 0’s or 1’s. That is X;(j) = 1 if and
only if 3t € [14(5), 7k (4) + 1309 such that x(t) = x(t + 1) = -+ = x(t + n?).

Clearly, for each k, the random variables X (j), j =0,1,2,... are independent

At first we show that there exists a constant a > 0, not depending on n, such that for each k
and 7,
2
P(X,(j) =1) > nolnn = gmaln’n, (4.31)

Fix k =0,1,... and let I := I(p(k)). Let z be the signal carrier point such that Iz = I. Since
Z is a signal carrier point, then, by Corollary [2.2 and c) of Proposition 2.1, I contains at least
one big block of 1,. Let T' = [a,b] C I be that block. Now, let a < a* < b* < b be such that
a* —a,b* —a*,b—b* > |3ﬂ > %l—n" Let T* = [a*,b*]. Now,

P(Xk(j) = 1) = P(S(7,(j) +n**) € T*)P(x(t) = x(t + 1) = - = x(t +n?)|S(t) € T").

Now, by LCLT:

) 1 1 _

provided that n is big enough.

Let N = (2-)* (w.l.o.g we assume that this is an integer) and estimate:

Pix(t)=x(t+1) = =x(t+n?)|St) =5 €T*) > P(S;(i) €T, Vi=1,2,...,n%) >
. T L\ 1S;(1)] _ 1 S;(N) _ T* \ln’n
. <=1 g. = < =
P(( e 18,0)] < 55, S(V) € 77) P( max JN 3 UN em)
(4.32)

Note: |T*| > v/N. By (4.10):

15;(4)]
P S

~—

IN

1
— P(sup Wi < — Wy el)>~vy>0.
0>t<1 3o
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Thus, for n big enough there exists a < oo such that the right side of (4.32) is bigger than
(Lyln*n — p=eln with ¢ > 0. Hence, (4.31) holds with a = ¢ + 1.

a

Define the following events:

if p(k) <m?
E4(k) = { then during the time [p(k), p(k) + """ — en*"] k=0,1,...
S visits I(p(k)) more than e™"** times
and
E, = nNPE, (k).
Also define

n0-21
n25000

Ey(k) = { 3 Xu() = 6”0'2}, By == NP2 " By (k).
=0

0.3

Now, clearly, on E,(k) we have 75,(¢""™) < p(k) + ¢ — 2¢"*" . Thus EZ ¢ holds, if

Hence
E57S DE,NE, and Pi/J(Eg,S) < Pw(Eg) + Pd,(Eg)

We are now proving that Py (ES) — 0 and Py(Ef) — 0.

Proof that Py(E;) — 0
By (4.6) it is enough to show that:

P(Eglibn) = o(e™™"). (4.33)

Note that for big n, exp(n®? — n%2) < EX(j), Vj. Thus,
021
e

1 . _
exp(n®? — n%?) < Wexp(—no'm) Z E(Xk(j)) =:m.
=0

By the Hoeffding inequality we obtain that for a constant K > 0:

0.21 0.21
m e

1 _° ; 1 LM
P(E;(k)|¢n) = P(W Z Xi(j) < exp(n®? —n0'21)> < P(W Z Xn(j) < 5) -
e = e par
. n021 )
P Y (X00) — BX() < 5 ) < exp(—Kine™"™) < exp(—Ker* 20,
=0

Hence, . ,
P(Eg‘wn) < n25000 exp(—Ke" “t—2aln n) _ 0(6_3n).
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Proof that Py(E;) — 0

This proof is a little tricky because unlike the other proofs we have that P(E,|,) is much bigger
than P(S(m?) = m).

Let L = n'0090 and consider the event:

2 —3L —L _L m m

Cz{S(m (1-n ))G[m(l—n ),m(l+n )}:[m—ﬁ,m—i—ﬁ]}.

Here and in the rest of the proof we assume (without loss of generality) that all ratios and
exponents are integers. Also define

E.(k) = {p(k) ¢ [m?(1 — n_3L),m2]} , k=0,1,..., FE.:=U2ME. (k).

The event E. means that no stopping time p(k) occurs in the time-interval [m?(1 — n=3%), m?]

the event E, N E, satisfies

i

B B = 5 = R ),
where
if p(k) <m*(1—n"")
Ef(k) ={ then during the time [p(k), p(k) + ™" — em
S visits I(p(k)) more than " times

0‘1]

We show that the probability P(E,|ET g,n), can be very well approximated by the probability
P(E}|C,vy) and the latter goes to 0 when n — oco. We proceed in three steps.

1) At first note: since
C°N Erg = {S(m*(1 —n~*")) & [m(1 —n*),m(1 +n")], S(m®) = m},
we get, by the Hoeffdig inequality

P(CN Eq s¢n) =P(C°N EYs) = P(E7 s|C)P(C°) < P(E7 5|C°)
m? m _an,
:P<‘S<ngL>‘ > n—L) < exp(—dnt) = o(n™®").

The latter implies
Py(C°) = o(1). (4.34)

2) Second, use the inequalities:
P(E;NETsNClyn) < P(E;NEY s NClYn) < P(ER N ET g NCln) + P(EZ N EY g[tbn).

Since 1 € EZ, it has no signal carrier points in [m — EZn =110l Hence, ES N El' s can hold

only, if during time interval [m?(1 — n=3L), m?] the random walk covers a distance of at least
EZn~11001 _ [p1000 - Thys,

P(ESNE} glihy) < P( max [S(1)] > Ezn—HOOl—anOO) < P( max [S(1)] >

m 1000
2 008~ Ln '

— m — m
I=1,., 37 I=1,.., 37
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Now use the maximal inequality (4.17) together with the Hoeffding inequality to estimate

m 1000 17m
P( max ) |S(l)| Z W — LTL ) S max ) 3P<’S(l)‘ Z §n12000>

— m — m
lflv---vnﬁ lfl,...,ﬁ

< 3exp(—dn3L_12000) — 0(6_3n).
This implies:
P(EGNCNET gl¢n) — P(EGENCNEY g, [¢n)

= Py(EENC) — Py(E°NC) = o(1). (4.35)

3) Finally, note that:
P(ES N EL g NCln) = PEE N Clpn) P(ET 5| B, N Co o) = PE N Clipn) P(EY 5|C, n).
On the other hand,
P(EY sln) = P(EY s 0 Clin) = P(EY 5|C, ) P(Clibn).
Hence,

P(EZCHE?SQCWH) P(E;CHCWn)P(E?S]C,@/Jn)
P, (E*“NC) = 2 2 :PE*CC, n). (4.36
v NC) PEr i) = P(EyglC, ) P(Clun) (E"|C, ¥n)- (4.36)

By CLT, P(Clin) = P(S (m*(1 —n73L) € [Im— 2, m+ 2]) is of order T%K for some big K > 0.
We estimate the probability P(E}|y,).
To do this, fix k and let 11,75, ... denote the waiting times of .S between visits of the point

1
S(p(k)) (when we start at the time p(k)). Although ET; = oo, it is known that ET? =: K’ < oo
(see, e.g. [LMMO4]). The number K’, does not depend on n. Thus, by the Markov inequality
we have

n0-22

e e 1 .
P <P(Y 1> et o) = p<( > )s (e - >)

=1 =1

nOA22

e
1 0.3 0.1y 1 e K’ 0.25
SP(ZT;”>(€” —e" )3)§—§€7n .
i=1

25

Thus, P(EE,) < n23000g—n® —K)

implying that

P(ES|C, ) < DEalvn) _ g (437)

P(Cl¢n)

=o(n

To complete the proof, use (4.34), (4.35), (4.37), (4.37) to get

Py(Eg5) < Py(E;NC) + Py(C% = Py(E;*NC) + Py(EgNC) — P(E;*NC) +o(1)
< P(ELFIC, ) + 0(1) = o(1).
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5 Combinatorics of g and g

In this section we show: if all scenery dependent events and random walk dependent events hold,
then our estimates 5%/[ and h; are precise. This means, we can observe our signals and, just like
in our 3-color example, we can estimate the g-function.

Let us first give the definition of the g-function in the 2-colors case.

5.1 Definition of g
In this subsection we give a formal definition of the function

g1 {0, 1} {0, 1)+,

The function g depends on n. When n is fixed, we choose m = "n?3EZ", where the random
variable Z is the location of the first Markov signal point after 2Ln'%% in ¢&. We consider the
signal carrier points z1, Zo, . .., in [0,m]. Define the following subset of {0, 1}™*1:

0. 0.1

E* = {y € {0, 1™ 51 (¢) > L(e"™ +n1%), 2,0 <m— L™ +nl0%)}.

Here, z;(¢) = oo, if the piece of scenery 1 has less than i signal carrier points.

Clearly E%) o C E*. If ¢ € E*, then for each Z;(1)) we define the vector of the frequency of
ones h(i),i=1,...,n%2 + 1. Recall from that:

h(i) = h(z:(¥)) = P()(U + S(e™")) = 1),

where U is a random variable with distribution pu(z;).
Now, if ¢ € E*, let:
1  if h(i) > 0.5
gi() =<0 Lif h(i) < 0.5 (5.1)
zi(v) otherwise.
When ¢ ¢ E*, define
gi(¥) =v(i), i=2,3,...,n°>+2. (5.2)

Definition 5.1. g(¢) = (91(¢), ..., g,211(¥)), where g;(¢) is (5.1), if v € E* and g;(¢) is
(5.2), if U & E*.

Definition [5.1] ensures that g(1) depends only on &%, and that (g1(§),...,g,2.1(£)) is an i.i.d.
random vector, with the components being Bernoulli random variables with parameter %

5.2 Definition of g

Next, we formalize the construction of the §-function. The function § : {0,1}™*! — {0,1}"
aims to estimate the (non-observable) function g. The argument of g is the vector of observations
X6”2 := (x(0),...,x(m?)), and the estimate is given up to the first or last bit. In other words,
g aims to achieve g(xm2) C g(&[[0,m]).
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The algorithm for computing § has 5 phases and it differs from the g-reconstruction algorithm
for the 3-color case (Subsection by the first step, only. The rest of the construction is the
same.

1. For all T = [t,t + "*3] C [0,m?] compute the estimate of the Markov signal probability
5%/[ Select all intervals 17 = [t1,t1 + 6”0'3],T2 = [to,to + 6”0'3], o T = [tg,tig + 6"0'3],
t1 < ta < --- < tg, where the estimated Markov signal probability are higher than c,.
Here K stands for the number of such intervals.

2. For all selected intervals, estimate the frequency of ones. Obtain the estimates ﬁTl, e BTK,
i=1,..., K.
3. Define clusters:

. . R R 1 N »
Ci:=={hr; : |hr; — hp| < 2exp(—n"?)}, fi = ICi| Z hr,, 1=1,..., K.
tjec

4. Apply the real scenery construction algorithm AR (see Subsection [1.6.3) to the vector
(f1,--., fx). Denote the output, AX(f1,..., fx), by

(f1,-- s fn2)- (5.3)

If the number of different reals in (f1, ..., fx) is less than n? (e.g. K < n?), then complete
the vector arbitrarily.

5. Define the final output of § as follows

2

g™ ) = Tos,1(f1)s -5 Los)(fr2))-

5.3 Main proof

Next, we prove the main result: when all previously stated events hold, then the g-algorithm
works, i.e. Q(X6"2) C g(&).

Recall £ ox = N?_,E". Similarly define the intersection of the random walk dependent
events: B¢ := ﬁ?zlEZS. Finally, let Ey_yorks be the event that g works, i.e.:

Eg—works := {@(XgLQ) - 9(56”)}- (5.4)

At first we show that step 1 in the definition of § works properly, i.e. a time interval T is selected
(i.e. oM > ¢,) only if during the time 7' the random walk is close to a unique signal carrier
point Z. The closeness is defined in the following sense: we say that during time period 7', the
random walk S is close to z, if there exists s € T such that S(s) € L.

Proposition 5.1. Suppose El., ok N ES holds. Let T = [t,t + 6”0'3] C [0,m]. If during T, the

{$]
random walk is close to a signal point z, and ﬁt(enw) <t+4en’ = e”o'l, then 5:,]‘51 = 5% and

hT - hz,t'
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Proof. Since { and S are independent, we fix { = 9 € £, jx and show that the claim of the
proposition holds.

Let S be close to the signal point z. By E3 N EZ N EY, the point z has empty neighborhood and
empty borders. Hence, in the area

([z — L(n%% + 6”03), 2+ L(n0% + 6”0‘3)] — [z = LM, z + LM]) N [-cm, cm)

there are no blocks that are bigger than n®35. Recall that M = n!9% — 2p2. Since 2n0% <
n%4 < n? this means: all blocks with length at least n%* must lay inside the interval [z —
L(n'%%9 —n2) 2z + L(n'0% — n?2)]. In particular, this implies - if, during the time 7" the random
walk S visits a block bigger than n®4, then during the n? step before and after that visit, it
must stay in the interval I,. Formally: if 3s € T': S(s) € B, then

S(s—n?),S(s —n?+1),...,8(s +n?—1),S(s +n?) € L. (5.5)

Here B stands for a block of ¢ with length at least n®.

We now take advantage of the event Eg s the random walk cannot generate n? 4+ 1 times the
same color, if it does not visit a block bigger than n®4. By this means that all n? + 1 same
colors must be generated on I,. Hence, inside the time interval T', the stopping times (i) are
equal to the stopping times v, ;(i). Similarly, X;; = X, +;, provided 24(i) + n'%0 <t 47",

By assumption, there are at least en”? stopping times () in [¢,t + en’? e”o'l] These stopping
times are then equal to v,;(i). Similarly, X;; = X.;;, ¢ = 1,...,e" . The latter means
that the observable estimates 5%/[ and iLT equals the non-observable estimates S% and iLZ7t,
respectively. O

Corollary 5.1. Suppose E7) o N E% holds. Let T = [t,t + e"’] ¢ [0,m]. If during T the

(S3
random walk is close to a signal point z, then 5:]}4 > 0 wmplies that hr = h.; and (5%/[ = 5% .

Proof. By definition, 5%/[ > 0 if in the time interval [t,¢ + en®? — e"o'l] there are at least ™
stopping times (7). Now Proposition (5.1 applies. O

Lemma 5.1. Suppose El) o N E¢ holds. Let T = [t,t + e"*]  [0,m] be such that M > ¢,
Then there exists an unique signal carrier point zZ € [—cm, cm] such that S is close to zZ during
T and 6} = 5%.

Proof. Fix { = ¢ € El. 5k- Note that, since EJ holds, all signal points in [—cm, cm] have
empty neighborhood. Together with d) of Proposition [2.1 this means that all signal points
in [—em, cm] are in clusters with diameter less than 2Ln1%%°. The distance between any two
clusters, i.e. the distance between closest signal points in these clusters, is bigger than en’?.
Moreover, by Eg N Ey, all signal points have empty borders.

If £ ¢ holds, then during time [0, m?], our random walk stays in [—cm, cm]. Together with the
clustering structure of the signal points, this means: if during the time interval T C [0, m?] of
length e""” the random walk S is close to some signal points, then they all belong to the same
cluster. Hence, during T', S can be close to at most one signal carrier point (recall, every cluster
has one representant, the signal carrier point). We have to show that if 5%/" > ¢r, then there
exists at least one signal carrier point z such that, (during 7') S is close to Zz.

During 7', the random walk S has 3 options :
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e S is not close to any signal point
e S is close to the signal points that are not Markov signal points

e S is close to a Markov signal point.

If S is not close to any signal point, then by E3 g, SZ,M < ¢,. This excludes the first possibility.
Hence, 5M > ¢, cannot happen, if during 7', S is not close to any signal point.

Suppose now that there exists a signal point z such that (durlng T) S is close to z. By assumption
we have 6 > ¢, > 0. By Corollary [5.1] we have that 5%/[ = 5 . Now we reap benefit from the

. 0.12
" (recall,

events B and EF 5. The event EZ ensures that z is regular, i.e. |62 —¢,| > A > e
A is polynomially small). On the other hand, the event E7 g ensures |5¥[ — oM = |5% —6M) <

exp(—n’12). Thus on EZ N E7 ¢ we have:
M > ¢, ifand only if &M > ¢, — A, (5.6)

Suppose that we have the second possibility — S is close to some signal points, but not close
to any Markov signal points. Then z is not a Markov signal point. Hence, (5.6) ensures that
SYM < ¢r. This contradicts our assumption that 3%/[ > ¢,. Hence, z must be a Markov signal
point and our third option holds.

Thus Sé‘f] > ¢, implies that during T, the random walk S is close to a Markov signal point.
By clustering structure we know that S is close to a cluster of signal points with at least one
Markov signal points. In Subsection[3.4 we argued that such a cluster serves as the signal carrier.
However, to complete the proof we must show that, during 7', S is also close to the corresponding
signal carrier point, say Z.

The points z and z belong to the same cluster, i.e. |z — z| < 2Ln'%°. Consider the interval
J, = [z — L(exp(n®?), z + L(exp(n®?)] N [~cm, cm).

This is the region, where the random walk S stays during time 7. We know that the intervals
I, and Iz both have empty neighborhood and empty borders. Thus all blocks of v|J, that are
longer than n%% must lie in I, N I; (by ¢ of Proposition [2.1] in I, N I there is at least one
big block of ). Argue as in the proof of Proposition because of Eg 5, to generate n?+1

consecutive 0’s or 1’s, S must visit a block with length at least n%4. To have 57]‘51 > 0, during T,
S must have at least e””” such visits. All those blocks are in I » NIz C Iz. Thus, when (5%/[ > 0,

then during T, S visits Z at least ¢""” times. This means that during T, S is close to z. By
Corollary 5.1, we get 624 = 6%. O

Theorem 5.2. If E7y i and E§ both hold, then, for n big enough, g works. In other words,
E?elLOK NEg C Eg—works- (57)
Proof. Suppose El; ox N E¢ hold. Fix § =1 € E), 5 and let

g(d}) = (gl(¢)7 s 7gn2+1(¢))'
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We have to show: if £ holds, then given the observations XB”Z, the function

a0a) = (0.5,1)(f1), -+ Ljo.5,1) (fn2))

is equal to g(¢) up to the first or last bit.
Let X6”2 be the observations. Apply the g-construction algorithm.

1) At the first step we pick the intervals 71 = [t1,t1 + 6”0‘1], oo trytr + e"o'l] such that for
each j, 6% > ¢,, j = 1,..., K. By Lemma 5.1 we know that each interval T; corresponds to

exactly one signal carrier point, say Zq(;).
Let us investigate the mapping 7 : {1,..., K} — Z, where 7(j) is the index of the signal carrier
corresponding to the interval T;. We now show that 7 posses the properties A1), A2), A3) that
are familiar from the Subsection [1.6.3

A1) (1) € {0,1}
A2) m(K)>n?+1
A3) 7 is skip-free, i.e. Vj, |7(j) £7(5)] < 1.

All these properties hold because of EJ ¢ N EY ¢. Indeed, during the time interval [0,m?] the
random walk starts at 0 and, according to the event E{L g, ends at m. Let z;..., 7z, denote all
signal carrier points of v in [0, m]. By ET, u > n?. The maximal length of a jump of S is L and,
therefore, on its way, S visits all intervals Iz,, ... Iz, . Recall that the stopping times p(k) denote
the first visits of the new interval (the first visit of the next interval, not necessarily new for the
past). By E} ¢ N Ef'g, for each k such that p(k) < m? we have: there is at least "~ stopping

times 7, (7) in T := [p(k), p(k) + e"® — en™]. Let z be the signal carrier point such that
S(p(k)) € I. Thus the assumptions of Proposition 5.1 hold and 6 = S% Moreover, by (5.6)
we have that 3%/[ > ¢y, i.e. the interval T' will be selected in the first step of the g-reconstruction.

To summarize: the random walk starts at 0, by convention the first signal carrier point in [0, co)
is z1, the biggest signal carrier point in (—o0,0] is Zp. From Lemma 5.1/ we know - during 77,
S must be close to a signal carrier point. On the other hand [p(0), p(0) + ™ ] is the first time
interval, during which S is close to a signal carrier point. We know that this interval will be
selected. Hence 7(1) € {0,1}.

On its way S visits all signal carrier interval I3, ... Iz, . Right after the first visit of a new signal
.3

carrier, p(k), the random walk produces an interval T = [p(k), p(k) + €™ "] that will be selected.
Together with Lemma (5.1 the latter yields that = is skip-free.

Recall that z, is the last signal carrier point in [0,m]. Thus, the last signal carrier interval S
visits during [0,m?] is Z, or Z,+1. By EP we know that z, lays in [0,m — Le™’]. Hence, if
S(p(k)) € Iz,, then [p(k), p(k) + 6"0'3] will be selected. We get that the last selected interval
corresponds to the signal carrier that is at least Z,2 . Thus 7(K) > n? + 1.

Let my := min{n(j) : j=1,..., K}, 7" :=max{n(j) : 7 = 1,..., K}. We just saw that 7, <1,
7* >n? + 1 and 7 is a skip-free random walk on {7, m, +1,...,7*}.

The rest of the algorithm was already explained in Subsection [1.6.3. However, in the following
we give a bit more formal explanation.
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2) At the second step we calculate ﬁTl, een iLTK. By Lemma 5.1, we know that, for each j =
1,...,K
hr. =h

i Zr(g)tit
3) Since Eg g holds, we know that, for each j =1,..., K,
’;LTJ- - h(£7r(j))| = |ilz7r(].),tj — h(EW(J)” < eXp(—nO'lz)'

This means: if 7(i) = 7(j) then |iLT¢ _ ]}Tj’ < 2exp(—n®12).
On the other hand, by E% we know that (1) # w(j) implies

1(zn(5)) — h(Zr()| 2 exp(=n’1). (5:8)

We assume n to be big enough to satisfy exp(—n%12) < 5exp(—n®1). Hence 7(i) # m(j) implies
that |hr, — hry| > 2 exp(—n%12). Thus, if Eg s N EY, then for each 4,7 = 1,..., k we have

h; € C; if and only if 7(i) = m(j). (5.9)

Hence the clusters C; and Cj are either identical or disjoint; C; = Cj if and only if 7(j) = 7 (4).
The same, obviously, holds for the averages:

fj = fl if and only if 7(i) = 7(j).

Let for each i = {m., . +1,..., 7}, f(Z) = f;, if 7(j) = i. Hence, f(%) is the estimate of h(Z;)
and X R

fj:f(fﬂ(j)), ij=1....K.
Hence, j — fj can be considered as the observations of the skip-free random walk 7 on the

different reals {f(zx.), f(Zroa1), ... f(Ze)}.

4) The real scenery construction algorithm AR is now able to reconstruct the numbers
f(#1),.-., f(zy241) up to the first or last number. Thus

(flv'”van) :AR(fla‘-'afK) C (f(gl)v'”vf(zn?—&-l))‘
5) By E}, we have that |h(2;) — 0.5 < exp(—n®!). >From (5.8) and (5.9), it follows:
|fi = h(zr))| < exp(—n12).

The latter implies:

A~

f(zi) > 0.5 if and only if h(z;) > 0.5.
Hence , for each i = 1,...,n% + 1, we have that 1[0,571](f(2i)) = Ijp.5,1)(h(Zi)). Thus:

a0 = (1[0.5,1](f1)7 ~ ‘-1[0.5,1](f3)> C (1[0.5,1](h(51))= : --1[0.5,1](h(2n2+1))) =g().
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Proof of Theorem [1.1] Fix ¢ > 0 such that Proposition [4.1 holds for ¢ = %. Use this
particular ¢ to define all scenery dependent events as well as all random walk-dependent vents.

The intersection of all scenery-dependent events is E) . In Section (3.2, we proved that
P(E”, o) — 1. Hence 1) holds.

Now consider the event EG. Use Theorem [5.2 to find the integer N; < oo such that for each
n > Ny, (5.4) hold. Then, for each n > Ny, ¥, € E; o we have

P(g0") T g(&M)]S(m?) = m, & = 9,) > P(EZS(m?) = m, & = ,) = Py(ER).

In Section [4.3, we proved that liminf, Py(Eg) > 1 — %. Let Ny be so big that Py(E,) >
Vn > Nj. Take N := Ny V Ny. With such N, 2) holds.
Finally, the statement 3) follows from the definition of ¢ in Section 5.1.

3
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