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1 Introduction

The theory of rough paths allows one to properly define solutions of controlled differential equations
driven by irregular paths and to assert the continuity — in the right topology — of the map that send
the control to the solution [17;16; 14; 11; 12]. As this theory was initially designed to overcome
the problem of defining stochastic differential equations in a pathwise way, this map is called the
It6 map. As Brownian paths are a-Holder continuous for any a < 1/2, the theory of rough paths
asserts that one can define in a pathwise way solution of stochastic differential equations as soon
as one shows that the iterated integrals t — fot (B; — By) ® odB, have the right regularity property,
and then, that the Brownian path can be embedded in an enhanced Brownian path with values in
a non-commutative Lie group given by a truncated tensor algebra. The theory of rough path can
indeed be used for many stochastic processes (See for example the book [7]).

The goal of this article is then to bring some precisions on the It6 map, which is that map that
transform a rough path x of finite p-variation with p < 3 into the solution z of

t
% =Zo+J f(z5)dx,
0

for a vector field f which is smooth enough. In particular, we show that the assumptions on the
boundedness on the vector field can be dropped to assume that f has a linear growth to get local
existence up to a given horizon, and sometimes global existence with some global control on the
growth of f for a function f with a bounded, y-Holder continuous derivative with 2 +y > p (in-
deed, we may even relax the conditions to consider the case where f has only a locally y-Holder
continuous derivative). Also, we give a sufficient condition for global existence, but which is not
a necessary condition. In [5], A.M. Davie dealt with the rough differential equations using an ap-
proach that relies on Euler scheme and also gave a sufficient condition for non-explosion. He also
showed that explosion may happens by constructing a ad hoc counter-example. In [7], P Friz and
N. Victoir assert that no explosion occurs for rough differential equations driven by geometric rough
paths (the ones that may be approximated by smooth rough paths) under a linear growth condition
when the underlying paths live in R?. Constructing sub-Riemaniann geodesics play an important
role there, so that extension to more general setting as not an easy issue. Yet in most of the case we
do not know whether genuine explosion may happen, and stochastic differential equations provides
us an example where there is no explosion even with conditions weaker than those in [7]. How-
ever, in this case, it is possible to take profit from the fact that we have an extra-information on the
solution, which is the fact that it is a semi-martingale and then have finite p-variation.

The special case of a linear vector field f can be studied independently and global existence occurs.
Note that linear rough differential equations have already been studied in [15; 1; 7;/8].

In addition, we show that the It6 map (2, f, x) — 2 is locally Lipschitz in all its arguments (a slightly
weaker statement on the continuity with respect to the vector field was proved in [3; 9] and [13],
and on the Lipschitz continuity with respect to x in [16; 1]) under the more stringent assumption
that f is twice differentiable with y-Hoélder continuous second-order derivative with 2 + y > p.
The proof relies on some estimates on the distance between two solutions of rough differential
equations, which can be also used as a priori estimates. From this, we deduce an alternative proof
of the uniqueness of the solution of a differential equation controlled by a rough paths of finite
p-variation with p < 3.
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The Lipschitz continuity of the It6 map can be important for applications, since it allows one to
deduce for example rates of convergence of approximate solutions of differential equations from the
approximations of the driving signal (see for example [18] for a practical application to functional
quantization).

In this article, our main tool is to use the approach that allows one to pass from an almost rough
path to a rough path. Another approach to deal with rough differential equations consists in studying
convergence of Euler scheme in the way initiated by A.M. Davie [5] (see also [6;/7]) where estimates
are obtained on smooth paths. However, our approach can be used in a very general context,
including infinite dimensional ones and we are not bound in using geometric rough paths (although
any rough path may be interpreted as a geometric rough path, but at the price of a higher complexity
[10]). Yet we also believe that all the results of this article may be extended to deal with (p, g)-rough
paths [10], although it leads to much more complicated computations.

2 Notations

Let U and V be some finite-dimensional Banach spaces (we have to note however that the dimension
does not play a role here when we consider functions that are (2 + y)-Lipschitz continuous, but not
(1 + y)-Lipschitz continuous, where the solutions of the rough differential equations are defined
using a non-contractive fixed point theorem, which is not always possible to apply in an infinite
dimensional setting). The tensor product between two such spaces will be denoted by U ® V, and
such a space is equipped with a norm |-| such that [x® y |ygv < |x|y X |¥|y- To simplify the notations,
the norm on a Banach space X is then denoted by | - | instead of | - |, as there is no ambiguity. For a
Banach space X, we choose a norm on the tensor space X ® X such that |a ® b| < |a| - |b| for a, b in
X. For a Banach space X =Y ® Z with a sub-space Y, we denote by my(x) the projection of x onto
the sub-space Y. In addition, we define on X® (X® X) a norm |- | by |a| = max{| nx(a)|, | Txex(a)l}.

A control is a R -valued function w defined on
A2E (5,0 e[0,TI2[0<s< e <T}

which is continuous near the diagonal with w(s,s) = 0 for s € [0, T] and which is super-additive,
that is
wls, )+ wlrnt)<w(s,t), 0<s<r<t<T.

For a Banach space U, let us define the space T?(U) = {1} ® U@ (U ® U), which is a subspace of the

vector space R ® U@ (U ® U). Let us note that (T2(U), ®) is a Lie group.

For 2 < p < 3, a rough path x from [0, T] to T?(U) of finite p-variation controlled by w is x is a
function from [0, T] to (T?(U), ®) such that

def
Ixllp & sup max
(s,t)en?
s#t

{ | TCU(xs,t)| | nU@U(xs,t)l }

(s, )P w(s, t)/P

is finite, where x, , def xs_1®xt for (s, t) € A% and xs_1 is the inverse of x; in the Lie group (T2(U), ®).

Let L(U,V) be the space of linear maps from U to V.
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For y € (0, 1], we denote by Lip;;(1+y) the class of continuous functions f : V— L(U,V) for which
there exists a bounded, continuous function Vf : V— L(V® U, V) such that
1
fE)x—f(y)x =J Vi(y+1(z-y)Ez—-y)®xdr
0
and Vf is y-Holder continuous: for some constant C > 0,

IVf(z) = ViWlwveuw) <Clz—yI", Vz,y €V.

In other words, if U= R? and V = R™, this means that f = (fi, ..., f4) has bounded derivatives V f;
which are y-Hélder continuous from R™ to R. Note that here, f is not necessarily bounded, but it
growths at most linearly.

We denote by Lip(1 + y) the class of functions in Lip;g(1 + y) which are bounded.

We also denote by Lip;g(2 + v) the class of continuous functions f : V — L(U,V) with bounded,
continuous functions Vf : V— L(V® U, V) that are Lip(1 + 7).

We denote by Lip(2 + y) the class of functions in Lip;g(2 + y) which are bounded.

For a y-Holder continuous function, we denote by H,(f) its Holder norm. We also set N, (f) def

H,(f)+ lf lloo, which is a norm on the space of y-Holder continuous functions.

3 The main results

3.1 The case of bounded vector fields

For z, €V, let 2 be a solution to the rough differential equation

t
% :zo+f f(z,)dx. @)
0

By this, we mean a rough path in T?(U®V) such that Tr2(yy(2) = x and which is such that z, = z,+

fot D(f)(z,) dz, where D(f) is the differential form on U@V defined by D(f)(x,2) = 1dx+ f(z) dx,
where 1 is the map from U@® V to L(U, U) defined by 1(x,2)a = a for all (x,z,a) € U x V x U.

Here, we consider that x is of finite p-variation controlled by w, and we then consider only solutions
that are of finite p-variation controlled by w.

We recall one of the main result in the theory of rough paths.

Theorem 1 ([17; 16; 10]). Let y € (0,1] and p € [2,3) such that 2+ > p. If f belongs to Lip(1+7)
and x is of p-finite variation controlled by w with p € [2,3) then there exists a solution to (1) (this
solution is not necessarily unique). If moreover, f belongs to Lip(2 + ), then the solution is unique. In
this case, x — z is continuous from the space of p-rough paths from [0, T] to T%(U) controlled by e to
the space of p-rough paths from [0, T] to T?(U @ V) controlled by c.

The map (2, x, f ) — 2z is called the It6 map.

This result can be shown using a contractive fixed point theorem if f belongs to Lip(2 + y) and by a
Schauder fixed point theorem if f belongs to Lip(1 + y). It can also be deduced from the following
result, the existence of a unique solution if x is smooth and the continuity result, provided that one
has uniform estimates on the p-variation of the solution. Of course, it is a consequence of Theorem|3|
below, which is itself an adaptation of the proof presented in [10].
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3.2 The case of non-bounded vector fields

Our goal is to extend Theorem (1| to the case of functions with a linear growth, as in the case of
ordinary differential equations. Indeed, we were only able to prove local existence in the general
case. However, the linear case is a special case where global existence holds.

Theorem 2. Let x be a rough path of finite p-variation controlled by «w with p € [1,3) on T and
f be the vector field f(y) = Ay for some linear application A from V to L(U,V). Then there exists a
unique solution to the rough differential equation z, = 2 +f0 f (z,)dx;,. In addition, for some universal
constant K3,

S[UP ] |7y(2 — 20)| < l2o| exp(K2(0, T)IIAlIP max{1, [lx|[} ,}) (2)
te[0,T

for some universal constant K.

Remark 1. For practical application, for example for dealing with derivatives of rough differential
equations with respect to some parameters, then one needs to deal with equations of type

t
2y =20+ J A(x,)z, dx;. 3)
0

Indeed, if one consider the rough path X, = f Ot A(x,)dx, with values in T?(L(U,V)), it is easily

shown that the solution of (3) is also the solution to z, = 25 + fot dX,z, for which the results of
Theorem [2/may be applied.

To simplify we assume that w is continuous on A2 and t — w(0, t) is increasing (this are very weak
hypotheses, since using a time change it is possible to consider that x is indeed Holder continuous
and then to consider that w(s, t) = t —s). For a Lip; (1 + y)-vector field f, provided that H,(f) > 0
(otherwise, Vf is constant and then it corresponds to the linear case covered by Theorem 2), set

et ( ||Vf||oo)1”
"m\mop)

Theorem 3. If x is a rough path of finite p-variation controlled by w, f is a Lip (1 + y)-vector field
with 3 > 2+ 1y > p > 2, then for T such that

(0, 7)PG(z)l1xllp,r < Kap with G(zg) = sup |f(a)l, 4

aeW, |a—zp|<u

for some universal constant K5 (depending only on vy and p), there exists a solution z to (1) in the sense
of rough paths which is such that for some universal constant K4 (depending only on y and p),

|70y (25,1 < 2lIx1,.,G(z0) (s, VP, (5a)
|Tveu(Zs,)l < 2l1xll,,0G(20)w(s, )P, (5b)
|y (Zs, )l < 2,0 Gzo)w(s, )P, (50)
| Tvev (s, )l < Kallxllp o (X + 1x]lp.0 + 1V 100 )G(z0) (s, ), (5d)
and sup |my(z, —20)| S U (5e)
te[0,7]

forall 0 <s <t <. If f is a vector field in Lip (2 + y) with 3 > 2+ y > p, then the solution is
unique.
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Remark 2. The idea of the proof is to show that if z satisfies (5a)-(5d), then Z, = gz, + f Ot f(z,)dx
also satisfies (5a)—(5d), and then to apply a Schauder fixed point theorem. The results are proved
under the assumption that Vf is bounded and Holder continuous. However, we may assume that
Vf is only locally Holder continuous. In which case, we may consider a compact K as well as
wlK) = (||Vf||oo;K/HY(Vf;K))1/Y where ||V f||o:x (resp. H,(Vf;K)) are the uniform (resp. Holder
norm) of Vf. In this case, sup;c(q (] 120,s| < (0, )P/ (0, T)'/P for the choice of T given by (4)
and one has also to impose that 7 is also such that 2, , belongs to K for t € [0, 7].

To simplify the description, we assume that the control w is defined on 0 <s <t fors,t € R, and
that the rough path x is defined as a rough path on R with ||x|[, ., < +oo0.

Once the local existence established, it is then possible to construct recursively a sequence {7;} of
times and a sequence {&;} of points of V such that

(T, Ti+1)1/pG(€i)||X |p,w =K;u,

where &\ =z, and &; = my(z,,) for a solution z, to z, = &;_; + fotf(zs)dxs on [T;_1,7;],i>1.

This way, it is possible to paste the solutions on the time intervals [7;,7;,,]. Given a time T > O,
our question is to know whether or not there exists a solution up to the time T, which means that
limi_)oo Ti >T.

Of course, it is possible to relate the explosion time, if any, to the explosion of the p-variation of z
or of the uniform norm of z.

Lemma 1. It holds that S = lim;,7; < oo if and only if lim, s5|zll, . = 400 and
lim; yg||2]loo,, = +00, where ||z||, ¢ (resp. |1z]lo,) is the p-variation (resp. uniform) norm of z
(resp. my(2)) on [0, t].

Proof. Let us assume that for all S > 0, sup,<sllzll, . < oo (which implies also that
sup,<s |12lloc,z; < +00) Or SUP, > [|2]lo0,z, < +00. Then G(&;) is bounded and then

n n Kp‘up

3
E :‘U(T':T'H): E +00
o~ i G(EPIxb, o

-1 .
As Z?:o w(T,Tip1) < w(0,7T,), the time T, converges to +00 as n — oo.

Conversely, if lim; ,, , 7; = +o00, then there exists n such that 7, > S for any S > 0 and then,
since the p-variation of a path on [0,S] may deduced from the p-variation of the path restricted to
[Ti: Tit1]s [12]lp,w,s < +oo and [|z]|s0 s < +o00. o

In practical, the following criterion is useful to determine whether or not a rough differential equa-
tion has a global solution or a solution up to time T. It has to be compared with the one given by
A.M. Davie in [5].

Lemma 2. It is possible to solve z, = zy + fotf(zs)dxS up to time T if and only if

+00
> (T, Ti) > (0, T). 6)
i=0
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Proof. Assume (6). As Z?:_Ol w(T;,Tip1) < w(0,7,) and t — w(0, t) is increasing then for n large

enough w(0,7,) > w(0,T) and 7, > T, which means that at most n intervals are sufficient to solve
(1) on [0, T]. Conversely, if Z;og w(7i,Tip1) < w(0,T), then S =1im;_,, 7; < T and the solution
explodes at time S. O

As )
n n K ‘U:p
3
E (T Tig1) = E -
— = GEIxIb e

it is then possible to consider several situations. First, let us note that for all integer i,

GE) <h((i+Dw with h(NE  sup  [f(a)l.

aeW, |a—zy|<r

Thus (assuming for simplicity that h(0) > 0),

+00 p +00
Ky uP def 1
3 . e
E (T4, Tip1) = —5—0O with © = _
R P (i + Du)

The next lemma is a direct consequence of Lemma/2. Let us note that © depends only on the vector
field f.

Lemma 3. If © = +00, then there exists a solution to (1) with a vector field f in Lip;g(1+7), 2+y > p,
up to any time T > 0.

We should now detail some cases.

Influence of u. Of course, the favourable cases are those for which w(7;,7;,1) is big, but this
does not mean that u itself shall be big, as G(&;) also may depend on Vf. For example, consider
the linear growth case, in which case G(&;) is of order |f (&;)|+ ul|Vf |l and w(7;, T;41) is of order
u/G(Exlp - In this case, if u is big, then w(7;, T;41) is of order 1/IV£I5,. Thus, if u is big
because H,(Vf) is small, then the value of w(t;, 7;4,) will be insensitive to the position £; and a
solution may exists at least for for a large time, if not for any time. For y = 1 and in the case of the
linear growth, one obtains easily that

n n 1 p
(T, Tig1) = ( - ) .
; o Zo 1+ £ GV oo/ F oo + G + DIVES 1
The linear case may be deduced as a limit of this case by considering sequence of functions f such
that || V2f ||, decreases to 0. On the other hand, if u is big because ||V ||, is big, then w(7;, Ti+1)1/P
will be small. On the other hand, if u is small, then u/G(&;) will be equivalent to u/|f (&;)| and
then w(7;, T;41)"/? will be small.
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The case p = 1. If p = 1, which means that x is a path of bounded variation, then h(iu) <
If (z0)| +iul|lVSf Il and © is a divergent series. Here, we recover the usual result that Lipschitz
continuity is sufficient to solve a controlled differential equation. In addition

n—1

O)(O, Tn) Z Z w(Ti) Ti+1)
i=0

do

Lyl f”“ B/ 11,0
T GG +iulVele ) 1fGol+oul Vel

and the last term in the inequality is equal to

K3/llxll1,0
V£l

Then, the number of steps n required to get 7,, > T is such that

(log(If (zo)l + (n+ Dl VS lloo) — 1og(1f (zo)l + kil V£ lloo)) -

log(|f (o) + nullV f {lo0)
< (0, T)Ix[l1,[IVf lloo/ K3 +10g(|f (20)| 4 1l V £ [l 0)
<log(lf (zo)| + (n+ Dl V f o)

and it follows that

P4 + Vv
sup |7y (2, — o) < np < f Goll + kllV oo

exp (@(0, TlIxlh IV flloo/Ks).
telo,] 1V 1leo ol e/

Note that this expression is similar to (2). However, one cannot compare the two expressions,
because formally, y = 400 in the linear case.

Conditions on the growth of f. If f is bounded, then h is bounded and © is also a divergent
series. Of course, there are other cases where © is divergent, for example if h(a) ~,_,o, a® with
0 <& < 1/p or h(a) ~,_ log(a). The boundedness of f is not a necessary condition to ensure
global existence.

The condition ® < 400 does not mean explosion. Yet it is not sufficient to deduce from the
fact that ® < 400 that there is no global existence. Indeed, we have constructed © from a rough
estimate. The real estimate depends on where the path z has passed through. The linear case
illustrates this point, but here is another counter-example.

Set U=R™, V=R, consider a Lip;g(2 + y)-vector field f for some y > 0 and solve the stochastic
differential equation

t
Zt:ZO+J f(Zs)ost
0

for a Brownian motion B in R™. This equation has a unique solution on any time interval [0, T']. This
solution is a semi-martingale, which has then a finite p-variation for any p > 2 (see [4] for example).
Then, it is possible to replace f by a bounded vector field g and then to solve z, = 25+ fot g(z,)dB,,
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where B is the rough path associated to B by B, = 1+ B, — By + fOt(Bs —By) ® odB,. One knows that
7y(2) = Z so that z has a finite p-variation on [0, T]. With Lemma/l and Lemma|8 below, this shows
that y, =29+ fot f (y,)dx; has a solution on [0, T], which is z. On the other hand, our criteria just
give the existence of a solution up to a finite time.

This case is covered by Exercise 10.61 in [7]. However, it is still valid in our context if one replace B
by the non-geometric rough path 14+B, —B, —|—f0t (B; —By)® dB, in which case Z is the solution to the

It6 stochastic differential equation Z, =Z — 0+ fot f(Z,)dB,. In addition if f is only a Lip;g(1 +y)-
vector field, then this still holds thanks to a result in [2] which asserts that the solution of the
stochastic differential equation may be interpreted as a solution of a rough differential equation.

3.3 A continuity result

We now state a continuity result, which improves the results on [17; 16; 10] for the continuity with
respect to the signal, and the results from [3; 13] on the continuity with respect to the vector fields.

o~ ~ def < ~ ..
For two elements z and Z in V, we set 5(z,2) = |Z — z|. For two p-rough paths x and X of finite

p-variation controlled by w, we set

~ def
6(x,X) = sup max
(s,t)en?

{ | ﬂ'-U(xs,t - 5Es,t)l | TCU@U(xs,t - k\s,t)l }

(s, OV 7 w(s, t)?P

Finally, for f and f in Lip; (2 + ) and p fixed, we set

5,(f,)E sup If(2) - F@)liwy)

z€By(p)

and 5,(Vf,VF) = sup |VF(z)— V@)l vauy)
z€By(p)

where By(p) = {z € W||z| < p} for a Banach space W.

Theorem 4. Let f and j? be two Lip; (2 + k)-vector fields and x, X be two paths of finite p-variation
controlled by w, with 2 < p < 2+ k < 3. Denote by z and % the solutions to z = zy + f(;f(zs)dxs and
Z2=2y+ f(;f(’z\s)dfs. Assume that both z and z belong to Brzygy)(p) and max{||z||, ., 2], .} < p-
Then

5(2,/2\) S C (5p(fzf) + 5p(vf> vf) + 5(20920) + 5(.)(', 55))’ (7)

where C depends only on p, T, @, p, &, [V lloos Ne(Vf), Voo and N(V*F).

Remark 3. Let us note that this theorem implies also the uniqueness of the solution to (1) for a
vector field in Lip;g(2 + 7).

Remark 4. Of course, (7) allows one to control ||z — Z]|,, since ||z — 2]l < 8(2,2)w(0, T)/P +

6(20,20)-

In the previous theorem, we are not forced to assume that z and % belong to Br2ygy)(p) but one

may assume that, by properly changing the definition of 6,(f, f), they belong to the shifted ball
a + Brayeyy(p) for any a € V without changing the constants. This is a consequence of the next
lemma.
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Lemma 4. For f in Lip(2 + y) and for a € U, let z be the rough solution to z, = a + fotf(zs)dxs and
¥ be the rough solution to y, = fot g(y;)dx, where g(y)=f(a+y). Thenz=a+y.

def
Proof. Letussetu, =a+ Y, for t € [0,T] and then u, = us’1 ®u; = y; . Thus, the almost rough
path associated to fot f(ug)dx, is

hoe=14x5, —I—f(us)xsl’t + Vf(u)rnwev(us,)
+f(us)®1'Xit+1®f(u5)'x52’t+f(us)®f(us)°x52’t

and is then equal to the almost rough path associated to fot g(y,)dx,. Hence,

t t
ff(MS)de:f gly)dx, =y, =a ' ®u,.
0 0

Then, u is solution tou, =a ® f Ot f (ug)dx, and by uniqueness, the result is proved. O

Remark 5. One may be willing to solve z{ =a ® fot g(z!)dx, fora e T?(U® V) with r2y(a) =1,
which is a more natural statement when one deals with tensor spaces. However we note that
a '®z=a"'®z%if ny(a) = 1, (@) and then 29 is easily deduced from z™(9. This is why, for the
sake of simplicity, we only deal with starting points in V.

4 Preliminary computations

We fix T > 0, p € (2,3] and we define A3 def {(s,r,t)€[0,T]3|s <r <t}
For (¥s,¢)(s,0)ea? With y, . in T2(U@®V) define

il Yl 2.l
= sup max )
Yo = S0 wls, OV w(s, 0)27P
s#t

when this quantity is finite. We have already seen that a rough path of finite p-variation controlled
by w is by definition a function (x;),c,1 With values in the Lie group (T2(U @ V), ®) to which one
can associate a family (x; ()5, r)ea2 by x5 = xs_1 ® x; such that [|x||, ,, is finite.

We set y; ., def Ys.t — Ys.r ® Yy, By definition, a rough path is a path y such that y, ., = 0. An almost
rough path is a family (y; ;)5 )ea2 such that ||yl ., is finite and for some 6 > 1 and some C >0

Ys.rel < Cals, £)°. (8)

Let us recall the following results on the construction of a rough path from an almost rough path
(see for example [17;/16;/11; 12]).
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Lemma 5. If y is an almost rough path of finite p-variation and satisfying (8), then there exists a
rough path x of finite p-variation such that for K5 = an1 1/nf,
|y51t - xsltl =< CKSCO(S’ t)es
|¥2, = x2,1 < CKs(1 + 2K5(|ly llp,o + KsC (0, T)))e0(0, T)/P)eo(s, 1)°.

The rough path is unique in the sense that if z is another rough path of p-variation controlled by « and
such that |y, — 2,,| < C'w(s, )% for some C’ > 0and 6 > 1, then z = x.

Lemma 6. Let y and ¥ be two almost rough paths such that for some 6 > 1 and some constant C,
1Y llp.o <€, ¥ llp.eo < C, 1Ygrel < Co(s, 0%, 13l < Ceols, 0)°
and for some € > 0,

> = 0
||.y - y”p,w < e and |ys,r,t - ys,r,tl < 6(0(5, t) .

Then the rough paths x and X associated respectively to y and y satisfy
x5, — X5 | < eKao(s, t)°
for some constant K that depends only on w(0,T), 8, p and C.

Given a solution z of for a vector field f which is Lip(1 + y) with 2 4+ y > 2 (we know that
may have a solution, but which is not necessarily unique), set

ys,t =1 + xS,t +f(zs)xsl’t + vf(zs)z;’(t +f(zs) ® 1. xsz’t
+1 ®f(zs)-x52,t + f(2,)® f(z)- st,r’ ®

where 2* = Tygy(2), X! = ny(x) and x? = mygy(x). In (9), if a (resp. b) is a linear forms from
a Banach space X to a Banach space X’ (resp. from Y to Y’), and x belongs to X (resp. Y), then we
denote by a ® b the bilinear form from X®Y to X’ ® Y’ defined by a® b-x® y = a(x)® b(y). In the
previous expression, f (zs)xsl’ . T V£(z )z:t projects onto V, f(z,) ® f(z,) - xi . projects onto V®'V,
1®f(z): xsz’t projects onto U® V while f(z,)® 1 - xit projects onto VQ® U.

The result in the next lemma is a direct consequence of the definition of the iterated integrals.
However, we gives its proof, since some of the computations will be used later, and y is the main
object we will work with.

Lemma 7. For a rough path x of finite p-variation controlled by w and f in Lip(1+v) with 24y > p,
the family (y; )(s.r)en? defined by (9) for a solution z to is an almost rough path whose associated
rough path is z.
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Proof. For a function g, we set ||g 02| = sup,c(o,r118(2¢)|- Since x; , = x; , ® x.;,

def
Vst =Ys,;t — Ys,r ®yr,t

=(Vf(z) = Vf(z))z], (10a)
+ (f (z) _f(zr))xrl)t + V() — 2 — 2 (10b)
+(fE) = fE)®1-x2 +10(f(2,) — f(z,)) - x2, (100)
+(f(z)®f(z) — f(2)® f(2:.)) - x, (10d)
+(fE)®(f(2) — f)) x;, ®x,, (10e)
+1®(f(zs)—f(zr))-xsl’r®xrl’t (106
+ 7t (10g)

with

Ty = VF(3)2), ® (x} + F(3)x, + VF (3,)27,
+(x;, + f ()%, + V(2)25) @ V(22 (A1)

We denote by L;y the quantity of Line (i).
Since z,, = 2, ® 2, we get that 27, =2, +2, + zslr ® xrlt and then that Line (10b) is equal to

L@ = (f(zs) _f(zr))x:’t + Vf(ZS)Zsl’r ®X:’t.

Since f is in Lip(1 + 7),
1
f@)—fz)= J Vf (3 + Tz, )5, dr
0
and then

. |x3t| < Cyw(s, t)E/p

1
ILqop| < f Vf(z+ 72 )z dT = Vf(3,)z],
0

with C; < HY(Vf)||z||§LY (note that since x is a part of z, ||x[|, ., < ||z|l,,). Similarly, since
Ix}, ®x} | < wls, 02,

L aow| < Caw(s, )P |Lgg| < C30(s, t)*'P, |Loq| < C4w(s, t)*/P
|Laoe| < Csw(s, t)*P and |Legp| < Cow(s, £)*/7,

with C; < H,(Vf), C3 < ||Vf ozlle, C4 < 2If 02llllVS 02lleo, Cs5 < |If 0 2llllVSf 0 2lloo and
Co < IIVf o2
Finally,

|Ts,r,t| = C7w(5’t)3/p

where C; depends only on [|f o z||, [[Vf ozl and [lz]|, -

To summarize all the inequalities, for (s, 7, t) € A3,

|ys,r,t| < ng(s, t)(2+Y)/P,
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for some constant Cg that depends only on N,(Vf), ||f 02|l @, T, v, p and |z||,, ., In addition, on
gets easily that
1¥1lp.co < max{lf ozlloo + IVf 0 2llooew(0, T)P, [If 02|}

and then that y is an almost rough path. Of course, the rough path associated to y is z from the
very definition of the integral of a differential form along the rough path z. O

The proof of the following lemma is immediate and will be used to localize.

Lemma 8. Let us assume that z is a rough path of finite p-variations in T>(U@®V) such for some p > 0,
|z;| < p for t € [0, T] and let us consider two vector fields f and g in Lip(1+7) with f = g for |x| < p.

Then fOt’D(f)(zs)dzs = fot D(g)(z,)dsz, forall t € [0, T].

5 Proof of Theorems 2 and 3/ on existence of solutions

We prove first Theorem|[3/and then Theorem |2 whose proof is much more simpler.

5.1 The non-linear case: proof of Theorem |3

Let f be a function in Lip(1 + y) with y € [0,1], 2+ y > p. Let us consider a rough path z in

T2(U® V) whose projection on T2(U) is x. We set { def llx|lp,co- Let us set 2! = my(2), 2% = Tygu(2),

x! = my(x), x? = nygu(x). We assume that for some R > 1

|zslt| <Rw(s, t)"P and |2, | < Re(s, £)%/P

for all (s, t) € A2. Let us also set ||f o 200, = SUPsero,7 If (rv(2))-
Let z be rough path defined by

t
%, = 2o +J f(z,)dx.
0

Indeed, to define Z, we only need to know x, z! and z*. This is why we only get some control over
the terms ! = ny(2) and * = mygy(Z). Let us consider first

Yl = FExl + VF ()2,

so that

1
def
I W/ PSR EL D s
0

+(Vf(z) = V()2

and then
YL, 1< (4 OH, (R eofs, )P,

It follows that for some universal constant Ks,

2!, — ¥ ) < 1+ OKsH, (f RMT (s, £) 212, (12)
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On the other hand
2SI 03l (s, DVPL 4RIV [looeo(s, )72 (13)

Let us consider also

Y2 =x 48, +f()®1-x} eTX V)@V (V).

S’

. . def .
This way, if ysz’r’t = 7TT1(U)63V€BV®U(.V52,t - ysz’r ® yf’t), then for a partition {t;};,—; _, of [0,T] and
0<k<n-2,

®“'®yt2 )

n—l:tn

2 2 2
7'[ .o
Tl(U)GBV@V@U(yfo:H ®--® Y it ® Ytrinstin

R ® ytz ) = ytzk,tkH, (14)

n—l:tn

2 2
— T, eveveu(Vr,  ® " ®Y;

Crt2 trta”

Since for all (s, r,t) € A3,
ysz’r’t = (f(ys)xir —Esl’r) ® Xit —(fiE)-fE)e1 'X,%,t

and
f Xy, =2, 1 < (1+ OKsH, (f R (s, )F/P 4 ||V f || oRa(s, )P,

it follows that
ITEV®U(y52,r,t)I < 20|V £ lloReo(s, 3P + (1 + OCKH, (f IRV (s, £)3H1/P.

. X . .. n—-1_2 . ..
From (14), since 2, is the limit of Tyeu(®i; Yir, t?ﬂ) over a family of partitions {t['};—; , whose

.....

meshes decrease to 0 as n goes to infinity, it follows from standard argument that for the universal
constant Ks,

2}, — myeu(V2)| < 20KsRIIVS [l (s, £)*/P

st

+(1+ OK2H, (R w(s, )EH/P. (15)
On the other hand for all (s, t) € A?,
Imveu (V2N < CIIf ©2llo,c s, )P (16)
For T € (0, T], consider a positive quantity s.(f) such that

s:(f) 2 If ozlleor, T€ 10, T].

and we choose A such that R = As.(f). From (12) and (13), for0 <s <t <,

2] < s:(fe(s, )P (§ + AlVS lloo (0, 7)P
+ (14 OKsH, (f )5 (f I AT w(0, 1)MHP) . (17)

and from (15) and (16),

27, < s:(f)eo(s, )P (§ + 220K ||V £ || o 0(0, )P
+ (14 OK2H, (s, (f ) AT w(0, )P (18)
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If

~ def |Zsl,t |Zs>,<t
IZllp,,c = sup max

0<s<t<rt (s, )P w(s, t)1/P

and
def

Co = max{1, 2¢Ks} |V lloo and Cyo = (1+ OKZH,(f)

one deduce from (17) and (18) that
1Z11p.0.c < 5:(fIE + ACow (0, T)VP + A1 C5. () (0, T)HHT/P),
Let us assume that 7 is such that Cyw (O, 7)YP < 1/4 and set

def 4 <
1—2Cyw(0,7)Y/P ~

2.

Now, we assume that 7 is such that
{+ACoe(0, V)P 4 217 Cos: (£ ) (0, )P < £ 4 22Co0(0, )P = 2

which means that
A (0, 1)1/ _(£)7Clo < ACow (0, T)V/P

and then that
AT (0, 7)Ps () C1q < Co. (19)

If C1p > O (the case C;y = 0 corresponds to HY(V f) =0 and then to the linear case), (19) is true if

ag.8:(f)<p (20)
with Y
w(s, )P
a, & fols, ) < 2L (s, t)M/P
T 1—2Cyw(s, t)1/P
and

10

d:ef(gy with &0 < [i IV lloo 3||Vf||oo}
P Co  |KZH,(VF) K H (V)]

Such a choice is possible, as w(0, t) decreases to 0 when t decreases to 0.

This choice implies that
||E||p,w,7 = )Ls’r(f) =R

and owing to (19),
Zo.| < 21l - (0, )P < p.

for t € [0, 7]. The constant p depends only on ¢, H,(Vf) and ||V f||s.-

To summarize, if for T small enough (with T such that Cyw(O0, VP <1/4),
If o2lloo,e <s:(f) and ||z]l 0, < Asc(f)
and (20) holds then 7 satisfies

1Z1lp,0,c < As-(f), s;lp] Z0,c| < p and [|f 0Zllo,r < G(z0)
te[0,T
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with det
G(z) =  sup  If(@)l

a€V s.t. la—zp|<p

Consequently, if T is such that
a0,:G(20) < p

and z is such that

|20l < p, t €10,7] and |Izll,, - < AG(20), 21
then, since ||f oz, . < G(zo), the path 7 also satisfies (21).
Let us consider the set of paths with values in V& (V ® U) starting from 2, and such that z;, =
Zsr t+ 25 + 2, ®x,, forall (s,r,t) € A3 and that satisfies I2llp,0,r < AG(z0) and |zy,| < p for all
t € [0,7]. Clearly, this is a closed, convex ball. By the Ascoli-Arzela theorem, it is easily checked

that this set relatively compact in the topology generated by the norm || - ||, ., for any g > p. And
any function in this set is such that sup,¢(q (1 |f (z.)] < G(20)-

By the Schauder fixed point theorem, there exists a solution to

t
2y =29+ f f(z,)dx, (22)
0

living in T?(U) ® V& (V® U). This solution may be lifted as a genuine rough path z with values in
T2(U @ V) associated to the almost rough path

ys,t :zs,t + 1 ®f(zs)'x52,t +f(zs)®f(zs)'xit-

The arguments are similar to those in [10]. The uniqueness for a Lip(2 + y)-vector field f follows
from the uniqueness of the solution of a rough differential equation in the case of a bounded vector
field, as thanks to Lemma|8, one may assume that f is bounded. We may also use Theorem 4.

Remark 6. If f is a Lip(2 + y), then from the computations used in the proof of Theorem [4} one
may proved that the Picard scheme will converge (see Remark|7 below). This can be used in the
infinite dimensional setting where a ball is not compact and then the Schauder theorem cannot be
used because the set of paths with a p-variation smaller than a given value is no longer relatively
compact.

We have solved on the time interval [0,7] in order to have ||z]l,.,. < 2{G(z) (f
ng(O,T)l/P <1/4) and |z (| < p for t € [0, 7].
It remains to estimate the p-variation norm of Z in order to complete the proof. In this case, the
computations are similar for mygy(2; () as for mygy(Z; ) = Tyeu(2s,) since

|tuev(Zs,)l < AG(z0) < 20G(zg)w(s, £)/P.
Since max{1,2{Ks}||Vf|lw(0,7)YP < 1/4, A < 2¢ and using (19),

1f Gxl, =21 | < IV F llollzllp s, 2P
maxi{l, 2K
+ 2T 9 ) a0, 1) Paots, 02
5

< 20G(z0)(s, )P (IVf lloo + max{K; !, 28} 0(0,7) 7|V £ | )
< 2¢G(z0)w(s, )P (|IVf llo + Kg)
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for some universal constant K. On the other hand

1F (7)) = £ @)l < IV l0AG(20)e0(s, )P < 28 (s, )P G (zo).

Hence
| Tvev(Fs.r )l < 4020(s, £)*/PG(20)? + 4L G(20)* (s, t)*P(IIVf |loo + Kg)

and then
|vev(Zs,e) = F (2,) ® f (2,)x2 | < 4K5{G(20)* (s, £*P(L+ 11V £l + Ke).

It follows that
| Tvev(Es.)l < K78 G(26)? (s, )P(1+ Vo + )

for some universal constant K.

5.2 The linear case: proof of Theorem 2
The linear case is simpler. Let us write f (z,) = Az, and let us set
ysl’t = Az, ~xit +Az[,.

1

: X X X 1
Since z7, = 2.tz +2 . ® X,

def
= ”X”p,w'

This way, 2, = 2, + fot Az, dx, satisfies

one gets that y! , = 0 for any (s,r,t) € A*. Again, let us set

11 2
Zoe =Yoo (s,t) € A=,

Also, for
2
s,t?

yf’t =X, +§:\52)t +Az,®1-x

one obtains that
2 2 1
ys,r,t :A(ZS - Zr) ®1- Xr,t _Azsi(r ® xr,t'

Hence forall0 <s <t <t foragivent <T
2, = mveu(y2 )l < 2KslIAllllzlp ¢, - S (s, 0P

and thus
27| < lAllw(s, 2P (&lz,] + Kzl o« s, ). (23)

On the other hand,
2, | < llAllw(s, OYP(Llz| + 12l 0, c (s, £)P). (24)

As |z, < 20| + Cw(O,s)l/szlllp,w,T, it follows from and that
I21lp,,x < llAll max{1, {}(|zo| + Kgll2 I, - (0, 7))

for some universal constant Kg.
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Set 3 = ||Al| max{1, {}. Assume that ||z, ., - < L|2,| for some L > 0. Then
IZllp,z < B(L+ LKge(0,7)P)]zo].
Fix 0 < 1 < 1 and choose 7 such that

BKgw(0,T)/P <7

then set
[ def B < B
1 - BKgw(0,7)Y/P ~ 1—n
so that
B(1+4 LKgw(0,7)YP) < L
is satisfied and then
12110« < Llzo| and [y, | < Llzo|ew(0, T)VP. (25)

By the Schauder fixed point theorem, there exists a solution in the space of paths z with values in
Ve (V®U) starting from z and satisfying (25) as well as z, , = %, . +2,, +%; , ®x},t. We do not prove
uniqueness of the solution, which follows from the computations of Section 6|

This way, it is possible to solve globally z, = 2, + fot Az, dx, by solving this equation on time
intervals [7;,7;41] with w(7;,7;11) = (n/BKg)’, assuming that w is continuous. The num-
ber N of such intervals is the smallest integer for which N(n/BKg)? > w(0,T). Thus, since
22,200, | < Lz |eo(T5, 7:41)"/P, we get that fori = 0,1,...,N — 1,

n 1 n 1 N-1
sup 2oy | <lze | [ 14 ——— ) <lzol {14+ ———

se[1;,7i41] 1-mKg 1-7Kg
n 1 (0,T)(n/BKg)™P
<lzl | 1+ ﬁf?
- 8

which leads to (2).

6 Proof of Theorem 4 on the Lipschitz continuity of the It6 map

In order to understand how we get the Lipschitz continuity under the assumption that f and f
belongs to Lip; (2 +y) with 247y > p, we evaluate first the distance between to almost rough paths
associated to the solutions of controlled differential equations when the vector fields only belong to
Lip;g(1+ 7). Without loss of generality, we assume that indeed f and f are bounded and belong to

Lip(1 + 7).

6.1 On the distance between the almost rough paths associated to controlled differ-
ential equations

For a rough path X of finite p-variation, and let Z be the solution to z, = 2, + f Ot f(Es) dx;. Define y

with the same formula as in (9) by replacing z (resp. f, x) by Z (resp. f, X).
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~ ~ def ..
We set 2! = my(2) and 2! = 7y(%), and we set 11251l 00, (5,1 = Sup,.e[s,¢] 12-]- In addition, we assume

that z and 2 are such that max{||z||s, [1zl,,.,} < p and max{|zl«,[[Zl, .} < p-
In the following, the constants C; depend on [|f [|o, N, (Vf), w, T, p, k, |[x||, ., and p.

Let us note that
vl = I S 1P @) = FEDXL I +1FE) — FEDxL I +IF G, — =)
+I(VF(z) = VFED ] +I(VFE) - VFES,
+IVFEES, — )|+ Ix), — %L 1.

It follows that

vl = I < Crllls* =2l s, + 8, (F, F) + 80x, ©)eo(s, £)1P
+H, (VA (llz" =21 (g + 80 (VE V) Izl ellxllp s, )27
IVl 8 DX 0 05, )P

with
Cr1 < max{|x|ly o, X[y, 0} max{L, [1f oo, IV f1lo0}-
With similar computations,

y2 = 521 < C1a(8,(f, )+ 806, ) + |zt = 2o 5,1 e0(s, )22

We are now willing to estimate |y; ., — ¥; |- By watching at the expressions (10a)-(10d), we get

Yo = Forel <C1a(8,(F, )+ 8,(VF, V) +80x, £)eo(s, )77 (26a)
H(f () = f 2 )x), + V()2 ® x], (26b)
~(f@E) = FENx,, — Vf(EE, ®x,, (260)
H(f ()~ fEN®1-x2 +10(f(z) ~ f(z.)) - X7, (26d)
~(fE)-fEN®1-x2, +10(fE)-f(E)) X}, (26€)
HF () ® f(2) = f(2:)® f(2,)) - %2, (26f)
~(fEI®fE) - fEI®f(E)) x2, (26g)
HfE) @ (f(2) = f(2:)) x), ®x], (26h)
—fEIRUE) - fE) X, ®x,, (261)
H1(f(2) — f(3) = fE)+FED) - x;, ®x, (26))
e = Yol (26K)

where ?S’r’t is similar to Y, . defined by (11) with f, x and z replaced by f, ¥ and Z. First we
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consider Lines (26d)-(26j). For this, let us note that

1
|(f(zr) _f(zs)) - (f(gr) _f(gs))| = f vf(zs + T(é\s _zs))(%\s _zs)dT
0

1
- J vf(zr + T(%\r _Zr))(%\r - Zr)dT
0

<

1
J (vf(zs + T(/Z\s _Zs)) - vf(zr + T(/Z\r _Zr)))(/z\r _zr)dT
0

1
+ J Vf(z + (3, —zr))(’z\sl’r —zsl’r)dr
0

1
<l _21||oo,[s,t]Hy(vf)f 7(z; —2})+ (1 —7)(E -2} de
0
+ VS 1006 (2, 2) (s, )P
< Cra00(s, )Pllz" = Z oo, 15,1 (N2, + 1T )

+ C156(2, D) (s, O)YP. (27)

With this, we get a control over Lines (26d)-(26e), (26f)-(26g), (26h)-(26i) and (26j) of type
|L @6d)-(26e) + L26n-(268) T Lzon)—@en + Lzep|
< Ci0(s, DFPIgt =Yg g (N2, + IZID )
+C1,6(2,2) (s, £)°/P.

Similarly, we have

|Lm)| =< C18(||Z1 _21”20,[5’,:] + ||Zl _El||oo,[s,t]
+6(2,2) +6(x,X)+6,(f,f)+6,(Vf,Vf)).

For (26b)-(26¢), we use the same kind of computations as we did for Lqp) and then,

1
J‘ (vf(zs + Tzsl,r) - vf(zs))zsl,r dr
0

IL 265260 | < (5, )P l1xllp 0o

1
- J (VfE+12 )~ VFE)E,, dt
0

1
< (s, 07l 0 J (Vf (s + 738, ) = VF ()~ (VS G+ 781,) — VF @)L, de|
0

1
J (VF G, +781) - VAE)E, 2, )dr
0

+ (s, )P llxllp,e

The last term in the previous inequality is bounded by the quantity

Hy (Y F)llxllp (s, OFPIET ,6(2,2). (28)
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On the other hand, for T € [0, 1], if

AL (VS +738,) = VF ()~ (VF G+ 72L,) — VG

then

1_21)r
3 {ZHY(Vf)Ilz 2l L 29

2" TH (V)2 lp e + 21, e0(s, )P

Thus, we may choose 1 € (0,1) and combine the two terms in (29) to obtain

~ ~ 1-
A < Cr90(s, )P (I3l 00 + 1Bl 0) Iz =21

It follows that with (28),

IL@6p)—260) | < Ca0w(s, )P §(2,2)
+ Cor (1210 + 211,00 2" = ZH I eos, )M/ (30)

00,[s,t]

where Cy, and Cy; depend on H,(Vf).

The case of a Lip(2 + «)-vector field. If f belongs to Lip(2 + k) with 2 + k > p, then one can
set y = 1 in the previous equations. In this case, one can give a better estimate on L @gp)—(26c),
which we use below to prove the Lipschitz continuity of the It6 map. In this case, we use the same
computation as in (27) by replacing f by Vf to get

|L @6y 260 | < Can(s, )*P5(2,2) + Cozaw(s, )Pzt — 21| o
+ Cy48(z,2)w(s, )FH/P, (31)

where Cy, and Cy3 depend on HY(sz) and ||V2f ||« and Cy, depends on ||V f||.

On the difference between the two cases. In order to prove the Lipschitz continuity of the It6
map, which implies uniqueness using a regularization procedure, we will see that we will get an
inequality of type 6(2,%2) < A(1 + C16(2,%2)) with Cy converges to 0, and then one can compare
6(z,%) with A. This is possible thanks to (31). With (30), we get an inequality of type 6(2,%2) <
A(1+ C;68(2,2)") with A < 1 and then it is impossible to deduce an inequality on §(z,%) in function
of Awhen 6(z,2) < 1. Anyway, in [5], A.M. Davie showed that there could exist several solutions to
a rough differential equation for f in Lip(1 + y) but not in Lip(2 + 7).

6.2 Proof of Theorem 4

Since the solutions of rough differential equations remains bounded, we may assume that f belongs
to Lip(2 + «) instead of Lip;g(2+ k) with2<p <2+«k < 3.

Let us note that
llz — 2|0 < 6(20,20) + o, 70(2,%) (32)

. , def
with a; , defined by a , = max{w(s, )P, w(s, t)>P}. Note that ao v decreases to 0 as T converges
to 0.
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Since y = 1, we have obtained from (31) and (32) that for all (s, 1, t) € A3, we get that

Yorne = Fonel < Cas(8,(F, )+ 8(x, %) + 5(z0, %)
+ (s, )TPE(2,2) + ag 16(2,2))w(s, )P (33a)

that

¥ = Tl < Cogloto 18(2,8) + 8(20,20) + 8, (f, f) + 5(x, ©)ew(s, £) /P
+ Cor (1 + a0, 1)8(2,2) + 8(20,20) + 5, (VF, VI Dew(s, )*P,  (33b)

that
1y2, = 521 < Cog(8,(f, F) + 6(x, ) + g 16 (2, 2) + 6 (20, %)) (s, )7, (330)
and that
|ys,r,t| < C29w(s’ t)3/p and |j/\s,r,t| < CBO"‘)(S: t)S/p. (33d)

For convenience, we assume that k < 1.

Since z (resp. %) is the rough path associated to y (resp. z), it follows from (33a)-(33d) and
Lemmal5 that
|V, = 25| < C3100(s, t)g/p, | Vs, — 5,6l < Ca100(s, t)g/p

and from Lemma 6 that

|z} _Asl,tl < B(T)w(s, t)/? and |zsz,t —’\sz,t| < B(T)w(s, t)?/P 34)

s,t

with

B(T) < Csymax{ag 16(2,2) + 6(20,20) + 6, (f, f) + 6(x, Dag 1,
((1+ ag 1)5(2,2) + 6(20,20) + 6, (V£, VF))w(0, T)P,

(8,(f, )+ 60, ®)agr + 6(20,20)
+ (0, TYI™P§(2,2) + ag 15 (2,2)}.

In particular, (34) means that 6(z,2) < B(T), but 5(T) also depends on 6(z,%). More precisely, the
constant 3(T) satisfies

B(T) < C338(2,2) (g1 + (1 + ag r)w(0, T)P + w(0, T)I7¥/P)
+ C3a(8,(f, )+ 8, (V£,VF) +8(x, %) + (20, Z0))-

Remark 7. The same computations can be used in order to prove the convergence of the Picard
t . . .
scheme 2" =z, + f of (2;') dx; of the Picard scheme, in which case

5(z" 2™) < Cya max{ao r, a% 7> (0, T)A=8/PY5 (2", 5" 1)

and it is then possible to choose T small enough to get 5(z"!,2") < k&(z", 2" 1) with k < 1.
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Now, choose 7T small enough so that for alls € [0, T — 7],

1
Csy (as,s+r +(1+ as,s+r)w(s;5 + T)l/p + w(s,s + T)(I_K)/p) < 5

This is possible since by definition, (s, t) € A% — w(s, t) is continuous close to its diagonal.

Hence, one may choose T small enough in order to get

85(2,2) <2C55(8,(f, f) +8,(V£,VF)+8(x, %) + (20, Z0))

for T < 7. By a standard stacking argument where z, (resp. 2) is replaced recursively by z;, (resp.
Zi.) for k=1,2,..., we can then obtain that

5(2,2) < C3q(8,(f, )+ 8,(Vf, V) +8(x, %) + 6(20, %)),

since the choice of 7 does not depend on z;.

In other words, the Itd6 map is locally Lipschitz continuous in all its arguments.
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