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1 Introduction

In the last years, great efforts have been made to develop a stochastic calculus for fractional Brow-
nian motion. The first results gave a rigorous theory for the stochastic integration with respect to
fractional Brownian motion and established a corresponding It6 formula, see e.g. [1; 2;/3; 6;/18].
Thereafter, stochastic differential equations driven by fractional Brownian motion have been con-
sidered. Here different approaches can be used depending on the dimension of the equation and
the Hurst parameter of the driving fractional Brownian motion. In the one-dimensional case [17],
existence and uniqueness of the solution can be derived by a regularization procedure introduced in
[21]. The case of a multi-dimensional driving fractional Brownian motion can be treated by means
of fractional calculus tools, see e.g. [19; 23] or by means of the Young integral [13], when the
Hurst coefficient satisfies H > % However, only the rough paths theory [13; 12] and its applica-
tion to fractional Brownian motion [5] allow to solve fractional SDEs in any dimension for a Hurst
parameter H > %f. The original rough paths theory developed by T. Lyons relies on deeply involved
algebraical and analytical tools. Therefore some alternative methods [8; 9] have been developed
recently, trying to catch the essential results of [12] with less theoretical apparatus.

Since it is based on some rather simple algebraic considerations and an extension of Young’s integral,
the method given in [9], which we call algebraic integration in the sequel, has been especially
attractive to us. Indeed, we think that the basic properties of fractional differential systems can be
studied in a natural and nice way using algebraic integration. (See also [16], where this approach is
used to study the law of the solution of a fractional SDE.) In the present article, we will illustrate the
flexibility of the algebraic integration formalism by studying fractional equations with delay. More
specifically, we will consider the following equation:

t
X =Eo+ [y DX Xo_pyso s Xgop )ds
t
+ [, 0 Xy, X, )ABy,  t€[0,T], (1)
X =&, t € [—14,0].

Here the discrete delays satisfy 0 < r; < ... < r < oo, the functions o : R"k+D — grnd p .
R+ _ R" are regular, B is a d-dimensional fractional Brownian motion with Hurst parameter
H > % and the initial condition & is a R"-valued weakly controlled process based on B, see Definition
(In particular £ can be any smooth deterministic function from [—r,0] to R™.) We also use,
here and in the sequel, the following notation: we write R™ 1 for the set R" x --- x R" (k + 1
times), while R™? stands for the set of n x d matrices with real entries.

The stochastic integral in equation (1) is a generalized Stratonovich integral, which will be explained
in detail in Section [2. Actually, in equations like (1), the drift term f Ot b(Xs, Xs—r - ~-,X5—rk)d5 is
usually harmless, but causes some cumbersome notations. Thus, for sake of simplicity, we will
rather deal in the sequel with delay equations of the type

t
{ X =&+ [, 0y Xy pseo o, X,y )dB, t€[0,T], -

thgta te[—rk,O].

Our main result will be as follows:
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Theorem 1.1. Let 0 € CE(R"(HU ;R™), let B be a d-dimensional fractional Brownian motion with

Hurst parameter H > % and let £ be a R"-valued weakly controlled process based on B. Then equation
admits a unique solution on [0, T] in the class of weakly controlled processes (see Definition[2.5).

Stochastic delay equations driven by standard Brownian motion have been studied extensively (see

e.g. [15] and [14] for an overview) and are used in many applications. However, delay equations

driven by fractional Brownian motion have been only considered so far in [7], where the one-

dimensional equation

t t

{ X, =&+ [, 0X,_,)dB,+ [, b(X,)ds,  te€[0,T], -
thgt: te [—T',O],

is studied for H > % Observe that (3) is a particular case of equation (2).

To solve equation (2), one requires two main ingredients in the algebraic integration setting. First
of all, a natural class of paths, in which the equation can be solved. Here, this will be the paths
whose increments are controlled by the increments of B. Namely, writing (6z),; = 2, — 2, for the
increments of an arbitrary function g, a stochastic differential equation driven by B should be solved
in the class of paths, whose increments can be decomposed into

2 =2, =GBy —B)+ps, for 0<s<t<T,

with ¢ belonging to %] and p belonging to %, for a given % <y <H. (Here, 6" denotes a space
of u-Holder continuous functions of i variables, see Section[2.) This class of functions will be called
the class of weakly controlled paths in the sequel.

To solve fractional differential equations without delay, the second main tool would be to define the
integral of a weakly controlled path with respect to fractional Brownian motion and to show that the
resulting process is still a weakly controlled path. To define the integral of a weakly controlled path,
a double iterated integral of fractional Brownian motion, called the Lévy area, will be required. Once
the stability of the class of weakly controlled paths under integration is established, the differential
equation is solved by an appropriate fixed point argument.

To solve fractional delay equations, we will have to modify this procedure. More specifically, we
need a second class of paths, the class of delayed controlled paths, whose increments can be written
as

k
25—z, =(OB, —B)+ > (B, —B_;)+p, for 0<s<t<T,
i=1
where, as above, {() belongs to cle fori =0,...,k, and p belongs to ‘622 " for a given % <7y <
H. (Note that a classical weakly controlled path is a delayed controlled path with (&) = 0 for
i =1,...,k.) For such a delayed controlled path we will then define its integral with respect to

fractional Brownian motion. We emphasize the fact that the integral of a delayed controlled path is
actually a classical weakly controlled path and satisfies a stability property.

To define this integral we have to introduce a delayed Lévy area B2(v) of B for v € [—r,0]. This
process with values in the space of matrices R%¢ will also be defined as an iterated integral: for
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1<i,j<dand0<s<t=<T we set

t u+v t
B2 (v)(i,j) = J dlef dB), :f (B, —Bl.)d°B, 4)
S s+v S

where the integral on the right hand side is a Russo-Vallois integral [21]. Finally, the fractional delay
equation (2) will be solved by a fixed point argument.

Here, we would like to stress that we prefer to use the regularization procedure introduced by Russo
and Vallois [21] instead of the direct limits of sums approach for the definition of the delayed Lévy
area. Malliavin calculus allows us then to verify without too much effort that properly defines a
delayed Lévy area for B, see Section 5, while working with limits of sums as e.g. in Coutin and Qian
[5] would certainly require more work. Moreover, we would like to mention that we restrict here
to a Hurst parameter H > 1/3 for sake of conciseness and simplicity. Indeed, the structures needed
in order to solve the delay equation for 1/4 < H < 1/3 are more cumbersome, and include for
instance the notions of doubly delayed controlled paths and of volume elements based on B. These
problems will be addressed in the forthcoming paper [22].

This article is structured as follows: Throughout the remainder of this article, we consider the
general delay equation

dyt = G(ytayt—rlz'"Jyt—rk)dxv te [O,T],
- ()
Ye = &, t € [—r, 0],

where x is y-Holder continuous function with y > % and & is a weakly controlled path based on x.
In Section 2 we recall some basic facts of the algebraic integration and in particular the definition
of a classical weakly controlled path, while in Section 3 we introduce the class of delayed controlled
paths and the integral of a delayed controlled path with respect to its controlling rough path. Using
the stability of the integral, we show the existence of a unique solution of equation (5) in the class
of classical weakly controlled paths under the assumption of the existence of a delayed Lévy area.
Finally, in Section 4 we specialize our results to delay equations driven by a fractional Brownian
motion with Hurst parameter H > %

2 Algebraic integration and rough paths equations

Before we consider equation (5), we recall the strategy introduced in [9] in order to solve an
equation without delay, i.e.,

dy,=o(y)dx,, tel[0,T], Yo=a€R", (6)

where x is a R¢-valued y-Holder continuous function with y > %

2.1 Increments

Here we present the basic algebraic structures, which will allow us to define a pathwise integral
with respect to irregular functions. For real numbers 0 < a < b < T < o0, a vector space V and an
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integer k > 1 we denote by 6,([a, b]; V) the set of functions g : [a, b]* — V such that &t = 0
whenever t; = t;,; for some 1 <i < k — 1. Such a function will be called a (k — 1)-increment, and
we will set 6,([a, b]; V) =Ur>16x([a, b]; V). An important operator for our purposes is given by

k+1
5 : 6 ([a,b];V) = Gepr([a, b V), (68 = D A=K 80 tiomtyns 7)

i=1

where t; means that this argument is omitted. A fundamental property of & is that 66 = 0, where 66
is considered as an operator from %6, ([a, b]; V) to 6o([a, b]; V). We will denote Z%([a,b]; V) =
%r([a,b]; V)NKerd and B%6,([a,b]; V) = 6([a,b]; V)NImS.

Some simple examples of actions of 6 are as follows: For g € 6;([a,b];V), h € 6,([a,b]; V) and
f € 65([a, b]; V) we have

(5g)st =8t — 8> (5h)sut = hst - hsu - hut and (5f)suvt = fuvt _fsvt +fsut _fsuv

for any s,u, v, t € [a, b]. Furthermore, it is easily checked that Z6,,,([a, b]; V) = B%([a,b]; V)
for any k > 1. In particular, the following property holds:

Lemma 2.1. Let k > 1 and h € Z%6,,1([a, b]; V). Then there exists a (non unique) f € 6,([a,b]; V)
such that h=6f.

Observe that Lemma /2.1 implies in particular that all elements h € 6,([a, b]; V) with 6h = 0 can be
written ash = 6 f for some f € 6;([a, b]; V). Thus we have a heuristic interpretation of 8|, ((4,p],v):
it measures how much a given 1-increment differs from being an exact increment of a function, i.e.,
a finite difference.

Our further discussion will mainly rely on k-increments with k < 2. For simplicity of the exposition,
we will assume that V = R™ in what follows, although V could be in fact any Banach space. We
measure the size of the increments by Holder norms, which are defined in the following way: for
f € %6,([a,b];V) let

|fucl
Ifll,= sup .

s,t€la,b] |t - 3|H

and
4, ([a,b);V) = {f € 6,([a,b]; V); [If |, < o0} -

Obviously, the usual Holder spaces <€1“ ([a, b]; V) are determined in the following way: for a contin-
uous function g € 6;([a, b]; V) set

gl = 158ll,,

and we will say that g € <g1“([a, b]; V) iff || g|l, is finite. Note that || - |, is only a semi-norm on
%1([a, b]; V), but we will work in general on spaces of the type

6! ([a,b};V) ={g: [a,b] = V; g, = a, ligll, < oo}

for a given a € V, on which |[g]|,, is a norm.

2035



For h € 65([a, b]; V) we define in the same way

e
h = su _—
Whllyp = S92 TSPl —up

8

Ill, = inf{Z il pepicpys (Pis i Wit hy € 65([a, b1; V), > Jhy =h,0 < p; < u}
and
6'([a,b];V) = {h € 65([a,b]; V); ||Rll, < oo} .

Eventually, let %”SH([a, b];V) = Uysq ‘5: ([a, b]; V) and note that the same kind of norms can be
considered on the spaces Z%5([a; b];V), leading to the definition of the spaces & <€3” ([a; b]; V)
and 26, ([a, b]; V).

The crucial point in this algebraic approach to the integration of irregular paths is that the operator
6 can be inverted under mild smoothness assumptions. This inverse is called A. The proof of the
following proposition may be found in [9], and in a simpler form in [10].

Proposition 2.2. There exists a unique linear map A : &”‘531+([a, b;V)— ‘621+([a, b]; V) such that

5/\ == Idg’%;_'—([a,b];\/) and A5 == Id(gzl+([a,b];V)’

In other words, for any h € ‘631+([a,b];V) such that 6h = 0, there exists a unique g = A(h) €
‘621+([a,b];V) such that 6g = h. Furthermore, for any u > 1, the map A is continuous from
%%‘;([a, b]; V) to %;([a, b]; V) and we have

1
ARl < o Al he %6, ([a,b]; V). 9

This mapping A allows to construct a generalized Young integral:

Corollary 2.3. For any 1-increment g € 6,([a, b]; V) such that 6g € c6’31+([a, bl;V)set 6f = (Id —
Ab6)g. Then

n
(6f)se = lim th,- tir1
i=0

|Hst|_’0

for a <s < t < b, where the limit is taken over any partition I, = {ty =s,...,t, = t} of [s, t], whose
mesh tends to zero. Thus, the 1-increment O f is the indefinite integral of the 1-increment g.

We also need some product rules for the operator §. For this recall the following convention: for
g € 6,([a,b];R) and h € 6,,([a, b];RYP) let gh be the element of Gorm-1(la, b]; RLP) defined
by

(gh)tl ..... a1 — gtl,...,tnhtn ..... tman—1 (10)
for tl}""tm+n—1 S [a, b]

Proposition 2.4. It holds:

2036



(i) Let g € 6,([a,b];RY) and h € 6,([a, b]; R?Y). Then gh € 6,([a, b];R!) and

6(gh)=06gh+ gdbh.

(ii) Let g € 6,([a,b];RYY) and h € 6,([a, b];RY). Then gh € 6,([a, b];R!) and

6(gh)=—-6gh+ gdbh.

(iii) Let g € 6,([a, b];RYY) and h € 6,([a, b]; RY). Then gh € 6,([a, b];R!) and

6(gh)=06gh+ gdh.

(iv) Let g € 6,([a,b];RYY) and h € 6,([a, b];REP). Then gh e %5([a, b]; RLP) and

6(gh)=—-6gh+ gdbh.

2.2 Classical weakly controlled paths (CCP)

In the remainder of this article, we will use both the notations f : fdg or ¢,(f dg) for the inte-
gral of a function f with respect to a given function g on the interval [s,t]. Moreover, we set
If lloo = sup,erat |f(x)| for a function f : RO — R™" and also ||g]ls, = SUPye[q,b] |&¢| for a path
g € 6,([a, b]; V). To simplify the notation we will write <€ky instead of %”ky([a, bl; V), if [a, b] and
V are obvious from the context.

Before we consider the technical details, we will make some heuristic considerations about the
properties that the solution of equation (6) should have. Set &, = o (y,), and suppose that y is a
solution of (6), which satisfies y € € for a given % < Kk < y. Then the integral form of our equation
can be written as

t
yi=a +f G,dxy, te[0,T]. an
0

Our approach to generalized integrals induces us to work with increments of the form (6y),; =
Y — ¥, instead of (11). It is immediate that one can decompose the increments of (11) into

t t
(5y)st = f a-udxu = 6-5(5)()5[ + pst Wlth pst = f (a-u - é-s)dxu'
s s

We thus have obtained a decomposition of y of the form 6y = 6 x4+ p. Let us see, still at a heuristic
level, which regularity we can expect for & and p: If o is bounded and continuously differentiable,
we have that 6 is bounded and

16 = 65| < Ml0”lloollylliclt —sI",

where ||y||, denotes the x-Holder norm of y. Hence & belongs to 4/ and is bounded. As far
as p is concerned, it should inherit both the regularities of 66 and x, provided that the integral
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f:((ru —G)dx, = f ;(5 G ),,dx, is well defined. Thus, one should expect that p € <€22K. In summary,
we have found that a solution &y of equation (11) should be decomposable into

0y=66x+p with &€ % boundedand p € <€22’<. (12)

This is precisely the structure we will demand for a possible solution of equation (6) respectively its
integral form (11):

Definition 2.5. Let a < b < T and let z be a path in 6 ([a, b];R") with k <y and 2k +y > 1. We
say that z is a classical weakly controlled path based on x, if z, = a € R" and 6z € 6, ([a, b]; R") can
be decomposed into

6z2=_L6x+r ie (62)y="C_6x)+ps> S,t€][a,b], (13)

with { € 6/([a, bl;R*) and p € ‘622"([a, b];R™).

The space of classical weakly controlled paths on [a, b] will be denoted by 2, ,([a,b];R"), and a path
z € 2, 4([a, b];R") should be considered in fact as a couple (z, {).

The norm on 2, ,([a, b];R") is given by

N[22, o([a, bl;RM)] = (162l + I ll2 + 1]l + 116l

Note that in the above definition a corresponds to a given initial condition and p can be understood
as a regular part. Moreover, observe that a can be negative.

Now we can sketch the strategy used in [9], in order to solve equation (6):
(a) Verify the stability of £, ,([a, b]; R") under a smooth map ¢ : R" — R4,

(b) Define rigorously the integral f z,dx, = #(zdx) for a classical weakly controlled path z and
compute its decomposition (13).

(c) Solve equation (6) in the space 2, ,([a, b]; R") by a fixed point argument.

Actually, for the second point one has to impose a priori the following hypothesis on the driving
rough path, which is a standard assumption in the rough paths theory:

Hypothesis 2.6. The R-valued y-Hélder path x admits a Lévy area, i.e. a process x* = F(dxdx) €
‘6227/([0, T1; R, which satisfies 6x% = 5x ® 5x, that is

[(6%)gue | (1,3) = (6x)5u(6x7)ye, forall s,u,t €[0,T],i,j€{1,...,d}.

Then, using the strategy sketched above, the following result is obtained in [9]:

Theorem 2.7. Let x be a process satisfying Hypothesis and let o € C*(R™;R™) be bounded
together with its derivatives. Then we have:

1. Equation (6) admits a unique solution y in £, ,([0, T];R") for any k <y such that 2x +y > 1.

2. The mapping (a,x,x%) — y is continuous from R" x ) ([0, T];RY) x 4;7([0, T];R%Y) to
2, 4([0,T];R"), in a sense which is detailed in [9, Proposition 8].
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3 The delay equation

In this section, we make a first step towards the solution of the delay equation

{d.yt:O-(yt:.yt—rlﬁ"':yt—rk)dxt, te [O)T], (14)

Ye=2¢& t € [—r,0],

where x is a R%-valued y-Hélder continuous function with y > %, the function o € C3(R*+D); R™4)
is bounded together with its derivatives, £ is a R"-valued weakly controlled path based on x, and
0<r; <...<r<oo. For convenience, we set ry, = 0 and, moreover, we will use the notation

S(¥)e = Vemrpse o5 Yemr)s te[0,T]. (15)

3.1 Delayed controlled paths

As in the previous section, we will first make some heuristic considerations about the properties of

a solution: set &, = o(y,,s(y),) and suppose that y is a solution of (14) with y € €| for a given
1

s <K<y Then we can write the integral form of our equation as

t t
(Sy)st = f a-udxu = a-s(ax)st + pst Wlth pst = J (a-u - a-s)dxu'
s s

Thus, we have again obtained a decomposition of y of the form 6 y = 6 §x + p. Moreover, it follows
(still at a heuristic level) that & is bounded and satisfies

k
16 = 5l 110" lloo D 1Yemr, = Yemr | < Ge+ Dl oy Nl =51,
i=0

Thus, with the notation of Section 2.1, we have that & belongs to % and is bounded. The term
p should again inherit both the regularities of 66 and x. Thus, one should have that p € ‘622K. In
conclusion, the increment 6y should be decomposable into

0y=66x+p with &€ % boundedand p € ‘622’<. (16)

This is again the structure we will ask for a possible solution to (14). However, this decomposition
does not take into account that equation (14) is actually a delay equation. To define the integral
f: 6,dx,, we have to enlarge the class of functions we will work with, and hence we will define a
delayed controlled path (hereafter DCP in short).

Definition 3.1. Let 0 <a < b < T and z € 6 ([a, b]; R") with % < Kk <. We say that z is a delayed
controlled path based on x, if z, = a belongs to R" and if 6z € 6, ([a, b];R") can be decomposed into

k
(62)ss = Z Cgl) (6x)s—r t—r, t Ps¢  for s,t €[a,b], a7)

=0

where p € ‘ézzk([a, b];R™) and (W e 6, ([a, bl;R™) fori=0,...,k.
The space of delayed controlled paths on [a,b] will be denoted by 9, ,([a,b];R"), and a path z €
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Dy.([a, b];R™) should be considered in fact as a (k + 2)-tuple (z, O gy,
The norm on 9, ,([a, b]; R") is given by

k k
N[5 D o([@, I RM] = (1821 + 10l + DM Plloo + D 15D

i=0 i=0

Now we can sketch our strategy to solve the delay equation:
1. Consider the map T, defined on 2, ,([a,b];R") X &, 5([a — ¢, b —r1];R") by

(TO'(Zai))t = O-(Zt,ﬁ(i)t): te [Cl, b]: (18)

where we recall that the notation s(Z) has been introduced at (15). We will show that
T, maps £, ,([a,b];R") X &, 5([a — r, b — r1];R") smoothly onto a space of the form
P o([a, b]; R,

2. Define rigorously the integral f z,dx, = _#(zdx) for a delayed controlled path z €
D..a([a, b]; R™?), show that #(zdx) belongs to £, ,([a, b];RY), and compute its decom-
position (13). Let us point out the following important fact: T, creates “delay”, that is
Ty(2,2) € 9y 4(la, bl; R™4), while ¢ creates “advance”, that is ¢ (zdx) € 2, 4(la,b];R™).

3. By combining the first two points, we will solve equation (14) by a fixed point argument on

the intervals [0, 1], [rq,2r1], ... .

3.2 Action of the map T on controlled paths

The major part of this section will be devoted to the following two stability results:

Proposition 3.2. Let 0 < a < b < T, let a,& be two initial conditions in R" and let ¢ €
C3 (R 1. RY) be bounded with bounded derivatives. Define T, on 2, ,([a;b];R") x &, 5([a —
ri; b —ri;R") by Ty (2,2) = 2, with

ﬁt = (,O(Zt,s(i)t), te |:Cl, b]

Then, setting & = ¢(a,5(8,)) = 0(&, Zq—r 5> Eq—r,_,» @), we have T, (2,%) € D, 5([a; b]; R and it
admits a decomposition of the form

k
(52)st = st (5x)st + Z ggl) (5x)5—rl-,t—ri + ﬁst’ s, te [a: b]: (19)
i=1

where £, are the Rb4-valued paths defined by

oy
axn’o

N d
C;s = (—So(zssﬁ(g)s): ceey

axl’o

(Zs,ﬁ(i)s)) &,  se€la,b],

and

Z:gi) = ( aSO (25,5(2)5),---,ai(zsaﬁ(g)s)) gs—rl-’ s€ [a’ b]’

9x1,i 9Xn,;
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fori=1,..., k. Moreover, the following estimate holds:

N2 D, o([a; D];RD] (20)
< cor (144205 24 o0, DR + A2(5; 2, ([a— 1 b — L RM])

where the constant c,, 1 depends only ¢ and T.

Proof. Fixs,t € [a, b] and set

: do
0 = ( G ODN “"_(zs,a(é)s)).

" O0x,;

fori= ., k. It is readily checked that

(52)31' = @(zt—roait—rla'“:gt—rk)_(p(zs—roﬁis—rl,""gs—rk)

k
i) 5 1 2
= POLEx) + D D (63) iy, + P + 5L,
i=1

where

~(1
pgt) = w(O)pst_l_Z’(/)(l)ps ri,t—r;>

~(2)  _ - -
Pst - Qo(ztfrosztfrl"'-:ztfrk)_ (p(zsfro’zsfrl"--azsfrk)
k

—pO0(82)5 = D YD),y

i=1

(i) We first have to show that (1, p® e <522K([a, b];RY). For the second remainder term Taylor’s
formula yields

k
1
BT < 10 oo (1062 + 3162 r e ),
i=1

and hence clearly, thanks to some straightforward bounds in the spaces £, ,, we have

(2) k
L '_%||so”||m(w2[z;zk,a([a,b];R“)]+Zw2[z;2,<,a([a—ri,b—riJ;R")J). (D)

2K
|t —s] i=1

The first term can also be bounded easily: it can be checked that

6]

k
T =9l (A [os 62 (U@, bR ] + >4 [, 62 ([a -1 b—rRD] ). @22)

i=1

Putting together the last two inequalities, we have shown that decomposition (19) holds, that is

(82) =YL (Bx);, + Zw%(” (85 er, + P

i=1
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i (1 (2
with p,, = ps(t) + ps(t) € %ZZK([a, b];R).
(ii) Now we have to consider the “density” functions
&=, PW=yP_ ., selabl].

Clearly Z, ¢ are bounded on [a, b], because the functions w(i) are bounded (due to the bounded-
ness of ¢’) and because ¢, { @) are also bounded. In particular, it holds

sup |4, < ll¢’lloo sup 14, sup 101 <1¢lloo sup [Z5-,] (23)
s€la,b] s€la,b] s€la,b] s€la,b]

fori=1,...,k. Moreover, fori =1,...,k, we have
£0 - £9)
<D =N+, - = Cr )]
- S1 Sg /28171 S17T S2— T/ sy

k
< 119" Nloolzs, = 25,1 sUp 1€y 419" lloo X Vs -, = Ziyy, | sup 1€

s€la,b] j=1 s€[a,b]
YN olls, o — oy
<ll¢"lloo H[2; 65([a,b];R™M] sup_ [T (24)
s€la,b

k
+||<P”|IOOZ</V[5;‘€1K([G—rj,b—rj];lR“)] sup |Gl lsy — 511"
j=1 s€la,b]

POl A TE; 6 ([a =13, b — 1 ERY )] sy — 1.
Similarly, we obtain

15, = s,l < N9"lloo A L2565 ([a, b];RM)] SEJIDb]ICSIISz—ﬁIK (25)
s€la,

k
+||90”||002«/V[5; ¢y (la—rj,b—r;;RY)] sup [llsy — 811"
j=1 se[a,b]

HlIYp @lloo A TE; 65 ([a, BT R )] Isy — 51 [*.
Hence, the densities satisfy the conditions of Definition (3.1}

(iii) Finally, combining the estimates (21) — (25) yields the estimate (20), which ends the proof. []

We thus have shown that the map T, is quadratically bounded in z and 2. Moreover, for fixed Z the
map T, (-, %) : 2, 4([a; b];R") = 9, 5([a; b];RY) is locally Lipschitz continuous:

Proposition 3.3. Let the notations and assumptions of Proposition|3.2 prevail. Let 0 <a < b < T, let
PASPACINT 2, o([a,b];R") and let € &, 5([a — ¢, b — 1 ];R"). Then,

N[T,=1,2) - T,(=?,2); 9, o([a; b];RD] (26)
<cor (1+CEW,2@,9)2 A [zD —2@; 2, ([0, b];RM)],
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where

CzW,2?,2) = N[5 2, 4([a—r, b—r ;RY)] @7)
+ N [2; 2, o([a, b];RM] + A [2P; 2, o([a, b]; R™)]

and the constant c, 1 depends only on ¢ and T.

Proof. Denote £ =T o (), %) for j = 1, 2. By Proposition 3.2/ we have

k
(820) =8P (8x) + D LD (86x)y_y oo, + 5, s,t€[a,b],
i=1

with . o N N
(P =y, [ =yt selab],
where
9y

ij 99 ) s
Izb‘g ) = (_(250)95(2)5):' [ES) Ox

8X1’l‘

(zgf),s(z)s)) ,  se€la,b],

n,i

fori =0,...,k, j =1,2. Furthermore, it holds ﬁg) = ﬁs(tl’j) + ﬁs(?’j), where

k
~(1L,j NG Z i) =
ps(t /) = ’LPEO’J)PS(? + wgl’])ps—ri,t—ria
i=1
(2, N . N .
ps(t ) SO(ZEJ_)rO;Zr—rl, N . cp(zs()_)ro,zs_rl, S .
k

— DBz, = > pEN(EE) oy

i=1

Thus, we obtain for Z = £(1) — 2(?) the decomposition
k .
(62)5 = Z ggl) (6X)s—r, t—r, + Pst
i=0

with 550) = wgo’l)é’gl) — wgo’z)f,’gz), the paths {® are defined by é’gi) = (ll)gi’l) — wgi’z))fs_ri for
=1 k do _ 1) _ (2
L o005 K, ANA Oy pst pst .

In the following we will denote constants (which depend only on T and ) by c, regardless of
their value. For convenience, we will also use the short notations A [%], A [zV], #[2®] and
N [z — 227 instead of the corresponding quantities in (26) and (27).

(i) We first control the supremum of the density functions Z (i), i=0,...,k. For i = 0 we can write

EO=ypOPED = (D) + OV =¥

and thus it follows

IZO1 <19 llool 62 = E2 1+ 119" Nl — 221122 (28)
<c(1+41z%]) H [z -]
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Similarly, we get

IED) < cH[E] N[z — 23] (29)

(i) Now, consider the increments of the density functions. Here, the key is to expand the expression
wgl’l) - wgl’z) fori =0,...,k. For this define

u(r) = r(zs(l) — zs(z)) +zs(2), refl0,1], se€/[a,b].

We have
do 3 dy . dy . op .
—— (W, 5(8)) - =— (P, 5(8),) = ——(u,(1),5(2),) — =— (,(0),5(2),)
aXp,i axp)i axp’i axp’i
— 9(p,i)(z(1) — 2(2))’
where

1 2 2
Qs(p’i) = J (8—90(u8(r)’5(§)5), v a—(’o(us(r)zﬁ(g)s)) dr.
0

0x100%p 0Xn00%p,

Hence it follows
w(i,l) — 2 = (Q(l,i)(z(l) —z(2) gD (z(1) 2(2))) (30)
S s s S S 2ttt s s s *
Note that 8D is clearly bounded and, under the assumption ¢ € C2, it moreover satisfies

080 — 9@ < ¢ (N [z W]+ H[zP]+ N [2]) |t — 5|, 31)

For i = 0 we can now write

R (e (SR SO RS T (SRR S R (SRR )
+@OD =N~ )+ P =) = OV = ).

It follows

89— 2O < ¢ (N [2D] + H[2]) |t =5 A [V = 2]+ e N[z —2@] [ —5|*
+c N [2D — 2@ N [2P] |t —s|*
+ N [P (PO = 0P — (p OV — 40Dy, (32)

Using (30) and (31) we obtain

(W™ =) = (D =y (33)
<c(1+ N2V + N[22+ 4 [2]) AP —2P] |t —s]".

Combining (32) and yields

89— 0 < ¢ (14 N D]+ A @]+ H[2]) A D —2P] e — s, (34)
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By similar calculations we also have

80— 2O < (14 NPT+ H [zP]+ H[2]) A D — 2] [ s (35)
fori=1,...,k.
(iii) Now, we have to control the remainder term j. For this we decompose § as

2
Pst pst) +Ps(t)>

where

k
1 1 2 i i ~
ps(t) ‘/)go Dps(t) ¢§0 z)ps(t) + Z ("/{El’l) - wgl’z)) Ps—r; t—r;>
i=1
2 1 3 ~
ps(t) - ((p(zt ry? Zt ryoce zt rk) - (P(Z( ) Zs— rl"",zs—rk))
2 ~ 2 3 ~
- (‘P(ZE )ro Zi— roe Zt rk) - (P(Z( ) 25— rla---:zs—rk))

— (wgo,l)(5z(1))st _ wgo,z)wz(z))st) _ Z (wgi,l) _ wgi,z)) (62)s—r. e,
i=1

We consider first p(1): for this term, some straightforward calculations yield

D] < c(1+ N [2D] + N [2@] + A [E]D) N [2D — 2P|t — 5% (36)

Now consider p®. The mean value theorem yields

p@ = (1.0(0 1) _ 1#(0 1)) (520, (J)go,z) _ wgo,z)) (522,
32 (8 =409 = (50 —42)) 2,
i=1

= (J0D D) (5D =),
+ ((,L/;Eo,l) _ 1IJEO,Z)) _ (wgo,l) _ ’L/JEO’Z))) (52(2))5t

k
+ 2 (W8 =) = (Y =) (62,1,
i=1

=Q;+Q,+Qs,

with

1
Ti)) — () 0% .
P —L (a 1l(v’( r)),. 3xn,i(vs] (r))) dr.

vy (r) = (zs(J) +rGD = 2D), 5 A Gy, =y By T (Fey — és_rk)) :

We shall now bound Q4,Q, and Q5 separately: it is readily checked that
[ — D) < e (14 A2V + N [2P]+ N [£]) e —sIF,
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and thus we obtain
Qi <c(1+ N[V + N [2P]+ H[E]) N[z —2P] |t — s> (37)
In order to estimate Q, and Qs, recall that by (30) in part (ii) we have
(i) — (i) = (95(1,1‘)(25(1) — 2@y, oD — zs(z))) ’ (38)

where

1 az 32
o P:D) :f (—(u (r"),s(2),), - —(u (r"),5(2) ))
S 0 3x1 03 : a nOa ) ’

u(r')y= 25(2) +r (zs(l) — 5(2)).

Similarly, we also obtain that

Pl — 4i2) = (9‘(1,1')(2(1) —2@), ., e Z(z))) + qs(i) (39)
with
o) — drdr’
s JJ (axloa Frraay; BT D noa (u(rr))) rdr’
i(r,r) = vA+r (V) —vEm)
and

1a] < c A2V — 2] e —s]*.
Now, using (38) and (39) we can write

(,(/351',1) _ 1/3?’2)) _ (¢§i’1) _ wgi,Z))
— ((és(l,i) _ 95(1,1'))(2(1) _ 2(2))’ o (és(n,i) _ Qs(n,i))(z(l) _ 2(2))) + qs(i)
for any i =0,..., k. Since moreover
ay(r, ") = (us(r"), 5(2);)
=r ((z(z) (2)) +r (z(l) (1) — (zEZ) — zs(z))),it_r1 St R A is_rk) R
another Taylor expansion yields
0P — 0PN < ¢ (N [zW]+ A [zP] + AH[2]) |t ="
Hence, we obtain
‘(,Jjgi,l) _ l/SEI',Z)) _ (wgi,l) _ ,(/)Ei,z))’
<c (NEPT+HP]+ H[2]) N[ —2P] e -7, (40)
from which suitable bounds for Q, and Q5 are easily deduced. Thus it follows by (37) and (40) that
PPl <c (14 A EOT+ N [22]+ H 5] A0 — 2] |6 s,
Combining this estimate with (36) we finally have
gl < ¢ (14 AV + H[zP]+ H12])° AV 2] ¢ — s (41)

(iv) The assertion follows now from (28), (29), (34), (35) and (41).
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3.3 Integration of delayed controlled paths (DCP)

The aim of this section is to define the integral ¢(m*dx), where m is a delayed controlled path
m € 9, 4([a,b]; RY). Here we denote by A* the transposition of a vector or matrix A and by A; - A,
the inner product of two vectors or two matrices A; and A,, namely, if A;,A, € R™?, then A; -A, =
Tr(A; A;). We will also write 2, ,. We will also write 2, , (resp. 9, ,) instead of 2, ,([a,b];V)
(resp. 9, 4([a, b];V)) if there is no risk of confusion about [a, b] and V.

Note that if the increments of m can be expressed like in (17), m* admits the decomposition

k
(Em e = D 6V, (D" +p], (42)
i=0

where p* € <€22’<([a, b]; R%9) and the densities {9, i = 0,...,k, satisfy the conditions of Definition

To illustrate the structure of the integral of a DCP we first assume that the paths x,{® and p are
smooth, and we express ¢ (m*dx) in terms of the operators 6 and A. In this case, #(m*dx) is well
defined, and we have

t t
J m’dx, = m}(x, — x;) +J (m;, —m)dx,
fora <s <t <b, or in other words
F(m*dx)=m"6x+ #(6m" dx). (43)
Now consider the term ¢ (6m™* dx): Using the decomposition (42) we obtain
t [k
#(6m*dx) = J (Z (820 C7" p;z) dx, = Ay + Jie(p* dx) (44)
s \i=0
with

k t
Ay = ZJ (63, oy (7 dx,.
i=0s

Since, for the moment, we are dealing with smooth paths, the density () can be taken out of the
integral above, and we have

k
A=) {2 (1),
i=0

with the d x d matrix xszt(v) defined by

t u+v t u+v
X2 (v) = U U de) dxf}),...,J U dxw) dx5d>), 0<s<t<T,
S s+v S s+v

forve{-ry,...,—ry}. Indeed, we can write
t t
f (CEOMMGREE S f ¢ [(8X);—ryur, ® dx,]
S S .
= Cgl) ’ f (‘Sx)s—r[-,u—ri ® qu = C'gl) : stt(_ri)-
S

2047



Inserting the expression of A, into (43) and (44) we obtain

k

Jee(m* dx) = m(6x)c + Y %2 (—r) + F (p" dx) (45)
i=0

fora<s<t<bh.

Let us now consider the Lévy area term xszt(—ri). If x is a smooth path, it is readily checked that
(axz(_rl’))sut = stt(_ri) - stu(_ri) - Xit(_ri) = (6x)s—ri,u—rl~ ® (5x)ut:

foranyi =0, ..., k. This decomposition of §x2(—r;) into a product of increments is the fundamental
algebraic property we will use to extend the above integral to non-smooth paths. Hence, we will
need the following assumption:

Hypothesis 3.4. The path x is a R?-valued y-Hélder continuous function with y > % and admits a

delayed Lévy area, i.e., for all v € {—r, ..., —r}, there exists a path x2(v) € ‘6227/([0, T1;R4Y), which
satisfies
5x2(v)=6x(v) ® b x, (46)

that is

[(6X20 D] (1) = (Ex (3N forall  su,t€[0,T), ije{l,....d}

In the above formulae, we have set x(v) for the shifted path x(v); = x4,

To finish the analysis of the smooth case it remains to find a suitable expression for ¢ (p* dx). For
this, we write (45) as

k

Se(p™ dx) = #(m* dx) = mi(5x)y — D ¢ X2 (~r) 47)

i=0

and we apply 6 to both sides of the above equation. For smooth paths m and x we have
5(#(m*dx))=0, 6(m*6x)=—-6m"6x,

by Proposition 2.4, Hence, applying these relations to the right hand side of (47), using the decom-
position (42) and again Proposition (2.4, we obtain

[60#(p" dx)sue
k k
= (6m")su(63 Ve + D (67D %2 (=r) = D ¢ (X3 (=1 )sue
i=0

i=0

k
=D 6x)_y e LBV + P (5
i=0

k k
+ 2 (6L D)g - X2 (=) = D LD [(6X)s—py ey, @ (5]
i=0

i=0

k
= P (65D + D (6CD) - X2 (=)

i=0
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In summary, we have derived the representation

k
5(#(p*dx))=p*6x+ ) 6,0 x2(~r),

i=0
for two regular paths m and x.

Ifm,x,{D,i=0,...,k and x? are smooth enough, we have 6(_#(p*dx)) € EX%SIJ” and thus belongs
to the domain of A due to Proposition 2.2 (Recall that 66 = 0.) Hence, it follows

k
F(p*dx)=A (p* 5x+ Y 670 -xz(—ri)) ,
i=0
and inserting this identity into (45) we end up with

k k
Lt dx)=msx + > ¢V x(—r)+ A (p*Sx + 5¢® 'Xz(—rl-)) . (48)

i=0 i=0

The expression above can be generalized to the non-smooth case, since ¢ (m*dx) has been ex-
pressed only in terms of increments of m and x. Consequently, we will use (48) as the definition for
our extended integral.

Proposition 3.5. For fixed % < Kk < v, let x be a path satisfying Hypothesis [3.4] Furthermore, let

m € 9, 4([a, b1; RY) such that the increments of m are given by (17). Define z by z, = a with a € R
and

k k
(82)se = mi(6x)sc + D LD X2 (=) + Ay (p*éx +> 570 ~x2(—ri)) (49)
i=0 i=0
for a <s <t <b. Finally, set
F(m*dx) = 6z. (50)

Then:
1. #(m*dx) coincides with the usual Riemann integral, whenever m and x are smooth functions.

2. z is well-defined as an element of 2, ,([a, b];R) with decomposition 6z = m*5x + p, where
peE ‘622K([a, b];R) is given by

k k
o= Z (O.x2(—r)+ A (p*ﬁx + Z 5¢® -xz(—rl-)) .
i=0 i=0
3. The semi-norm of z can be estimated as
N[22, o([a, bI;R)] < 1Ml + Cine(b — )7 (la] + A [m; D, 4([a, b]; RD]) (51)

where

k
2
Cine = Gy, (uxuﬁZux (—ri)nzY)
i=0

with the constant ¢, ., + depending only on k,y and T. In particular,

2]l < cine(b — @) (1@l + A [m; Dy o([a, BT, RD]). (52)
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4. It holds

titipa

N
g, (m*dx) = |Hhr|r—1>oz m; (85x);, 1, +
st i=0 j

k
(Dx? (1) (53)
=0

for any a <s < t < b, where the limit is taken over all partitions I, = {s = ty,...,ty =t} of
[s,t], as the mesh of the partition goes to zero.

Proof. (1) The first of our claims is a direct consequence of the derivation of equation (48).

(2) Set ¢, = ||x]l, + Zf:o ||x2(—ri)||zy. Now we show that equation (49) defines a classical weakly
controlled path. Actually, the term m* &x is trivially of the desired form for an element of 2, ,. So

consider the term hg) = Zf:o Cgi) -x2(—r;)) fora <s <t <b. We have
k k
1 - .
B D IO Naol (=l < (21 Dlloo ) el = 5127
=0 i=0

k
< (D21 Dleo Jex(b = @) =e — s
i=0

Thus
DIl < e (b — @27 [m; B, 4([a, b, RD1.
The term

k
h? = p*5x +Z s5¢® x2(—r;)
i=0

satisfies 5h® = 0. Indeed, recall that the increments of m are given by (17). Hence we have
k .
p=om—Y (Dsx(-r)
i=0

and
k ) k )
W =5m*6x = Y 6x(—r) ¢V 5x + Y 670 - x*(—r)
i=0 i=0
k k

=6m'sx — » (W 6x(—r)+ > 67D x2(—r)

i=0 i=0

using Hypothesis|3.4 for the Lévy area. But Proposition 2.4 gives
5D X3 (—r)) = ~670 - x2(=r) + {0 5x(—r,).

Hence it follows

k
K = sm*5x = Y 5D -x*(=r)
i=0
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and thus
Sh? =0

using again Proposition 2.4 and 66 = 0.
Moreover, recalling the notation (8), it holds

lp0xlgip < cx(b—a) ™llplla
and

k k
| Z S x*(=r)lle 2 < (b — a)Z(Y_K)Z 1ZD,..
i=0 i=0
Since y > k > % and 6h® = 0, we have h® € Dom(A) and

IR llgy < ex(14T7)(b — a) ™A [m; D o([a, b RD].

By Proposition|[2.2]it follows
1

IAG e < 75—

IR 13,

and we finally obtain

3K'_1

2
1R + A(R@)||5 < ¢

AT T~ N [ D ([a, LEDL (54

Thus we have proved that g € <€22K([a, b];R) and hence that z € 2, ,([a, b];R).

(3) Because of (6z);, = m;(6x);, + ps; and m € 9, 4([a, b];RY) the estimates (51) and (52) now
follow from (54).

(4) By Proposition 2.4|(ii) and the decomposition (17) we have that
k .
S(m* 53 )sue = —(EM")u(5)ue = =pL(5%)ue = D (XN, LD (63)ye
i=0
Thus, applying again Proposition 2.4/ (ii), and recalling Hypothesis|3.4 for the Lévy area, we obtain

that ) )
5 (m* 5x+2§(i)~x2(—ri)) =— |:p*5x+25éj(i)-x2(—rl-):| .
i=0 ‘

i=0

Hence, equation (49) can also be written as

k
#(m*dx) =[1d — AS] (m* 5x +Zg® -xz(—rl-)), (55)

i=0

and a direct application of Corollary[2.3]yields (53), which ends our proof.
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Recall that the notation A* stands for the transpose of a matrix A. Moreover, in the sequel, we will
denote by ¢,,,, a constant, which depends only on the chosen norm of R™¢. Then, for a matrix-
valued delayed controlled path m € 2, 4([a, b]; R™%), the integral #(mdx) will be defined by
g4 (mM*dx)
S(mdx) = : ,
g4 (m™*dx)

where m® Dv.a([a, b];RY) fori = 1,...,n and we have set m = (m?, ..., m™)*. Now we have
by (51) that
N[ F(mdx); 2, o([a, b];R")] (56)
< Crorm (IIMlloo + cine(b — @) 7 (|&] + A [m; Dy o([a, b R™)])) .

For two paths mY),m® € 9, ;([a, b]; R™®) we obtain the following estimate for the difference of
2 = _¢(mMdx) and 2@ = _¢(m® dx): Since m(Y) —m® = 0, we have
N1 =2 2, 0([a, b1 RY] 57)
= 2Cnorm Cint(b - a)Y_KJV [m(l) — m(z); @K’o([a, b];Rn’d)] .

4 Solution to the delay equation

With the preparations of the last section, we can now solve the equation

dy, = O'(yt:.)’t—rl:' "’yt—rk)dxt’ t€[0,T], (58)
yt = gt? te [_rk;OJ;

in the class of classical weakly controlled paths. For this, it will be crucial to use mappings of the

type
I: ‘Qk,a([aa b]:Rn) X ‘QK,&([a — Tk b— rl];Rn) - Qx,a([a; b]:Rn)

for 0 < a < b < T, which are defined by (z,Z) — 2, where 2, = a and 6% given by 62 =
F(T,(2,2)dx), with T, as in Proposition|3.2. The first part of the current section will be devoted
to the study of this map. By (56) we have that

N[ F(Ty(2,2)dx); 2, o([a, b];R™)]
< Crorm (101loo + Cine(b — @) (|| + N [T, (2,£); Dy a([a, b R™)]))
=< Cnorm (||G||oo(1 + CintTY_K) + Cint(b - a)Y_KJV[TG(Zaé); @K,d([a) b]: Rn’d)])
due to |a| = |0(2,,5(£2) )| < ||o]||«- Since
T oy (2,%)
Ty(2,2) = : ,
T w+(2,2)
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where c@ e C3(R™ D R fori =1,...,nand o = (¢W,...,c™)*, it follows by (20) that
b

N [T(2,8); Dy o[a; b]; R™)]
<o (1+ N2 20 0([a, D RD] + N 2[5 2, 5([a — 1, b — 1 s RM)]) .

Combining these two estimates we obtain

N [T(z,2); 2 o([a; D]; R | (59)
< cgrowen (1 + A 2[5 2, 5([a — 11, b — 11 ;RD]) (14 (b — @) A ?[2; 2, o([a, b, RM])

where the constant cg,q, depends only on ¢y, Cporm> O, K, ¥ and T. Thus the semi-norm of the
mapping I" is quadratically bounded in terms of the semi-norms of z and %.

Now let 21,2 € @, ,([a,b];R") and £ € 2, 4([a — 1, b — r;]1;R™). Then, by (57) we have

:/V[F(z(l)’§) — F(Z(Z)’g); QK,O([G’ bl; Rn)] 60)
= 2Chorm Cint(b - a)Y_KJV[To(Z(l); Z) — Ta(z(z), £); @K,O([a, b];Rn’d)].

Applying Proposition[3.3, i.e. inequality (26), to the right hand side of the above equation we obtain
that

HT(EW,2) - 1P, 2); 2, 0([a, b];R™)] (61)
< cp(1+CEW,2@,9))? #[zW - 23; 2, (([a, b;RD] (b — ) 7,

with a constant ¢;;, depending only on ¢y, Crorms> O, &, ¥ and T, and moreover

c(z™,2,2) = #[5 2, 4([a— 1, b— 11 1;RY)]
+ 4 [2D; 2, ,([a, b; RD] + A [2P; 2, ,([a, b]; RM)].

Thus, for fixed Z the mappings I'(+,2) are locally Lipschitz continuous with respect to the semi-norm
N5 24 0([a, b; RM)].

We also need the following Lemma, which can be shown by straightforward calculations:

Lemma 4.1. Let c,a > 0, 7 € [0, T] and define
Ao ={ueR] : c(1+ %) < u}.

Set also T = (8¢2)~Y/®. Then we have A" # 0 and sup{u € R ;u e 42"} < (4+2v2)c.

Now we can state and prove our main result. Recall that we use the notations r = . and ry = 0.

Theorem 4.2. Let x be a path satisfying Hypothesis let & € 2,,(-r0];R") and let o €
CE(R”U‘H);]R"’d ). Then we have:

1. Equation (58) admits a unique solution y in 2, ¢ ([0, T];R") for any % <k<yandany T > 0.
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n Y d 2y d,d k1 K n
2. Let F : 2, o([-1,01;R") x €([0, T];RY) x (%2 ([0, T]; R% )) — ¥([0, T);R") be the
mapping defined by
F (&%,%%(0),x*(=r1),...,x*(=1)) = ¥,

where y is the unique solution of equation (58). This mapping is locally Lipschitz continuous in
the following sense: Let X be another driving rough path with corresponding delayed Lévy area
X2(=v), v € {—ry,...,—1o}, and & another initial condition. Moreover denote by ¥ the unique
solution of the corresponding delay equation. Then, for every N > 0, there exists a constant
Ky > 0 such that

k
1y = Fllo <Ky (IIX — Xlly 00 + Z Ix*(=r;) = (=1l + 1€ = 5||K,oo>
i=0
holds for all tuples (&, x,%%(—r0),...,x2(=r), (€, %,x%(=10), ..., X*(—r})) with

1€llo + A LE, 21 a([—1, 01 RM] + [IElloo + A [E, 2 a([—7, 0;R™)]

k k
11l 00 + D IR C=rllay + 1,00 + D IKA(=rll2y < N,
i=0 i=0

where ||f ||, 00 = ||f lloo + 6 f I, denotes the usual Holder norm of a path f.

Proof. The proof of Theorem 4.2 is obtained by means of a fixed point argument, based on the map
I" defined above.

1) Existence and uniqueness. Without loss of generality assume that T = Nr;. We will construct the
solution of equation (58) by induction over the intervals [0,r;], [0,2r;], ..., [0,Nr;], where we
recall that r; is the smallest delay in (58).

(i) We will first show that equation (58) has a solution on the interval [0,r;]. For this define the

mapping
Tro,0,7 1 2ig, ([0, T1 5 RY) = 2, ¢ ([0, 7, [ R™)

given by 2 =TI'q ;,1(2), where
(52)“ :fst(’ro‘(z: E)dx)

for 0 <s <t < 7,. Moreover, set
£1=(8c) VT Ary,

where
€1 = Cgrowth (1 +’/V2[§; "Ozk,a([_r’ OJ’RH)]) '

Clearly, if z is a fixed point of the map I'( . j, then z solves equation (58) on the interval [0, 7;].
We shall thus prove that such a fixed point exists. First, due to (59) we have the estimate

N [Tl0,211(2) @iy ([0, 11 R | < ¢y (14717 A[55 2,0, ([0, 711, RD]) -
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Thanks to our choice of 7, and Lemmal/4.1 we can now choose M; € Uaf;;’y_x accordingly and obtain
that the ball
BV = {z€ @, ¢ ([0,7,;R"); H[z; 2, ¢, ([0, %, 1;RD] < M, }

is left invariant under I'[o,7,]- Moreover, by equation (61) we now have
N [T10200 ™) = T2 (rP); 24o([0, 111 RM] < 5] H [y D =y 2,4((0, 7,1 RM)]
for y(1), y(@ Bgl) where
& = (1+2M; + N [E; 2, o([—1,0,RD])".

Choosing 77 such that
0<ti<(26) Ak,

and
* __
Nty =n

for an integer N; € N yields that the mapping To.0) is a contraction on Bgl). Thus, the Banach the-

orem implies that To,c) has a unique fixed point, which leads to a unique solution z) of equation
on the interval [0, T7].

If 7] = ry, the first step of the proof is finished. Otherwise, define the mapping
iz 20 © 2,071,271 RY) = 2, o([7], 277 R")
"1 "1
given by 2 = F[T’I’ZT’{](Z)’ where

(62)st = fst(Ta(Z: E)dx)

for 77 <s <t <2t]. Since 27] < ry, it still holds
N[ omy(2); 2, ([T, 20 ERD] < (1+ T TN [z 2, w(lr7, 271 RM)])
ot ot
and thus the ball
B = {z €2 o[}, 20 iR N [55.2, (e}, 205, R] < Ml},
o ot
where M, is as in the previous step, is left invariant under ['[zx 271). Hence, we obtain as above that
ATz 20 (YD) = Tt 20 (YP); 2 0([75, 277 R < %ﬂ[y(l’ - y®; 2, 4([7},27;;RM)]

for y, y@ e Bél) and again the Banach fixed point theorem gives the existence of a unique solution

2@ of equation (58) on the interval [77,277].

Repeating this step as often as necessary, which is possible since the estimates on the norms of the
mappings I'(jzx (j+1)r13, J = 0,...,N; — 1, are as above, i.e. the constants ¢; and ¢; do not change,

we obtain that z = Z?’;l 2001 I where I; = [(j — 1)77,j7]], is the unique solution to the equation
on the interval [0, r{].
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Now, it remains to verify that z = ). jil 2001 j; is in fact a CCP. First note that by construction z is
continuous on [0, r;] and moreover that z is a CCP on the subintervals I; with decomposition

st >

(62) =C(6x) +pY,  stel,

for s < t, where ‘
(W =0(z,5(2),), sel;

Clearly, we have

Je
(62)se = 2(62(]))svt}-,t/\tj+1
J=Js

for0 <s <t <ry, where t; =(j — 1)7; and j, j, € {1,...,N;} are such that

t]s_s<t]s+1<"'<tlt<t_t]t+1

Setting
Ny
L=>.{"1,(),  selor],
j=1
and
() s )]
Z(CSQH B CEJ ))(5)()5\/%’“\%“ T Zps{/fj’“\fm
J=Js =i
we obtain

(5z)st = Cs(5x)st +pst
for0<s<t<r.
Now, it follows easily by the subadditivity of the Holder norms that
N .
(62)sel _ (529
sup ——— < sup ————
s,te[O,rl] |S - t| j=1 S,[GIJ- |S - tl

and

j o N s
sup |{;|= sup sup |€(tj)|: w < sup I(6¢ )jfl
el0n] J=LeNy L€ seelon] 18—t T Heer s —t]

Furthermore, we obtain

|os:l Z (09| N s |(5x)st|i 158Dl
>~ 1

sup ————
s,te[0,r] s — t|2K = tEI s — t|2K

s,te[0,r1] s — ¢]* iT1S:tel |S —t|r*
Thus, we have in fact that z € QK,EO([(): r11;R™M).

(i) Let =1,...,N — 1 and assume that Z € £, - ([0,lr;];R") is the solution of the delay equation
(58) on the interval [0, [r;]. To show the existence of a unique solution on the interval [Iry, (I+1)r;]
define the mapping

r[lrl,lrl-i-fl] : QK,,%lrl([lrlz lrl + Tl];Rn) - Qk,ilrl([lrlﬁlrl + Tl];Rn)
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given by 2 =T;,. 11, 4,1(2), where

(52)st = jfst(TO'(z; 5(5))(1)()

for lr; <s <t <lry+ 7;. Moreover, set

Cl+1 = Cgrowth (1 + JVZ[§§ ‘Qk,ﬁlrl_rk([lrl - rk’lrl];Rn)Da

Tig1= (8c12+1)_1/(7_’<) AT,
for which Lemma 4.1 leads to a corresponding choice of M;,; and BgHD. It remains to define
€1 = i (1+2Myy + N[5 2,5 ([Iry =1 Iry s RM])
and to choose 77, such that
0<7iy < (28) TN B

and
* —
N1t =1

for an integer N;,; € N.

Proceeding completely analogous to step (i) we obtain the existence of a unique path z €
Qk’ghl([lrl,(l + 1)r;];R™), which solves the delay equation (58) on the interval [Irq,(I + 1)r;]
for a given "initial path” £ € &, - ([0,lr;]; R"). Patching these two paths together, we obtain (using
the same arguments as at the end of step (i) a path z € &, ¢ ([0,(l + 1)r;];R"), which solves

equation (58) on the interval [0, (I + 1)r;].

Thus we have shown that there exists a unique path z € gz,c,go([o, T1; R™), which solves the equation
(58). Moreover, by the above construction we obtain the following bound on the norm of this path:

k
N[22, ([0, TR < f (”(SXHY +Z 1% (=1ll2y + A [E; 2 al[-T, OJ;R”)]) . (62)

i=0

Here f : [0,00) — (0,00) is a continuous non-decreasing function, which depends only on
K,v,n,d,k,o,T and rq,...,T.

2) Continuity of the It6 map. For convenience and to simplify the notation, we assume now
that n = 1. The general case n € N can be shown similar, but requires more cumbersome no-
tations. Let y = F (é,x,xz(o),xz(—rl),...,xz(—rk)). Since y solves equation (58), we have
(0Y)st = Z:(0*(y,5(y))dx) with o € CS(Rl(kH),Rd). It follows by the Propositions (3.2 and
that

k k
(8 )se = mi(6x)e + ) ¢ %2 (=) + Ay, (p*&c +>,5¢0 -xz(—r») (63)
i=0 i=0
for0<s <t <Twith
_ W_ 99 (D) — (D)
mg = o (¥5,5(¥)s)s Pl = (¥s,5(y)s) (V=9 m_ (64)
axi t
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fori =0,...,k. Note moreover that p = p(1) + 5(?) is given by the relation

k
pY = Do, (65)
i=0
k .
pY = 0(yes(3)) = 0 s(r)) = D W6 h—remr, (66)
i=0

with p in turn given by

k

k
Pst = Z (W2 (—r) + Ay, (ﬁ*&f + 255(0 'Xz(_ri)) - (67)
i=0

i=0

Now consider with a different initial path &, driving rough path % and corresponding delayed
Lévy area x?(v) for v € {—ry, ..., —1o}. If the assumptions of the theorem are satisfied, then also the
equation

dy, = Q(yt:yt—rlv--:.)N’t—rk)dyct: te[0,T],
Ve = Su t € [-ry,0]

admits a unique solution ¥ = F(&, %,x%(0),x*(—r;), ...,x2(—ri)). Clearly we also have in this case
(55 )se =M (6%)se + ), E0 - X2(=r)se + Age (p*sfc + Y680 -xz(—ri)) (68)
i=0 i=0
for 0 <s <t < T withm, Y@, D 5 5 defined according to (64), (65), (66) and (67).

(i) We first analyze the difference between p and §. Here we have

Psc — Pse = el + Ase(e®) (69)
with
k k
1 . ~f
e = D0 (1)) — LD (1)),
i=0 i=0
e? = pTox— 8%+ ) 50 P (=r) = Y 500 ().
i=0 i=0

Now set

k
Cy)=lIxlly,00 +Z 1x*(=r)ll2y + A LY; 24z, ([0, TR+ 1€ lloo + A [E; 2 o([—1, 01 R)],
i=0

define C(¥) accordingly for ¥, and let R be the quantity
k ~
R=lx — %[00 + Z [133(=r;) =2 (=12 + 1€ = Ellyo0-
i=0
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In the following we will denote constants, which depend only on «,y,n,d,k,o,T and rq,...,1y,
by ¢ regardless of their value. Moreover, we will use for quantities, which depend continuously on
¢,C(y),C(7), the short notation C, i.e. we set

C:=g(c,Cy),C())
if g : (0,00)> — [0, 00) is a continuous and non-decreasing function.

Fix an interval [a, b] C [0, T]. By straightforward calculations we have

€D <clt—s*R+cC@lt—s|*  sup |y, — F-l (70)

T€[s—1,t]

for s, t € [a, b]. Now, consider the term e®. We have

eB) = P (62)u = B (8% + D (67D %2, (=) = D (6L, 22 (1)
i=0 i=0
= (ﬁ* - ﬁ*)su(5x)ut + 5;[(5(3(' - i))ut
k k
+ D (D = D)y X2 (=r) = D (68D - (2, (—r) = x2,(—1))
i=0 i=0
fors,u,t € [a, b]. Clearly, it holds

(6" = B")su(82)uc| < CIE —ulls —ul™ N [p — p; 67" ([a, b];RD],
152,60 = )e| < It —ul"ls — ul* ¥ [B; 62°([a, b, RDIR

and

)

k k
D@D = ED)g x2 ()| cCle —ur Y \(5(4@ — &)y
i=0 i=0

k k
D (80 2 (=) = ()| <[t —ulP'R Y |52,
i=0 i=0

Furthermore, we have
(68D

foranyi =0,...,k and we also obtain by tedious but straightforward computations (similar to the
derivation of equation (34)) that

<C)s—ul*

50— < +CON+CHN®  sup  [(ye, = Fe,) = (e, = I,

T1,T2€[s—r,u]

foranyi=0,...,k.
Recall that the classical Holder norm of a path f is defined by

|f’r _f’r |
”f“u,oo,[s,t] = sup |f7| + sup 1—2‘4
TE€[s,t] T1,To€E[s,t] |T2 - Tll
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Using this notation and combining the previous estimates, we end up with

(2

€sut

< Clt —ul"ls —ul* R+ Cle —=ul*|s — ul*lly = Fllx,0,[a—r,.b]

+Cle—ul'ls —ulP* #[p — p;67*([a, b;RD]. (71)
Hence e® belongs to Dom(A) and we obtain by Proposition|2.2/ that
1Az < CR+Y = Tl oo tar, b1 + AP = 5 65 ([a, DLRDN(D—a) . (72)

Inserting the estimates for e/)) and A(e®®), i.e. (70) and (72), into the definition (69) of p — § gives
finally

Np —p;6,([a,b];R)] < Clb—al" ™|y = Fllx.00,[ar.b]
+Clb—al" R+ Clb—a" ™ N [p — p;6;*([a,b];RY)],
and due to the subadditivity of the Hélder norms we get

Np—p;6([a,bL; R < Clb—al" ™ N[p—p; €2 ([a, bl; RDT+CIb—al" ™ ly = Fllx.c0.(a.b]
+ C|b - aIY_K ||.y - 5/||K,oo,[a—rk,a] + C|b - a|Y_KR' (73)

(ii) Now we have to consider the difference between p and p. Recall that p = p™ + 5 is given
by

k

~(1 i

pgt) = ngl)ps—ri,t—ri:
i=0

k
P = 0y = 0 s()) = D WG )r -,

i=0
and p accordingly. Analogous to the proof of Proposition|3.3 we obtain
NP = W62 ([a, bl RD] < €A [p — 563 ([a = i, BRI+ Clly = Flle,o0,[ar, 0]

and
ﬂ[p(Z) - 5(2); (5'22'(([0; b]:Rd)] < C||}’ _5/||K,oo,[a—rk,b]'

Inserting this into (73) gives
Np —p;6;([a,b];R)] (74)
<Clb—al" ™ N[p —p;67([a, b];R)]+Clb—al" ™ |ly — Fll.co.fab]
+Clb—al" ™ N [p —p; 67 ([a—r,al; R)] +Clb—al" ™ Iy — Fllc.0o0,fa—re.a]
+C|b—al|" *R.
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(iii) Finally, consider the difference between y and y. Completely analogous to step (i) we also
obtain that

Ny —7;6;([a,b];R)]
<Clb—al" ™ N [p —p;%([a,b];R)] + CIb —al" ™ |ly = Fllx co,[a,b]
+Clb—al" ™ N [p - p; 65 ([a—r,al;R)] +CIb —al" ™ Iy = Fll.co,fa—re.a]
+C|b—al]"*R.

Moreover, since

sup |y = Jol < |yq = Jal + (b —a)* Ay — ;67 ([a, D, R)],

1€[a,b]

we also have

|y = Fllx,00,[a,b] (75)
<Clb—al"™* N [p—p; 6 ([a,b;R)]+Clb—al" ™ |ly = Fllx.co(ab]
+Clb—al"™ N [p —p; 6 ([a—r,al; R+ Clb—al" ™ [ly = Fllx.co.fa—rea]
+1ya = Fal +Clb —al" ™ R.

(Note that we consider here the case v — k < k without loss of generality. If y — k > «, then only
(b — a)"* had to be replaced by (b — a)* in (75) and in the following arguments.)

(iv) Now set
Ala,b)=Ap —p; 6 ([a, LR+ 1y — Fllx.cofab]-

By combining (74) and (75) we finally have that

A(a,b)<Clb—a|" *A(a,b)+Clb—a|" *A((a—r)*,a)
+ C|b - aIY_K |I£ - g”K,oo,[—rk,O] + |.ya - ya' + C|b - aly_KR

and thus

A(a,b)<Clb—a|" *A(a,b)+Clb—a|" *A((a—r)",a) (76)
+1Y¥q = Jal +CIb—al" ™R.

Now choose a = 0 and b; = (2€)~Y0*)_ In this case, we obtain from (76) that
1 ~ 1
A(0,by) < EA(O’ bi)+1&0— ol + ER’

which yields
A(0,by) <R+2[E, — &l < 3R. (77)

For the next interval [b;,2b,], we obtain in turn that

1 1 1
A(by1,2b;) < EA(thbﬂ + EA(O’ by)+1lyp, — Ip, |+ ER’
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and hence
A(bl,Zb]_) S A(O, bl) + 2|yb1 - ybll +R S 1OR,

by (77).
Repeating this step | T/b;|-times we obtain that there exists a continuous non-decreasing function
h:(0,00) — [0,00) such that

A(iby AT,(i+1)b; AT)<h(T/b;)R
foralli=0,...,|T/b;]. Using the subadditivity of the Hélder norms, the estimate
A(0,T) < (1+T/b)h(T/b))R = (1+ TRC)VINh(T(2C)YT¥)R (78)
follows. Now recall that C depends continuously on ¢, C(y), C(¥), where c is an arbitrary constant,

which depends only on k,y,n,d,k,o,T and rq,...,1y,

k
€)= lxllyo0 + D IXA(=rllay + ALy 2oy ([0, TR + [1E oo + N E: 24 o[ 1, 01 )]
i=0

and C(¥) is defined accordingly. However, by (62) there exists a continuous and non-decreasing
function f : (0,00) — [0, 00) such that

C(y) <D+ f(D), C(7) <D+ f(D),

where

k
D = [[xlly.00 + DK (=)ll2y + 1€ lloo + A [E; 24 o[, 01 R)],
i=0

and D is again defined accordingly. Thus, we obtain now from (78) that there exists a continuous
function [ : [0, 00) — [0, 00), which depends only on k,y,0,n,d,k, T and rq,...,r, such that

A0, T) <1(D+D)R.

Hence, the assertion follows.

5 Application to the fractional Brownian motion

All the previous constructions rely on the specific assumptions we have made on the path x. In this
section, we will show how our results can be applied to the fractional Brownian motion.

5.1 Definition

We consider in this section a d-dimensional fractional Brownian motion (fBm) with Hurst parameter
H €(0,1) defined on the real line, that is a centered Gaussian process

B:{Bt:(Btl,...,Bf); teR},
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where B',...,B? are d independent one-dimensional fBms, i.e. each B! is a centered Gaussian
process with continuous sample paths and covariance function

1
Ry(t,5) = = (s + e[ — e —s*) (79
2
fori=1,...,d. The fBm verifies the following two important properties:

(scaling) For any ¢ > 0, B = CHB,/C is a fBm, (80)

(stationarity) For any h€ R, B.,, — By, is a fBm. (81)

Notice that, for Malliavin calculus purposes, we shall assume in the sequel that B is defined on a
complete probability space (2, Z,P), and that & = o(B;; s € R).

5.2 Malliavin calculus with respect to fBm

Let us give a few facts about the Gaussian structure of fractional Brownian motion and its Malliavin
derivative process, following Section 2 of [18]. Let & be the set of step-functions on R with values
in R?. Consider the Hilbert space 5 defined as the closure of & with respect to the scalar product
induced by

<(1[t1,t1]7 ey l[td,td])i(l[sl,sl]r ceey l[sd,sd])>ﬁf’
d
= (Ry(t',s") —Ry(t',s;) —Ry(t;,s') +Ry(ty,s;)),

i=1

for any —oo <s; <s' < 400 and —oo < t; < t' < 400, and where Ry(t,s) is given by (79). The
mapping

d
(Lo rgs--or Tpey ) = (B — BL)
i=1

can be extended to an isometry between 5 and the Gaussian space H;(B) associated with B =
(BL,...,B%). We denote this isometry by ¢ — B((). Let & be the set of smooth cylindrical random
variables of the form

F = f(B(p1),...,B(pr), p,eH, i=1,...,k,

where f € C®(R% R) is bounded with bounded derivatives. The derivative operator D of a smooth
cylindrical random variable of the above form is defined as the ##-valued random variable

k
i
DF = Z f (B(¢1),.--,Blo))yp;.

= 9x;

This operator is closable from LP(Q) into LP(§; ). As usual, D2 denotes the closure of the set of
smooth random variables with respect to the norm

IF|I}, = EIF|* +EIDF|[3,.
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In particular, if D'F denotes the Malliavin derivative of F € D2 with respect to B, we have DiB{ =
5i,j1[0,t] for l,_] = 1, .. .,d.

The divergence operator I is the adjoint of the derivative operator. If a random variable u €
L?(Q; ) belongs to dom(I), the domain of the divergence operator, then I(u) is defined by the
duality relationship

E(F I(u)) = E(DF, u) 4, (82)
for every F € D2, Moreover, let us recall two useful properties verified by D and I:

e If u € dom(I) and F € D'? such that Fu € L?(Q; 5#), then we have the following integration
by parts formula:
I(Fu) =FI(u) — (DF,u) 4. (83)

o If u verifies EIIuIIio + EIIDu||§g,®%, < 00, D,u € dom(I) for all r € R and (I(D,u)),cg is an
element of L%(§2; ), then
D.I(u) =u, +I1(D,u). (84)

5.3 Delayed Lévy area and fractional Brownian motion

The stochastic integrals we shall use in order to construct our delayed Lévy area are defined, in a
natural way, by Russo-Vallois symmetric approximations, that is, for a given process ¢ we have

t t
opi _ 12 : -1 i i
JS ¢y d°B,, =L° — ll_r)% (2¢) fs b (Byyie = By_e)dw,

provided the limit exists. This pathwise type notion of integral can be related to some stochastic
analysis criterions in the following way (for a proof, see [1]):

Theorem 5.1. Fix t > 0 and let ¢ € DV?(#) be a process such that
. t .
’I‘r[O,t]Dqu5 =1%— li_r)%(zg)_l jo (DBl ¢u: l[u—s,u+e]>%du
exists, and such that, setting £(t,u) =1 +(t —u)?F L foro<u<t,
t t t
j E¢3e(t,u)du+J J E(D?' ¢,)% €(t,u)dudr < oo,
0 o Jo
Then f ot qbwd"BfM exists and verifies
t . .
f ¢, d°Bl =15 (¢119,9) + Trro, PP ¢.
0

With these notations in mind, the main result of this section is the following:

Proposition 5.2. Let B be a d-dimensional fractional Brownian motion and suppose H > % Then
almost all sample paths of B satisfy Hypothesis|3.4|
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Proof. A natural candidate to be the delayed Lévy area (provided it is well-defined) is given, for any
vel{-ry,...,—1y}, by:

t u+v t u+v
Bft(v):J d°Bu®f d°B,, i.e. Bszt(v)(i,j)=J d°Bf1J d°B/, i,jef{l,....,d}. (85)
s s S s+v

+v

When H = %, the desired conclusion is easily obtained, because the Russo-Vallois symmetric integral
coincides with the Stratonovich integral.

When H > %, the Russo-Vallois symmetric integral coincides with the Young integral, which is well
defined in this case, and the assertion still follows easily from the properties of Young integrals.

When % < H < %, by Theorem (5.1, we shall obtain (see below) the almost sure existence of the
iterated integral (85) for fixed integration bounds, but unfortunately not as a process. In order
to bypass this difficulty, and rather than trying to prove the uniform version of Theorem|[5.1, our
strategy actually consists in defining B2(v) by (85) only for rational times and then to consider its
continuous version (which well exists, since B2(v) will verify the Kolmogorov criterion).

Now, let us proceed with the proof in the case where H € (%, %) is fixed. It is a classical fact that

Be <€1Y ([0, T];RY) for any % < y < H. Due to the stationarity property (81) we will work without
loss of generality on the interval [0, t —s] instead of [s, t] in the sequel.

1) Case i = j. When v = 0, it is readily checked that
2 c e L 4_3 4H
E|B;,(0)(i,1)|* = ZElBt —B|" = th ]

Let us now consider the case where v < 0. For ¢ = (B:_V — Bi)l[o,t—s](')’ the conditions
of Theorem [5.1 are easily verified, hence fot - d)ud"Blﬂ exists. Notice moreover that we have

Dfi¢u = 1441} —s)(w) and, for u € [0,t —s] and ¢ € [0,—v] (which is always the case,
for a fixed v < 0 and ¢ small enough) it holds

(s Tusarat)oe = 5 (vl = v = e 4 Iy —u— el — v —u+ o)
= % ((—v —e) —(—v+e) +(—v+u+e) —(—v+u- e)ZH) .
Thus, we obtain
Trpo,—sD® ¢ = —H(—v)?H 1 (t —s5) + % ((c—s—v)* = (=v)*").

For x > 0, it is well-known that 0 < ((—v)+x)?H —(—v)?H < 2H(—v)?1~1x. Applying this inequality
to the second term of the right hand side of Tr[o,t_s]DBl ¢ we get

Tr[o,t_s]DBiqﬁ‘ <H(=v)* (¢t -s). (86)
On the other hand, we have by (84)
DfiIBi(¢) = ¢’r + IBi(DEid)) = ((:br + IBi(l[r—v,+oo)ﬂ[0,t—s])) l[O,t—s](r)' (87)
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When —v >t —s, then [r —v,4+00)N[0,t —s] =0 for any r € [0, t —s]. By using (82) we deduce
B! 2 _ 2 _ i
BT (¢) = Ell$[1% = EIIB,, — BE P 0.,
= E||Bl||;([o’t_s]) =(t— 5)4HE”B ””([0’1]); (88)

where the two last equalities are due to the stationarity (81) and scaling properties of fractional
Brownian motion.

When —v < t — s, then
IBi(l[r—v,+oo)ﬂ[O,t—s]) = (Bi_s - Bi_v)l[o,t—s-i-v](r)- (89)

We deduce

EII® (¢)

=E(DI? (¢),4), by (82)

= Bl 0.0—s7) T BI® (Ur—y0i0,0-s1)s @) sero,—s) by B7)

= E”¢ || #([0,t—s]) + E((B ._V)l[o,t—s+v]: ¢>%([O,t—s]) by (89)

< E||¢||m[0t g +E (||(Bt_s — B )10, llsecto,c—sp 16 leroe—s)

1 ‘ ‘
< §E||¢||§g,([07t_s]) + SEI(B;_, = BL, ) 10,05 3p(0,1—py Decause ab < 3(a*+b?)
3 1 .
— E(t — s)*E||B! ||ﬂ,([O 1t 2E||(Bt . Bl)l[o’t_sﬂ]||§f([0’t_s]) by (80) and (81)

3 1 .
— 4H 2H 2
=5t =s) ElIB e o0,17 S(t=s+v) ENIB: 1y = By Moo,

3 1
= 2( )4HE”B ””(m 1) + (t s+ V)4HE||(Bl B' )””([0 1) by (80)

1
< 56 =) (SEIB Iy (0.1 + EIB] — BN o)) - (90)
Finally, we can summarize (88) and (90) in
EIIP' ()1 < cylt —s|*,

with a constant ¢y > 0, which is in particular independent of v. Putting together this last estimate
with inequality (86), we end up with

E|B52t(v)(l> l)|2 S CH(]_ —|— |v|2H_1)|t _S|4H

forany v € {—ry,...,—1 }.
2) Case where i # j. By stationarity (81), we have for any v € {—ry,...,—r,} that

(Bu+v B{;’B )ue[Ot —s] T (B )ue 0,t—s]*

Thus, the delayed Lévy area B0 M, J) = f (Bu+v Bf;)d"Blil for v < 0 behaves as in the case
where v = 0. But it is a classical result that Bg +—s(0) is well-defined for H > 1/3 (see e.g. [20]).
Moreover, it follows again by the stationarity (81) and the scaling properties that

E|B} ,_ (v)(i, D> = EIB} _ (0)(i, )I* = [t —s|*"EIBZ, (0)(i, )I* < cyrlt —s*.

2066



Immediately, we deduce that
EIB2 (v)(i, )I? < cylt —s|*

forany v € {—ry,...,—1p}.
Both in the cases i = j and i # j the substitution formula for Russo-Vallois integrals easily yields that

5B2(v) = 6B(v) ® 6B. Furthermore, since B2(v) is a process belonging to the second chaos of the
fractional Brownian motion B, on which all LP norms are equivalent for p > 1, we get that

EIBZ (V)(i, ))IP < cplt —s*F 2]

fori# jand
E[IP ()P < cplt — s (92)
when i = j. In order to conclude that B2(v) € %;Y(Rdx‘i) for any % <y<Handv e {-r,...,—1o},

let us recall the following inequality from [9]: Let g € 6,(V) for a given Banach space V. Then, for
any k > 0 and p > 1 we have

1/p
. |gs¢ [P
gl < ¢ (Uszspp(@) +18gll)  with  U,,(g) = U f odsdt| 03

By plugging inequality (91)-(92) into (93), by recalling that §B%(v) = 6B(v) ® §B and (86) hold,
we obtain that B2(v)(i, j) € %;Y(Rdx‘i) for any % <y<Handi,j=1,...,d.
O
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