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Abstract

Consider the domain Q = {(Z,z441) € R x R: |Z| > 1 and |zg441| < A|Z|*}, where
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1 Introduction

For an open set D C R% let 7p be the first exit time of d-dimensional Brownian motion B; from
D. Tt is well-known that the exit place of two-dimensional Brownian motion from the upper
half plane U has a Cauchy distribution (Durrett (1984)). Thus the chance that the exit place is
large decays as the reciprocal of the distance to the origin:

P.(|By,| > 1)~ C(x)r ' as r— oo

In particular, | B, | has a moment of order p > 0 iff p < 1.

The half-plane is a special case of a two-dimensional wedge with angle 6 = 7. In the case of an
axially symmetric cone C' with angle 6 € (0, 7) in dimension d > 2, Burkholder (1977) showed
there is a critical power p(d, ) such that for p > 0,

Eul|BrolP) < o0 iff p<p(d,0).

For d > 3, the critical power can be expressed in terms of the first positive zero of a certain
hypergeometric function and the function 6 € (0,7) — p(d, €) is continuous, strictly decreasing,

s

onto (0,00) and p(d, g) = 1. For d = 2, p(2,0) = 55. From classical estimates of harmonic
measure (Essén and Haliste (1984) and Haliste (1984)),

C1(z)r P49 < P(|B,.| > 1) < Co(z)r P 1 large.

More recently, in the course of their study of iterated Brownian motion in a cone, Banuelos and
DeBlassie (2006) proved

Py(|Bry| > 1) ~ C(x)r P49 as 1 — oo,
where C'(x) was explicitly identified. Consequently,

lim (logr) ' log Py(|Bre| > ) = —p(d, 0).

In addition to this, we showed there is an analogous result for more general cones. Since the
result will be used below, we state it explicitly. An open set G C R? is a cone if for each ¢ > 0,
¢G = G. If G is a cone and G N S% ! is C3, then we showed that

lim (logr) ' log Py(|Brs| > ) = —p(d, G), (1)

where
—(d—=2)4+/(d—2)2+ 47

2
and 7 is the smallest positive Dirichlet eigenvalue of the Laplace-Beltrami operator Aga—1 on
GnSit,
It is natural to ask how the geometry of other unbounded domains will influence the chance
of a large exit position. Note that an equivalent analytic formulation is to determine how the
harmonic measure of the part of the domain outside a large ball depends on the geometry.

p(d,G) =

1069



For example, Banuelos and Carroll (2005) used Carleman-type estimates and a conformal tech-
nique to study the parabolic-type domain

Po = {(&,2411) ER* xR: 2401 >0 and |3 < A25,,},

where 0 < a < 1 and A > 0. (Note that o = 1 corresponds to the axially symmetric cone
C' described above). One of their principal results was that the chance of a large exit place is
subexponential:

ol

. a—1 = —_—_
tlirglot log Py(|B(7a)| > t) = Al —a)’

where \; is the smallest positive eigenvalue of the Dirichlet Laplacian on the unit ball of R
Thus the chance depends on both the dimension and the geometry of the domain. Note when
d=1,/ = 5. The authors actually derived more refined results; please see that paper for
the details.

In this article, we study the corresponding question for the domain
Q={(&xqs1) ERIXR: [Z|>1 and |zqe] < A7}, (2)

where A > 0 and 0 < a < 1. To understand what the domain looks like, it is useful to pass to
the cylindrical coordinates (p, z,0) of x = (%, 24,1) € (R?\{0}) x R:

(p,z,@) - (‘i"?xd+17j/|j’)
Indeed, we can write
Q=Qp=Dx S+, (3)
where
D={(p,z): p>1, |2 <Ap"}

With this in mind, when d = 2,  is obtained by revolving the region

{(p,2): p>1, |2| <Ap®}

about the z-axis. In contrast, the parabolic-type region studied by Banuelos and Carroll would
be obtained by revolving

{(p,2): p>0, |p| <Az}
about the z-axis.
Since the (d + 1)-dimensional Laplacian in cylindrical coordinates is given by
02 d-10 9> 1

O Aga,
P2

A ==—+—
Rd+1 90 + > op + 9.2

a further advantage of the representation (3) is that by symmetry, the chance of a large exit
place |B(7mq,, )| of (d + 1)-dimensional Brownian motion from Qp is the same as the chance of a
large exit place of the diffusion corresponding to the operator

1[0* d-10 02

e t—5+55 4

2 | 0p? p Op 022 4)
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from D. We will make use of this fact below.

The domain {2 is a special case of the following more general domain studied by several authors:
Qo = {(& 2441) € RIXR: |2 >z and |zgp1] < a(|Z])},

where g > 0, a : [xg,00) — [0,00) is continuous and positive on (zg,oc0) with a(xzg) > 0.

For example, under some regularity conditions on the function a(-), Ioffe and Pinsky (1994) com-
pletely identified the positive harmonic functions in €2, vanishing continuously at the boundary.
Aikawa and Murata (1996), Murata (2002) and Murata (2005) weakened the conditions on af(-)
and also extended the result to nonsymmetric domains where the condition |zg4q1| < a(|Z]) is
replaced by b(|Z]) < |xg+1]| < a(]Z]). Collet et al (2006) studied ratio limit theorems for the
Dirichlet heat kernel in €, with a(t) = /t; they also found the chance of a long lifetime of
Brownian motion in that domain. Using another method, DeBlassie (2007) found the chance
of a long lifetime of Brownian motion for a(t) = t*, 0 < a < 1. Although all these authors
call , a horn-shaped domain, as we saw above in three dimensions, it is better to call it the
complement of a horn-shaped domain to conform to more common usage in the literature.

Now we dispense with the case o = 1 in the following example.

Example. Let
D={(p,2): p>0, [z]<Ap},

where A > 0, and define
Qp =D x 8471,

Since we are interested in the chance of a large exit place |B(mq,)| of (d + 1)-dimensional
Brownian motion from 2p, it is intuitively clear that modifying D within a ball will have little
effect on the chance of a large exit place (this idea is made precise below in the proof of our
main result for the case 0 < a < 1; we omit the details for the example). Thus Qp is more or
less the case of €2 from (2) with a = 1.

On the other hand, since cQ2p = Qp for any ¢ > 0, Qp is a generalized cone in R%*! and so the
analogue of the formula (1) holds:

Tim (log )~ og Pa(|B(ra,,)| > ) = ~p(d), (5)

where

p(d)

and v1(d) is the smallest positive Dirichlet eigenvalue of the Laplace-Beltrami operator Aga on
Qp N S?% Below in section 6 we will show that p(d) is not independent of d. Thus the limit in
(5) is not independent of the dimension. O

_ —(@=1)+/([d—1)*+4n(d)
2

Our main result is the following theorem.
Theorem 1.1. Let B; be (d + 1)-dimensional Brownian motion. Then for § as in with
O<a<land A>D0,

lim N° llog P,(|B N=——" @O
Vo e L([Bra)l > N) = =534
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In light of the example above, the fact that the limit is independent of the dimension is interesting
and surprising. The reason for the independence is that there is a delicate balance of competing
effects between the geometry of the domain and the transience of the process. More precisely,
recall that the problem reduces to the study of the diffusion corresponding to the operator (4)
in the region

D={(p.2): p>1, |zl <Alpl}.

The Bessel-type drift d;pl in (4) pushes the process away from the boundary and tends to
increase the chance of a large exit place. Although the drift is small when the process is far
away, when a = 1, it is not negligible as indicated by the dimensional dependence of the limit
(5). As an aside, remember that a Bessel-type drift added to a one-dimensional Brownian motion
cannot be neglected even when the process is is far away: the drift can completely change the
recurrence/transience of the process.

On the other hand, Theorem [1.1] tells us that in the case when a < 1, the effect of the drift
is negligible. The key is that the a < 1 domain expands more slowly than the o = 1 domain.
Indeed, because of this difference in expansion, the vertical component of the process tends to
force a quicker exit, hence a smaller exit place, from the o < 1 domain. The effect is to reduce
the chance of a large exit place. Thus there are two competing effects on the chance of a large exit
place. When a < 1 the tendency to reduce the chance of a large exit place completely overwhelms
the tendency of the drift to increase the chance and so we get dimensional independence of the
limit in Theorem 1.1l It is interesting to note there is a “phase transition” from power law decay
to subexponential decay in the asymptotic behavior of the chance of a large exit place as the
growth of the domain passes from linear to sublinear.

The organization of the article follows. In Section [2] we state some preliminaries and reduce
the problem to two dimensions. A Feynman—Kac representation of an h-transform is given in
Section 3. In Section [4 we derive an upper bound for d > 3 and a lower bound for d = 2,
both using an h-transform. In Section |5 we use results of Carroll and Hayman on a conformal
transformation to a strip together with an h-transform to derive a lower bound for d > 3 and
an upper bound for d = 2. In Section|6/we prove the dimensional dependence of the limit in (5).

2 Preliminaries

Suppose G C R" is open and b: G — R”" is bounded and measurable. When G = R", by
the diffusion associated with %ARn +b-V on G we will mean the diffusion associated with the
corresponding martingale problem, which is well-posed in this context (Stroock and Varadhan
(1979)). When G # R", extend b to be bounded and measurable on all of R” and let X be the
diffusion associated with the extended operator on R™. The diffusion associated with %ARn +b-V
on G is then defined to be X killed upon exiting G.

For x = (%,7441) € (R\{0}) x R, recall that
(pa Z, 6) = (|j|> Td+1, :Z‘/|j|)
denote the cylindrical coordinates of x and in these coordinates,

92 d—190 0?2 1
—+ =+ —5Aga-1.

A =—+—
RA+1 952 + b op 02 2
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Define

A[# a0 @
2| 0p? p Op 022]’
D={(p.2) €R% p>1,J2| < Ap")

and denote by X the diffusion associated with L on D.

By symmetry, for x = (Z,z441) € ©, the function P, (|B(mq)| > N) is independent of the angular
coordinate § = z/|Z|. Consequently if

mp =71p(X) =inf{t > 0: X; ¢ D}
we have for (p? Z) = (|‘%|axd+1)a
Pi(|B(1)| > N) = P, (|X(1p)| > N).
Thus Theorem 1.1 is an immediate consequence of the following theorem.

Theorem 2.1. Let x = (p,z) € D. Then

lim N° !log P,(|X N=—— "0

The next reduction is analogous to a reduction in Baniuelos and Carroll (2005). It shows that
the heart of the matter is in the behavior of the first coordinate of the exit place.

Lemma 2.2. For large N,
Pr(Xa1(1p) > N) < Po(|X(mp)| > N) < Po(Xi(7p) > N[1 = [o(1)]]).
Proof. Now if | X(7p)| > N > 1 then
X (1p)[* = Xi(7p) + X3 (7p)
= X{(mp) + A2 X7%(p).
Thus

P.(|X(mp)|? > N? + A2N??)
P.(|X(mp)| > N).

As for the other inequality, choose 21 (V) such that [z1(N)]? 4+ A%[z1(N)]?® = N2. Then z1(N)
is the first coordinate of the intersection of the curve z = Ap® with the circle 2% + p? = N? and

so it is easy to see
z1(N)=N[1—|o(1)]] as N — .

In particular, if | X(7p)| > N, then X, is outside the circle p? + 22 = N? and so X;(rp) >
21(N) = N[1 —o(1)|]. Thus

Po(|X ()| > N) < Po(Xi(7p) > N[1 = |o(1)]]). =
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Combining Lemma 2.2 with the next result, we immediately obtain Theorem 2.1l
Theorem 2.3. Let x = (p,z) € D. Then

lim N log P,(X Ny=-—— "
N s B (Xilro) > N) = =300
The rest of the article, except for the last section, will be devoted to proving Theorem
We will need the following theorem due to Banuelos and Carroll (2005).

Theorem 2.4. For the two-dimensional Brownian motion By,
T

. a—1 _ — 7 a—1
A}EHOON log Py(|B(tp)| > N) = A0 —a) A}gnooN log P.(Bi(tp) > N). O

We close this section with a result needed to obtain the lim sup behavior in the case d = 2.
Roughly speaking, it says that the part of D inside a bounded set does not have too much
influence on the exit place being far away.

Let I" be a non-intersecting Lipschitz curve, lying in D except for its endpoints, which lie on
0D. Then I' divides D into two components; let Dr be the unbounded one.

Lemma 2.5. Assume Dr is Lipschitz. If x € Dr then for some ¢ > 0,
P.(Xi(tp) > N) < cPy(X1(mp.) > N)

for all sufficiently large N.

Proof. Define
or =inf{t > 0: X(¢) eT'}.
Let v be a curve lying in D, except for its endpoints, which lie on 9D. We also assume z € 7,

I'Nnvy =0 and
G := D\D,
is Lipschitz. Then for N so large that y N {p= N} =0,
sup Py(X1(rp) > N) < sup Py(Xi(rp) > N,or > mp) + sup P,(X1(7p) > N,or < 7p)
yeY yeY yey
< SupPy(Xl(TD) > N,or > TD) + SupEy[I(Ur < TD)PX(gF)(Xl(TD) > N)]
yey yeY

(by the strong Markov property)

<sup Py(X1(rp) > N,or > 7p) +sup P.(X1(rp) > N) - sup Py(or < 7p). (6)
yEY zel yEYy

Now if

sup Py(or < 7p) =1,
yey

then by continuity and that P,(or < 7p) = 0 when z € 9D, the L-harmonic function P,(op <
7p) would take on an interior maximum on Dr, contrary to the maximum principle. Thus

c:=sup Py(or <71p) <1
yey

1074



and (6) yields

sup Py(X1(mp) > N) < sup Py(Xi(tp) > N,or > 7p) + csup P,(Xi(7p) > N). (7)
yey yey z€T

Observe that the function

u(z) = P,(X1(mp) > N)
is L-harmonic on D and vanishes continuously on 0D N {p < N}. Then since 7p A 0 = 7¢ a.s.
P, for z € I', we have

sup u(z) = sup E.[u(X(7g))]
zel zel

= sup B [u(X (0,))1(0 < 7p)]

< supu(y),
yey
which is to say
sup P, (X1(rp) > N) < sup P,(X1(7p) > N).
zel yeY

Using this in we end up with

sup Py(X1(mp) > N) < sup Py(X1(tp) > N,or > 1p). (8)
yeY — Cyey

The functions
v(z) = P,(X1(mp) > N,or > 1p)
w(z) = P,(or < 7p)

are positive and L-harmonic on a neighborhood in D of v N D and both vanish continuously on
a neighborhood in 9D of the endpoints of 7. Hence by the boundary Harnack principle (Pinsky
(1995), Theorem 8.0.1 on page 333), for some ¢; > 0,

v(z) < v(x)

w(z) = M w(e)

, z €.

Thus for some ¢2 > 0 depending on x,
supv(z) < cgsup w(z)v(z)
zey zey
< cou(x)

since w < 1. Using the definition of v, when combined with (8), this gives

Px(Xl(TD) > N) < sup Py(Xl(TD) > N)
yey
1

1—c
C2

1—c

IN

CQPx(Xl(TD) > N, or > TD)

< Px(Xl(TDF) >N)7

since Tp = Tp, when or > 7p under P,. O
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Remark 2.6. Let B = (Bj,B2) be two-dimensional Brownian motion and set S =
{(r,w): |w| < %} and Sy = {(r,w): r > M,|w| < §}, M > 0. Then the same proof as
in Lemma 2.5 gives that if 2 € Sy then for some ¢ > 0,

P,(Bi(1s) > N) < ¢Py(Bi(7s,,) > N)

for all large N.

3 Feyman—Kac representation of an h-transform

In this section we will prove a result used repeatedly in the sequel. In essence, it allows us to
convert the study of the exit distribution of a process into that of an h-transform of the process.

We are going to apply some results of Pinsky (1995). In order to do so, we review some definitions
and facts found there. In what follows, 5 € (0,1).

Assumption H. The operator
1
inAR2 +b-V+V

defined on the closure U of a domain U C R? has bounded coefficients and satisfies b, V € C?(U).
O

Assumption H. The operator
1

defined on the closure U of a domain D C R? satisfies b € C18(U) and V € CA(T). O
Assumption ﬁloc- The operator

L:%AR2+Z)'V+V
defined on a domain U C R? satisfies Assumption H on every subdomain U’ CC U. ]
Let U C R? be a bounded open set with C%# boundary and suppose

L:%ARQ%—ID-V—FV

satisfies Assumption H on U. Then by Theorem 3.6.1 in Pinsky (1995), the principal eigenvalue
of L on U is given by

1 t
M(L,U) = tIE& zlog E, [I(TU > t) exp </0 V(Xs)ds>} ,

where X; is the diffusion associated with L — V = %A +b-VonU.

An operator L on a domain G is said to be subcritical if it possesses a Green function. Probabilis-
tically, this corresponds to transience of the diffusion associated with L on G. If H € C?#(Q)
with H > 0 on G, then define the H-transform of L to be the operator L given by

1
Hy
LA f = ZLHY).
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Theorem 3.1. Let G C R? be Lipschitz dgmam with plecewise C?P boundary and denote the
C?B part of G by T. Suppose H,b € C(G) and H > 0 on G. Let X; and Y; be the diffusions
associated with the operators

1
L= Ap+b-V

LH 1 H

on G, respectively, where L is the H-transform of L. Assume the exit times 7¢(X) and 7q(Y)
from G are a.s. finite, LH has constant sign, and % is bounded and continuous on G. Finally,
assume for any bounded open set U C G with C*PB boundary, A\o(L,U) < 0. Then for all AC T,

Pu(X(r6) € A) = H(2)E, [H<Y<TG>>—11<Y<TG> € A)exp ( [~ ’}f(n)dsﬂ |

Proof. Tt suffices to show for each nonnegative smooth function f on R? with compact support
and supp fNOG C T,

f ¢ LH
Bl (Xrg)) = H@)E, |4 (V) exp ([ = (Va)ds ) | )
0
To this end, let U C G be a bounded open set with C%# boundary such that

aUNoGCT
supp f NOG = supp fNoU.

Notice then that
Y(ry) €supp fNOU = Y (1y) €supp fNIG and 71y = 71¢. (10)

By our hypotheses, L satisfies Assumption H on U, hence we can apply an existence/uniqueness
theorem for the Dirichlet problem (Pinsky (1995), Theorem 3.3.1) to get a unique solution
g€ C*P(U) to

Lg=0 U
g on (1)
g=f ondU.
Then by the martingale property and optional stopping, for any open U’ C U’ C U,
9(z) = Bx[g(X(rpr))], €U
Let U' 1T U to get
g(x) = E:E[g(XTU)] = El“[f(XTU)]’ zel. (12)

Now b is bounded and continuous on U, hence (L,U) is subcritical. Since H € C%*8(U) and
H > 0 on U, and since L satisfies Hj,. on U, by Theorem 4.3.3 (iv) in Pinsky (1995) the
generalized principal eigenvalues A\c(L,U) and Ao(LY,U) of L and LY, respectively, on U
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coincide. But L and L¥ satisfy Assumption HonU , hence by Theorem 4.3.2 in Pinsky (1995),
Ae(L,U) = Xo(L,U) and A\c(L,U) = X\o(L",U). Thus we conclude

)\O(LHa U) = /\O(Lv U) <0,

by hypothesis. As a consequence, because we also have % e C%P (U) by positivity of H on G,
we can apply another existence/uniqueness theorem (Theorem 3.6.5 in Pinsky (1995)) to get a
unique solution v € C*5(T) to
LAy=0 inU
f (13)

UZE on OU.

Applying a version of the Feynman-Kac formula (Theorem 3.6.6 (iii) in Pinsky (1995)) to L,
in our notation we get

o) = B |4 0o [ 5 s

(there is a misprint in the statement of that Theorem: L there should be Lgy). On the other
hand, by (11) the function & = & € C?#(U) also solves (13). Uniqueness then forces & = o = v;
that is, by (12),

)] = £, M(Ynﬂ exp ( " L;m)ds)] el (14)
Since 7¢(X) and 7¢(Y) are a.s. finite,
tim e ([ B 00as) = fovge ([ B 00ds) as
Hence by Fatou’s lemma and dominated convergence in (14),
B | e ([ 5T 00as)| < Bl < . (15)
By (10),
f f
77 ¥Yr) = (Ve ) I(Yr, € supp fNOU)
< Lo )1(¥r, € supp £ 010G (76 = 70)
<L) (16)
Since LH has constant sign,
f v L H %(YTG), LH <0 always
e ([T 5T was) < 1 S
E(YTG)exp < ; H(Ys)d5> , LH >0 always
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and each of the latter is in L' (for LH < 0 use that f/H is bounded and for LH > 0 use (15)).
Thus by boundedness and continuity of f, % and % on G, we can apply dominated convergence
to (14), letting U T G to end up with

b
H(x)

Bulf ()] = B | e ([ S oas) |, wec

This completes the proof of Theorem [3.1] O

4 Upper bound for d > 3, lower bound for d = 2

Throughout this section we will use the notation of Section 2| In particular,
D =A{(p,2): p>1,[z| <Ap”}
and
1[0* d-10 02
“2092 " o 9 02

is the nonangular part of %ARd+1 expressed in cylindrical coordinates. We will prove the following
theorem.

Theorem 4.1. Let x = (p,z) € D. Then

a) limsup N tlog P,(X1(7p) > N) < —sai—ay ¥ d=3 and

N—oo

b) liminf N°~'log Po(X1(rp) > N) > —gyigy ifd=2. O

We make an H-transform to eliminate the drift in L and use Theorem|3.1/to convert the problem
into a question about two-dimensional Brownian motion in D. To this end, let

p=% and H(p,z)=p"",  (p,z) €D.

Then a simple computation yields that

LH 1 p(p—1)
H 2 p?
and ) )
2 |0p? 022 p?
Notice then that the diffusion associated with L — % on D is just two-dimensional Brownian
motion B = (Bj, Ba). It is known that P;(7p(B) < co) = 1 (Banuelos et al. (2001), Li (2003)
or Lifshits and Shi (2000)). Since the exit time of X from D is the same as the exit time

of (d + 1)-dimensional Brownian motion W from 2, and the latter is known to be a.s. finite
(DeBlassie (2007)), we get Py(mp(X) < 00) = 1.
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Moreover, if U C D is a bounded open set with C*# boundary, then the exit time Tr(X) is the
same as 75 (W), where

U={(&z41) €ERIxR: (|Z],2411) € U}.
But U is bounded, so for some /\((7) >0,

Pr(m5(W) >1t) < e MOt for large t.

Since L satisfies Assumption H on U,
1
Mo(L,U) = tlim n log P, (my(X) > t)
1
= Jlim —log P ) (m5(W) > 1)
< 0.

It is easy to verify all the other hypotheses of Theorem 3.1 hold for G there replaced by D and
Y replaced by B. Thus we can conclude that for large IV,

Px(Xl(TD) > N) = p_pEx Bl(TD)pI(Bl(TD> > N) exp <—p(p2_1) /OTD Bl(S)_2d8>:| (17)

Proof of Theorem|4.1 a). Since d > 3, we have p(p — 1) > 0 and (17) yields that
Px(Xl(TD) > N) < p_pEx[Bl(TD)pI(Bl(TD) > N)]

By Theorem (2.4,
E.[Bi(mp)!] < oo forall ¢>0.

Consider any 7,£ > 1 with % + % = 1. Then

Py(X1(7p) > N) < p P(E[By(7p)""])/"(Py(By(rp) > N))"/*
= C(Py(Bi(rp) > N))'%,

where C is independent of N. Another application of Theorem 2.4 yields

1 T
li N llog P (X Ny< ———— .
im sup og P,(X1(tp) > N) < £9A0 o)

Let £ — 17 to finish. O

Proof of Theorem|4.1b). Since d =2, p(p — 1) = f%. Then by (17), since Bi(tp) > 1,

Pu(X1(rp) > N) = pPE, | Bi(rp)PI(Bi(p) > N) exp <; /0 " Bl(s)_2d5>]
> p PP, (Bi(tp) > N).

The desired lim inf behavior follows from Theorem [2.4] O
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5 Lower bound for d > 3, upper bound for d = 2

We continue using the notation of Section[2. To complete the proof of Theorem [2.3] in light of
Theorem it suffices to prove the following theorem.

Theorem 5.1. Let x = (p,z) € D. Then

a) liminf N*~!log P.(X1(7p) > N) > —gat—ay fd=3

N—oo

and

b) limsup N® !log P.(X1(1p) > N) < —san—ay d=2. O

N—oo

Unlike in Section [4, we do not have the confluence of events where the exponential in the
Feynman—Kac representation of the h-transform does not come into play. Here it does and the
analysis is much more delicate. So instead of h-transforming first, we conformally map D into a
strip and then h-transform. Using explicit properties of the conformal map we can analyze the
exponential in the Feynman—Kac representation.

In the first subsection below we will describe properties of the conformal map, make the appro-
priate A-transform and apply Theorem to obtain a Feynman—Kac representation. We prove
Theorem [5.1/in the subsequent two subsections.

5.1 Preliminaries

Let f be the conformal mapping of
P=A{(p,z): p>0,|z| < Ap*}

onto the strip

S = {(r,w): lw| < g}

such that f is real on the real axis and f’ is positive there. Write g: S — P for the inverse
map and set h = Re(g). Banuelos and Carroll (2005) used this map to derive their results on
the distribution of the exit place of Brownian motion from a parabolic-type domain. We now
state some properties of the map f.

Theorem 5.2. (1) The inverse map g extends to a homeomorphism of S onto P\{0} and the
derivative g’ has a continuous nonzero extension to S.
(2) Asp— oo,

fp2) ~ oo

uniformly for |z| < Ap®.
(3) Asr — o0,
1
2A(1 — a) } T—a
r b

™

h(r,w) ~ {
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uniformly for |w| <
(4) Asr — oo,

wolx

V()] = /)] =24 | L+ of1)] htr )"

uniformly for |w| <

vola

Proof. By Proposition 4 in Banuelos and Carroll (2005), part (4) holds.

Part (2) holds by Theorem X in Warschawski (1942) or Theorem 1 in Carroll and Hayman
(2004).

A simple modification of the proof of Proposition 4 in Banuelos and Carroll (2005) shows ¢’
has a continuous nonzero extension to S. Then the extension of g to a homeomorphism on S
follows. By symmetry, the extension maps —oo to 0. This proves part (1).

To prove part (3), note by part (1), f extends to a homeomorphism of P\{0} onto S. Then
given N > 0 we can choose rx such that

fdp < NynPHO{w): rzrful < 2} =0,

Consequently

™

2}> C{(p,2z): p>N,|z| < Ap*};

g ({(r,w): r>ry,|lwl <
in other words, for r > ry and |w| < 7,
h(r,w) = Re(g(r,w)) > N.

Thus h(r,w) — oo as r — oo, uniformly for |w| < 5. Hence by part (2), as r — oo, uniformly
for |w| < § we have

r =Re f(g(r,w))

~ m(Re g(r,w)' =

= m(b(r,w))lﬂl. O

Corollary 5.3. Asr — oo,

1

Vh
‘ m[l +o(1)],

)| =
uniformly for |w| < 7.

Proof. Let € > 0. By Theorem 5.2 (4), choose R > 0 such that

2A

s

h(r,w)*t < ’w(r,w)’ < —i—s)%h(r,w)o"l, r> R, |wl < g (18)
™

(1-) )
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By Theorem 5.2 (2), choose pg > 0 such that

m 1— 7T 1—
l1—-¢)——— “ < < (1 _ @ > Ap® 1
( 5)2A(1—a)p <Re f(p,2) < ( +€)2A(1_a)p ;P =polzl < Ap®, (19)
and by part (3) choose Ry > R such that
h(r,w) > po for r > Ry, |w| < g

Then since Re f(g(r,w)) =r, (19) gives

4 11—« s 1—a T
l—¢)sr—— <r<(1 - > T
( 6)2A<1_a)h(r,w) <r<( +6)2A<1_a)h(r,w) . r=Rofw| <3
Combined with (18) we get
1— 21 1 21
( €) - < @(r,w) gﬂ,’ T2R0,|w|<z 0
l—a r 1—a r )

Theorem 5.4. The function h = Re(g) is C* on S.

Proof. The function
U(,O, Z) =Im f(p7 Z)

is harmonic on P and by Theorem [5.2] (1) it is continuous on P\{0}. On the upper part of
OP\{0}, v has value 5 and on the lower part it has value —F. Then by the Elliptic Regularity
Theorem (see the comment after Theorem 6.19 on page 111 in Gilbarg and Trudinger (1983))
v € C*®°(P\{0}). By the Cauchy-Riemann equations we get that u = Re(f) € C*(P\{0}).
Thus f € C°(P\{0}). By Theorem [5.2/ (1), f’ # 0 on P\{0} and then using the formula

g (r,w) = m we get that g € C™(95). O
In what follows, for T' > 0 we will write
Sr=8Sn{(ry,w): r>T}.

Let 0 < & < 1 and by Corollary 5.3 choose large M > 1 so that

1—¢ Vh 2 14 m
Q_W—‘N’“’) S—ape Mg (20)
and
f(D) 2 Sum. (21)

Making M larger (as we will below) does not change the validity of (20)—(21).
Let N > 1 and set

Q1= Q1(N) = (N,AN?)
Q2 = Q2(N) = (N, —AN).
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Then for some R(N),

F@Q) = (RN, 3).

(

£(Q2) = (R(V),~F). )

FOD N {p = N,z = Ap}) = 0Smon) N {w = 7},

F(ODN{p> N,z = —Ap*}) = OSp(y) N {w - —g} .
Lemma 5.5. As N — oo,

R(N) ~ 2A(17r— a)Nl_a
Proof. By Theorem 5.2/ (2),
R(N) = Re f(N, AN®) ~ QA(;F_ Q)Nl—a

as N — oo, O

Now let us convert our problem to the strip S. Define

1[06% 0?
£=31lar T awr

Vh
s s+ (A= 1) () V

and let Y be the diffusion corresponding to £ in S. Notice by the Cauchy-Riemann equations
the operator |Vh|=2L is just the operator L from Section|2 expressed in the coordinates (r, w) =
f(p, z). In particular, Y and f(X) in f(D) have the same exit distribution on 95 and so we can
write

Po(Xi(mp) > N) = By(Yi(7yp)) > R(N)),  y = f(a). (23)
Moreover, for any open U C D, Y and f(X) have the same exit distribution on 9f(U) and so
Po(X(rv) € A) = Py(Y(rp) € f(A)),  y=[f(x),ACOU. (24)
Next, let us h-transform and get a Feynman—Kac representation.

Lemma 5.6. Let B = (B, Ba) be two-dimensional Brownian motion. Let R > M and y € Sy.

__d—1
(1) Forp= o,

T (B(s)

P,(Yi(rs) > R) > h™P(y)E, 2

1(By (TSM) > R) exp <_p(p -1) /TSM
0

(2) Ifd=2 then

Vh

P, (Yi(7s,) > R) = h™/2(y) - (B(s))

1/2 1 [™m
Ly h (B(TSM))I(Bl(TSM) > R)exp 3
0
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Proof. We are going to verify the hypotheses of Theorem (3.1 for

G =Sy
i {(un+5)
L=°L
H=h?

Since h is harmonic on S,

-1 2
LH = L(h?) = p(pQ) %

and LH has constant sign. By Theorem 5.2 (1), inf A > 0 and so by Theorem 5.4, H and b are
G
in C*°(G) and

h™P,

CH _ _plp=1) |Vh[
H 2 h

is continuous on G. Moreover, by Corollary |5.3/and Theorem \5 2, ﬁ is bounded on G.

Write X and Y for the diffusions associated with £ and £ — £ [ 6?:2 + BMQ} respectively, on
G. Notice X = Y from the statements prior to Lemma 5 5.6 and Y is two—d1men51onal Brownian
motion. We need to show 7¢(X) and 7¢(Y) are a.s. finite. Write I = (- %.%) and note
7a(Y) < 71(Y2). But Ys is one-dimensional Brownian motion and it is known that for some
positive constants c¢; an cs, B

Py, (11(Ya) > t) < cre” "

Hence _
Py(rc(Y) > t) < cre” "

Also, since X is two-dimensional Brownian motion with bounded drift, by the Cameron—Martin—
Girsanov Theorem, Py(Tg()? ) > t) satisfies a similar bound. In particular both 7¢(X) and 7¢(Y)
a.s. finite. Moreover, if U C G is any bounded open set with C*# boundary then TU()N() < Tg()?),
and so by the exponential decay of the tail distribution of the latter, A\g(£,U) < 0. Thus all the
hypotheses of Theorem [3.1 hold and we can conclude that for R > M

Py()?l(TSM) > R) = h_p<y)Ey [hp(?(TSM))I(?I(TSAJ > R)

. exp (-p(p2_1) /OTSM i ds) } .

Recalling that X =Y and Y is two-dimensional Brownian motion, this translates into

Vh
SV (9)

P,(Vi(rsy) > B) = hP(5)E, [hp(Bst))I(Bl(TsM) > R)

Cexp (_p(pz—n/ow ’th(B(s)) 2d3> ] (25)
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By (21),

hp(B(TSM)) = [Re f_l(B(TSM))]p
>1

and so (25) leads to

Py(Yi(rs) > R) > Py(Yi(7s,,) > R)

_ —1) [™m |Vh 2
zh%@@,u&@&9>3m@<—“ﬁz)/ - (B(s)) @)M
0
This gives part (1) of the lemma.
Now assume d = 2. Then p = % and (25) yields part (2). O

Lemma 5.7. For two-dimensional Brownian motion B and y € Sy,
Ey[Bi(ts,,)Y <oo forall ¢q>0.

Proof. Choose x € D such that f(z) = y. By conformal invariance of two-dimensional Brownian
motion and (21)—(22), for large N

Py(B1(7sy,) > R(N)) = Pu(B1(7g(s5,)) > N)
P.(Bi(tp) > N)

IN

and

P,(Bi(rs) > R(N)) > Py(Bi(rp) > N).

Then by Remark for some ¢ > 0, if N is large we have

%awmm>m

1(7sy,) > R(N))

Py(Bi(ts) > R(N))
(B
(Bi(tp) > N).

c?
P,
P,

IN A

Applying Theorem this yields

2A(1 -
N (7ra)Na1 log Py(Bi(7s),) > R(N)) = 1.

Using Lemma [5.5] we get

. 1
A}gnoo RIV) log Py(Bi(7s,,) > R(N)) = -1 (26)
Thus 1
lim log Py(Bi(rs,,) > T) = -
and the conclusion of the lemma holds. O

1086



5.2 Proof of Theorem 5.1] a)

In this subsection we will assume d > 3. Consider any 7,£ > 1 with % + % = 1. Define

_ Ap(p —1)(1 +¢)
q—2+\/1—|- (o)

(recall € > 0 is from Section/5.1—see just before (20)). This is real because d > 3 forces p—1 > 0.
Notice ¢ is chosen so that

(¢=1D(g=3) _plp—1(1+e)
4 £(1—a)?

Let Z be the diffusion associated with the operator

(27)

1[92 ¢q—-10 02
M=31o2 T or " ou

for (r,w) € [0,00) x R.

Lemma 5.8. For two-dimensional Brownian motion B and R > M,
Py(Z\(s,,) > R) > Py(Bi(7s,,) > R), y € Su.

Proof. For B(0) =y, we can write

qg—1

AZ1(6) = dBa(t) + 575

dZy(t) = dBs(t).

Since ¢ > 2, Z; never hits 0. By the Comparison Theorem (Ikeda and Watanabe (1989),
Theorem VI.1.1)
Z1(t) > Bi(t), t>0.

Since Zs(t) = Ba(t) for all ¢ > 0, we can conclude that either
(1) B exits Sy on {r = M} and Z has not yet exited Sy,
OR
(2) B exits Sy on 9S and Z exits Sy, at the same time.
Now if By(7g,,(B)) > R then (1) cannot hold and (2) then implies 7g,, (B) = 7s,,(Z). Moreover,

since By < 71,
R < Bl(TSM) S Zl(TSJ\/I)

and we have
Py(Bl(TSM) > R) < Py(Zl(TSM) > R)?

as desired. 0
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We are going to compare P, (Y1(7fp)) > R) and Py(Bi(7s,,) > R) and in order to do so, we
must have y € Sy In general though, it is possible that y ¢ Sy for Py(Y1(7y(p)) > R). The
next lemma lets us get around this difficulty.

Lemma 5.9. Suppose y1 < M. Then for some ¢ > 0,
Py(Yl(Tf(D)) > R) ZCP(QM,o)(Yl(Tf(D)) > R), R > 2M.

Proof. Write G = f(D)\Sa2ps. By the strong Markov property, for R > 2M

™ T

P,(Vi(ryp)) > R) 2 B, [1 (Ya(ra) € [~ 7. 5] ) I0i(rsmy) > B)]
= B, [1 (Yalra) € [—%, ﬂ) Py(rey(Yi(75(py) > R)]
> P, (Yalre) € |~ 5. ] ) ePoro)(Yilryp) > R)
(by the Harnack inequality)

= cPono)(Yi(Tp(py) > R),
where ¢ is independent of R > 2M. O

Now we can complete the proof of Theorem 5.1 a). Recall we are writing y = f(z) for z =
(p,z) € D. Depending on the choice of € made just before (20), it is possible that y; < M. Since
we can make M larger without affecting the validity of (20)—(21), it is no loss to assume that
we have y; < M. For large N, by (23) and Lemma (5.9, for some ¢ > 0 independent of N,

PI(Xl(TD) > N) = Py()/l(Tf(D)) > R(N))
> cPon,o)(Yi(Tp(p)y) > R(N))

> ch™P(2M,0)Ear ) [I (B1(7sy,) > R(N)):-

- exp (_p(pQ—l) /OTSM : ds) ]

> ch™P(2M,0)Eapr0) [I (Bi(7sy,) > R(N))-

exp <_p(p - D (11_+Of)2 /0 o Bl(s)2d3>] (28)

Vh
~L(B(s)

(by Lemma 5.6 (1))

(by (20) and that p —1 > 0).
We are going to apply Theorem (3.1 to

G=Sy
s {(25))
M

H(r,w) = r—(@a=1/2
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Noting that
MH _ (¢—1)(¢—3)

H 82
and
M — —
"H or?  ow?
we can repeat the argument in the proof of Lemma to show the hypotheses of Theorem
are met. Thus that theorem with (X,Y") there replaced by (Z, B) yields

MH [ 0? 0* ]

Pontoy(Za(rs0y) > R(N)) = H(2M,0)Eoaro) [H(Bm»l

I(Bi(rs,,) > R(N)) exp ( /0 o /\ff(B(s))ds> }

— HM.O) B | Ba(rsy )2 1(Br(rsy) > ROV -exp (- T=HEI=2 [™ i) 2as) |

< H(2M,0)(E(2n,0)[B1(7s,,)" (a=1)/2]y1/m,
< 2M0)|: (Bi(ts,,) > R(N ))exp< (g —1)( q— é’/TS]w 2d8>})l/£

=c <E(2M,0) [I(Bl(TSA{) > R(N))exp ( (2(11_)((1;6 /OTSM Bi(s)~ 2ds>]>1/5

(by Lemma[5.7 and (27)), where ¢ is independent of large N. Using this in (28), we get for some
¢ > 0 independent of N,

~—

Py(X1(7p) > N) 2 &(Pam0)(Z1(7s,,) > R(N)))*
(Panar0)(Bi(7s,,) > R(N)))*

(by Lemma 5.8). With Lemma 5.5/ and (26) this gives

v
O

lim inf N® ! log P,(X Ny>-¢- "
im in. og Py(X1(1p) > N) > £2A(1_a)
Let £ — 17 to get part a) of Theorem [5.1. O

5.3 Proof of Theorem 5.1 b)

We continue using the notation of Section It will be necessary to make M larger so that
f(z) ¢ Sy. We will compare X (7p) with X;(7p,.) where Dr = ¢g(S)s) and this requires the
starting point x to be in Dr or equivalently, f(z) € Sys. The corollary following the next lemma
will let us get around this problem.

Lemma 5.10. Suppose z = (z1,22) € D. Then for some constant ¢ > 0,

P.(X1(tp) > N) < cP;, 0)(X1(7p) > N), N > 2z.
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Proof. Let R; < z1 < Ry < 221 and set
G={(p,z) € D: Ry <p< Ra}.
Notice z € G. The functions

u(w) = Py (X1(tp) > N)
v(w) = Py(X (1) € 0G\90D)

are positive and L-harmonic on G. Since they vanish continuously at 9DN{(p, z): R1 < p < Ra},
by the boundary Harnack principle there is ¢ > 0, independent of N, such that

M <t we Dith = a1,
Thus
P,(Xi(mp) > N) < Cv(vz(j)())P(zl’O)(Xl(TD) > N)
= CP, 0)(X1(7p) > N)
where ¢ is independent of N > 2z;. O

Next, choose K = K (M) so large that the curve

Fzg({(r,w): r:M,\w|§g}> (29)
lies to the left of the vertical line {(p,2): p= K}.
Corollary 5.11. Let x € D with f(xz) ¢ Sy. Then for some ¢ > 0,
Py(X1(mp) > N) < cPg0)(X1(1D) > N), N > 2K,

Proof. Define
ok =inf{t > 0: Re(X;) = K}.

Since f(x) ¢ Sn, « lies to the left of the curve I'. Then for N > 2K

Px(Xl(TD) > N) = PQC(O'K < TD,Xl(TD) > N)
= Ey[I(0k < 7D)Px(ox)(X1(TD) > N)]

(by the strong Markov property).
But Re(X(0k)) = K, so by Lemma this gives

P.(X1(mp) > N) < cPi(ok < 70)Pk,0)(X1(7D) > N)
< CP(K70)(X1(TD) > N),

as desired. O
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For two-dimensional Brownian motion B = (Bj, Ba), let

g:inf{t >0: Ba(t) ¢ (—2’9}

Then for some Ay > 0,
Ey[eX] < oo forall A< A

For i = 1,2, let & and n; > 1 satisfy ?11 + % = 1. By making M larger if necessary, it is no loss

to assume
(14 ¢)é1m2

TRy
SM2(1—a)2 =0

and
f(x) ¢ Su. (30)
Now for large N, R(N) > M; hence if B;(7s,,) > R(N), then 7g,,(B) = ¢ and we have

E, |I(Bi(rs,,) > R(N)) exp <stMﬂ <E, [exp (mgﬂ < 0. (31)

In what follows, ¢ > 0 will be a number whose exact value can change from line to line, but it
will always be independent of N large. By Corollary[5.11 and (30]), for large N we have

Pp(Xi1(mp) > N) < cPx0)(X1(7p > N)
< cPigo)(X1(mpp) > N)

(recall (29) and use Lemma 2.5)
= cPrx0)(Y1(7s),) > R(N))

(by (24), and that f(Dr) = Su)

= CK_l/QEf(KvO) |:h’1/2(B(TSM>)I(Bl(TSM) > R(N))

1 (™M 2
- exp (8/ ds) ]
0

(by Lemma 5.6/ (2) and that h(f(K,0)) = K)
< B [ Bulrs ) T (B (rs,) > ROV

exp @(11*;)2 /0 o 31(3)2d5> ]

(by Theorem 5.2/ (3) and (20))

Vh
SL(B(s))

1

< eEguco Bars) TN ( By |11 (7s,,) > RV))
o (s ) ])
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(since Bi(s) > M for s < 7g,,)

= (Ef(Km [I (B1(7s,,) > R(N)) exp <mfsMﬂ ) .

< e(Py i) (Bi(rs,,) > R(N)))5% (Ef<K,o> [I(fh (r5) > R(N)).

1

1+¢)¢ &
o (552

1

< Py ,0)(Bi(ts,,) > R(N)))ae

(by (31)).
Thus by Lemma [5.5

1
li N llog P (X N) < i il log P B
oAl P 10) > ) < o iy g o8 P () > ROV
__r o~
182 2A(1 — )
(by (26)). Let &,& — 1T to finish. a

6 Dimensional dependence of the limit in (5)

In this section, we complete the argument for the Example in the Introduction. We continue to
use the notation of the example.

The dimensional dependence of the limit in (5) will follow if we can show that p(d) is strictly
decreasing in the dimension d. Now for each fixed a > 0, the function

y)=-y+Vy*+ta

is strictly decreasing on [0,00). Assuming that the eigenvalue 7 (d) is nonincreasing in d, we
have for d; < do

2p(da) = —(do — 1) + v/(do — 1)2 + 41 (d2)
< —(di — 1) +/(d1 — 1) + 41 (da)
< —(di — 1) +/(d1 — 1)2 + 4y (dy)

= 2p(d1)>

and the desired monotonicity holds.

Now we show 71(d) is nonincreasing in d. Let ¢ = ¢(x) be the colatitude of a point x =
(&, 2411) € (R1\{0}) x R; that is, ¢ is the angle between 2 and the 24, -axis. Since the function

y) = y/m is monotone,

yl<A = |f(y)l < f(A),
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and we get that
’xdj‘ll <A
|z
[f (a1 /|Z)] < f(A)
‘xd+1| < f(A)
\/ |22 + x3+1
A

< |cosep(x)] < T

= (%,24+1) € Qp

11

Thus
Qp ={z = (%, 2441): | cos p()| < \/ﬁ}w

and by symmetry, the first Dirichlet eigenfunction of Aga on Qp N S depends only on the
colatitude ¢. For such a function, Aga takes on the form

2L = (sin ap)ldaa [(sin ®)
P

82
T 0g?

19
dp

0

+ (d —1)(cot go)%

(It6 and McKean (1974), Section 7.15).

The grand conclusion is that %’Yl(d) is the smallest positive Dirichlet eigenvalue of L on the
interval

_ ~1 A “1(__ A
1= (COS <\/1+7> , COS ( \/@))
Since the coefficients of L are smooth on I, by Theorem 4.3.2 in Pinsky (1995), and the definition
after its proof, —%7l(d) is the generalized principal eigenvalue of L on I. Let

h(ip) = (sin )1 =D/2,

Then h is strictly positive and C® on I; hence by Theorem 4.3.3(iv) in Pinsky (1995), —%71 (d)
is also the generalized principal eigenvalue of the h-transformed operator L" on I. It is easy to
compute that

82
T o

Va(p) = L ; D [1 + (d—; D cot? cp] .

2Lh + Va(p),

where

Since the operator L" is well-behaved on I, application of Theorems 4.3.2 and 3.6.1 in Pinsky
(1995) yields that if B; is one-dimensional Brownian motion,then

1
—n(d) = Jim log E, [ dovaBoder ],
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where 77 is the first exit time of B; from I. If di < dg, then we have V;, < Vg,, and the last
limit implies that v1(d2) < v1(dy), as desired. O
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