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1. Introduction

By the Kac operator we mean an operator of the kind K (t) = e~tV/2e=tHoe=tV/2 where H =
Ho+V = —A/2+ V(z) is the nonrelativistic Schrodinger operator in Ly(R?) with mass 1 with
scalar potential V' (x) bounded from below. This K (t) may correspond to the transfer operator for
a lattice model in statistical mechanics studied by M. Kac [Kal]. There it is one of the important
problems to know asymptotic spectral properties of K (t) for ¢t | 0. To this end, in [H1, H2] Helffer
estimated the Lo-operator norm of the difference between K (t) and the Schrédinger semigroup
et to be of order O(t?) for small t > 0, if V(z) satisfies [0°V (z)| < Cu(1 4 |z[?)ZlaD+/2
for every multi-index « with a constant C,. Then such norm estimates may be applied to get
spectral properties of K (t) in comparison with those of H.

In [I-Takl] and [I-Tak2] we have extended his result to the case of more general scalar poten-
tials V(x) even in the Ly-operator norm, 1 < p < oo, making a probabilistic approach based
on the Feynman-Kac formula. In [I-Tak2] we have also considered this problem for both the
nonrelativistic Schrodinger operator H = Hy + V and the relativistic Schrodinger operator
H" = Hy+V =+v-A+1—-1+ V(z) with light velocity 1. The Ly-operator norm of this
difference is estimated to be of order O(t%) of small ¢ > 0 with @ > 1, though the relativistic
case shows for small ¢t > 0 a slightly different behavior from the nonrelativistic case. As another
application of these results the Trotter product formula for the nonrelativistic and relativistic
Schrodinger operators in the Lj,-operator norm with error bounds is obtained. There are also
related Lo results with operator-theoretic methods, for which we refer to [D-I-Tam)].

The aim of this paper is to generalize and refine the result of [[-Tak2] in the relativis-
tic case, admitting of more general operators than the free relativistic Schrodinger operator
H) = v—A+1—1 as well as relaxing the conditions for the potentials V(z). We use the
probabilistic method with Feynman-Kac formula, though observing everything in a unified way
through subordination from the Brownian motion. In this respect the present method differs
from that in [I-Tak2] used for the relativistic Schrédinger operator H", which made the best of
the explicit expression of the integral kernel of e *H0 .

The more general operator we have in mind is the following operator
Hy = (3(~A+1)) —9(3) (1.1)
0 2 2/ .
which will play the same role as the relativistic Schrodinger operator
Hy = vV-A+1-1 (1.2)

in [I-Tak2]. Obviously, H(Qf is a selfadjoint operator in Lo(R?). Here 1()\) is a continuous
increasing function on [0, 00) with ¥(0) = 0 and 9 (c0) = oo expressed as

W) = /(0 o — e Myndl), A >0, (1.3)

where n(dl) is a Lévy measure on (0, c0) (i.e. a measure on (0, 00) such that f(o 00) INIn(dl) < 00)
with n((0,00)) = co. It is clear that

0t h v = [ (14)
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As a special case of Hg’ we have for () = (2X)%, 0 < a < 1, the operator
H® = (—A+1)* -1, (1.5)
which reduces to the relativistic Schrodinger operator when ov = 1/2: Hél/ 2 = H{j. In this case

the Lévy measure is n(dl) = {2%a/I'(1 — a)}~1=dl.

To formulate our results we are going to describe what kind of function V' (z) is. Let 0 < 7,0 < 1,
0<Kk<1,0<pv,p<o00,0<Cp,Cyc1,c2 <ooand0<c<oo. Let V:RI — [0,00) be a
continuous function satisfying one of the following five conditions:

(Ao [V(z)=V(y)| < Cilz —y[7;

(A); Vis a C'-function such that
D) VV()| < Qi1+ V(2)'70), (i) [VV(z) = VV(y)| < Colz —y|™

(A)y Vis a C'-function such that
i) [VV(2)] < Cl1+V(2)'70),
(i) |VV(z) = VV(y)]
< V@I (14 o —yl?) + 1+ |z — gl o — gl

(V) Visa C'-function such that
i) V(z) > clz)f, (i) [VV(2)] < er{z)P™b+;

(V)s  V is a C%function such that
(i) V(2) > elz)?, (i) |VV(2)|
(iii) |V2V(2)| < 02<Z>(P—2)+.

Here (z) := /1 + |2|2.

Conditions (A)g, (A); and (A)z on V(z) are used in [Tak] and are more general than in [I-
Tak1,2], while conditions (V); and (V)3 are used in [D-I-Tam]. But these conditions may not be
best possible. A simple example of a function which has property (A)g, (A); or (A)g is, needless
to say, V(z) = |z|" (0 < r < o0), and a slightly complicated one V(z) = |z|"(2 + sinlog |z|),
according as 0 <r < 1,1 <r<2orr>2 Also V(z) =1+ |z1 — z2|" (x = (z1,22,...,24))
satisfies (A)g, (A)1 or (A)2 with the same r as above, but neither (V); nor (V)a. To the contrary
V(z) =1+ |x| f0|x|(1 + sin(6?))d0 satisfies (V)1, but neither (V)a, (A)g, (A); nor (A)s.

IN

cl <z>(p71)+ ,

The operator Hg’ +V is essentially selfadjoint on Cgo(Rd), and so its unique selfadjoint extension
is also denoted by the same ng + V. The semigroup e—tHG+V) o Ly(R?) is extended to a
strongly continuous semigroup on Lp(Rd) (1 < p < o0) and Oy (R?), to be denoted by the same

e tHF+V) | Here Coo(R?) is the Banach space of the continuous functions on R? vanishing at
infinity. To be complete, these and further facts are proved in Appendix.



As for the Lévy measure n(dl) introduced in (1.3) and (1.4), we make the following assumption:

(L) For some a € [0,1], n((-,00)) is regularly varying at zero with exponent —a, i.e., there
exists a slowly varying function L(A) at infinity such that

n((t,00)) ~ t7“L(3) ast] 0. (1.6)
Here a positive function L(-) is called slowly varying at infinity if for any ¢ > 0,

lim L(e))

= 1.
Moo L(A)

Let #~1() be the inverse function of ¢(\) := ¥(A + 1/2) — ¥(1/2). (Note that ¢ is strictly
increasing.) Under the above assumption, set

I'(1 —a)L(N) if 0<a<l1
Ll()\) = {

Ol/kn((s,oo))ds if a=1,

Ly(z) == Li(¢7 (@)™ "* if 0<a<l

These two functions are slowly varying at infinity, and we have ¢(\) ~ A*L1(\) as A — oo and
¢~ (z) ~ 2/ Ly(x) as  — oo, as will be seen from Fact in Section 6, so that Jo (@™ 1(8))~db
(0 < a < 1) is also slowly varying at infinity.

Now we state the main results of this paper, which generalize the results in [I-Tak2]. In the
following || - ||,—p stands for the Lj,-operator norm for 1 < p < oo and the supremum norm on
Coo(R?) for p = .

Theorem 1. Suppose assumption (L) and let 1 < p < co. Then the following estimates (i), (ii)
and (iil) hold for small t > 0.

(i) Under (A)o,

||6—tV/2e—tHg’6—tV/2 _ e—t(Hg’+v) I

p—ps
”e—tve—tHgf B e—t(Hgf-i-V)Hp_)p’
”eftHg’/QeftVeftHg’ﬂ _ eft(HngrV)”p_)p
O(?) if a<y/2

=1 O [}/ (6710)d0) if a=n/2

Ot F/20Ly(1)7/2) if y/2< .
(ii) Under (A)1,

P b
”e_tv/2e_tH0 e—tV/Q o e—t(H0 +V) Hp—>p



O(t1+1/\25)
— O(t1+25) +O(t? Ol/t(¢—1(9))—ad9)

O(t1+25) + O(t1+ (1+n)/2aL2(%)—(1+n)/2)

if a<(14kK)/2 or k=1
if a=(1+4+k)/2<1

if (1+r)/2<a,

P P
”e—t\/e—tHo N e_t(Ho +V) ”p—>p7

||6—tH5”/26—tve—tHg”/2 _ o tHY+V) lp—p

O(t'+) if a<1/2
=< O [ (0))"d0) if a=1/2
Ot 1/2a Ly (1)=1/2) if 1/2 < o

(iii) Under (A)q,

”eftV/QeftHg’eftV/Q _ eft(Hg’JrV)Hp_)p = O£,
) )
e~V ety — e HHSH VY
”eftHg’/QeftVeftHg’/Q _ e tHY+V) lp—p
O(t'+) if a<1/2

=< O [V (o1 (0)"do) if a=1/2

O 1Ly if 12<a.

In fact, the first estimate in (iii) holds independent of (L).

A consequence of Theorem 1 is the following Trotter product formula in the Lj,-operator norm
with error bounds.

Theorem 2. Suppose assumption (L) and let 1 < p < co. Then the following estimates (i),
(ii), (iii) and (iv) hold uniformly on each finite t-interval on [0,00).
(i) Under (A)o,

[ (eftV/ZneftHg/neftV/Zn)n _ eft(Hf)”JrV

-

||(€7tV/neftHg’/n)n o eft(Hg)JrV

lp—p,

H(e—tHg’/Qne—tV/ne—tHg’ﬂn)n e HHY+V

lp—s

O(n=1) if a<y/2
=4 O™ [ (o7 (0))~d0) if a=r/2
O(n=7/2% Ly(n)=/2) if v/2<a.
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(ii) Under (A)y,

g P
H (eftV/QneftHo /neftV/2n)n o eft(HO +V) ||pﬂp7

P b
H(e—t\//ne—tHO /n)n - e—t(H0 +V) ||pﬂp7

I (e—tHg’/2ne—tV/ne—tHg’/2n)n —t(HS +V) lp—p

O(n~1129) if a<(l+k)/2 or k=1
=< O™ )+ 0(n! []'(¢71(0))>db) if a=(1+r)/2<1
O(n=2) + O(n~0+®/2a Ly (n)=(+R/2) 4f (14 k)/2 < a.
(iii) Under (A)a,

H(e—tV/2n€—tHg’/ne—tV/2n)n _ e—t(Hg’—i—V)HpHp’

_ _g¥ _ ¥
”(e tV/ne tH; /n)n —e t(H; +V)”p—>pa

I (e_tHg”/%e_tv/ne—tHé”/?n)n — e HHTHY) llp—p

— O(n_l/\%).
(iv) Under (V); (i

I
—
[\

_ ¥ _ _ P
tV/2ne tHg /ne tV/2n)n —e t(H, +V)”p—>pa

)
(

|| (eftV/neftHgf/n)n o eft(HngrV) ||pﬂp7
(

7tHg)/2neftV/neftHg’/2n)n _ eft(Hg’JrV)Hp_)p

= O(n~"/2VP),
In fact, the asymptotic estimates (iii) and (iv) hold independent of (L).

. . . . Y
Notice here that though the estimates with small ¢, in Theorem 1, for e Ve o and

HY /2ty iH _ Y .
e~ tHo /2¢=tV e=tHy /2 are of worse order than that for e tV/2e~tHo ¢=tV/2 one has, in Theorem 2,

the same error bounds with large n for these three products.

Finally we give a comment on what kind of operators are to be covered by our Hép +V'. To this end
we briefly illustrate how our result reads on the Trotter product formula in the case H, éa) +V with
H® = (=A+1)*—1,0 < a < 1, in (1.5). In this case, we have n((t,00)) = (2%/T(1 — o)) t~,
or Ly(-) =271 so that

xX
/ (p~1(0)"%dh ~ 2%logxz as x — oo.
0
Therefore Theorem 2 says that for 1 < p < oo and uniformly on each finite t-interval in [0, 00),

I (e—tV/2n6—tHéa)/n6—tV/2n)n e

—HHOHV)

H(e—tv/ne—tHéa)/n)n - e_t(H(()a)+v) llp—p
| (eftHéa)/2n€7tV/n€7tHéa)/2n)n _ eft(Héa)JrV) ”p—>p
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O(n=1h) if a<~y/2
=<{ O(ntlogn) if a=~/2 under (A)g,

O(n=1/2) if ~/2<a

O(n~1129) if a<(1+k)/2
O(ntlogn) if a=(14+k)/2and1/2<6<1

= under (A);.
O(n=%) if a=(1+k)/2and0<6<1/2

O(n=20A+m)20y if (14 £)/2 <

\

An important remark is the following. In the above example, the case & = 1 is missing. This is
equivalent to the nonrelativistic case Hy +V = —A/2 4+ V(x), treated in [Tak] (cf. [I-Takl,2]).
However we may think that this case is also implicitly contained in our results, Theorems 1 and
2, for a = 1/2. Indeed, by using Hj(c) = vV —c2A + ¢! — ¢? with light velocity ¢ restored in place
of Hj in (1.2), we can obtain the case & = 1/2 so as to involve the parameter ¢ (light velocity).
Since, in the nonrelativistic limit ¢ — oo, the relativistic Schrodinger semigroup e tHe(©+V) ig
strongly convergent to the nonrelativistic Schrodinger semigroup e *#o+V) uniformly on each
finite ¢-interval in [0,00) (e.g. [I2]), we can reproduce the nonrelativistic result in [Tak] (cf.
Remark following Theorem 2.3).

In Section 2, we state our results in more general form: we generalize Theorems 1 and 2 to
Theorems 2.1 and 2.2 /2.3 by introducing the subordinator oy, namely, a time-homogeneous
Lévy process associated with the Lévy measure e~"/?n(dl). Moreover we state Theorem 2.4 on
asymptotics of the moments of the process o;. Once we know these asymptotics, we can obtain
Theorems 1 and 2 from Theorems 2.1 and 2.2 /2.3. These four theorems are proved in Sections
3-6.

In Appendix, we give a full study of the semigroups e_t(HngV),t >0, on L,(RY),1 < p < o0
and C(R?) defined through the Feynman-Kac formula. We show they constitute a strongly
continuous contraction semigroup there. It is also shown that its infinitesimal generator Qip’v
has C§° (R?) as a core, by establishing Kato’s inequality for the operator H(Qf . Some of these
results seem to be new.

The authors would like to thank the referee for his / her careful reading of the manuscript and
for a number of comments.

2. General results

In this section we shall prove the theorems in a little more general setting based on probability
theory. To describe it we introduce some notations and notions. For a continuous function
ViR — [0,00), set

K(t) = eftV/QeftHg’eftV/Q’

G(t) = eftveftHéb,



R(t) = o—tHY [2,—tV ,—tH{ /2
and

Ow(t) == K(t) - eft(Hg’JrV)’

Qc(t) = G(t) — eft(Hg’JrV)’

Qr(t) == R(t) — e tHT+V),

Suppose we are given the independent random objects N(-) and B(-) on some probability space
(Q,F,P):

1 sdl) 1s a Poisson random measure on |0, co) X (0, 00) such that S =dse "'“n ;
i) N(dsdl) is a Poi d 0 0 h that E[N (dsdl)] = dse~/?*n(dl

(ii) (B(t))t>0 is a d-dimensional Brownian motion starting at 0.

t+
oy :—/ / I N(dsdl). (2.1)
0 (0,00)

Then (0¢)¢>0 is a time-homogeneous Lévy process with increasing paths such that

Set

Ele ] = o~Hv0+1/2)-0(1/2) (2.2)

(e.g. Note 1.7.1 in [It-MK]). Note that o, has moments of all order (cf. (6.1)), which is to be
seen at the beginning of Section 6. We use a subordination of B(:) by a subordinator o., i.e., a
process (B(oy))i>0 on R, This is a Lévy process such that

EleV=1p:B0)] = o~t(v((p+1)/2)-4(1/2))

i

Y
—tH{

which corresponds to the semigroup {e +>0 with generator Héb in (1.1).

We prove the following generalization of Theorems 1 and 2.

Theorem 2.1. Let 1 <p<oo andt > 0.
(i) Under (A)o,
2
1Qx®)llp—p: 1QGOlp—ps 1QRE)Ip—p < const(y, d) CrtE[o;"?].

(ii) Under (A)q,

2 . .
|QK (llp—p < const(d, 5, d) |CHE + *)Eo] + 3 (CatElo{ 777
j=1

1Qa(®)llp—ps 1QRMp—p < const(6, x,d) 3= { LW + VBl ] + (Cat B} %) .
j=1



(iii) Under (A)a,

QK (Bllp—p < const(, v, d) [ CHG* +2)Eler] + 3. { (Cot) Bl

+ (Cot) B} 2 4 (Cot " PV Blof ] + (Cot " 2V Bl P,
2 . . . . .
1Qc(®) b 1QR()lp—p < comst(B,ps,d) 2 {CL( +07)Elo]"?]) + (Caty Bl
]:

+ (Cot)Elo] 2] 4 (Cot PV E[o]]
+ (02t1A26)jE[0'z(1+ N/2)] }

Theorem 2.2. Let 1 <p<oo,t>0 andn €N.
(i) Under (A)o,

P p
|| (e*tv/Q”e*tHo /neftV/Qn)n o eft(HO +V) HpHpa

d o
H(e—tV/ne—tHo /n)n - e_t(Ho +V) ||pﬂp7

|| (e—tHg)/Qne—tV/ne_tHg}/2n)n — e_t(Hép—’—V) ||pﬂp

< const(y,d) C1tE[o; /7).

(ii) Under (A)1,
”(e—tV/2ne—tHgf/n€—tV/2n)n _ e—t(Hgf-i—V)Hp_)p
2

< const(d, k, d) [C%((%)2 + (%)25)nE[Ut/n] + ZI(CQ%)an[O-g/(:FK)h] ’
]:

||(eftV/n67tH8p/n)n o eft(Hg)ﬁ’V) ||p*>p’
I (e—tHgf/%e—tV/ne—tHg"/zn)n _ e—t(Hg’—l—V) I

p—p
< const(d, k, d) [% (01 (t + t°)Elo, %] + CytE[o ! )/ 2])

+ O (% + () Bl 2]+ CH((2)? + ()2 ) o] + 3

2 .
t\j j(1+k)/2
Fl(c%) nEjo ]].

t/n

(iii) Under (A)a,

[(e7tV/2m e tHE /n=tV/2nyn _ —t(HJ+V) lp—p

< const(6, 4, v, d) [CQ((L)2 + (1)25)71113[0 ]+ i{(@i)f'nwz[a]’ ]
> y s Vs 1\\n n t/n = n t/n

+ (Co )BT D] 4 (Co ) ) L], | + (Co(£)" 2 ine)fF #),



P )
H(eft\//neftHO /n)n _ e~ tHy +V) ”p—w’

I (eftHgf /2neftV/ne*tH8#/2")” — e HH+V) llp—p

< const(, p, v, d) [l (Cl(tH‘S)E[Utl/Q] + Cot""2 (Bloy] + Eloy T %))
+ Cot(Blon] + Eloy %)) + Cr (£ + (1))l /2] + CF((£)2 + ()% ) nloy ]
+ 3 {(CotPnBleh, ]+ (CotpnEioify? /%) + (ol )" Y
+ (Co(H) ]l 2.

Theorem 2.3. Let1 <p < oo andt > 0.
(i) Under (V)1 for n > 222Ve),

) )
H (eftV/QneftHo /neftV/2n)n N eft(H0 +V) ”p—>p

< CODSt(p, ¢ c1, d) n—1/2\/p t2/(p/\2)\/1 -1 + (t2 + t2(1/\((p/\2)\/1)/2p) )nE[at/n]
2 . .
4 Z ((t] + tJQ/QVp)nE[ U ] + t]nE[O_i/(Z\/P)/Q])}
j=1
H(eftV/neftHg’/n)n _ eft(Hg’JrV)Hp_)p’

H(eftHg’/2neftV/neftHg)/2n)n — e*t(Hg)JrV)Hp_)p
< const(p, ¢, c1,d) n~1/2vp [2/(pA2V1 -1 | (t+t1A((p/\2)v1)/2p)E[0t1/2]
+ t2/2va[J |+ ¢(E[oy] + E[J§2vp)/2]) e t2(1/\((p/\2)\/1)/2p))nE[Jt/n]

I Z{( tJQ/QVp)nE[ " | + t/nElo t/(2Vp)/2]H.

(ii) Under (V)2 formn >1,

— n —tHY /n_— n\n —t(HY
||6 tV/2 e tHS' / e tV/2 ) e t(Hg +V)Hp%p
< const(p, ¢, 1, ca, d) n"2/2VP| (2 +t2/1Vp)nE[at/n]
+ Z (( (92200 )R] ol ]+tan[UZ/(va)/2])]7

P ¥
H(e—tv/ne—tHo /n)n _ e_t(HO +V)||pﬁp’

(e~ tHS /2ne=tV/no—tH{ /2nyn _ o—t(HG+V)||

S COIlSt(p, c,C1,C, d) |:n—2/2\/p ((t + tl/l\/p)E[O-:/2] + (t + t2/2\/p)E[O_t] + t]E[O')ng)/Q]
2

4 (2 +t2/1Vp)nE[0t/n] + Z{(tj +tj2/2VP)nIE[ " | + t/nEo /(2Vp)/2]}>
j=1
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+ oV 1VPE[U;//3](15 + /vy |

Remark. As noted at the end of Section 1, the nonrelativistic case for Hy+V = -A/2 4+ V),
being equivalent to the case @ = 1 which Theorems 1 and 2 fail to cover, can be thought
to be implicitly contained in the relativistic case, of the above three theorems, for the rel-
ativistic Schrédinger operator Hj(c) = v —c2A + c¢* — ¢? with the light velocity ¢ > 1 re-
stored. We have Hép = H{(c), where this ¥(\) is a c-dependent function (1.3) given by
P(A) == p(N;c) = V2EN + c* — 2 — /et — 2 associated with the c-dependent Lévy measure
e 2n(dl;c) = (2m)"Y2ce<U/2173/24]. In this case, Theorem 2.1 and Theorems 2.2 /2.3 hold
with the corresponding c-dependent subordinator o.(c), just as they stand, namely, only with
E[o¢] replaced by E[o,(c)?] for each respective s > 0 and a > 0. Then the nonrelativistic case
in question is obtained as the nonrelativistic limit ¢ — oo of this c-dependent relativistic case,
turning out to be just Theorems 2.1 and 2.2 /2.3 with E[c?] replaced by s®. This is because
one can show that, as ¢ — 0o, the relativistic Schrodinger semigroup e *#5(9)+V) on the LHS
converges strongly to the nonrelativistic Schrodinger semigroup e~ “Ho+V) uniformly on each
finite ¢-interval in [0, 00) (cf. [I2]), and E[o¢(¢)?] on the RHS tends to t*. Then taking the most
dominant contribution on the RHS for small ¢ or large n reproduces the same nonrelativistic
result as in [Tak].

Theorems 1 and 2 follow immediately from Theorems 2.1 and 2.2 /2.3, if one knows the asymp-
totics for t | 0 of the moments of o, to investigate which of the terms on the RHS makes a
dominant contribution for small ¢ or large n. These asymptotics are given by the following
theorem.

Theorem 2.4. Suppose assumption (L). Let a > 0.
(i) Ifa<a ora>1, then f(o 00) 1%~2n(dl) < 0o and

E[o?] ~ t/(o )l“e—l/%(dn ast | 0.

In fact, for a > 1 this always holds independent of (L).
(ii) If « = a and a < 1, then

1

S )

1/t
t “L9))~*dh t1o0.
/0 (671(9)) ast |
(iii) If0 < a < «, then

-2 L
E[o?] ~ ﬁ tLy(L)7 ast ] 0.
The proofs of Theorems 2.1, 2.2, 2.3 and 2.4 are given in Sections 3, 4, 5 and 6, respectively. To
show Theorem 2.1, in fact, we prove estimates of the integral kernels of Qx (t), Qc(t) and Qr(t)
by a finite positive linear combination of t°E[|z — y|*c?p(os, x — )], where p(t, 2 — ) is the heat

kernel (see (A.2)). Such estimates of the integral kernels of the three operators of difference in
Theorems 2.2 /2.3 also can be obtained (cf. [Tak]), but are omitted.

11



3. Proof of Theorem 2.1

It is easily seen (see (A.6)) that for f € C§°(R?)

K(t)f (@) = E[exp(~5(V(@) + V(e + X)) f(z + X0)] (3.1)
G f(z) = E:exp<—tV(x)) Flz+ Xt)], (3.2)
R()f(x) = E|exp(—tV (@ + X;0)) f(z + Xy)] (33)

and generally
K(5)" (@) = Blexp( sk 3 (Vi + Xyn) +Vie + X)) fa+ X0 (34)
G(2)" () = E[exp(—% 3 V(o + X)) o+ X0, (35)
RO (@) = Eexp(—% 32 V(4 Xauony)) o+ X0]. (3.6)

Further, for f € C§°(R?) we have (see (A.13))

Qr(t)f(z) = /Rd dyf(y)Es :EB vk (t,z,y;0)]p(or, © — y)}, (3.7)
Qa(t)f(z) = /Rd dyf(y)Ey :EB [va(t,z,y;0)]p(or, T — y)], (3.8)
QeI (@) = | T)dyEs [Eslontt, . y:0)lplocw — )], (3.9)

where E, and Ep are the expectations with respect to . and B., respectively,

vic(t, 2,y 0) = exp(—%(V(m) +v(y))) _exp<_ /OtV(Bg;y(as))ds), (3.10)
va(t,z,y;0) = exp(—tV(:c)) —exp(— /OtV(B&’;y(US))d8>, (3.11)
un(t, 2, y;0) = exp(—1V(BF(0,2))) —exp(~ /O tV(Bg;y(as))ds), (3.12)

and, for 7 >0, z,y e R and 0< 9 < 7
Byi(0) = x+%(y—x)+Bj0)

(3.13)
Bi(#) = B() - LB(7).

Since

1
e —e’ = (a—b)e’ + (a — b)2/ (1 —0)e?e1=q0,  a beR,
0

12



we have

vi(t, @, y;0) = wi(t,T,y;0 eXp( 104 )))

—wlt a0 2/01 1 - 6)exp 9/ V(B (o ds)
Xexp( (1—-0)E(V(z) + V(y )))de
= vt (t,2,550) + vka(t, 7, 35 0), (3.14)
valt,2,5:0) = wolt,, ;o) exp(—tV(x))
—wdamwaP471—mwp&ﬂAWNB&%%»@)

X exp(—(l - H)tV(:c))dG
= 'UGl(tvxvy;J) +UG2(t7x7y;J)7 (315)

vrt2,y30) = walt,z,5;0) exp(—tV (B, (0,72))
— wp(t, z,y; 0)2/0 (1 —0)exp (—0 /t V(Bgyt:;y(as))d(S)

x exp (= (1= OtV (BJ5 (02)) ) 6

=: vp1(t,x,y;0) + vra(t, x,y;0), (3.16)
where
W@a%wF—aww+ww+Avwwwmm (3.17)
wa(t,z,y;0) == —tV(w)—i—/ V(Bg4Y (0s))ds, (3.18)
0
wrlt,,y;0) == V(B <wm+Avwwwmw (3.19)

When V is further a C''-function, since
1
V(z) = V(w) = (VV(w),z —w) + / (VV(w+60(z —w)) — VV(w), z —w)db,
0
we have

wiclt,z,y30) = L(VV(z) —x/z%s

(VV(y),y — ) /"—Sds /Ut Usds)

<VV(:1:)—|—VV(y), /0 B3 (0:)ds)

_|_
[N

+
[N

13



+ /ds/ (VV(a +6(2( o) + B§'(0.)) — VV (),

%o (y —x) + BJ'(0s) )db

ot

n /d/ (VV(y+ 0252w — y) + B (04)) = YV (),

O=0s () Bf’f(gs)>d9

ot

5
= Y wij(t,z,y;0), (3.20)

walt,z,y0) = <VV(x),/0t(g—:(y — 1) + B (0.))ds )

v " / (Va8 - o)+ B (0) - VY (@),

Z(y —x) + By (O‘s)>d9
= Wwag1 (taxvy; U) + wGQ(taxvy; 0)7 (321)

wnlta,i) = (TG o)), [ (B o) = B (o)is)

+/ds/ vv (By (0¢2) + (B35 (05) — B (01/2)))

— V(B (01y2)), BYY () = B3y (0172) )9
=: wg1(t, z,y; 0) + wra(t, z,y;0). (3.22)

In the following we shall prove Theorem 2.1 only in Cases (A)y and (A)p. The proof of Case
(A); is omitted; it is similar to that of (A)as.

3.1. Case (A)2

In this subsection, we suppose condition (A)s on V (z).

Claim 3.1.

o [Esloi(t,a,y:0)p(ora — )|

< const(3, 1, v,d) Cs [t (B, |z = yPplon, @ — y)] + By o plor, = — y)]

+ Esllz =y p(on, — y)] + B o) T plor,z — y)])

+t (B llz = ylPplon, = y)] + Bo lov plor, — )] + By [lz — y**plon, @ — )]

+ B0/ p(o e )l |.
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Proof. In view of (3.14) and (3.20), we set

5
vt z,y50) = > wi(t, T,y o) tV@+V ()2
j=1

5
= ZvKlj(t,x,y;a). (3.23)
j=1
Clearly
t
Balurs(t,z,:0)] = $(VV(a) + YV ), [ EalB§(0)ds) = o
0
and hence Ep [vmg(t,w,y; U)] — 0. By the fact (01 — 01_s)ocsst ~ (0s)o<s<t,

]EO' |:’U)K2(t, Z,Y; O')p(O't7 T — y)i|

t

= 2(VV(y),y — z) (E; [/Ot % ds p(ot, & — y)] —E, [/o o—a=2ds ploy — Op—p, T — y)])

)

and hence E, [EB [vr12(t,z,y;0)|p(oy, © — y)] =F, |:UK12(t, x,y;0)p(oy, x — y)] = 0. By (A)a(ii)
ora(t, 2,y o) = it 2,3 0) |~V W)/2

< 3IVV(@) =V (»)le —y|te VOV

< Q@ 14—yl + 1+ o =yl Yo — yPre V2

< G{V@ 2 VO 2y g~y 4 o — )+l - g + 2 -y}

< {0 B g — 2 o — ) bl — P -y [ (329)

Here (and hereafter) the following inequality has been (will be) used:

the™ < (&), t>0,b>0, (3.25)

where for b = 0 we understand (0/e)? := 1. By (A)s(ii) and (3.25) again

ok1a(t, 2,y;0)| = |wia(t, z,y;0)|e V@V @)/2

IN

t 1
! /0 s /0 V(@ + 8(2 (y — 2) + B (0,))) — VV(@)

X |S2(y — 2) + Bf'(05)[df e~V (D2

IN

t
% /0 (V@)1= V@R (122(y —2) + BE (00)2 + |2y — ) + B (0) )

15



1% = )+ B o) + |% (y — ) + B (o )P }ds

t
S %/Oy {(2(17625)-'—)(1726)+t7(1726)+

< (12— @) + By (@) + 1% (y - ©) + BF (o))
12y — @) + By (00) 2+ |2 (y — @) + B (0,7 bds. (3.26)
Similarly

’vKlf)(ta z,Y; 0—)’

. % /Ozt{(w)(l_ga)w—(l—%pr
x (|22 = 9) + BY (00 +1%52 () + B (o))
+12202 (1 — y) + BY (0,)? + | 2522 (z — y) + BY' (as)]2+”}ds. (3.27)
Note that for a >0 and 0 <60 <7 (7 > 0)
Ep[|2+ B3 (0)1°] < 3D+ (Jsf +20(a, d)r*/2),
Ep 17202+ By (0)]°] < 307D+ (|21 + 2C(a, d)r?) (3.28)

where C(a,d) := Eg[|B(1)|] = [za |y|*p(1,y)dy. Thus, taking expectation Eg in (3.26) and
(3.27), we have

Ep [\UKM(t,:r,y; J)\] +Ep |:”I)K15(t’gj7y; 0‘)‘]
< 02{(%)(1—25)%1/\26
x (3le = g2 + 6C(2 ) + 34w~y 4 351202 + p, d)ory )
+ t(3|x — Y2+ 602, d)o, + 31|z — y[2H 1 314202 + v, d)at” u/2> }

Collecting all the above into (3.23) yields the estimate in Claim 3.1 and the proof is complete.
O

Claim 3.2.
Eo |Eg[lvka(t, z,y; 0)|lp(or, 2 — y)]
< const(d, p,v,d) | O} + 1) (Eq | = yplon, = y)] + By [0 plor, )]
+ G322 (B, [l — y|*plo1, 2 — y)] + By 07 plow, — )

+ By |z —y*p(or,z — y)] + Es [0} "p(or.x — )]
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+ G382 (By |z — ol*p(or, @ — )] + Bo o plor, = — )]
+ o[z — 4| ¥ plon,w = y)] + B[ plovx — ) |-
Proof. By (A)2(i)

5wt )| = [H(OVG), [ (& -0+ B (o))ds)

j=1

POV [ (255 )+ B (o ))ds))

IN

Gl v 5/\ y— )+ B3 (0,)|ds

1+ V) )/ (o — ) + B (0)lds ). (3:20)
0
This estimate together with (3.26) and (3.27) gives us that

lwr (t,z,y;0) |e—9t(V(x)+V(y))/4

3 5
<> ij(t,:c,y; U)|6—9t(V(x)+V(y))/4 + 24 |ij(t,x,y; 0)|e—9t(V(x)+V(y))/4
Jj=1 j=

IN

% (1 i (4(1;5))1—69—1+5t—1+5)

t
< [ (120 -2+ Bl + 1252w — ) + B3t ()] ) ds
t
+ %/0 ds{0—(1—25)+t—(1—25)+(4(17626)4,.)(1—25)4r

x (120 — ) + B (00 + 1%y — ) + B (o) P
252 (@ — y) + BE (00) P+ | 252 (@ — y) + BF (o) **7)
+ |Z_:(?/ —z)+ Bgt(as)|2 + |‘;—j(y —z)+ Bgt(os)|2+”

17525 (@ — )+ B (0P + 957 (2 — y) + B ()P}
By the Schwarz inequality, it follows that
(e (.. )=V @V 0)/4)°
<12 [(%)2@ I (4(1—5))2(1—5)9—2+25t—1+25)

([ 1z + By )P+ [ 1955w g) + B (o))
)

(72 {(4(1 25)+)2(1 20)+ g—2(1-26)+ 42(1A20)~1
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/\ y —x) + B (0s) y4ds+/ 12 (y — @) + B (0s)|"ds

¢
+/ |#22 (1 — y) + BSt(o)[*ds + / |22 (x — y) + Bgt(as)|4+2“ds)
0 0

t

t
“(/ |3—i(y—x)+38t(os)l4ds+/ |2 (y — @) + B (0,)| 2 ds
0 0

t t
+ /0 252 (2 — y) + BE (o) 'ds + /0 252 (@ — ) + B (o) s ) .
Take expectation Ep above, and integrate in 6. Then
]E'B HUKQ(ta z,Y; O—)H

1
Ep [wK(t,x,y; 0)? / «96*“(V@>*V<y))/2d9]
0

IN

B /o1 0Ep K\wx(t, @, y; U)IG*Gt(V(xHV(y))M)?} 40

1)23(12 + (A2 20-0) 1420y (15— 412 4 20(2, d)oy)

A\

—

[\
—
M|Q
\_/

|

+ (Cz )2{(4(1—625)+ )2(1726)+ 1/\12 £2(1726)

x [3*(jx — y[* + 204, d)oi) + 3 (jz — y|** + 20 (4 + 2, d)o; )]
03 (e — |+ 204, do?) + 3 (o — y [ 1200 + 2w, )] ]
whence follows immediately the estimate in Claim 3.2. (|

Claim 3.3.

By [Es[lve(t,2,5:0)Ip(00, 2 = 9)], o [Egllvalt,a,y:0)[p(or, 2 — y)]

< COHSt(@Ma v, d) i [C{(t] + tjd) (Eaﬂx - y]jp(at,x - )] + E [ /2 (Jtax - y)])
j=1

+ C ) (B, (| — yp(on, @ — y)] + By lofp(on, @ — v)]

+ By [z — gl p(or, 2 - y)] + Eo o] P p(on, 0 — )]

+ 04t (o [l — 9l (o, — y)] + By lofp(or, 2 — )]

+ Ey [z =yl p(o1, 2 = y)) + Eo [ TV plor,z - y)]) .
Proof. Similarly to what is done in (3.29), (3.26) and (3.27), we have
—rtV (2)

’wGl(ta z,Y; 0—)’6

< Cy(1 + (A0)1=5 () =19 /y y— )+ B (0,)|ds, (3.30)
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e—’l‘tV(:E)

€

< Gy (U020 )02
t
X /0 (!%(y —x)+ Bgt(as)F + ’g_t(y _ )4 Bgt(as)\“”)ds

t
+/O (12:(y = ) + B§ (0) P + 12y — 2) + BY (o) 2 ) ds|,

|wR1 (t, T, Y, U)|e_rtv(Bgf¥y(Ut/2))

< O1(1 4 (58)170 () ~149) / IBZY(02) — BEY(040)\ds,

wra(t, z, y; 0)|e "tV (Bo" (04/2))

< O {( (1*25)+ )(1—25)+ (Tt)_(1_26)+
/ (1B (00) = B (0172) 2 + | BGS (0) = B (0 p) [ ) ds

[ (18857100 ~ B o0+ BES00) — B o) ).
By (3.15), (3.16), (3.21) and (3.22), note that

’vG(tv z,Y; J)‘

—tV(x) —tV ()

< |wG1(t7x7y;U)|6 + |wG2(t,9€7?/§ O')|€

' 2
+/ 9(‘“’6‘1(75,35’3/5 0)|e V@2 4 weso(t, z, y; U)]e_etv(x)ﬂ) de,
0

lvr(t,2,y;0)]

—tV (BG4 (01/2)) —tV (B4 (01/2))

< |lwri(t, 2, y;0)le + |wra(t, z, y; 0)|e

1 o
" / f (\le (t,2,y;0) e O (B0L" 0r2)) /2
0

2
+ Jwra(t, @,y )|~V (28 ("W))/?) do.
Also note that for a > 0 and 0 < 01,6, < 7 (7 > 0) (cf. (3.28))
Ep ['Bg:g(el) = By (62)"] < 3@ D+ (|2 — y|* + 20 (a,d)T?).

Collecting all the above yields the estimate in Claim 3.3 immediately.

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
O

We are now in a position to prove Theorem 2.1(iii). To do so, we need the following lemma.

Lemma 3.1. Let 1 < p < oo. Then, for a,b> 0 with C(a,d) = [za [y|*p(1,y)dy,
fuslt) i= | [ 1F 1B (- —slotptor,- — )]
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2+b
< Cla, d)Blof )| fllpy € Ly(R).
Proof. For p = oo, the described estimate is obvious. So let 1 < p < oco. First we note the

Minkowski inequality for integrals: If h(z,y) is a measurable function on a o-finite product
measure space (X x YV, a(dx) x B(dy)), then

(L), mwtatan) sn) ™ < [ ([ 1ne.npan) o)

Note also that for ¢ > 0

H/Rd FWII - —yl°p(7, - —y)dpr < Cle, )| fll,-

By these inequalities, the estimate is obtained as follows:

IN

|f W) Eo [ - —y|otp(0r, - — y)ldy E, Wl —y|*olp(or, - —y)dy
R p R4 j2

< C(a, d)Eo [0} ™| - 0
Proof of Theorem 2.1(iii). By Claims 3.1, 3.2 with (3.7)
Qx5 < | | 1F@IEs Eslom & 350)lp(or. =y
+ [ 1@ EolBallonatt, 53 (o, ~ )l
R4 P
< const(d, 1, v, d) | CR(E + ) (fao(6) + fo (1))
2
+ Z{Cﬁtj(lAQJ)(f2j,o(t) + fo0,i(t) + fi2ew,0) + fo s w2 (t)

j=1

+ Ot (faj0(t) + foi(8) + Ficarnyo(t) + fo (1 v/2) (t))H :

By Claim 3.3 with (3.8), (3.9)
Qg Ol < | || 1£)Ex Ballog (o5 0)pter,- — ]
2
< const(d, u, v, d) Z[ (t +tJ6 )(fi0(t) + fo,/2(t))
j=1

+ O (for () + foi(t) + Fiarm o) + fo s uy2)(t))

+ CI (fazo(t) + foi(t) + Fic40),0(t) + foi0+v/2) (t))] -

Combining these with Lemma 3.1 we have the assertion of Theorem 2.1(iii). O
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3.2. Case (A)o

In this subsection, we suppose condition (A)y on V' (z). In this case

‘UK(tvxviw J)‘ < ”U)K(t,.f,y; 0—)’

t t
< % ; |Z—i(y—x)+Bgt(as)|7ds+%/o |92 (z — y) + Bg (0s)] 7 ds,

‘UG(taxaw J)‘ < ’wG(tvxvy; J)‘

IN

t
cy /0 |2 (y — 2) + BE (o) ds,
|UR(t,$,y;U)| < |U)R(t,$,y;0')|

t
¢ [ 187 00) - B (ol
0

Here taking expectation Ep, we have by (3.28) or (3.36),

IN

Egllvk (t, 2, y;0)l], Esllva(t,z,y;0)l], Epllvr(t, z,y;0)|]
< Cit(|lz — |7 +2C (v, )7 )
and hence, by (3.7), (3.8) and (3.9)
Qi (t)f ()], |Qa)f(@)], |Qr(t)f(2)]

< at{ [ 11WIE [le = sl porz )] dy

+20010) [ | 1£0)| B [0 plor — )]y}

From this and Lemma 3.1 the assertion of Theorem 2.1(i) follows immediately.

4. Proof of Theorem 2.2

For notational simplicity we set Hy := Hg’ and H := Hy+ V, in the following, so that K(t) =
eftV/QeftHoeftV/Q’ G(t) — eftVeftHo and R(t) — eftHo/QeftVeftHo/Q'

4.1. Proof of Theorem 2.2 for K (t)

Since K (t) and e~* are contractions, we have

n

n—1
K (L) = ey = | DKL) H K (L) — e Hme i,
k=0

n—1
< D OIKE) = e ey
k=0
= nl|Qk (5)llp—p-
Combined with the estimates for Q (t) in Theorem 2.1, the desired bound for K (t/n)" — et

in Case (A)g, (A); or (A)z is obtained immediately.
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4.2. Proof of Theorem 2.2 for G(t) and R(t) in Case (A)g

In the same way as above
< n[lQc(;)llp—p-
[R(;:)" — eitHHp—m < nHQR(%)”p—ma

from which together with Theorem 2.1(i), the desired bounds follow immediately.

Q
Sl Sl
=
aQ
J,
_=
S
|
<
AN

4.3. Proof of Theorem 2.2 for G(t) and R(t) in Case (A)1 or (A)2

In this subsection we suppose that V(z) satisfies (A); or (A)s.
We first observe that for £ > 0 and n € N

G( )n - eftH _ eftV/Qn(K(n_fltﬁ)nfl - ef(nf1)tH/n)eftV/2neftHo/n

t
n n

+ [eftV/Qn’ ef(nfl)tH/n]eftV/2neftHo/n + ef(nfl)tH/nQG(i)’

R( )n_eftH _ eftH0/2neftV/2n(K(n_flt

1 \n—1 _ _—(n—1)tH/n\,_ —tV/2n _—tHy/2n
—t—) e )e e

t
n

+ eftHo/Qn[eftV/Zn’ 7(n71)tH/n]eftV/QneftHo/Qn

(&

+ [e—tH0/2n’ e—(n—l)tH/n]e—tV/ne—tHo/Qn + e_(”_l)tH/”QR(%),

where [A, B] = AB — BA. Hence
G =My < K (et = e
+ [[le™720, eV +11Qe (E)llp—p, (4.1)
IR = e M pmp < K ()"t — e i,
S e e P

+1Qr(F) lp—p- (4.2)

As for the first term on the RHS of (4.1) and (4.2), we see by Theorem 2.2 which was proved in
Section 4.1

| K (it L)t - em Dty

t/n

J=1

const (8, ) [CF((£)2 + (2)2) (n = DEloyyu] + 3 (Cat P (n — DE[o?172]].

in Case (A)y,

=) comstt i [CH((47 + (27) (0 = DIl + 3 {(CotP (0~ DI
+ (n = DE]f 7)) 4 (Co(£) ") ((n = DBl ] + (n = DB ) 1]

in Case (A)s.
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As for the third term on the RHS of (4.1) and the fourth term of (4.2), we see by Theorem 2.1
1Qc () lp—ps 1QRGE)lp—p

const (9,,d) 3 {C{((2)7 + (£)7))Elo7/2] + (Co£ P EL7) 2]}, in Case (A)s,
j=1

const (0, u, v, d)

J

IN

- { Gy + (Rl

+ (Co(L) " 2)i (Blo] ] + Elo? i)

+(CoLY (B, |+ Bl D)), in Case (A)s.

1

Therefore we need to estimate the middle terms of (4.1) and (4.2).

Claim 4.1. Let s> 0 andt > 0. Then

H [e—s\/’ e—tH] —sHo’ e—tH]

”p—>pa [l Hp—>p

const (4, K, d)s [Cl(l + t_1+5)]E[0t1/2] + C’g]E[Ut(H“)/Q]] , in Case (A)1,

=\ comst (3, 1, v, d)s[(ﬁ(l—i—t*lﬂ;)ﬂﬂ[atlm]+02t*(1*25)+(E[0t] + ol )

+ Co(Eoy] + Elo; Y/ 2])] : in Case (A)s.

Proof. First we estimate the L,-operator norm of [e=*V, e~*#]. We have (by (A.13)) that for
f € Co(RY)

=Y, e f ()
- /R F) (e — eV E exp( - / VB o) plo s — )] .
Hence we have
™Y, e f ()]

< s [ VW[V - V@len(- [ VB oo -n))a. @

9
R
To estimate the integrand in (4.3), note by Taylor’s theorem that

V(y) —V(z) = / (TV(BS (0,)),y — o) &

1 t
) — TEY (o — xp\ar
+ / a0 / (VV (2 +6(y — ) — VV (B (0,)),y — 2)2
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In Case (A)y, it follows that
V(y) - V)| < / C1(1+ V(B (0,)) ") e —
/ de/ Co)(2Z = 0)(y — @) + B (o) "dr Y
< o (147 /0 v<Bf;z;y<ar>>dr>1—5) ]

1 t
woob [0 [ -0w-0+ BR@de -y (4
where the last inequality is due to Jensen’s inequality. In Case (A)o
V(y) = V()]

< / Cr(1+ V(B (00))' %) & —

+ [0 [ VB o) (1 (5~ 00— ) + B (o))

FLHIT -0y —2)+ Bgt(ar)l”}l(‘;—: = 0)(y — ) + By (07)| |z — ]

IN

(1 [ VBT o -
( (

+ Cot~ 1720+
0<o<g; Ot

Vg o) T /0 ( max (£ - )y - 2) + B! (o)

0

o _ _ ot 1+p o
+ max (%~ 0)(y— )+ B§' (o)) bl — |

1 t
o [an [ (165~ o)y =)+ B (o)
+1(2 = 0)(y — @) + BE (o) )drl — y). (4.5)

y (3.25), (4.4) and (4.5) imply the desired estimate:

Vi) -Vl (~ [ V5 o)
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CL(1+ (120)1-0¢140) | — |
+Cob [l d [ (2~ 0)(y — x) + BY*(o,)|"drlz — gy, in Case (A)r,
Cr(L + (12)1=0¢140) |z — y|
1+ ((1—25)+ )(1—2<S)+t—(1—25)+
<y (max (£ = 0)(w — ) + B (0)]

0<o<o

IN

+ max |(Z ~6)(y— ) + B (o)|"** ) bl — o]

0<o<0o

+ Cot fy d [ (1(2 = 0)(y — =) + BF ()]
12 = 0)y — 2) + B ()| )drle —gl, i Case (A)s.

\

We take expectation Eg in the above. This time we use the following moment estimate: For
a>0,7>0,0<60<1andzeR

Bp [|(£ - 0)z+ BE()|] < 3070+ (|21" + 20(a, d)r/2),

Ep [OIE&XJ( 9)z+Bg(t)|a] < 36D+ (12* + 2C (a, d)7/?) (4.6)

where C(a,d) = Eg[|B(1)|%] and C(a,d) = Eg[max |B(t)|*], and thereby we have

0<t<1

5 [IV(y) - V(@) exp(- /Ot V(B3 (0,))dr )]

Cr(l+ (52750 g — y| 4 ol — y| ™+ + 2C(r, d)oy Pl — ),

in Case (A)1,
Ch(l‘F(le yfﬂtfl+6ﬂx<_ ‘
 Cp(U=20)t y(1-20)4 4= (1-20)+ (4.7)
% (e =yl +20(1, )y * + 3 (jz — g+ + 201+ p, d)o %) ) o — g

IN

+Co(Jz =yl +20(1,d)y* + 3 (Jz — '+ +20(1 + v, d)o{ %) )z — y),

{ in Case (A)s.

Hence follows the desired bound for [e=*", e~*] by Lemma 3.1 with (4.3).
Next we estimate the L,-operator norm of [e~$H0 e=tH],

First we suppose that V : R — [0, 00) is in C* and all its derivatives have polynomial growth.
Then it is easily verified that (cf. Claim A.2 and its Remark)

(i) e (S(R?)) c S(R?Y), in particular, e=*H0(S(R?)) ¢ S(RY), and
{HSER) c N 262")Yn N 965 and &5 = 650 — V on S(RY).

1<p<oo 1<p<oo

Here ®¢’V (1 < p < o) is the infinitesimal generator of {e~*H0+V)} on L, (R?) and &% the
one on Coo(R?). By these facts the following formula holds in L,(R?) (1 < p < oo) and Coo (R?):
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For each f € S(R?)
[G_SHO,G_tH]f _ / e~ uHo [V, e_tH]e_(S_u)HOfdu.
0
Hence, taking L,-norm in the above yields that for each f € S (R)

lfe=Ho, e £, < ]ﬁ |V, e tH e (=0 £ du. (48)

Now let V satisfy (A); or (A)2. In this case V' is not necessarily smooth. So, take a nonnegative
h € C§° with support in {z € R%|z| < 1} and [pqh(z)dr = 1. Set V° = V x h. with
he(z) = (1/e)%h(z/e). Then V¢ is in C®°(R? — [0,00)), and satisfies condition (A); or (A)s
with the same const’s as V' does. Further, by (A);(i) or (A)a(ii) all the derivatives of V¢ have

polynomial growth. Hence, by (4.7) and Lemma 3.1 it holds that for g € S(R?)
[V, e Hor Vg,

const (8, , d) [01(1 + R[]+ CQJE[at(”“)/?]] lgll,, in Case (A)q,

< 9 const (0, pu, v, d) [01(1 + t*H‘;)E[Utlﬂ] + Cot= =29+ (E[oy] + E[Jtl+ “/2])
+ Ca(Efo] + By ") gl in Case (A),.
Since (4.8) holds with V' = V¢, by combining this with the above we have

e, e VI |,

const (6, %, d)s [01(1 + )0y /?] + @E[é”“’”]} I£]l,, in Case (A),

< const (0, u, v, d)s [Cl(l + t—1+5)]E[Ut1/2] 4 Oyt~ (1-20)+ (E[o] + ]E[UtlJr u/2])
+ Co(Elon] + Biot D) I in Case (A)o.

Finally let ¢ | 0. Since V¢ — V compact uniformly, we see by the Feynman-Kac formula
(A.6) that e tHotVS) ¢ _, o=tHo+V) f houndedly pointwise, so that [e=sHo e~ HHo+VI) ¢
[e=sHo =t(Ho+V)] £ phointwise. Hence the desired bound for [e=50, e=HHo+V)] follows immedi-
ately by the Fatou inequality. O

We return to estimate G(t/n)" — e~ and R(t/n)" — e~*. By Claim 4.1

|[e™tV/2n e~ (n—1)tH/n) llp—p, |l [e7tHo/2n o=(n—1)tH/n) lp—p

const (8, 1, d) 1 [Cl(t + O[] + CotE[e 2]}, in Case (A)1,

=\ const (6, p,v,d) {Q(t + ) Eo)/?] + Cot 2 (B[oy] + E[o; T */3)
+ Cot(Elon] + Elo T, in Case (A).

tH

Therefore, collecting all the estimates above yields the desired bounds for G(t/n)" — e~ *" and

R(t/n)" — et
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5. Proof of Theorem 2.3

As in the previous section, we are setting Hg = Hép and H=Hyg+ V.

5.1. Case (V)2

Condition (V)y implies (A)y with 6 = 1 A 1/p, C1 = cre”U=INYp) 0y = y2(P3)+
((1/2)c= =207+ v 1), = 0 and v = (p — 2)4. So this case follows immediately from
Theorem 2.2(iii).

5.2. Case (V)1

In this subsection we suppose condition (V); on V(z).

Let us adopt an idea in [D-I-Tam]. Take again a nonnegative h € C§° with support in {z €
R%; |z| <1} and [pq h(z)dz = 1. For 0 < & < 1/4, set

Vel) = (5<slc>n>d /Rdh@;ﬁ)v(y)dy’

where 17 := ((p —1) V0) A 1. Then V; is a smooth function and it satisfies the following:

Lemma 5.1. (i) V.(z) > d(z)? where ¢ = c/4P.
(i) |Vi(z)—V(z)] < C'elx)P=D++1 where C' = ¢1(5/4)P~ D+,
(iit) |[VVi(z)| < & (@) P+ where ¢y = c1(5/4)°V!.

(iv) |VVe(@) = VVa(y)| < (1/e)cy{(z) =2V * 4|z —y|P=2V s }|z — y| where X := (141)/2 and
cy = ¢1(5/4)(P=D+2(0=3)+ (54 /16 + 2).

The proof is not difficult, so is omitted (cf. [Tak]).

As a consequence of Lemma 5.1, it is easily seen that V. satisfies condition (A)s, i.e.

(A)oe  |VVi(z)| < CIV.(z) "IN Me,

[VVale) = VValy)l < L103{Vel()1-200 N0 g — y o= gy

where C} = ¢} ¢/=(171AMP) and CY) = ¢ (¢/~(1=2AMP)+ v/ 1). Indeed, by the definition of \, we
have p—pAX> (p—1)4, (p—2(pA X))+ = (p—2X)+ = (p—2)4+. Hence (A)y . follows, because,
by (i) with (x) > 1,

Ve(x)lfl/\)\/p > (C/)lfl/\)\/p<x>pfp/\)\ > (C/)lfl/\)\/p<x>(pfl)+’

%(x)(1_2(mx/p))+ > (C/)(I—Q(l/\)\/p))Jr<x>(p—2(p/\>\))+ _ (C/)(I—Q(l/\)\/p))Jr<x>(p—2>\)+.

In what follows we write ¢,C, c1,ca,Cy and Cy simply for ¢/, C’, ¢y, ch, Cy and C4.

Now let K (t) := e tVe/2e—tHo o —tVe /2 G-(t) := e Wee 0 and R.(t) := e~ tHo/2g=tVe o —tHo/2
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Claim 5.1. Lett >0 and n € N. Then with H* = Hy+ V.

||Ks(%)n - 6_tHEHJDﬂp
2 ) .
< const(p, d) [012((%)2 + (%)2(lA ’\/p))n]E[at/n] + > {(C’g%%t)]nE[ai/n]
j=1

+ (CQ%%t)jn]E[Ui/(ivp)/Q] + (CQ%(%)I/\w\/p tl/\2)\/p)an[O_i'/n]}}7
”GE(%)TL - €7tHE”p—>pv HRe(%)n - eitHEHP—W

< const(p, d) | 1C (t + £ VP)E[o, %] + Cy L LA 2V PE[g, ]

+ C2%%t(E[O‘t] +E[O_§2VP)/2]) + Cl(% + (%)IA)\/p)E[O_tl//j]

200112 £ \2(1A M/p) 2 114\j j 114\j j(2vp)/2
+ O () + () P)nEloy,] + Z{(CQEgt)JnE[Ui/n]+(nggt)]n1E[0t/n ]
j=1
+ (CQ%(%)I/\2>\/pt1/\2)\/p)an[O_i'/n]}} )
This is obvious from (A)s2. and Theorem 2.2(iii).
Claim 5.2. Lett >0 andn € N. Then

||€_tH — et ||pﬂp7

K ()" = Ke(2)" lp—ps IG()" = Ge(3)" lp—ps IRG)™ = Re(5)" llp—p

< const(C, ¢, p) e t2/(PA2VI =T
Proof. Let f € C°(R%). By (3.4), (3.5) and (3.6) with (A.6),
(e = e ) f (@)

< EHexp(— /OtV(erXs)ds) —exp(— /Ot%(erXS)ds)‘yf(erXt)y}, (5.1)
(K (5)" = Ko(£)") f ()]

< EHexp(—ﬁ zn:(V(x + X(g—1)t/n) + V(T + th/n)))

k=1
—exp (= Yo (Vlw + Xpenym) + Velo + X)) If @+ X0l (5:2)
k=1
(G = Ge(b)™) ()

< IEHexp(—% Z V(z+ X(k:—l)t/n))

—exp(~4 SVl + X))o+ 0] 5:3)
k=1
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IA
=
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Eal
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I
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s
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=
=
<
[\
S—/
N———

3

—exp (=L 30 Vel + Xkoayyon) )11 + X0 (5.4)
By a formula
1
e l—et = / (b—a)e %% =9 abeRr
0

and Lemma 5.1, we have

‘exp(— /Ot V(x —i—Xs)ds) — exp(— /OtVE(x —i—Xs)ds)‘

IN

1 t
/de/ Vo(e + Xo) — V(z + X,)|ds
0 0

X exp(—@ /Ot Vix + Xs)ds> exp(—(l —0) /Ot Ve(z + Xs)ds>

IN

t t
CE/ (z + X,) P~ D+F14s exp(—c/ (x + Xs>pds>,
0 0

n

‘exp(—% Z(V(x + X(k:—l)t/n) +Vix+ Xk:t/n)))

—exp(— ok D (Ve + Xgonym) + Ve(@ + X))
k=1

n

1
< /0 48 5 > (Ve + X tya/m) = V@ + Xgeoryym)|
k=1

+IVe(@ + Xigjn) = Vi + Xigjn)|)

n

X eXP<—9ﬁ > V(@ + Xp-1yeyn) + Ve + Xk:t/n)))

n

X eXP<—(1 —0) o Y (Velm + Xgp—1yeym) + Velz + th/n)))
=1

< CE(% D @+ X)) T £ (@ + th/n>(p71)++")
k=1 k=1

n n

X exp (—c% Z(x + X(k,l)t/ny’) exp (—c% Z(x + Xk.t/n>p) .

k=1 k=1
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Similarly

n n

‘exp(—% Z Vix + X(k:—l)t/n)) — exp (_% Z Vela + X(k_l)t/”)) ‘

k=1

n

k=
< Cet Z(x + X (g 1)yt/n) P eXP(-CL Z(ﬂﬂ + X(k—l)t/n>p>7
=1

n

‘exp(—% Z V(x+ X(gk_l)t/gn)) - eXp(—% Z Ve(z + X(2k—1)t/2n)) ‘
k=1

n

k=
< Cel Ny w4+ Xop1ytj2n) "V exp (—CL D o+ X(Qk—l)t/2n>p>'
=1

By Jensen’s inequality and (3.25),

9

exp<_ /Ot V(e + Xs)ds> — exp (_ /Ot Vol + Xs)ds>

n

eXP(-% V(z + X(k:—l)t/n)) — exp (—% Zn: Ve(z + X(k:—l)t/n))
=1

)

i
I

eXP(-% V(z + X(qu)t/zn)) - eXP(-% z": Ve(x + X(qu)t/zn)) ‘
=1

< Cstl_((P—1)++n)/p<wi>((P*1)++n)/l)

P ec )

n

exp (= DoV (@ + Xanyusn) + Viz + Xajn))
k=1

—exp(— D (Velw + Xgyugn) + Vel + Xiwjn))|
k=1
< O¢l )1*((P*1)++n)/p2(4(P*1)++"L)((p_l)++n)/p

2
2 P ec

i

where for p = 0 we understand ((p — 1)+ +n)/p = 0. Substituting these into (5.1), (5.2), (5.3)
and (5.4), respectively, we have

(7 — 7" f(2)],

(K()" = K5 (@), [(GEL)" = Go(B)M ()], [(RE) = Re(L)™) f(a)]
< const(C, ¢, p) e 2/(PIVD B[ (2 + X))

which imply the estimates in Claim 5.2 and the proof is complete.

Proof of Theorem 2.3(i). By Claims 5.1 and 5.2

—tH
IE(L)" — e,
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IN

HK(%)n - Ka(%)nnpﬂp + HKE(%)n - e_tHEHpHp + He_tHE - e_tHHpHp

< const(p, O e,d) [ /"D = 1 02((£)2 4 (£ VP)nEloy ]

2 . .
* Z{(CQ__t)J”E[ Oyl (02%%75)]71]}3[05/(721\//))/2]
Jj=1

€

+(Cok (R e eyinEle], 11,
IGE) = e ppy IRE)" = e |y
< const(p, C, ¢, d) {5 2/ (pA2)V1) =1 1ot + tl/\)‘/p)E[atl/?]
+ CoL LN PEL | 4 Co L Li(Eoy] + Elo(*Y))
+ O+ (L) M MO)Eoy 2] + CrA((E) + (42 NP )nEo,

2 . .
* Z{(CQ__t)]”E[ Oyl + (Cziit)Jn]E[oi/(in)/Q]
2

£

+ (021(%)1/\ 2M\/p 251/\ 2>\/p)an[O_i’/n]}] )

Now let n > 22CVP) and ¢ := n~(/2ANP) = n=1/2VP Then e < 1/4, e In=1N2Np = p=1/2Vp
and e~ 1n~1 < n=1/2VP, Therefore we have

—tH
K ()™ = e ™ lp—p

< const(p, C, ¢, Cy, Ca, d) (%)I/QVp |:t2/((p/\2)\/1) -1 (t2 4 t2(1/\((p/\2)\/1)/2p))nE[O_t/n]

2/2VpY, nElg7(2ve)/2
+]zl{< + 20 g], ]+ Bl (VP2 ],

IGE)" = e lpps IRE)" = e lpp
< const(p, C, ¢, i, Cy,d) (2)!/27 [ D) =1 (¢ 4 M2V 20 2]
+ /2P Eloy] + (Elo] + Elot %) + (22 + 20N Bl

+ 2{( + 20 g], ]+ Bl (VP2 ],

and the proof is complete. O

6. Proof of Theorem 2.4

For a > 0, the proof will be given, divided into the three cases a =1,a > 1 and 0 < a < 1.

First we note that for every a > 0

E[o}] < oo. (6.1)



In fact, it is enough to show when a = v is a positive integer. To do so, let ¢; be the characteristic
function of oy, i.e., (&) = Ele¥~1¢9t]. We have ¢(€) = e /€ where

6= |-,

Since smoothness of ¢;(£) near £ = 0 implies existence of moments of o; (cf. Exercise 2.6(viii)
in [It]), we have only to show that ¢, or f is in C*° near £ = 0. But this is obvious, because, by
a property of the Lévy measure n, the integral f(o,oo) 1"e~!/2n(dl) is convergent, so that by the
Lebesgue convergence theorem

’any

(di)uf(g) _ _\/(O )(\/__1l)1/6\/jlflefl/2n(dl)'

By It6’s formula (e.g. [Ik-Wal),

t+
ol = / / {(as_ ) —ag_}N(dsdz)
0 (0,00)

t+ 1
:/ / a/ (os— + 012 LdA1 N (dsdl),
0 J(0,00) JoO

and hence, by taking expectation E

E[o?] = /0 " s /<o,oo> le™2n(dl)a /0 1E[(as+ez)a1}d9. (6.2)

This is further, by the change of variable r = £, rewritten as

1 1
1Eo}] = / dr/ lel/Qn(dl)a/ E[(atrwl)“*l}da (6.3)
0 (0,00) 0

6.1. The casea =1

By (6.3), it is clear that
1Eoy] = /( ) )le_l/2n(dl) e (0,00). (6.4)

6.2. The casea >1

By (6.1) and (6.3), E[(o, + 01)*71] is of course integrable on (0,00) x [0,1] x [0,1] w.r.t.
le_l/Qn(dl)drdH. Since oy is increasing in ¢ with ooy = 09 = 0 and a — 1 > 0, we have
(o +01)*1 | 997121 as ¢ | 0. Tt follows by the Lebesgue convergence theorem that

1E[o¢] | o )l“e‘l/2n(dl) € (0,00). (6.5)
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6.3. Thecase0<a<1

By the same reason as above (but in this case, a — 1 < 0), we have (o + 01)2~1 1 927191 as
t | 0, and hence, by the monotone convergence theorem

1R[o?] 1 o )zae—l/%(dw e (0, ). (6.6)

This time the integral on the RHS is not always convergent. To find the exact asymptotics we
suppose assumption (L).

We start with a remark on (L) and ¢(\) defined by (1.3):

Fact. (i) If0 < a <1, then
PY(A) ~ T'(1 = a)A\*L(N) as A\ T oo.

(ii) If a = 1, then [;n((s,00))ds is slowly varying at zero, L(1/t) = o(fg n((s,00))ds) ast | 0
and

1/
PY(A) ~ )\/ n((s,00))ds as \ T oo.
0
Proof. First of all note that

1
00 > /(o,oo)l/\ln(dl) = /0 n((t,00))dt, (6.7)

(N = A/OOO e)‘td</0tn((s,oo))ds). (6.8)

By (1.6), n((1/y,00)) ~ y“L(y) as y T 00, and by (6.7),

00 1/x
/ %n((y, o0))dy = / n((s,00))ds < oo for any = > 0.
T 0

Let us apply Lemma and Theorem 1 of §VIIL9 in [Fe]. These say that [*°1/y*n((1/y, 00))dy is
regularly varying with exponent —1 + a and

(1/z)n((1/z, 0))
S 1yPn((1/y, 00))dy

Combining these with (1.6), we see that when 0 < a < 1

— 11—« as r T oo.

/tn((s,oo))ds ~ Dtn((to0)) ~ L) ast |0,
0

and that when a = 1, [;n((s,00))ds is slowly varying at zero and L(1/t) = fo 00))ds)
ast | 0.

By virtue of (6.8), if we apply the Abelian theorem (cf. Theorem 2 of §XIIL5 in [Fe]), the
asymptotics of ¢ follow from those of [, n((s,o0))ds. O
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Remark. Conversely, when 0 < o < 1, we have (1.6) by Fact (i) by the Tauberian theorem.

Recall functions ¢, Ly and Ly around assumption (L) in Section 1. By Fact, L; is slowly varying
at infinity and

d(A) ~ A“Li(N) as A | oo. (6.9)

As 1 is strictly increasing with 1(0) = 0 and 1(00) = 0o, s0 is ¢, so that the inverse ¢! exists.
By (6.9),if 0 < a <1,

¢ Nx) ~ x/%Ly(z)  as x| 0. (6.10)

Since, by (6.9) again, ¢ is regularly varying with exponent «, so is ¢~! with exponent 1/«, and
hence Ly and [;(¢1(6))"“df (0 < o < 1) are also slowly varying at infinity.

Now we are in a position to show the asymptotics of E[of]| for 0 < a < 1.

Claim 6.1. (i) If0<a < a,

I'l— a/a)
I'(l—a)

I'l— a/a)

ta/aLQ(%)—a ~ ¢—1(

=

)¢ ast | 0.
(ii) Ifa = «,

E[62] ~ ﬁt/ol/t(qﬁ_l(0)>_ad0 ast | 0.

iii) If @« < a <1, then [°A717%)(N\)d\ € (0,00) and
0

Ejo?] ~ t — /mx—l—%(x)dx ast] 0.

(1 —a) Jo
Proof. To rewrite (6.2), we see first with (2.2)

E[(as +9z>aﬂ - ﬁ /O h )\’ae”\el]E[e’)“’S]d)\

1 [eS)
- = )\70, — 0l 78¢)()\)d)\
I(1-a) /0 c e ’

and then we have

t o)
E[gg] — L)/O dSA )\1a68¢(A)d)\/ (1_67)\l)efl/2n(dl)
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The M-integral in the last line is further computed by the change of variable A = ¢~!(z) as
follows:

/ AT (N)e 0N g\

0

= [ ) e o )

0

{[ @ @yean—s [~ 07 @) e}
{ /O e*”d( fox(gi)_l(ﬂ))_adH) s /O e*”d( fox(gi)_l(ﬂ))_aﬁdG)}
= HL(s, Js (071 0)"d0) — sL(s, [y (671(0))"0av) }.

Here L(-, G) denotes the Laplace transform of a right-continuous increasing function G : [0, c0) —
[0,00): L(s,G) fooo e **dG(x). The last fourth and third equalities are respectively be-
cause 0 < (¢~ 1(96)) Ape=sT < (¢(1/2))%x! 7% — 0 as x | 0, and because for b > a — 1,
fooo(gb_l(:c))_a:cbe_sxdx < (P(1/2) [57 aP7%e ™ de = (¢'(1/2))?s* 71T (b—a+1) < co. Hence

(6.2) is rewritten as follows:

_ {_%(¢71(x))—axefsx]oo I é/ooo(¢1(%))_a(€sx—8$€sx)d$

Q=

ISH i

Elof] = ﬁ /0 (L(s, Jo(¢71(0))72d0) — sL(s, [; (¢ “Hdé?))ds. (6.11)

1° The case 0 < @ < a. Then 0 < a < 1. By (6.10), (¢ 1(-))~® is regularly varying with
exponent —a/a € (—1,0). By Theorem 1 of §VIIL9 in [Fe],
z? (¢~ (z))~° a (¢~ (2)~ a—a
T(AH—1 —a T 4T a T(A—1 —a 7 Ta
Jo (671(0))~*0d6 Jo (671(8))~df

> 0, > 0

as x | co. Hence, by combining this with (6.10),

‘ -1 —a ~ 1 22(0" Y (2)) "¢ ~ 1 x2fa/a )¢
[ O 08 ~ s )~ e )
[ ~ ST @)~ et ()

as x | co. By applying the Abelian theorem (cf. Theorem 2 of §XIIL.5 in [Fe]), this implies that

L(S,fo'(¢71(9))7a9d9) ~ F(22__a27a+ 1)872+a/aL2(%)7a _ F(2 . %)872+a/aL2(%)7a’

Lo, J5(67H(0) ) ~ 2T (2= 8)a oo Loy
as s | 0, and hence
L(Saf()'(¢71( ad@ — SL fO a@d@) ~ (%a _ )F(Q _ %)S—H—a/ala(%)—a

= 2p(esa)sita/any (1) ass | 0.
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Now if, for simplicity, we set
Z(x) = L3, [o(¢71(0))"*d0) — 1 L(5. [y (67" (6))~0db),
then, by (6.11)

Efo?] = m/o Z(Lyds = r(11—a) /1:;622(;0)613;

and also,

Z(x) ~ aT(e=2) g1~/ Ly(z)~° as r T oo.

03 (0%
Therefore, applying Theorem 1 of §VIIL.9 in [Fe] again, we have

(/)2 (1))
E[o7]

— I'(l-a)% ast |0,

and consequently

E[o?] ~ F(;O(él—_aiga) ta/aLQ(%)_a,

which is just the assertion (i).

2° The case @ = a. Then 0 < a < 1 and hence, by (6.10), (¢~1(-))™® is regularly varying with
exponent —1. Once again, by Theorem 1 of §VIIL.9 in [Fe],

P M) (e @)
Jo (971(8))~0d8 "y (0 (0)df

as ¢ 1 oo, and [;(¢~1(0))"“df is slowly varying at infinity. By combining this with (6.10)

/ (670)0d0 ~ 22 (67 (@) ~ wLa(a) ",
Lo(e)™® ~ a(6~ (@) = o [7(67(8))~do)

as x | oo, and hence, by the Abelian theorem
L((s, Jo(67(0))720a0) ~ s~ Lo(2)7™,

L(s fito o)) ~ [ RO

as s | 0. Therefore



In exactly the same way as in 1° we eventually have

(/)2 Z(1/)
Elo7]

— I'l — ) ast |0,

from which the assertion (ii) is easily seen.

3° The case & < a < 1. Then 0 < a < 1. By (6.6), it is enough to show that

1%~ 2 (dl) = L/OOA*‘%ACM < 0.
/(o,oo) (@) = 5 0

0

First this identity is seen from the following computation:

[y = [Tae (v b - i) an

0 0
= / el/Qn(dl)/ A1 — e M)dA
(0,00) 0
I'(l—a)

- 1% 20 (dD).
. /(o,oo) (al)

Next this integral is convergent. Indeed, since ¢(A) < ¢/(1/2)\ (A > 0),

lea
1—a

R R
[ atewan < v [ aei = v i, < o
0 0
for any R > 0. On the other hand, since ¢(A\) ~ A*L1(A\) as A T oo, and Ly (-) is slowly varying
at infinity, there exists an R, > 0 for 0 < e < a — a (cf. Lemma 2 of §VIIL.8 in [Fe]) such that
d(A) <2X*L1(A) and Lq(A) < A¢ for any A > R.. Hence

o0 [e.9] 2 1 a—o—e
~l-a < / “lragpetegy = —— (- :
/E)\ p(N)dA < A a—a—5<R€> <

€

Appendix: Semigroups e~t(HS+V) and their generators in L,y(R%) and Co (R9)

In this appendix we suppose only that V : R? — [0,00) is a continuous function. The main
result is Theorem A.1, which follows from Lemma A.2 (Kato’s inequality).

Let M (dsdx) be a Poisson random measure on [0, 0o) x (R?\ {0}) with intensity measure ds.J (dz),
where

J(dz) = /(OOO) e~ 2p(1, z)n(dl)dz, (A1)
p(l,x) = (%Tl)d/2 exp(—%). (A.2)

This M (-) may be defined on the same probability space (§2, F,P) as in Section 2. Note that
for p € [1,00) the 2p-th order absolute moment of J is finite, i.e.,

/ |2|? J(dz) < oo. (A.3)
RA\{0}
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Following the notation in [Ik-Wal, we set
M(dsdz) := dsJ(dz), M(dsdx) = M(dsdx) — M(dsdx)

and define an R%-valued right-continuous process (X¢)i>0 by

t+ i+ —~
X = / / x1|x|>1M(dsdx)+/ / 71|41 M (dsdz), (A4)
0 JRAN{0} - 0 JRAN{0}

where the second term on the RHS is a stochastic integral w.r.t. M. This is a d-dimensional
time-homogeneous Lévy process starting at the origin such that

EleV =T X0] = o~t(((pP+1)/2)-(1/2)

which is easily seen by It6’s formula (cf. [Ik-Wa]), so that

(Xe)iz0 = (B(0¢))iz0- (A.5)

We now define a system of operators th’v,t > 0, by the Feynman-Kac formula:

PUVE(2) = E[exp(— /0 Vit Xs)ds) fla+ Xt)} . (A.6)

From this definition the following is easily seen:

(i) If f is a nonnegative Borel measurable function, so is th’vf , and it satisfies
BPYPLTS) = PLLT (A7)

[P @
Rd

IN

/Rd |f(x)|Pdz, 1<p<oo. (A.8)

(i) If £ € Coo(RY), then PV € Coo(RY) and
1P Flloo < [1Flloos (A.9)

1PYVF — fllos — 0 ast |0, (A.10)

(iii) For two nonnegative Borel measurable functions f, g

PPV (@) g(a)de = [ f(x)PPYg(x)da. (A.11)
Rd Rd

By (i) and (ii), {th’v}tzo is a strongly continuous contraction semigroup on Cs (R?). By the
Riesz-Banach theorem there exists a finite measure P¥-V(t, z,dy) on R? such that

R = [ 1P ey, f e Cul®). (A12)
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Indeed, by noting (A.5), P¥"Y(t, x,dy) is absolutely continuous w.r.t. the Lebesgue measure dy
on R? and expressed as

PYV(t,xz,dy) = E[exp(— /Ot V(B&;y(as))ds)p(at,x - y)] dy, (A.13)

where Bg7(0) is defined in (3.13).

By (i) and (ii) again th,v is uniquely extended to a bounded operator on L,(R?), which is

denoted by the same th,v’ and thus {th’v}tzo is a strongly continuous contraction semigroup
on L,(R%). Clearly, for f € L,(R?)

thvvf(x) = ]E[exp(— /Ot V(z+ Xs)ds)f(ac + Xt)} a.e.

and, when p = 2, th,v is symmetric.

Let Qi}}b’v be the infinitesimal generator of {th’v}tzo on L,(R?) for 1 < p < 00, and on Co (R?)
for p = co. Their domains are denoted by D (&5").

Put

HY f(2) = — / (F@+9) — F(2) — (9. VF @)1y} (dy). (A.14)
R4\{0}

HYf(x) = HY f(z) + V(2)f(x). (A.15)

Claim A.1. (i) For f € S(RY), Hépf is in S(R?), and hence, for f € C§(RY), HVf €
Co(RY) N N Ly(RY).

1<p<oo

(ii) For f € C®(R?) N Ly(R?) (where 1 < p < o00), Hg)f is well-defined, i.e., the integral in
(A.14) is convergent for a.e. x, and Hg}f € Léoc(Rd). Also, for f € C®(R?) N Loo(RY), the
integral in (A.14) is convergent for every x and Hg}f c C(R?).

For the proof, cf. [I1].

Claim A.2. C°(RY) ¢ () D(&YY), and for f € CPRY), 64 f = —HV.

1<p<oco
Proof. Let f € C3°(RY).
We start with the proof that

Lpovr— ) s —HYf  in Csx(RY). (A.16)

Since HY f € Coo(R?) by Claim A.1, it is enough to check pointwise convergence (cf. Lemma
31.7 in [Sa]). To do so we apply It6’s formula for (A.4) to obtain

exp (— /Ot V(x+ Xs)ds)f(x + Xy)
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— fz) - /exp /V:):—i—X )V(x—i—XS)f(x—i—XS)ds

0

/t+/Rd\{0} exp /0 V(z+ X,) ) (f(x + Xo— +y)— flz+ Xs,)) 1151 M (dsdy)

t+ N
/ /Rd\{o} /0 Viz+ X, )dr) (f(x + Xe4y) - fla+ Xs,)) 111 M (dsdy)

+ /O/Rd\{o} exp(— /O V(x+ Xr)dr> (f(:c F X, +y) - flr+ Xy)
— (1, V(@ + X)) Ly M (dsdy).

Note that the third term on the RHS is a martingale, so that the expectation is zero. Taking
expectation and changing the variable s = to we have

1

LRIV (@) — f(x) + /

0

E[exp (— /Ow Viz+ Xr)dr> (V) (x+ Xw)} do
= /01 do /|y21 ]E[exp(— /Ota Viz+ Xﬁdr) (f(ac + Xio +y) — flx + Xm))] J(dy)

+ /01 do /0<|y<1E{exp(— /OtU V(x —|—Xr)dr) (f(ac + Xio +y) — flz+ Xi5)

— (5, V(o + Xir) ) | I (dy)

1 to
= /0 do /Rd\{O}E[exp(—/O V(:):—i—XT)dr)
x /01(1 —0)(y, V2 f(z + Xio + Oy)y)dd | J (dy), (A.17)

where the second equality is due to Taylor’s theorem with the aid of symmetry of J(dy). On
letting ¢ | 0 in the first equality of (A.17) we have (A.16) pointwise.

Next we prove for 1 < p < oo that
1% .
%(th’ f=1 o —Hf i Ly(RY). (A.18)
Since HY f € L,(R?) by Claim A.1, it is enough to check weak convergence (cf. Lemma 32.3 in

[Sa]).
First of all, we note by (A.17) that

sup [1(PPYF = flly < 00 for 1< p <o (A.19)
t>0
and that
lim hmsup/ |%(th’vf(:c) — f(z))|dx = 0. (A.20)
B=oo 410 Jig|>R
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Indeed, by the second equality of (A.17)

1
PPV (@) - f(2)] < /0 El|(V £)(z + Xio)|ldo

1 1
2 B 2 (0, o '
[ oy ) | =BV @+ Xio + 09t
(A.21)

Hence, by Minkowski’s inequality, Jensen’s inequality and Fubini’s theorem
V. 1/p
([, k@ - sppas) ™ < Wvilp+d [ Wl 197
Rd R4\{0}
which shows (A.19). To show (A.20), take Ry > 0 such that supp f C {z € R¢;|z| < Ro}, and
let R > Ry. Note that 1~ gh(z +y) = 15> rh(z + y)1|y>r-R, for h=f, Vf or V2f. Hence,
by (A.21),

[ 3@ - sl
|z|>R

. /1E[/$>R\(Vf)(x+Xw)]dx; 1 Xpo| > R—Ro]da

/ da/ ly|J (dy) / (1—6)do
R\{0}

<E[ [ VRt X+ )l [ Xio 9] 2 R R
|z|>R
1
< HVle/ P(Xi| > R — Ro)do

2\|V2f\|1/da/ W2 T(dy) B Xoo| + [y] = R — Ro).

Since hl%l Xis =0 a.s., by the Lebesgue—Fatou inequality
t

lim sup /M PP () — f()|da

t10

< YVl / do / 912dy) Timsp B+ Iyl > R~ o)

< UV / W[2 (dy),
ly|>R

,RO

and thus (A.20) follows.
Now we show weak convergence in L,(R?) of (A.18). When 1 < p < oo, let ¢ be the conjugate
exponent of p. For each g € L,(R?) and R > 0

(PP =+ HYf.9) < 13PPYF— )+ H flloo / l9(z)|da

lz|<R
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W,V 1/q
o [HET = Dl 1) ([ la@ras) ™

By (A.16), the first term tends to zero as ¢ | 0 for fixed R > 0, and the second term tends to
zero as R T oo. This shows weak convergence in L,(R?). Next, when p = 1, for each g € Lo (R?)
and R > 0,

‘/RdG(l’f’Vf(x) — f(x)) +wa(x))g(x)dx‘

<3P =D+ [ lg(@)lds

lz|<R

i (/I>R|%(th’vf(x) — f(a))|dx +/ IH"’f(w)ld:v)Hglloo.

|z|>R

Therefore, by (A.16) and (A.20), similarly we can show weak convergence in Li(R?). The proof
of Claim A.2 is complete. O

Remark. When V is further a C'*°-function and all its derivatives have polynomial growth, it

can be shown in exactly the same way as above that S(RY) ¢ (] D(65") and &Y = —HY
1<p<oo

on S(RY).

By Claim A.2, HY on C§°(R?) is closable as an operator in L,(R?), 1 < p < 00, or Coo(R?). Tt
is natural to ask whether or not its smallest closed extension agrees with —Qip’v. The following
theorem is an affirmative answer.

Theorem A.l. The smallest closed extension of HY = —6%”‘/\080(]&(1) in Ly(RY) (1 <p < o0)
(resp. HY = —@5&V1080(Rd) in Coo(RY)) agrees with —6%”‘/ (resp. —6%Y). In other words,
Cs°(RY) is a core of &5V (1 < p < o0).

Needless to say, this theorem for p = 2, the Ls-case, says nothing but that Hg) 4V is essentially
selfadjoint on C§°(R?).

In the same way as in [I1] and [I-Tsu] we prove this theorem. Take p € C§°(R%) such that p > 0,
suppp C {z € R |z| < 1} and [pa p(z)dz = 1. For 0 < § < 1 set ps(z) == (1/6)%p(x/d). For
u € LI°(R?), we denote the convolution u * ps by u’. Clearly v’ € C°(R?) and u’ — wu in
Li¢(R?) as 6 | 0.

Lemma A.1l. Let 1 < ¢ < 0o. Suppose u € Ly(R?) is such that Hg)u € L¢(RY), i.e., for some
f € LY(R) it holds that for any ¢ € CS°(RY)

f(z)p(x)dx —/ u(x)HSZ)(p(x)dx. (A.22)
Rd Rd

Then Hg}u‘S — Héﬁu in LY¢(RY) as 6 | 0.
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Proof. Since u € Ly(R?), u? € C®(R?) N Ly(R?). By Claim A.1, H{u’ € LI*(R?) or € C(RY)
according as 1 < ¢ < oo or ¢ = oo, and hence Hg} u® € LY°(R%). For the proof, it is enough to
check that Hép 0 = (Hépu)‘s.

By (A.22)

(H§u) ()

= / U(y)dy<—/ {pa(x—y—Z) —ps(r —y)
R RA\{0}
— (2, Vps(e = Y (W)) 1zt [ (d2) ) (A.23)
The integral on the RHS is convergent, because with ps(z —-) =: g € C°(R?), it is bounded by
o1 0@2) el 20gllgsiq1) + (1/2) fo o |2129(d2) [l 192l g1y Here when g = 1 or o0

we understand || -{|q/g—1) = || [loc OF ||-][1. Hence by noting that Vps(x—-)(y) = —(Vps)(z—y),
Fubini’s theorem gives us that

(@) = = [ g [ atwsto ===y~ [ uwpste =iy
R4\ {0} R4 R4
- 1|z|<1< -z, /Rd u(y)(Vps)(z — y)dy>)
— = [ W) @)~ Ll Ve @) (d2)
RN\ {0}
= Hy' (),
where the symmetry of J(dz) has been used. The proof is complete. O

Lemma A.2. (Kato’s inequality). Let 1 < g < oo. Suppose u € Ly(R?) is such that Hg)u €
Li¢(RY). Then the following distributional inequality holds:

sgnqu’u > Héﬁ|u|,
i.e. for any p € C°(RY) with ¢ >0,

[ i@ u@ed = [ u@]H
Rd Rd

Here sgnu is a bounded function on R¢ defined by

0
(sgnu)(x) := ‘ .
0.
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Proof. First let u € C®°(R?) N Ly(RY). By Claim A.1 Hg’u € LéOC(Rd) or € C(R?) according as
1 <g<ooorq=oco. Fore>0,set u.(z):=/Ju(x)??+e2. Clearly u. € C*°(R?) and u. > e.
Since |u(z)| |u(z + y)| < ue(z) ue(z + y) — €2, we have

—lu(@)| [u(z +y)| +u(@)® > —ue(z) ue(z +y) + ue(2)*.

By noting that 2u(x)Vu(z) = Viu(r)|? = Vue(r)? = 2u.(z)Vu.(z), this inequality gives us
that

—u(@){u(@ +y) — u(r) = (y, Vu(@))ljy <1}
= —u(@)u(z +y) +ul@)® + (y, u(@) Vu(@)) 1<
> —ue(@)ue(@ +y) + ue(2)” + (y, ue(2) Vue (2)) 1y <1
= —ue(@){uc(z +y) — ue(x) — (Y, Ve (x))1jy<1 }-

Integrating both sides by J(dy), we have u(:):)Hg}u(x) > ue(x)Héﬁug(x), or

U Jlu(z) > HYu(z). (A.24)

ue ()

Second let u € L,(R?) be such that Hg’u € Li¢(RY). Since u® = u * ps € C(RY) N L,(RY), it
holds by (A.24) that

u5 xT
<ua)i(l) HYud (2)p(x)de > HY (u®). () p(a)dx
R4 Rd

— [ e otari (A2

for any nonnegative p € C{°(R?). In (A.25) let 6 | O first and ¢ | 0 second. As & | 0,
Hépua — Hg’u in LY¢(R?) by Lemma A.1, and u® — u in L¢(R?). By taking a subsequence if
necessary we may suppose that u® — u a.e. Since |(u?). — u.| < |u? —u| and [u?/(u®).] < 1,
u®/(u®). — u/u. boundedly a.e. Hence, letting 6 | 0 in (A.25), we have

/Rd 175((:;)) Hy u(x)p(x)dz > /Rd ue(z)H o(x)dz. (A.26)

Finally, by |u. — |u|| < ¢ and |u/u.| < 1, we obtain that u/u. — sgnu boundedly as € | 0.
Consequently, letting ¢ | 0 in (A.26) yields that

/Rd(sgn u)(x)Héﬁu(x)w(x)d:r > /Rd \u(x)]Héﬁtp(x)dx
and the proof is complete. [l

Proof of Theorem A.1. First consider the Ly-case, 1 < p < oo. It suffices to show that Im (ng +
V+1) = (HS +V +1)(C°(RY)) is dense in Ly(R?). By the Hahn-Banach theorem, this is
further reduced to show the following: Let ¢ be the conjugate exponent of p. If v € L,(R%)
satisfies that (v, (HY +V + 1)p) = 0 for any ¢ € C§°(R?), then v = 0 in Ly (R%).
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Let v € Ly(R?) be as above. Then Hg’v = —(V 4 1)v and hence Hg’v € L¢(RY). By Lemma
A.2, it is seen that for any nonnegative ¢ € C§°(R?)

/ o) HY p(x)dz < / (s 0) () HY 0 () de
R4 R4

_ / V(@) + D)|o(@)p(x)dz,
Rd

and hence
lo(2)|(HY + 1)p(z)dr < 0. (A.27)
R4
Each ¢ € S(R?) can be approximated by a sequence {¢,}%; of C5°(R?) in the sense that

Yn — @ and (Hg) + 1), — (Hg’ +1)¢ in Ly(R?). If ¢ is moreover nonnegative, so are {¢, }2 ;.
Therefore (A.27) is valid for nonnegative ¢ € S(R?).

Now note that the resolvent (1 — Gﬁ;}b’o)*l is expressed as

o0

(1- 609 f(a) = / [ f (2 + X,)]dt.

0
Then it is not difficult to check that if f € S(R%), then (1 — &2")"1f € S(R?) and further, if
f is nonnegative, so is (1 — Gﬁ;’f’o)*lf. Also, by Remark following Claim A.2 (with V(z) = 0)
f=0-691 -6 = (HY +1)(1 — 82")~1f. Hence, by (A.27)

[ @i <o,
R4

whence it immediately follows that v = 0 and the proof in the L,-case is complete.

Next let us consider the C'y-case. In the same reason as above we have only to show that
(Hg’ + V + 1)(C§(R)) is dense in Coo(R?). For this let v € Coo(R?)*, the dual of Cuo(R?),
be such that (v, (Hg) +V +1)p) = 0 for any ¢ € C°(R?). By the Riesz-Banach theorem, v is
regarded as a finite signed Borel measure on R?, and thus

/Rd(Hgf +V +1p(z)v(de) =0 for any o € C5°(R%). (A.28)

Let 1° = v pg, ie., v2(2) == [pa ps(z—y)v(dy),x € R Then 1 € C°(RY)N Ly (RY). It follows
by Claim A.1 and by (A.28) that H 1% € C(R%) and

v = =0+ V) = [ (Vi) = Vst~ ).
By Lemma A.2, this implies that for nonnegative ¢ € C§°(R?)

| W @IHG p(e)da

< /R (s 1) () HY 12 () o) e

IN

- [ W@+ [ e [ V) - Vielste - vl

Rd
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where |v| is the total variation of v, and hence we have that for nonnegative ¢ € C$°(R?)

W @IHS + Detds < [ pla)ds [ V)~ Vi@lpste - nllidy. (229

Rd

Let f € S(R?) be nonnegative. Then, ¢ := (1 — 8%%)71f is in S(R?) and nonnegative, and
(Hg’ + V) = f. Set on(z) := o()x(|z|?/n?) with a x € C*°(]0,00) — R) such that 0 < y <1,
x#) =10 <t <1)and x(t) = 0 (t > 2). Clearly ¢, € C(R?), 0 < ¢, < ¢ and
supp ¢, C {;|z| < v2n}. Moreover ||¢, — ¢|lo and HHéﬁgon - Hg’goﬂoo — 0 as n — oo. From
(A.29) and this observation it follows that

/\y f (2 dx—/ WA @) (HY + Vpla)da

= [ @I + Dondr + | W @)IH + 1) - po)(w)ds

/ on(@)d / V(y) - V(@)|ps(z — m)lv|(dy)
+HIHE + 1) — on)lloo VI (RY)
lello [ o [ V) = V@laste — )

+ I + 1) = o) oo | (RY).
Here, recalling that ps(z) has support in {z;|z] < p}, we see that for each n € N

/ dz [ V() = V(@)|ps(x — v)lvl(dy)
z|<v2n R4

: /y|<\/§n+6 v|(dy) /Rd V(y) = V()lps(x —y)dz

B /y|§\/§n+5 vl(dy) /Icc|§1 V(y) = V(y+dz)|p(x)dx

IN

IN

— 0 asd | 0.
On the other hand, noting that 1% (x)dx — v(dx) weakly, we see that
/ 100 ()| (x d:c>‘/ Py @)z — | [ f@widn)| ass L0
Rd
Therefore it follows that [ f(z)v(dz) =0 for f € S(R?), f > 0, which implies that v = 0, and
the proof in the Cy,-case is complete. O
In this paper we have denoted the semigroups th’o and th,v by e~tH5 and eft(H:)uV), respec-

tively, taking Theorem A.1l into account. With the general theory ([Trot], [Ch]) we have taken
for granted that the Trotter product formula holds in the strong topology of L,(R%) or Coo(R?):

. _tHY _ . — _tHY —
s lim (6 tH /ne tV/n)n — s lim (6 15\//271€ tH /n€ tV/2n)n
n—o0 n—o0
. _tHY _ s = _t(HY
— 5- lim (6 tH§ /2n6 tV/n6 tH§ /Qn)n — e t(Hg +V).
n—00
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