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Abstract

In this paper we study the limiting behavior of sums of extreme values of long range depen-
dent sequences defined as functionals of linear processes with finite variance. If the number
of extremes in a sum is large enough, we obtain asymptotic normality, however, the scaling
factor is relatively bigger than in the i.i.d case, meaning that the maximal terms have rel-
atively smaller contribution to the whole sum. Also, it is possible for a particular choice of
a model, that the scaling need not to depend on the tail index of the underlying marginal
distribution, as it is well-known to be so in the i.i.d. situation. Furthermore, subordination
may change the asymptotic properties of sums of extremes .
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1 Introduction

Let {€;, —00 < i < 0o} be a centered sequence of i.i.d. random variables. Consider the class of
stationary linear processes

00
Xl' = chfz‘—k, ) Z 1. (1)
k=0

We assume that the sequence ¢k, k > 0, is regularly varying with index —3, § € (1/2,1). This
means that ¢, ~ k™%Lo(k) as k — 0o, where Lg is slowly varying at infinity. We shall refer to
all such models as long range dependent (LRD) linear processes. In particular, if the variance
of €; exists (which is assumed throughout the whole paper), then the covariances py := EX( X
decay at the hyperbolic rate, py = k~23~VL(k), where limy .o, L(k)/L3(k) = B(28 — 1,1 — 3)
and B(-,-) is the beta-function. Consequently, the covariances are not summable (cf. [11]).

Assume that X; has a continuous distribution function F. For y € (0,1) define
Q(y) = inf{x : F(x) > y} = inf{x : F(x) = y}, the corresponding quantile function,
which is assumed to be differentiable. Given the ordered sample Xi.,, < -+ < X,.,, of

X1,..., Xn, let Fy(z) =n~' 37 1ix,<s) be the empirical distribution function and Q,(-) be
the corresponding left-continuous sample quantile function, i.e. Qn(y) = X.,, for % <y < %
Define U; = F(X;) and E,(z) =n"1 >0, L{y,<a}, the associated uniform empirical distribution
function. Denote by U, (+) the corresponding uniform sample quantile function.

Assume that Fe? < co. Let 7 be a positive integer and define
n T
Yn,r = Z Z H Cjs€i—jg» n>1,
=1 1<j1 < <jpr <00 s=1
so that Y, 0 =n, and Y, 1 = > | X;. If p< (26 —1)7', then
U?up i= Var(Yy,p) ~ ng_p(%_l)L(Q)p(n)- (2)

Define now the general empirical, the uniform empirical, the general quantile and the uniform
quantile processes respectively as follows:

Bu(x) = oy in(Fa(2) = F(z)),  z€R,

an(y) = o 1n(Ealy) —y),  y€(0,1),
Qn(y) = O';&TZ(Q(y) - Qn(y))v Yy € (07 1)7

un(y) = opin(y — Un(y)),  y€(0,1).

The aim of this paper is to study the asymptotic behavior of trimmed sums based on the ordered
sample Xj., <--- < X, coming from the long range dependent sequence defined by (1).

Let T,,(m, k) = Z?;fl +1 Xj:n and note that (see below for a convention concerning integrals)
1-k/n

T,(m.k) =n / Qu(y)dy. (3)

m/n
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Ho and Hsing observed in [13] that, under appropriate conditions on F', as n — oo,

n
w(y) +o,1 Y X

i=1

sup =op(1), (4)

Y€[yo,y1]

where 0 < yp < y1 < 1. Equation means that, in principle, the quantile process can be
approximated by partial sums, independently of y. This observation, together with (3)), yields
the asymptotic normality of the trimmed sums in case of heavy trimming m = m, = [01n],
k =k, = [02n], where 0 < §; < d2 < 1 and [] is the integer part (see [13, Corollary 5.2] and
[25]). This agrees with the i.i.d. situation (see [23]).

However, the representation (3) requires some additional assumptions on F. In order to
avoid them, we may study asymptotics for the trimmed sums via the integrals of the form
[ an(y)dQ(y). This approach was initiated in two beautiful papers by M. Csorgd, S. Csorgd,
Horvéath and Mason, [2], [3]. Then, S. Csorgd, Haeusler, Horvath and Mason took this route to
provide the full description of the weak asymptotic behavior of the trimmed sums in the i.i.d.
case. The list of the papers written by these authors on this particular topic is just about as
long as this introduction. Therefore we refer to [7] for an extensive up-to-date discussion and a
survey of results.

For the i.i.d. random variables the above mentioned authors approximated the uniform
empirical process by an appropriately constructed Brownian bridge By(-) and then concluded
asymptotic results for the integrals via those for [ By(y)dQ(y). In the LRD case, we will use
the reduction principle for empirical processes as studied in [11], [13], [15] or [24] (see Lemma
10 below). We can then use an approach that is similar to that of the above mentioned authors
to establish asymptotic normality in case of moderate and heavy trimming with the scaling
factor 0;&, which is the same as for the whole partial sum. So, in this context the situation is
similar to the i.i.d. case and for details we refer the reader to [16].

The most interesting phenomena, however, occur when one deals with the k,-extreme sums,
D ien—tn 41 Xjm- H F(0)=0and 1 — F(z) =27 a > 2, then in the i.i.d situation we have

n
d
an, Z Xj:n —cp — 2,
j:n_k‘n"rl

where the scaling factor is a, = (nk,;l)l/%l/a n~1/2, ¢, is a centering sequence and Z is a
standard normal random variable (see [9]). In the LRD case we still obtain asymptotic normality.
However, although the Ho and Hsing result (4) does not say anything about the behavior of the
quantile process in the neighborhood of 0 and 1, the somewhat imprecise statement that the
quantile process can be approximated by partial sums, independently of y suggests that

e a required scaling factor would not depend on the tail index a.
Indeed, we will show in Theorem [T that, under some conditions on k,, the appropriate scaling

incase 1 — F(z) =27 1is (nk;l)a;j. Removing the scaling for the whole sums (n~1/2 and cr;’l1
in the i.i.d. and LRD cases, respectively), we also see that
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e the scaling in the LRD situation is greater, meaning that the k,-extreme sums contribute
relatively less to the whole sum compared to the i.i.d situation. This also is quite intuitive.
Since the dependence is very strong, it is very unlikely that we have few big observations,
which is a typical case in the i.i.d. situation. Rather, if we have one big value, we have a
lot of them.

One may ask, whether such phenomena are typical for all LRD sequences. Not likely. Define Y; =
G(X;), i > 1, with some real-valued measurable function G. In particular, taking G = Fy 'F we
may obtain a LRD sequence with the arbitrary marginal distribution function Fy. Assume for
a while that F', the distribution of X7, is standard normal and that ¢,(-) is the quantile process
associated with the sequence {Y;,i > 1}. Following [6] we observed in [4, Section 2.2] and [5]
that ¢,(-) is, up to a constant, approximated by qb(<I>_1(y))/fy(Z*";l(y))a;l1 S, X;. Here, fy
is the density of Fy and ¢, ® are the standard normal density and distribution, respectively. In
the non-subordinated case, ¥; = X;, the factor ¢(®~1(y))/ fy (Fy ' (y)) disappears. Nevertheless,
from this discussion it should be clear that the limiting behavior of the extreme sums in the
subordinated case Y; = G(X;) is different, namely (see Theorem 1)

e the scaling depends on the marginal distributions of both X; and Y;.

In particular, if the distribution F' of X7 belongs to the maximal domain of attraction of the
Fréchet distribution ®,, then though the distribution Fy of Y7 belongs to the maximal domain of
attraction of the Gumbel distribution, the scaling factor depends on «. This cannot happen in the
i.i.d. situation and, intuitively, it means that in the subordinated case the long range dependent
sequence {X;,i > 1} also contributes information to the asymptotic behavior of extreme sums.

Moreover, we may have two LRD sequences {X;,i > 1}, {Y;,7 > 1}, the first one as in (1),
the second one defined by Y; = G(X/) with a sequence {X/,7 > 1} defined as in (1), with the
same covariance, with the same marginals, but different behavior (i.e., the different scaling) of

extremal terms.

It should be pointed out that the above mentioned phenomena for extremal sums of LRD
sequences are valid if the number of extremes, k,, is big enough. In Theorem |1 we have
assumed, in particular, that k, = [ng], & > (. A natural question arises, what happens if £ < .
To answer this partially, we assume that {€;, —0o < i < oo} is an i.i.d. sequence of standard
normal random variables. We observe that if k,, = [ng], & < 283 — 1, the sums of extremes grow
at the same rate as in the corresponding i.i.d. case. However, we are not able to prove the
asymptotic normality. We refer to Remark (4] for further discussion.

Of course, it would be desirable to obtain some information about limiting behavior not only of
extreme sums, but for sample maxima as well. It should be pointed out that our method is not
appropriate. This is still an open problem to derive limiting behavior of maxima in the model
(1). A Gaussian case is covered in [17, Chapter 4]. In a different setting, the case of stationary
stable processes generated by conservative flow, the problem is treated in [21].

We will use the following convention concerning integrals. If —oo < a < b < oo and h, g are
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left-continuous and right-continuous functions, respectively, then

b b
/ gdh :/ gdh and / hdg :/ hdg,
a [a,b) a (a,b]

whenever these integrals make sense as Lebesgue-Stjeltjes integrals. The integration by parts
formula yields

b b
/ gdh —i—/ hdg = h(b)g(b) — h(a)g(a).

We shall write g € RV, (g € SV) if g is regularly varying at infinity with index « (slowly varying
at infinity).

In what follows C' will denote a generic constant which may be different at each of its appearances.
Also, for any sequences a, and b,, we write a, ~ b, if lim,_, a,/b, = 1. Further, let ¢(n)
be a slowly varying function, possibly different at each place it appears. On the other hand,
L(-), Lo(-), L1(+), Li(-), etc., are slowly varying functions of fixed form wherever they appear.
Moreover, g) denotes the kth order derivative of a function g and Z is a standard normal
random variable. For any stationary sequence {V;,i > 1}, we will denote by V the random
variable with the same distribution as Vj.

2 Statement of results

Let Fi be the marginal distribution function of the centered i.i.d. sequence {¢;, —00 < i < 00}.
Also, for a given integer p, the derivatives Fe(l), .. .,Fe(p+3) of F, are assumed to be bounded
and integrable. Note that these properties are inherited by the distribution function F' of X3
as well (cf. [13] or [24]). Furthermore, assume that Ee] < co. These conditions are needed to

establish the reduction principle for the empirical process and will be assumed throughout the
paper.

To study sums of k,, largest observations, we shall consider the following forms of F. For the
statements below concerning regular variation and domain of attractions we refer to [10, Chapter
3], [12] or [14].

The first assumption is that the distribution F' satisfies the following Von-Mises condition:
=a>0. (5)
Using notation from [10], the condition (5) will be referred as X € M DA(®,,), since (5) implies

that X belongs to the maximal domain of attraction of the Fréchet distribution with index a.
Then

Q(l - y) = y_l/aL1<y_1)7 asy — 0, (6)
and the density-quantile function fQ(y) = f(Q(y)) satisfies
FQL—y) =y La(y™), asy—0, (7)

where Lo(u) = a(L1(u))™t.
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The second type of assumption is that F' belongs to the maximal domain of attraction of the
double exponential Gumbel distribution, written as X € MDA(A). Then the corresponding
Von-Mises condition implies

1
g Q00 12, (1 =0/ Qe .
y—0 Y

~1
Thus, with Lz(y~!) = <y*1 fll_y(l - u)/fQ(u)du) one has
fQ(L —y) =yLs(y™),
and L is slowly varying at infinity.

We note in passing that the conditions on f can be expressed (in certain cases) in terms of
those for f. (see Remark|9).

To study the effect of subordination, we will consider the corresponding assumptions on Fy and
Qy = F;l, referred to later as Y € MDA(®,,) and Y € MDA(A), respectively:

Qv(1—y) =y VLi(y™) and fyQy(1 —y) =y T/ L5(y™"), asy — 0, (9)
with Li(u) = ag(L}(u))~!, and
Qv (1—y) =yLi(y™),
where L3 is defined in the corresponding way as Lg.

Recall that Qn(y) = inf{z : Fo(2) > y} = Xpen if B2 <y < E. Let Tp(m, k) = Y00 1 Vi
and

1-k/n
ta(m, k) = 1 / Qv (4)dy.

m/n

The main result of this paper is the following theorem.

Theorem 1. Let G(x) = Qy (F(x)). Let k, = [n%], where & € (0,1) is such that

%, if X € MDA(®,), Y € MDA(®o,), (%)
> f%/g, if X € MDA(®,), Y € MDA(A), (%)

ey if X € MDA(A), Y € MDA(®y,), (+*%)

0, if X € MDA(A), Y € MDA(A), (s x *x).

Assume that EY < oo. Let p be the smallest positive integer such that (p+1)(28 —1) > 1 and
assume that forr=1,...,p,

! L FOQ(y)
(T) = —_— o0,
/1/2F (Qy))dQy (y) /1/2 o < (10)
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Let

(ﬁ 1+1/a—1/a0 Loy (ﬁ) , if X € MDA(®,),Y € MDA(®,,),
. (lg)j*i/“ L (). if X € MDA(®,),Y € MDA(A),
N (#), i X e MDAM),Y € MDA(®,,),
| () L (I%) , if X € MDA(MA),Y € MDA(A).

where Loy, Lao, Log, Loy are slowly varying functions to be specified later on. Then

n 1
Aot Vo / Qvy)dy | & 2.

j=n—kn+1 L=kn/n

The corresponding cases concerning assumptions on X and Y will be referred as Case 1, Case
2, Case 3 and Case 4.

In the non-subordinated case we have the following result.

Corollary 2. Under the conditions of Theorem|1], if either X € MDA(®,) or X € MDA(A),

then
n 1
n _ d
(ot X Kw-n[ w2z

j=n—kn+1 L=kn/n

In the subordinated case we have chosen to work with G = QyF to illustrate phenomena
rather then deal with technicalities. One could work with general functions G, but then one
would need to assume that G has the power rank 1 (see [13] for the definition). Otherwise the
scaling o, 1 is not correct. To see that G(-) = Qy F(-) has the power rank 1, note that for

Goo(x) := [7_ G(x +t)dF(t) we have

d [ flz+t)
dg Coe@) = —o [YyQvF(z +1) 4F ()

Substituting z = 0 and changing variables y = F'(t) we obtain

d b fQly)

7y Goo(@)lo=0 = ROy (0) dy # 0.

Furthermore, we must assume that the distribution of Y = G(X) belongs to the appropriate
domain of attraction. For example, if X € MDA(®,) and Y; = X’, p being a positive integer,
then Y € MDA(®,/,), provided that the map z — z* is increasing on IR. Otherwise, if for
example p = 2, one needs to impose conditions not only on the right tail of X, but on the left
one as well.

Nevertheless, to illustrate flexibility for the choice of G, let G(z) = log(z1)*, a > 0. If X €
MDA(®,), then Y = G(X) belongs to MDA(A). Further, since EX = 0, the quantile function
Q(u) of X must be positive for u > ug with some ug € (0,1). Since the map = — log(z™)* is
increasing, Qy (u) = Qqog(x+)(u) = alogQ(u) for u > ug. Consequently, from Theorem 1 we
obtain the following corollary.
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Corollary 3. If (**) holds and X € MDA(®,,), then

n 1

_ o d
Aot | DD log(X)Y—n / logQ(y)dy | — Z,
j=n—kn+1 L=kn/n

1+1/«
where A, = (ﬁ) Lo <ﬁ)

2.1 Remarks

Remark 4. To see what happens if the number of extremes is small, let us assume that
{€i,—00 < i < oo} is an i.i.d. sequence of standard normal random variables, > 30 ¢z = 1
and supgsq |pr] < 1. Let G(z) = Qy(®(z)) and k, = [nf], where £ € (0,1) is such that
£€<28—1. Let

W\ /2 Va0 oo NN
o () (@ () e e apate
n — 1/2
<ﬁ> , if Y € MDA(A),
. 2(1/ap)?
where cio = m~ Then

n 1
B2y ij_n/ Qv(y)dy | = Op(1).

j=n—kn+1 1=kn/n

The meaning of this is that for small ¢ extremal sums grow at the same rate as in the cor-
responding i.i.d. situation. It follows from the Normal Comparison Lemma, see e.g. [17, p.
81].

This is not quite unexpected. In view of Theorem 4.3.3 in [17], asymptotic distribution of
properly normalized maxima of LRD Gaussian sequences (with a covariance py decaying faster
than (logk)~!) is the same as for the corresponding i.i.d. sequences (i.e., Gaussian sequences
with the same marginals as X;). In particular, large values of the sequence {X;,i > 1} do not
cluster. We conjecture that Op(1) above can be replaced with an asymptotic normality. On
the other hand, however, it is not clear if the similar statement will be valid if we assume that
e € MDA(®,) (which implies that X € M DA(®,), see Remark 9/ below). It is well known that
if

oo
Z |ck’min(a,1) < o0, (11)
k=0

then large values cluster and the asymptotic distribution of max(Xy,...,X,) is different from

the corresponding i.i.d. sequence (see [10] for more details). Thus, clustering of extremes should
influence the asymptotic behavior of sums of extremes even in the short range dependent case

(1D).

Remark 5. Wu in his paper [24] considered a weighted approximation of empirical processes.
In principle, using a weighted version of Lemma [10 below, one could expect to have weaker
constraints on £ in Theorem [I. However, this is not the case and with this method we cannot
go beyond £ > (3. See Remark [14 below for more details.
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Remark 6. From the beginning we assumed that Ee] < oo, thus, in Cases 1 and 2 we have
the requirement o > 4 and this is the only constraint on this parameter. Condition EY < oo
requires g > 1 in case of Y € MDA(®,,). In view of (*), to be able to choose £ < 1 we need
to have ag > (1 — 3)~! > 2. The same restriction appears in Case 3.

Remark 7. The conditions D, := f11/2 F(Q)/ fyQy (y)dy < oo are not restrictive at all,
since they are fulfilled for most distributions with a regularly varying density-quantile function
fQ(1—y), for those we refer to [20]. Consider for example Case 1, and assume that the density f
is non-increasing on some interval [z, c0). Then F’ (") is regularly varying at infinity with index
r 4+ «. Thus, for some x1 > xq

1

1
| FOQusertdy = [ 1=yt ey < o

/2\/Z‘1 1/2V1’1

for all » > 1 provided a9 > 1. If, additionally, we impose the following Csdrgd-Révész-type
conditions (cf. [1, Theorem 3.2.1]):

(CsR1): fy exists on (a,b), where —oco < a < b < o0, a = sup{z : F(z) = 0},
b=inf{z: F(x) =1},
(CsR2): fy(z) > 0 for = € (a,b),

then in view of (CsR2) and the assumed boundness of derivatives F(")(.), the integral D, is
finite.

Remark 8. In the proof of Theorem 1] we have to work with both Q(-) and fQ(:). Therefore,
we assumed the Von-Mises condition (5) since it implies both (6) and (7). If one assumes only
(6), then and, consequently, (7) hold, provided a monotonicity of f is assumed. Moreover,
the von-Mises condition is natural, since the existence of the density f is explicitly assumed.

Remark 9. In some applications one knows the properties of fe, rather than of f.
Assume that F, € MDA(®,). Then also F € MDA(®,) since

lim P(X1 > 3:)

—_— = t. € (0 .
A B> o) const. € (0,00)

For o > 2 the above result is valid as long as Y oo, ¢? < oo, in particular, in case of long range

: j=0"~j
dependence (see [19] for details).
If €1 is normally distributed, then X too, thus in this special case both F, and F belong to
MDA(A).
Furthermore, as for the condition fol F(Q(y))dQ(y) < co. Once again, if F, € MDA(®,)
then the latter condition is fulfilled for both F, and F in view of the discussion in the previous
remark.
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3 Proofs

3.1 Consequences of the reduction principle

Let p be a positive integer and let

n p

Snp(@) =D (Lixicay — F(2)) + Y (1) FO (@)Y,

i=1 r=1

= D (<) = F@) + Vaplo),

=1

where F(") is the rth order derivative of F. Setting U; = F/(X;) and = = Q(y) in the definition
of S,(+), we arrive at its uniform version,

n p

Sp@) = Ly —¥) + > (1) FO(Q(y)) Yn

i=1 r=1
n

Z 1{Ul<y} V J’(y)‘

Denote

g L (n)(logn)> 2 (loglogn)*t, - (p+ 1)(28 - 1) > 1
n,p n_p(ﬁ_%)Lg(n)(logn)1/2(10g10gn)3/4, (p+1)(28-1)<1

We shall need the following lemma, referred to as the reduction principle.

Lemma 10 ([24]). Let p be a positive integer. Then, as n — oo,

n P 2
Esup Y (Ix,<op — F@) + > (-1 ' FO (@)Y, | =O(E, + n(logn)?),
z€R |75 =1
where
- ) O(n), (p+1)(28-1)>1
- O(nQ*(erl)(wfl)Lg(P-f-l)(n)), p+1)2B8-1) <1

Using Lemma 10 we obtain (cf. [4])
a,;;) sup | Sy (z)]
z€R

_ [ 0u (=GP P () (log n)3/ % (log log n)*/Y),  (p+1)(26 - 1) > 1
N Oa,s(n_(ﬁ_%)L (n )(logn)l/Q(loglogn)3/4), p+1(2-1)<1 '

Since (see (2))
Onp n~B=DE-Dp=1 ()

On,1
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we obtain

sup |4 () + 0,1 Vi p(2)| =

zeR
= (1 - AV, = 04.5(dnp)-
O 2161%){ np; {X;<z} ( )) +0n,p ,p(a;) Oa. ( 713)
Consequently, via {an(y),y € (0,1)} = {5, (Q(v)).y € (0, 1)},
sup |an(y) + U;j‘}mp(y)‘ = Oq.s5(dnp)- (12)
y€(0,1)
We have for any a, — 0 and by (10]),
1-1/n 1-1/n ‘7 ( )
Ano ) / Vnp(y)d — Anoy} / Y. 13
"icansm #()dQy () M icann frQy (y) Y (13)

_ T QW) 1N" —1
= (An /l—an/n Oy (0) dy) [(Un’l ;Xl> + OP(Un,l)] :

Li(u) = Ly(u)/La(u),  Loi(u) = (1/a—1/ag + 1) L11(u),
Lio(u) = L3(u)/La(u),  Loz(u) = (1/ar+ 1) L1a(u),
Lig(u) = L3(u)/Ls(u),  Las(u) = (=1/a+1)Li3(u),
Lig(u) = L3(u)/Ls(u),  Loa(u) = Lra(u).

Lemma 11. Let p be a positive integer. Assume that holds forr =1,...,p. Then

Let

1-1/n _
Anork / Vp()dQy () & 2

1—kn/n

Proof. In view of (13), we need only to study the asymptotic behavior, as n — oo, of

1-1/n
An ] kn//n fjgyy()y) dy =: A, K, and to show that A, K, ~ 1.

We have by Karamata’s Theorem:
In Case 1,

1- 1/n B
Kn — / 1/01 1/a0 (Lll((l o ) 1)) 1dy
1 kn/n

(1/a_1/a +1)71 kj 1+1/a—1/ag . E -1
0 - 1
1+1/a—1/ag -1
() (=)
n k'n
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In Case 2,

1- 1/n 1
Kn/ Y (La((1—y) ™) dy
1 kn/n
k 1+1/« n -1 k 141/« n -1
-1 2n _ ~ [ 2 -
afa+y <n> (e (i) ~Co) (= (5)
In Case 3,
1— 1/n 1
K= [ 00 (Lug((1 - ) ) " dy
1 kn/n
K 1-1/ag n —1 K 1-1/ag n —1
ot (n> (i) ~(0) (=)
In Case 4,
1-1/n
Ky = (Lu(1—y)™h)  dy
1—kn/n

Thus, in either case, 4, K, ~ 1.

Lemma 12. For any k, — o0, k, = o(n)

Un—kn:n p
— = 1.
1—kn/n

Proof. In view of (12) one obtains

sup |un(y)l = sup |an(y)| = Op(1).
y€(0,1) y€(0,1)

Consequently,

sup [y —Un(y)l = sup onan un(y)| = sup onanan(y)|
y€(0,1) y€(0,1) y€(0,1)

= Op(amln_l).

Thus, the result follows by noting that U, (1 — k,/n) = Up—k,,:n-

An easy consequence of (12) is the following result.

Lemma 13. For any k, — 0,

sup | ()| = Ous.(dnp) + Or(F(Q(L = kn/n))).

ye(1—kn/n,1)
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3.2 Proof of Theorem [1

To obtain the limiting behavior of sums of extremes, we shall use the following decomposition:
Since Ey(-) has no jumps after Uy, and Y; = Qy F(X;) = Qy (U;), we have

1

Ao il DD Vim - n/ Qy (y)dy

j:’l’b—kn"‘l 1ikn/n
n 1
= At [ DD Qv(Uiw) —n/ Qv (y)dy
j=n—kn+1 1=kn/n

Un:n 1
= Ano, ] (n / Qy (y)dEn(y) —n / QY(y)dy>

Unfkn:n 17]6”/77«
_ -1
= Anaml (

-
= Ao, in { /1 o W= En(y))dQy (y)

1 1
n / Qv (y)dEn(y) — n / Qy(y)dy>

Unfkn:n 17’6”/’”‘

n

1 1-kn/n
+/1711(y — En(y))dQy (y) +/ (1- %” - En(y))de(y)}

Unfkn:n
1

-
= —An/l an(y)dQy (v) _An/ an(y)dQy (y)

bn 1-1/n

1—kn/n kn
oo [ 0= B )Gy ) = B Bt I

Unflcn:n

We will show that I; yields the asymptotic normality. Further, we will show that the latter two
integrals are asymptotically negligible.

Each term will be treated in a separate section. Let p be the smallest integer such that (p +
1)(28 — 1) > 1, so that d,,, = n~=7)¢(n).

3.2.1 First term
Let ¢u(y) = (y(1 —y)*, y € [0,1], u > 0.
For k, = [nf] and arbitrary small § > 0 one has by (12),

An sup an(y) + U;ivn,p(y) = Oa.s (Andn,p>

y€(0,1)
n~(E+e/a=g/ao=1/atl/ao=F=0) = if X ¢ MDA(®,),Y € MDA(®,,),
) noEHg/amt/af0) if X € MDA(®,),Y € MDA(A),
- n~(E=¢/aotl/a0=F=0) if X € MDA(A),Y € MDA(®,,),
n~(E=A=9), if X € MDA(A),Y € MDA(A).
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Let

J o= 1_% O‘n(y)_ko-;jvn,p(y) p
n — An /1_121 wu(y) w,u(y) QY(@/) .

Case 1: Since condition (*) on £ holds,

Tag <&+ &1 /a—1/ap) — 1/a+1/ag — B.
Set 1 = (g — 0)~! with § > 0 so small that

p<é+E1/a—1/ag) —1/a+1/ag— 3 —4.

Then, we have E(YT)/#+9/2 < oo, The latter condition is sufficient for the finiteness of
fxll Yu(y)dQy (y), where z1 = inf{y : Qy (y) > 0}, (see [22, Remark 2.4]). Thus,

1
JIn = Oa.s(Andn,pn'u)/ T,Z)#(y)de(y) = Oa.s(l)o(l)‘
z1
Since in Case 3, (***) holds, a similar approach yields that in this case J, = 04.5(1).

Case 2: If Y € MDA(A) then E(Y )% < oo for all @ > 0 (see [10, Corollary 3.3.32]). Thus, in
view of (**), choose arbitrary small § > 0 and g so big that E(Y1)* < oo and

1
g <Etta—1ja—5-4

Set i = (g —09) ! and continue as in the Case 1. A similar reasoning applies to Case 4, provided
& > 3. Thus, in either case

An

/1 ;: (an(y) + UE,iVn,p(y)) dQy (y)| = 0a.s(1).

Now, the asymptotic normality of I; follows from Lemma [11]

3.2.2 Second term

We have

1
An/l an(y)dQy (y)

—1/n

1 1
v [ (1= Ba)dQrin) + v tn [ (- )0y ()
J1+ Jo.

Since EJy = Ja, it suffices to show that Jo = o(1).
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Case 1: We have by Karamata’s Theorem

! (1-y)
Jo = Anagln/ dy
P iy (L= ) eo Ly 1)

n 1+1/a—1/a0 1
N <k> /22 ) () ()

which converges to 0 using the assumption (*).

Likewise, in Case 3,

n 1-1/apo 1
Jo ~ <k> nﬁf?’/?n(ﬁ)H/aoe(n)an/kn)

which converges to 0 using the assumption (***).

Case 2: We have,

1 1—y
J :Anagln/ ————dy ~ Ao, Je(n)(n)ky,
? ! 1-1/n fyQy(y) Y ! (m)én/kn)

which converges to 0, using the assumption (**). The same argument applies to Case 4. There-
fore, in either case, Io = op(1).

3.2.3 Third term

To prove that Is = op(1), let y be in the interval with the endpoints U,,_, ., and 1 — ky/n.

Then
_kn
n

1_En(y) < ‘En(l_kn/n)_(l_kn/nﬂ‘

Case 1: By Lemma /12 and Y € M DA(®,,), we have

QY(l - kn/n)/QY(Unfknn) g 1. (14)

Hence, by condition (*),

n\ HHl/a—1/ao
(k) E(n/kn)Qy (1 — kn/n)dnp

n

() e(n/kn)n ST d, . — 0. (15)
Also, by (7) and (9),
n\ Li(n/ky)
Ay (1= 1) QL o) ~ Oy () T2 (16)
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Thus, by (14), (15), (16) and Lemma[13

Ty < AnQy (1 Bu/mlan(1 — /)] 191 —Qn/g)_ n/n() n—kyin)|

AnQy (1 = kp/n)an (1 —

kin/m)0p(1)
op (AnQy (1 — kn/n)f

Q(l - kn/n)) =+ Op (AnQ(l -

kn/n)dy ) = op(1).
Case 3: By Lemma(12 and Y € M DA(®,,) we have (14). Since £ > 5 > /(1 — 1/a)

n

1-1/ao
(k) ((n/kn)Qy (1 — kp/n)dy, = nP~% — 0.

(17)
Also, by (8) and (9)),

(lzl)l_l/aoL%( )QYU— /) QL — kn /)

Ls(n/ky)
(&) T )
Thus, by (17)), (18), we conclude as above that I3 = op(1)

Cases 2 and 4:

To(N) = Anlan(1 = kn/n)| |Qy (1 () — Qv (ry (V)]
An’ Tn ()‘) =

where 77 (\) =1 — M2 oand 1 < A < oo is arbitrary. Applying an argument as
in the proof of Theorem 1 in [8], we have

liminf P(|I3] < [T,(A)]) > lim inf P(r;,; (A) < Up_p,.n < 75 (N).
In view of Lemma (12| the lower bound is 1. Thus, lim,_ P(|I3] < |T5,(A)|) = 1. Further, by
Lemma 4 in [18],

Tim (Qy (1 (V) — Qv (ry (V) L/ k) =

= —log .
Thus, for large n,

Th(N)

Anlan(1 = ko /m)|(L3(n/kn)) ™1 Qy (rif (A ))
A,

Qv (r5r (A)IL3 (n/k)
< Orp i fQU — ha/m10g ) + Cop s

(/k:) dp plog A

almost surely with some constants C1,Cs. The second term, for arbitrary A, converges to 0 by
the choice of £&. Also,

WYV BT e ()
AHW - (E) Lo (,:n) (2 , in Case 2,

* >~ kn g (o

ol (ﬁ) Las (ﬁ) ma in Case 4.
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In either case, the above expressions are asymptotically equal to 1. Thus, we have for sufficiently
large n, T,,(\) < C7log A almost surely. Thus, lim,, oo P(|T,,(N\)| < Cylog \) = 1. Consequently,
nlirgoP(|13| > Chrlog)\) =
< lim P(|I3] > Cilog A, [To(A)] < Crlog A) + lim P(|T,(A)] > Cilog A)
< dim P(|] > [T,(0)) +0=0

and thus I3 = op(1) by taking A — 1.

Remark 14. Wu [24] proved a stronger version of Lemma 10 above:

n P 2

Y xizay = F@) + ) (-1 ' FO(2)Y,,,

i=1 r=1

= O(E, + n(log n)z),

Esup(1 + |z|)”
zeR

where 7 > 0 is such that E|e; [**7 < co. Applying it to the uniform random variables U; = F(X;),

n P 2

Y Ly —9) + Y ()T FOQy) Yo

i=1 r=1

= O(Z, +n(logn)?).

E sup (1+[Q(y)])"
y€(0,1)

Now, let’s look at Case 4. The constraint £ > (3 comes from the estimation of the third term:
we need to control A,a,(1—k,/n) and thus, in view of Lemmal[13] we have to estimate A, dy, p.
This converges to 0 if & > .

Using the weighted version of Lemma we would have obtained in Lemma

sup (1+ Q(?/)),Yﬂ’an(y” = Oa.s.(dn,p) +Op(fQ(1 — kn/n)).
ye(1—kn/n,1)

However, in Case 4, Q(-) is slowly varying at 1. Consequently, the approach via weighted
approximation does not improve constraints on £. (A slight improvement can be achieved in
Cases 1 and 2, where Q(+) is regularly varying at 1).
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