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Abstract

We study the smoothness of the density of a semilinear heat equation with multiplicative space-
time white noise. Using Malliavin calculus, we reduce the problem to a question of negative
moments of solutions of a linear heat equation with multiplicative white noise. Then we settle
this question by proving that solutions to the linear equation have negative moments of all or-
ders.
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1 Introduction

Consider a solution u(t, x) to the one-dimensional stochastic heat equation on [0, 1] with Dirichlet
boundary conditions u(t,0) = u(t,1) = 0, driven by a two-parameter white noise, and with initial
condition u(t, x) = ug(x):

du 9%u 2°wW

Frie ﬁ+b(t,x,u(t,x))—I—a(t,x,u(t,x))m. (1)
Assume that the coefficients b(t, x,u),o(t,x,u) have linear growth in t,x and are Lipschitz func-
tions of u, uniformly in (¢, x).
In [5] Pardoux and Zhang proved that u(t, x) has an absolutely continuous distribution for all (t, x)
such that t > 0 and x € (0, 1), if 0(0, yo,uy(¥o)) # O for some y, € (0, 1). Bally and Pardoux have
studied in [1] the regularity of the law of the solution of Equation (1) with Neumann boundary con-
ditions on [0, 1], assuming that the coefficients b(u) and o (u) are infinitely differentiable functions,
which are bounded together with their derivatives. They proved that forany 0 < x; <:-- <x43 <1,
t > 0, the law of (u(t,x;),...,u(t,x;)) admits a strictly positive infinitely differentiable density on
the set {o # 0}9.
Let u(t, x) be the solution of Equation (1) with Dirichlet boundary conditions on [0, 1] and assume
that the coefficients b and o are infinitely differentiable functions of the variable u with bounded
derivatives. The aim of this paper is to show that if o(0, yq,uy(yo)) # 0 for some y, € (0, 1), then
u(t,x) has a smooth density for all (t,x) such that t > 0 and x € (0, 1). Notice that this is exactly
the same nondegeneracy condition imposed in [5] to establish the absolute continuity. In order to
show this result we make use of a general theorem on the existence of negative moments for the
solution of Equation in the case b(t,x,u) = B(t,x)u and o(t,x,u) = H(t,x)u, where B and H
are some bounded and adapted random fields.

2 Preliminaries

First we define white noise W. Let
W = {W(A),A a Borel subset of R?, |A| < oo}
be a Gaussian family of random variables with zero mean and covariance
E[W(AW(B)] =|ANnB],

where |A| denotes the Lebesgue measure of a Borel subset of R?, defined on a complete probability
space (2,%,P). Then W(t,x) = W([O0,t] x [0,x]) defines a two-parameter Wiener process on
[0, 00)%.

We are interested in Equation (1), and we will assume that u is a continuous function which satisfies

the boundary conditions u,(0) = uy(1) = 0. This equation is formal because the partial derivative
2*w
Jdtdx

does not exist, and (1) is usually replaced by the evolution equation
1 t r1
u(t,x) = J Ge(x, yJuo(y)dy +J f Ge—s(x, y)b(s, y,uls, y))dyds
0 - 0 Jo
+J f Ge—s(x,y)o(s, t,u(s, y))W(dy, ds), ()
0o Jo
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where G,(x,y) is the fundamental solution of the heat equation on [0, 1] with Dirichlet boundary
conditions. Equation (2) is called the mild form of the equation.

If the coefficients b and o are have linear growth and are Lipschitz functions of u, uniformly in
(t,x), there exists a unique solution of Equation (2) (see Walsh [8]).

The Malliavin calculus is an infinite dimensional calculus on a Gaussian space, which is mainly
applied to establish the regularity of the law of nonlinear functionals of the underlying Gaussian
process. We will briefly describe the basic criteria for existence and smoothness of densities, and we
refer to Nualart [3] for a more complete presentation of this subject.

Let & denote the class of smooth random variables of the the form
F = f(W(A1)7 RS W(An))7 (3)

where f belongs to C;O(R”) (f and all its partial derivatives have polynomial growth order), and

Aq,...,A, are Borel subsets of Ri with finite Lebesgue measure. The derivative of F is the two-
parameter stochastic process defined by

n 9
D, .F =; aj;(W(Al),...,W(An))lAi(t,x).

In a similar way we define the iterated derivative D)F. The derivative operator D (resp. its iteration
D%y is a closed operator from LP(Q) into LP(; L?(R?)) (resp. LP(£; L%(R?}Y))) for any p > 1. For
any p > 1 and for any positive integer k we denote by DPX the completion of . with respect to the
norm

P

[SYs

k
2
IFllp = | EQFIP) + ) E U (D., -+ D, F) dzl---dzj)
j=1 R2J

Set D® = Ny ,DFP.

Suppose that F = (F1,...,F%) is a d-dimensional random vector whose components are in D2
Then, we define the Malliavin matrix of F as the random symmetric nonnegative definite matrix

_ i J
Op = ((DF ,DF >L2(R2))1Si,15d.

The basic criteria for the existence and regularity of the density are the following:

Theorem 1. Suppose that F = (F',...,F%) is a d-dimensional random vector whose components are
in DY2. Then,

1. If detoy > 0 almost surely, the law of F is absolutely continuous.

2. If F' € D* for each i = 1,...,d and E [(detoy)™P] < oo for all p > 1, then the F has an
infinitely differentiable density.
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3 Negative moments

Theorem 2. Let u(t, x) be the solution to the stochastic heat equation

du _ 82u+B Ll 92w @)
at  ax2  UTPYex
u(0,x) = up(x)

on x € [0,1] with Dirichlet boundary conditions. Assume that B = B(t,x) and H = H(t,x) are
bounded and adapted processes. Suppose that uy(x) is a nonnegative continuous function not identi-
cally zero. Then,

E[lu(t,x)l_p] <0

forallp>2,t>0and0<x < 1.

For the proof of this theorem we will make use of the following large deviations lemma, which
follows from Proposition A.2, page 530, of Sowers [7]. We remark that the proof of this result
holds true if we replace the periodic boundary conditions considered in [7] by Dirichlet boundary
conditions, and the integrand is just measurable, adapted and bounded.

Lemma 3. Let w(t,x) be an adapted stochastic process, bounded in absolute value by a constant M.
Let € > 0. Then, there exist constants C,, C; > 0 such that forall A >0andall T >0

CiA?
>A | <Coexp| —— .
T27¢

We also need a comparison theorem such as Corollary 2.4 of [6]; see also Theorem 3.1 of Mueller
[4] or Theorem 2.1 of Donati-Martin and Pardoux [2]. Shiga’s result is for x € R, but it can easily
be extended to the following lemma, which deals with x € [0, 1] and Dirichlet boundary conditions.

t 1
J J Gt—s(x, )’)W(S: )’)W(d& d)’)
0 JO

p ( sup sup

0<t<T 0=<x<l1

Lemma 4. Let u;(t,x) : i =1,2 be two solutions of

5ui _ 32ui +B +H 82W (5)
ot axz iiTHUHIEE

u(0,x) = uf’(x)

where B;(t,x),H(t,x), ug)(x) satisfy the same conditions as in Theorem Also assume that with
probability one for all t > 0,x € [0,1]

Bi(t,x) < By(t,x)

W) < P
Then with probability 1, for all t > 0,x € [0,1]

uy(t,x) <uy(t,x).
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Proof of Theorem 2| We will construct a process w(t, x) satisfying 0 < w(t,x) < u(t,x), and bound
E [w(t,x)7P]. Since E [u(t,x)™P] < E [w(t,x)7P], this will give us a bound on E [u(t,x)?].

Suppose that |B(t,x)| < K almost surely for some constant K > 0. By the comparison lemma,
Lemma 4, it suffices to consider the solution to the equation

ow B 22w Kw -+ H 2w
ac  axz VT EWaiax

w(0,x) = uo(x)

(6)

on x € [0,1] with Dirichlet boundary conditions. Indeed, the comparison lemma implies that a
solution w(t,x) of (6) will be less than or equal to a solution u(t,x) of (4), and w(t,x) > 0. As
mentioned in the previous paragraph, Theorem 2/ will follow if we can bound E [w(t,x)P].

Set u(t,x) = e Ktw(t,x), where u(t,x) is not the same as earlier in the paper. Simple calculus
shows that u(t, x) satisfies

du _ 82u+H 0w &)
at  ax2  Yatox
u(0,x) = up(x)

and we have
E [W(t,x)_p] = eKtPE [u(t,x)_p] )

So, we can assume that K = 0, that is that u(t, x) satisfies (7). The mild formulation of Equation

D is 1 1
u(t,X)=J Ge(x, y)up(y)dy + f f Ge—s(x, y)H(s, yJu(s, y )W(ds,dy).
0 0 JoO

Suppose that ug(x) > & > 0 for all x € [a,b] C (0,1). Since (7) is linear, we may divide this
equation by 6, and assume 6 = 1. We also replace uy by 1, ;1(x), using the comparison lemma.
Fix T > 0, and consider a larger interval [a, b] C [a;,b;] € (0,1) of the form b; = b+ v,T and
a, =a—1v,T, where y;,7, > 0. We are going to show that E[(u(T, x)"P] < oo for x € [a;, b;] and
for any p > 1. Define

b+yss
c= inf inf f G.(x,y)dy
a

1
2 0<t+s<T, a—y;(t+s)<x<b+y,(t+s) i
-1

and note that 0 < ¢ < 1 foreach 0 < y; < %, 0<y,< %, and [a,b] < (0,1). To see that ¢ > 0,
note that G,(x,y) is positive and bounded away from 0 except near t = 0. Also, considering the
restrictions on x in the infimum, the worst situation for a lower bound on ¢ is when x is at one of
the endpoints of the interval under the infimum, say x = a — v,(t +s). The reader can verify that

x+2/t
inf inf G.(x,y)dy > 0.
a—y1T<x<b+y,T x+2Vt<T Jx-h/? t( y)dy

However, for small t and for x = a — y,(t +s) we have that [x + +/t,x +2v/t] C [a— 15, b+ y,s].
This verifies that ¢ > 0.
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Next we inductively define a sequence {7,,n > 0} of stopping times and a sequence of processes
v, (t, x) as follows. Let vy(t, x) be the solution of (7) with initial condition ug = 14 and let

Tozinf{t>0: inf vo(t,x)=c or sup vo(t,x)=c+1}.

a—yt<x<b+y,t 0<x<1

Next, assume that we have defined 7,_; and v,_;(¢t,x) for t,_, <t < 7,_;. Then, {v,(t,x), 7,1 <
t} is defined by (7) with initial condition v,,(T,—1,x) = c"1[q—y 7, | b+y,7,_,]1(X). Taking into account
that the solution satisfy the Dirichlet boundary conditions, by construction we have 0 < a—y7,_1 <
b+v,71,-1 < 1. Also, let

T, = inf{t >T, 1 inf v,(t,x) ="t

a—y1t<x<b+y,t
or sup v,(t,x)=c"(c+1);.
0<x<1

Notice that

inf V(T x) > "L
a—y17T, <x<b+y,T,

and by the comparison lemma, we have that
u(t, x) = v,(t, x) (8)

for all x € [0,1], t > 7,,_; and all n > 0. For all p > 1 we have
E[u(T,0)?] < P(u(T,x) > 1)

+§:C—(n+1)Pp (u(T,x) c [Cn+ljcn))
n=0

< 2+ ic_("Jrz)pP (u(T,x) < C"H) . ©))
n=0

Taking into account (8), the event {u(T,x) < ¢*"'} is included in .«¢, = {7, < T}. Set o, =
T,—T,—1, for all n > 0, with the convention T_; = 0. For any i > O the event {ai < %} is included
into the union %, U 9,,, where

6, = sup  sup v;(t,x)>ci(c+1)
Ti—1<t<7; 0<x<1

and
D, = { inf inf vi(t,x) < ciH} .

i-1St=Ta—y t<x<bty,t

Notice that, for 7;_; <t < T; we have

b+yaTig
C_lVi(t,X) = J‘ Gt—’rl—,l(x:.y)dy
a

—Y1Ti-1

t 1
+J f Ge—s (e, Y)H(s, ¥) ([¢7vils, )] A e+ 1)) W(ds, dy).
Ti_1 Y0
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By the definition of ¢ it holds that

b+yaTig
2c < J Gir, (X, y)dy < 1.
a

—Y1Ti-1

As a consequence, on the events 6, and 2, we have

sup  sup |Nl~(t,x)} > c,

Ti—1<t<7; 0<x<1

(10)

,n

where . )
N;(t,x) = J f G—s(x,¥)H(s,y) ([c_ivi(s,yﬂ A(c+ 1)) W(ds,dy).
Ti—1 0
Therefore,
2T
Ploj<—|Z; | <P sup sup |Nl~(t,x)| >c| e,
n l Ti,IStSTi,l"rE,OSXS]' l
Then Lemma (3 implies that
2T 1_
P (ai < —|\Z. 1) < Cyexp (—C1n2 e) .
n -
Next we set up some notation. Let 93, be the event that at least half of the variables o; : i =0,...
satisfy
2T
o< —
n
Note that
o, C B,

since if more than half of the o; : i = 1,...,n are larger than or equal to % thent, > T.

For convenience we assume that n = 2k is even, and leave the odd case to the reader. Let Z, be all
the subsets of {1,...,n} of cardinality k = g The number of such subsets is bounded by the total

number of subsets of Z,,, which is 2". Then,

k
P(:%n) < P ﬂ{O'ij<7}

We can write for i; < -+ <1}




Using the estimate (10) and the fact that we are summing over at most 2" sets yields

P(B,) < coznexp(—cln%—'?)E

IA

Coexp (—Cln%_e + Czn)

3
Coexp (—Clnz 6) ,

IA

where the constants Cy, C; may have changed from line to line. Hence,

P (u(T,x) < ™) < Coexp (—Cln%_g) an
Finally, substituting (11) into (9) yields E [u(T,x)™?] < c0. O

4 Smoothness of the density

Let u(t, x) be the solution to Equation (1). Assume that the coefficients b and ¢ are continuously
differentiable with bounded derivatives. Then u(t, x) belongs to the Sobolev space D' for all p > 1,
and the derivative Dy ru(t, x) satisfies the following evolution equation

t r1
ab
Dg,gu(t,X) = J J Gt—s(x’ J’)E(S, Y u(s, J’))De,gu(&)’)d}’ds
6 Jo

t 1 0
+f f Gt—s(x: y)a_o-(sz Y, U(S»J’))De,gu(sd’)w(d}’, dS)
6 Jo u
+O'(U(9, 5))@—9(3@ 5): (12)

if & <t and Dy u(t,x) =0if 6 > t. That is, Dy ru(t,x) is the solution of the stochastic partial
differential equation

2

Jdtdx

3D9’5u 32D9’5u
at  9x2

ab do
+ E(t,x, u(t,x))Dg zu+ %(t,x, u(t,x))Dg ru

on [6,00) X [0, 1], with Dirichlet boundary conditions and initial condition o (u(8, £))6y(x — &).

Theorem 5. Let u(t,x) be the solution of Equation (1) with initial condition u(0,x) = uy(x), and
Dirichlet boundary conditions u(t,0) = u(t,1) = 0. We will assume that u, is an a-Hélder contin-
uous function for some a > 0, which satisfies the boundary conditions uy(0) = uy(1) = 0. Assume
that the coefficients b and o are infinitely differentiable functions with bounded derivatives. Then, if
(0, yo,uo(¥p)) # 0 for some y, € (0,1), u(t,x) has a smooth density for all (t,x) such that t >0
and x € (0,1).

Proof. From the results proved by Bally and Pardoux in [1] we know that u(t,x) belongs to the

space D for all (¢, x). Set
t r1
2
Cex =J J (D cu(t,x))" dEdo.
o Jo
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Then, by Theorem 1 it suffices to show that E(C, PY< oo forall p > 2.

Suppose that o (0, yo,uy(¥p)) > 0. By continuity we have that o(0,y,u(0,y)) = & > 0 for all
y € [a,b] € (0,1). Then

t b ¢ b 2
Ct,x = f J (De,gu(t,x))zd&w = f (J Dg,gu(t,x)dg) deo.
0 Ja 0 a

b
Set Yt?x = fa Dy ru(t,x)d&. Fix r <1 and € > 0 such that ¢" < t. From

r(vo )2 ’ 0)? 0 )2
¢ (Yt’x) SJ (Yt,x) _(Yt,x) 'd9+ct,x

0

r

we get

[ S—

re 2 2
b, <) < P(o (v )~ (v2) 'dM)
+P( <\/§812;r)
= P(A))+P(Ay).

0
Yt,x

Integrating equation (12) in the variable & yields the following equation for the process {Ytgx, t>
0,x €[0,1]}

t pr1 b
Yt?x = f J Gl’—s(x7 J’)ﬁ(s; y; u(s, y))Ys,eyd_de
6 Jo
t pr1 oo
+J f Gt—s(x:}’)a_(sa% U(SJ’))Ysi,W(d}’: dS)
6 Jo u

b
+J o(u(8,8))G,—g(x, E)dE. 13)

In particular, for 8 = 0, the initial condition is YO0 £= 0(0,&,u(0,&))1,1(&), and by Theorem 2/the
random variable Ytox has negative moments of all orders. Hence, for all p > 1,

P(A)) <C, P

if € < gy. In order to handle the probability P(A;) we write

el

y? —v©°

t,x t,x

6 0
Yt,x + Yt,x

)

P(A;) < eV sup (E [

0<6<e"

We claim that

2q
sup E |: Yxet } < 00, (14)
0<6<t ’
and
2q
sup E [ v? —v° } <™, (15)
0<fh<e’ ’ ’



for some 1 > 0. Property (14) follows easily from Equation (13)). On the other hand, the difference
Ytex — Ytox satisfies

t pr1 b
fo - Yt(?x = J@ J Gt—s(x: J’)E(S, Y u(s, }’))(Ys’ey - Yg?x)dyds

rt
+J J Ge_s(x, y) (s y,uls, Y)Y, = Y2 IW(dy,ds)
fe 0
+ f (X, y) (s y,u(s, )Y, dyds
&
+J J e—s (X, y) (s y,u(s, y))Y,W(dy,ds)
0 0
(‘b
+J (o(u(B,8))Gi—p(x,8) — o(up(&))G(x,£))dE

5
= > 0 (0).
i=1

Applying Gronwall’s lemma and standard estimates, to show (15) it suffices to prove that
sup E (|\1; (9)| q) <™, (16)
0<6<e"

for i = 3,4,5 and for some 1 > 0. The estimate (16) for i = 4 follows from Burkholder’s inequality
for two-parameter stochastic integrals and (14) as follows,

2 6 r1 q
E (\\p4(9)|2q) S qE ( L JO GE (e, VY [Pdyds )
oo |12 6 1 5 q
< 4|5, U f G oY ||, dde)
oo \Jo Jo
< Co1.
This implies (16) with n = % The term i = 3 can be estimated in the same way. For i = 5 we write
b 1
‘115(9)=f Grp(x,y) ) Go(y,8) [o(u(0,y)) —o(ue(&))] d&dy. a7
a

The Holder continuity of 1 yields

E(lu(8,y) — ug(&)I*) < CUIE — y % + E(Ju(8, ¥) — uo(y)I*D)

and we know that E(|u(6, y) — uy(y)|??) can be estimated by C6P4 where = inf(a, %) (see [8]).
Substituting these estimates in (17) we get the desired bound fori=>5.

Finally, it suffices to choose r € (0, 1) such that r(1+ g) > 1. Then for all ¢ > 1 we get the estimate
P(Al) < Cq Eq,

for any € < g;. The proof is now complete. O
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