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1 Introduction

The absence or presence of phase transitions lies at the heart of mathematical statistical me-
chanics of equilibrium systems. A phase transition in an order parameter that can be directly
observed is of an obvious interest for the system under investigation. Moreover sometimes also
the presence or absence of phase transitions is linked in a more subtle way to the properties of
the system under investigation. In fact, it is understood that "hidden phase transitions” in an in-
ternal system that is not directly observable are responsible for the failure of the Gibbs property
for a variety of important measures that appear as transforms of various Gibbs measures. For
the mechanisms of how to become non-Gibbs and background on renormalization group type of
pathologies and beyond, see the reviews [11; 8; 5].

The first part of the analysis of an interacting system begins with an understanding of the "weak
coupling regime” and proving results based on absence of phase transitions when the system
variables behave as a perturbation of independent ones. There is a variety of competing ways at
our disposition to do so, giving related but usually not equivalent results, notably Dobrushin’s
uniqueness theory [14; 1], expansion methods, and percolation and coupling methods.

When it works, Dobrushin uniqueness has a lot of advantages, being not very technical, but
very general, requiring little explicit knowledge of the system and providing explicit estimates
on decay of correlations. Moreover, it implies useful properties generalizing those of indepen-
dent variables. As an example of such a useful property we mention Gaussian concentration
estimates of functions of the system variables which are obtained as a corollary when there is an
estimate on the Dobrushin interaction matrix available [6; 7]. Especially when we are talking
about continuous spin systems a Dobrushin uniqueness approach seems favorable, since cluster
expansions are often applicable only with some technical effort [19; 12], and percolation and
coupling are not directly available.

A particular interest has been in recent times in the study of the loss and recovery of the Gibbs
property of an initial Gibbs measure under a stochastic time-evolution. The study started in [4]
where the authors focused on the evolution of a Gibbs measure of an Ising model under high-
temperature spin-flip Glauber dynamics. The main phenomenon observed therein was the loss of
the Gibbs property after a certain transition time when the system was started at an initial low
temperature state. The measure stays non-Gibbs forever when the initial external field was zero.
More complicated transition phenomena between Gibbs and non-Gibbs are possible at interme-
diate times when there is no spin-flip symmetry: The Gibbs property is recovered again at large
but finite values of time in the presence of non-vanishing external magnetic fields in the external
measure. A complete analysis of the corresponding Ising mean-field system in zero magnetic
field was given in [3] where the authors analyzed the time-temperature dynamic phase diagram
describing the Gibbs non-Gibbs transitions. In the analysis also the phenomenon of symmetry
breaking in the set of bad configurations was detected, meaning that a bad configuration whose
spatial average does not preserve the spin-flip symmetry of the model appears.

What remains of these phenomena for continuous spins? The case of site-wise independent
diffusions of continuous spins on the lattice starting from the Gibbs-measure of a special double-
well potential was considered in [10]. It was shown therein that a similar loss of Gibbsianness
will occur if the initial double-well potential is deep enough. In contrast to the Ising model, this
loss however is a loss without recovery, so the measure stays non-Gibbs for all sufficiently large
times. This is due to the unbounded nature of the spins. Short-time Gibbsianness is proved

1308



to hold also in this model. While these results hold for a continuous spin model, the method
of proof is nevertheless based on the investigation of a ”"hidden discrete model”, exploiting the
particular form of the Gibbs-potential. In [17] the authors studied models for compact spins,
namely the planar rotator models on the circle subjected to diffusive time-evolution. It is
shown therein that starting with an initial low-temperature Gibbs measure, the time-evolved
measure obtained for infinite- or high-temperature dynamics stays Gibbs for short times and for
the corresponding initial infinite- or high- temperature Gibbs measure under infinite- or high-
temperature dynamics, the time-evolved measure stays Gibbs forever. Their analysis uses the
machinery of cluster expansions, as earlier developed in [22]. Even before it was shown that the
whole process of space-time histories can be viewed as a Gibbs measure [21]. This is interesting
in itself, but does not imply that fixed-time projections are Gibbs.

Short-time Gibbsianness in all these models follows from uniqueness of a hidden or internal
system. While this is expected to hold very generally, results that are not restricted to particular
models appear only for discrete spin systems [9]. The present paper now narrows the gap. It
provides a proof of the preservation of the Gibbs property of the time-evolved Gibbs-measures
of a general continuous spin system under site-wise independent dynamics, for short times, even
when the initial measure is in the strong coupling regime. Intuitively speaking strong couplings
offer the possibility for a phase transition not only in the initial system but also in the internal
system, which will however be suppressed for small times, but usually only for small times.
Small couplings offer no possibility for a phase and it is much easier to show the preservation of
Gibbsianness for all times.

More generally than for time-evolution, we prove our results directly for general two layer sys-
tems, consisting of (1) a Gibbs measure in the first layer, that is (2) subjected to local transition
kernels mapping the first-layer variables to second-layer variables. This generalizes the notion
of a hidden Markov model where the second layer plays the role of a noisy observation. Such
models have motivations in a variety of fields. Let us mention for example that they appear in
biology as models of gene regulatory networks where the vertices of the network are genes and
the variables model gene expression activities.

A measure is Gibbsian when the single-site conditional probabilities depend on the conditioning
in an essentially local way. Our main statement (Theorem [2.5) is an explicit upper bound
on the continuity of the single-site conditional probabilities of the second-layer system as a
function of the conditioning. This is valid when the transition kernels don’t fluctuate too much,
even when the first-layer system is in a strong coupling regime. Our result holds for discrete or
continuous compact state spaces and general interactions and is based on Dobrushin uniqueness.
To formulate the resulting continuity estimate for the conditional probabilities we don’t need
any a priori metric structure on the local-spin spaces: The natural metric on the second-layer-
single-spin space is created by the variational distance between the a-priori measures in the first
layer that are obtained by conditioning on second layer configurations (see Theorem [2.5).

On the way to this result, we exhibit a simple criterion for Dobrushin uniqueness for Gibbs-
measures (of one layer). It is easy to check and can be of use beyond the study of (non)-
Gibbsianness.

Intuitively, it demands that the sum over the interaction terms in the Hamiltonian coupling
the sites ¢ and j should not fluctuate too much when it is viewed as a random variable at the
site ¢ under the corresponding local a priori measure (see Definition [2.2). So even when one
has a large interaction, better concentration properties of the a priori measures can still imply
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an overall small Dobrushin constant. This is a generalization of the simple large-field criterion
ensuring Dobrushin-uniqueness in the Ising model (see p.147 example 8.13 of [1] and [20]) to
general spaces (Theorem [2.3).

The criterion we need for the study of the second-layer model is based on the description of the
interplay between the possible largeness of the initial interaction and the strength of the coupling
to the second layer found in Theorem 2.3 (when the initial a priori measures are replaced with
conditional a priori measures). To ensure Gibbsianness of the second-layer model, we thus need
small fluctuations of the initial Hamiltonian w.r.t. the a-priori measures in the first layer that are
obtained by conditioning on second-layer configurations. The estimates on the spatial memory
of the second-layer-single-site conditional probabilities follow naturally by evoking Dobrushin-
uniqueness estimates on comparison of the Gibbs measures with perturbed specifications and
chain-rule type of arguments.

To illustrate the simplicity of our approach to get explicit estimates on the spatial decay we
prove short-time Gibbsianness of a model of (¢ — 1)-dimensional rotators for general ¢ > 2
under diffusive time-evolution on the (¢ — 1)-spheres, and provide an explicit estimate on the
time-interval for which the time-evolved measure stays Gibbs. This will be supplemented by
arguments that are more specific to the rotators which give us precise continuity estimates in
terms of the Euclidean distances on the spheres. As another application of our approach we
show Gibbsianness of initial system (with Lipschitz continuous Hamiltonian) subjected to local
coarse-grainings. Here the transformed system will be Gibbs if the local coarse-graining is fine
enough.

The rest of the paper is organized as follows: In Section 2 we formulate our main results. From
Sections 3 to 5 we present the proofs of the main results and state some further results that are
also of interest in themselves.

2 Main Results

2.1 Preliminaries and definitions

Before we formulate our results we recall some generalities on Gibbs measures for spin systems
([1; 11; 14]). Let G be a countable vertex set (for example G = Z¢, d > 1) and denote by S the
set of finite subsets of G. We write A® := G\ A for any subset A of G and whenever A = {i}, we
shall in the sequel write i€ instead of A°. We denote by o = (0;);ec the spin-variables where the
o;’s are taking values in a standard Borel space S (i.e. a measurable space with a metric which
turns it into a complete separable metric space equipped with the Borel o—algebra generated by
the metric) equipped an a-priori Borel probability measure « (single-spin space). In our general
set-up we don’t need to make a metric structure on S explicit. We further denote by Q := S¢
the configuration space of our system equipped with the product Borel o-algebra F. We write
Fa for the sub-o-algebra generated by the o;’s for i € A C G. A real-valued function defined
on the configuration space is said to be local if it is measurable w.r.t. F for some finite subset
A C G and is said to be quasilocal if it is a uniform limit of local functions.

A specification on (2, F) is a family v = {ya, A € S} of probability kernels from Qxc to F which
are proper and consistent. Properness means that vy, (B|w) = 1p(w) whenever B is measurable
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w.r.t. Fpc. Consistency means that yo/ya = ya whenever A C A’. Here the notation on the
L.h.s. indicates the composition of probability kernels.

A specification is said to be quasilocal if its application to any quasilocal function f on €2,
denoted by vo(f), is again a quasilocal function. A specification is said to be uniform nonnull
if, for each A € S there exist constants 0 < uy < vy < oo such that upa®(A4) < yp(Ajw) <
vAaA(A), for all w € Q and A € F. Here a” is the free specification obtained by putting a
fixed boundary condition outside A and integrating over the product measure inside A, that
is ap(flw) = [TLica a(doi) f(oawae). A specification is called Gibbsian if it is quasilocal and
uniformly nonnull.

Given a Gibbsian specification v we say that a probability measure p on €2 is a Gibbs measure
for v whenever, for each A € S,

HYA = [ (1)
The above equation is called the DLR-equation. We denote by G() the set of Gibbs measures
for ~.

Often a specification will not just be abstractly defined, but given in terms of an interaction,
or a Hamiltonian. The interaction among the components of the systems we shall consider is a
family ® = (®4)4es of local functions ® 4 (called interaction potential) satisfying the following
summability condition:

e :=sup Y [A[|®a]le < 0. (2)
€G pes: Asi

(2) implies the most frequently found condition of absolute summability, i.e

sup Y [ Pafleo < 0. (3)
€G Aes: Asi

Given an interaction ® and a fixed configuration w € 2, we introduce for each A € §

Hp(opwpe) := Z D g(oAwpe) (4)
A:ANAAD

as the finite-volume Hamiltonian with w as boundary condition. For a given absolutely summable
interaction ® we denote by v = v?® the Gibbsian specification (see [1]) given by

Ya(doa|o) = exp(—BHa(0AGA)) H a(do;)/Zn(5) (5)

€A

where Z) (o) is the normalization constant and 3 is the inverse temperature. In the present
paper 8 will always be absorbed into the interaction.

While it is important to know that a specification is quasilocal, we are aiming in this paper at
statements refining the quasilocality, which describe the dependence of the single-site conditional
probabilities 7; on variations of the conditioning in more detail. To quantify the continuity of a
specification we employ the following notion.
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Definition 2.1. Assume that d is a metric on the single-spin space S, and assume that QQ =
(Qij)ijec is a non-negative matric with sup;cq ZJEG Qi = Qe < 0.

A specification vy is called a Gibbsian specification of goodness (Q,d) if it is quasilocal, uniformly
non-null, and the single-site kernels satisfy the continuity estimates

’ ’g > Qigd(n;,my). (6)

JEG\i

Yi(dnilnie) — vi(dn;|7e)

Here

|1 — vl :== sup |vi(f) —re(f)| = %)\(’hl — hal), (7)
filfI<1

whenever vy and vy are probability measures that are absolutely continuous with respect to the
measure X\ with \-densities hy and hy respectively (i.e. ||v1 — vo|| is one half of the variational
distance between vy and v2) and the supremum is over observables on (2.

The faster the decay of @) is, the faster the decay of conditional probabilities on variations of the
conditioning is, and the "better” or the "more Gibbsian” the system of conditional probabilities is.
We are restricting our attention to single-site v;’s since all 5 for finite A can be expressed by an
explicit formula in terms of the +;’s with ¢ € A. For the solution of this "reconstruction-problem”
see [1;23].

In particular we denote by C' = (Cjj); jeq the Dobrushin interdependence matriz [1; 14], with
entries given by

Cij=  sup  [[%([€) =%l (8)
¢med: gjcznjc
This means that C' is the matrix with smallest matrix-elements for which the specification ~
is of the goodness (C,d), where d is the discrete metric on S given by d(nj,n;.) = 177].7&,7;_. The
corresponding Dobrushin constant is given as

c:=sup Z Cij.

i€G jeG

We recall that whenever ¢ < 1 (Dobrushin uniqueness condition) and ~ is quasilocal then -~
admits at most one Gibbs measure [14; 1]. However if the single-spin space S is standard Borel
(as in our case) then the above condition implies that v admits a unique Gibbs measure (see
Theorem 8.7, [1]). It is known that for a potential ® satisfying (2) there is a sufficiently small
(B such that & satisfies Dobrushin uniqueness and the measure is in a weak coupling regime,
where the measure is a small perturbation of a product measure.

2.2 A bound on the Dobrushin constant for concentrated a priori
measures

For our purposes we employ the following definition.
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Definition 2.2. For a function F : Q — R we define the a;1, j-linear deviation dev,; ; of F'
to be

devesss(F) i= sup_int [ aldoy)|F
¢,nesG beR
Cje=njc

(oimic) — F(0:Cie) — b|. (9)

This quantity is the worst-case linear deviation of the variation of F' at the site j viewed as a
random variable w.r.t. to o; under «(do;). Note that the linear deviation is bounded by §;(F),
the jth oscillation of F, which is bounded by the oscillation of F, i.e.

deva, j(F) < 6;(F) = sup F(n) —F(C)(
Cjc,:njc (10)
< o(F) = sup |[F(n) - F().
¢,meN

Then our first result is as follows.

Theorem 2.3. The Dobrushin constant c is bounded by

c < sup exp|( 0;(H;) |devasi j(H;).
sup 3 e (31 Jdeva (1) (1)

The use of this bound lies in the fact that, even when the interaction potential is large,
deve j(H;) can be small, when « is close to a Dirac measure. A simple example for this to
happen is an Ising model at large external field, as it was discussed in [1]. Our bound produces
the bound given there, but extends to general potentials. As a less trivial application of the our
bound to a spin model where S is not discrete we discuss the Gauss-Weierstrass kernel in the
rotator example of Section 2.4/ where we use it to prove short-time Gibbsianness (see (23)).

Of course, when the potential is small to begin with, the r.h.s. of (11) will be small, independently
of a, so the theorem can be used for both strong couplings and concentrated a priori measures,
and weak coupling.

2.3 Two-layer models - Goodness of Gibbsianness

Let us now formulate our assumptions on a two-layer system over a graph G. To each vertex
will be associated two local state spaces. A particular example will be given by the site-wise
independent time-evolution of Section2.4. So, in general let S and additionally S’ be measurable
(standard Borel) spaces. This implies in particular existence of all regular conditional probabil-
ities. Again, no a priori metric will be used explicitly. We refer to S as the initial (first-layer)
spin space and to S’ as the image (second-layer) spin space. Let us take K(do;,dn;) (Borel
probability measure on the product space S x S’) be the joint a-priori measure for the two-layer
model. We assume that K can be written in the form K(do;,dn;) = k(oy,n;)a(do;) (dn;),
where a(do;) = fs, (doi, dn;), o' (dn;) = fs (doi,dn;) and || log k||leo < 00.

Our initial model (probability measure on ) is by definition a Gibbs distribution for the spec-
ification given in terms of the potential ® according to (5) where we now put as an a-priori
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measure the marginal of K on the first layer, that is a(do;) = [, K(doy, dn;). It is important to
note that we don’t assume uniqueness of the Gibbs measure for this specification. In practice a
might be given beforehand and K is then obtained by specifying a transition kernel K (dn;|o;)
from the first layer to the second layer. In the rest of this work we will (unless otherwise stated)
denote by o; € S the local variable (spin) for the initial model and n; € S’ the local variable
(spin) for the image model.

Let pu(do) be a Gibbs measure for the first layer for the potential ® and a priori measure o. Our
aim is then: Study the conditional probabilities of the second-layer measure defined by

p(n) = [ tae) ] Kanon)

ieG

This form appears for instance in the study of a stochastic time evolution, starting from an initial
measure £ where the kernel K (dn;|o;) will be dependent on time and is applied independently
over the spins (infinite-temperature dynamics). In case studies it has been observed that the
map p — ' may create an image measure that is not a Gibbs measure anymore. On the other
hand, in all examples observed, Gibbsianness was preserved at short times where K (dn;|o;) is a
small perturbation of ., (dn;). We aim here to give a criterion that implies this in all generality,
not using any specifics of the model but only the relevant underlying structure. In particular we
are not restricting ourselves to discrete spin spaces.

Our main result Theorem is a criterion for the Gibbs property of the second-layer measure
to hold, that is easily formulated and verified in concrete examples. Moreover, we give explicit
bounds on the dependence of the conditional probabilities of the second-layer measure on the
variation of the conditioning, in the sense of Definition 2.1l

We said that we will not use any a priori metric on the spaces S and S’; indeed the natural
metric that shall be used for continuity in this set-up shall be given by the variational distance
of the conditional a priori measures in the first layer, conditional on the second layer.

Set for each i € G
o, (doy) := K(do|n;), (12)

the a priori measures in the first layer that are obtained by conditioning on second layer config-
urations.

Definition 2.4. We call

d'(ni,m5) = llom, — ayy| (13)

the posterior (pseudo-)metric, associated to K on the second layer space.

d’ satisfies non-negativity and triangular inequality, but we may have d'(n;,n;) = 0 for n; # 7|
(which happens e.g. if o; and 7; are independent under K).

In the language of statistics, ay, is the "posterior measure” depending on the observation 7; in
the second-layer-single-spin space. Stated abstractly, the metric d’ is the pull back-metric of the
map 7; — oy, (do;) from single-site configurations in the second layer to single-site measures in
the first layer. While this metric seems to be non-explicit, we will show in the rotator example
how it can be estimated in terms of a more familiar metric (Euclidean metric).
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It is a well-known heuristics which has been made precise in special cases that an investigation
of the Gibbs property of the second layer measure must be based on an analysis of the first layer
conditioned on configurations in the second layer [4; 5; 8; 12]. So, our estimates will naturally
contain quantities that reflect this aspect. Let us put

B;j = supdevani;m(HZ‘), Cyj = exp( Z 5(Pa) ) (14)
" A>{ij}

We note that Bij is a uniform bound on the deviations of the initial Hamiltonian taken with a
priori measures conditioned on the image configurations. The entries C_'ij are upper bounds on
the conditional Dobrushin matrix for the corresponding constrained first-layer model. We warn
the reader not to confuse devani;i,j(Hi) with devy.; j(H;). While the second quantity may be
big and correspondingly the unconstrained first layer system in a non-uniqueness regime, the
first one might still be small and correspondingly the constrained layer system in a uniqueness
regime. This is e.g. the case for a time-evolution started at low temperature, for small times.
Then we have the following theorem.

Theorem 2.5. Suppose that the first-layer system has an infinite-volume Gibbs measure p =
lim,, uin obtained for a boundary condition & and along a suitable sequence of volumes A,,.

Suppose further that sup; Zj Cij < 1.

Then the family ' of finite-volume conditional distributions of the transformed system is a
Gibbsian specification of goodness (Q,d’) where

Qi = 46> Zaasi ||<1>Anoo( 3 5k( Y e A) ij>ezA9j 5;(®4) (15)
keG\i AD{i,k}

with D =522 C"™.
Remark: A formula for ' is given below the statement of Proposition 4.7 in (63)).

Note that the first layer system may be very well in a phase transition regime. For arbitrarily
large interaction ®, good concentration of the conditional measures «, can still lead to a small
Bij, which makes the C_'ij sufficiently small for the theorem to hold. In short: Uniform conditional
Dobrushin uniqueness of the first layer implies Gibbsianness of the second layer, with explicit
estimates.

The matrix ) describing the spatial loss of memory of the variation of the conditioning, depends
on the decay properties of the ®4’s and of the Dy;’s. E.g. in the case of a finite range potential,
Dy; dominates the decay of @Q;;. If we have sup; Zj C_'ije’\s(i7j) < oo where (i, j) is an arbitrary
distance on G, provides us with an exponential decay estimate of the form @;; < Ce~N's(i)
for some constant C.

Note that the summability property we impose on the initial potential implies the finiteness
of (15). In particular we have the following bound on the entries of the @-matrix

Qij < 4dexp (4supZ||<I>AHOO> (MD)Z.]., (16)
€6 A5

(X asqiny @a) if i # ks
0

where M is the matrix given by M;;, = { ik
if i = k.

All these quantities are easily made explicit in examples.
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2.4 Short-time Gibbsianness for time-evolved rotator models

We begin this subsection more generally with an introduction of the following useful property
we will impose on the initial interaction. For this purpose we now assume additionally a metric
structure.

Definition 2.6. Let (S,d) be a metric space. Denote by L;j = L;;j(®) the smallest constants
such that the j-variation of the Hamiltonian H; satisfies

Sé}lg) Hi(0iGe) — Hi(03Gie) — (Hi(aiCiC) - Hz‘(%’@C))‘ < Lijd(0i, a;).
¢e=Cje

(17)

We say that ® satisfies a Lipschitz property with constants (L;;(®)) jeaxq, if all of these
constants are finite.

Consider now the rotator model on G (a general graph with countable vertex set), with both
first-layer and second-layer local spin spaces equal to S¢~!, the sphere in g-dimensional Euclidean
space, with ¢ > 2.

Take as (formal) Hamiltonian of the first-layer system in infinite-volume
j€G b

where we assume that J; = 0 for each ¢ € G. In the above we have used “-” to denote scalar
product. Our model satisfies a Lipschitz property with constants L;;(®) = 2|.J;;|. For G = Z¢
and d > 3 such a model has been proved to exhibit long-range order under suitable assumptions
on the Fourier-transform of J (see [25]).

Let K be given by
K(do;,dn;) = Ki(doj, dn;) = ki(o, m5)ao(dos)ao(dn;), (19)

where a, is the equidistribution on S9! and k; is the heat kernel on the sphere, i.e.

() ) = [ auldobelor,m)oton) (20)

where A is the Laplace-Beltrami operator (see e.g. p. 38, eq 54 of [2]) on the sphere and ¢ is
any test function. k; is also called the Gauss-Weierstrass kernel. For more background on the
heat-kernel on Riemannian manifolds, see the introduction of [24].

The time-evolved measure is given by
ptan) = [ taer) [T ks mao(m). 1)

It has the product over the equidistributions on the spheres as an infinite-time local limiting
measure

tim pze(dn) = () vo(dm). (22)
i€G
Convergence takes place exponentially fast on local observables, the decay rate given by the first
eigenvalue of the Laplacian on the sphere (see also (115)).
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Theorem 2.7. Denote by d(n,n') the induced metric on the sphere ST (with ¢ > 2) obtained
by embedding the sphere into the Fuclidean space RY.

Assume that

[N

(supz 35l |7, |) (1—e (a- W) <1 (23)

v JjeG

Then py is a Gibbs measure for some Gibbsian specification 7y, of goodness (Q(t),d) where

Qi; (1) mm \/7% A il _1} (24)

where

Qij(t) = e Z ’Jik’ij<t)7 (25)
keG\i

D(t)=1+>7",(1— e_(q_l)t)%A", A is the matriz whose entries are given by A;; = elil| ]|
and 1 s the identity matrix.

For the definition of Q;;(t) in (25) we have used the bound (16).

The proof of the theorem follows from three ingredients: 1) Theorem[2.5/which gives a continuity
estimate in terms of the posterior metric d’, 2) a comparison result between d’ and d, and 3) a
telescoping argument over sites in the conditioning. Here is the comparison result.

Proposition 2.8. There is an estimate of the posterior metric d associated to the measure K;
of the form

d (5, 75) < 2\\/; (77]7779) (26)

Remark: The proof of the proposition uses a coupling argument and a reflection principle for
diffusions on the sphere under reflection at the equator. A refinement of the estimates on d’ in
terms of an expansion of Legendre polynomials is found in Proposition in the Appendix.

Let us come back to the discussion of Theorem 2.7 and explain the form of the bounds giving
an idea of the proof. It is straightforward to apply Theorem [2.5 to our model and obtain a
result formulated in d’. However, a more natural metric we would prefer to use is d, and so we
should use Proposition 2.8, What continuity estimates do we expect to gain from this? It is not
difficult to see by telescoping and using the standard interpolation trick also employed in the
proof of Theorem [2.3 that for the initial kernel

’ S Z€2ZJEG|J”||JZJ‘d(T’]’ﬁ]) (27)
JjeG

H’yt:o(dm'!mc) — Ye=o(dn;i|7ic)

We see that continuity can be measured in terms of d, due to the Lipschitz property of the initial
Hamiltonian, and the spatial decay is provided by the decay of the couplings.

So, at small time ¢, we are aiming at a similar continuity estimate to hold which is uniform in ¢
as t goes to zero. Now, while estimating d’ against d we have accumulated a nasty factor % that
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blows up when time ¢ goes to zero. We note that this is not just an artifact of Proposition 2.8,
but the posterior metric between two points on the sphere indeed blows up like \/i%, as can be seen
from the proof. At first sight this does not seem to be a problem in the definition of @Q;;(t) because
the off-diagonal entries of the matrix Dij (t) are suppressed by the same factor proportional to
V/t that appears in (16). This suppression follows from a bound on the corresponding Dobrushin
matrix of this order. Unfortunately the diagonal terms of D(t) give rise to blow-up for sites
i and j that are within the range of the potential. As it is clear from the proof, this blow-
up is understandable since so far we did not employ any continuity properties of the initial
Hamiltonian w.r.t. the Euclidean metric. Let us mention without details that the blow-up of
D(t) really occurs in a system of two sites when the Hamiltonian is a step function. This is
shown by a computation and indicates that continuity of the Hamiltonian is needed.

Now, to disentangle these local effects from the global effects treated so far, we use in the third
step a telescoping argument over the conditioning. Exploiting the Lipschitz-property (17) we
obtain the second term in the minimum in which puts a time-independent ceiling to the
blow-up for small times. This solves the blow-up problem.

2.5 Gibbsianness for local approximations

As another consequence from the general theorem we prove that any sufficiently fine local coarse
graining preserves the Gibbs property. Here the fineness of the coarse graining has to be com-
pared with the scale in the local state spaces on which the initial Hamiltonian is varying.

We thus need a bit more structure, namely let (S, d) now be a metric space. Let a decomposition
of S be given of the form S = J, cs Sy,. Here S" may be a finite or infinite set. Put T'(s) :=n;
for S,, > s. This defines a deterministic transformation on S, called the fuzzy map. We assume
that a(Sy,) > 0 for all n;. For each n; € S’ the corresponding conditional a priori measure on
Sy, is given by

04(B N Sm)

B ==

(28)

Then our result is the following.

Theorem 2.9. Assume the interaction ® has the Lipschitz-property (17). Suppose further that
fsupZexp<f Z 5(Pa )Lij <1

ied AS i}

where p = sup,, diam(S,,) denotes the fineness of the decomposition.

Then, for any initial Gibbs measure p of the potential ® with an arbitrary a priori measure a,
the transformed measure T (u) is Gibbs for a specification v of goodness (Q,dy). Here dy is the
discrete metric and Q;; is given in formula (15) where we have to substitute

C_'i] fexp( Z 5<I>A)

AD{i,j}
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Remark 1: Answering a question of Aernout van Enter, this provides a class of examples where
S and S’ are different (one may be continuous, the other not), the initial measure may be in
the phase transition regime, and the image measure will be Gibbs. To think of an even more
concrete example, let us take the rotator-model (18). Divide the sphere S9! = U,, Sy into
"countries” Sy,. Then the corresponding discretized model on the country-level is still Gibbs

-1
whenever there is no country with diameter bigger than <Supi > jeG elJisl ]JZ-JD :

Remark 2: Theorem|2.9/can be seen as a stability result for Gibbs measures. This is interesting,
since topologically speaking "most measures are not Gibbs measures” (see section 4.5.6. [11]):
Although it is true that, on the one hand translation-invariant Gibbs measures for finite range
potentials on a compact metric local spin space on the lattice are dense in the space of translation-
invariant probability measures w.r.t. the weak topology, they form a thin set nevertheless: Israel
has proved that the set of all translation-invariant Gibbs measures is a set of first category, that
is a countable union of sets which are nowhere dense (i.e. whose closure has empty interior) in all
translation-invariant measures. Now, our result implies that, for any ® with sup; > j Lij(®) <
oo, and any fixed p € G(®) the following is true. There exists a pg > 0 such that the set of all
T, where T runs over all local coarse-grainings with fineness not bigger than pg, is contained
in the Gibbs-measures. So we have shown that around any such Gibbs measure p there is at
least a "ball of local transforms” that lies in the Gibbs measures.

Remark 3: In fact, the theorem even holds when p is replaced by p’ < p given by

¢ = sup inf (/am(dai)dQ(ai,ai»% (29)

nEeS’! a; €S

which takes advantage of possible concentration of the conditional measures.

Remark 4: Let us mention that we may very well apply our method also to other well-known
examples of transforms of Gibbs measures that may potentially lead to renormalization group
pathologies. This could be investigated in a future paper. For instance, also the decimation
transformation mapping a Gibbs measure on the lattice to its restriction to a sublattice can be
cast in this framework. Theorem [2.5] then implies the statement that the projected measure
is always Gibbs if the interaction is sufficiently small in triple norm. The posterior metric for
configurations on the projected lattice then becomes the discrete metric d'(n;,n}) = Ly, n and
hence the matrix element @;; becomes a bound on the Dobrushin interdependence matrix of the
image system.

3 Proof of Theorem 2.3 and related results:
We start with the

Proof of Theorem We begin as in the proof of Proposition 8.8 of [1], estimating
the variation of the single-site measure at a given site ¢ € G when varying the boundary
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condition at some site j € i°. Fix (,n € Q with (jo = nje and put ug(o;) = —H;(0:(c) and
ui(o;) = —H;(oym;c). Taking linear interpolation u; = tuj + (1 — t)ug of uy and wy, it follows

Blur) < 6;(H;). (30)

Setting hy = " /a(e™) and A\(do;) = hi(oi)a(do;) we note that A\o(do;) = ~i(do;|¢) and
A1(do;) = vi(doi|n). Furthermore, set @ = u; — up and observe that

1
d
200 Ml = [ aldes) in(os) = ho(o)| = [ aldo)| [ de Gt
0 t
(31)
/ i = M(0)] < sup i = ().
<t<
Next we bring the deviation into play by writing
Aelit = Ag(@)] < 2inf Aifit — bl < 2exp (5(ut))i%fa|u Y (32)
from which it follows by resubstituting the Hamiltonian that
Cij § exp(éj(Hi))deVa;m (HZ),
which also implies the desired estimate on the Dobrushin constant c.
O

One may criticize the use of oscillations in the exponent to compare the interpolating measures
which is done to arrive at easily computable expressions. Of course, we are free to (numeri-
cally) compute the exact Dobrushin-matrix always. Note to this end that, writing F; for the
Boltzmann-weights at site i, i.e.

ein(U)
[ a(dg;)eHi(dicic)

we can express the Dobrushin matrix simply as

Fl(O') =

1
Cij = §deva;m~ (Fz)

If we want to do slightly better, also the estimate

Ci; < ( sup / (d65) (Fi(Giose) — Fi(Gioje)) (Hi(Giose) — H"(&"J’{c))); (33)

o,0!

—o/
ojc=0%c

can be used. The r.h.s. might be favorable in some models over the original expression for
C;j involving the absolute value of a difference of densities because it might lead to explicitly
solvable integrals. To see the validity of re-enter the proof, and use Schwartz to notice that

1
d
/ dthe|i — A (i / dt+/vary, (i / dt—Ai(ir) = /(AL = o) (@). (34)

Sometimes it is useful to use quadratic variation instead of the linear variation dev,.; ;j to obtain
an explicit bound, as we shall see in the proof of Theorem below. To this end we introduce
the following “quadratic variation”.
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Definition 3.1. For any bounded measurable function F' on Q and for any pair i # j € G the
a; 1, j—quadratic variation of F' is defined by

N[

¢, cen bER
Cje= Cc

stda j(F) := sup inf (/a(dai)<F(ain) — F(oy(f) — b)2> . (35)

Clearly deve j(F') < stda.,;j(F') and so we could bound the inequality in Theorem in terms
of the quadratic variation; going directly into the proof however gives us a better result as in
the following ”quadratic version” of Theorem [2.3.

Proposition 3.2. The Dobrushin constant c is also bounded by

c< lsupZeXp(;(s ( i))Stda;i,j(H’i)~ (36)

i€G G

Proof: Proceed as in the proof of Theorem 2.3 but use the Schwartz inequality on

M|t — A ()] < 1nf()\t\u — b )é exp(é(;t)) (Vara(u)) % (37)

Along these lines it is easy to obtain the following.

Corollary 3.3. If we equip the single-site space S with a metric d and the interaction ® satisfies
the Lipschitz property (17), then the Dobrushin constant ¢ has the bound

¢s 5 Sub Z eXp(;(S (HZ)>L” aii%% (/d2(0‘i’ ai)a(do_i)) %

zEG

4  The proof of Theorem 2.5 and related results

The purpose of this section is to give the proof of Theorem 2.5 outlined in Section [2.3] of
the introduction. The main ingredient to the proof is to show the lack of phase transitions
in some intermediate system and exploit the consequences for the decay of spatial memory.
Recall from Section 2.3 that our initial system was given by the Gibbs measure ,u admitted by
the specification v obtained from the interaction ® and an a-priori measure a(-) = [ K(-,dn;)

described above. Thus for a given boundary condition ¢ and any finite volume A C G we write

Ya(:|7) € 7y as

exp (—HA(UA5AC)) HjeA a(doy)

Ya(doplo) = :
A A fSA eXp(—HA(a'Aa'Ac)> HjeA a(d&j)

(38)

We now introduce a double-layer system or joint system by coupling the initial system to a
second system (with single-spin space S’) through the site-wise joint measures K(do;,dn;) on

1321



S x S'. Denote by 4 the specification of our new double-layer system, i.e. for a fixed boundary
condition & € 2 and a finite volume A C G, Y5(:|d) € 7 is given by

. - exp(—HA(0A§Ac)> HjeAK(de’dnj)
Aa(dop,dnplo) = — — (39)
Jisxsna exp(—HA(UAUAc)) [Ljea K(doy, dij;)

ya(doale) T] K (dnjlo;),
JEA

where K(dn;|o;) denotes the K conditional distribution of the second spin given the value of
the first. This specification is in general not Gibbs but in our case where we only have site-wise
dependence between the two layers it is known for instance from [8] and references therein that
7 is Gibbs.

For each non-empty subset A of G we denote by Sp the collection of all non-empty finite subsets
of A. We will write S instead of Sg. For any fixed configuration o € Q and any A € S we define
the finite-volume transformed distribution '75\,5 as

holdm) = [ Aoy dnslon). (40)

It is important to note that in the joint system considered above, conditionally on the ¢’s the
n’s are independent. But taking the o-average of the joint system creates dependence among
the n’s. Due to this dependence we now introduce finite-volume 7 conditional distributions by
freezing the n configuration in the definition of 7}\; 5 except at some region A € Sy. That is for
any A € S with |A| > 2 and A € Sy we have

Jin exp(—Ha(02002) ) TTyensa K (d05];) TTien K (doi,din)
fSA exp(—HA(aA&Ac)> HjeA\A K(daj’ﬁj) Hz’eA a(dai) ‘

'YIA,A;&(dnA aa) =
(41)

The natural question that comes to mind is whether limy g 7’A7 A (dnaliiaa) exists for any fixed
A € Sy, 7 € Q and fac € (S')A2°? If this limit exists we will denote it by 7/ (dna|fac) (whose
explicit form is given in (63)) and 4" by the class of all the conditional distributions for finite A.
We shall show under some regularity conditions that +’ is a Gibbs specification. For the sake of
simplicity we will always restrict our analysis to the case where A is a singleton. The analysis
for general (but finite) A can be implemented by appropriately decomposing the Hamiltonian
Hp (as given in (42)) and using the same arguments used in the singleton case. Generally, it is
known for instance [1;23] and references therein that one can construct finite-volume conditional
distributions of a specification from their corresponding single-site ones. It is our aim to provide
a sufficient condition for the conditional probabilities %{’ A 5(dnilna\;) to have an infinite-volume
limit. For this we introduce the decomposition of the Hamiltonian Hy in the finite window A
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into its contributions coming from the sites in A \ 7 and site 7 for any ¢ € A as follows;

Hp(opope) = Hi(UAa'Ac)—f-HA\Z-(UA\Z-&Ac), where
Hi(oagpe) = ZCDA(UA&AC) and (42)
A3i
Hp\i(op\i0ae) = Y ®alopoae).

ANA\i£D; i¢ A

We clearly see from the definition of an interaction that the Hamiltonian Hy,; is a function
on the configuration space S*. For the infinite-volume transformed conditional distributions
vi(dni|nie) to exist, it is sufficient that some intermediate system living on the sublattice ¢ must
admit a unique infinite-volume Gibbs measure. This intermediate model is what we referred to
as the restricted constrained first layer model (defined below w.r.t Hy\; ).

Definition 4.1. The restricted constrained first layer model (RCFLM) in any A € S
with |A| > 2 and i € A is defined as the measure

exp (_HA\i(UA\iC_TAC)) [Lieay; K (doj|n;)
Joav eXP<_HA\i(5'A\i5AC)> [1jenv; K(dajln;)

pivilnavil(dony:) = (43)

for some & = S and np € (S")A.

It is restricted because we only consider the spins in the sublattice ¢ and constrained since
we have frozen the configuration in the second layer. The RCFLM (as we will see from the
lemma below) will provide us with a sufficient condition for the existence of an infinite-volume
limit ~;(dni|n;e) for the conditional probabilities ] 4., (dnilna\i)-

Remark: Note that the RCFLM uj_’\\i [a\:] is the model on the sublattice i corresponding to
the a-priori measure « and finite-volume Hamiltonians H A\ given by

Hyi(opifac, mav) = Hai(oniae) — Y logk(o,my). (44)
jEA\:

The conditions imposed on k implies that for any given n € Q' the RCFLM results from an
absolutely summable interaction guaranteeing the Gibbsianness of the RCFLM.

We state a result concerning a representation of the finite-volume conditional distributions for
the transformed system in terms of the RCFLM.

Lemma 4.2. Let A € § with |A| > 2, then for any i € A and any & € Q we have

Js il (doa) Jsexp( = Hilonone) ) K (dor, diy)

Vi (dnilnan:) = - -
S G lnail (don) fsexp( = Hiloaone) )a(das)
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Proof: By using the decomposition of Hy in (42) we can write 7§7A;5(dnilnA\i) as;
Vi o (dnilna:) =
Jgavi exp (_HA\i(UA\i5AC)> [L;eav K (dojlng) [o eXp( - Hi(UA‘_TAC)> K(day, i) (46)
S exp(=Hayi(omione) ) Tyenys K (005105 o0 ex0( = Hiloadne) ) K (do, dif)

The claim of the lemma follows by multiplying the expression for v; ., (dmi|nay;) above by
fsA\i eXP<—HA\i(5A\z’5AC)> HjeA\i K(da|n;)
fsA\i eXp<—HA\z‘(5A5AC)) HjeA\z' K (daj|n;)

and simplifying the resulting expression.

The above lemma can easily be extended to any finite subset I' € Sp to obtain

Jsawe b3\ pmar](doar) for eXP( - HF(UAﬁAC)) [Lier K (doi, dn;)

fsA\F Mi\r[ﬁA\F](dgA\F) fsr eXP( - HF(O'A5AC)) Hier a(do;)

Va5 (dnr|nar) = (47)

As an immediate consequence of the above lemma we fix the following infinite-volume result
concerning the existence of the infinite-volume kernel ~.(dn;|n;e).

Proposition 4.3. Suppose A, is a sequence of finite subsets of G with A,, — G as n tends to
infinity, @ € S* and n € S are such that RCFLM uin\i[n,\n\i] has an infinite-volume limit
wl[nic] (in the quasilocal topology, i.e. on uniform limits of local functions). Then the single-
site finite-volume conditional distribution ’Yz{,An;a(d”i’nAn\i) for the transformed system has an
infinite-volume limit %{,a(dﬂiWC) given by

S w8 nic)(doe) [ exp( — Hi(o) ) K (do, dn)
[ie 1% I} (dorie) [ exp( - Hi(a))da(ai) '

Vi (dnilnic) = (48)

For each 7 configuration the family of finite-volume conditional distributions ,ui\i[nA\i] con-
stitutes a quasilocal specification guaranteeing the hypothesis of the above proposition. The
assertion of the proposition follows immediately from Lemma [4.2] and the choice of topology.

A similar statement is observed in the corresponding general mean-field set-up in [18] where also
a sufficient condition for the existence of infinite-volume transformed kernels is given in terms
of the uniqueness of global minimizers for a (constrained) rate function. We now state a result
concerning an upper bound on Dobrushin’s constant for the RCFLM.

Proposition 4.4. Let the Dobrushin’s interdependence matriz for the RCFLM on i for some
fized site i, € G be the matrix whose entries are given by

Cielnil = sup
¢,CES 05 Cje=(jc

7 (49)

‘ 1] — 1S i)
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for any pair i,j € i$ where we have denoted ,uf by the single-site part of ,ui\io
Then we have;

Citl <en( Y 6(®a))dev, s (Hy), (50)
AD{i;j}? io¢A

where oy, (do;) = K(do;|n;).
Furthermore, defining the Dobrushin constant c'[n] for the RCFLM as

dn] = supc°n], with c[n]=sup» C[ni], (51)
10€G 1€15 jeic

we also have

) < swswpdexp( Y 6(®a))deva, i (Hi)

WEGICE jeis T AD{igh dagA
< supZexp( Z (5(<I>A)>deva"i;i,j(Hi)). (52)
€6 jeg AD{i,j}

Additionally, if a notion of translation can be defined on G and the initial interaction is
translation-invariant, then the last inequality is an equality.

Proof: The proof follows the same lines as the proof of Theorem but here we use oy, =
K(:|n;) instead of « .

It is also not hard to deduce from Proposition 3.2 that;

1 1
d[n] < = sup sup E exp<f E 5(<I)A))stdanl;i’j(Hi) (53)
2 1,€G 1€15 - 2 . ¢
_767/ AD{Z ]} ’Lo%A

_fbupZexp(f Z 5(®a) >Stdan773( i)-

AD{i,j}

Again Lipschitzness of the initial Hamiltonian carries over nicely to yield;

Corollary 4.5. Suppose that H; satisfies the Lipschitz-condition (17). Then we have

d[n] = sup sup E C”’O
1,€G 1€15 jeie

[N

1 1 i

< 5 sup sup Z exp<§ Z 6(<I>A)>Lij alrgs </ o, ai)on, (dai)) (54)
1,€G €1 j€ig AD{i,j}; i0gA Z ’

1

7supZexp(f Z 0(Pa) ) ij alféfg(/s dQ(O'l‘,ai)Ckm(dO'i))Q

€6 AS{ig}
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The claim of the corollary follows from Corollary [3.3|

We now proceed to prove Theorem 2.5 but before we do this we still need some results from which
the proof will follow. As a first step we recall some known results about Dobrushin’s uniqueness
concerning an estimate of the distance between the unique Gibbs measure admitted by a Gibbs
specification satisfying Dobrushin’s condition and another Gibbs measure corresponding to some
other specification. This estimate tells us the local variation between the two infinite-volume
probability measures. This result which we state in the proposition below can be found for
example in [1] as Theorem 8.20. Before we state this result let us fix some notations. Suppose
C(7) is the Dobrushin interdependence matrix of a specification v and C"(v), n > 0, the n‘th
power of C(v), then we define the matrix

D(y) = (Dijlijec = Y _ C"(7). (55)
n>0

Proposition 4.6. Let v and 7y be any two specifications with v satisfying Dobrushin’s condition.
Suppose that for each i € G we have a measurable function b; on the standard Borel space )
with the property that

1i(loie) = 3iloe)[] < bi(o) (56)
for all o € Q. Then for p € G(y) and i € G(7) we have
u(f) = BN < D () Dig(7)alby) (57)
i,j€G

for all quasilocal functions f.

Observe from Proposition [4.3 that if the RCF LM satisfies Dobrushin’s condition uniformly in
7 the infinite-volume single-site kernels 7, (-|nf) exist for every 7 independent of the boundary
conditions used for the initial system. We will adapt the result in Proposition[4.6 to our present
set-up to compare . (-|n;c) and ~}(-|fi;c) for any pair of configurations 1,7 € Q' = (S')¢. Further
we denote by 7[n;c] the specification of the RCFLM with full ;e configuration. Again we assume
for the first-layer model that p = lim,, ,uin as in the hypothesis of Theorem [2.5.

Proposition 4.7. Suppose the RCFLM on the sublattice i¢ (for somei € G ) satisfies Dobrushin’s
condition uniformly in n with unique infinite-volume limit pc[n;c]. Then

1. The second-layer system (the transformed model) has infinite-volume single-site conditional
distributions ~,(dn;|n;c) given by

fsic pic [nie] (doze) fs exp< — Hi(amic)>K(dai, dn;)

vi(dnilmie) = (58)
[ie pizelnie) (dose) [ exp( - Hi(aiaic))a(dai)
2. For any pair ni, fic € (S')* we have for any j # i that
ramilCloe) = ]| < 2exp (3 a5@n) [KCny) = KCa)|s (59
A5;

where the vj[n;](-|Gic)’s are the single-site parts of the specification for the RCFLM for
1 € G and nje.

1326



3. Given
ha (o) Z/Sa(dai)exp<Hi(az-aic)>

it follows that

pie el (ha) = pe e )| < 2eZasil12al~

% Z 5k( Z @A)ijexp(Z(Sj(‘I)A))HK(‘|77j)—K('mj)H- (60)

kjeic  A>{ik} ASj
4. Furthermore, for any k # i it is the case that
NP Allco
o (hae)) < 5k(A;kq> RESEA o

5. And finally

pie [1ie] (h2) — pie[Mic] (h2)
puie [7ic] (ha)

(62)

Remark: In particular, we can write for any finite volume the corresponding relation for the
finite-volume conditional distribution for the transformed system with full n-conditioning as in
(58), i.e. if A € S then we have

i (dnilnie) — i (dnil e ) || < 2

Jsac pacnacl(doae) [ga eXP( - HA(UAUAc)> [Lica K(doi, dm;)

Jsae pacnacl(doac) [ga eXp( - HA(UAUAC)> [Tica a(doi)

Ya(dnalnac) = (63)

This form follows by starting from a finite-volume say A which contains A and decompose
the Hamiltonian Hy as in (42) but this time ¢ has to be replaced with A. Generally one can
construct non-singleton parts of a specification from their single-site ones [1; 23].

Proof of Proposition We will prove the assertions of the proposition in the following
order: 4, 5, 1, 2 and 3.

4. Recalling that
hQ(O'Z‘c) = / Oé(dO’i) exp(—Hi(O'iO'ic)),
S

we estimate for any pair of configurations ¢ and & that coincide except at site k that
‘exp(—Hi(aiaic» — exp(—Hi(aiﬁic)> ‘

= ‘exp( Z D 4(0i04 ) —eXp( Z D4 (0;54 )‘exp<— Z q’A(UiUic)) (64)

A3k Ak A3i,AZk

< 5k( 3 @A)ezm @l

A>ik
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where we have used the fact that |e® — e¥| < |z — y|em@{@v},

5. Take a measurable function ¢ : S — R, with |¢| <1 and consider

/S/ o(m) (%‘(dmlmc) - %‘(dmlﬁic))

_ Jsie piclmie](doze)ha (o) — [gie pae [ie](doie) (i)
Jgie pic[mie](doie)ha(oie)  [gie pic[Tie](doe ) ha(ose)’

where we have set
hl(UiC) = / K(dUz‘,dm)g)(m) exp(—Hi(aiaic)>.
SxS’

By adding and subtracting

pie [Mie] (ha) i (1) (h2)

pie [Mie] (ha) pie (1) (h2)
to the right hand side of (65) and making use of the fact that |||/ < 1 (after an application
of the triangle inequality and Fubini’s theorem) yield

| [, ot Gt )| < 21
PR AR = pilielh)

Note that we made no use of the item 2 of the proposition to arrive at this bound.

1. The proof follows from a two-step limiting procedure. We fix an n-conditioning only in a
finite volume I' and construct the infinite-volume measure of the RCFLM by fixing a boundary
condition on the first layer outside A (which we assume for simplicity to contain I') and let A
tend to infinity. Then we let I' also tend to infinity, and recover the conditional probabilities
by Martingale convergence and uniform approximation of the infinite-volume RCFLM, with
conditionings only in volume I'.

More precisely, it follows as in Lemma [4.2 that we have for finite-volume conditionings the
representation

pia Ll [fs e Hilrioae M\ K (o, dm)}

:U'i\z[nl"\z] {fs e_H’i(Ui&AC'A\i)a(dO'i)]

Yiras(dnilne) = (67)

On the r.h.s. we see a RCFLM ,ui\i [np\i] appearing with constrained measure «;, only in the
volume I'\ 4, i.e.

e~ Havi(oa\iFac) Hjel“\i K(dO'j ’nj) erA\I‘ a(doy,)
fsA\i e~ Ha\i(Ga\i04¢) HjeF\i K(d5;n;) [1xe AT a(déy,)

pialnml (doa) = (68)

As was shown above the RCFLM has an infinite-volume limit even when there is full 7 condi-
tioning, so in this case where we have conditioning only in a finite region there is no issue with
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the existence of an infinite-volume limit. Hence, the conditional distribution ’yl{, Aﬁ(dm\np\i) has
an infinite-volume limit %(75 (dni|nr\;), for any arbitrary conditioning 7 ;, since

h(oa\iTac, 1) ::/e_Hi(”AaAC)k:(Ui,ni)a(dai)
S

is a bounded quasilocal function in o for each 7;. Note that this conditional distribution still
depends on the boundary condition ¢ when the initial specification is in the phase transition
regime. Let us denote the corresponding specification of the RCFLM with n-conditioning only
in I\ @ by v[np\;]. It follows from the arguments leading to the proof of (62) that

| |
scte [ i Bl @n)| = pelel| [y hCom)oltdn)| (69)
} piele]| f o m)e ()| |

Vi o (dnilneyg) — i (dni|ie)

Observe further that \
—0 ifjel\i
st - el { 25 460 1 (70)

By using the above inequality and the following facts: (1) for each n configuration the family
of finite-volume conditional distributions for the RCFLM is a quasilocal specification, (2) the

assumption that the RCFLM with full n-conditioning satisfies Dobrushin’s condition uniformly
in 7 and (3) the comparison criterion in Proposition[4.6 we obtain

fic[npy] [/5 h(-,m)a'(dm)} —uic[nic][[q/ h(wm)a’(dm)”
<2y 3 5z’</S/ A mi)e (dni) ) Dig.

i€G jeTe

(71)

Note that in the above we have taken pc[np\;] and pic[nic] to be the infinite-volume Gibbs
measures for the RCFLM with n-conditioning in I"\ 7 and i€ respectively.

Taking now the limit I' T G we get (58), by local convergence of the RCFLM in T" to the full
one, and by the backwards martingale convergence theorem (see p.472 [26]).

2. The proof of assertion 2 uses the definition of the single-site part of the RCFLM and arbitrary
measurable function g :  — R, with |g| <1 to define

'/9(03‘)(%[77;']((1%!5@'0) _’Yj[ﬁj](daj|5i°))|- (72)
The rest of the proof follows by adding and subtracting the following quantity

J 9(ai) exp(~Hy(0,0( 5y0) ) K (doslny) [ exo(—Hj(3505)) ) K (d551n;)
Jexp <_Hj(5j5{i,j}c)) K (daj|n;) [ eXP(—HJ’@?f{i,j}c)) K(daj|n;)

(73)
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to the expression under the absolute value sign in (72), rearranging terms and simplifying
appropriately.

3. It follows from and of Proposition 4.6/ that

pie ) (h2) — e ()| <27 04(h2) Dig exo (3 05(®.0) ) [ 1 Clng) — K C175)
k,jeic Asj

o (T4)

since by definition of H;, hs is a quasilocal function on S*. The rest of the proof of 3 follows
from the bound on d(h2) given in statement 4 of the Proposition.

|

Note from the proof of statement 5 of the above Proposition that the denominator in
(66) can as well be pjc[n;c](h2) if one adds and subtracts from the right hand side of (65)
N7l (he)) e [7:¢1 (R cInel (B e [niel (B
fie [Tie] (h) pi [722 J(h2) instead of fhie [nie] (h1) pa [721 I( 2)’
frie [1ie ] (h2) pae [1ie] (h2) prie (1] (he) prie [ (h2)
But any of the two makes no difference since in our estimate we don’t make use of the actual
integral of ho but instead we utilize its uniform norm. Having disposed of the results above, we

now return to the

as was the case in the above proof.

Proof of Theorem We divide the proof into two steps; namely, (1) we proof that the
class 4’ is a Gibbsian specification and (2) justify the form of the goodness of 4/ as given in the
theorem. We start with the proof of the latter.

2. Using the arguments leading to the proofs (62) and (60) of Proposition 4.7/ we get

pielnie)(h2) = pie i) ()|
pic[Tic] (h2) (75)

<A Tasdl®als 30 5 (ST ) Dyge e B0 K fay) — K ()|
k,j€ic AD{ik}

yi(dni|mie) — i (dng|7ie)

<3

The 2 in front of ) ,5,;[[®allc in the exponential is obtained by observing that

1
ielise] (he) < e~ 2A3i 1®alloo

1. We now show that + is a Gibbsian specification, i.e. we have to show that

(i) for each finite-volume A and measurable set A € ', v} (A|-) is F).-measurable (F}. is the
o-algebra of events in )’ determined by spins outside A),

(ii) for each n € §' YA (+|n) is a probability measure on (€', F’),

(iii) for cach n € &** and B € Fhe, Ya(Bln) = 1p(n) (properness),

(iv) for any finite volumes A and A such that A C A, v\v} = A (consistency),

(v) for any bounded measurable quasilocal function f : @ — R, v} (f|-) is quasilocal for all
finite-volumes A and

(vi) for each finite volume A there are constants 0 < vy < up < oo such that
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vaa™(A) < YA (Aln) < upa/™(A), for all n € Q' and measurable subsets A € F4, (uniform
non-nullness).

Note that for I' C A, 4[ is obtained by taking A T G limit of the conditional distribution
’y{q, A;E(dnp\n,\\p) (47). It follows from the conditions imposed on the joint a-priori measure K
that the class of conditional distributions 1r ., satisfies (i) to (iv) and consequently 7" also
satisfies (i) to (iv). Thus +/ is a specification.

(v) We are now show that 4/ is quasilocal, i.e. we need to show that for any bounded quasilocal
observable f and any configuration n € Q'

Yo (flnam) —r(fln)| =0 (76)

lim sup
A ey

for all finite-volumes I'. So for any bounded quasilocal observable f observe from (7) that
A (Fla) = ()| < SCH) It Clna) = A Cl)ll- (77)

But for any of such I' observe from the proof of and of Proposition 4.7 and the proof
of assertion 2 of this theorem that

velnmeine] (o) = parelnee] ()|

[ Claiine) = A0 < 2 T

< 4e?Eanrzo [Pall §7 5k< o9 A) Dyje2oasi 03(24)
k,jeAe A; ANT#0, Ak

where ilQ(O’Fc) = /SF Ha(dai) exp ( — Hp (0'1“0'1“c)>.

el

K(:[n;) = K(Clny)||,  (78)

(vi) It follows from that for any finite volume A, 4/y is given by

ae ac|nacl(doae) [on exp| — Ha(oaoTAc ien K(dog, dn;
i) = S22 [ e~ Hraao) Ty Kldoodn)
Jsae pac[nacl(doac) [ga eXp( - HA(O’MAc)) [Tica a(doi)

It follows from the hypothesis on the joint a-priori measure K that for any A € F, and any
n € ' that

Ya(Alnac) < exp (§(Ha))o'*(A) and

80
Ya(Alnac) > exp (— 6(Ha))a'®(A). (80)

This proves the uniform non-nullness of 4/ since the interactions defining the Hamiltonian Ha
is quasilocal.
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It follows from the proof of Theorem 2.5 that for any finite-volume I', whenever the RCFLM
satisfies Dobrushin’s condition uniformly in n then we have the following continuity estimates

for ~[.
Hv'r(dnr!nrc) — 3 (dnr |7re) ‘

< 4¢2 > anr=o 1®alloo Z 5k:( Z (I)A) ijeZAaj 3;(®4a)
k,jere A; ANT#0, Adk

(81)

K(fny) = K1)

Thus under the conditions of the joint a-priori measure K, 7' is a specification and the RCFLM
satisfying Dobrushin’s condition uniformly in 7 is sufficient for 7’ to be Gibbsian.

Next we present the proof of Theorem 2.9

Proof of Theorem 2.9: This Theorem is an application of Theorem The only quantities
we have to worry about are the entries of the Dobrushin interdependence matrix C. It follows
from the hypothesis of the Theorem; namely the continuity property of the interaction and the
terms in the bound on ¢/[n] in Corollary [4.5 that

7exp( Z 5<I>A) ij inf / d? crz,al)ozm(dal))é

ai€S, n;
< sup Pns exp( Z 5<I>,4> =Cy; 1
mes A{i.}
where p,, := diam(S,,).
O

5 Proof of results on short-time Gibbsianness for time-evolved
rotator models

Proof of Theorem We begin the proof by establishing a uniform bound on the Dobrushin
constants c[n] for the RCFLM associated with the rotator model under site-wise independent
diffusive time-evolution. As discussed in Subsection [2.4, the rotator interaction satisfies the
Lipschitz-condition (17) with constants L;; = 2|J;;| hence we can use the estimates on ¢[n] given
by Corollary [4.5] i.e.
1
) fsupZexp<f Z (P4 ) ij inf (/ d2(0i,a,~)am(dai)>2. (83)
leGjEG AD{i,j} “ueS N s
To obtain the desired bound we have to evaluate all the quantities appearing in the above
estimate on c¢[n]. We start with the evaluation of the quantity

/ d2(0i, ai)am. (da,) = / ) d2(02‘, ai)kt(ai, m)ao(d(n). (84)
S Sa—

Observe that in this set-up S = 8’ = S9!, Take a; = eq = (0,---,0,1), the gth canonical basis
element for the g-dimensional Euclidean space. Then it is elementary to see that

d2<0'i, ai) = (Ui)2 + (ai)Q — 20;a; = 2(1 — Ug),
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where we have set 0; = (ail, -+ ,0}). To compute the above integral we denote by Z; the ¢-th

coordinate of a diffusion on the sphere started at Z/ ; = 1 ( the "north-pole”) and denote the
corresponding expectation by E. Thus for any 7; we have;

/ao(dai)kt(ai,m)d2(ai, n) = 2(1 — EZ9) = 2(1 — e~(a-Dhy, (85)

The first equality uses the idea that Brownian motion on the sphere is rotation invariant and
consequently choosing 7; = a;. To see the last equality use either an explicit form of the gth
component of the transition kernel k; in polar coordinates and orthogonality of Legendre
polynomials as in [2]. Or use that the generator of the diffusion Z{ given by the u-dependent
parts of the Laplace-Beltrami operator on the sphere (see e.g. p. 38, eq 54 of [2]) which reads

(1) ()~ (g~ D (56)

Then it follows from stochastic differential equations (SDE) theory (see e.g. chp5 of [15]) that

dZl = —(q— 1) Z{dt + \/2(1 — (Z})?)dBy, (87)

where B; is a one-dimensional standard Brownian motion. The solutions of this SDE satisfy the
equation

d
ZEZl = (¢~ DEZ].

Solving the above differential equation with the initial condition Z;/ ; =1 yields

EZ} = e~a= 11,

This concludes the justification of the second equality in (85).

The last quantity we want to evaluate is }_ 4-; ;3 6(®4). But with the rotator model we are
considering this quantity is equals to 2|J;;|. So putting all the above together we get

1
¢l < V2sup 3 el l| | (1 e 0r)E (88)

i€G jeG

The above estimate on ¢/[5] is uniform in 7. We denote by C(t) the matrix with entries

N

C_’ij(t) = \/EBIJ”"JZ‘]" <1 — ef(qfl)t> .

We will in our analysis with the abuse of notation refer to this matrix as the Dobrushin
interdependence matrix for the RCFLM of our current situation.

1. As we saw in the proof of Theorem 2.5, ~; is a specification and a sufficient condi-
tion for it to be Gibbsian is

sup Z Cij(t) < 1,

i€G jeG

i.e. the RCFLM satisfies Dobrushin’s condition uniformly in 7. This concludes the proof of (1).
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2. The proof follows from two-step estimation procedures. The first uses the continuity
estimate on v, as given by Theorem [2.5 and the second uses a telescoping argument.

As our first step we adapt the continuity estimate on 4, in Theorem[2.5/to the current set-up to
obtain a continuity estimate for %’»J. We only have to worry about the goodness matrix Q(t) and
the posterior metric d’. Here we take the entries of the goodness matrix Q(t) to be the bounds
on ;; given in (16), i.e

Qis(t) = 1exp (1500 3 1@allc) 3 0k( 3 24)Dis(t)
G Az keic AD{i,k}
_ ( supZ|J”|) 3 [Tl Di (1), with (89)
keic
ij(t):(;oca)”) (1+Z ROV

Where Aij = €‘Jij|‘J¢j‘.

Observe further from Proposition [2.8 that the posterior metric d’ has an estimate

_ [ T _

where d is the Fuclidean metric. Therefore putting all the above together we arrive at the
following continuity estimate for 7; ;;

\/7 Z ng ’%?7;) (90)

jee

H%‘,t(-!mc) - ’Yz it 7716
The next estimation follows from a telescoping argument involving the sites in ¢¢. The main
result in this direction that we will employ in our proof is formulated in the lemma below.
Lemma 5.1. For each non-empty finite subset Vi C 1 we have the following estimate

1 mm{\/*QU A2 kea 1 k|_1}d(77j,77j) .

J€V1

171 Clmie) = o Cliie) || <

+ H%{,t(“UVf\z‘ﬁVl) - ’Yz/',t('|77i‘3) .

Note from the second term in the above bound that the conditionings coincides in the cho-
sen finite volume Vi. We proceed by applying the Lemma to obtain a similar bound for
H'Yz",t('|77Vf\z‘77V1> — 7 4(:|i)|| this time for any non-empty finite subset Vo € G'\ V3 U {i}. Thus

we have
1 : .. 4> e ikl _ A
| 5 E min {\/ZQU (t), e* 2kea 1 vd(n;,15) (92)

JeVIUVL
)|

Successive application of Lemma along such sequence of pair-wise disjoint non-empty finite
subsets V,, such that U, V,, = ¢° yields the desired result.

74 Clmie) — 1ty Cliie)

+ H'YZ{,t("n(V1UV2)C\iﬁV1UV2) - 'Yz{,t("ﬁz’c
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Proof of Lemma
For any non-empty finite subset A C i€ we let ny : A — {1,2,--- ,|A|} be a bijection between A
and {1,2,---,|A[} and denote by 7;,<n the configuration that coincides with 7 on ny* ({1, - l})

and 7 on G\ ny’ ({1,---,1}) U {i}. The map ny orders the elements in A. For G =
this map can be a spiral ordering of the sites in A. Recall that the joint a priori measure
K(doi,dn;) = ki(os,m)ae(do;)a(dn;) where as before ao = [ K(-,do;). In this way it
follows from (58) that we can write the single-site part of 7, as

Vi (dnilmie) = f(nilnie)oo(dn:),  where
fSZc /,ch d(Tlc fS exp ( Hi(ai&ic))kt(ai,m)ao(dai) (93)

fsic pie i) (d6ie) [4 exp ( - Hi(ai&ic)>ao(dai)

Sf(ilnie) =

With the order on A we can now write for any pair of conditionings 1,7 € Q' = (')

IA]+1
FOnilmie) = filhie) = > Vif (nilmie, Mie)  with
=1
_ _ . 94
Fonlmren) — Flnlmen) €1 <1< A (54)
Vif(ilnie, Mie) =
fOulna<n) — fOnilie) i 1= [A] + 1,
where we assume {1,--- ,[—1} = ) for [ = 1. In this spirit it follows from the triangle inequality
that
IA]+1
[lchne) = )| = [ aoldm)| S Vs, e
= (95)

Al

<3 [ colan)|uf e e

To get the desired bound for the first term in the above inequality we use two estimation
procedures which provide bounds for the terms in the sum that are multiples of d(n;,7;).

First of all, note that for any 1 < [ < |A| the conditionings in the definition of V;f(-|nie, 7ic)
coincide except at the site j = ny*(1). Thus for any 1 <1 < |A] it follows form (90) that

<\ FQudoy ). @0

Next we apply the following estimation technique to obtain a second bound on
H’Yz{,t(‘|771—1§77) - 7£7t('|771§77)” for 1 <1< |A|. First we set j = n)'(I) and note that

+ || Climanes girony) — Vi Clmie) |-

712 Cli—1<n) = i Clim<n)|| = /S o (dni) |V f (milmie  Tie )

since ng = My for all k € {i,j}°.

film—1<n) _ fOjlmi-1<m>) fs/ (035 M1 M—1<m> ) o (dni)
fili<n) — f@j|mim-1<m>) fS/ (1, i - 1< ) o (dn)”
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where 7;_1<m;~ is the configuration that coincides with 7 on nxl ({1, N 1}) and 7 on

G\ (nXl ({1,---,01=1}) U {i,5}) and f(mi,n;|—1<m>) is given by if we appropriately
replace 4 in (93) with {7, j}. The validity of (97) follows for the following considerations;

] --) = f(mlnj"')/ao(dm)f(nmjl'“) - f(njm-~>/ao<dnj>f<m,nj|-~>

fOéod 7]@7773| )
faod 7717”]’ )
)fao dn;) f (i, s - -
fao(dnz (772,773\ : )

thus  f(niln;---) = f(njlmi-- and similarly

fCnilmg ) = f(@jlni---
Therefore by setting
ha(aje, 1) =/SeXp(—Hj(UjO'jc))kt(deam‘)ao(dai)
we obtain

filnima<ms) — H° <] [hQ(UjC’nj)]

Finaas<ms) ey <ms] [hZ(chaﬁj)]

Let R be a rotation such that R7; = n; and set 0;- = Ro;. Then it follows from

|Hj(oj05¢) — Hj(d%04e)] < (Z |Jyk\) Mj>75)
keG

that
ha(oje,n;) =

/S{/Sexp ( - (Hj(ffjajc) - Hj(U}UjB)) - Hj(%f’jc))Kt(da}lnj)}Kt(delm) (99)
< exp <Cj d(maﬁj)) /SeXp ( — Hj(0joje ))Kt(da 1)
and similarly
ha(aje, 7j) < exp <Cj d(ﬁjaﬁj)) /SGXP ( - Hj(UjUJC)>Kt(de\ﬁj)
where ¢; = ) ;o |Jjx|. It follows from (98) and the rotation invariance of K; that

de(n]J]])M [77@77l 1<77l> |:fSeXp( H (O' U] ))Kt(da' ‘7]]):|

pge it 1<) | fg exp(—H; (0}750) e (Ao, mj) ol dor)| (100)

= @Cj d(nj ’77j) i

fnj|mim—1<ms)
F (@ |nim—1<ms)

<

The above estimate follows by applying the rotation R to the 7; in the r.h.s. of (98). Further-
more, it is not hard to deduce that

fs/f(ﬁi>ﬁj|’?l—1§771>)ao(d77i) < sup f(ﬁj‘ﬂi?l—lgnb) < ecidlny i), (101)
Jor FCnismjlimn—1<ms)ao(dn) = w0 f(njlnim—1<ms)
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Therefore it follows from (97) that

f(ni|ﬁl—1<n) 2¢;d(n;,7;
e < et n3:715) 102
f(nilth<n) (102)

Hence for any 1 <1 < |A| we have

_ Jmilm—1<n _
/ao(dm) Vi f(nilnie, i) | = / o (dn;) (g - 1>f(m|ms77)
S S f(771|771§77) (103)
2¢;d(n;,ii;) €4Cj —1 _
< eertnm) 1< 72y, 7).
Comparing (96) and (103) it is clearly seen for any 1 <1 < |A| with j = n)*(I) that
_ _ L . @ , _
i Cli-1m) = Ao Clinsm) | < 5 min {ﬁ@j(t), e Xeco il —1}d(, 7)), (104)
which proves the lemma. O

Lemma [5.1/ has an extension for interactions for which H;(-0jc) is not Lipschitz continuous. In
this set-up we have for any non-empty finite subset V' C ¢

45;( 4. @ _ _
<> <e J< 4 A) — 1> + |7 e Clveviiiv) = ¥ie Cliie)

Jjev

H%‘,t(-lmc) _%{,t('mz‘c) | (105)

To obtain the desired bound on the posterior metric as given in Proposition[2.8 we need to solve
the diffusion equation on the sphere S9! generated by the Laplace-Beltrami operator. This
bound is further used in Theorem [2.7 to replace the posterior metric d’ in the goodness for the
Gibbs specification of the corresponding transformed system (as provided by Theorem with
the Euclidean metric d. We employ stochastic differential equation (SDE) technique to arrive at
the bound of interest. It turns out that we only need the gth component of the diffusion to get
the desired bound. We employ coupling of reflected diffusions on the sphere with the equator
as the mirror as our main tool. To obtain the desired bound we make use of the coupling time
which is the first time the ¢th component of the diffusion visits zero. This necessitates focusing
attention on only the gth component. We start with the following lemma.

Lemma 5.2. 1. Denote by Z; the qth-component of the diffusion on the sphere S1~% for

™

q > 2, started at a value y:=sinpy with @ € (0,%5). Then there is a coupling of Z; to a
Brownian motion on the line, By, such that the first passage time of Z; at zero, denoted by
Ty (Z%), is dominated from above by the first passage time To(po + v2Bs) of wo + V2B;.

2. Consequently, independently of the dimension q — 1, there is the estimate

% w(2y) = PY(Ty(Z9) > t) < P (Ty(po + V2B.) > t) < 2@(0 <G < %) (106)

where G is a standard normal variable.
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Proof: Consider the case ¢ > 3 first. Recall from (86) and (87) that the SDE for the g-th
component of the diffusion on the sphere reads,

dZ] = —(q— 1) Z{dt + \/2(1 — (Z})?)dB. (107)

Consider the transformation
Z} = sin(@y) (108)

to an unknown function @; describing the elevation above the equator. We apply this transfor-
mation only for 0 < Z} < 1, and so there is a one-to-one map to 0 < @; < 5- In this range the
SDE is equivalent to

dpy = —(g — 2) tan @dt + V2 dB;. (109)

Indeed, for ¢ > 3 the diffusion @; does not leave the interval (-7, %), meaning that, with
probability one the north-pole is never reached by Z. Integrating from zero to ¢ we obtain from
109

t
or=—(q— 2)/ tan pgds + V2B, + $0- (110)
0

From this equality we see that as long as ¢ > 0 for all s € [0,¢] we have the bound @; <
V2B, + wo. This shows that the first passage time of ¢; is not bigger than that of V2B, + ©o-

The proof of the inequality follows from bounding P(7y(Z%) > t) from above by the first
passage time of the Brownian motion on a line, P(Ty(v2B. + ¢o) > t). The latter can
be computed exactly by the reflection principle applied to standard Brownian motion, as
it is well-known (see e.g. [15; 16]). (We will use the reflection principle also in the proof
of Lemmal5.5, applied to the diffusion on the sphere.) This gives rise to the estimate on the r.h.s.

That the inequality holds also in the case ¢ = 2 (and is a strict inequality then) can be seen
directly without making reference to the SDE. We note that the paths of a diffusion on the circle
are given by Brownian motions on the angular variable, i.e. @; = V2 B; + ¢o. Then @; = 0
implies that Z? = sin(@;) = 0, but the converse is not true.

It is interesting to realize that this construction provides a coupling such that ZJ < V2 B; + o,
for ¢ > 3, Z2 < /2 By + oo but not Z§ < Z2. The latter relation is guaranteed to hold only as
long as 0 < \@Bt—kgoo < 3.

Proof of the Proposition 2.8; First of all we know from coupling theory (see eq.1 of [13])
and arguments used in the proof of Lemma that

d'(nj, ;) < 2P2(Tp > t) = Fyu(x),
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where = d(n;,7;) is the Euclidean distance between n; and 7;. It follows from Lemma [5.2|
that, for any ¢ > 2,

n £
arcsin 2 )

Fua(e) = 2P% (Ty > 1) <4P(0 < G < N

(111)

Using IP’(O <G < u) < \/LQ? by concavity and arcsiny < Ty for 0 < y < 1 we obtain

Fyi(x) < \2/\723 Note that in both of the last estimates the constants were sharp.

Appendix A: Estimates on the Posterior metric on the spheres

We saw in the proof of Proposition [2.8|that the posterior metric d’ is dominated by the function
F, ;. This function was defined in terms of first passage time to level zero of the gth component
of the diffusion on the sphere S9~!'. We give an analytical representation of this functions in
terms of eigenfunctions of the Laplace-Beltrami operator [2] on the sphere.

Proposition 5.3. Recall the situation of Proposition[2.8. In general dimensions q > 2 the
function Fy; has the representation

o
z .
Foe) = 3 a5 5) it
2

3

aqm(t) _ 67(2m+1)(2m+q71)t

(1" >r<z>ﬁ( - ) .
N COE=ACEE

[y

in terms of Legendre polynomials P,(q,s) of degree n in dimension q (see Definition 5.4 )and
N(q,m) is also the dimension of the space of spherical harmonics of degree n in dimension q

(see (115)).

Before we prove Proposition (5.3 let us fix the following notations starting with the definition of
g-dimensional Legendre polynomials (see [2]).

Definition 5.4. The Legendre polynomial P,(q,-) of degree n in dimension q > 2 is given by
the Rodrigues formula

q—3

R O ()TN

D!

where —1 < s < 1.

These Legendre polynomials are known (see [2] for example) to be orthogonal and satisfy the
second order differential equations

5 d2 d
[(1_5 )im — (@=Ds o+ nlntq-2)|Pulg,s) =0, (114)
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The last equation indicates that the Legendre polynomials are eigenfunctions for the eigenvalue
problem for the gth component of the Laplace-Beltrami operator on the sphere S9-!. Using the
above fact and the separation of variables method we can write the transition (heat) kernel k;
of the gth component Z/ of the diffusion on the sphere S7~! as

rg) &
kt(sa U) = % Z e—n(n+q—2)tN(q7 n>Pn(Q7 S)Pn(qv ’LL), where

\ﬂﬂ—)l—‘(qgil) n=0

115
(2n+¢—2)T'(n+q—2) ifn>1: ( )
N(g,n) == N

T(n+1)(q—1)
1 ifn=20

is the dimension of spherical harmonics of degree n in dimension ¢. Further we have set ZJ = s

r(g) L
——22___ g0 that for any initial s the
Vior(4)

integral of k;(s,u) with respect to the invariant measure (1 —uQ)(l%Sdu (which is the g-coordinate

projection of the invariant surface measure on the sphere) over the interval [-1,1] is equal to one.
We collect the following two lemmas from which the proof of Proposition 5.3 will follow.

and Z] = u, and we have also chosen the constant

Lemma 5.5. For the diffusion on a sphere there is an estimate of the posterior-metric d'(n;, ;)
at fized t in terms of d(n;,1;), the induced metric on the sphere S9=1 obtained by embedding the
sphere into the Fuclidean space, given by

d'(nj,n;) < Fau(d(n;, ;) (116)
with the function

Fyi(z) = 2(1 —2P3(Z! < o))

_ q 0 =
4r (2)1 Z n(n+q—2)tN(q,n)Pn (q, g) / P.(q,s)(1 — 32)%&9
\FP <q%) n=1,3,5,. -1

(117)

Proof:

The idea of the proof is to construct a coupling of two diffusions on the sphere starting at the
points 7; and 7; . By rotation invariance of such diffusions we assume that n; and 7; are mirror
images of each other under reflection at the equatorial plane. Then we construct a coupling by
reflection [13] of the path started at n; with the equator as the mirror line, up to the time when
the diffusion hits the equator. After that the two diffusions move on together. In this way the
coupling time for the two diffusions is the same as the first time Z! = 0 (the first passage time
Tp to level 0 given by Ty := inf{t > 0, Z; = 0}) for either Z{ = z or Z{ = —z where z = ¢, -
(here €1, - , g, constitute the canonical orthonormal basis for R? and ” - ” is the usual scalar
product ). We know from coupling theory [13] that

d'(nj, ;) < 2P2(Tp > t) = Fyu(x),

where z = d(7;,7;) is the Euclidean distance between 7; and 7;. Further it follows from the
reflection principle of Désiré André ([15],pp.79-81 and [16],p.293) that

z z q 0 €T 2\ 4=3
P5(Ty < t) = 2P5 (20 < 0) = 2 kt<§,s>(1—s) 2 ds.
-1
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The heuristic argument for the first equality in the above equation is as follows; the probability
that the first passage time Ty (to a level 0 for a 1-dimensional diffusion starting at some initial
point y > 0) is less or equal to t is the sum of the probabilities of the events that Ty < t
and Z! < 0, and Tp < t and Z} > 0. The probability for the first event is the same as the
probability for the event that the 1-dimensional diffusion Z/ starting at y is below the level 0.
For the probability of the second event observe that after the diffusion reached level 0, it has
equal probability to reach level —c below 0 or level ¢ above 0 since the diffusion in our set-up
is symmetric about 0. Hence the probability of the second event is the same as the first due to
the symmetry of Z! about 0. From here follows the first equality of the expression for Fj; in
the lemma.

It follows from the orthogonality property of the Legendre polynomials that for each positive
even integer n the integral

0 B 1 1 _

[ Pasii-#Fas= 3 [ Pula.s)Rlas - ds =0
-1 -1

(since Py(q,s) = 1) for all ¢ > 2. Therefore the rest of the proof follows from (115) and the

value of the integral
1 (5
Py(gq, s)*(1 — s* qu5:72.
| Rlas0-s) o

a

We have seen from the above proof that for positive even integers n the integral (over [-1,0] and

w.r.t to the invariant measure (1 — 32)%&9) of the Legendre polynomial of degree n is always
equal to zero, as long as the dimension ¢ > 2. The integral for the corresponding odd degree
case can also be computed explicitly and we formulate this explicit value of the integral as our
next lemma.

Lemma 5.6. For any odd integer 2m+1 (m=0,1,2,....) the integral of the Legendre polynomials
Popt1(q, ) over the interval [-1,0] is given by

/OP (q,5)(1 — %) T ds = (— mﬁ 21 (118)
2m+1\4, 7+2i—1

-1

Proof: We obtain from definition of Py,+1(q, s) in Definition [5.4 that the integral

0 —3
| Panalasa- )% s

-1

B -1 d \2m 9 2m+%10 (119)
e £ (s
22m+1H(2m+T—z)
=0

Note that for each m the above differentiation(s) will always involve terms which are multiples
of (1 — s?). This implies that evaluating the above expression at s = —1 will always yield zero.
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However, it follows from Binomial expansion of (1 — 32)r (where r = 2m + %) that

-1 d\2 2m+ 9454
o () (=)
22+ T (2m+ 122 — ) ’
2
=0

s=0

120
() @mlrr = 1) (r = (m = 1) 120
- 2m ’
2m+1 q— 1 .
ml2#m+ H(Qm—l—T—z)
=0
The rest of the proof follows from the observations that (2m)! = 2"m![[";(2¢ — 1) and
rir—1)---(r—(m-1)) 2m+l
T (2m+ 45 =) ITLQi+e—1)
O
Proof of Proposition The proof follows from Lemma 5.5 and [5.6.
O
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