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1 Introduction

The following Law of the Iterated Logarithm is one of the most important results on the asymptotic
behaviour of finite-dimensional standard Brownian motion:

. |B(t)]
lim sup =1, a.s. (1.1D)

t—oo /2t loglogt B

Classical work on iterated logarithm—type results, as well as associated lower bounds on the growth
of transient processes, date back to Dvoretzky and Erdés [[5]. There is an interesting literature
on iterated logarithm results and the growth of lower envelopes for self-similar Markov processes
(cf. e.g., Rivero [16], Chaumont and Pardo [4]) which exploit a Lamperti representation [13],
processes conditioned to remain positive (cf. Hambly et al. [10]), and diffusion processes with
special structure (cf. e.g. Bass and Kumagi [3]).

In contrast to these papers, the analysis here is inspired by work of Motoo [15] on iterated logarithm
results for Brownian motions in finite dimensions, in which the asymptotic behaviour is determined
by means of time change arguments which reduce the process under study to a stationary one. Qur
paper concentrates mainly on iterated logarithm upper bounds of solutions of stochastic differential
equations, as well as obtaining lower envelopes for the growth rate. Our goal is to establish these
results under the minimum continuity and asymptotic conditions on the drift and diffusion coeffi-
cients. An advantage of this approach is that it enables us to analyse a class of equations of the
form

dX(t) = f(X(t))dt + g(X(t))dB(t)

for which xf(x)/g?(x) tends to a finite limit as x — oo in the case when f and g are regularly
varying at infinity. Ergodic-type theorems are also presented. We also show how results can be
extended to certain classes of non-autonomous and finite-dimensional equations. We employ exten-
sively comparison arguments of various kinds throughout.

In [1], Appleby et al. studied general conditions which ensure a scalar stochastic differential equa-
tion with Markov switching obeys the Law of the Iterated Logarithm. In our work here, we are
concerned with similar problems for SDEs without switching. In particular, for a parameterised fam-
ily of SDEs, we observe that solutions can change from being recurrent to transient when a critical
value of the bifurcation parameter is exceeded. Despite this, the solutions still obey the Law of the
Iterated Logarithm in the sense of (1.1). Between this paper and [1], we examine the extent to
which the drift can be perturbed so that in the long-run the size of the large deviations remains the
same as those of standard Brownian motion.

In [14], Mao shows that if X is the solution of the d—-dimensional equation

dX(t)=f(X(t),t)dt +gX(t),t)dB(t), t=>0

and if there exist positive real numbers p, K such that for all x e R? and t >0, xT f(x,t) < p, and
llg(x, t)llop < K (where || - [|,, denotes the operator norm), then

. 1X(¢)]
lim sup

t—oo ,/2tloglogt

The main steps of the Mao’s proof are as follows: first, make a suitable It6 transformation; then
estimate the size of the It integral term by a Riemann integral using the exponential martingale

<K+e, as. (1.2)
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inequality (EMI); and finally apply Gronwall’s inequality (GI) to determine the asymptotic rate of
growth.

In contrast, the results in this paper are established through a combination of comparison principles
and Motoo’s theorem. Motoo’s theorem (cf. [15]) determines the exact asymptotic growth rate of
the partial maxima of a stationary or asymptotically stationary process governed by an autonomous
SDE. Motoo [15] also gives a proof of the Law of the Iterated Logarithm for a finite-dimensional
Brownian motion. This proof is crucially reliant on applying a change in both space and scale. He
considers an autonomous non-stationary 6—dimensional Bessel process Rs, which is governed by
the scalar equation

6—1

with R5(0) = ry > 0. The Bessel process R is transformed into an autonomous process with finite
speed measure (i.e., a process that possesses a limiting distribution) to which the Motoo’s theorem
can be applied. More precisely, if we let

Ss(t) =e 'Ri(e' — 1), 1.4
then
dSs(t) = (6 — Sg(t))dt +24/Ss(t)dB(t). (1.5)

It is reasonable to ask whether a combination of space and scale transformations of this classic type
could reduce a general non-stationary autonomous SDE to one with finite speed measure to which
Motoo’s theorem could then be applied. If we consider general transformations of the form

Y(t) = A(6)P(X(y(1)))

where v : Rt — R7 is increasing, P € C?(R;R) and A € C}(R*;R") (and is related to y), the
resulting SDE for Y will be non-autonomous, and in particular, will have non-autonomous diffu-
sion coefficient. Adapting the proof of Motoo’s theorem to cope with SDEs with non-autonomous
diffusion coefficients introduces formidable difficulties, because the independence of excursions, on
which the proof relies, can no longer be assured.

However, in this paper, with the well-known stochastic comparison principle (which assumes an
order on the drift coefficients), we are able to investigate a much wider class of SDEs which are
related to (1.3) through (1.4) and which give rise to equations of the type (1.5). In addition, with
ordinary It6 transformations, we could map an even wider class of nonlinear equations onto a family
of SDEs whose asymptotic behaviour is understood. This is shown in [2]. A detailed discussion on
the relative advantages and disadvantages of this comparison-Motoo technique with the existing
EMI-Gronwall approach can also be found in [2].

Also in [1], Appleby et al. applied processes obeying the Law of the Iterated Logarithm to financial
market models which are inefficient in the sense of Fama. In this paper, we further investigate some
ergodic-like properties of these processes. Under some reasonable assumptions of regarding the
market, we establish two main results. First, we show that the largest fluctuations from the trend
growth rate of the price are of the same size as in a related efficient market model. Second, we
show that these fluctuations are “on average” greater than those in the efficient model, in a sense
later made precise.

This paper considers a number of closely related equations, and proves a number of diverse asymp-
totic results. In order to understand the relationships between these results and to ease the readers’
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path through the paper, we give a synopsis and discussion about the main results, as well as their ap-
plications in Section 3. Full statements of the theorems and detailed proofs are found in succeeding
sections.

2 Preliminaries

Throughout the paper, the set of non-negative real numbers is denoted by R™. The space of d X m
matrices with real entries is denoted by RI*™M: in the case when m = 1, we write R¥*! = RZ. Let
L'([a, b]; R?) be the family of Borel measurable functions h : [a, b] — RY such that fab |h(x)]|dx <
oo. If x and y are two real numbers, then the maximum and minimum of x and y are denoted by
xVy and x A y respectively. Let |x| be the Euclidean norm of a column or a row vector x € R%; ||A]|
and [|A|[,, denote the Frobenius norm and operator norm respectively for any A € RY*™ Note that

lIAllop < 11AIl and  [IAll < Vm]|Allo).-
Moreover, we use the Landau symbol for functions f : R —Rand g : R — R:

f=0@g" < lim sup [g(DIIf (£)] < oo.

We use (2, Z,{Z(t)},>0,P) to denote a complete filtered probability space. The abbreviation a.s.
stands for almost surely. We always assume that both the drift and the diffusion coefficients of
SDEs being studied satisfy the local Lipschitz condition even if this is not explicitly stated. If an
autonomous scalar SDE has drift coefficient f (-) and non-degenerate diffusion coefficient g(-), then
a scale function and speed measure of the solution of this SDE are defined by

2dx
s'(x)g(x)’
respectively, where I is the state space of the process. These functions help us to determine the
recurrence and stationarity of a process on I (cf. e.g. [12]). Moreover, Feller’s test for explosions

(cf. e.g. [12]) allows us to examine whether a process will never escape from its state space in finite
time. This in turn relies on whether

X ofr s g,
sc(x)=| e e @ T dy, m(dx)= c,xel:=(,r) 2.1)
C

v(I+)=v(r=)=00

or not, where v is defined as
(x) fx’()Jy 24z, el (2.2)
ve(x)=| sy ————dy, ¢c,x€el. .
‘ ¢ - o SH(=)g%(2)

As mentioned in the introduction, Motoo’s Theorem is an important tool in determining the pathwise
largest deviations for stationary or asymptotically stationary processes. We state Motoo’s theorem
in this section for future use.

Theorem 2.1. (Motoo) Let X be the unique continuous real-valued process satisfying the following
equation

dX(t)=f(X(t))dt+g(X(t))dB(t), t=0,
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with X(0) = xq. Let s and m be the scale function and speed measure of X as defined in (2.1), and let
h:(0,00) — (0,00) be an increasing function with h(t) — oo as t — oo. If X is recurrent on (I, 00) (or
[1,00) in the case when | is an instantaneous reflecting point) and m(l,00) < oo, then

P |:l' X(t) > 1i| 1 0
msup —— = = or
P

according to whether

| |
——dt=00 or ———dt < o0, forsome ty>0.
L s(h()) J s(h(1) °

The following lemma may be proven by applying Motoo’s theorem directly to it. We will use it
frequently.

Lemma 2.2. Let U be the unique continuous adapted solution of the following equation

dU(t) =(—aU(t)+b)dt+cy/|U(t)|dB(t), t=>0,

with U(0) = ugy > 0, where a,b and c are positive real numbers. Then U(t) > 0 for all t > 0 a.s.
Moreover U is recurrent, has finite speed measure, and obeys

] U(t) c?
limsup—— =—, a.s.
t—00 log t 2a

Throughout the paper, we repeatedly use Doob’s theorem for the representation of a continuous
martingale in terms of standard one-dimensional Brownian motion. We state the theorem in this
section for notational convenience and future reference.

Theorem 2.3. (Doob) Suppose M is a continuous local martingale defined on a probability space
(Q,Z,P), and the square variation (M) is an absolutely continuous function of t for P-almost every .
Then there is an extended space (), Z,P) of (Q, Z,P) on which is defined a one-dimensional Brownian
motion W = {W(t), Z(t);0 < t < oo} and a Z (t)-adapted process X with P-a.s.

t
f X?(s)ds <00, 0<t< o0,
0
such that we have the representations P-a.s.
t t
M(t) =J X(s)dw(s), (M)(t) :J X?%(s)ds, 0<t< 0.
0 0

In the proof of the above theorem, the new Brownian motion W is constructed by a continuous local
martingale with respect to the original probability space (2, #,P) and another Brownian motion,
say B, which is defined on the extended part of (Q, Z,P) in (£, &, ). Moreover, Bis independent
of M. Therefore in this paper, any conclusion made with respect to the extended measure P about
the underlying semimartingale (with martingale component M) defined on (£, &, ) coincides with
that for the measure P. Therefore we do not make explicit reference to the probability spaces when
stating results.
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3 Synopsis and Discussion of Main Results

In this section, we give a brief discussion of the results proven in this paper. First, we state the Law
of the Iterated Logarithm and other results on asymptotic growth bounds for transient solutions of
autonomous SDEs. Second, we discuss general non-autonomous equations for which the LIL holds,
under some uniform estimates on the drift. Third, we give comprehensive results for a parame-
terised family of autonomous SDEs with constant diffusion coefficient which do not require uniform
estimates on the drift. Finally, we discuss some extensions of these results to multi-dimensional
SDEs, as well as applications of the results to weakly inefficient financial markets.

3.1 Transient processes

Our first main result, Theorem 4.3, concerns transient solutions of the scalar autonomous stochastic
differential equation
dX(t)=f(X(t))dt + g(X(t))dB(t) (3.1)
where f : R - R, g(x) =0 for x € R, and
o2
lim xf(x)=Ly>—. (3.2)
X—00 2

If we define A := {w : lim,_, ., X(t, w) = oo}, then P[A] > 0, and we can show that the solution X
obeys

X(t)
limsup——————==0|, a.s.onA 3.3)
t—oo ,/2tloglogt
and X
log == 1
liminf Vi _ , a.s. onA.

t>co loglogt e g
(o)

X exhibits similar transient behaviour at minus infinity if

o2
lim xf(x)=L_y,>—. (3.9)
X——00 2
These results are established by comparing X with a general Bessel process which has similar be-
haviour to X. The asymptotic behaviour of the Bessel process is given in Lemma|4.1. The modulus
of a finite-dimensional Brownian motion (i.e., a Bessel process) with dimension greater than two is
known to be transient, and when the dimension is less than or equal to two, the process is recurrent
on the positive real line. However, for general Bessel processes, the critical dimension altering its
behaviour does not have to be an integer. This fact is eventually captured in Theorem [4.3|by condi-
tion (3.2) (or (3.4)). More precisely, if exactly one of the parameters L., and L_, is greater than
the critical value o2/2, then the process tends to infinity or minus infinity almost surely while still
obeying the Law of the Iterated Logarithm. If on the other hand L, and L_,, are both greater than
02/2, and we denote the event {cw : lim,_,., X(t,w) = —oo} by A, we have that P[A] = 1 — P[A].
Furthermore both probabilities are positive and can be computed explicitly in terms of the scale
function and the deterministic initial value of the process (cf. [12, Proposition 5.5.22]). Motoo’s
theorem also helps us to find an exact pathwise lower bound on the growth rate of the process.
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This result could also be very useful in determining the pathwise decay rates of asymptotically
stable SDEs. In Theorem 4.5, the constant diffusion coefficient o is replaced by a state-dependent
coefficient g(-) tending to o as x tends to infinity, and similar results are obtained by means of
a random time-change argument. Theorem lays the foundation for further results concerning
transient solutions of more general equations with unbounded diffusion coefficients. For example,
suppose X obeys (3.1), where g is strictly positive and regularly varying at infinity with index f8
(0< B <1),and f and g are related via

i XF0O 1
S )

Then by It0’s rule, if A is as previously defined, it is easy to show that

. X(t)
limsu

p =
tooo G71(4/2tloglogt)

log GX(1) 1
liminf Ve o _ p ,
t—oo  loglogt 2L, —1

1, a.s.onA

and

a.s. on A,

where G is defined as

Y
G(X):JC @dy, ceR.

We leave the details of this result to the interested reader. Another application of these results is
given in the next section: we make use of the upper envelope of the growth rate (3.3) to determine
upper bounds for a more general type of equation whose solutions obey the Law of the Iterated
Logarithm.

3.2 General conditions and ergodicity

In Section 5, we state and prove three theorems which give sufficient conditions ensuring Law of the
Iterated Logarithm—type asymptotic behaviour, and which enable us to prove further results later in
the paper. We will study the one-dimensional non-autonomous equation

dX(t)=f(X(t),t)dt+ocdB(t), t=0, (3.5)

with X (0) = x,. From the results in Section 4, in Theorem|5.1 it can be shown that

sup  xf(x,t)=p>0 (3.6)
(x,t)ERXRT
implies
. 1X(0)|
limsup ————=<|o|, a.s. 3.7)

t—oo  4/2tloglogt Bl
Furthermore, in Theorem 5.3, we prove that
2

o
inf  xf(e,t)=u>—— 3.8
(x,t)eRxR* £ )=p 2 38
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implies
. 1X (o)l
limsup—————>|o|, a.s. 3.9)

t—oo  /2tloglogt B
Hence if both (3.6) and (3.8) are satisfied, we can determine the exact growth rate of the partial
maxima. Moreover, we establish an ergodic—type theorem on a suitably scaled the average value of
the process, as described by the following inequalities:

ft X2(s)
0 (1+s)?

lim sup <2p+0?, as. (3.10)

t—00 Og t
ft X2(s) d
s
liminf 20 Gs 7
t—00 logt

>2u+02>0, as. (3.11)

These results can be deduced from [17, Exercise XI1.1.32]. (3.7) is obtained by the construction of
two transient processes as described in Section 4. This gives an alternative proof to Theorem 3.1
in [1].

It appears that a condition of the form (3.6) is necessary to ensure that the solution obeys the LIL.
Suppose for instance in equation (3.1) that there is a € (0, 1) such that x*f(x) - C > 0 as x — oo.
Then X (t) — oo on some event Q' with positive probability and

X(t) a1 ,
—=[C(1+a)]+e, as.onf,

which obviously violates the Law of the Iterated Logarithm (cf. [9, Theorem 4.17.5]).

It is worth noticing that p does not appear in the estimate in (3.7). This fact is used in Theorem|7.3
which deals with multi-dimensional systems. However p does affect the average value of X in the
long-run, as seen in (3.10). As mentioned in the introduction, by the Motoo—comparison approach,
the estimate on the constant on the righthand side of (3.7) has been reduced by a factor of /e
compared to that obtained by the EMI-Gronwall method. In addition, this approach enables us to
find the lower estimate (3.9), which is the same size as the upper estimate. This has not been
achieved to date by the exponential martingale inequality approach. Condition (3.8) is sufficient
but not necessary for securing an LIL-type of lower bound, as will be seen in Theorem 5.6|

We noted already that the parameters p and u in the drift do not affect the growth of the partial
maxima as given by and (3.9). However, (3.10) and (3.11) show that these parameters are
important in determining the “average” size of the process, with larger contributions from the drift
leading to larger average values. To cast further light on this we consider the related deterministic
differential equation

x'(6)=f(x(t)), t=0, (3.12)

where xf(x) — C > 0 as x — oo. Then it is easy to verify that x2(t)/2t — C as t — oo, which

implies
t x2(s)
. f 0 (1+4s)? ds
lim ————

t—oo  logt

=2C. (3.13)

This simple example is interesting for a number of reasons. Firstly, it can be seen as motivating
the stochastic results (3.10) and (3.11), or as an easily and independently verified corollary of
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(3.10) and (3.11). Secondly, it gives insight into the “average” long-run value of X: the fact that
x(t)/v/t — +/2C as t — oo obeys (3.13) suggests, in the sense of (3.10) and (3.11), that |X(t)?
is “on average” C?t as t — oo for some constant C;. (3.10) and may also be seen as a
generalisation of a known result for Brownian motions without drift. Indeed, using (3.10) and
(3.11) with p = u = 0, the Brownian motion X(t) := o B(t) must also obey

ft X2(s) ds

lim 20 (s 7 =02, as. (3.14)

t—oo  logt
(3.14) indicates that the large excursions of Brownian motion excursions in the solution of (3.5)
contributes the o term in (3.10) and (3.11). In this case, the statement that |X(t)|? is “on average”
ot is justified not only in the sense of (3.14), but because E[X2(t)] = ot. These two extreme cases
(where there is no diffusion in the first, and no drift in the second) indicate that the contributions
of drift and diffusion are of similar magnitude, and this is reflected in (3.10) and (3.11). Finally, it
is an easy consequence of Theorem|5.1 and [5.3/that |X(t)|? grows “on average” like t as t — 0o,
because

xg +(2u+ o)t <E[X3(t)] < xg +(2p+0cHt, t>o0.

Theorem |5.6 deals with processes with integrable drift coefficients. For an autonomous equation
with drift coefficient f € L'(R;R) and constant diffusion coefficient, there exist positive constants
{Ci}i=1,2,3.4 such that

X(t)
C; <limsup —————=<0C,, as.
t—oo ,/2tloglogt
. X(t)
—C3; <liminf —— < —-C,;, as.

= [otloglogt

Formulae for the constants in these estimates can be found in Section 5. These processes are re-
current and can be transformed to other processes which are drift-free, have bounded diffusion
coefficient, and which preserve the largest fluctuation size. This result is consistent with those in [9,
Chapter 4], which roughly say that if the drift coefficient is zero on average along the real line and
the diffusion coefficient g(x) has a positive limit o as |x| — oo, the process has a limiting normal
distribution with mean zero and variance o?t. This is precisely the distribution of the Brownian
motion o B(t) at time ¢.

3.3 Recurrent processes

In Section 6, we investigate the scalar autonomous equation
dX(t)=f(X(t))dt + o dB(t) (3.15)
where the drift coefficient satisfies

lim xf(x) =Ly <0?/2 and lim xf(x)=L_, <o?/2. (3.16)
X—00 X——00

These hypotheses are complementary to those discussed in Section 3.1. Using Feller’s test (cf.[12]),
it can be shown that under condition (3.16), X is no longer transient but in fact recurrent on the real

920



L (~c0,~1) [~1,0) 0,4] 1,00)
asymptotically sta- | recurrent recurrent lim, ., X(t) =00
tionary

(—00,—3) violates LIL C,D B A
Theorem /6.1 Theorem 6.4 Theorem 6.7 Part | Theorem

)
recurrent recurrent recurrent lim,_, ., X(t) =00
—2,0) C,D C,D B A
Theorem 6.4 Theorem (6.3 Theorem 6.7 Part | Theorem 4.3
(1)
recurrent recurrent recurrent lim,_,,, X(t) =00

(0,1] B B C,D A
Theorem Part | Theorem Part | Theorem /6.3 Theorem
(ii) (ii)

lim, o X(t) =—o00 | lim,_X(t)=—00 | lim,,,X(t)=—o00 | lim,_ . X(t)==x00

3,00) A A A A
Corollary 4.4 Corollary Corollary Theorem 4.3,

Corollary /4.4
Figure 1: Asymptotic behaviour of X obeying (3.1) where lim, ,xf(x) = L, and

lim,_,_., xf(x)=L_, and g(x) = 1. A signifies that X obeys the Law of the Iterated Logarithm ex-
actly; B that |X(t)| is bounded above and below by 4/2tlog, t as t — co; C that X has a polynomial
upper Liapunov exponent equal to 1/2; and D that the asymptotic behaviour is consistent with the
Law of the Iterated Logarithm.

line. However results in Section 4 together with Theorem 5.6 (which deals with integrable drift)
suggest that solutions should still have asymptotic behaviour similar to the LIL. This idea motivates
us to prove similar results in the recurrent case to those already obtained for transient processes. The
upper bound given by Theorem|5.1]automatically applies, while difficulties arise in finding the
lower bound on the limsup without condition (3.8), particularly when L, and L_, are of the same
sign. The subdivision of the main result into various theorems is necessitated by slight distinctions
in the proofs, which in turn depends on the value of both L, and L_,. The results are summarised
in the case o =1 in Figure 1.

Theorem is a direct result of Motoo’s theorem: it shows that —o2/2 is another critical value at
which the behaviour of the process changes from being stationary (or asymptotically stationary) to
non-stationary. The LIL is no longer valid when L., < —02/2. By constructing another asymptot-
ically stationary process as a lower bound for X? and X in Theorem (6.3 and [6.4 respectively, we
obtain the following exact estimate on the polynomial Liapunov exponent of |X|:

log |X(t 1
limsup M =—, as. (3.17)
t—00 logt 2

(3.17) is of course a less precise result than the LIL. It shows that the partial maxima of the solution
grows at least as fast as K,t('=¢)/2 for ¢ € (0,1) and some positive K,. However, (3.17) is still
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consistent with the LIL. Using the same construction (see Lemma |6.6) and comparison techniques,
together with Theorem|5.6, we obtain Theorem 6.7, which gives upper and lower estimates on the
growth rate of the partial maxima.

Note that we have excluded the cases L., = O from Figure 1 for the purpose of stating consistent
results on pairs of intervals for L., and L_,,. Nonetheless Theorem|6.7 covers the case when at least
one of L., = 0 and the drift coefficient f changes sign an even number of times. In particular, if f
remains non-negative or non—positive on the real line, X can be pathwise compared with the Brow-
nian motion {oB(t)};>( directly, so an exact estimate can be obtained (Corollary 6.8). Otherwise,
Theorem|6.3 and 6.4/ are sufficient to cover the rest of the cases (Remark [6.5).

3.4 Multi-dimensional processes

In Section 7, we generalise results from Section 5 to the following d-dimensional equation driven
by an m-dimensional Brownian motion

dX(t)=f(X(t),t)dt + g(X(t), t)dB(t). (3.18)

Theorem|7.1]extends the result of Theorem|5.1]to SDEs with bounded diffusion coefficients under a
condition similar to (3.6). Using a random time-change, we prove that

(X (o)l

limsup———<C(C,, as.

t=o0 (/2tloglogt

where C, := sup(, )erixr+ [18(x, t)|lop- In a similar manner, Theorem extends Theorem|5.3 in

RY. The generalisation of these results to unbounded diffusion coefficients can be found in [2].
Finally, Theorem 7.3 shows under multi-dimensional analogues of conditions (3.6) and (3.8), the

asymptotic large deviations of Euclidean norm of a multi-dimensional process are @(4/2t loglogt).
Moreover under some additional assumptions, the largest fluctuations of the norm is given by the
co-ordinate process with the largest fluctuations. This result is an extension of the LIL for a d-
dimensional Brownian motion (1.1). Mao (cf. [14]) pointed out the fact that the independent
individual components of the multi-dimensional Brownian motion are not simultaneously of the

order /2t loglogt, for otherwise we would have v/d rather than unity on the right-hand side of
(1.1). We establish these facts for drift—perturbed finite—~dimensional Brownian motions. To simplify
the analysis, we look at the following equation in R¢:

dX(t)=f(X(t),t)dt+TdB(t), t>0 (3.19)

where I" is a d x d diagonal invertible matrix with diagonal entries {y;};1<;<4. If (x,f(x,t)) < p,

then
. (X (o)l
limsup < max |y;|, a.s.

t—oo ,/2tloglogt 1si=d

Furthermore if there exists one coordinate process X; with drift coefficient f; satisfying (3.8), then

we have
i IX ()l
imsup

t—oo  ,/2tloglogt

> lyil, as.
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In the more general case that I' is any invertible matrix, with the same conditions as above, the
proof of this result can be easily adapted to show that with respect to the norm |x|r := | x|, the
solution of (3.19) satisfies

: IX(0)lr

lim sup

I e -
t—oo  4/2tloglogt

3.5 Applications to inefficient financial markets

According to Fama [6; 7], when efficiency refers only to historical information which is contained
in every private trading agent’s information set, the market is said to be weakly efficient (cf.[8, Defi-
nition 10.17]. Weak efficiency implies that successive price changes (or returns) are independently
distributed. Formally, let the market model be described by a probability triple (2, %,P). Suppose
that trading takes place in continuous time, and that there is one risky security. Let h > 0, t > 0 and
let r,(t + h) denote the return of the security from t to t + h, and let S(t) be the price of the risky
security at time t. Also let & (t) be the collection of historical information available to every market
participant at time t. Then the market is weakly efficient if

Plr(t+h) <x|Z ()] =P[r(t+h) <x], Vxe€R, h>0, t>0.

Here the information & (t) which is publicly available at time ¢ is nothing other than the generated
o-algebra of the price Z5(t) = o{S(u) : 0 < u < t}. An equivalent definition of weak efficiency in
this setting is that

rn(t +h) is Z5(t)-independent, for all h > 0 and t > 0. (3.20)

Geometric Brownian Motion is the classical stochastic process that is used to describe stock price
dynamics in a weakly efficient market. More concretely, it obeys the linear SDE

dS(t)=uS(t)dt+oS(t)dB(t), t=>0 (3.21)

with S(0) > 0. Here S(t) is the price of the risky security at time ¢, u is the appreciation rate of the
price, and ¢ is the volatility. It is well-known that the logarithm of S grows linearly in the long-run.
The increments of log S are stationary and Gaussian, which is a consequence of the driving Brownian
motion. That is, for a fixed time lag h,

S(t+h)
S(t)
is Gaussian distributed. Clearly r;,(t + h) is Z2(t)-independent, because B has independent incre-

ments. Therefore if ZB(t) = Z5(t), it follows that the market is weakly efficient. To see this, note
that S being a strong solution of (3.21) implies that Z5(t) € Z2(t). On the other hand, since

rp(t +h) :=log

= (u— %az)h+ o(B(t +h) — B(t))

1
logS(t) =1ogS(0) + (u — Eaz)t +0oB(t), t=>0,
we can rearrange for B in terms of S to get that Z5(t) € #°(t), and hence ZB(t) = Z5(¢t). Due to

this reason, equation (3.21) has been used to model stock price evolution under the classic Efficient
Market Hypothesis.
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In order to reflect the phenomenon of occasional weak inefficiency resulting from feedback strategies
widely applied by investors, in [1] SDEs whose solutions obey the Law of the Iterated Logarithm are
applied to inefficient financial market models. More precisely, a semi-martingale X, which is slightly
drift-perturbed and obeys the Law of the Iterated Logarithm, is introduced into equation (3.21) as
the driving semimartingale instead of Brownian motion. It is shown that if a process S,, satisfies

ds.(t) = uS,(t)dt +S,(t)dx(t), t>0, S,(0)>0, (3.22)
then S, preserves some of the main characteristics of the standard Geometric Brownian Motion S.
More precisely, the size of the long-run large deviations from the linear trend of the cumulative
returns is preserved, along with the exponential growth of S. This is despite the fact that the
increments of log S, are now correlated and non-Gaussian.

In this paper, we further investigate the effect of this drift perturbation on the cumulative returns
in (3.22) with the process X satisfying (3.5) or (3.15), say. We do not wish to provide a compli-
cated and empirically precise model, but rather a simple and tractable model, and to interpret the
mathematical results.

With a modest bias in the trend (e.g. captured by condition (3.6) and (3.8)), the excursions in
prices from the linear trend are no longer independent. The largest possible sizes of these excursions
coincide with those under no bias (as seen in (3.7) and (3.9)). However, by ergodic-type results
(e.g. (3.10) and (3.11)), the stronger the positive bias that the investors have, the larger the average
values of price excursions, and consequently the smaller the volatility that arises around the average
values. This causes the price to persist on average further from the long-run growth trend that the
GBM model would allow. This is made precisely in (3.24) below. This persistence could make
investors believe that the cumulative returns are close to their true values and are unbiased, which
might cause a more dramatic fall in cumulative returns later on. Moreover, if the market is even
more pessimistic after a relatively large drop in returns, the bias tends to have a longer negative
impact on the market.

In the model presented below, we presume that the returns evolve according to the strength of the
various agents trading in the market. At a given time, each agent determines a threshold which
signals whether the market is overbought or oversold. The agents become more risk averse in their
trading strategies when these overbought or oversold thresholds are breached. If we make the
simplifying assumption that one agent is representative of all, then the threshold level is simply the
weighted average of the threshold for all the individuals.

Using these ideas, we are led to study the equation

Here f is assumed continuous and odd on R so that the positive and negative returns are treated
symmetrically. Moreover, in order that the bias be modest, we require lim, . xf(x) = L €
(0, 02/2]. In (3.23), I is the indicator function, and a € (0, 1] measures the extent of short-selling
or “going long” in the market. Here an increased a is associated with an increased tendency to sell
short or go long. We presume that investors believe that the de-trended security returns are given
by Brownian motion without drift, and the returns obey the Law of the Iterated Logarithm. More-
over, we assume that the investors can estimate the value of ¢ by tracking the size of the largest
deviations.
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We briefly indicate how the threshold level is arrived. The standard Brownian motion (which the
investors believe models the security return) is scaled by o, and therefore, at time t, has standard
deviation o +/t. If each agent i chooses a multiple k; of this standard deviation as his/her threshold
level, and assuming that all agents are representative, there exists a weighted coefficient k, such that
ko +/t measures the overall market threshold level. In practice, the value of k might be different for
price increases and falls. We treat two situations with one fixed k here for simplicity.

Given these assumptions, we prove the following. First, X is recurrent on R and obeys the Law of
the Iterated Logarithm by the results in Section 5 and 6. Second, we determine the long-run average
value of the de-trended cumulative returns by proving the following ergodic-type theorem:

ff X2(s)
0 (1+s)2

— 2
L ALgak>0% as. (3.24)

Here, A[ ; o x measures the market bias from the unbiased value of o2. It can be computed and is
given in Section 8. Our assumptions on parameters ensure that A; ; ;. > o2. This means that the
presence of bias increases the “average size” of the departures of the returns from the trend growth
rate.

To establish (3.24), we first transform the solution X of (3.23) into a process Y by a change in both
time and scale; second, we construct two equations with continuous and time-homogenous drift
coefficients and with finite speed measures, such that Y is trapped between the solutions of these
equations; third, by adjusting certain auxiliary parameters, we obtain an ergodic-type theorem for
Y, which in turn implies (3.24). From a mathematical point of view, we have proved an ergodic-type
theorem for a non—autonomous equation using the stochastic comparison principle.

Finally, we confirm that equation (3.22) with X satisfying (3.23) does represent an inefficient market
in the weak sense, i.e., we want to show that

ron(t+h)is F5+(t)-dependent, for all h > 0 and t > 0, (3.25)

where r, is the return. It is easy to verify that

S,.(t) 1

_152
S,(t) = S,(0)er29)t+X(O), X(t):logs*(o) —(,u—EO'Z)t, t > 0.

Therefore Z5(t) = Z%(t). In the proof of the main result of this section, we establish the strong
existence and uniqueness of the solution of equation (3.23) (this requires a little care because of the
discontinuity of the drift coefficient). Since X(0) = 0 is deterministic, and X is a strong solution, we
have Z%(t) € ZB(t) for t > 0. On the other hand, by writing F(t, x) := f(x)[1— ol >koyiH]s WE
get

B(t)= é(X(t) - J F(s,X(s))ds), t>0.
0

Hence Z58(t) € Z%(¢t) for t > 0. Consequently Z5(t) = ZB(t) = ZX(t) for t > 0. So we may
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replace Z5(t) by Z2(t) in (3.25). Next, the increments r.p of logS, obey

S.(t+h)

r*’h(t +h):= log S—(t)

t+h
=(u— %az)h +o(B(t+h)—B(t)+ J F(s,X(s))ds

t

=(u— %O‘Z)h +(X(t + 1) —X(1)).

Now suppose for some t > 0, that r, ,(t +h) is ZB(t)-independent. Since [(u — %az)h +o(B(t+
h) — B(t))] is Z5(t)-independent, f tt+hF (s,X(s))ds must also be Z2(t)-independent. However,
by the Markov property of X, f :+h F(s,X(s))ds is a functional of X(t) and the increments of B.

h
Hence, f tt+ F(s,X(s))ds is ZX(t)-dependent, and since ZF*(t) = Z5(t), this gives a contradiction.
Therefore (3.25) is proved.

4 Asymptotic Behaviour of Transient Processes

In this section, we study processes which obey (3.1) and are transient, obeying |X(t)| — oo as
t — o0o. To do this, we introduce an auxiliary process: let 6 > 2 and consider

2Y(t)
Y(0)=y,>0, (4.1b)

dY(t) = o2 dt+ocdB(t) fort >0, (4.1a)

where y, is deterministic. The solution of the above equation is a generalised Bessel process of
dimension higher than 2. & > 2 does not have to be an integer. If &6 > 2 is an integer, then
Y(t) = o|W(t)| where W is a 6—dimensional Brownian motion. Therefore, in the general case, we
expect Y to grow to infinity like e.g. a three-dimensional Bessel process. This can be confirmed
by [12, Chapter 3.3 Section C]. In fact, as proven in the following lemma, Y should also obey the
Law of the Iterated Logarithm. The proof is the same in spirit as that in Motoo [15], but is briefly
given here in the language of stochastic differential equations in order to be consistent with the
techniques of this paper. We moreover employ Motoo’s techniques to establish a lower bound on the
growth rate.

Lemma 4.1. Let 6 > 2 and Y be the unique continuous adapted process which obeys (4.1). Then Y is
a positive process a.s., and satisfies

Y(t)
limsup —————==|0| a.s. 4.2)
t—oo  4/2tloglogt
and Yo
log —= 1
liminf — Y = — a@s. (4.3)

t>00 loglogt 6 —2
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Proof. Let Z(t) =Y (t)?. By Itd’s rule, we get

dZ(t)=025dt +2v/Z(t)odB(t), t>0

with Z(0) = yg, where by Doob’s martingale representation theorem, we have replaced the original
Brownian motion B by B in an extended probability space. Therefore

el—1 el—1
o268 ds+J 24/ Z(s)o dg(s)
0
t

t
= yé +J o25e*ds +f 204/ Z(e° — 1)e% dW(s),
0

0

z@ﬁ—uzy§+J

0

where W is again another Brownian motion. If Z(t) = Z(e! — 1), then
dZ(t) = 026et dt + 20V Z(0)es dW(t), t>0.
If H(t) := e tZ(t), then H(0) > 0 and H obeys
dH(t) = (026 — H(t))dt + 20 /H()dW(t), t>0. (4.4)

Therefore by Lemma we have

. H(t) 9
lim sup =0°, a.s. (4.5)
t—oo 2logt

Using the definition of Y in terms of H and Z we obtain (4.2).

To prove (4.3), consider the transformation H,(t) := 1/H(t). H, is well-defined, a.s. positive, and
by It&’s rule obeys

H2(t)

dH,(t) = [(40? — 025)Hf(t) +H,(t)]dt —20
H,(t)

dw(t), t=>0.

It is easy to show that the scale function of H, satisfies

X
5-4 1

sg, (x) =K1f y 2 e¥ydy, x€R,
1

for some positive constant K;, and H, obeys all the conditions of Motoo’s theorem. By L'Hopital’s
rule, for some positive constant K,, we have

sg, (x)
hm *5_2 :Kz.
X700 5

Let hy(t) = t%/®=2)_ Then for some t; > 0,

fo L >f°° 2 4
——dt = —dt = 00.
t sy, (h1(1)) ., Kot
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Hence

H.(t
lim sup *E ) =1,
t—00 to—2

a.s.

On the other hand, for € € (0,6 — 2),

SH*(X) _

6—2—¢
2

lim
X—00

Let hy(t) = £2/(6-2=¢=9) where 6 € (0,5 — 2 — €). Then for some ty >0, we get

———dt < _—_edt<OO,
L N G) f ==

a.s. on an a.s. event Q. g := . NQy, where Q, and Qy are both a.s. events. From this by letting
e | 0 and 6 | O through rational numbers, it can be deduced that
y logH,(t) 2
imsu = ,
t—>oop logt 5§—2

a.s. on N¢ gefle,p-

Using the relation between H, and Y, we get the desired result (4.3). O

Corollary 4.2. Let 6 > 2 and Y be the unique continuous adapted process which obeys (4.1a), but
with Y(0) = yy < 0. Then Y obeys

Y(t)
liminf ———= = —|o|, as. (4.6)
t=oo /2tloglogt
and Y (o)l
log — 1
liminf — " = — as. 4.7)

t—oo loglogt 52

Proof. Letting Y,(t) = —Y(t) and applying the same analysis as Lemma|4.1|to Y,, the results can be
easily shown. The details are omitted. O
We are now in a position to determine the asymptotic behaviour of (3.1) when the diffusion coeffi-

cient is constant.

Theorem 4.3. Let X be the unique continuous adapted process which obeys (3.1). Let A := {w :
lim,_,, X(t,w)=o0}. If

lim xf(x) = Lu; (4.8)
X—00
g(x)=o0, x €R,

where o # 0 and Ly, > 02/2, then P[A] > 0 and X satisfies

X(t)
limsup ——————==|0| a.s. onA, 4.9)
t—oo  ,/2tloglogt
and X
t
. o7 1
liminf =— , as.onA. (4.10)
t—oo loglogt e
g



Proof. First note that given L., > 02/2, the existence of such a non-null event A in the sample space
is guaranteed by Feller’s test [12, Proposition 5.5.22]. From now on, we assume that we are working
in A, and will frequently suppress w-dependence and A a.s. qualifications accordingly. We compare
X with Y, ., where Y, . is given by

Ly
dy,.(t)= ( ) dt—l—GdB(t) t>0
+e

with Y, .(0) > 0 and (Lo, +€) > (Lo, —€) > 02/2, so that L, takes the same role as § in (4.1) as we
let € | 0. Since lim,_,, xf(x) = Ly, and lim,_,,, X(t) = o0, there exists T;(e, w) > 0, such that for
all t > Ty(e,w), Loy —€ < X(t)f(X(t)) < Lo, + € and X(t) > 0. Hence (L, — €)/X(t) < f(X(t)) <
(Lyo +€)/X(t), t = T1(e, w). Let A(t) =Y, (t) —X(t). We now consider three cases:

Case 1: if X(T;) <Y, .(Ty), i.e., A(T;) > 0, we claim that

forall t>Ti(e,w), X(t)<Y,(t).

Suppose to the contrary there exists a minimal t* > T;(e, w) such that X(¢t*) = Y, (t*). Then
A(t*)=0and A’(t*) <0. But
oo T€ L(>o +e€

A= Y+e(t) KON

- fX () >

for all t > T; (e, w),
Y—‘,—e( ) !

SO
L,+e L +e
NP - __ =y,
Vi () X(t%)

which gives a contradiction.
Case 2: if X(T;) > Y,.(Ty) >0, i.e., A(T;) <0, we show that

forall t>T(e,w), X(t)<Y,(t)—A(Ty).

Now for all t > T, (e, w),

L+ w T € Loo+6_—A(t)(Loo+e)
N0 = P ~ 1> P - =T v @10
In particular
, —A(T)(Lo +€)
A(Ty) > Yo (TOX(T)) > 0. 4.12)

There are now two possibilities: either X(t) > Y (t) for all t > T,(e€, w) or there is To(w) > T;(€, w),
such that X(Ty) = Y (Ty). If X(t) > Y, .(t), Vt > T;(€,w), then A’(t) > 0, so A is increasing on
[T;(€,w),0). Therefore Y, .(t) — X (t) = A(t) > A(T;), we are done. The analysis of the situation
where there exists To(w) > T, (€, w) such that X(T,) =Y, .(T,) is dealt with by case 3.

Case 3: if X(T;) =Y, .(Ty), i.e., A(T;) =0, we claim that

forall t>T(e,w), X(t)<Y,.(t).

We note first from (4.12) that A’(T;) > 0. Hence, there exists Ts(w) > T; (€, w) such that A(t) >0
for t € (Ty, T3). Suppose, in contradiction to the claim, that T5(w) is such that A(T;) = 0. Then
A’(T;) <0, which is impossible by (4.11).
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Combining the above results, for almost all w in A, there exists a random variable C, such that
X(t,w) <Y, (t,w)+Ci(Ti(e,w)), t=Ti(e,w). (4.13)
Therefore

X(t Y, (¢t
lim supL <limsup +e(t)

t—oo  4/2tloglogt t—00 \/2tloglogt'

A lower estimate on X can now be deduced by a similar argument. For the same e, define Y_, by

(4.14)

L —
dy_.(t) = ;‘;(5 dt+odB(t), t=>0
—€

with Y_.(0) > 0. Note that L., — e > 02/2, so Y__ is guaranteed to be positive. Then, by arguing as
above, we obtain an analogous result to (4.13), namely that

X(t,w)=Y_(t,w) — C_(T4(e,w)), t=Ty(e,w), (4.15)
for some T4(e, w) > 0 and random variable C_. This implies

X(t Y (¢t
limsup (&) > limsup (t)

t—oo  4/2tloglogt t—00 \/Ztloglogt‘

We are now in a position to prove (4.9). Using (4.14), and letting Q be the a.s. event on which

(4.16)

limsupyﬁ—(t) =C
t—oo 4/2tloglogt
we have
: X(t) .
limsup ————-+—<o|, a.s.onQ NA.

t—oo /2t loglogt

Letting Q, = Nceg+n(o,1)§% it follows that

X(t
limsupL <|ol|, a.s.onQ,NA, (4.17)

t—oo  4/2tloglogt

as required. Similarly using (4.16), and letting Q" _ be the a.s. event on which

limsqu_E—(t) =0
t—oo ,/2tloglogt ’
we have
. X(t) .
limsup ————=> 0|, as.onANQ.

t—oo  ,/2tloglogt

With Q. = Neegno,)2, it follows that

—e?

X(t
limsupL >|o|, a.s.onANSQ,, (4.18)

t—oo  ,/2tloglogt
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as required. Combining (4.17) and (4.18) gives (4.9).

To prove (4.10), notice that Y, . obeys (4.1) with 6 = 6, = 1+ 2(L, + €)/0?. Then, by (4.3) we

have

log == 1 1
liminf Voo

= - = - , a.s.onq'
t—o0  loglog t 5. —2 2L +€)/0?—1 €

where Q7 is an almost sure event. Therefore by (4.13), a.s. on AN QY we have

log == 1
liminf vt <- .
t—oo loglogt 2Ly, +€)/o?—1

IfA*=AN {nee(@m(o,l)ﬂj}; then A* is an a.s. subset of A and

log == 1
liminf vt <

— , a.s.onA".
t—co loglogt = 2Ly /0?—-1

Proceeding similarly with Y_, and using (4.15) we can prove that

log ==
n v > — !
t—oo loglogt 2L /0% -1

, a.s.onA™,

where A™ is an a.s. subset of A. Combining (4.20) and (4.21) now yields (4.10).

(4.19)

(4.20)

(4.21)

O

Depending on the value of L__,, by Feller’s test, we can compute the probability of the event A
defined in the previous theorem. Suppose that L., > 02/2. If L_,, < 02/2, then P[A] = 1. If
L_, > 0?/2, and we define A := {w : lim,_,,, X(t, w) = —o0}, then AUA is an a.s. event, and P[A],
P[A] € (0,1). The exact values of P[A] and P[A] depend on the deterministic initial value of X. In
a similar manner, we can prove similar results when the roles of L, and L__, are interchanged. By
Corollary 4.2, it is not difficult to show the following result. The details of the proof are omitted.

Corollary 4.4. Let X be the unique continuous adapted process which obeys (3.1). Let A := {w :

lim,_, o, X(t,w) = —oo}. If

lim xf(x)=L_,, gx)=o0, x€R
X—00

where 0 # 0 and L_, > 02/2, then P[A] > 0 and X satisfies

. X(t) .
liminf ————==—|0| a.s. onA,

t=oo /2tloglogt

and
X0l

log == 1
liminf Ve _
t—oo loglogt 2w g
o

, as.onA.

Theorem 4.3/ can now be used to prove a more general result for (3.1), where instead of being

constant, g now obeys

VxeR, g(x)#0, )cli_{gog(x)zaeR/{O}.
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Theorem 4.5. Let X be the unique continuous adapted process which obeys (3.1). Let A := {w :
lim,_, o, X(t, ) = oo}. If there exist positive real numbers L., and o such that L., > 02/2, f obeys

(4.8), and g obeys (4.22), then X satisfies (4.9) and (4.10).

Proof. Define the local martingale

M(t) =J g(X(s))dB(s), t=0.
0

Therefore, by (4.22) we have

t

1 1
lim —(M)(t) = tlirglo ?J g%(X(s))ds =02, as.onA. (4.23)

t—oo t 0

For each 0 < s < 00, define the stopping time v(s) := inf{t > 0 : (M)(t) > s}. By the time-change
theorem for martingales [12, Theorem 3.4.6], the process defined as W(t) := M(v(t)) is a standard
Brownian motion with respect to the filtration 2(t) := Z (v(t)). If X(t) := X (v(t)), then
R0)
g2(X(1))
Now, since lim,_, ., x f (x)/g?(x) = Ly, /0? > 1/2, by Theorem 4.3} for almost all w € A,

dX(t) dt+ dw(t), t>0.

lim sup L =1, liminf log T =— ! .
t—00 \/m t—oo loglogt zi_go -1
That is for almost all w € A,
| X(0) e 1
lim sup =1, liminf =— . (4.24)
t=oo 4 /2(M)(t)loglog (M)(t) =" loglog (M)(¢) 2=
Combining with these limits, the desired assertion can be obtained. O

A similar result can be developed in the case when X(t) — —oo as t — oo under the assumptions
that xf (x) = L_,, > 0?/2 and g(x) — o as x — —oo. The proof is essentially the same as that of
Theorem 4.5, and hence omitted.

5 General Conditions Ensuring the Law of the Iterated Logarithm and
Ergodicity

Theorem 5.1. Let X be the unique continuous adapted process satisfying (3.5). If there exists a positive
real number p such that

V(x,t)eRxRY, xf(x,t)<p, (5.1)
then

. 1X(¢)]
limsup ————=<|o|, as. (5.2)

t—oo  ,/2tloglogt B
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and

ft Xz(s)z ds
limsu 70 Uhsy <2p+ o2, as. (5.3)
t—00 1 gt

Proof. Without loss of generality, we can choose p > o2/2. Then by Ito’s rule,
dX?(t) = (2X(0)f (X(t),t) + o) dt + 2X(t)o dB(t).

Let Z(t) = X?(t), t > 0. Define y(x) = x/|x| for x # 0 and y(0) = 1. Then

t
w(t) = J r(X(s))dB(s)
0
is a standard Brownian motion with respect to #2, and we have

dZ(t) = (2X()f (X(t),t) +02)dt + 20/ Z(t)dW(t).

Now consider the process X,, defined by

dX,(t) = (2p +02)dt + 20/ |1X,(O)|dW(t) (5.4)

with X,,(0) > X2(0). Arguing as in the forthcoming Theorem 5.3, it can be shown that X,,(t) > 0 for
all t > 0 a.s. This means that the absolute values in the diffusion coefficient in (5.4) can be omitted.
Hence by the Ikeda and Watanabe comparison theorem (cf. [11]), X, (t) > X2(¢t) for all t > 0 a.s.
From the proof of Lemma 4.1} we know that P[lim,_,., X,(t) = co] = 1. Moreover, X, obeys

X, (t
limsup¢502 a.s.
t—oo 2tloglogt

Hence the assertion (5.2) is obtained.

The second part of the theorem can be easily deduced from the fact X, (t) > X2(t) for all t > 0 a.s.,
and (5.4) by Exercise X1.1.32 in [17], which is stated below as Lemma/5.2| O

Lemma 5.2. Suppose that Q is the unique continuous adapted process satisfying
dQ(t)=6dt +24/Q(t)dB(t), t=>0

with Q(0) > 0 and & > 0. Then Q obeys

t
. fl —Qs(zs)ds
lim ——— =95, as.
t—oo  logt

We now establish lower bounds corresponding to the upper bounds given in the previous theorem.

Theorem 5.3. Let X be the unique continuous adapted process satisfying (3.5). If there exists a real

number u such that
2

o
inf  xf(x,t)=u>-—-——, 5.5
(x,t)eRxR* £ )= 2 -5
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then

limsup& >|o|, as. (5.6)
t—oo  4/2tloglogt
Moreover,
Jo G d
liminf ————>2u+ o2, as. (5.7)

Proof. We begin with a change in both time and scale on X to transform it to a process which can
be compared with a stationary process. Let Y(t) = e™'X (%(em —1)). By Itd’s rule, it can be shown
that for t > 0

dY?(t) = [ —2Y2(t) +2Y(t)e f (Y (t)et, %(ezf -1)+ 02} dt +20/Y2(t)dW(t)

with Y2(0) = xg where W is the ZB-adapted standard Brownian motion introduced in the proof of
Theorem|5.1. Consider the processes governed by the following two equations,

dY;(t) = (=2Y,(t) + 2u+ o) dt + 204/ |Y;(t)| dW(t), (5.8)
dYy(t) = (—2Yo(0)) dt + 204/ | Yo () dW (1) (5.9)

with x(z) > Y;(0) > Y,(0) = 0. Instead of applying Lemma 2.2 directly, we give more details on

estimating the asymptotic growth rate of Y; using Motoo’s theorem. By Yamada and Watanabe’s
uniqueness theorem (cf.[12, Proposition 5.2.13]), Y5(t) =0 for all t > 0 a.s. for all t > 0. Applying
the Ikeda-Watanabe comparison theorem twice, we have Y2(t) > Y;(t) > Y,(t)=0for all t > 0 a.s.
Hence the absolute values in (5.8) can be removed. Now it is easy to check that a scale function and
the speed measure of Y; are

5 [ m, s L g o 208 1
sy,(x)=e ¢ es?y 272 dy, myl(dx)=§0 e ofeo?x 2 dx
1

respectively. Without loss of generality, we can choose u € (—0?/2,02/2]. Then sy,(00) = o0,
sy,(0) > —oo and my, (0,00) < co. In addition, the function defined by and associated with
Y; satisfies v(0) < co. So by Feller’s test for explosions, Y; reaches zero within finite time on some
event. A direct calculation confirms that my ({0}) = 0. By the definition of an instantaneously
reflecting point (cf. e.g.[17, Chapter VII, Definition 3.11]), we conclude that zero is a reflecting
barrier for Y;, and hence Y; is an a.s. recurrent process with finite speed measure. Thus Motoo’s
theorem in Section 2 can be applied. Let h(t) = o?logt. Since u € (—0?/2,02/2], by UHopital’s
rule

SY] (x) . _2u+02
= lim x 22 =0.
X—00

X200 5,07

This implies that there exists x, > 0 such that for all x > x,, sy, (x) < e*/9”_ Since h is an increasing
function, there exists t, > 0 such that for all t > t,, h(t) > x,, so sy, (h(t)) < t. Hence

foo ! dt>fooldt
Ee— = - = Q.
AG) t

to
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Therefore, by Motoo’s theorem

Y2(t Yy (t
lim sup (t) > lim sup 10 > 02, as.
t—00 ogt t—oo lOogt

Using the relation between X and Y, we get the desired result (5.6).

For the second part of the conclusion, consider the following equation

dZ(t) = (2u+o?)dt +20+/|Z(t)|dW(t), t>0,
with Z(0) < x2. Then X?(¢t) > Z(t) > 0 for t > 0 a.s. Again, by applying Lemma[5.2 to Z, (5.7) is
proved. O

The following corollary combines Theorem 4.5/ with Theorem 5.1, and shows that the condition that
the diffusion coefficient be constant can be relaxed.

Corollary 5.4. Let X be the unique continuous adapted process satisfying the equation
dX(t)=f(X(t),t)dt + g(X(t))dB(t), t=>0,

with X(0) = xo. Suppose g : R — R is even and satisfies
VxeR, g(x)#0, |xlliinoog(x) =0 € R/{0}. (5.10)

Let g also satisfy
Vx,y €R, [glx)—g(y)I <h(lx -y,

where h : RT — R™ is increasing and ot h™2(u)du = oo. If there exists a positive constant p such that

f satisfies (5.1), then X obeys (5.2).
Proof. Since f satisfies (5.1), then V(x,t) € R/{0} x R* and € > 0, —(p + ¢€)/|x| < f(x,t) <
(p + €)/|x|. Without loss of generality, we can choose p > 02/2 Vv g2(0)/2. Consider the equation

pt+e
X,(t)

dx,(t)= dt+g(X,(t))dB(t), t>0 (5.11)
with X, (0) > x, vV 0. It is easy to check that the scale function of X, satisfies sy (00) < oo and
sx,(0) = —oo. Thus P [lim,_,q X, (t) = co] = 1. Moreover vy (c0) = vy (0) = oo, which implies
that P[X,(t) > 0; VO < t < oo] = 1. Therefore by the Tkeda-Watanabe comparison theorem [11,
Chapter VI, Theorem 1.1], X(t) < X, (t) for t > 0 a.s. Similarly, we can construct another process
X; which also satisfies (5.11), but with X;(0) < xy A 0. Then P [lim,_ . X;(t) = —oo] = 1 and
P[X;(t)<0; VO <t <oo] =1. Thus X(t) > X;(t) for t > 0 a.s. Now by Theorem [4.5]

limsupXu—(t)——limianl—(t)—lcﬂ a.s
tooo \/2tloglogt tmoo /2tloglogt ’
Therefore X obeys (5.2). O

The next corollary applies the ergodic theorem conclusions of Theorem 5.3 and Lemma|5.2 to
the process with non-constant diffusion coefficient dealt with in Theorem[4.5. The proof, which we
supply here, is similar to that of Lemmal5.2.
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Corollary 5.5. Let X be the unique continuous adapted process which obeys (3.1). Let A := {w :

lim,_,o, X(t, ) = oo}. If there exist positive real numbers L., and o such that L., > 02/2, f obeys
(4.8), and g obeys (4.22), then X satisfies
t X%(s)

f 0 (1+4s)? ds

im —————
t—oo  logt

=2L+ 02, a.s. on A (5.12)

Proof. Applying the transformation Y (¢t) := (e"/2X (e — 1))? for t > 0, we get

Y(t)=x)— f Y(s)ds+ J 2X(s)f (X(s))ds + f g2(X(s))ds
0 0 0
+ f 2X(s)e= g(X(s))dB(s), (5.13)
0

where X(t) := X(e' — 1), and as before, B is another standard Brownian motion in an extended
probability space. It can be verified that for almost all w € A,

t t
tli)rglo %J X(s)f(X(s))ds = L, tli)rglo %f g2(X(s))ds = o2 (5.14)
0 0

Let

M(t) := J 2% (s)e g(X(s)) dB(s),
0

so that M has the quadratic variation

(M)(t) := f 4X2(s)eg%(X(s))ds.
0

We have

lim M = 402, a.s. on A. (5.15)

t fo Y(s)ds

Suppose D := {w : lim,_,., (M)(t) < oo} with P[D] > 0. Then f(fo Y(s)ds < o0, a.s. on AN D. Thus

. Y(t) 5
lim & =2L,+0% as.onAND,

t—00

which contradicts
. X(t)
limsup ——————==0|, a.s.onA. (5.16)

t—oo  4/2tloglogt

Therefore P [lim,_,.,(M)(t) = co] = 1. Note that (5.16) implies lim,_,, Y (t)/t = 0 a.s. on A. Also,

limﬂZlim M@ (M) =0, a.s. onA
T [ YEds TeMNO [Ty@ds

936



Now since for all t > 0, Y(t) > 0 a.s., we have

J Y(s)dsfx§+J QX(s)f(X(s))ds—l—f g2(X(s))ds + M(t).
0 0 0

By first dividing both sides by f Ot Y (s)ds, then taking limits as t — oo and using (5.14), and finally
by rearranging the resulting inequality, we get

Hence ¢
fo Y(s)ds
lim sup <2L,+0?% as. onA
t—00
Finally, since
t
M(t M(t Y(s)ds
lim L) = lim — (©) . fo =0, a.s.onA,
tmoo t—oo fo Y(s)ds t

by (5.13) we get

. 1
liminf

: > 5> a.8. OnA.
=00 fo Y(s)ds 2LotO

t—oo t

1 t
lim —f Y(s)ds =2L., + 02, a.s.onA,
0

from which the desired result (5.12) can be obtained.

O

Besides being of independent interest, the following result will be used extensively in Section 6 to
prove comparison results. It is a special case of a result in [1]. The result in [1] covers equations

with Markovian switching.

Theorem 5.6. Let X be the unique continuous adapted process satisfying (3.15) with X(0) = xq. If
f € LY(R;R), then there exist positive real numbers {Ci}i=1,2,34 such that

where

1=

3 =

X(t)
C, <limsup ————=<0C,, a.s.
t—oo  /2tloglogt
. X(t)
—C; <liminf ————<-C,;, as.

t—00

V/2tloglogt

5 infoeg [, f(2)dz

|O'|e;_§SpreRf;f(z)dz |o-|e;_2in

> C - 00
2 e;_%fo f(z)dz

e ;—% SUPycr f(j f(2)dsz

e ;—% f;o f(z)dz

e ;—% infcg f(j f(2)dz

o] o]

4=

eoiszoof(Z)dz ea%fi)oof(z)dz
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6 Recurrent Processes with Asymptotic Behaviour Close to the Law of
the Iterated Logarithm

In this section, we again study solutions of (3.15), where the drift coefficient satisfies

2 2

- - g : _ g
)}Lrgloxf(x)—LooS 5 and xl_1)r_nooxf(x)—L_oo§ 7 (6.1)

As mentioned previously, the solutions are no longer transient but are now recurrent on the real
line. The results obtained vary according to the values of L, and L__,. We classify these results into
four main cases. The first result is a direct and easy application of Motoo’s theorem. However, we
state it as a theorem here for two reasons: first, it shows that —o2/2 is another critical value for the
process; second, it provides a way to construct a process with known behaviour to which we can
compare processes in the other three cases.

Theorem 6.1. Let X be the unique continuous adapted process satisfying (3.15). If f satisfies (6.1)
and Ly, € (—00,—02/2), L_,, € (—00,—0?/2), then X is recurrent and has finite speed measure.
Moreover X obeys

y log X (t) 1 i log (—X(t)) 1
msu = , limsu = ,  as.
g logt 1-2Ly/c? i logt 1—2L_./c? -
Hence

. log [X(¢t)| 1

lim sup = as.

Proof. Condition (6.1) implies that for any € > 0, there exists x, > 0 such that
o2
Loo—e<xf(x)<Loo+e<—7, X > X,

2
o
L_oo—e<xf(x)<L_oo+e<—7, X < —Xe.

It can be shown that setting ¢ = x, in (2.1), for any x > x,, a scale function of X satisfies

| ()

Since L, € (—o0, —02/2), we have s(co0) = co. A similar estimate can be used to get s(—00) = —o0.
For some constants K; . and Kj ., the speed measure can be estimated by

—2(Log+€) —2(Loo—€)

(l) 7 dy. 6.2)

Xe

dy Ss(x)SJ

Xe

2(Loo+e€)

m(0,00) <K . +K2’€f x % dx <oo.
xE
Similarly m(—o00,0) < 00, so m(—o00,00) < co. Hence X is recurrent on R and has finite speed
measure. We can therefore apply Motoo’s theorem to X. By L'Hépital’s rule, we have

X, X Loo—
G0 A e
0 <limsup ——— < lim
—_ 2(Lg—€) — —
X—00 xl_% x=00 (1 _ Z(L;oz 6))X—2(Loo—e)/02
_ K3,x€
- 1 _ 2(Loo_€)

o2

938



for some positive real number K3 ,._. So if hy(t) = tl/[l_Z(Loo_f)/"z], we get

RO | R |
dt > dt = o0,
L s(hy (1)) L Kyet

for some positive real number K, .. Hence

: X(t)
limsup—————>1, a.s. onana.s. event ),
(=00 t12(leg—e)/o?

which implies

) log X (t) 1
limsup > , as.on,.
t—o0  logt 1-2(Ly, —€)/0?
By considering the a.s. event Q" = N2, we have
logX(t 1
lim sup gX(t) > 5, a.s.on QF. (6.3)
t—oo  logt 1-2L,/0
Similarly using (6.2) for some positive constant Ks ., we obtain
s(x) Ks .
. > ,
hxnlglfxl—z(Lm+e)/02 - 1_ 2(Lyote€) > 0.
0.2

1+e
If we choose hy(t) = t1-20ote/o® | then for some positive constant Kg .,

1 R |
——dt < ———dt < .
L s(hy(t)) fl Kgetlte

Hence
. X(t)
lim sup T
[=00 41 2(1ggte)/o?

<1, as.onQ,. (6.4)

Letting € | 0 through rational numbers, and combining with (6.3) we get

) logX(t) 1 .
lim sup = , as.on. (6.5)
t—oo  logt 1-2Ly/c?
Now let Y(t) = —X(t), g(x) = —f(—x) and B(t) = —B(t). Then
lim xg(x)= lim —xf(—x)= lim yf(y)=L_q
X—00 X—00 Y——00

and
dy(t) = g(Y(t))dt + o dB(t).

Hence by applying the line of argument above we obtain

Y(t) .
lim sup T >1, a.s.onsome a.s. event {2,
t—00 t 1-20l—o—€)/0?
. Y(t) «
lim sup T <1, as.onfl,

E=00 412l g +e)/0?
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and so as before, we have

. logY(t) 1
lim sup =

oot = 1_91 / o> a.s. on some a.s. event Q*
t—00 0og - —0l O

Finally combining the above limit with (6.5), we get

: log |X(¢)] 1
lim sup =

= ,  a.s.
t—oo  logt 1-2(Ly VIL_y)/c?

O

The previous theorem is not the main focus of this paper, as it applies to stationary or asymptotic
stationary processes. It shows that such processes do not behave asymptotically in a manner close
to the LIL. However, taking the results of Theorem|6.1, Theorem|4.3 and Theorem 4.5/together, we
can exclude the necessity to study these regions of (L, L_,,0%) parameter space further.

The rest of our analysis focusses on the regions of (L., L_,,0?2) parameter space not covered by
these results. Before moving on to the next theorem, we give a lemma which allows us to construct
appropriate comparison processes.

Lemma 6.2. Suppose f : R — R is locally Lipschitz continuous and satisfies (6.1). If L., € [—02/2, 0)
and L_., € [—02/2,00) and f(0) = 0, then for every € > 0 there exists an odd function q, : R — R
such that

q. is locally Lipschitz continuous on R; (6.6a)
o2
xl_l)Izll;loo xq.(x) = 5 €; (6.6b)
fx)2qc(x), x=0; (6.6¢)
flx) =ge(x), x=0. (6.6d)
Moreover, the function G, : (—00,00) — R defined by G.(x) = +/|x|q.(4/|x]|) is globally Lipschitz

continuous on (—00, 00).
Proof. For every € > 0 there exists x, > 1 such that
€ €
Loo—§<xf(x)<Loo+§, X > X, (6.7)
€ €
L_o— 5 <xf(x)<L_Oo+§, x < —x,. (6.8)
Since f is locally Lipschitz continuous, there is a constant K > 0 such that

IfG)=fII=Klx=yl|, Ix[viyl=1. (6.9)

Now define f, : [x.,00) = R by f.(x) = Loy AL_o, —/2)x" ! and

C.=14+K+ {(— min _f(x))V [rllax_l]f(x) \% 0} + [—f.(x)]H,

x€[1,x.]
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where

+._ ) x, x=20,
[x] '_{ 0, x<0.
Then
C.>1+4+K; C.+f(x)>1. (6.10)
Also
—C. <f(x), xe[l,x.] (6.11)
and
C.>f(x), xe[—x.,—1]. (6.12)

By the second inequality in (6.10), and the fact that L., A L_o, > —02/2, we may define &, :
[xe,00) = [0, 00) by
0'2 €
T F Lo AL o +<
§(X)= 42— "2 x>x,.
S FLooAL oot Lx—
foore. X T Xe

Now we define the candidate function q.. It is given for x > 0 by

—CEX, X € [0: 1])
qe(x) = —Ce, X € (1,X€:|,
fE(X)—(SE(X), X > Xe,

and extended for x < 0 according to q.(x) = —q.(—x). Clearly q. is odd by definition, and is
obviously Lipschitz continuous on (—x,, x.). Since

Xl_igh qe(x) :fe(xe) - 5e(xe) :fe(xe) _fe(xe) -C.=—-C. = qe(xe):

we have that g, is locally Lipschitz continuous on R. Noting that

2
€ o) €
lim xf,(x)=LoAL_oo— =, lim x6.(x)=—+L AL_o+ =,
X—00 27 x> 2 2

we get

. € o? € o?
llque(x):Loo/\L—oo___ — Lo AL o+ | =—F —€
X—00 2 2 2

Since g, is odd, the same limit pertains as x — —oo0.

Finally, we show that x f (x) > xq.(x), x € R. For x € [0, 1], because f(0) =0, and (6.9) holds, we
have |f (x)| < K|x| = Kx. Hence

f(x)=—Kx > —Kx —x = —C.x = q.(x).
For x € [—1,0] we have |f (x)| < K|x| = —Kx. Hence
f(x) S—Kx<—-Kx—x=<-C.x= qe(x):

where we have used the first inequality of (6.10) to deduce the third inequality in each case, and
the definition of q, and the fact that it is an odd function at the last steps.

941



By (6.11), for x € [1,x.] we have q.(x) = —C. < f(x), and as q, is odd, for x € [—x,,—1] using
(6.12) we get g.(x) = C. > f(x). It remains to establish inequalities on (x,.,00) and (—o0, —x,).
We noted earlier that §.(x) > 0 for x > x.. Hence, by the definition of q., this fact and (6.7) yield

LoANL_o—€/2 Ly—¢€/2
qe(x) = fe(x) = 6 (x) < fe(x) = * S—  <fk,

for x > x, as required. We now consider the case when x < —x,. Since ¢, is odd, we get

qe(x) = —qe(—x) = —fe(=x) + 6 (—x) > —fe(—x),
the last step coming from the fact that 6.(—x) > 0 for —x > x.. By the definition of f,., we have

L AL o —€/2
ge(x) > . , X <—X,.

Thus, as x < 0, we get

€
Xqe(X) < LogANL_oo— =

€
<L . ——<xf(x),
5 S Lo — 5 <Xf(x)

using (6.8) at the last step. Hence xq.(x) < xf (x) for x < —x,.

We conclude by dealing with the continuity of G.. For x € [0,1] we have G.(x) = —C.x, so G,
is Lipschitz continuous on [0,1). Since for any M > 1 the functions x — /x and x — q.(x)
are Lipschitz continuous from [1,M] — [1,v/M] and [1,v/M] — R respectively, the composition
[1,M] - R : x — q.(+/x) is Lipschitz continuous. Thus the product G, : [1,M] — R : x —
G.(x) = v/xq.(y/x) is Lipschitz continuous. Since M > 1 is arbitrary, recalling that G, is Lipschitz
continuous on [0,1) and continuous at x = 1, we have that G, is locally Lipschitz continuous on
[0,00). Moreover, as +/- and q.(-) are actually globally Lipschitz continuous on [1,00), and G, is
Lipschitz continuous on [0, 1], it follows that G, is globally Lipschitz continuous on [0, c0). Finally
since G, is an even function, it is also globally Lipschitz continuous on R. O

Armed with this result, we are now in a position to determine the asymptotic behaviour for X when
Lo €[—0%/2,0%/2], L_, € [-0?%/2,02%/2].

Theorem 6.3. Let X be the unique continuous adapted process satisfying (3.15). Suppose f satisfies
(6.1) and there exists at least one x, € R such that f(x,) = 0. If L., € [—02/2,0%/2] and L_,, €
[—02/2,02/2], then X is recurrent and satisfies

limsup& <l|o|, as
t—oo  4/2tloglogt -
Moreover
. log|x(t)] 1
limsup——=—, a.s. (6.13)
t—00 logt 2

Proof. Again, the first part of the conclusion can be obtained immediately by Theorem 5.1. There-
fore we also have the following upper estimate

: log|X(t)] 1
limsup——— < -,
t—00 logt 2
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For the rest of the proof, the main idea is to compare X2 with a squared stationary process described
in Theorem 6.1. In what follows we fix € € (0,1). By hypothesis, there exists at least one x, € R
such that f (x,) = 0. Consider the process X governed by the following equation,

dX(t) = f(X(t))dt+ o dB(t), t>0,
where X(t) = X(t) — x, and f(x) = f(x 4+ x,). Thus f(0) = 0. By It&’s rule, we have
dX%(t) = (2X(t)f (X(t)) + 02) dt +2X(t)o dB(t)
= [2(X(OF (X(£)) = X(£)q(X (1)) +2X (t)q. (X () + o] dt + 2X(t)o dB(t).

If g, is defined as in the previous lemma, then for all t > 0, ¢ (t) := X(t)f (X(£)) =X (t)q.(X(t)) > 0.
Since q. is odd, we can rewrite the above equation governing X2(t) =: Y(t) as

dy (6) = (26 (6) + 2V [V (O)lge (VY (D) + 0?) dt + 24/ [Y (Do dW (£)

where Y(0) = (xo — x,)? and W is another Brownian motion in an extended space ({2, #,®). Con-
sider now the processes governed by the following two equations

Ay, (1) = 2V 1Y (Dlge(VIY.(OD) + o) dt + 24/ [Y.(D)]o dW ()
dYo(t) = 24/ 1Y (Dlgc (VY (D) dt + 24/ [Yo(D)]o dW (1)

with Y(0) > Y.(0) > Y,(0) = 0. Since the drift coefficient of Y, is globally Lipschitz continuous
by the previous lemma, we can use Yamada and Watanabe’s uniqueness theorem, as well as the
Tkeda-Watanabe comparison theorem to show that for every € € (0, 1), there exists an a.s. event 2,
such that Y(t) > Y.(t) > Y,(t) =0 for all t > 0 a.s. on 2. Therefore all the absolute values can be
removed. Now by the definition and properties of q., it is easy to check that the scale function and
the speed measure of Y, satisfy

s(c0) =00, s(0)> —o00, and m(0,00) < o0

respectively. A similar argument to that used in Theorem [5.3] shows that zero is a reflecting bar-
rier for Y,. Therefore Y, is a recurrent process on R™ with finite speed measure to which we can
apply Motoo’s theorem in order to determine the growth rate of its largest deviations. Now since
lim,_,, v/xq(+/X) = —02/2 — ¢, for the same ¢, there exists x, such that for all x > x,,

o? o?
-5~ e(1+€) < vVxq.(vx) < — e(l—e).
Let s be the scale function of Y., then for some real positive constants K; ,

e(1+e)

x (3 o2
. s(x) ) fxe (x_e) dy Ky,
0 <limsup———— < > = ’ 2
xo00 xlte+e)/o x—00 e lte(lt+e)/o 1+e(1+¢€)/o

1
If we choose h(t) = t1+e0+e)/o? | then

Joo ! dt>fooldt—
TGO R A A
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Again by Motoo’s theorem we have

limsu & >1, a.s.onana.s. event Q*
t—>oop t1/(+e(i+e)/o?) = 7 - - €’

which implies

log Y (¢t 1
lim sup gY(t) > , a.s.onf.
t—oo  logt 1+e(l+e€)/o? €

Hence on the a.s. event Q7 = Q. NQ7,

) log Y (t) 1
lim sup >
t—oo  logt 1+e(l+e€)/o?

Considering the a.s. event Q" = N.coQ;", we have

logY (¢t
pog ()21

limsu a.s
t—oo  logt
which implies
log |X (¢ 1
limsupM > —, a.s.,
t—00 logt 2
and hence the result. O

Using the same technique employed to prove Theorem /6.3, we may construct a locally Lipschitz
continuous function g, such that for all x € R, f(x) = q.(x), and lim|,|_, xq.(x) = —02/2 —e.
Instead of comparing pathwise with X2, we construct a solution with drift coefficient q. and directly
compare it with X. The proof is left to the reader.

Theorem 6.4. Let X be the unique continuous adapted process satisfying (3.15). Suppose f satisfies
(6.1) and there exists at least one x, € R such that f(x,) = 0. If L_, € (—o0,—0?/2) and L, €
[—02/2,0], or Ly, € (—00,—02/2) and L_, € [—0?/2,0], then X is recurrent and obeys

X0l

limsup ————=<|o|, as.
t—oo  ,/2tloglogt
Moreover,
. log|X(¢)] 1
limsup —— = -,
t—00 logt 2
Remark 6.5.

Even though zeros are not included on the intervals for L, in Figure 1 in Section 3, the construction
of g, in either Theorem|6.3/or Theorem 6.4/ covers the case when at least one of L., and L_ is zero.
Therefore always holds provided the drift coefficient f reaches zero at least once. However,
if f changes its sign an even number of times, more precise estimates on the growth rate can be
obtained, even when at least one of L., and L_, is zero. Lemma 6.6/ and Theorem 6.7| deal with
this case. In particular, if f remains non-negative (or non-positive) on the real line, we can compare
X with the Brownian motion {oB(t)}( directly. This fact is stated in Corollary 6.8/ without proof.

In order to apply a comparison argument to the next category of parameter values, we need to
construct an appropriate drift coefficient, just as was done in Lemma|6.2/and Theorem|6.3.
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Lemma 6.6. Suppose f : R — R is locally Lipschitz continuous and satisfies (6.1).

(@) If L_o, €(—00,0] and L, € [0, 00), and there exists x, > 0 such that for all |x| > x,, f(x) >0,
then there exists an even function q, : R — R such that for all x € R, f(x) = q, (x).

(i) If Ly, € (—00,0] and L_,, € [0,00), and there exists x, > 0 such that for all |x| > x,, f(x) <0,
then there exists an even function q, : R — R such that for all x € R, f(x) < g, (x).

Moreover, q,., in either case is globally Lipschitz continuous.

Proof. Under the conditions in Part (i), define C := min,¢[_y, , ] f(x) A0 and construct q,, accord-
ing to:

C, x| < x,
—Cx+C+Cx,, x,<x<x,+1,

2. () = Cx+C+Cx,, —Xx,—1=<x=<-x,,
0, |x| > x, + 1.

It is obvious that g, is even, globally Lipschitz continuous, and f(x) > g, (x) for all x € R. By a
similar argument, we get the second part of the assertion. O

Theorem 6.7. Let X be the unique continuous adapted process satisfying (3.15), and suppose f satisfies
(6.1).

(i) If L_y € (—00,0] and Ly, € [0,02%/2], and there exists x, > O such that for all |x| > x,,
f(x) >0, then X is recurrent and there exists a deterministic ¢ > 0 such that

X(t)

¢ <limsup——— <|o|, as.
t—oo  ./2tloglogt

(i) If Loy, € (—00,0] and L_., € [0,02/2], and there exists x, > O such that for all |x| > x,,
f(x) <0, then X is recurrent and there exists a deterministic ¢ > 0 such that

. X(t)
—|o| <liminf ——<—¢, a.s.

t=oo /otloglogt
Proof. We show assertion (i) first. Consider another process Y governed by the equation
dY(t)=q, (Y(t))dt+odB(t), t=0,

with Y(0) < X(0), where g, is the function defined in Lemma6.6. Note that q, € LY(R;R), so by
Theorem 5.6, we have
. Y(¢)
¢ <limsup

t—00 \/Ztloglogt’

— X
e G_g Supxe]R fo q;q< (Z) dz

a.s.

where
_ o]

— (o8]
oot Jo ax(2)dz
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By Lemma|6.6/part (i), f (x) > g, (x) for all x €R, so a comparison argument gives

Y(t) X(t)

¢ <limsup ————— <limsup ———, a.s.

t—oo  /2tloglogt t—00 \/2tloglogt’

Combining this yvith the result of Theorem 5.1, we get the first part of the theorem. For part (ii), let
X(t)=-X(t), f(x)=—f(—x) and B(t) = B(t). Then X obeys

dX(t) = f(X()dt + o dB(¢).

Now )
Jg;xﬂk)=y@g§—yx—fbd)=y§9xxﬂy)=Lﬂm>0~

Similarly lim,_,_, ¥ f(¥) = Ly < 0. Therefore by the first part of the proof we get

¢ <limsup —X(t) , as.
=0 \/atloglogt
which implies
liminfL <-—¢, as.
> \/2tloglogt
Combining this limit with the result of Theorem 5.1, the second assertion is proved. O

Corollary 6.8. Let X be the unique continuous adapted process satisfying (3.15).

(i) Suppose f is non-negative on the real line. If L_., € (—00,0] and L, € [0,02/2], then X is
recurrent and satisfies

(X (o)l

lim sup =limsup ——— =|o|, as.

X(t)
t—oo  ,/2tloglogt t—00 2tloglogt

(ii) Suppose f is non-positive on the real line. If L., € (—00,0] and L_., € [0,02/2], then X is
recurrent and satisfies

. X(¢) . —|x (o)l
liminf ———— = limsup =—|o|, as.

tmeo L /2tloglogt t—00 \/Ztloglogt_

The lower estimate on the asymptotic growth rate of partial maxima of |X| in this section can
also be obtained when the limit in condition (6.1) is replaced by a limit superior or limit infe-
rior in the appropriate way. For example, in Theorem 6.3, we can amend the condition (6.1) to
liminf, ,_ xf(x)=L_, and limsup,._,,, xf(x) = L,. Hence we are able to estimate the growth
rate of the partial maxima (or minima) of solutions in this section in terms of either the Law of the
Iterated Logarithm or the polynomial Liapunov exponent for all real values of L, and L_.
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7 Generalisation to multi-dimensional Systems

In this section, we generalize some of the main results in the scalar case to finite-dimensional pro-
cesses. We show that analogous results can be obtained by using the same technique under adjusted
conditions.

Theorem 7.1. Let X be the unique continuous adapted process satisfying the d-dimensional equation
(3.18), where X(0) = x, € RY, f : RY x Rt - RY, g : R x RY — R™™ and B is a m-dimensional
Brownian motion. If there exist positive real numbers p, C, and Cy, such that

V(X,t)eRdx]R"', XTf(X,t)Sp; (7.1a)
m d 2
d \/ij1 (Zi:l Xigij(X,t))
V(x,0) €RY X RY, [|g(x, Ollop < G, inf 6. @.1b)
|x|€R4/{0} |x|
then

. 1x(e)l

lim sup as. (7.2)

- - S C s
t—oo ,/2tloglogt ¢

Proof. Define

\/Z}L(Z?:l xigij(x))2
o(x,t) = Il » x7#0, (7.3)
o€ [Cb:Ca]: x=0.

Note that by (7.1b) and the Cauchy-Schwarz inequality,

d d d
\/2;‘11(21‘:1 xigij(x> t))? - \/21:1 xiz ;'n:1 Zi:1 gizj(X,t)
| x| - | x|
_xl- Mg Ce, )]
|x|

Cp < ®(x,t) =
=|lglx, )| < C,vm, x#0, t=>0. (7.4)

Now define 6 by
t
o(t) = f ®%(X(s),s)ds, t>0.
0

Then lim,_,,, 0(t) = oco. Also, define the stopping time 7n(t) = inf{s > 0 : 6(s) > t}: thus n(t) =
071(t). Define X(t) := X(n(t)) and # (t) = ZF(n(t)) for all t > 0 (where (Z(t)),>0 is the original
filtration). Then X is ¢ (t)-adapted. Furthermore, for 1 <i < d, we have

n(t)

X:(6) =X;(n(t)) =X;(0) + fiX(s))ds + N (t) (7.5)
0
where
n(t) m
Nl-(r)=f D i (X(s),5) dBy(s). (7.6)
0 j=1
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N = (Ny,N,,...,Ny) is a d—dimensional local martingale with respect to the filtration ¢ (t). By
Problem 3.4.5 in [12], it can be verified that the cross variation of N is given by

n(t) m
NN () = J Zgl](X(s) )8k (X(5),5)ds

J Zgl](X(S) 1(5))gi; (X (s), (s))/*(X (), n(s)) ds,

Then there is an extension of (2, %, P) of (2, Z,P) on which is defined a m—dimensional Brownian
motion B = {(B1(t),B;(t),...,B,,(t)); #(t);0 < t < oo} such that

Ni(t):j Zgij(X(S),T)(S))/‘P(X(S),n(S))dBj(S), P-a.s.
0 j=1

The filtration ¢ (t) in the extended space is such that X is ¢ (t)-adapted. Similarly, we obtain

n(t) t
fiX(s),s)ds = J FiX($),m(s))/®*(X(s), n(s)) ds.
0

0
Therefore

4%(0) = fiX(0), n(t))
' (X (1), n(t)) cI>(X(t) n(t))

Next define a : RY x RT — R

Zgu(xu) 1(t)) dB;(0).

r d 2
a(x,t)= Z (Z x;8ij(x, t)) . (7.7)
j=1 \li=1

By (7.1b), a(x,t) > O for all t > 0 and x # 0. Define for j =1,..., m the functions ®; : RIXRT - R

<I>j(x,t)—\/m2xgu(x t), x#0

and ®;(x,t) =1/y/m for x =0 and t > 0. Then

1 d
00 g O = 1xg(x. 0, xeRY, (7.8)
>t =1
m
Zq>§(x, t)=1, xeR. (7.9)
j=1

Now, applying Itd’s rule to Z(t) = |X(t)|?, we get
2)?T(t)f(??(t)m(t))-i-||g()~((t),fl(t))||2} dt

dz(t)= [ ®2(X(t),n(t))

m

1
22 (mzx (£)g:;(X (1), n(t))) dB;(t)
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so by (7.8) and |X(t)| = 1/ Z(t) we have

2XT(Of X (), n(0) + lgX (), n(e)I?
®2(X(t),n(t))

dz(t) = [ } de+2+/Z(6) > &K (), n(0)) dB;(0).
j=1

Finally define
W(t)= J Z¢j(X(s),n(s)) déj(s), t>0.
0 j=1

By (7.9) and e.g. [12, Theorem 3.3.16], W is a standard Brownian motion adapted to (. (t));so
such that

(7.10)

v T v v 2
dz(t) = [ZX (0)f X(0), n(0)) + g X (£), n()] ]dt+2 20w (o).

2(X(1),n(t))

Now it is easy to see that the drift coefficient of (7.10) is bounded above by K, := (2p + mC 3)/ Cg
due to (7.1). Consider the process governed by the equation

dZ,(t)=K,dt+2+/|Z,(t)|dW(t), t=0,

with Z,(0) > xg. A similar argument as given in the proof of Theorem shows that Z, is non-
negative. Applying the comparison theorem again, we have, for almost all w € 2, 0 < Z(t) < Z,(t)
forall t > 0. Let V,(t) := e "Z,(e* — 1). By Itd’s rule, it can be shown that

dv,(0) = (=V, () +K)dt +2/|V,(0)]dW(t), t=>0,

where W is another one-dimensional Brownian motion. Applying Lemma 2.2, we obtain

: Vi(t)
limsup =
t—oo 2logt

1, a.s.

Using the relation between V,, and Z,,, and then comparing Z, with Z, we get

. Z(t) . Z,(t)
limsup ———— <limsup——— <1, a.s.
t—oo 2tloglogt t—oo 2tloglogt

Since n™1(t) = 0(t) and Z(t) = |X(n(t))|? for t > 0, we have

limsu |X(t)|2 <1, as
t_)oop 20(t)loglogO(t) — 7~

By (7.4), le t<0(t) < Cf t for all t > 0 a.s. Thus

2
a’

. X ()P
limsup ————— <
t—oo 2tloglogt

The assertion (7.2) is therefore proven. O

We now establish the corresponding lower bound.
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Theorem 7.2. Let X be the unique continuous adapted process satisfying the d-dimensional equation
(3.18), where B is a m-dimensional Brownian motion. If (7.1b) holds and there exists a positive real
number u such that

inf (ZXTf(X,t)+||g(X,t)||2) =u, (7.11)

(x,t)eRIxRT
then
. X (0)l
lim sup

t—oo 4/2tloglogt

Proof. Proceeding in the same way as in the previous theorem, we arrive at the process Z governed
by

>Cp, as. (7.12)

2X T (n()f X ((£)), n(0) + IgX (n(£)), ()|
dt + 2+/Z(t)dW(t),
(X (n(t)),n(t))
where & is as defined in (7.3). By condition (7.11), it is obvious that the drift coefficient is bounded

below by K; := u/ (mC(f). Let Z; be the non-negative process with Z(0) > Z;(0) > 0 which satisfies
the SDE

dZ(t) =

dZ;(t)=K;dt +2+/Z;(t)dW(t), t>0.

Then Z(t) > Z;(t), for all t > 0 a.s. Applying the same change in time and scale to Z; as in the
previous proof, and defining V;(t) := e~ Z;(e" — 1), we get

dvi(t) = (=Vi(6) + K dt + 24/ [Vi()[dW(¢), t=>0.
Applying Lemma 2.2]again yields

vi(t)
lim sup , as
t—oo 2logt
Following a similar argument as in Theorem 7.1, we get the desired result (7.12). O

Our last theorem covers the special case where the diffusion coefficient is constant, diagonal and
invertible. In this result, we use the notation (x, y) to denote the standard inner product of x and
y in RY, and e; as the i—th standard basis vector.

Theorem 7.3. Let B be a d-dimensional Brownian motion and X be the unique continuous adapted
process satisfying the d-dimensional equation

dX(t)=f(X(t),t)dt+TdB(t), t=0 (7.13)

with X(0) = xo € RY, where f : RY x RY - R and I'is a d x d diagonal and invertible matrix with
diagonal entries {y;}1<i<q-

(i) If there exists a positive real number p such that
V(x,t)eRI xR, xTf(x,t)< 0, (7.14)

then
. X (0)l
lim sup < max |y;|, a.s. (7.15)

tooo /2tloglogt 1si=d
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(ii) If there exists i € {1,2...d} such that

2

. Yi
inf <x)ei><f(x7 t)>ei>:Au’>_ . )
(x,t)eERI xRt 2

then
y X ()
imsup

t—oo  4/2tloglogt

> |yil, as.

(7.16)

(7.17)

(iii) Moreover, if (7.14) holds, and there exists i € {1,2...d} such that (7.16) holds and |y;| =

max;<j<q |Yj |, then

y 1X(0)l
imsup

t—oo  /2tloglogt

=y, as.

Proof. It is obvious that part (iii) of the conclusion is a consequence of part (i) and (ii). To prove

part (i), let Y(¢) :=T7'X(¢t), f(x,t) =T~ f(Ix, t), so that
dy(t)=f(Y(t),t)dt +1,dB(t), t>0.

Therefore
diY(D)]? =YT()f (Y (t),t) +d)de +2YT(t)dB(t), t>0.

Define Z(t) := |Y(t)|?. Then the above equation can be written as
dz(t) = YT()F (Y (), )+ d)dt +2/Z(t)dW(e), ¢ >0,
where W is another one-dimensional Brownian motion. If we can show that
V() eRxRY, yTf(y,t) <K,

for some positive K, then the non-negative process governed by

dZ,(t)=Q2K+d)dt+24/Z,(t)dW(t), t=>0,

(7.18)

with Z,(0) > xg satisfies Z,(t) > Z(t) for all t > 0 almost surely. As in the proof of the previous

theorem, we have

. Z(t) . Z,(t)
limsup ———— <limsup——— <1, a.s.
t—oo 2tloglogt t—oo 2tloglogt
Thus
Xf(zt) n xg(zt) - ngt)
lim sup - 2 I 1, as
t—00 v/ 2tloglogt B
Since

\/Xlz(t)+°-'+X§(t)S\/ R

max;<j<q |7l Y1 Y5 Y4
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assertion (7.15) is proved. Now it is left to show (7.18). Let y := I'"!x, so that for 1 <i < d, the
i-th components are related by y; = x;/y;. Hence condition (7.14) gives

YT f(y,0) =y T f(Ty, 1) = z?:%fi(ry, )

1

Jol

_yd Xi <
_Zi=1_2fi(x>t)_ - 3
i miny<i<q v;

d
Y 22i=1xifi(x> t) <
1

miny <;<q ¥;

The proof of part (i) is complete. For part (ii), note for each 1 <i < d and all t > 0, that |X(t)| >
|X;(t)|. Consider a particular X; which is governed by

dX;(t) = f;(X(t), t)dt +y;dB;(t), t=0.

Here by (7.16) and Theorem 5.3, we have

limsup& >lyil, as
t=oo (/2tloglogt v
and so the inequality (7.17) is obvious. O

8 Application to a Financial Market Model

In this section, for the purposes mentioned in Section 3.5, we present an ergodic—type theorem for
the solution of the equation

dX(t) = fX(E)[1 = alyx()>kovrp] dt + 0 dB(L). (8.1
Theorem 8.1. Suppose f is locally Lipschitz continuous and odd on R, and satisfies,

lim xf(x)=Le€(0,02/2], f(x)=>0 forallx>0. (8.2)

|x]—00

Let x( be deterministic, 0 < a <1, 0 > 0, k > 0 and I be the indicator function. Then there is a unique
strong continuous solution X of (8.1) with X(0) = x. Moreover, X obeys

. 1X(t)|
lim sup ————= =0,
t—oo  /2tloglogt
and s
f X*(s) d
s
0 (1+s)2
— =Nk @S, (8.3)
t—oo  logt
where , i
k20?2 =—x og°+2L La ~oo —x  o?+20(1-a)
f €202 x 202 dx+(k202)02f ew?x 202 dx
. 0 k2g? 2
AL oak = > 3 >0, (8.4)
o k?c? =x 2L-=o% La oo =x 2L(-a)-0c
fo e22x 202 dx + (k202)o2 szozewzx 202 dx
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Remark 8.2.

In the case when f(x) =0, then L = 0, and we can independently prove (3.14), which is consistent
with (8.3) (AL g gk = 02). On the other hand, letting L — 0 in (8.4) yields lim;_,q+ AL ook = o2

Remark 8.3.

As claimed earlier, we have Ap ; ;1 > o2 under the hypotheses of Theorem 8.1, To see this, for

L €(0,0%/2], let
k202
=X 2L—g2
I ::J e22x 202 dx
0

and
9 o la ¢ a(-a)-o?
J :=(k“0c*)0? ew?x 202 dx.

k202

Integration by parts gives

o2+2L k2

k?o?
x _ 2L 2L
f ez?x 22 dx =—2e2 k12T + (o2 +2L)I
0

and
y gl 00 —x o?20(1-a) —Kk2 14+2L g4 2L 9
(kco*)o? ew?x 202 dx=2ez k 20" o2 4+(0c°+2L(1—a))].
k202

Then by (8.4)

N o 2L+20-a)

=0 > o°,
L,o,a,k I+J

as claimed.

Proof of Theorem We first discuss the existence of a strong solution of (8.1), which is not imme-
diately obvious because the drift coefficient of (8.1) is discontinuous. However, by condition (8.2)
and the continuity of f, the drift coefficient of X is uniformly bounded on [0, c0) X R. Therefore, we
may apply Proposition 5.3.6 and Remark 5.3.7 in [12] (which are based on Girsanov’s theorem) to
obtain a weak solution. Moreover, by Corollary 5.3.11 in [12], the weak solution of is unique
in the sense of probability law. On the other hand, Theorem V.41.1 in [18] by Nakao and Le Gall
gives us the pathwise uniqueness of the solution. This, together with the weak existence implies the
existence of a strong solution by Corollary 5.3.23 in [12]. For a given initial value x,, and a fixed
Brownian motion B, this strong solution is unique.

By the Ikeda—Watanabe comparison theorem which only requires the continuity of one of the drift
coefficients in the two equations being compared, the first part of the theorem can easily be obtained
by Theorem/5.1]and|5.3.

Now consider the transformation Y (t) := e tX?(e! — 1). By Itd’s rule, and the fact that f is odd,
there exists a standard Brownian motion W such that

dy () = (= Y(£)+ 02+ 2/ Y (D)2 F (VY (0e)[1 = aljy(iysizgz1—e-ryy]) dt
+20y/Y(t)dW(t). (8.5)
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For any 0 < ¢ < 1/2, there exists a deterministic T;, > O such that for all t > T}, e™ < ¢,
so k20%(1 —€) < k?0?(1 —e™ %) < k?0?. Due to (8.2) and continuity of f, there exists a K >
L(1+ ¢) such that for all x € R, xf(x) < K, and there exists a deterministic x, > 0 such that
for all x > x,, L(1 —¢) < xf(x) < L(1+¢). Forany 0 < n < 1 A k?0?(1 — ¢), there exists a
deterministic Toem> T such that eTZM/Z\/ﬁ =x,. Thus for all t > Tyem andY(t)>n,L(1—¢) <
VY ()e2f(4/Y(t)et’?) < L(1+¢). Choose 6;, 6, > 0 so small that 6; < 2L, 6; VO, V7 < k>c52/6,
which implies n+6; < k*0c*(1—¢)—6,. Now consider ¥, :=Y, ., o o and¥; :=Y, . g o, governed
by the following two equations respectively: for t > T, , .,

dY,(t) = [—Y,(t) + 0% +2G,(Y,(t)]dt + 204/ Y, (t)dW(t), (8.6)
dY;(t) = [-Yi(t) + 0% + 2G,(Yy(t))] dt + 20/ Yy (£) dW (1) (8.7)

with Y; and Y, chosen so that 0 < Y(T,, ) < Y(Ty, ) < Y, (Ta, ) as., where G, : R — R*/{0}
is defined by

K, 0<x<n,
_K—L0(11+:~:) X+ (K4 L(11+s) ), n<x<n+6,
G,(x)= L(1+¢), n+6; <x <k?0?,
—%x+L(1+e)(l+¢), k?c? <x <k?*c?+96,
2 2
L(1—a)(1+e), k20240, < x.
G, :RT - R is defined by
0, 0<x<mn,
L(191—£)x _ L(lg—le)n’ n <x< n + 91’
Gi(x)= L(1—¢), n+06; <x<k,—0,,
L“(l 8)x+L(1—a)(1 8)+M, ke — 0y <x <ki,
2
L(1— a)(1—e), k <x,

where k, := k?0%(1 — ¢). Note that G, and G, are globally Lipschitz continuous on R*. Again by
Tkeda-Watanabe’s comparison theorem, it can be verified that Y;(t) < Y(t) <Y, (t) forall t > T, ,
a.s. onana.s. event Q, :=Q,, o o . Choose ¢ € (n+ 6y,k*0*(1 — &) — 6,) in definition (2.1). Then
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direct calculations on a scale function and speed measure of Y; give that

o
161,000, = J x my,(dx)
0

n 02+2L(1—5) —2L(1—s)n/91+02 1

1 - 2L(1 9N+ 6, 202 n — 22 —x (x)\2
= —= e 202 e2? | — dx
202 J, c n+6; n
n+6; o2+2L(1—¢)
c=2L(-e)(n+61)/61 ("M + 91 202 2L0-6)/01-1
+ e 202 e 202
n C

UZ—ZL(l—s)n/Gl

( X ) 20 d
n+6 *

2 201 \_ o2 421(1-¢)
k*o“(1—¢)—0, e (x\ e
+ e20? | — dx
n

+6, ¢
2 201 2421(1—¢)
kKo*(1-e) k20%(1—¢)— 6, TS cxalaoe)r—kPo2(1-)46,)/0,
+ e 202
k202(1—¢)—6, ¢
o242L(1-a)(1-e)+2Lak?a%(1-¢)2 /6y
( X 20 d
X
2,52
k%c%(1—¢)— 06,
o0 —o2-2L(1—¢) c—2La(l—¢) 5 o 2La(1—&)—2Lak2a2(1—-£)2 /6
+ c 22 e 22 (k°c*(1—¢€)—0,) 202
k202(1—¢)

2Lak®(1-6)2  _x  o2+2L(1-a)(1—¢)

(K*0c%(1—¢)) 22 e2’x 202 dxi| <o0. (8.8

Similar calculations give f(;)o my,(dx) =: {5 ¢ n.6,6, < 0. Hence by the ergodic theorem [18, Theo-
rem V.53.1], for almost all w € Q,,

Lt 1" 1" L1000,
11tn_1)g31f? Y(s)ds = lltI'I_l)églf? Y(s)ds > tll)rgo T Yi(s)ds = . (8.9)
0

Coen 006

TZ,E,n T2,em

Now we let the parameters tend to zero through rational numbers in the order ¢, 6, 8, and 1. We
consider each term in the square brackets in (8.8) in turn. As ¢ | O, the first integral on the interval

(0,7m) becomes
csz 70‘27211 +0 o2 n =x
J1 1= e2? (T)+01)" (TI 1) elf e2? x2 dx.
Y 0

Hence

c=2L —g2-2L L L n =x
lim ( lim Jl)—hmem ¢ 202 moZed? 202 xz dx=0
n—0 6;—0 —0 0

Similarly, as ¢ | 0, the second integral becomes

c—2L(1+61)/6] —o2—2L Legey (101 21/0-1  o?-2Ln/oy
Jyi=e 202 ¢ 2% (n+6;) 2 e 22 “x 202 dx.
n
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Since 0, < 2L, we have

c Ly _ L _62 L+Ln/9] L(n+91)

Jp S e PN AT (n48) o e 47 (n+6,)i6,.

Hence limg,_,oJ, = 0. For the third integral, as ¢, 6,, 6, and 7 tend to zero, it tends to

Also as ¢ | 0, the fourth integral becomes

2 2
_c M_L_a _o2 L_oz_Lozk2 k%o —(142La/67)x 02+2L(17a)+2Lak202/92
Jyi=e2* 0 oPc 207 (k2 2_0,)2 o e 22 Xx 202 dx.
k202-0,
It can be verified that
Lak?
_GZEZL k20 + 9 9 9 9 (1 !1) kZO.Z ZZ
Jy=<c 2% e (kco° -6 ) (k )2 m 92.
2
K2o? Lak? L_a . .
Letting 6, | 0, since limg,_,q ( ey 92) 2. =es*, we have limg _,oJ4 = 0. Finally, as ¢ | 0, the last
integral becomes
Lazk2 00

—g2-2L —x  o?42L(1-a)

< da . La ko2 0
Js:=c 202 e2?eo? (k0% —0y)% | ——— e0?x 202  dx.
k?c? -0
g~ — Uy k202

Letting 6, | 0, we have

—g2-21 2 9 =X 02+2L(1—a)
lim Js =c¢ 202 erZ(k ) e202x 202 dx.
6,—0 K202
Hence
2 2
| 1 -—o?2-21 _c ko —x  o%+4ar P
im = ——(C 202 e202 e202x 202 dx
£,61,02,m—0 4’1,5,17,91,92 20'2 0

w [ o?ra0-o
+ (k20?)o? e?x 202  dx |.

k202

In a similar fashion, we can verify thatas ¢ | 0, 6, | 0, 6, | 0 and n | 0, {5, 6, 0, also tends to a
finite limit. Indeed,

k2o

. 1 —o“-2L _c_ —x 2L-c
lim {5, n6,6, = 75C 2° e’ ew?x 202 dx
€,01,02,n—0 o 0

9 9 g ® o ag?
+(k (02 )02 e202 x 202 dx .

kZO.Z
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This implies that

t—00

1 t
lim inf?J Y(s)ds Z Apgap> @S- 0Ny =N g 6,0} - (8.10)
0

where A} , , & is given by (8.4) and Q,, is an a.s. event. In an analogous manner, by the definition
of G,, we have

o0
K1e.0,0,0, -= J x my (dx)
0

o2+2L(1+e) o2 +2K+2(K—L(1+€))n/6;

1 |: J‘n c+21<72§(1+s) (n + 91 ) g2 ( n ) 202
= — e 20
202 [ ), c n+ 6,

242K

=X X 202
e202 (—) dx
n

o242L(1+¢)

n+0; cH2K-L(+e))n+61)/61 (1) + 91 T 202 _L+2K-L0+e)/0y
+ e 2 e
n

20 202
c

242K +2(K—L(14+£))n/61

X 202 d
n+ 6, *

K22 o2+2L(1+¢)
cx (X 202
+ e20? | — dx
n+6; ¢
2 2 o2+2L(1+¢)
k%o +92 c+2L(1+e)ak20'2/92 kz(jz 202 . _1+2L(1+s)a/92x
+ e 202 e 202
k202 ¢

02+2L(1+5)(1+ak202/02)

X 202
252 dx

o242L(14¢) o2 4+2L(1+e)(1+ak252/65)

o c—2L(14¢)a kZO.Z 202 k20'2 =+ 92 202 =X
+ e 202 —_— e 202
c o
k20'2+92

o2+2L(1—a)(1+¢)

( X 20 d } <
— X Q.
k202 + 0,

Similar calculations give f 0 my (dx) =:Kg, 9,6, < 00. Also by the ergodic theorem,

1 t 1 t K
lim sup —f Y(s)ds < lim —f Y, (s)ds = M, a.s. on £,. (8.11)
t—00 t 0 t—00 t 0 KZ,E,n,el,GZ
Again, let € | 0, 6; | 0, 6, | 0 and 1 | O through rational numbers and proceeding as for Y;, we
get the same limit A} , , ; as obtained the lower bound. Combining this with (8.11) and (8.10), we
have

t—00 t

1 t
lim —f Y(s)ds =Ap ook, a.s. 0N Q.
0

Using the relation Y (t) = e tX?(e! — 1), the desired result (8.3) is obtained. O
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