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Abstract

We prove upper and lower bounds on the free energy of the Sherrington-Kirkpatrick model with
multidimensional spins in terms of variational inequalities. The bounds are based on a multidi-
mensional extension of the Parisi functional. We generalise and unify the comparison scheme
of Aizenman, Sims and Starr and the one of Guerra involving the GREM-inspired processes and
Ruelle’s probability cascades. For this purpose, an abstract quenched large deviations principle
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of the Gartner-Ellis type is obtained. We derive Talagrand’s representation of Guerra’s remain-
der term for the Sherrington-Kirkpatrick model with multidimensional spins. The derivation is
based on well-known properties of Ruelle’s probability cascades and the Bolthausen-Sznitman
coalescent. We study the properties of the multidimensional Parisi functional by establishing a
link with a certain class of semi-linear partial differential equations. We embed the problem of
strict convexity of the Parisi functional in a more general setting and prove the convexity in some
particular cases which shed some light on the original convexity problem of Talagrand. Finally,
we prove the Parisi formula for the local free energy in the case of multidimensional Gaussian a
priori distribution of spins using Talagrand’s methodology of a priori estimates.

Key words: Sherrington-Kirkpatrick model, multidimensional spins, quenched large deviations,
concentration of measure, Gaussian spins, convexity, Parisi functional, Parisi formula.
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1 Introduction

The Sherrington-Kirkpatrick (SK) model of a mean-field spin-glass has long been one of the most
enigmatic models of statistical mechanics. The recent rigorous proof of the celebrated Parisi for-
mula for its free energy, due to Talagrand [30], based on the ingenious interpolation schemes of
Guerra [17] and Aizenman, Sims, and Starr [[1] constitutes one of the major recent achievements of
probability theory. Recently, these results have been generalised to spherical SK-models [29] and to
models with spins taking values in a bounded subset of R [21].

In this paper, we are mainly concerned with the question of the validity of the Parisi formula in
the case where spins take values in a d-dimensional Riemannian manifold. We address the issue of
extending the approach of Aizenman, Sims and Starr, and the one of Guerra to the multidimensional
spins. We study the properties of the multidimensional Parisi functional. Motivated by a problem
posed by [31], we show the strict convexity of the local Parisi functional in some cases.

We partially extend Talagrand’s methodology of estimating the remainder term to the multidimen-
sional setting. In the case of the multidimensional Gaussian a priori distribution of spins we prove
the validity of the Parisi formula in the low temperature regime.

Definition of the model

Let & c R? and denote =y = =N. We define a family of Gaussian processes X = {X (0)}sex, as
follows

1 &
X(0)=Xy(0) =~ D &,(000)), (1.1)
i,j=1
where the interaction matrix G = {g; }ﬁv =1 consists of i.i.d. standard normal random variables and,
for x,y € RY, (x,y) = 25:1 x,Y, is the standard Euclidean scalar product. In what follows all

random variables and processes are assumed to be centred. We shall call Hy(o) = —vNXy(0) a
random Hamiltonian of our model.
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Throughout the paper we assume that we are given a large enough probability space (£2, #,P) such
that all random variables under consideration are defined on it. Without further notice we shall
assume that all Gaussian random variables (vectors and processes) are centred.

We shall be interested mainly in the free energy
1
pn(B) = ﬁlogf exp (BVNX(0)) du® (o), (1.2)
Zy

where 8 > 0 is the inverse temperature and u € #¢(%) is some arbitrary (not necessarily uniform or
discrete) finite a priori measure. We assume that the a priori measure u is such that (1.2) is finite.
We shall be interested in proving bounds on the thermodynamic limits of these quantities, e.g., on

p(B)= NlTiinpr(ﬁ)- (1.3)

Remark 1.1. Note that there is no need to include the additional external field terms into the Hamilto-
nian (1.1), since they could be absorbed into the a priori measure .

Mean-field spin-glass models (see, e.g., [7]) with multidimensional (Heisenberg) spins were consid-
ered in the theoretical physics literature, see, e.g., [25] and references therein. Rigorous results are,
however, rather scarce. An early example is [15], where the authors get bounds on the free energy in
the high temperature regime. Methods of stochastic analysis and large deviations are used in [34] to
identify the limiting distribution of the partition function and also to obtain some information about
the geometry of the Gibbs measure for small 5. More recent treatments of the high temperature
regime using the very different methods are due to Talagrand [27], see also [28, Subsection 2.13].
The importance of the SK model with multidimensional spins for understanding the ultrametricity
of the original SK model [26] (which corresponds to d = 1 and u being the Rademacher measure in
the above notations) was emphasised in [33].

For the SK model, Guerra’s scheme gave historically the first way to obtain the variational upper
bound on the free energy in terms of the Parisi functional. The scheme is based on the comparison
between two Gaussian processes: the first one being the original SK Hamiltonian (1.1) and the other
one being a carefully chosen GREM inspired process indexed by o € X),. The second important in-
gredient is a recursively defined non-linear comparison functional acting on the Gaussian processes
indexed by o € Zy.

The Aizenman-Sims-Starr (AS?) scheme [1; 2] gives an intrinsic way to obtain variational upper
bounds on the free energy in the SK model. The scheme is also based on a comparison between
two Gaussian processes. The first process is the sum of the original SK Hamiltonian X and a
GREM-inspired process indexed by additional index space .o/ = N". The second one is another
GREM-inspired process indexed by the extended configuration space Xy X .. The scheme uses a
comparison functional defined on Gaussian processes indexed by the extended configuration space
equipped with the product measure between the original a priori measure and Ruelle’s probability
cascade (RPC) [24]. The role of the comparison functional in the AS? scheme is played by a free
energy functional acting on the Gaussian processes indexed by the extended configuration space. In
[22] Panchenko and Talagrand have reexpressed Guerra’s scheme for the SK model using the RPC.

Talagrand [30] using Guerra’s scheme and the wealth of other ingenious analytical insights showed
that the variational upper bound is also the lower bound for the free energy in the SK model. This
established, hence, the remaining half of the Parisi formula.
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A particular case (d = 1, u with bounded support) of the model we are considering here was treated
by Panchenko in [21]. He used the techniques of [30] to prove that in the case d = 1 upper and
lower bounds on the free energy coincide (cf. (1.14) and in this chapter). However, the
results of [21, Section 5 and the proofs of Theorems 2, 5 and 9] are based on relatively detailed
differential properties of the optimal Lagrange multipliers in the saddle point optimisation problem
of interest. These properties are harder to obtain in multidimensional situations such as that we
are dealing with here. In fact, as we show in Theorems and (1.2, one can obtain the same
saddle point variational principles without invoking the detailed properties of the optimal Lagrange
multipliers. This is achieved using a quenched large deviations principle (LDP) of the GAd'rtner-Ellis
type.

The most advanced recent study of spin-glass models with multidimensional spins was attempted
by Panchenko and Talagrand in [23], where the multidimensional spherical spin-glass model was
considered. The authors combined the techniques of [30;21] to obtain partial results on the ultra-
metricity and also get some information on the local free energy for their model.

Main results

In this paper, we prove upper and lower bounds on the free energy in the SK model with multidi-
mensional spins in terms of variational inequalities involving the corresponding multidimensional
generalisation of the Parisi functional (Theorems[1.1}[1.2}5.1,/5.18). For this purpose, we gener-
alise and unify the AS? and Guerra’s schemes for the case of multidimensional spins, and employ
a quenched LDP which may be of independent interest (Theorems and[3.2). Both schemes are
formulated in a unifying framework based on the same comparison functional. The functional acts
on Gaussian processes indexed by an extended configuration space as in the original AS? scheme. As
a by-product, we provide also a short derivation of the remainder term in multidimensional Guerra’s
scheme (Theorem 5.4) using well-known properties of the RPC and the Bolthausen-Sznitman coa-
lescent. This gives a clear meaning to the remainder in terms of averages with respect to a measure
changed disorder. The change of measure is induced by a reweighting of the RPC using the expo-
nentials of the GREM-inspired processg. See [22] for another approach in the case of the SK model
(d=1).

We study the properties of the multidimensional Parisi functional by establishing a link between
the functional and a certain class of non-linear partial differential equations (PDEs), see Proposi-
tions 6.1, and Theorem [6.2. We extend the Parisi functional to a continuous functional on a
compact space (Theorems|6.1,/6.2). We show that the class of PDEs corresponds to the Hamilton-
Jacobi-Bellman (HJB) equations induced by a linear problem of diffusion control (Proposition|6.4).
Motivated by a problem posed by [31]], we show the strict convexity of the local Parisi functional in
some cases (Theorem 6.4).

We partially extend Talagrand’s methodology of estimating the remainder term to the multidimen-
sional setting (Theorem 5.4, Proposition 7.1, Theorem [7.1). In the case of multidimensional Gaus-
sian a priori distribution of spins we prove the validity of the Parisi formula (Theorem|1.3).

We partially extend Talagrand’s methodology of estimating the remainder term to the multidimen-
sional setting (Theorem 5.4, Proposition|7.1, Theorem 7.1). Though the main technical problem of
the methodology in the general multidimensional setting remains (Remark|7.5). In the case of the

In d = 1 the latter fact was also known to the author of [3], private communication.
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multidimensional Gaussian a priori distribution of spins we prove the validity of the Parisi formula
(Theorem[1.3).

Below we introduce the notations, assumptions and formulate our main results. The other results
(mentioned above) are formulated and proved in the subsequent sections.

Assumption 1.1. Suppose that the configuration space . is bounded and such that 0 € intconvZ,
where conv X denotes the convex hull of 2.

The examples listed below verify this assumption:
1. Multicomponent Ising spins. ¥ = {—1;1}¢ — the discrete hypercube.
2. Heisenberg spins. ¥ = {0 eRrRY: o, = 1} — the unit Euclidean sphere.

3. 2= {o eRY: o, < 1} — the unit Euclidean ball.

Remark 1.2. The boundedness assumption can be relaxed and replaced by concentration properties of
the a priori measure. In Section [8lwe will exemplify this in the case of a Gaussian a priori distribution.
In general a subgaussian distribution will suffice.

Consider the space of all symmetric matrices Sym(d) = {A eRI| A= A*}. Denote
Sym*(d) = {A € Sym(d) | A = 0},

where the notation A = 0 means that the matrix A is non-negative definite. We equip the space
Sym(d) with the Frobenius (Hilbert-Schmidt) norm

d
IMIZ= D" M2, M eSym(d).
u,v=1

We shall also denote the corresponding (tracial) scalar product by (-, ). For r > max{Ilall% o €ex},
define

% ={U € Sym(d) | U =0,||U|l; <r}.

We will call the set % the space of the admissible self-overlaps. In analogy to the usual overlap in the
standard SK model, we define, for two configurations, oW = (0(11) , og), e, 01(\})) eXy,i=1,2, the
(mutual) overlap matrix Ry(c), 0®)) € R¥? whose entries are given by

Ly’

1 &
RN(O(D, U(Z)L,v = N E oglu)a@ u,ve[1;d]NN. (1.4
i=1

Fix an overlap matrix U € % . Given a subset ¥ C %, define the set of the local configurations,

Next, define the local free energy

1
py(¥) = N logf ePVNX(0) g N (o). (1.5)
()
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We also define
p(¥)=p(B,V)= lim py(¥), (1.6)
NT+o00

where the existence of the limit follows from a result of Guerra and Toninelli [19, Theorem 1].

Consider a sequence of matrices 2 = {Q®) Sym(d)}Z:(l) such that
0=Q®W<QW<...<Q" =y, 1.7

where the ordering is understood in the sense of the corresponding quadratic forms. Consider in

addition a partition of the unit interval x = {xk}Z:é, ie.,
O=xpg<x;<...<x,1=1 (1.8)

Let {z(k)}zzo be a sequence of independent Gaussian d-dimensional vectors with
Cov I:Z(k):l — Q(k"rl) _ Q(k).

Given A € Sym(d), define

Xn1(x, 2,U,N) = logfZ exp (\/5[5 <zn:zk, O'> + (Aa,o)) du(o). (1.9)
k=0
Define, for k € {n,...,0}, by a descending recursion,
Xi(x,2,U,N) = XlklogIEz(k) [exp () Xpy1(x, 2,U,A)) ] (1.10)
with
Xo(x,2,U,A) =E,©0 [Xi(x,2,U,N)], (1.11)

where E,«x [ -] denotes the expectation with respect to the o-algebra generated by the random vector
(k)
Z,

Remark 1.3. Section contains the more general framework of dealing with the recursive quanti-
ties (1.11) which in particular brings to light the links with certain non-linear parabolic PDEs. For
these PDEs the recursion (1.2) is closely related to an iterative application of the well-known Hopf-Cole
transformation, see, e.g., [14].

Define the local Parisi functional as

n

2
f(x,2,U,A)=—(A,U) - % D x (1IRE V2 = 1QW]12) + Xo(x, 2,U, A). (1.12)
k=1

Assumption 1.2 (Hadamard squares). We shall say that a sequence, {Q(i)}?zl, of matrices satisfies
Assumption 1.2, if

(@V)% <. < (@)% < (1), (1.13)
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Remark 1.4. The above assumption on the matrix order parameters & is necessary only to employ
the AS? scheme. In contrast, Guerra’s scheme (Theorems 5.1 and 5.18) does not require the above
assumption.

One may verify that the matrices ¢ and p in [28, Theorems 2.13.1 and 2.13.2] correspond to the
matrices Q1) and Q® of this paper (n = 1). (See also (1.25) below.) Furthermore, a straightforward
application of the Cauchy-Schwarz inequality shows that the matrices q and p actually satisfy As-
sumption|1.2. We also note that in the simultaneous diagonalisation scenario in which the matrices
in (1.7) are diagonalisable in the same orthogonal basis (see Sections|6.3/and|8.2) this assumption
is also satisfied.

The first main result of the present paper uses the AS? scheme to establish the upper bound on the
limiting free energy p(f8) in terms of the saddle point problem for the local Parisi functional (1.12).

Theorem 1.1. For any closed set ¥ C Sym(d), we have

p(¥)< sup inf f(x,2,A,U), (1.14)
vevna (x,2,A)

where the infimum runs over all x satisfying (1.8), all £ satisfying both (1.7) and Assumption 1.2
and all A € Sym(d).

We were not able to prove in general that the rh.s. of (1.14) gives also the lower bound to the
thermodynamic free energy. See, however, Theorem 1.3 for a positive example.

To formulate the lower bound on (1.3) we need some additional definitions.

Let the comparison index space be .o = N". Given a'V, a® € .7, define
Qa®), @) = Qlata®.a®) (1.15)

where gq; (P, a®®) is the (normalised) lexicographic overlap defined as follows

(1) (2)
0, a a
qL(a“),a(z))EH{ s (1.16)

max{k e[1;n]NN: [aP], = [a(z)]k} , otherwise.
Given a d X d-matrix M and p € R, we denote by M®P the d x d-matrix with entries

(M°7),,, = (Ma,)"

The matrix valued lexicographic overlap (1.15) can be used to construct the multidimensional (d >
1) versions of the GREM (see, e.g., [8] and references therein for a review of the results on the one-
dimensional case of the model). Here we shall need the following two GREM-inspired real-valued
Gaussian processes: A= {A(0, @)} gen, qe.y and B = {B(a)}4e.y with covariance structures

E [A(c®M,aM)A(0c®, a®)] = 2(R(c™, 0®),Q(a, a®)),
E [B(a™)B(a®)] = Q(a™,a®)|2.

Note that the process A can be represented in the following form:

2 1/2 N
Alo,a) = (N) Z(Ai(a),oi), (1.17)
i=1
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where {A; = {A; (W)} per }’i\’: , are the i.i.d. (for different indices i) Gaussian R9-valued processes with
the following covariance structure: for i € [1;N] NN, for all aD a® e of and all u,v € [1;d] NN
assume that the following holds

E [Ai(@M)Ai(a®), ] =(a®,a®),,.
Given t € [0; 1], we define the interpolating AS?> Hamiltonian
H, (0, a) = VT (X(0) +B(a) + /1 - tA(o, ). (1.18)
Next, we define the random probability measure 7y € #;(Xy X .&¢) through
ny =N ®E,

where £ = &(x) is the RPC [24]. We denote by {&(a)},c.s the enumeration of the atom locations
of the RPC and consider the enumeration as a random measure on .« (independent of all other
random variables around). Define the local AS? Gibbs measure Yy(t,x,2,U,¥) by

(o, a)e" NP dm, (0, ), (1.19)
Iy (V)%

%N(t,x,Q,U,“I/) [f] = m

where f : Xy X .o/ — R is an arbitrary measurable function for which the right-hand side of (1.19)
is finite. For ¥ c %, define the AS? remainder term as

‘%N(X:Q) U: /1/)

1

1

= _EJ E [(gN(trx: Q; U, ’1/)® (gN(t;X, Q, U, ’1/) |:||RN(O-(1), 0'(2)) —Q(a(l)’ a(z))“%]] dt (1.20)
0

We define also the limiting AS? remainder term

R(x,2,U)= lim lim Zy(x,2,B(U,¢)) <0, (1.21)
el+0NToo

where B(U, ¢) is the ball with centre U and radius ¢. (The existence of the limiting remainder term
is proved in Theorem(1.2.)

The second main result of this paper uses the AS? scheme to establish a lower bound on
in terms of the same saddle point Parisi-type functional as in the upper bound which includes,
however, the non-positive remainder term (1.21). In one-dimensional situations Talagrand [30]
and Panchenko [21], respectively, have shown that the corresponding error term vanishes on the
optimiser of the Parisi functional.

Theorem 1.2. For any open set ¥ C Sym(d), we have

p(¥)=> sup inf [f(x,2,AU)+Z(x,2,U)], (1.22)
veynu (X:Q:A)

where the infimum runs over all x satisfying (1.8), all A € Sym(d), and all £ satisfying both (1.7)
and Assumption(1.2.
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Remark 1.5. The comparison scheme of Guerra [17] (see also more recent accounts [32], [18] and
[2]) is also applicable to our model and is covered by our quenched LDP approach, see Theorems|5.1]
and |5.18 for the formal statements. Guerra’s scheme seems to be more amenable (compared to the
Aigenman-Sims-Starr one) for Talagrand’s remainder estimates [30], see Section [7. The scheme is
based on the following interpolation

H,(o,a)=VtX(0)+ /1 - tA(o,a) (1.23)

which induces the corresponding local Gibbs measure (1.19) and remainder term (1.20) by substituting
(1.18) with (1.23). Guerra’s scheme does not include the process B and, hence, does not require As-
sumption|1.2. Recovering the terms corresponding to ®y(x, % )[B] (see, (4.23)) in the Parisi functional
requires then a short additional calculation (Lemmal5.1).

Note that the results of Talagrand [28, Theorems 2.13.2 and 2.13.3] imply that at least in the high
temperature region (i.e., for small enough f3) the Parisi formula for the SK model with multidimen-
sional spins is valid with n =1

p(B)=f(x,2%,0,U%)=sup inf f(x,2,A,U), (1.24)
vew (2,A)

where the matrices Q*® = U* and Q*(!) solve the following system of equations:

8Q(z)f(x,£*,0, U*)=0, u,ve[l;d]NN,

(1.25)
anf(x,.,@*,o, U)=0, u,vel[l;d]nN.

Note that the system (1.25) coincides with the mean-field equations obtained in [28, see (2.469)
and (2.470)].

Let ¥ = R? and fix some vector h € R%. Let u € .#(%) be the finite measure with the following
density (with respect to the Lebesgue measure A on X0)

du detC 1/2 1
—(0) = (Zn)d exp (_§<CU’ o)+ (h, a)) , (1.26)

where C € Sym*(d). Note that, given m € R? and C € Sym™(d) such that detC # 0, the density
(1.26) with h = Cm coincides (up to the constant factor exp (—%(Cm, m))) with the Gaussian

density with covariance matrix C~! and mean m.

Remark 1.6. It turns out that only matrices C with sufficiently large eigenvalues will result in finite
global free energy, cf. Lemmal8.8] The local free energy is, in contrast, always finite, see Lemma
and Theorem

Consider the function f : (0 : +00)? — R given by

B?u? +logcu —cu+1, u € (0;

;127
213
(2\/_[5—c)u+log———(1+log2) ue( (1.27)

fle,u)= 40
26° :

The following result shows that, at least, in the highly symmetric situation (1.26) with h = 0 the
multidimensional Parisi formula indeed holds true (see Lemma 8.7 for an explanation why the result
is indeed a Parisi formula).
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Theorem 1.3. Let u satisfy (1.26) with h = 0. Assume that the matrices U and C are simultaneously
diagonalisable in the same basis. Denote by {c, € R +}$:1 and {u, € R +}§:1 the eigenvalues of the
matrices C and U, respectively. Moreover, assume that min, u,, > 0 and min,, ¢, > 0.

Then we have
d
li li Yn(B(U = .
lim tim_py(%y(B(U,e))) ;f(cwuv)

Remark 1.7. Close results have previously been obtained in the case of the spherical model in [23],
from where we borrow the general methodology of the proof of the Theorem[1.3l As noted in [23],
another more straightforward way to obtain the Theorem|1.3 is to diagonalise the interaction matrix G
and use the properties of the corresponding random matrix ensemble.

Organisation of the paper

The rest of the present paper is organised as follows. In Section|2 we record some basic properties
of the covariance structure of the process X and establish the relevant concentration of measure
results. The section contains also the tools allowing to compare and interpolate between the free
energy-like functionals of different Gaussian processes. In Section [3|we derive a quenched LDP of
the GAd'rtner-Ellis type under measure concentration assumptions. Section |4 contains the derivation
(based on the AS? scheme) of the upper and lower bounds on the free energy of the SK model with
multidimensional spins in terms of the saddle point of the Parisi-like functional. In Section 5/ we
employ the ideas of Guerra’s comparison scheme in order to obtain the upper and lower bounds
on the free energy and we also get a useful analytic representation of the remainder term. In
Section |6/ we study the properties of the multidimensional Parisi functional. Section |7/ contains the
partial extension of Talagrand’s remainder term estimates to the case of multidimensional spins.
In Section (8 a case of Gaussian a priori distribution of spins is considered and the corresponding
local Parisi formula is proved. In the appendix we prove the almost super-additivity of the local free
energy, as an application of the Gaussian comparison results of Subsection (2.3}

2 Some preliminary results

2.1 Covariance structure

Our definition of the overlap matrix in (1.4) is motivated by the fact that, as can be seen from a
straightforward computation

d
E [Xy(@DXy(0®)] = > (Ry(0®,0?),,)" = IRy(c™, 0 )2, @.1)

u,v=1

that is, the the covariance structure of the process Xy (o) is given by the square of the Frobenius
(Hilbert-Schmidt) norm of the matrix Ry (o™, ). The basic properties of the overlap matrix are
summarised in the following proposition.

Proposition 2.1. We have, for all oW, o3 o e 2N
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1. Matrix representation. Ry (o™, c®) = % (0(1))* o),
Symmetry #1. Ry (o, 0®) =R} (0@, oW).
Symmetry #2. Ry'(0,0) =Ry"(0,0).

Non-negative definiteness #1. Ry(o,0) = 0.

o A LN

Non-negative definiteness #2.

RN(O'(D,O'(D) RN(O'(D,O'(Z))
Ry(0®, 0@y Ry(0®,0®)| =

6. Suppose U =Ry(cP,cM) =Ry (0@, @), then
IR(c™W, c@)|I2 < U2,

Proof. The proof is straightforward. O

2.2 Concentration of measure

The following concentration of measure result for the free energy is standard.

Proposition 2.2. Let (X, &) be a Polish space. Suppose u is a random finite measure on X. Sup-
pose, moreover, that X(o), o € X is the family of Gaussian random variables independent of u which
possesses a bounded covariance, i.e.,

there exists K > 0 such that  sup | Cov(X(c™M),Xx(c@®))| <K. (2.2)
o) oc@exn
Assume that
fx)= logf X@du(o) < co.
b3
Then

2
P{lf(X)-E[f(X)]| >t} < 2exp (—;—K) :

Remark 2.1. An analogous result was given in a somewhat more specialised case in [21 ].
Proof. This is an adaptation of the proof of [28, Theorem 2.2.4]. We can not apply the comparison
Theorem 2.5 directly, so we resort to the basic interpolation argument as stated in Proposition

For j = 1,2, let the processes X(-) be the two independent copies of the process X(-). For t € [0;1],
let

X =VtX;+/1-tX
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and
Fi(t)= logJ exp (Xj,t(o)) du(o).
Q

For s € R, let
¢s(t) =E [exp (s(F; — Fp)) ] .
Hence, differentiation gives
¢s(t) = SE [exp (s(Fy — F)) (Fy — Fy)] (2.3)

(the dots indicate the derivatives with respect to t) and also
. 1 -1
()= (| e (X5,(0) du(e)
b3
X J (712%;(0) = (1= 0)7V2X(0)) exp (X (o)) du(o). (2.4)
X

Now, we substitute (2.4) back to (2.3) and apply Corollary(2.1 to the result. After some tedious but
elementary calculations we get

-1
5,(t) =5E [exp (s(Fy — F)) ( f expX, . (0)du(o) f expxg,t(a)du(a))
z z

f Cov(X (™M), X (0P exp (X1, (™) +Xz,t(a@))du(o(”)du(o@))} '
%

Thus, thanks to (2.2)), we obtain

¢5(1) < Ks?p(t).
The conclusion of the theorem follows now exactly as in the proof of [28, Theorem 2.2.4].

O

We now apply this general result to the our model and also to the free energy-like functional of the
GREM-inspired process A.

Proposition 2.3. Suppose 3 C B(0,r), for r > 0. For Q) C Xy, denote

PY(B, ) = logf exp (VNBXy(0)) du®N (o),
Q

and
N

PI\C,"REM([J’,Q) = logf exp ([5 \/EZ(Ai(a),oi)) dny(o,a).

QX .of i=1

Then, for all Q C %y, we have
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1. Forany t >0,

2
P{ P]‘\SIK([:},Q) —E I:P]‘\S[K([j’ﬂ):l . > t} <2exp (—m) . (2.5)
2. Forany t >0,
£2
P{‘PI\C;‘REM([S’Q) ) I:PﬁREM(/j’Q):I ‘ > t} <2exp (_—8ﬁ2r4N) . (2.6)

Proof. 1. We would like to use Proposition[2.2. By (2.1) and the Cauchy-Bouniakovsky-Schwarz
inequality, we have, for all N € N, oW, @ e Yy, that

1 &
Cov(Xy (oM, @) = IIRN(U(U,U(Z))IIE =2 Z <U§1)’U§1)><‘752):U§2)> <4, 2.7)
ij=1

Hence, for all N € N and all subsets €2 of ¥, we obtain

sup  |Cov(X(cM),X(c®))| < r*.

oW oPex
Thus (2.5) is proved.
2. We fix an arbitrary N € N, 0V, c@ e 5, aV, a® € .o7. We have

COV(A(O'(D, a(l)),A(a(z), a(Z))) -k [A(U(l), a(l))A(o(z), a@))]
N
= S0, a®)0, o)
i=1

Bound (2.7) implies that, for any U € %, we have ||U||, < r2. Since Q(a'V,a®) € %, we
obtain

1 2 2
1Q(a™, a®)o®, o) < [1Q(a™®, a®) I llo Pl llo Pl

< llQ(a™, a®)|r* < 1,

Therefore, using Proposition 2.2, we obtain (2.6).

2.3 Gaussian comparison inequalities for free energy-like functionals

We begin by recalling well-known integration by parts formula which is the source of many compar-
ison results for functionals of Gaussian processes.

Let F : X — R be a functional on a linear space X. Given x € X and e € X, a directional (Gdteaux)
derivative of F at x along the direction e is

OrreF(x) = O,F(x + te) o (2.8)
t=

With this notation the following lemma holds.
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Lemma 2.1. Let {g(i)};e; be a real-valued Gaussian process (the set I is an arbitrary index set), and h
be some Gaussian random variable. Define the vector e € R as e(i) = E [hg(i)], i€l Let F : Rl - R
such that, for all f € RL, the function

Rot—F(f +te)eR (2.9)

is either locally absolute continuous or everywhere differentiable on R. Moreover, assume that the
random variables hF(g) and J,..,.F(g) are in L.

Then
E[hF(g)] =E [ 85-..F(g)] - (2.10)

The previous proposition coincides with [21, Lemma 4] (modulo the differentiability condition on
(2.9) and the integrability assumptions which are needed, e.g., for [5, Theorem 5.1.2]).

The following proposition connects the computation of the derivative of the free energy with respect
to the parameter that linearly occurs in the Hamiltonian with a certain Gibbs average for a replicated
system.

Proposition 2.4. Consider a Polish measure space (3, &) and a random measure y on it. Let X =
{X(0)}gex and Y = {Y(0)},ex be two independent Gaussian real-valued processes. For u € R, we
define

H,(oc)=uX(o)+Y (o).

Assume that, for all u € [a, b] € R, we have

J exp (H,(0)) du(o) < oo,JX(cr)exp (H,(0))du(o) < o0

almost surely, and also that

E [logj exp (H,(0)) d,u(o)] < 00.

Then we have

d

o [log J eHu(G)du(a)} =uE [9%(w) ® ¥(u) [VarX (o) — E[X(0),X(1)]]],

where 4(u) is the random element of .#,(%) which, for any measurable f : ¥ — R, satisfies

9w [f] = f £(0)exp (Hy(0)) du(r).

1
Z(u)
Proof. We write

H,(o)

d e
o logf e @du(o) = fX(O‘) du(o), (2.11)

Z,(B)
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where Z,(B) = feﬁHu(U)du(a). The main ingredient of the proof is the Gaussian integration by
parts formula. Denote, for T € %, e(1) =E [X(0)H,(7)]. By (2.10), we have

efu(o) efu(o)
E[X(O)Zu(ﬁ):| =E BX (m) (X;e) . (2.12)

Due to the independence, we have

E [X(0)H,(7)] =uE [X(0),X(7)].

Henceforth, the computation of the directional derivative in (2.12) amounts to

i eHu(cr)+tuVar(o)
E feHu(r)-HuCov(a,T)d‘u(T)
-2
= (f eHU(")dM(U)) (uVarX(o)eH“(a)f Mgy (1)

— () f uCov [X(0),X(7)] eH“(”du(T)) : (2.13)

Substituting the r.h.s. of (2.13) into (2.11), we obtain the assertion of the proposition. O

The following proposition gives a short differentiation formula, which is useful in getting comparison
results between the (free energy-like) functionals of Gaussian processes.

Proposition 2.5. Let (X(0))gex, (Y(0))sex be two independent Gaussian processes as before. Set

H,(o)=VtX(o)+/1—-tY(0).

Assume that

f er(U)du(U) < oo,JX(G)er(U)dM(O') < 00,

J Y(0)e" @ du(o) < 0o

almost surely, and also that, for all t € [0;1],

E [logJ er(U)du(a)i| < 00.

E [logJ ex(g)du(a):| =E [logj eY(U)du(a):|

1
— % L Y(t)® ¥(t) [(VarX(a(l)) — Var Y(a(l)))

Then we have

— (Cov [X(c™),X(c?)] = Cov [Y(c™M), Y (c)]) ] dt, (2.14)
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where ¥%(t) is the random element of .#(X) which, for all measurable f : ¥ — R, satisfies

90 [f] = J f(o)exp (H,(0)) du(o). (2.15)

Z (t)
Proof. Let us introduce the process

Wyy(o) =uX (o) +vY (o).
Hence,

Ht(U)ZWﬁ,m(U)- (2.16)

d . 1(1 90
i (o) - — | —_— Wu,v(o')
th [logJ e d,u(a)} 2 (ﬁauE |:logJ e du(a)}

— 1 iE log eWu’V(U)dM(O-)
V1i—tadv

Applying Proposition 2.4/and f 01 -dt to the previous formula, we conclude the proof. O

Thus

u=+t,y=v1-t

3 Quenched Girtner-Ellis type LDP

In this section, we derive a quenched LDP under measure concentration assumptions. Theorems
and (3.2 give the corresponding LDP upper and lower bounds, respectively. The proofs of the LDP
bounds will be adapted to get the proofs of the upper and lower bounds on the free energy of the
SK model with multidimensional spins. However, they may be of independent interest.

Note that the existing “level-2" quenched large deviation results of Comets [10] are applicable only
to a certain class of mean-field random Hamiltonians which are required to be “macroscopic” func-
tionals of the joint empirical distribution of the random variables representing the disorder and
the independent spin variables. The SK Hamiltonian can not be represented in such form, since
the interaction matrix consists of i.i.d. random variables. Moreover, it is assumed in [10] that the
Hamiltonian has the form Hy (o) = NV (o), where {V(0)},ey, is a random process taking values
in some fixed bounded subset of R. Since the Hamiltonian of our model is a Gaussian process, this
assumption is also not satisfied, due to the unboundedness of the Gaussian distribution.

3.1 Quenched LDP upper bound

The following assumption will be satisfied for the applications we have in mind. As is clear from
what follows, much weaker concentration functions are also allowed.

Assumption 3.1. Suppose {Qy}3_; is a sequence of random measures on a Polish space (%, X).
Assume that there exists some L > 0 such that for any Qp-measurable set A C X we have

2
P {|logQy(A) — E[IOgQN(A)]|>t}<exp( LtN) 3.1
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Note that Assumption 3.1 will hold in the cases we are interested in due to Proposition|2.2|

Lemma 3.1. Suppose {Qy}3_; is a sequence of random measures on a Polish space (% ,X) and for
{A, c X :re{l,...,p}} is a sequence of Qy-measurable sets such that, for some absolute constant
L > 0 and some concentration function ny(t) : R, — R, with the property

+00
fo ny(tN)dt m 0, (3.2)
we have
P{|logQy(A,) —E [logQn(4,)]| > t} < ny(0). (3.3)
Then we have
1 p
NlTifrnOO NIE |: logQy (F_L_JlAr) — rEE??fp}E [logQn(A.)] H =0. (3.4

Remark 3.1. As is easy to extract from Assumption |3.1] we will apply this result in the very pleasant

situation, where
£2
t)=ex - .
rn(t) P( LN)

However, our subsequent results hold for substantially worse concentration functions satisfying (3.2).

Proof of Lemma|3.1. First, (3.3) gives

.....

Since, for a, b € RP, the following elementary inequality holds

maxa, —maxb,| < max|a, — b, |,
r r r

we get
IP{ > t} < pnn(tN).

The last equation in turn implies that

max logQy(A,)— max E[logQy(A,)]
ref{l,...,p} ref{l,....,p}

1 +00
—E |: max logQy(A,)— max E[logQy(A,)] H < pf ny(tN)dt, (3.5)
N re{l,...p} re{l,...p} 0

and the r.h.s. of the previous formula vanishes as N T +o0o due to (3.2). O
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Let Qy € A4 (X)), N €N be a family of random measures on (&, X). Define the Laplace transform

Ly(A) = f eV dQy (x).
x
Suppose that, for all A € RY, we have
1 —
I(A)= lim —E [logLy(A)] € R =R U {—00,+00}.
Ntoo N
Define the Legendre transform
I"(x)= ilkf[—(x, A +I(A)].

Define, for 6 > 0,

I3(x) = max {I*(x) +6, —%} )

Lemma 3.2. Suppose
0€intg(I) =int{A : I(A) < +o0}.
Then
1. The mapping I*(+) : & — R is upper semi-continuous and concave.
2. For all M > 0,
{x e : I"(x) < M} is a compact.
Proof. 1. Since, for all A € 2(I), the linear mappings

x— —(A, x)+I(A)

(3.6)

3.7)

(3.8)

(3.9)

are obviously concave, the infimum of this family is upper semi-continuous and concave.

2. See, e.g., [13] for the proof.

Theorem 3.1. Suppose that

1. The family {Qy} satisfies condition (3.4).
2. Condition (3.6) is satisfied.
3. Condition (3.9) is satisfied.

Then, for any closed set ¥  R%, we have

— 1
lim —E [logQu ()] < supI*(x). (3.10)
Ntoo N xev
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Proof. 1. Suppose at first that ¥ is a compact.
Thanks to (3.7), for any x € &, there exists A(x) € Z such that

— (3, A(x)) + I(A(x)) < IZ(x). (3.11)
For any x € %, there exists a neighbourhood A(x) C & of x such that

sup (y —x,A(x)) <6.
YEA(x)

By compactness, the covering | _J, ., A(x) D ¥ has the finite subcovering, say UfZIA(xr) Y.

Hence,
1 1 P
~logQu(¥) <  log (szl QN(A(xr))) . (3.12)
Applying condition (3.4), we get
1'_1E 1 (A(x,)) E 11 A )| | <0 (3.13)
B | o, losQu At — o B | plosuAG| [ <0, @

By the Chebyshev inequality;,
QuAC)) = Qu {y € Z : (y —x,A(x)) < 6}
<e N f VoA dqQy(y)
= e_SNe_ng COACN L (A(X)). (3.14)

Hence, (3.14) together with (3.11) yields

_ 1
Tim 5 [logQu(Ax,))] < lim [—<xr, AGe,)) + - log LN(A(xr))] 5
= _(xr: A(xr)> + I(A(xr)) -0

< I%(x,)— 8. (3.15)

Combining (3.12), (3.13), (3.15), we obtain

— 1 .
dim [logQn ()] < re?}ffp}l5(xr) -6
<supli(x)—6.

X€YV

Taking 6 | 40 limit, we get the assertion of the theorem.

2. Let us allow now the set ¥ to be unbounded. We first prove that the family Qy is quenched
exponentially tight. For that purpose, let

— 1 d
Ry(M) = - [logQu (2 \ [-M; M]D)],
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and denote

R(M) leTiE)ORN(M).

We want to prove that

lim R(M) = —c0. (3.16)
M1T+4+00

Fix some u € {1,...,d}. Suppose 6, , € {0, 1} is the standard Kronecker symbol. Let e, € R4

be an element of the standard basis of RY, i.e., for all p € {1,...,d}, we have
(e)p = Bup-
Thanks to the Chebyshev inequality, we have
Qni{x, £ —M} < e_NMJ e_N(x’eu>dQN(x), a.s. (3.17)
Rd

Now, we get

J e_N(X’e“>dQN(X) — eN<x’Ae_eu)dQN(x)
Rd

LN(Ae) R4
Ly(A, —
_ @ me) (3.18)
LN(Ae)
Hence, combining (3.17) and (3.18), we obtain
1
NE [logQn{x, < —M}] < —M+Iy(A, —e,) — In(A,). (3.19)
Using the same argument, we also get
1
NIE [logQn{x, > M}] < —M+Iy(A, +e,) — In(A,). (3.20)
We obviously have
Ry(M) < —E [logQy (CJ (= -Mpufx,zM})]. (3.21)
N u=1 o o

Applying condition (3.4) to (3.21), we get

d
NlTiEOO Z%E [logQN (ugl({xu <-M}u{x, > M}))

_ uer{l}e.l.).(d}max{E[logQN ({xu = -M})],EllogQy ({x, Z M}1}] 0. 3.22)

Applying (3.19) and (3.20) in (3.22), we get

d
Tim - [logQu (L_J1 (= -MJU{x, 2 M}) )

NT+o0
u=
<—-M—1I(A,)+ I{naxd} max {I(A, —e,), I(A, +e,)}. (3.23)
ueil,...,
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The bound (3.23) assures (3.16). Now, since we have (with the help of (3.4) and (3.10))

1'_1E1 o4 <1'_1E1 oy M- M1 U2\ [—M: M1
Jim B [logQu(#)] < Tim -E [logQu((¥ n[-M;M])U (2 \ [-M; M]D)]

< max { sup I*(x),R(M)} , (3.29)
xe(¥n[-M;M]9)
the assertion of the theorem follows from (3.16) by taking the EMT +oo in the bound (3.24).
O
3.2 Quenched LDP lower bound
Suppose that, for some A € R? and all N € N, we have
J eN(y’A>dQN(y) < 4o00.
x

Let QN’ A € M (Z) be the random measure defined by

QualA) = f NN dQy(y), (3.25)
A

for any Qy measurable AcC &.

Lemma 3.3. Suppose the family of random measures Qy satisfies the following assumptions.

1.

Measure concentration. For all N € N, there exists some L > 0 and ny : R, — R, such that, for
any Qp-measurable set A C &, we have

P {|log Qu(4) — E [logQu(A)]| > t} < ny ().

Assume, in addition, that, for some p > 0, the concentration function satisfies

+00
0

Tails decay condition. Let
CM)={xeX :|x|| <M}

There exists p € N such that

+00
_ 1 ~
lim li P{—1 NP —-K =0. 2
KTlJrrnOON1Tr(1)10 ) {N 0g QN A(Z \ C(NP)) > +t}dt 0 (3.27)

Non-degeneracy. The family of the sets {B scxjedl,..., q}} satisfies the following condition

1 ~
there exists some jo, € {1,...,q} such that lim NE [logQN,A(B]-O)] > —00. (3.28)
NToo
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Then, for any A € R%, we have

hm l]E [logQNA (UB ) — max IE [logQN A(B; )]] (3.29)

jell,...,

Remark 3.2. The polynomial growth chou:e of M = My = NP made in assumptions (3.27) and (3.26)
is made for specificity. Inspecting the following proof, one can easily restate the conditions
and for general My dependencies. Effectively, the growth rate of My is related to the covering
dimension of the Polish space (%, X).

Proof of Lemma 3.3/ We fix some j € {1,...,q}. Take an arbitrary £ > 0, M > 0 and denote Jy; . =
ZN[—=|IAllM/e;||Al|M/e]. Consider, for i € J), ., the following closed sets

Aij={x€B;:(j—1)e <(A,x) < jel.

We get
1. - 1 1 - 1
1@ (UB)) = 57 1osua (U ncan ) ua \ con)
j=1 j=1
1
< Nmax {J r{rllax logQN A(B;jNC(M)),
~ log(q + 1)
logQu,a(2 \ CM)} + —— (3.30)
We have
1ogQ (B nCM) < ~log (3 MU Qy(4))
i€y,
1 log(cardJy, )
< ma e+ —1lo A +————. 3.31
ie{l,fp} |:l£ N gQn( 1,1)] N ( )
Denote
(e)= + L logau(a)
= o, max ie+ iy losQuChy
and

Py = max E[logQua(B)],

..... q} i€y,

fo’N(s) = r{rllax E |:max (IE-I- —logQN(AlJ)):|

1 ~
rn(M) = NlogQN,A(% \ C(M)).
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We also have

1 ~ 1 ~
N logQn A(Bj) = N logQy A(B; N C(M))

> max [(i —De+ %IOgQN(Ai,j):|

i€Jy .

_ 1
= max |:l€+ NlogQN(Ai,J-)} — €.

i€y e

Due to condition (1), we have

p{|an(e) = Bue)] > ¢} < mu(eN g card .

We put M = My = NP, and we get

cardJy . < 2||Al[M/e +1
< 2||A|IN? /e +1.
Let
XN(Ma 8) = maX{YN(M)J aN(E)} - [))Na

then we have

PXy(K, ) >t} <P{yny(M) > By + t} + Play(e) > By + t}.

Due to property (3.28), there exists K > 0 such that we have
P{yn(M) > By + t} < P{yy(M) > —K + t}.
Thanks to (3.32), we have
Play(e) > By + t} < Play(e) > By(e) +t — e}
For t > ¢, we apply (3.33) and (3.34) to (3.37) to obtain
Play(e) > By + t} < (2lIAINP /e + 1) qny(¢N).
Combining (3.30) and (3.31), we get

.....

log(g+1) N log (2||A||NP /e +1)
N N '

<E[Xy(M,e)] +

Now, (3.35), (3.36) and (3.38) imply

+00

E [Xy(M,¢)] §J P{Xy(M,e) > t}dt
0

+00
SJ P{Xy(M,e)>t}dt+e¢
€

+00
< J P{yny(M) > —K + t}dt

+00

+ (2]|A|INP /e + 1)qf Ny (tN)dt + ¢.

€

185

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)



Therefore, taking sequentially ENHOO, limgt; o and lim,y in (3.40), and using (3.26), we arrive
at

]@ E [Xy(M,¢)] <O0. (3.41)

Bound (3.41) together with (3.39) implies the assertion of the lemma.

O
Let QN) A be the (random) probability measure defined by
. _ Qy
Qn = Ly(A)
Lemma 3.4. Suppose that the measure Qy satisfies the assumptions of the previous lemma.
Then (3.29) is valid also for QN,A.
Proof. Similar to the one of the previous lemma. O

Remark 3.3. Recall that a point x € & is called an exposed point of the concave mapping I* if there
exists A € RY such that, for all y € & \ {x}, we have

I'(y)—I'(x) < (y — x, A). (3.42)

Theorem 3.2. Suppose

~

The family {Qy : N € N} C .4 (RY) satisfies the assumptions of Lemma|3.3|
2. ¢4 C X is an open set.

3. 0#&I") C D(I7) is the set of the exposed points of the mapping I*.

4. Condition is satisfied.

Then

1
lim —E [logQn(¥9Né&)] = supI*(x). (3.43)
N1+oo N x€Y

Proof. Let B(x, €) be a ball of radius ¢ > 0 around some arbitrary x € &'. It suffices to prove that

311%1},%10 %E [logQn(B(x,&))] > I*(x). (3.44)

Indeed, since we have
Qn(9) = Qu(B(x,¢)), (3.45)
applying %log(-), taking the expectation, taking li_mNT +oo» € | +0 and taking the supremum over

X € 9 in (3.45), we get (3.43).
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Take any x € ¥ N &. Then we can find the corresponding vector A, = A,(x) € R orthogonal to
the exposing hyperplane at the point x, as in (3.42). Define the new (“tilted”) random probability
measure Q, on R? by demanding that

dQy 1
— ()= Nyl (3.46)
dQy T In(A)
Moreover, we have
1 1
NE [IOgQN(B(X, 8))] = ]VE log dQn(y)
B(x,&)
1 1 CNOAL) 4A
= —E [logLy(A)] + —E e R dQp(y)
N N B(x,&)
1 1 R
2 SE [logLy(A)] = (6, Ac) = ellAcllz + B [logQu(B(x, e)] -
Hence,
lim 1i 1E[1 Qn(B(x,e))] = [=(x,A.) +I(A,)] + lim li 1E[1 Qn(B(x,))]
im lim —E [lo x,€))| = | —{(x,A, . im lim —E |lo x,€))| .
el yr N L BN el yr N L 0BT
Since we have
—(x, Ae) +I(A) = I"(x),
in order to show (3.44) it remains to prove that
1 -
lim lim —E |lo B(x, ¢ =0. 3.47
Jim lim 7 [10g Qu(B(x,))] (3.47)
The Laplace transform of Qy is
. Ly(A+A,
Iy(A) = M
LN(Ae)
Hence, we arrive at
I(A)=I(A+A,)—I(A).
Moreover, we have
I'(x) =I"(x) + (x,A,) —I(A,). (3.48)

By the assumptions of the theorem, the family Q, satisfies the assumptions of Lemma 3.3, Hence,
due to Lemma (3.4, the family Qy satisfies (3.4). Thus we can apply Theorem(3.1 to obtain

— 1 R .
lim —E [logQy(RI\B(U,e))] < sup I*(y). (3.49)
N1+co N y€U\B(x,¢)
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Lemma 3.2/implies that there exists some x, € Z \ B(x, €) (note that x, # x) such that

sup  I*(y) =TI"(xo).
yeZ\B(x,¢)

Since A, is an exposing hyperplane, using (3.48), we get
I*(xg) = I'"(x) + {x0, Ae) — I(A,)
< [I*(x0) + (x0, A)] = [I" () + (x, A)] <O,
and hence, combining (3.49) and (3.50), we get

NlTiTPOO }VE [logQu (R \ B(x,£))] <0.
Therefore, due to the concentration of measure, we have almost surely
Tim —1ogQu(R* \B(x,)) <0
which implies that, for all € > 0, we have almost surely
lim Qy(R%\ B(x,¢))=0,
NT+o0

and (3.47) follows by yet another application of the concentration of measure.

Corollary 3.1. Suppose that in addition to the assumptions of previous Theorem 3.2 we have

1. I(-) is differentiable on int 2(I).
2. Either (1) =% or

lim ||[VI(A)| = +oo.
A—39(I)

Then &(I*) = RY, consequently

1
lim —E [logQn(%)] = sup I*(x).
NT+ooN XEY

Proof. The proof is the same as in the classical GAd'rtner-Ellis theorem (see, e.g., [13]).

4 The Aizenman-Sims-Starr comparison scheme

(3.50)

In this section, we shall extend the AS? scheme to the case of the SK model with multidimensional
spins and prove Theorems|1.1 and (1.2, as stated in the introduction. We use the Gaussian compar-
ison results of Section 2.3 in the spirit of AS? scheme in order to relate the free energy of the SK
model with multidimensional spins with the free energy of a certain GREM-inspired model. Com-
paring to [1], due to more intricate nature of spin configuration space, some new effects occur. In
particular, the remainder term of the Gaussian comparison non-trivially depends on the variances
and covariances of the Hamiltonians under comparison. To deal with this obstacle, we use the idea
of localisation to the configurations having a given overlap (cf. (1.5)). This idea is formalised by

adapting the proofs of the quenched GAd'rtner-Ellis type LDP obtained in Section (3|
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4.1 Naive comparison scheme

We start by recalling the basic principles of the AS? comparison scheme (see, e.g., [7, Chapter 11]).
It is a simple idea to get the comparison inequalities by adding some additional structure into the
model. However, the way the additional structure is attached to the model might be suggested by
the model itself. Later on we shall encounter a real-world use of this trick. Let (X, &) and (.«/,2)
be Polish spaces equipped with measures u and &, respectively. Furthermore, let

X = {X(O-)}GGZ)A = {A(O-: a)}UEEE)B = {B(U)}aeﬂ

be independent real-valued Gaussian processes. Define the comparison functional

®[C]=E [logJ eCloaq (u®&)(o,a) |, 4.1)
X

where C = {C(0,a)}sex is a suitable real-valued Gaussian process. Theorem 4.1 of [2] is easily
o

S
understood as an exargple of the following observation. Suppose ®[X] is somehow hard to compute
directly, but ®[A] and ®[B] are manageable. We always have the following additivity property

®[X +B]=&[X]+®[B]. (4.2)
Assume now that
®[X +B] <d[A] (4.3)
which we can obtain, e.g., from Proposition|2.5. Combining and (4.3), we get the bound

®[X]<®[A] —®[B]. 4.4)

4.2 Free energy upper bound

Let ¥ C Sym(d) be an arbitrary Borell set.

Remark 4.1. Note that % is closed and convex.

Let

In(¥)={oexy:Ry(o,0)e ¥}
={o ey :Ry(o,0)evnu}. (4.5)

Let us define the local comparison functional ®y(x,¥) as follows (cf. (4.1))
1
by (x,V)[C] = NIE [logn'N [HAZN(“V) exp (ﬁ\/ﬁc)ﬂ , (4.6)

where C = {C(0,a)} sex is a suitable Gaussian process. Let us consider the following family (N €
acd
N) of random measures on the Borell subsets of Sym(d) generated by the SK Hamiltonian,

Py(¥V) = j P YNXN (@) queN (o),
Zn(¥)
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and consider also the following family of the random measures generated by the Hamiltonian
Alo,a)

Py(v) =Py @Y () = J
En(V)x .o

N
exp (BVN Y (4i(@),01) ) driy(0, @), .7)
i=1

where the parameters £ and U are taken from the definition of the process A(a) (cf. (1.7)). The
vector x defines the random measure & € . (.«) (cf. (1.8)), and, hence, also the measure 7y €
M X ).

Remark 4.2. To lighten the notation, most of the time we shall not indicate explicitly the dependence
of the following quantities on the parameters x, £, U.

Consider (if it exists) the Laplace transform of the measure (4.7)

Iy(A) = f eNUA P, (V). (4.8)
U
Let (if it exists)
~ 1 ~
(A = IlviTr?O ~E [logLy(A)] - (4.9)

Define the following Legendre transform

W)= inf  [(U,A) = &y(x, Y)[BI+T(A)]. (4.10)
x€2'(1,1),
2€2'(U,d),
AeSym(d)

Denote, for 6 > 0,
~ ~ 1
Ig(U)EmaX{I*(U)+5,—g}.
Let
(M) = 1li 1E[l Py()] (4.11)
PON= Jim S lloghy(1)] ~

Remark 4.3. Note that the result of [19] assures the existence of the limit in the previous formula.

Lemma 4.1. We have

1. The Laplace transform (4.8) exists. Moreover, for any A € Sym(d), we have

NN dpy(U)

< ?

= J exp (N(A,RN(U, o)) +p \/NX(G)) du® (o), (4.12)
()

eNUA 4Py (U)

< ’

N
= f exp (N (A Ry(0,0)) + BYN Y (Ai(@),0,) ) dry (o, ). (4.13)
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2. The quenched cumulant generating function (4.9) exists in the N 1 oo limit, for any A € Sym(d).
Moreover, for all N € N, we have

1
IN(A)= LB [log Ly(A)] = Xo(x, 2,A,U), (4.14)
that is Iy(+) in fact does not depend on N.

Proof. 1. We prove (4.13), the proof of (4.12) is similar. Since % is a compact, it follows that,
for arbitrary € > 0, there exists the following e-partition of %

HN(e)={V,cu:re{l,...,K}}

such that | J ¥, =% , ¥, n ¥, =0, diam ¥, < ¢ and pick some V, € int¥,, for all r #s.
We denote

r=1 i=1

K N
ZN(A, )= Z eN V) f exp (/3 \/ﬁZ(Ai(a), oi)) dry(o,a).
Zy (9% .o

For small enough ¢, we have
(1- 2N||A||8) eN(A,RN(U,U)) < eN(A,U) < eN(A,RN(U,o)) (1+ 2N||/\||8).

Therefore, if we denote

N
/L\N(ay) A) = f €xp (N <A, RN(O-) O')) + ﬁ \/NZ (Ai(a)J ol)) dTCN(O-: a);
En(V)x.o i=1
we get
K _ K
(1—2NI|Alle) D [ Tn(%,A) < Iy(A,e) < (1+2N[Alle) Y Ly (¥, A).
r=1 r=1
Hence,

(1—2N||Alle)Ly(%,A) < Ly(A,€) < (1 +2N||Alle) Ly(%, A). (4.15)
Let ¢ | +0 in (4.15) and we arrive at
Ly(A) =TLy(%,A).
That is, the existence of Ly(A) and the representation (4.13) are proved.

2. For all N € N, we have, by the RPC averaging property (see, e.g., [2, Theorem 5.4] or Theo-
rem|5.3, property (4) below), that

}VE [logLy(%,A)] = @n(x,%) [A+N(A,Ry(0,0))] =Xo(x,2,A,U).
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Proof of Theorem|1.1, In essence, the proof follows almost literally the proof of Theorem 3.1. The
notable difference is that we apply the Gaussian comparison inequality (Proposition 2.5) in order to
“compute” the rate function in a somewhat more explicit way.

Due to (4.5), we can without loss of generality suppose that ¥ is compact. Forany 6 > 0and U € ¥,
by (4.10), there exists A(U, &) € Sym(d), x(U,5) € 2’(1,1) and Q(U, §) € 2'(U, d) such that

—(U, A()) + I(A(U)) < TZ(U). (4.16)
For any U € ¥, there exists an open neighbourhood ¥ (U) c Sym(d) of U such that

sup (V—-U,A(U)) <56.
vey(U)

Fix some ¢ > 0. Without loss of generality, we can suppose that all the neighbourhoods satisfy ad-
ditionally the condition diam ¥ (U) < &. By compactness, the covering | J;;c,, ¥ (U) D ¥ has a finite
subcovering, say Ule ¥ (UT) > ¥. We denote the corresponding to this covering approximants in
(4.16) by {x(V € 2/(1,1)}_, and {2 € 2/(U",d)}’_,. We have

p
]lvlogPN(“f/) < %log (HPNW(U(”))) . (4.17)
Due to the concentration of measure Proposition|2.3, we can apply Lemma (3.1 and get
1 p
ooy () - s e @] [ =0 o

In fact, since we know that (4.11) exists, (4.18) implies that

lim I%JE [logPN (Q“I/(U(r)))] = max lim

—E [logPy(¥ (UMY ] . 4.19
NT+oo re{l,..,p} N1+oo N [Og N( ( )):| ( )

For UM, x = x(", @2 = 20, Proposition (2.5 gives

1 1 ~
~E [log Py (¥ (U] = ZE [log Py(#(U )| — @y (x, %)[B]
+ 2y (xM, 20, U, y(UM)) + 0(e)

< %E [log Py (¥(UT))] — @y (x,%)[B] +Ke, (4.20)

where K > 0 is an absolute constant.
By the Chebyshev inequality and Lemma we have

Py(V(U) <Py{Veu:(V-U,AU)) <8}
< e—5Nf eN(V—U,A(U))dﬁN(V)
U

— =N NUAWT (A(D)).
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Thus, using (4.20) and (4.16), we get

1 1 -
S W] < Tim | — 7 Aoy — 2z )| —
NI%JIE})ONE[IogPN("V(U ))]—Nl%féo[ (U, A(UT)) <I>[B]+NlogLN(A(U ))} 5+Ke

= —(U,,A(U,)) — ®[B] +I(A(U,)) - 6 +Ke
<T;(U)-6+Ke. (4.21)

Combining (4.17), (3.13), (4.21), we obtain

1 1
7/_1 —]EIP“I/< lim —E [log Py (¥(U™
p(¥)= lim “E[logPy()] < max  lim - [logPy(¥(U))]

< max I(U(r))—i-Ke—S

re{l,..

< sup IE(V)-FK{;‘ —0.
vey

Taking 6 | +0 and ¢ | 40 limits, we get

p(¥) < sup T*(U). (4.22)
vey

The averaging property of the RPC (see, e.g., [2, Theorem 5.4] or property (4) of Theorem [5.3)
gives

Sy (x, %)[B Zxk (IQU V2 = 1Q™112) - (4.23)

To finish the proof it remains to show that, for any fixed A € Sym(d), we have
T(A) = XO(XJ Q: AJ U)

which is assured by Lemma [4.1. O

4.3 Free energy lower bound

In this subsection, we return to the notations of Section

Lemma 4.2. For any 8 C Sym(d) such that int 8 Nint % # 0 there exists A C ¥ with int A # 0 such
that

1 N
lim & wa exp (N(A,Ry(0,0)) + ;mi(a), ) an(a,m]
> logf exp (((fa’zU + A)o,a)) du(o) > —oco. (4.24)
A

Proof. In view of (1.10), iterative application of the Jensen inequality with respect to E,« leads to
the following

E [Xn41(x,2,A,U)] <Xo(x,2,A,0).
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Performing the Gaussian integration, we get
E [Xp(x,2,A,U0)] = logf exp ((B*U + M), 0)) du(o),
A

where A C ¥ is such that u(A) > 0 and {R(c,0): 0 € AN} C £. O

Define the following Legendre transform

)= inf  [—(U,A) - ®[B]+I(A)+2(x,2,U)]. (4.25)
x€2'(1,1),
2€2'(U,d),
AeSym(d)

Proof of Theorem|[1.2, As it is the case with the proof of Theorem 1.1, this proof also follows in
essence almost literally the proof of Theorem (3.2 The notable difference is that we apply the
Gaussian comparison in order to “compute” the rate function in a somewhat more explicit way.

In notations of Theorem 3.2 we are in the following situation: & = Sym(d) and X is the topology
induced by any norm on Sym(d).

Let B(U, ) be the ball (in the Hilbert-Schmidt norm) of radius € > 0 around some arbitrary U € ¥'.
Let us prove at first that

1 ~
. . s > %
elg-r%)I}IITIBo NIE [log Py(B(U,¢))] = I*(U). (4.26)

Similarly to (4.20), for any (x, 2), we have
1
E [ﬁlogPN(B(U,e))}
1 ~
= E [log Py (B(U, €))] — ®[B] + % (x, 2,U,B(U, ) + 0(e). 4.27)

The random measure ﬁN satisfies the assumptions of Corollary[3.1] Indeed:

1. Due to representation (4.14), mapping I(-) is differentiable with respect to A. Henceforth
assumption (1) of the corollary is also fulfilled.

2. Let us note at first that, thanks to Proposition 2.3} we have 2(I) = RY. Thus, the assumption
(2) of Corollary(3.1 is satisfied, as is condition (3.9).

Moreover, the assumptions of Lemma 3.3 are satisfied:

1. The concentration of measure condition is satisfied due to Proposition 2.3.

2. The tail decay is obvious since the family {Py : N € N} has compact support. Namely, for all
N € N, we have supp Py = % . Thus the measure Qy 5 (cf. (3.25)) generated by Py has the
same support. Thus, supp QN’ A=U.

3. The non-degeneracy is assured by Lemma|4.2.

194



Hence, due to (4.27), arguing in the same way as in Theorem 3.2, we arrive at (4.26). Note that the
N T 400 limit of Z5(x, 2,U,B(U, ¢€)) exists, since in (4.27) the limits of the other two N-dependent
quantities exist due to [19]. The subsequent ¢ | 40 limit of the remainder term exists due to the
monotonicity.

Finally, taking the supremum over U € ¥ in (4.26), we get (1.22). O

5 Guerra’s comparison scheme

In this section, we shall apply Guerra’s comparison scheme (see the recent accounts by [18; 32;
2]) to the SK model with multidimensional spins. However, we shall use also the ideas (and the
language) of [1]. In particular, we shall use the same local comparison functional (4.6) as in the
AS? scheme, see (5.4). The section contains the proofs of the upper (5.16) and lower (5.18) bounds
on the free energy without Assumption|1.2. The proofs use the GREM-like Gaussian processes, RPCs
as in the AS? scheme. We also obtain an analytic representation of the remainder term (which is an
artifact of this scheme) using the properties of the Bolthausen-Sznitman coalescent.

5.1 Multidimensional Guerra’s scheme

Let & = &(xq,...,Xx,) be an RPC process. Theorem 5.3 of [2] guarantees that there exists a rear-
rangement & = {£(i)};y of the &’s atoms in a decreasing order. Recall (1.16) and define a (random)
limiting ultrametric overlap q; : N> — [0;n] N Z as follows

q.(i,j) =1+ max{k € [O;n]NZ: [n(D)] = [7(D]i}, 6.1

where we use the convention that max@ = 0. This overlap valuation induces a sequence of random
partitions of N into equivalence classes. Namely, given a k € NN [0; n], we define, for any i,j € N,
the Bolthausen-Sznitman equivalence relation as follows

.. def ..
17;] — q.(i,j) > k. (5.2)

Given n € N, assume that x and £ satisfy (1.8) and (1.7), respectively. Recall the definitions of the
Gaussian processes X and A which satisfy (1.1) and (1.17), respectively. We consider, for t € [0; 1],
the following interpolating Hamiltonian on the configuration space X X .o

H/(o,a)=vVtX(0)++/1—tA(o,a). (5.3)
Given % C Sym™(d), the Hamiltonian (5.3) in the usual way induces the following local free energy
(PN(t)x,Q, %)Eq)N(xs 02[) [Ht]) (54)

where we use the same local comparison functional (4.6) as in the AS? scheme. Using (1.5), we
obtain then

(,0(0, X, Qa 02[) = CI)N(X, %)[A] and 90(1,?(, Q: 02/) = q)N(x: %)[X] = pN(OZZ)
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Now, we are going to disintegrate the Gibbs measure defined on % X .« into two Gibbs measures
acting on % and .of separately. For this purpose we define the correspondent (random) local free
energy on % as follows

Y(t,x,Q,a, %) Elogf exp [[a’\/ﬁHt(a,a)] du®N (o). (5.5)
Iy (%)

For a € ./, we can define the (random) local Gibbs measure 4(t,Q,a, %) € .#,(%y) by demanding
that the following holds
dg(t’ X’ Q’ a’ %)
du®N

(o) =Wy, @)(o)exp [[5 VNH,(o,a) —y(t,x,Q, %, a)] .

Let us define a certain reweighting of the RPC £ with the help of (5.5). We define the random point
process {&},c s in the following way

E(@)=&E(a)exp (Y(t,x,Q %, ).

We also define the normalisation operation N : M{(./) — M,(.</) as

&(a)
N (E)N()Ee—.
&)( S @)
We introduce the local Gibbs measure 4(t,x,Q, %) € M,(U x ), for any ¥ C % % .o, as follows
9(t,%,QU)[V]= D N(EN)Y(t,x,Qa,%)[V]. (5.6)
ac.d,

Finally, we introduce, what shall call Guerra’s remainder term:

2
R(t,x,Q,U) = —%E [9(t,x,Q, %)@ 9(t,x,Q %) [IR(c*,0®) - Q(a’,aMIF]].  (5.7)

Note that (5.7) coincides with (1.20) after substituting (1.18) with (1.23).

5.2 Local comparison

We recall for completeness the following.

Proposition 5.1 (Ruelle [24], Bolthausen and Sznitman [6]). For any k € [1;n+ 1] NN, we have

E[A(©)®H(E){(aV,a®)e &2 q(al,a®) <k}] =x,.

The results of Section |4 can be straightforwardly generalised to the comparison scheme based on
(5.3). Given £,5 > 0 and A € Sym(d), define

VA, %,e,6)={U" € Sym(d): ||[U' - Ullg <e, (U —U,A) <8}. (5.8)

We now specialise to the case = Xy (V(A, U, ¢, 5)).
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Lemma 5.1. We have

%)
ELPN(t: x: Q) /V(A) U: 8’ 5)) :%(t) X}Q) ZN("d(A, U’ 8: 5)))

2 n
=5 2 (IREVIE - 1IRMIE) + o). (5.9)
k=1

Proof. This is an immediate consequence of Proposition 2.5, Indeed, recalling that Q(a',a') = U,
and setting % = %(B(U, ¢)), we have

0
E@(t x,Q, %)
2
= ﬁ—E [4(t,x,Q )@ 9(t,x,Q %) [IIR(c",0") ~ UlI ~ IR(0*,0%) - Q(a’, @)}
— (U1 - llQta®, a®)I2) ] ]
2
= L E 9t x.0.0)09(t,x.0, %) [IRG", 0% - Qa’,a))]]

2
—~ /5—1@ [9(t,x,Q, %)@ 9(t,x,Q, %) [|IU|% - Qa’, a®)IF] | + 6(e). (5.10)

Using the Proposition|5.1, we get

2
%JE [9(6,%,Q,%)® (t,x,Q,%) [IIUI2 - e, a®)I2] ]

2 n
el a@en®| Y (1042 - 10912

2
k=qu(aV,a®)

2 n
= Z (IIQ(k+1)||12: - ||Q(k)||§) E [,/V(g) ® N (E){k > qL(a(l),a(Z))}]
k=1

2 n
== 2k (1RSI~ 1WI) (5.11)
k=1
Combining (5.10) and (5.11), we get (5.9)
OJ
Lemma 5.2. We have
Pr(En(B(U, £))) =@y (x, Zy(B(U, £))) [A] - —Zxk (IQUDI2 — 1) 2)
1
+J R(t,x,Q,Ty(B(U,&))dt + 0(e). (5.12)
0

Remark 5.1. Note that the above lemma also holds if we substitute B(U,¢) with the smaller set
V(A U,¢e,6).
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Proof. The claim follows from (5.9) by integration. O

Proposition 5.2. There exists C = C(X,u) > 0 such that, for all U € Sym™(d) as above, and all
€,0 > 0, there exists an 6-minimal Lagrange multiplier A = A(U,¢,6) € Sym(d) in (1.12) such that,
forall t € [0;1], and all (x, L), we have

pN(ZN(nf/(AJ U) g, 5))) S inf f(XJ‘QJUJ A)+C(€+6) (5~13)
AeSym(d)

and

1

—C(e+9). (5.14)

Remark 5.2. The following upper bound also holds true. There exists C = C(X%, u) > 0, such that, for
any A € Sym(d),

PN(ZN(B(U,{:')))Sf(X,Q,U,A)'i‘C”A”FE (515)

Proof. The result follows from Lemma 5.2 by the same arguments as in the proofs of Theorems
and[1.2. O

5.3 Free energy upper and lower bounds

Similarly to the quenched LDP bounds for the AS? scheme in the SK model with multidimensional
spins (see Section [3), we get the quenched LDP bounds for Guerra’s scheme in the same model
without Assumption on Q.

Recall the definition of the local Parisi functional f (1.12).

Theorem 5.1. For any closed set ¥ C Sym(d), we have

p(¥)< sup inf f(x,2,A,U), (5.16)
veyvna (x,2,A)

where the infimum runs over all x satisfying (1.8), all £ satisfying (1.7) and all A € Sym(d).

Proof. The proof is identical to the one of Theorem|1.1. O

Define the local limiting Guerra remainder term Z(x, 2,U) as follows

1
R(x,2,U)=—lim lim f Z(t,%N(B(U,¢)))dt <O0. (5.17)
el+0NT+o0 0

The existence of the limits in (5.17) is proved similar to the case of the AS? scheme, see the proof
of Theorem|1.2.
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Theorem 5.2. For any open set ¥ C Sym(d), we have

p(¥)= sup inf [f(x,2,AU)+2Z(x,2,U)], (5.18)
veynu (X:Q:A)

where the infimum runs over all x satisfying (1.8); all £ satisfying (1.7) and all A € Sym(d).

Proof. The proof is identical to the one of Theorem [1.2. The only new ingredient is Lemma
needed to recover Guerra’s remainder term (5.7). O

5.4 The filtered d-dimensional GREM

Given U € Sym™'(d) non-negative definite, denote by 2(U,d) the set of all cAidlAig (right contin-
uous with left limits) Sym™(d)-valued non-decreasing paths which end in matrix U, i.e.,
2(U,d)={p :[0;1] = Sym™(d) | p(0) =0; p(1) = U; p(t) < p(s), for t <s;p is cadlag}.
(5.19)

Define the natural inverse p~! : Imp — [0;1] as

pH(Q=inf{t € [0;1] | p(6) = Q},
where Imp = p([0;1]). Letx = p lop € 2(1,1).
Let also 2'(U,d) c 2(U,d) be the space of all piece-wise constant paths in 2(U,d) with finite
(but arbitrary) number of jumps with an additional requirement that they have a jump at x = 1.
Given some p € 2'(U,d), we enumerate its jumps and define the finite collection of matrices
{Q(k)}Z:é =Imp c R%. This implies that there exist {xk}Z:é C R such that
O=xg<x;<...<x,<xp41 =1,

0= Q(O) < Q(l) < Q(Z) <...= Q(n+1) =U,
where p(x;) = Q™). Let us associate to p € 2'(U,d) a new path p € 2(U, d) which is obtained by
the linear interpolation of the path p. Namely, let

. t— Xy
p() = QM 4+ (QFD — Q) ———=— ¢t € [x;; xp41)-
Xk+1 — Xk

Let g : RY — R be a function satisfying Assumption Let us introduce the filtered d-dimensional
GREM process W. Let

W = {{Wi(t, [a])}er, : @ € o,k € [0;n] NN}

be the collection of independent (for different a and k) R%-valued correlated Brownian motions
satisfying

t—Xx
Wit [all) ~ (@) - Qo (=),
X+1 — Xk
where {W(t)},cg, is the standard (uncorrelated) R?-valued Brownian motion. Now, for k € [0; n]N
N, we define the R¢-valued process {Y(t,a) | a € ./, t € [0;1]} by

Y(t, @)= D K (OWilt Axig, [ali).
k=0
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Lemma 5.3. For a(l), a® e .o/, we have
Cov I:Y(tlﬁ a(l))) Y(t29 a(Z))] = ﬁ (tl A ty A qu(a(l)’a(z))) .

Proof. The proof is straightforward. O

Assumption 5.1. Suppose that the function g : R? — R satisfies g € C @)(R?) and, for any ¢ > 0, we
have |, exp (g(y) — c||y||§) dy < oo and also

sup (IIVg(llz + 1V2g(llz) < +oo, (5.20)
YER

where V2g(y) denotes the matrix of second derivatives of the function g at y € R¢.

Assume g satisfies the above assumption. Let f = f,, : [0;1] X RY — R be the function satisfying the
following (backward) recursive definition

g(y), t=1,

5.21
LlogE [exp {xf (xerrny + V(@) ~ Y(E.a)}], € ixinn),

f(t,y)E{

where k € [0;n] NN, a € .« is arbitrary and fixed.
Remark 5.3. It is easy to recognise that the definition of f is a continuous “algorithmisation" of (1.11).
Namely, X;.(x, 2,A,U) = f (x;,0), where

fFLy)=g(y)=log f exp (V26 (y,0) + (Ao, 0)) du(o). (5.22)

by

5.5 A computation of the remainder term

Recall the equivalence relation (5.2). In words, the equivalence i ~ j means that the atoms of the

RPC & with ranks i and j have the same ancestors up to the k-th generation. Varying the k in (5.2),
we get a family of equivalences on N which possesses important Markovian properties, see [6].

Lemma 5.4. Forall k € [0;n— 1] NN, we have

E | D, NEDNE) | =2~ xi (5.23)
o
and also
E [Z HE | =1-x,. (5.24)
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Proof. 1. To prove (5.23) we notice that

E| D, NEODHEG) | =E | D, MEDANE) — QAN EDAHE)
= Xgk+1 — Xk
where the last equality is due to Proposition|[5.1.

2. Similarly, (5.24) follows from the following observation

E {Z ﬂz(g)(i)} =E | Y HEDHNE)G) - D N EDHE))
i i,j

i%j
n
=1-x,,

where the last equality is due to Proposition|5.1.

Note that, using the above notations, we readily have
2\2 &
Mo~ (5] oo,
where {Y® = {y®(q, 1)) }f’zl are i.i.d. copies of {Y (1, a)},c . Consider the following weights
E0(a) = E(a)exp (f(t,Y(t,a))).

As in [6], the above weights induce the permutation #(") : N — .o such that, for all i € N, the
following holds

EO(#O()) > EORD( + 1)), (5.25)

In what follows, we shall use the short-hand notations E(O(i) = EO(#(O (7)), ¥O(s,1) = Y (s, A (0))
and QW = {QU(i, j) = Q(AW(), AV ()} e

Theorem 5.3. Given a discrete order parameter x € 2/(1,1), we have

1. Independence #1. The normalised RPC point process A (&) is independent from the correspond-
ing randomised limiting GREM overlaps q.

2. Independence #2. The reordered filtered limiting GREM Y is independent from the corresponding
reordered weights &.
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3. The reordering change of measure. Given I @ N, let v;(:|Q) be the joint distribution of
{Y(1,1)},ep, and 7;(-|Q) be the joint distribution of ¥(1, i)};c; both conditional on Q. Then

a7 (- n
d:ﬁ:g B l_[ l_[ exp (x {f (g1, Y (g1, 1) = fe O Y (g, 1)) (5.26)

k=0
16(1/;)

where the innermost product in the previous formula is taken over all equivalence classes on the
index set I induced by the equivalence ~

4. The averaging property. For all s, t € [0; 1], we have
({e¥@} e, -QV) ~ ({EV (@], QY). (5.27)
Proof. The proof is the same as in the case of the one-dimensional SK model, see [6;3]. O
Keeping in mind (5.26), we define, for k € [0;n — 1] NN, the following random variables
Ti(a) = exp (i [f (g1, Y (pqr, @) = F (3, YV (e, @))]) -

Given k € [1;n] NN, assume that al¥, a® e .o/ satisfy g (a(V, a®) = k. We introduce, for nota-
tional convenience, the (random) measure u(t, %) — an element of .#;(2y) — by demanding the
following

ue(t, %) [g] =E I:Tl(al)"'Tk(al)Tk-i-l(al)Tk—i-l(az)'"Tn(al)Tn(az)
g(t,aV, %)@ 9(t,a®, %) [g]], (5.28)

where g : %2 — R is an arbitrary measurable function such that (5.28) is finite. Using this notation,
we can state the following lemma.

Lemma 5.5. For any i, j € N, satisfying i ~ j, 1 kool j, we have
+

E[9(t,i,%)®9(t,j, %) [IR(e",0%) = QU NIE] | = m(t, %) [IR(e,0?) = QPIZ] . (5.29)

Proof. This is a direct consequence of (5.26) and the fact that under the assumptions of the theorem
Q. ) =QW.
O

Remark 5.4. It is obvious from the previous theorem that u, is a probability measure.

The main result of this subsection is an “analytic projection” of the probabilistic RPC representation
which integrates out the dependence on the RPC. Comparing to (1.20), it has a more analytic flavor
which will be exploited in the remainder estimates (Section|7). This is also a drawback in some
sense, since the initial beauty of the RPCs is lost.
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Theorem 5.4. In the case of Guerra’s interpolation (1.23), we have

n—1

1
R(t,2,Q Iy (B, €)) =5 > (xs1 = x)ui(t, B, ) [IR(", 0%) = QW]
k=0
+0(e)+0(1—x,), (5.30)

as e —0and x, — 1.

Proof. Recalling (5.7) and (5.6), we write
2
%m@ﬂww=%ﬂ;ﬂ@wﬂﬂﬂ

x 9(t,%,Q.1,%)® 9(t,%,Q,1, %) | IR(e?,0%) - (i, DIE] ]

Using Theorem 5.3, we arrive to

2
%u@ﬂm®=%2ﬂw®mmﬂm
i,j

xE[9(t,x,Q,1,%)®9(t,x,Q,j,%) [IR(c",0%) — QG NIE] | -

(We can interchange the summation and expectation since all summands are non-negative.) The
averaging property (see Theorem|5.3) then gives

2
%mmu@rJ;ZﬁLMamW@mnEWmu%m%mﬁ%mmwaﬁrnumm]
i,j
(5.31)

For each k € [1;n—1]NN, we fix any indexes i, i(()k), jék) € N such that i ~ jandi kool j. Rearranging
+

the terms in (5.31), we get

n

2
R(t,2(U,£)) = % Y E |9, 1) 0 96,50, 2) (IR0, 0%) - QW] |
k=1

x Y E[AH QDA EN]
1';]

inj
k+1]

2
+ %E [9(t,ip, %) ® 4(t,i0, %) [IR(c",02) — UIZ] ] ZE [A(E))?]. (5.32)

Finally, applying Lemmata[5.4/and[5.5 to (5.32), we arrive at (5.30).
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6 The Parisi functional in terms of differential equations

In this section, we study the properties of the multidimensional Parisi functional. We derive the mul-
tidimensional version of the Parisi PDE. This allows to represent the Parisi functional as a solution of
a PDE evaluated at the origin. We also obtain a variational representation of the Parisi functional in
terms of a HJB equation for a linear problem of diffusion control. As a by-product, we arrive at the
strict convexity of the Parisi functional in 1-D which settles a problem of uniqueness of the optimal
Parisi order parameter posed by [31;/20].

Lemma 6.1. Consider the function B : R? x R 4 — R defined as

1
B(y,t) = zlogE [exp {xf(y +2(t)}],

where f : R? — R satisfies Assumption 5.1 and {2(t)}icr0,1] is a Gaussian R9-valued process with
Cov [2(t)] = Q(t) € Sym(d) such that Q(t),, is differentiable, for all u,v. Then

14
0B, 0)=5 3 Q0 (02, BU,O+x8, B, 03, B D), (£Y)€@ xR (6.1)

u,v=1

In particular, the function B is differentiable with respect to the t-variable on (0;1) and C*(R?) with
respect to the y-variable.

Proof. Denote Z =E [exf(ﬁz(t))] . By [2, Lemma A.1], we have

1 (1 &
2By, 1) =5~ (EE[ 2 Qa2 e (z>|z:y+z(f>]) :

u,v=1

A straightforward calculation then gives

1 (1 1 &G
0.B(y, )= 5- (EE[ > Quul0) (328, £ ()3, £ (2) + x82, f(2)) exf(z)lz:y+zm]) .62
u,v=1

We also have

8, B(y,t) = éE [xe/ @8, f(@)myra00] (6.3)
and
22, Br,0= (78 [e7® (2, f(2, (2 4 02, @) Ly sa)
- %]E [xe /@8, f(2)|.—yra(0 | E I:xeXf(Z)azvf(Z)|z:y+z(t):|)' (6.4)
Combining (6.2), and (6.4), we get (6.1). O
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Proposition 6.1. Denote D = Uzzo(xk;xkﬂ). The function f = f, defined in (5.21) satisfies the
final-value problem for the controlled semi-linear parabolic Parisi-type PDE

8 f (1, 0+ Xy 250 (82, f(r, D+ x(0)8,, (3,008, f(,6)) =0, (t,y)€D xR,
fALy)=gW), y €RY,

f()’:xk_o):f(.y’xk"‘o); ke[l,n]ﬁN, yERd'
(6.5)

(k+1) _q(k)

Note that d%ﬁ(t) = for t € (X Xgq1)-

2
Xk+1—Xk

Proof. A successive application of Lemma|6.1/to (5.21) on the intervals D starting from (x,; 1) gives
(6.5). O

Remark 6.1. Note that a straightforward inspection of (5.21), using (6.2), (6.3) and (6.4), shows
that the function f defined in (5.21) is C*(D) N C([0;1]) with respect to the t-variable and C*(R?)
with respect to the y-variable.

Lemma 6.2. Given p € 2/(U,d), the function (5.21) satisfies the following:

£,(0,0)=E[log " &(a)exp {g(¥(1,a)}]. (6.6)
ac.o/
Proof. This is an immediate consequence of the RPC averaging property (5.27). O

Lemma 6.3.

1. Given k € [1;n] NN and a non-negative definite matrix Q € Sym(d), we have

1
oqfp(0,0) = _E(xk - x-)E[(Q M)], (6.7)

where M € R4 s defined as

My, =T1(aM) - T (@) Ti 1 (@) T 1 (@) -+ T (@) Ty (a@)
8, 8(@)|—y (1,005, 8 ()| ;—y (1.0

with q;(aV, a®) = k. Moreover, (6.7) does not depend on the choice of a'¥, a'® € .7 but only
on k.

2. Given a non-negative definite matrix Q € Sym(d), we have
Q- (0,0)= 3B [@M)], 69)
where M’ € Sym(d) is satisfies
M, =Ty(a) Ty(a) (3Zizvg(z) + 3Zug(z)3zvg(z)) L_Y(La) +0(1-x,),

as x,, — 1. Note that obviously does not depend on the choice of a € .</.
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Proof. Applying [2, Lemma A.1] to (6.6), we obtain

o.E [log Z exp{g(Y(1,a))}

ac.o

d
= %E[ Z W(g) ®JV(€) |:as (Q(a(l)ﬁ a(Z))u,v|Q(k):Q(k)+sQ)

u,v=1

[ar (@, (02, g() + 2,800, 8(2)) |

Q(k):Q(k)+sQ]

z=Y(1,aD)

- Z’ug(z)l:Z:Y(l,a(l))aZVg(z)|Z=Y(1,a(2))} Q(k):Q(k)-‘rSQ] ] *

Note that

Quys qu(aW,aP) =k,

3 (@™, a®)ylqw—qwrse) = {0 qL(a®, a®) £k
) L ) .

1. Define M(a™V, a®®) e R4*? a5

M(a(l): a(Z))u,v = azug(z)|zzy(1,a(1))azvg(z)lzzy(l,a@))-
Hence, we arrive at
1
Ot »(0,0) = —EE[ > Ky a0 E(@ME@@) (@, a®)(Q, M(al, a<2))>] .
aWaPey

The proof is concluded similarly to the proof of Theorem [5.4 by using the properties of the
RPC (Theorem /5.3 and Lemma|5.4).

2. The proof is the same as in (1).

O]
The following is a multidimensional version of [30, Lemma 4.3].
Lemma 6.4. For any a € ., we have
1.
1
0 fp 0 Olmey = B[ Th(@) T a@ s (@l =,
-1
(B[ £ Goerns Y Cesn, T @lgms , | = (10 Y a))) |-
2. Let M € Sym(d) with M,,, = 9, f (xi,Y (xx, @), f (xi, Y (xp, @), then
9 1
00 Fp(0:0)= B[ T1(@)-+- T a(@)@ M) |.
Proof. This proof is the same as in [30]. O
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We now generalise the PDE (6.5). Given a piece-wise continuous x € £(1,1) and Q € 2(U,d),
consider the following terminal value problem

{aff +3 (@ V2f) +x(QVf, V) =0, () eR! x(0,1), 6.9

f,1)=g).

We say that f € C([0;1] x RY — R) is a piece-wise viscosity solution of (6.9), if there exists the
partition of the unit segment 0 =: xq < x; < ... < X471 = 1 such that, for each k € [0,n] NN,
f 1 (xp; Xpp1) X RY — R is a viscosity solution (see, e.g., [9]) of

of +3 ((Q V) +x(QVf,Vf)) =0, (y,6) € R x (g, Xpeq),
f(y:xk+1 +O) :f(ynxk+1 - O)>
f D) =gW).

Proposition 6.2. For any p(", p® € 2/(U, d), we have

C 1
|fo(0,0) = f,(0,0)] < EJ lpM(6) = pP(B)llpde,
0

where C =C(Z)=E [[IM|l¢].

Proof. This is an adaptation of the proof of [31, Theorem 3.1] to the multidimensional case. Assume

without loss of generality that the paths p™ and p® have same jump times {xk}Z;l). Denote the

corresponding overlap matrices as {Q(l’k)}ZI(l) and {Q(z’k)}Z;"(l). Given s € [0; 1], define the new path

n+1
k=0

defining its overlap matrices as QM(s) =sQR) + (1 —5)QEX). On the one hand, we readily have

p(s) € 2/(U,d) by assuming that it has the same jump times {x;}""} as the paths p™, p(® and

1 n
J loM() = p@(D)llpde = D (x — xR — Q2O
0 k=1

On the other hand, using Lemma 6.3, we have

C n
12 Fo0(0:0)] < 5 > (= xR = QPF .
k=1

Finally, we have

1

|fo0(0,0) — f,2(0,0)] < J 105 f5(5)(0,0)|ds.

0

Combining the last three formulae, we get the theorem. O

Remark 6.2. Note that using the same argument and notations as in the previous theorem we get that,
for any (y,t) e R? x [0;1],

c (1
fo0 (3, 0) = fow(y, O < % f lo™M(s) ~ p@(s)lleds.
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Remark 6.3. Note that we can associate to each p € 2(U,d) a Sym™*(d)-valued countably additive
vector measure v,, € 4 ([0;1], Sym™(d)) by the following standard procedure. Given [a;b) C [0;1],
define

vp([a; b)) = p(b) - p(a)

and then extend the measure, e.g., to all Borell subsets of [0;1].

Theorem 6.1. Given U € Sym™(d), we have

1. The set 2(U,d) is compact under the topology induced by the following norm
1
el = f le(Dllpdt,  p € 2(U,d). (6.10)
0

2. The functional 2'(U,d)> p — f5(0,0) is Lipschitzian and can be uniquely extended by continu-
ity to the whole 2(U, d).

Proof. 1. The topology induced by the norm (6.10) coincides with the topology of weak conver-
gence of the above-defined vector measures. Since (U, d) is a bounded set, it is compact in
the weak topology.

2. This is an immediate consequence of Proposition [6.2|
0

In the next result, we summarise some results on the PDE (6.9) for the non-discrete parameters, cf.
Proposition

Theorem 6.2.

1. Existence. Assume that Q is in 2(U,d) and is piece-wise CV). Assume also that x is in 2(1,1)
and is piece-wise continuous. Then the terminal value problem (6.9) has a unique continuous,
piece-wise viscosity solution fq, , € C([0;1] X RY).

2. Monotonicity with respect to x. Assume Q € 2(U,d). Assume also that xV,x® e 2(1,1)
are such that x(V(t) < x@(t), almost everywhere for t € [0;1]. Let foxm and fq () be the
corresponding solutions of (6.9). Then fq .o < fo (-

3. Monotonicity with respect to g. Assume g1,8» : RY — R satisfy Assumption [5.1] and also
g1 < g almost everywhere. Let f, , fo, : R? % [0;1] — R be the corresponding solutions of
with g = gy, g = gy, respectively. Then f, < f,, .

Proof. 1. Due to the assumptions, the diffusion matrix Q(t) = p(t) in (6.9) is non-negative
definite. Applying [9, Proposition 8] to the PDE successively on the intervals [x; Xj41),
where the p is continuous, gives the existence of the solutions in viscosity sense and, moreover,
gives their continuity. Uniqueness is ensured by [12, Theorem 1.1].
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2. By the approximation argument (cf. Theorem [6.1), it is enough to assume that x(1, x®) e
2'(1,1) and Q € £'(U,d). Then Proposition 6.1/ gives the existence of the corresponding
piece-wise classical solutions of (6.9): foxmsfqx»- These solutions are obviously also the
(unique) piece-wise viscosity solutions of (6.9). The comparison result [9, Theorem 5] and
the non-linear Feynman-Kac formula [9, Proposition 8 ] give then the claim.

3. This can be seen either from the representation and an approximation argument, or
exactly as in (2) by invoking the results of [9].

O

6.1 The Parisi functional

We consider now a specific terminal condition in the system (6.5) given in (5.22).

Given p € (U, d), let f, : [0;1] X R? — R be the value of (the continuous extension onto 2(U, d)
of) the solution of (6.5) with the specific terminal condition given by (5.22). Following the ideas in
the physical literature, we now define the Parisi functional (3, p,A) : R x &'(U,d) x Sym™(d) x
Sym(d) — R in as

2 1
2(B,p,N) = £,(0,0)— ’%f x(0)d (lle(0)lI) — (U, A). (6.11)
0

The integral in (6.11) is understood in the usual Lebesgue-Stiltjes sense.

Remark 6.4. Note that the path integral term in (6.11) equals f(0,0), where f (t,y) is the solution of
(6.9) with the following boundary condition

d
gN=BI =B v yeRL
u=1

Obviously 2/(d) is dense in 2(d).

Theorem 6.3. We have

p(B)< sup inf  2(B,p,N). (6.12)
Uesmer(d)pEQ/(U,d)
AeSym(d)
Proof. The bound (6.12) is a straightforward consequence of Theorem|5.1. O

6.2 On strict convexity of the Parisi functional and its variational representation

In this subsection, we derive a variational representation for Parisi’s functional. As a consequence,
for d = 1, we prove that the functional is strictly convex with respect to the x € 2(1,1), if the
terminal condition g (cf. (6.9)) is strictly convex and increasing. This result is related to the
problem of strict convexity of the Parisi functional in the case of the SK model.
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Let W = {W(s)}ser, be the standard R9¢-valued Brownian motion and let {Z}icr, be the corre-
spondent filtration. Define

Ut T ={u:[6;T]->RY| uis {7} er, progressively measurable }.

Givenu € %[t;1],Q € 2(U,d) and x € 2(1, 1), consider the following R?-valued and adapted to
{Z:}icr+ diffusion

S S
y@ruty)(s) =y — J (x©)Qs)) " uls)ds +J (06)*aw(s), sels1l.
t t
Given some function g : R? — R satisfying Assumption 5.1} define fox: RY x [0;1] = R as

@Qxant,y) 1 (! 2
fox(y,t)= sup E | g(Yrerinhy (1))—5 llu(s)ll5ds | (6.13)
t

ue [t;1]

Proposition 6.3. Let d = 1. If g is strictly convex and increasing, then the functional £2(1,1) > x —
fq.x 1s strictly convex.

Proof. We have

1 1
y@uuty)(1) =y —J (x()Qs)) " uls)ds + f (2@) "W).

By an approximation argument, it is enough to prove the strict convexity for the continuous x{, x, €
2(1,1) (x; # x5). For any y € (0; 1), we have

1 1
Y @rat(-pruney)(1) = - f (yx1+ (1 = 1)x00)) " us)ds + f (06)*w(s)
1 1
<—yf (xla(s))”zu(s)ds—(l—y)f (x:0)) " uls)ds

1
+ f (@)W
t
= Y @Xtn)(1) 4 (1 — y)y @r2t0(1), (6.14)

where the strict inequality above is due to the strict concavity of the square root function. The strict
convexity and monotonicity of g combined with the representation (6.14) implies that (6.13) is
strictly convex as a function of x, since a supremum of a family of convex functions is convex. [

Proposition 6.4. Given a piece-wise continuous x € £(1,1) and a Q € £2(U,d) which is piece-wise
in C1(0;1), the function fox: RY x [0;1] — R defined by (6.13) is a unique, continuous, piece-wise
viscosity solution of the following terminal value problem

o.f +3 ((Q V) +x(QVf,Vf)) =0, (y,0)eRx(0,1),
D) =2g0).
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Proof. In a way similar to the proof of Theorem 6.2, we successively use [12, Theorem 2.1] on the
intervals (x;; xj1), where the data of the PDE are continuous. O

Theorem 6.4. Assume d = 1. Suppose also that g satisfies the assumptions of Proposition 6.3. For
any u € R, the generalised Parisi functional given by (6.11) with f,,(0,0) corresponding to the terminal
condition g is strictly convex on Q(u, 1). Consequently, there exists a unique optimising order parameter.

Proof. In 1-D, we can choose the coordinates such that Q = Ut, on [0;1]. Consequently, Q = U =
const on [0; 1]. Hence, it is enough check the strict convexity with respect to x € £(1,1). The result
follows by approximation in the norm (6.10) of an arbitrary pair of different elements of 2(U,d)
by a pair of elements of 2’(U,d) and Propositions and|6.4. O

Remark 6.5. Due to the monotonicity assumption on g, Theorem 6.4 does not cover the case of the SK
model, where the terminal value g is given by (5.22).

6.3 Simultaneous diagonalisation scenario

In the setups with highly symmetric state spaces X, (such as the spherical spin models of [23] or
the Gaussian spin models, see Section [8 below), less complex order parameter spaces as Q(U,d)
suffice.

Given some orthogonal matrix O € @(d), we briefly discuss the case p € &4,,(U, O, d), where
24iag(U,0,d) = {p € 2(U,d) | for all ¢t € [0;1], the matrix Op(t)O™* is diagonal}.

The space 24;,5(U,0,d) is obviously isomorphic to the space of “paths” with the non-decreasing
coordinate functions in R?, starting from the origin and ending at u, i.e.,

2(u,d)={p: [0;1] = R [ 5(0) = 0; 5(1) = u; 5(£) = 5(s), for t <s; 5 is cadldg},
where u = OUO* € RY. The isomorphism is then given by

2(u,d) 3 p — 0pO* € ;e (U,0,d). (6.15)

7 Remainder estimates

In this section, we partially extend Talagrand’s remainder estimates to the multidimensional setting.
Due to Proposition [5.2, to prove the validity of Parisi’s formula it is enough to show that all the
Ui terms in (5.30) almost vanish for the almost optimal parameters of the optimisation problem in
(5.16). This can be done if the free energy of two coupled replicas of the system is strictly
smaller than twice the free energy of the uncoupled single system (5.4), see inequality (7.2). How-
ever, the systems involved in (7.2) are effectively at least as complex as the SK model itself. In
Section 7.2, we again apply Guerra’s scheme to obtain the upper bounds on (7.3) in terms of the
free energy of the corresponding comparison GREM-inspired model. One might then hope that by a
careful choice of the comparison model one can prove inequality (7.2). In Sections|7.3/and 7.4, we
formulate some conditions on the comparison system which would suffice to get inequality (7.2),
giving, hence, the conditional proof of the Parisi formula, see Theorem|7.1.

211



7.1 A sufficient condition for u,-terms to vanish

In this subsection, we are going to establish a sufficient condition for the measures u; to vanish.
This condition states roughly the following. Whenever the free energy of a certain replicated system
uniformly in N strictly less then twice the free energy of the single system, the measure u; vanishes
in N — +o0 limit (see Lemmal7.2).

Keeping in mind the definition of u; (cf. (5.28)) and of the Hamiltonian H,(o,a) (cf. (5.3)), we
define, for alV, a® € .7k the corresponding replicated Hamiltonian as

HEZ)(O'(D, d@ a® a®)=H,(cW,aM) +H, (¢, a®). (7.1)

Remark 7.1. We note here that the distribution of the Hamiltonian H,(k,c™),c®)) depends only on
k and not on the choice of the indices ), a® € .72k,

Remark 7.2. The superscript (2) in (7.1) (and in what follows) indicates that the quantity is related
to the twice replicated objects.

Define
D% ={(aD, a®) e .7?: q (aV,a®) = k}.
Additionally, for any ¥ € %(B(U, £))? and any suitable Gaussian process,
(F(oW, 0@, 4@): o0 @ x4 4@ e g},

we define the local remainder comparison functional as

1
<I>$)’k’x [F]= NE [log JJ ff exp {[J’\/NF(G(D, o@, aW, a(z))}
v JJ gDk
du®N (0 D)dpN (0@)dE (aD)dE ()] 7.2)
Define
PPk, t,x,Q,9) = 8P* [HP]. (7.3)

Lemma 7.1. Recalling the definition (5.4), for any ¥ € %(B(U, €))?, we have
o0k, £,3,Q,9) < 9 (k, £,x,Q, S(BU, £))%) = 20y (t, x,Q, S(B(U, £))). (7.4)
Proof. The first inequality in (7.4) is obvious, since the expression under the integral in (7.2) is
positive. The equality in (7.4) is an immediate consequence of the RPC averaging property (5.27).
O

In what follows, we shall be looking for the sharper (in particular, strict) versions of the inequality
(7.4) because of the following observation due to Talagrand [30].
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Lemma 7.2. Fix an arbitrary ¥ < Zx(B(U, €))?. Suppose that, for some € > 0, the following inequal-
ity holds

SDJ(\[Z)(kJ t’ x: Q: 7/) S ZSON(t) x: Q: ZN(B(U) 8))) — €. (7'5)

Then, for some K > 0, we have

N
ur(¥) <Kexp (_E) .

Proof. The proof is based on Theorem 2.2/and follows the lines of [21, Lemma 7]. O

7.2 Upper bounds on ¢®: Guerra’s scheme revisited

In this subsection, we shall develop a mechanism to obtain upper bounds on (,0(2) defined in (7.3).
This will be achieved in the full analogy to Guerra’s scheme by using a suitable Gaussian comparison
system.

Given U € Sym™(d), we say that V € R?*¢ is an admissible mutual overlap matrix for U, if

_|lu v N
§= [V* U] € Sym*(2d). (7.6)

Furthermore, define

Y (U) = {V e R™? : V is an admissible mutual overlap matrix for U}.

Hereinafter without further notice we assume that i{ € Sym™*(2d) has the form (7.6), where V is
some admissible mutual overlap matrix for U.

Let Q € 2(4,2d). Let r = {r; € [0;1]}]_; be the “jump times” of the path o. We assume that the
“times” are increasingly ordered, i.e.,

O=r<n<..<tp<fmua=1
Consider the following collection of matrices
Q={9,=9(y) c Sym+(2d)};:§.
We obviously then have
0=0@<aW <. <QM <+ =y (7.7)

Such a path 9 induces in the usual way the “doubled” GREM overlap kernel 2 = {Q(a™, a®)
Sym*(2d) | aV, a® € .4}, defined as

Q(a®, a®) = Qla@®.a®))
We also need the d x d submatrices of the above overlap such that

Ala®, @) = |:D|11(a(1),a(2)) th(au),a(z))} |

(7.8)
Qla(a®,a®)* Qlp(a,a®)
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Remark 7.3. For cMa® e 5, we shall use the notation o™ 11 c® (]RM)N to denote the vector
obtained by the following concatenation of the vectors o and o®
N
oWio@= (afl)ol@ EXLXXC de). .
1=
Let us observe that the process
x@ = {X(z)(’r) =X+ XD | 1=0W16@;6M) @ ¢ EN}

is actually an instance of the 2d-dimensional Gaussian process defined in (1.1). Hence, it has the
following correlation structure, for !, 72 € Z]I(\?),

Cov [x@(ch),xP(zH)] = [[RP(z, 72)|2.

The path p induces also the following two new (independent of everything before) comparison
process Y(?) = {Y(Z)(a) eR¥|qe szu}, with the following correlation structures

Cov [YP(a),YP(a®)] = a(a®, a?) € sym* (d).

As usual, let {Yi(z)}?’: , be the independent copies of Y. For the purposes of new Guerra’s scheme
we define a GREM-like process (cf. (1.17))

AP = (AR (1. q): 1 =0W 16@; D @) e Yy € o}
as

2\ 12X
A®) (1, q) = (ﬁ) Z(Yi@)(a),’fi).

i=1
We fix some t € [0;1]. We would now like to apply Guerra’s scheme to the comparison functional
(7.2) and the following two processes

{HEZ)(O'(D, @, a)} {ﬁA(Z)(G(l) no®, a)}g(l)

oM,c@exy aca’ o@exny,acd ”

These two processes are, respectively, the counterparts of the processes X(o) and A(o, a) in Guerra’s
scheme.

Consider a path Q € 2/(U, d) with the following jumps
0=:Q® <QW<...<QW < QD).

Let A = {K(o,a) 10 EXy;AE Jz{n} be a Gaussian process (independent of all random objects
around) with the following covariance structure

E[A(0®,aMA(c®,a®)] = 2(R(c™W,c),Q(a, a®)).
For notational convenience, we introduce also the following process

AP (oW 6@ oW @) =A(cW, D)+ A0, a?). (7.9)
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Recalling the replicated Hamiltonian (7.1) and following Guerra’s scheme, we introduce, for s €
[0; 1], the following interpolating Hamiltonian

HP(0W, 6,60, 4®) =y5ix@ (0D 1 6@) + /1 - 5)eA? (0D 1 0@, o)
+ /1= tAP (D ) @ oD o), (7.10)

Given ¢,6 > 0 and £ € Sym(2d), define (cf. (5.8))
(e sl e,6)= (W e Sym™(2d) : |8 — |z <&, (& — 8L, £) < 6.
We consider the following set of the local configurations

25\?)()3,11, £,0)= {(0(1),0(2)) EXy XXy :RE\%)(O'(D no® oMy 0(2)) S ”1/(2)(3,11, €, 5)} . (7.11)

Note that 21(\?)(2, i, e,5) C Zy(B(U, £))?. We consider also the RPC { = {(¢) generated by the vector
¢ and, for any suitable Gaussian process

F={F(cW,0®,aW a@)| oW o exy;al,a® e 4,3},

define the corresponding local comparison functional (cf. (7.2)) as follows

@E,%)’k"[ E logfj Jf exp{[a’\/—F(G(l) (1)’a(2))}
o

du® (oM)due (e@)dz(aM)dg(@)).
Define the corresponding local free energy-like quantity as (cf. (5.4))

& (2 — 52)kr 2
X(SJ t; k,?;Q,Q, Z:N (S)uy £, 5)) <I>Z(2)(£)J 5) |:Ht,s :| . (712)

To lighten the notation, we indicate hereinafter only the dependence of y on s. Denote
th? &
BH = == > (I VIR - 12017)
1=1
Lemma 7.3. There exists C = C(X) > 0 such that, for any i as above, we have

%, ~
5266k n 2.0, 50(8 e, 5)) < ~BY + Ce, (7.13)
Consequently,

(2) 2 @)k [ @)( 51D oD
Nk, t,x,Q, X7 (L,4,e,6)) < <I>(2)(£u 5 VAP (cW o2 )

1- t;\(z)(a(l) no@, o), a(z))} —B*? 4 Ce. (7.14)
Proof. The idea is the same as in the proof of Theorem|5.1/and is based on Proposition 2.5| Since
we are considering the localised free energy-like quantities (7.12), the variance terms induced by

the interpolation (7.10) in (2.14) cancel out (up to the correction &(¢)) and we are left with the
non-positive contribution of the covariance terms. O
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Given £ € Sym(2d), we consider the following stencil of the Legendre transform

~ 1
@ ket [F] = —(g,4l) — B*2 + —E[log exp{BVNF(c®,0®, o o)
N 22 JJ g @k

+(2(cWi0@), oM 0@y}
du®N (eM)dp® (0®)dg(aM)ds(@®)].  (7.15)

Definition 7.1. Let F : Sym(2d) — R. Given & > 0, we call £© € Sym(2d) §-minimal for F, if

F(AD)< inf F(A)+56.
AeSym(2d)

Lemma 7.4. There exists C = C(X) > 0 such that, for all 4 and Q € 2'(4,2d) as above, all £,5 > 0,
there exists a 6-minimal Lagrange multiplier £ = £(i,¢,6) € Sym(2d) for (7.15) such that, for all
ke[1;n]NN, all t € [0;1], and all (x, 2), we have

<p1(\,2)(k, t,x,Q, ZI(\?)(,Q,M, £,6))< inf kL [\/?A@)(G(l) no@, a(l))

LeSym(2d)
+ V1= tAP (W 1@ oD, a(z))]
+C(e+ ). (7.16)
Proof. The argument is the same as in the proof of Theorem|1.1. O

Consider the family of matrices Q= {55(1) eSym*T(2d) [l €[0;n+1]N N}, defined as

~o_ [60 gw

0 = [6(” S| (7.17)
forl € [0;k] NN, and as

- an g

RIVE |:(§(k) 50 | (7.18)

forl € [k+ 1;n+ 1] NN. Additionally we define, for [ € [0; n+ 1], the matrices
QO =ta+a-0na.
Let Z e R24%2d for [ € [0;1], be independent Gaussian vectors with
Cov [20] =262 (8% (1) - AV(0)).

Given y € R%?, ¢ € Sym(2d), consider the random variable

x® (7,59(0),8) = logf J exp((7,0D10@) + (0™ 1), 0V 16@) ) du(cV)du(c®).
rJE

(7.19)
Define recursively, for [ € [n; 0] NN, the following quantities
25 S _1 z0 () 5L 70 0!
X2,k 20,0 = —logE”” [exp (sX 217 + 20,k 800, 9) | (7.20)
l
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Lemma 7.5. We have

F@DkrL [ﬁA(Z)(U(l) 1@, o) +4/1 = tA®(cM 1 @ gD, a(z))]

= —(2, 1) +x2(0,5,20(1), £).

Proof. This is an immediate consequence of the RPC averaging property (5.27).

Proposition 7.1. Under the conditions of Lemma 7.4, we have

(7.21)

PPk, 6 x,Q 508 0 e,5) < inf ({2, +X(7(0,5,8(0),£)) — B+ C(e +6).

£eSym(2d)

Remark 7.4. Similarly to (5.15), there exists C = C(X, u) > 0, such that, for any £ € Sym(2d),

PPk, t%,Q BP (B, ) < —(2,1) - B2+ XP(0,5,8(0), 8)) + CliLlpe.

Proof. Immediately follows from Lemmata 7.4 and

7.3 Adjustment of the upper bounds on

Proposition|2.1]implies that there exists r € [1;n] NN such that

IQUTVIE < IVIZ < IR

(7.22)

Assume r = k. (Other cases are similar or easier as shown for 1-D in [30].) We make the following
tuning of the upper bounds of the previous subsection. Set n =n+ 1. Let w € [x,_1/2;x,]. Define

%o 1e[0;k—1]NN,
n=ryw)=1{w, [=k,
x;, lelk+1;n+1]NN.

Let

50 = QW, le[0;k—1]NN,
QY 1elk;n+2]NN.

Moreover, suppose 9 = {Q(Z)}EOZ satisfy

41V, [€[0;k—1]NN,
1902 = < 4IVIIZ, [=k,
2(IQUDIZ+IVIZ), L€ lk+1n+2]NN.
Such £ exists due to (7.22). Moreover, if d > 2, then it is obviously non-unique.

Lemma 7.6. In the above setup, we have

n

B2 = t[J’Z{(w —x-) (1IRMIZ = IVIZ) + D xy (IQUVI2 = 1QWI12) }.

=1
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Proof. The claim is a straightforward consequence of (7.23) and (7.24). O
Define the matrix D1 e Sym*(2d) block-wise as

D) = B2e(U — QY] ) + (1 - (U — Q™) + Ly,
D], = B2e(V — QY] 1,) + Lo,

Dy, = B2V — QM| )" + 23,

DD, = B2t(U — QW V|,0) + 21 — £)(U — Q™) + £,

Furthermore, we define

Sym*(2d) 3 DD = [ﬁZ(U—Q(”)HA . ] |

0 B2(U - QM)+ A
Lemma 7.7. We have
x2(7, k.1, (1), £) = log f f exp((7,00 1 0@) + (@D (0D 1 62), 6V 11 62) )
xJx
x du(o™M)du(a®).

Proof. Since 1, = 1, the result follows from a straightforward calculation of the Gaussian integrals
in (7.20) for [ =n+ 1. O

~_ (A o] ~_ U W
=] o= 8 2.

Lemma 7.8. For any y € R, [ € [0;n+ 2] NN, we have

Define

2X,1(y,x,2,U,A), le[k;n+2]NN,

- -~
X y,t(w),Q, &)lyey, , =
CO Y e W) Ol {2Xl(y’x,gv),U’A)’ [€[0;k—1]NN.

Proof. A straightforward (decreasing) induction argument on [ gives the result. Indeed: forl = n+2,
an inspection of (7.19) and (1.9) immediately yields

9 ~ ~
X,S_Bz(y(l) I y(Z): ;(W)) Q: S) = Xn+1(y(1): X, ‘Qa U: A) +Xn+1(y(2)) X, Q: Ua A):
where y(, y@ e RY. Let Z( be a Gaussian 2d-dimensional vector with
Cov [Z(Z)] = 2[52(}5(”1) -9y,

Define two Gaussian d-dimensional vectors Z()-! and Z(2 by demanding that

70 =701, 702,
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Due to (7.17) and (7.18), the vectors Z('! and Z(V2 are independent, for [ € [k;n+ 1]. We have
701 702 for [ € [0;k — 1]. Assume that [ € [k;n+ 1] NN and

X2 01 y®,xw), 8,8 =x,D,x,2,U,A) + X,(y®, x, 2,U, ).

By definition (7.19), we have
1

X001y kr 8=
1

logEzm [exp (;le(i)l(y(l) I y(z) + 2(1), k,z, }5, 2))]

1 5 ~
= logEZU) [exp{xl (Xl(y(l) +ZWl x 2 U,A)
X1

+X,(y?+702 x,2,U,1)) }]
=Xy, x,2,U,N)+X,_1(y?,x,2,U,\).
By the construction and previous formula, for [ = k — 1, we have
X0 y®, ke, 2, Dlymy,, = X700 1y, k5, 2,0
=X 1V, x, 2, U, N+ X1y, x, 2,U,A).

Finally, for | € [0; k — 2], we recursively obtain

~ o~ 1 70 —~ ~
XxP Dy Wk, 5, 2, )y, , = - log E* [eXp (zchl(f_)l(y(” nyW+Z0 k1, Q, S)IW:xk_l)]
1

2 > X ~
= ZlogRZ™ [exp{é (X1+1(y(1) +701 % 2,U,A)
X1
+ X100+ 200, x,2,0,1)) }]
=2x,(yM, x, 2,U,A).
0

Remark 7.5. Motivated by Lemmata|7.2/and|7.8 (see also Section|7.4), we pose the following problem.
Is it true that, as in 1-D (see [30; 21]), there exists Q € &'(4, 2d) satisfying the assumption (7.24)
such that the following inequality holds

. _ ) ~
oedlf (290 + X670, 600, B0, Ol )

?
<2 inf (—(A,U)—IrXO(O,x,Q,U,A))? (7.25)
AeSym(d)

Similar problems have at first been posed in [33]. The resolution of the above problem seems to require
more detailed information on the behaviour of the Parisi functional (6.11) or, equivalently, of the
solution of (6.9) as a function of Q € 2(U,d) .

7.4 Talagrand’s a priori estimates

We start from defining a class of the almost optimal paths for the optimisation problem in (6.12).
Recall the following convenient definition from [21].
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Definition 7.2. Given U € Sym™(d), we shall call the triple (n, p*,A*) € N x 2/(U,d) x R q 6-
optimiser of the Parisi functional (6.11), if it satisfies the following two conditions

P(B.p" A< inf P(B.p,A)+0. (7.26)
pe2’(U,d)
AeSym(d)
P(B,p",A)= inf P(B,p,A). (7.27)
pe2(U,d)
AeSym(d)

Remark 7.6. It is obvious that for any 8 > 0 such a 6-optimiser exists. The main convenient feature
of this definition (as pointed out in [30]) is that n (the number of jumps of p*) is finite and fixed.

Recalling (5.13), we set

2 n
¢ (t) = (U, A) —%ZX (1IQE 2 = 1Q™MIIZ) + Xo(x, 2,U, A). (7.28)

k=1

Under the following assumption (at first proposed in 1-D in [30]), we shall effectively prove that
remainder term almost vanishes on the & minimisers of (6.11), see Theorem|7.1}

Assumption 7.1. Let {4 € Sym™(2d) be defined by (7.6). We fix arbitrary t, € [0;1), € > 0and & > 0.
There exists K = K(tg,€,6,4) > 0, 6(ty,&,6,U) > 0, and Ny = Ny(tg,€,6,U) € N and £* € Sym(2d)
with the following property:

If (n, p*, A*) is a O-optimiser; for some 6 € (0; O(t, €,6,4)], then uniformly, forall t € [0; ty), N > N,
and all k € [1;n] NN, we have

¥ ok 1
Pk, t,x*,Q", TP (L, U, £,5)) < 202N (1) — Q0 — VI +Cle +5). (7.29)

Remark 7.7. The validity of the above assumption for general a priori measures is an open problem.
However, in the particular case of the Gaussian a priori distribution the assumption is indeed effectively
satisfied. See Section|[8 and Theorem|[8.1] in particular. This gives a complete proof of the Parisi formula
for the case of Gaussian spins.

Remark 7.8. If the bound (7.25) holds then Lemma 7.6 with w = x,_; would imply that

? * * *
o (k6,50 (27,4,6,8)) < 26002 A(0) + C (e + 6). (7.30)
The above inequality would then be a starting point for the a priori estimates in the spirit of Tala-
grand [30] which might lead to the proof of Assumption|7.1.
7.5 Gronwall’s inequality and the Parisi formula

Theorem 7.1. Suppose Assumption|7.1 holds.

Then we have

lm pu(F)= sup _inf P(B,p,A)
Aesym(d)

220



Proof. The proof follows the argument of [30] (see also [21]) with the adaptations to the case of
multidimensional spins. The main ingredients are the Gronwall inequality and Lemma 7.2. Theo-
rem|5.1/implies that

lim py(B)< sup inf  2(B,p,A).
NT+o00 UeSym™*(d) P€2'(U,d)
AeSym(d)

We now turn to the proof of the matching lower bound. As in the proof of Theorem/[1.2, it is enough
to show that

lim lim ¢n(1,x,Q,B(U,e))> inf P(B,p,A). (7.31)
el4+0NT+o0 peL’(U,d)
AeSym(d)

1. We fix an arbitrary U € Sym™(d). Fix also some t, € [0;1). By Assumption|7.1, we can find
the corresponding 8(t,,V,U) > 0 with the properties listed in the assumption. We pick any
0 € (0;0(ty,V,U)] and let (n, p*, A*) be a correspondent 0-optimiser. Note that, by definition
(7.28), we have

¢U2A(1) =2 (B, p", U, A")
and, by Definition|7.2,

|¢(x*,£*,A*)(1) — inf @(B,p,U,A)| <6. (7.32)
peL’(U,d)
AeSym(d)

2. We denote
An(0)= U2 — oy (6, x7,Q7, B(U, ).
Note that, due to (5.12), we obviously have
An(t) > —Ce. (7.33)
Define
A(t) = NlTiTOO An(8).

The definition (7.28) and Theorem|5.4/yield

d 1 n—1
TV =3 k;(xm = x k[ IRy (0, 0P) = QW|IZ] + Ce. (7.34)

3. Let us set D = sup, 5. ||0||,. We note that, for any o, 0® € 5, we have
R(O'(l), 0-(2)) c [—DZ;DZ]dXd,
Given the constant K from (7.29), for any ¢ > 0, we define the set
k
KU, e) = {(0W,0P) e Sy(BW, €)1 [R(0™W, o) — QW2 > 2K (Ay(t) +¢)} .
(7.35)

221



It is easy to see that by compactness we can find a finite covering of Z%)’k(U , €) by the neigh-
bourhoods (7.11) with centres, e.g., in the corresponding set of admissible overlap matrices

"VA(,k)(U,s) = {R(O.(l),o-(l)) € [-D%: D2 . (¢ ;@) e Zﬁ)”‘(U,e)} _
That is, there exists M = M(e,6) € N and the finite collections of matrices {V(i)}?i 1 €

”VA(,k)(U, ¢) and {U(i)}}L, € B(U,e) N Sym™(d) such that

M
=N, e) e[ =R (), W), €, 8), (7.36)
i=1

where

(i) = [éﬂ% Zgﬂ e Sym*(2d),

and £%(i) is the corresponding 6-minimal Lagrange multiplier.

. Giveni € [1; M]NN, let (n(i), x*(i),Q*(i), A*(i)) be the corresponding to U(i) 6(i)-optimisers.
Due to Lipschitzianity of the Parisi functional (Proposition6.2) and the fact that U(i) € B(U, ¢)
we can assume that n(i) = n. Using the bound (7.29) and the definition (7.35), we obtain

*(r *(r *( s 1 .
on (ks £, QB (240,40, €,8)) < 2 D2 ONO() — QW — V(DI + Cle +6)
< 20y(t,x",Q", B(U, £)) — c + C(e + ),

where the last inequality is again due to Lipschitzianity of the Parisi functional (Proposi-
tion |6.2) which allows to approximate functional’s value at (x*(i),Q*(i), A*(i)) by the value
at (x*,Q*, A*) paying the cost of at most Ce. Choose ¢ > C(& + §). Then Lemma|7.2 implies
that there exists L = L(¢, §,¢) > 0 such that

N
2
Uk (Z&)(g*’u,g,é)) < Lexp (_f) .
Therefore, the inclusion (7.36) gives
( @),k N
up| 25" (U,e) ) < LM exp -7 (7.37)

Hence, for each k € [1;n] NN, we have

e IRy (0D, @) = QP12 | = e [ IRy (0, 0@) = QPN s, (0D, 0 |

+ Uk [IIRN(U(l), @) — Qb2 (1 _%Eg)’kw’g)(o(l), a(z))) ]
=:1+1L (7.38)

For all (e, 0@ e (ZIN(B(U, £)?\ Z](\?)’k(U, £, 5)), we have by definition

IR(c™, @) — QW12 < 2K (Ap(t)+¢).
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Therefore, using Remark 5.4, we arrive to
11 < 2K (An()+¢). (7.39)
The bound (7.37) assures that

N
1< LM exp (—f) . (7.40)

. Combining (7.39) and (7.40) with (7.38) and (7.34), we obtain

d N
aAN(t) < 2K (An(t)+c)+ LM exp (_f) +C(e+9).

Hence,
4 ((AN(t) +o) exp(—th)) — exp(—2Kt) (E(AN(t) +¢)— 2K(Ay(0) + c))
de de
< exp(—2Kt) (E(LM exp (—ﬁ) +C(e+ 5)).
de L
Integrating the above inequality and noting that due to (5.12) |Ay(0)| < Ce, we arrive to
Ay(t)+c <(Ce+c)exp(—2Kt)+ LM exp (—%)

+ C(e+6)(exp(—2Kt)— 1)+ C(e + 6).

Passing consequently to the limits N T 400, € | +0, 6 | +0 and finally ¢ | 40 in the above
inequality, we get

lim A(t) <0, forallte[0;ty].
el+0
The existence of the N T 400 limits is guaranteed by the general result of Guerra and Toninelli

[19]. The limits € | +0, 6 | +0 exist due to monotonicity. Finally, combining the above
inequality with (7.33), we get

1}210 A(t)=0, forallte[0;ty]. (7.41)

. Now, it is easy to extend the validity of (7.41) onto the whole interval [0; 1]. Indeed, due to
the boundedness of the derivatives of ¢y and ¢, we have, for any t € [0;1],

'd
AN(t)<f —AN(t)dt

(][

1

d
< (An(to) — AN(0)) +J EAN(O de
to
< An(tg) + L(1 — tg). (7.42)
Passing to the N T 400 limit, applying (7.41), and then to t, — 1 limit in (7.42), we get
lim A(t)=0, forallte[0;1].
el+0

223



7. In particular, the previous formula yields
0= lim A(1) = ¢*2""I(1) — lim ¢y(1,x%,Q", B(U, €)).
el+0 el+0
Note that ¢ (1,x,Q,B(U, ¢)) does not depend on the choice of x and Q. Hence, by (7.32),

we obtain

| lim ¢y (1,x%,Q",B(U,e))— inf P(B,p,U,A)| <6.
el+0 pe2'(U,d)
AeSym(d)

The proof of (7.31) is finished by noticing that the 6 can be made arbitrary small.
O

8 Proof of the local Parisi formula for the SK model with multidimen-
sional Gaussian spins

In this section, we prove Theorem The rich symmetries of the Gaussian a priori distribution
allow rather explicit computations of the X, terms (see (1.11)). This allows us to prove that the
analogon of Assumption|7.1]is satisfied, implying the Parisi formula for the local free energy (Theo-
rem/[1.3).

Remark 8.1. The case of Gaussian spins is very tractable due to the (unusually) good symmetry (i.e.,
the rotational invariance) of the Gaussian measure. Therefore, it is not surprising that in this case the
calculus resembles the one for the spherical SK model, cf. [23; 29].

We start from the estimates under a generic (i.e., no simultaneous diagonalisation, cf. Section [6.3)
scenario.
8.1 The case of positive increments
Let, for k € [0;n] NN,
AQ(k) = Q(k"rl) _ Q(k)_
1
We define, for A € Sym(d), a family of matrices {D(Z) e Rdxd }?:0 as follows
D(n+1) = C,

and, further, for k € [0;n] NN,
n
pW=c—-A-2p2> xaQ0. (8.1)
1=k

We assume that the matrices A and C are such that, foralll € [1;n+ 1] NN, we have
pW - o.
We need the following two small (and surely known) technical Lemmata which exploit the symme-

tries of our Gaussian setting. We include their statements for reader’s convenience.
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Lemma 8.1. Fix some vector h € RY and a Gaussian random vector z € R? with Varz = C~! € R4x4,

Then we have

E* [exp({z,h) + (Ac,0))] = (det [C (C - A)_l] )1/2
X exp G ((c —A)_lh,h>) _

Proof. This is a standard Gaussian averaging argument.
O

Lemma 8.2. For a positive definite matrix AQ € Sym(d), let z ~ A4(0,AQ). We fix also another
positive definite matrix D € Sym(d) such that AQ™! = DL,

Then we have

-1/2

E* [exp G(D—l(z +h),z+ h)ﬂ = (det [D(D-2Q)'])

X J exp (%((D —AQ) 'h, h)) .
]Rd

Proof. This is a standard Gaussian averaging argument. See, e.g., [29] for an argument in 1-D.
O

Now we are ready to compute the term X,(x,2,U,A) (see (1.11)) corresponding to the a priori
distribution (1.26) in a rather explicit way.

Lemma 8.3. We have

1 1 det DUHD
XO(X"Qa U, A) =3 ([D(l)]_15AQ(O)> + <[D(1)]_1h’ h) + _log T (D .
2 i x detD®

Proof. 1. We start from computing the following quantity
n
Xpi1 = 1ogf exp (Z(Y(l),a) + <Aa,o>) du(o), (8:2)
R4 1=0
where Y() € R? are independent Gaussian vectors with variance

Var [YO] =282AQY.

We denote
n
R=he > v,
1=0
Lemmal8.1 gives

f exp (ZHJ(Y(Z),U) + (Ao,o)) du(o) = (det [C(C — A)—1D1/z
R4

1=0
X exp (% <(C — A)_lTl,Tl>) .
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2. Next, we define, for [ € [0;n] NN, recursively the following quantities
1 Y,
X = X—llogE texp (x:X141) ] -
Applying the Lemma 8.2/to (8.2) recursively, we obtain

X, = ([P (YO +n), YO +h) +

| det pU+D
1o (—) @

N =

Recall that we have
1
— lim — Y,
Xo= xlinlo . logE* [exp (xX1) ]
=E" [X,] (8.4)
and note that
EY (DM@ +h), Y@ +h)] =26%([DV] 71, 4Q7) +([DV]h,R).  (8.5)

Hence, combining (8.4) and (8.5) with (8.3), we obtain the theorem.

8.2 Simultaneous diagonalisation scenario

In what follows, we employ the simultaneous diagonalisation scenario introduced in Section
Suppose that, for [ € [0;n + 1] NN, and some matrix O € &(d), we have

pW =0*dWVo,
where the vectors d¥ e RY, for [ € [0;n] NN, satisfy
0=<dW <qdty,

That is, the vectors d) are (component-wise) increasingly ordered and non-negative.

Lemma 8.4. We have

R = N

v=1

1 (2B2¢0+R2 1 dd+D
Xo(x,2,U,AN) = EZ (L +Z —log | , (8.6)
B <& B> <&
= 2k (1IREVIE = 1QWIE) = 5 > i (I ® 15 = llg™1i3) - 8.7)
k=1 k=1

Proof. This is a standard argument which relies on the standard invariance properties of the deter-
minant and the matrix trace.

O
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Define the 1-D Parisi functional for the case (1.26) as

2ﬁ2q(1)+h2 n i og(d(l+1))
l

P(p, \)=—Au+ 10 —~@

- ﬁzixz (C I (8.8)
=1

Proposition 8.1. There exists C = C(X) > 0 such that, for all u € Ri and all €,6 > 0, there exists
an §-minimal Lagrange multiplier A = A(U, ¢,5) € RY in (1.12) such that, for all t € [0;1] and all
(x,p), we have

1 d
pN(ZN(/y(A) U: €, 5))) S_ lnf (Z g(pv’ Av)) + C(S + 5) (89)
2 P2 y=1
and
1 d 1
NlTi_’I_noopN(ZN(B(U:ED) Ziipr,‘;f (;g(pv,%HNlTiinmL Z(t,x,Q, EN(B(U,S)))dt)
+C(e + ). (8.10)
Proof. We combine (8.6) and (8.7) and the Proposition /5.2 to get (8.9) and (8.10). O

8.3 The Crisanti-Sommers functional in 1-D

In this subsection, we adapt the proof of [29] to obtain the equivalence between the (very tractable)
Crisanti-Sommers functional [11] and the Parisi one (8.8) in the case of the Gaussian a priori mea-
sure (1.26). Similar ideas based on the symmetry of the a priori measure were exploited in the case
of the spherical models by [4; 23].

We restrict the consideration to 1-D situation for a moment. Given u > 0, consider p € Q,’l(u, 1),

A€R,heRandlet {dV e R}?:ll be the scalars playing the role of matrices D) (cf. (8.1)). That
is,

n
dV=c—-21-2B2> x; (¢ —q®),
2% )

dntD =,

We define, for k € [1;n] NN, the family of vectors {s*) e Rd}zzo by

§0 = Zn:xl () — g®) 8.11)
=k

We also define the Crisanti-Sommers functional as follows

2 ) q(l) n-l4 sO -
J— n
€ (P)=1—cuth’sW+ 55+ ;_l - log (S—(HD) +log [c(u—q™)]

+62D x ([ 12 - [qV1). (8.12)
=1

227



Lemma 8.5. If (p, A) is an optimiser for (8.8), that is,

P(p,A)= inf @(p’,1), (8.13)
(p'A)

then, for all k € [1;n] NN, the pair (p, A) satisfies

q® = h? +2p%q +k_1 1 (i b ) (8.14)
[d(l)]z — X dm dU+D
Moreover,
A=c—2p*u—qM)—(u—q™), (8.15)

and, for all k € [1;n] NN, we have
1 1

L o2 (kD) _ (R
T~ 2P qv), (8.16)
and also
1
S0 — 5 (8.17)

Remark 8.2. In the formulation of the theorem (as well as elsewhere), it is implicit that d© =
d®(p, 1) and s¥ =sE(p, ).

Proof. 1. Rearranging the terms in (8.8), we observe that

2B82qM + 2 & 1
AN = _ O _—_— _— _ (n+1) _ €3]
P AN)=—Au+ — 10 +Zlogd (Xz ) xl)+xn10gd x logd
_ ﬁzle ([q(l+1):|2 _ [q(l)]Z) . (8.18)
=1

We compute, for k,l € [1;n] NN,

0, k<l
—{ 2p2x,, =k, (8.19)
262 (xx —xx—1), k>1L

adW
2q)

Using (8.19) and the representation (8.18), we compute the necessary condition for (g, A)
satisfy (7.27), for k € [2;n] NN,

0 ) 282¢qW+r2 L1 1 1
- s [P S (L 1)

1 1
+ - Fqi . (8.20)
A0y, xyd®D qk}




We also have (for k =1)

2 _ €y
0= aq(l)‘@(q’m 2P { [dD]2 x,d® g
W4 12)
_ op2 1 _ (q
=2B%x, |:q O } . (8.21)
Relations (8.20) and (8.21) then imply (8.14).
. Using the fact that
2dW
RE——
oA ’
we obtain
d h2 + 2[52q(1) = 1 1

Applying (8.14) with k = n in (8.22), we obtain that the necessary condition for A to satisfy
(8.13) is as follows

0 = W, ] 1 1

__azg(q’ )=—-u+q + 700~ gD

__ (n) — (n) y —9R2( — AW !

= —u+q® + 75 = u+q® +(c A—2B%u—q™)) (8.23)

which implies (8.15).
. Relation (8.16) is proved as follows. Subtracting the relations (8.14), we obtain, for k €
[1;n—1]NN,
(k1) _ 400y = 1
xi (¢4 = qW) = 5 - (8.24)
By (8.23), we have
1

x (@ -q®) =u—q" = .

(That is, (8.24) is valid also for k = n.) Combining the previous two relations, we get, for
ke[1;n]NN,

s = — (8.25)

Using (8.25) and (8.24), we get
B2x, (q(k+1) _q(k)) — gD _ 400
(by 8.24)) = Ak DM (gD — g0 = g (50 — s(htD)
1
by B25) = 55—
which is (8.16).
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Lemma 8.6. If p is an optimiser of (8.12), that is,
¢ (p)=inf6(p’),
Jo)
then, foralll € [1;n] NN, (8.16) holds.

Proof. The strategy is the same as in the previous lemma. We rearrange the summands in (8.12) to
get

1) 1pesD 10 sm  n-l
¢ (p) =h%:D + 28 8 4 (— - —) logs®
s X X1 1o X141
+1log (c(u—q™)) + B sz (["1* - V7). (8.26)
=1
We have, for k,l € [1;n] NN,
PO 0, k<l,
oq® R k=1, 827
X X, k>1
1. Relation (8.27) implies, for k € [2;n — 1] NN,
, & —x
24® €S (p) =h"(xk—1—x) — W( — X))+ W

+Zxk 1—Xk( 1 ) Xk (i_ 1 )
— s X X1 S(k) Xk—1
+ 2ﬁ2q“‘) (k-1 —xx) =0.

Hence,

¢y k-1
oprq® =y L1, 1 —Zi (l_i)
[sD]2 xs@  xp_ s® sO\x; x4
(1 k=1
q 1 /1 1
BRI S e (__—). (8.28)
[5(1)]2 ; xl s(l) S(l+1)

2. To handle the case k = n, we note that

s
log (1 +c(u— (”))) = —l og (s(”H))

and, hence, the argument in the previous item shows that (8.28) is also valid for k = n.
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3. Differentiating the representation (8.26) with respect to ¢(*) and using (8.27), we obtain

xlq(l) X1

1
€S (p)=—xh>+ — + —2p2%x,qV =o.

aq™m sO T M2 xps@
Therefore,
2 (1) 2 gV
2%q =—h"+ EEIE

which is (8.28), for k = 1.

4. Subtracting equations (8.28), we arrive to (8.16), for all k € [1;n] NN.

Proposition 8.2. The functionals (8.12) and (8.8) are equivalent in the following sense

inf Z(p’, ) =inf€Z(p").
p’,k’ p/

Proof. 1. Let (p, A) be the solutions of equations (8.16) and (8.15). Lemma 8.6/ guarantees that
p is the optimiser of the Crisnati-Sommers functional and Lemma assures that (p, A) is
the optimiser of the Parisi functional.

2. We have

1)
P(p,A)— 6 (p)=— Au+2B%qWsH) — q(_l) +cu—1

n
-2 x ([¢"1 - [qV7%). (8.29)
1=1
We can simplify the ®[B]-like term (that is the summation) in (8.29), using (8.16) and (8.15).
Indeed,
n—1 n—1
2[522361 ([q(m)] [q(l)]z) — 28 Zx (q(z+1) A1) _ g 4 gD [q+D — q(z)])
1=1
n—1 1 1
(by (8.16) and (8.11)) (zp’zq(l“) [s© = sV 4 g0 [ - —} ) .
iy RSV
(8.30)
Regrouping the summands in (8.30), we get
n—1
8.30) =262 Y s (q+D) — q1) + 22 (¢ Vs — g5
1=1
n-1 (1) _ ,(+1) (n) (€D
q q q q
+Z NEEY (S(_n) - s,(_l)) (8.31)
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Due to (8.16), we have

SO _ 041 04D _ g
22 (q(z+1) _q(z)) _ _4 d
PIONEEV RN GNEEY

Applying the previous relation, we get that the both summations in (8.31) cancel out and we
end up with
q(n) q(l)

S(n) S(l) ’

(8.31) =2p%(gMs® —q™s™) +

Now, turning back to (8.29), we get

(n)
P(p,\)— € (p) = —Au— 2> (u2 — [q(”)]z) + 282qMs(M — q(—n) +cu—1
s

(by (8.15)) and (8.11) = —u (c —2B%(w—-qM)—(u- q(“))_l) —2p2 (u2 — [q(")]z)
(n)

20 (1 — g™ _
u—q(”)+2ﬁq (u—q™) +cu-1

=0.

8.4 Replica symmetric calculations

In this subsection, we shall consider the one dimensional case of the a priori measure (1.26) with
h = 0. We shall also restrict the computations to the case n = 1 which is often referred to in
physical literature as the replica symmetric scenario. It is indeed the right scenario under the above
assumptions, as shows Theorem 1.3.

Lemma 8.7. Let u satisfy (1.26) with h =0. Assume d =1, n=1 and c > 0. Given u > 0, we have

. . q 20,2 2
f % — inf (1—cu+l _ 4 — = flc,u), (8.32
nf 67(p)= inf ( cu+1log (c(u— ) + — J P (u*—q )) fle,uw),  (8.32)

where f(c,u) is defined in (1.27).

Proof. Using the definitions, we obtain

0 %, q q
—6S( )2—[10 u—q)+——+p%(u® - 2]2——22.
Hence, the critical points of q — € % (q,u) are

=0 = :I:\/E
o =Y,q120=U 2/3-

Furthermore, we also have

22 1 2q

2 = T T

2p2.
aq B
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Hence, as a simple calculation shows, the infima in (8.32) are attained on

0, u< ‘2/—3
k
= (8.33)
1 u-— Q, u> L2
28 28
which implies (8.32). O

Lemma 8.8. Under the assumptions of Lemmal8.7, we have

1. For ¢ > 2v/23, we have

sup inf €F(q,u) =€(0,u*) = B2W*)? +logcu* —cu* +1,
u>0 9€[05u]

where

u* ! (c—\/c2—8[52).

4p2
2. For ¢ < 2+/23, we have

sup inf : 6 S(q,u) = +00.

u>0 q<€[05u

Remark 8.3. Under the assumptions, the above theorem says that from the point of view of the global
free energy, the system can only exist in the “high temperature” scenario, cf (1.27). The threshold at
co = 2v/23 could be easily understood from the perspective of the norms of random matrices.

Proof. 1. Suppose ¢ > 2+/2f. Recalling (1.27), for u € (0; ‘2/—/?], we introduce the following
function

f () =log(cu) + B2u? — cu+1.
We have
G, 1 )
—f(wW)=—-+2B"u—c.
du u

Hence, the critical points of the function f are

c+4/c?—8p2

U2 = 462
Furthermore, we have
0? , 1
—fw=2p-—.
We notice that u* < 2—‘/; and, hence, due to (1.27)
¢ (0,u*) = B2(u*)? +logcu* — cu* + 1.
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2. If ¢ < 24/2f, then the function

u— (2v28 —c)u—l—log% — % (1+1log2)

is unbounded on (2 i ; +00).

]
8.5 The multidimensional Crisanti-Sommers functional
Recall the definition (7.28).
Proposition 8.3. Assume d = 1. Given u > 0, we have
3v2B —c)u+logs 1—10g2 t (vV2up —2 >£
2¢(x>k,£)*,/\*)(t) — ( ) ) B 2( ) \//i (8.34)
2B2%(w)? +log(cu) — cu+ 1 — tB2(u)?, u< 2%
Proof. Combining (8.8), (8.12) with Lemma and Proposition[8.2, we get the claim.
OJ

8.6 Talagrand’s a priori estimates

In this subsection, we prove that Assumption 7.1 is satisfied in the case of the Gaussian a priori
distribution (1.26) with h = 0.
Y2 gnd

Theorem 8.1. Let u satisfy (1.26) with h = 0, assume U € Sym™(d) is such that min, u, > 2 @

suppose C = 0. Let Q =Q* and A = A*.
Then, for any ty € (0;1) and any t € (0; ty], we have (cf. (7.29) with k =1)

e P(1,1,x,Q, 28,4, ¢,8)) < 262N (1) - ||Q(1> ~ V|2 + 0(c +6). (8.35)

Proof. 1. We employ the notations of Section Let n = 1. Given U € Sym(2d) (cf. (7.6)),
choose arbitrary matrices {Q(Z) € Sym(2d) |l € [0;2] ON} satisfying (7.7). Define r = x
which, in particular, implies that { = &. Finally, we set, forl € [0;n+ 1] NN, QW =W,

dx2d e have

tf?
oy (L 6x,Q P8 e, 6)) < —(£,80 — —— (1@ — 12M})

2. Proposition|7.1 implies that, for any §-minimal £ € R?

+X57(1L,5,20(0), £) + 0 (e +5). (8.36)
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3. We define a matrix € € R24%24 45 follows

@E[g g].

Recalling (8.1), we define also the following matrices ©® = ¢ and
pW=¢-g— (%) -aM (). (8.37)

Applying Proposition (8.1 to (8.36), we get
1
o (L6 EP(L e, 8)) < o [~(8,80) — o6 (1P} - 12™1F)

~ det®®
282(1pM1-1 M log | S22 0
+ﬁﬂ©],ﬂ(m+%(w®mﬂ+ (&)

—: 3Dk | g(p). (8.38)

4. Assume that the matrices
Q(l), Q(Z)’ @(1) c RZdXZd (8.39)

are simultaneously diagonalisable in the same basis which is given by the orthogonal matrix
O € R?24%2d_ Let the vectors

gD, q@ 2D ¢ g2 (8.40)

be the corresponding spectra of the matrices (8.39). That is, we assume that
QW = 0* diagqV0, 9P = O* diagq@0,
oW = 92W9, W = 9* diag ™MD,
where we have introduced the matrix Q'V(t) € Sym*(2d). By (8.33), we have, Q® — Q1) =

‘Z/—EI , where I denotes the unit matrix of the suitable dimension. The definitions (7.17) and
(7.18) then imply

e~ 2
@ _ /o — ‘2/_/; . (8.41)

Using the definitions and the above relation, we obtain
AW = 0" (t diagq® + (1 — t)ﬁ’m)o,
Q) - aW () =o* (r_ diag(q@® — qM)+(1 - t);/—;I)D. (8.42)
Motivated by (8.17), we set

-1
oV = (u, —q(M) . (8.43)
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In view of (8.37), the above choice necessarily yields (cf. (8.15))

2= ¢ - 0" diag(u, — (") 10 - (82 () - 8V(0) )
V2
=¢- o (diag(uv — a7 + t diag(q® — qV) + (1 — t)ﬁI)D. (8.44)

Applying Lemma 8.4 to (8.38) and using (8.44), (8.43), (8.42), we get the following diago-
nalised representation of (8.36)

@) @) 1 1
PP, 6,%,Q 7L, e, 6)) < logdet € — (€10

+122d:{u [Cuy = a0yt + 287 (e(0@ - (U)+(1—t)£)}
2v:1 v v — 4, q, q, 26
+2B2(u, — ) (£alV + (1 - 0)FV) +log(u, — Q)
— (@)~ (@) } + aCe). (8.45)

Using the definitions, we get
d
(¢,80) =2(C,U) = Zchuv,
v=1

d
logdet€ =2logdetC = ZZIOgcv. (8.46)

v=1

Motivated by (8.41) (or by (8.33)), we define

q, 7 = U, — . (8.47)

In this case, as a straightforward calculation shows, the expression in the curly brackets in
(8.45) equals

2V2pu, + V22 (1 - t) —log B — %(logZ —t). (8.48)

By the definitions and the general properties of matrix trace, we have

2d _ 2d _ d
> A= an-23q,
v=1 v=1 v=1

2d d
Du,=2>0,,. (8.49)
v=1 v=1

236



Combining (8.45) with (8.48), (8.49) and (8.46), we obtain
d
PP, 6%, 508, 16,8) < D (—cyu, +loge, +3v2up

v=1

_ %(logZ— t) — V2B tu—logf —1) +0(¢)

d
=2 $(Dle=c, + 0(e), (8:50)
v=1 W

where in the last line we have used the relation (8.34).

5. To get the version of the a priori bound (8.50) with the quadratic correction term as stated in
(8.35), we perturb the r.h.s of (8.36) around our choice of 2D in (8.43), i.e.,

W = (4, -aP) " = v2pI,
where in the last equality we used (8.47).

8.7 The local low temperature Parisi formula

Proof of Theorem|1.3. The result follows from Theorem|8.1/and Theorem|7.1. Note that the proof of
Theorem[7.1 requires a minor modification to cope with the fact that the a priori distribution (1.26)
is unbounded. This minor problem can be fixed by considering the pruned Gaussian distribution
and using the elementary estimates to bound the tiny Gaussian tails. O

A

The general result of Guerra and Toninelli [19] implies that the thermodynamic limit of the local
free energy (1.6) exists almost surely and in L!. The following existence of the limiting average
overlap is an immediate consequence of this.

Proposition A.1. We have
E [ (B)® 9y(B) [VarHy(o) —E [Hy(0)Hy(0)]]] pern C(B) =0,
where C : R — R,.

Proof. The free energy is a convex function of 8 (a consequence of the HAtlder inequality). Hence,
by a result in [16] the following holds

lim % [py(8)] = =& [5(6)]
Nisodf PN = g PP

Proposition|2.4/implies

d
@E [pn(B)] = BE [9n(B) © 9y(B) [VarHy(o) —E [Hy(o)Hy(0")]]].
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The following super-additivity result is an application of the Gaussian comparison inequalities ob-
tained in Subection|2.3| Note that the result does not provide enough information for the cavity-like
argument of [1].

Proposition A.2. For any v = B(U,¢) C %, we have
NE [py(¥)] + ME [py(¥)] < (N +M)E [pym(¥)] + (N +M)O(e),
as € | +0.

Proof. Define the process Yy y ={Y(0): 0 =aut;a € Xy,T € Xy} as follows

1/2 1/2
v _ (N V"o M\ e
(@in= (=] @+ (7] x P,

where X and X® are two independent copies of the process X. Given some Gaussian process
{C(0)}sex,, let us introduce the functional &y (B)[C] as follows

@y u(B)C] =E [logu®™™™ [y, (s () exp(BYN +MO)] |

Now, set ¢(t) = Sy m(B) [\/?XNJrM + V1 - tYN’M] . Applying Proposition 2.5, we get
d N+M
d—so(t) = ME [9()®9(t)]
t 2
(VarXN+M(O'(1)) — Var YN’M(O'(l)))
— (Cov [Xnam(0™), Xypm(6@)] = Cov [ Yy (o ™), Yy e (@)])]]. AD

Note that we have

©(0) =NE [py(¥)] + ME [py(¥)],
©(1) <(N+M)E [pysn(M)], (A.2)

where the last inequality is due to the fact that, for all a € £y (%) and all T € Zy(7), we have
ant e Xyu(¥).

Moreover, for 0 = a1 T with a € 2y () and o € Xy, (V) we have
2

, N+M

VarXy (o) —VarYy y(o) = N+MRN(O¢, a)+ N+MRM(T:T) IRy (a, a)||§

— Ry(7T,T 2=10(e).
R (DIl = 0(e)

Also, due to convexity of the norm, we have

Cov [Xn+m (), Xm0 )] = Cov [Yy (0™, Yy ()]
2

M
Ry(aV, a®) 4+ ———Ry (s D, 7?)

Ry (a, a®)|2
Ty Ty IRy (@@, a @)

, N+M

- o IR (D, 7@l <o,

Applying fol dt to (A.1) and using the previous two formulae, we get the claim. O
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