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Abstract
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1 Introduction

This paper is motivated by an open question on a system of interacting locally regulated diffusions.
In [8], a sufficient condition for local extinction is established for such a system. In general, however,
there is no criterion available for global extinction, that is, convergence of the total mass process to
zero when started in finite total mass.

The method of proof for the local extinction result in [8] is a comparison with a mean field model
(M,);>0 which solves

dM, = k(EM, — M,)dt +h(M,)dt + v/2g(M,)dB, (1)

where (B,),>¢ is a standard Brownian motion and where h, g: [0,00) — R are suitable functions
satisfying h(0) = 0 = g(0). This mean field model arises as the limit as N — oo (see Theorem 1.4
in [19] for the case h = 0) of the following system of interacting locally regulated diffusions on N
islands with uniform migration

1 N-1
axy () =x [+ ;xﬁv(j) —XN()] dt

+h(xN@)dt +4/2g(xN(@))dB,(i) i=0,...,N—1.

For this convergence, X(I)V (O),...,Xé\’ (N — 1) may be assumed to be independent and identically
distributed with the law of Xé\’ (0) being independent of N. The intuition behind the comparison
with the mean field model is that if there is competition (modeled through the functions h and g
in (2)) among individuals and resources are everywhere the same, then the best strategy for survival
of the population is to spread out in space as quickly as possible.

(2)

The results of [8] cover translation invariant initial measures and local extinction. For general h and
g, not much is known about extinction of the total mass process. Let the solution (X f’ )0 of (2) be
started in Xé\' (i) = x1;—p, x = 0. We prove in a forthcoming paper under suitable conditions on the
parameters that the total mass |X f] | := Z]ivle f’ (i) converges as N — oo. In addition, we show in
that paper that the limiting process dominates the total mass process of the corresponding system of
interacting locally regulated diffusions started in finite total mass. Consequently, a global extinction
result for the limiting process would imply a global extinction result for systems of locally regulated
diffusions.

In this paper we introduce and study a model which we call Virgin Island Model and which is the
limiting process of (Xf’ )i>0 as N — oco. Note that in the process (Xﬁv )i>0 an emigrant moves to
a given island with probability % This leads to the characteristic property of the Virgin Island
Model namely every emigrant moves to an unpopulated island. Our main result is a necessary and
sufficient condition (see below) for global extinction for the Virgin Island Model. Moreover,
this condition is fairly explicit in terms of the parameters of the model.

Now we define the model. On the 0-th island evolves a diffusion Y = (Y;),>( with state space R
given by the strong solution of the stochastic differential equation

dY, = —a(Y,)dt + h(Y,)dt + /2g(Y,)dB,, Y,=y >0, (3)

where (B, )¢ is a standard Brownian motion. This diffusion models the total mass of a population
and is the diffusion limit of near-critical branching particle processes where both the offspring mean
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and the offspring variance are regulated by the total population. Later, we will specify conditions
on a,h and g so that Y is well-defined. For now, we restrict our attention to the prototype example
of a Feller branching diffusion with logistic growth in which a(y) = xy, h(y) = yy(K — y) and
g(y) = By with x,y,K, 8 > 0. Note that zero is a trap for Y, that is, Y; = 0 implies Y, ; = O for all
s=0.

Mass emigrates from the O-th island at rate a(Y,)dt and colonizes unpopulated islands. A new
population should evolve as the process (Y,),>o. Thus, we need the law of excursions of Y from the
trap zero. For this, define the set of excursions from zero by

U:={y €C((—00,00),[0,00)): Ty € (0,00], x, =0 V t € (—00,0] U [Ty, 0)} 4

where T, = T, (y) :=inf{t > 0: y, = y} is the first hitting time of y € [0, 00). The set U is furnished
with locally uniform convergence. Throughout the paper, C(S;,S,) and D(S;,S,) denote the set of
continuous functions and the set of cadlag functions, respectively, between two intervals S;,S, C R.
Furthermore, define

D:={y €D((—00,00),[0,00)): y, =0 Vt<O0}. (5)

The excursion measure Qy is a o-finite measure on U. It has been constructed by Pitman and Yor [16]
as follows: Under Qy, the trajectories come from zero according to an entrance law and then move
according to the law of Y. Further characterizations of Qy are given in [16], too. For a discussion
on the excursion theory of one-dimensional diffusions, see [18]. We will give a definition of Qy
later.

Next we construct all islands which are colonized from the 0-th island and call these islands the first
generation. Then we construct the second generation which is the collection of all islands which
have been colonized from islands of the first generation, and so on. Figure(1 illustrates the resulting
tree of excursions. For the generation-wise construction, we use a method to index islands which
keeps track of which island has been colonized from which island. An island is identified with a
triple which indicates its mother island, the time of its colonization and the population size on the
island as a function of time. For y €D, let

7= {(0,0.1)} ©)
be a possible 0-th island. For each n > 1 and y € D, define
IE = {(tgo1,5,9) : tny € £, (5,9) € [0,00) x D} 7)

which we will refer to as the set of all possible islands of the n-th generation with fixed 0-th island
(8,0, ). This notation should be read as follows. The island t, = (t,_1,5,%) € .#/ has been
colonized from island ¢,_; € J‘Tf‘_l at time s and carries total mass ¢Y(t —s) at time t > 0. Notice
that there is no mass on an island before the time of its colonization. The island space is defined by

£ :=1{0}u U £% where #% .= U g (8)
X€E€D n=0

Denote by o, :=s the colonization time of island ¢ if ¢t = (L/,S, 1)) for some (" € #. Furthermore, let
{I1': ¢ € £\ {0}} be a set of Poisson point processes on [0,00) x D with intensity measure

E[CD(de®@dy)] =a(y(t—s))dt®Qy(dy) L€ 5. )
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Figure 1: Subtree of the Virgin Island Model. Only offspring islands with a certain excursion height are drawn. Note
that infinitely many islands are colonized e.g. between times s; and s,.

For later use, let I17 := [1%%%), We assume that the family {IT: ¢ € .#*} is independent for every
x €D.

The Virgin Island Model is defined recursively generation by generation. The 0-th generation only
consists of the 0-th island
v© .= {(0,0,Y)}. (10)

The (n + 1)-st generation, n > 0, is the (random) set of all islands which have been colonized from
islands of the n-th generation

yntl) . — {(ps, ) e, € “l/(”),HLn({(s,mp)}) > 0}. (11)
The set of all islands is defined by
V= Jy®. (12)
n=0

The total mass process of the Virgin Island Model is defined by

Vo= Y 4(t—s), t>0. (13)
(L,S,’lp)GV

Our main interest concerns the behaviour of the law £ (V,) of V; as t — oo.
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The following observation is crucial for understanding the behavior of (V;);>o as t — oo. There
is an inherent branching structure in the Virgin Island Model. Consider as new “time coordinate”
the number of island generations. One offspring island together with all its offspring islands is
again a Virgin Island Model but with the path (Y;).>o on the 0-th island replaced by an excursion
path. Because of this branching structure, the Virgin Island Model is a multi-type Crump-Mode-
Jagers branching process (see [10] under “general branching process”) if we consider islands as
individuals and [0, c0) X D as type space. We recall that a single-type Crump-Mode-Jagers process is
a particle process where every particle i gives birth to particles at the time points of a point process
&, until its death at time A;, and (A;, §;); are independent and identically distributed. The literature
on Crump-Mode-Jagers processes assumes that the number of offspring per individual is finite in
every finite time interval. In the Virgin Island Model, however, every island has infinitely many
offspring islands in a finite time interval because Qy is an infinite measure.

The most interesting question about the Virgin Island Model is whether or not the process survives
with positive probability as t — co. Generally speaking, branching particle processes survive if and
only if the expected number of offspring per particle is strictly greater than one, e.g. the Crump-
Mode-Jagers process survives if and only if E€;[0,A;] > 1. For the Virgin Island Model, the offspring
of an island (t,s, y) depends on the emigration intensities a(x (t —s))dt. It is therefore not surpris-
ing that the decisive parameter for survival is the expected “sum” over those emigration intensities

ff a(y.)deQy(dy). (14)
0

We denote the expression in (14) as “expected total emigration intensity” of the Virgin Island Model.
The observation that is the decisive parameter plus an explicit formula for (14) leads to the
following main result. In Theorem|2, we will prove that the Virgin Island Model survives with strictly
positive probability if and only if

00 y _ h
f :83 exp (f % du) dy > 1. (15)
0 0

Note that the left-hand side of (15) is equal to f;o a(y)m(dy) where m(dy) is the speed measure
of the one-dimensional diffusion (3). The method of proof for the extinction result is to study
an integral equation (see Lemma |5.3) which the Laplace transform of the total mass V solves.
Furthermore, we will show in Lemma|9.8 that the expression in (14) is equal to the left-hand side
of (15).

Condition (15) already appeared in [8] as necessary and sufficient condition for existence of a
nontrivial invariant measure for the mean field model, see Theorem 1 and Lemma 5.1 in [8]. Thus,
the total mass process of the Virgin Island Model dies out if and only if the mean field model (1) dies
out. The following duality indicates why the same condition appears in two situations which seem
to be fairly different at first view. If a(x) = xx, h(x) = yx(K — x) and g(x) = Bx with x,y, 5 > 0,
that is, in the case of Feller branching diffusions with logistic growth, then model (2) is dual to itself,
see Theorem 3 in [8]. If (X f] )¢>0 indeed approximates the Virgin Island Model as N — oo, then -
for this choice of parameters — the total mass process (V,);>¢ is dual to the mean field model. This
duality would directly imply that — in the case of Feller branching diffusions with logistic growth —
global extinction of the Virgin Island Model is equivalent to local extinction of the mean field model.

An interesting quantity of the Virgin Island process is the area under the path of V. In Theorem/3, we
prove that the expectation of this quantity is finite exactly in the subcritical situation in which case
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we give an expression in terms of a, h and g. In addition, in the critical case and in the supercritical
case, we obtain the asymptotic behaviour of the expected area under the path of V up to time ¢t

t
f E*V,ds (16)
0

as t — oo for all x > 0. More precisely, the order of (16) is O(t) in the critical case. For the
supercritical case, let @ > 0 be the Malthusian parameter defined by

J (e_a“ f a(xu)Qy(dx)) du=1. a7
0

It turns out that the expression in (16) grows exponentially with rate a as t — oo.

The result of Theorem [3/in the supercritical case suggests that the event that (V,),>o grows expo-
nentially with rate a as t — oo has positive probability. However, this is not always true. Theorem|7|
proves that e~ *'V, converges in distribution to a random variable W > 0. Furthermore, this variable
is not identically zero if and only if

f (J a(ys)e ™ ds) log™ (f a(ys)e ™ ds)Qy(d)() <00 (18)
0 0

where log"(x) := max{0,log(x)}. This (xlog x)-criterion is similar to the Kesten-Stigum Theorem
(see [[14]) for multidimensional Galton-Watson processes. Our proof follows Doney [4] who estab-
lishes an (x log x)-criterion for Crump-Mode-Jagers processes.

Our construction introduces as new “time coordinate” the number of island generations. Readers
being interested in a construction of the Virgin Island Model in the original time coordinate — for
example in a relation between V, and (V,),., — are referred to Dawson and Li (2003) [3]. In that
paper, a superprocess with dependent spatial motion and interactive immigration is constructed
as the pathwise unique solution of a stochastic integral equation driven by a Poisson point pro-
cess whose intensity measure has as one component the excursion measure of the Feller branching
diffusion. In a special case (see equation (1.6) in [3] with x(s,a,t) = a, q(Y;,a) = xkY,(IR) and
m(da) = 1pg17(a)da), this is just the Virgin Island Model with (3) replaced by a Feller branching
diffusion, i.e. a(y) = ky, h(y) =0, g(y) = By. It would be interesting to know whether existence
and uniqueness of such stochastic integral equations still hold if the excursion measure of the Feller
branching diffusion is replaced by Qy.

Models with competition have been studied by various authors. Mueller and Tribe (1994) [15] and
Horridge and Tribe (2004) [7] investigate an one-dimensional SPDE analog of interacting Feller
branching diffusions with logistic growth which can also be viewed as KPP equation with branching
noise. Bolker and Pacala (1997) [2] propose a branching random walk in which the individual mor-
tality rate is increased by a weighted sum of the entire population. Etheridge (2004) [6] studies two
diffusion limits hereof. The “stepping stone version of the Bolker-Pacala model” is a system of inter-
acting Feller branching diffusions with non-local logistic growth. The “superprocess version of the
Bolker-Pacala model” is an analog of this in continuous space. Hutzenthaler and Wakolbinger [8],
motivated by [6], investigated interacting diffusions with local competition which is an analog of
the Virgin Island Model but with mass migrating on Z< instead of migration to unpopulated islands.

1122



2 Main results

The following assumption guarantees existence and uniqueness of a strong [0, c0)-valued solution
of equation (3), see e.g. Theorem IV.3.1 in [9]. Assumption A2.1 additionally requires that a(-) is
essentially linear.

Assumption A2.1. The three functions a: [0,00) — [0,00), h: [0,00) = R and g: [0,00) — [0, 00)
are locally Lipschitz continuous in [0, 00) and satisfy a(0) = h(0) = g(0) = 0. The function g is strictly
positive on (0, 00). Furthermore, h and ,/g satisfy the linear growth condition

0V h(x)++/g(x)
. < 00

lim sup (19)

X—00

where x V y denotes the maximum of x and y. In addition, c;-x < a(x) < cy-x holds for all x > 0 and
for some constants ¢y, ¢y € (0, 00).

The key ingredient in the construction of the Virgin Island Model is the law of excursions of (Y;):>¢
from the boundary zero. Note that under Assumption/A2.1, zero is an absorbing boundary for (3),
i.e. Y, =0 implies Y,,, = 0 for all s > 0. As zero is not a regular point, it is not possible to apply the
well-established It6 excursion theory. Instead we follow Pitman and Yor [16] and obtain a o-finite
measure Qy — to be called excursion measure — on U (defined in (4)). For this, we additionally
assume that (Y;).>( hits zero in finite time with positive probability. The following assumption
formulates a necessary and sufficient condition for this (see Lemma 15.6.2 in [13]). To formulate
the assumption, we define

*—a(x)+h _ Y
5(z) :=exp (—J M dx), S(y):= J s(z)dz, z,y>0. (20)
1 g(x) o
Note that S is a scale function, that is,
S(y)—5(c)
P (T, (Y)<T.(Y)) = ———— 21
(T(Y) < T(Y)) S05)=30) @D
holds forall 0 < ¢ <y < b < 00, see Section 15.6 in [13].
Assumption A2.2. The functions a, g and h satisfy
* 1
S(y)———dy <o (22)
fo Y g3

for some x > 0.

Note that if Assumption|A2.2lis satisfied, then (22) holds for all x > 0.

Pitman and Yor [16] construct the excursion measure Qy in three different ways one being as
follows. The set of excursions reaching level 5§ > 0 has Qy-measure 1/5(5). Conditioned on this
event an excursion follows the diffusion (Y, ),>o conditioned to converge to infinity until this process
reaches level 6. From this time on the excursion follows an independent unconditioned process.
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We carry out this construction in detail in Section 9. In addition Pitman and Yor [16] describe the
excursion measure “in a preliminary way as”

lim _Lzy () (23)
y=0S(y)
where the limit indicates weak convergence of finite measures on C([0,0),[0,00)) away from
neighbourhoods of the zero-trajectory. However, they do not give a proof. Having Qy identified
as the limit in (23) will enable us to transfer explicit formulas for £ (Y) to explicit formulas for
Qy. We establish the existence of the limit in (23) in Theorem [1 below. For this, let the topology

on C([0,00),[0,00)) be given by locally uniform convergence. Furthermore, recall Y from (3), the
definition of U from and the definition of S from (20).

Theorem 1. AssumelA2.1 and|A2.2. Then there exists a o-finite measure Qy on U such that

1 -

lim ——E'F(Y)= | F(x)Qy(dy) (24)
y=0S(y)

for all bounded continuous F: C([0,00),[0,00)) — R for which there exists an ¢ > 0 such that

F(x) =0 whenever sup,>q x; < €.

For our proof of the global extinction result for the Virgin Island Model, we need the scaling function
S in (24) to behave essentially linearly in a neighbourhood of zero. More precisely, we assume S’(0)
to exist in (0, 00). From definition (20) of S it is clear that a sufficient condition for this is given by
the following assumption.

—a(y)+h(y)

1
Assumption A2.3. The integral f . 20)

dy has a limit in (—oo0,00) as € — 0.

It follows from dominated convergence and from the local Lipschitz continuity of a and h that
Assumption|A2.3 holds if f 01 ﬁ dy is finite.

In addition, we assume that the expected total emigration intensity of the Virgin Island Model is
finite. Lemma 9.6/shows that, under Assumptions/A2.1 and/A2.2, an equivalent condition for this is
given in Assumption A2.4.

Assumption A2.4. The functions a, g and h satisfy

* aly)
L coRo) Y = @3)

for some and then for all x > 0.

We mention that if Assumptions[A2.1} [A2.2] and [A2.4 hold, then the process Y hits zero in finite
time almost surely (see Lemma [9.5 and Lemma [9.6). Furthermore, we give a generic example
for a, h and g namely a(y) = ¢1y, h(y) = ¢ ¥*t — c3y"2, g(¥) = c4y™*® with ¢;,¢q9,c3,¢4 > 0.
The Assumptions [A2.1, 'A2.2, /A2.3 and A2.4 are all satisfied if k, > k; > 1 and if k3 € [1,2).
Assumption |A2.2 is not met by a(y) = xy, k > 0, h(y) = y and g(y) = y? because then 5(y) =
¥*71, 8(y) = y* /K and condition (22) fails to hold.
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Next we formulate the main result of this paper. Theorem 2/ proves a nontrivial transition from
extinction to survival. For the formulation of this result, we define

z y
s(z) :=exp (—J M dx), S(y):= J s(z)dz, 2,y >0, (26)
o &) o

which is well-defined under Assumption[A2.3. Note that S(y) = S(y)SI(O). Define the excursion
measure

Qy = S/(O)QY 27

and recall the total mass process (V,);>q from (13).

Theorem 2. AssumelA2.1)|A2.2} A2.3 and/A2.4. Then the total mass process (V;);>¢ started in x > 0
dies out (i.e., converges in probability to zero as t — o0o) if and only if

* a(y)
fo R =t @8

If (28) fails to hold, then V, converges in distribution as t — oo to a random variable V., satisfying

PX(VOO =0)=1- PX(VOO =o00)=FE* exp (—qf a(Ys)ds) (29)
0

for all x > 0 and some q > 0.

Remark 2.1. The constant q > 0 is the unique strictly positive fixed-point of a function defined in
Lemmal7.1.

In the critical case, that is, equality in (28), V; converges to zero in distribution as t — co. However,
it turns out that the expected area under the graph of V is infinite. In addition, we obtain in
Theorem (3] the asymptotic behaviour of the expected area under the graph of V up to time t as
t — 00. For this, define

o0

a(z)
wo(x):= S(xANg)———dz, x>0, (30)

0 8(2)s(2)
and similarly w;; := w, with a(z) = z. If Assumptions /A2.1] [A2.2, [A2.3] and [A2.4 hold, then
wq(x) + w;g(x) is finite for fixed x < co; see Lemma (9.6, Furthermore, under Assumptions|A2.1]
IA2.2]/A2.3 and[A2.4]

'(0) Joo a(z) dz < (31)
w = — 4z o0
a o &=)s(z)

by the dominated convergence theorem.

Theorem 3. AssumelA2.1,A2.2,/A2.3/and |[A2.4. If the left-hand side of is strictly smaller than
one, then the expected area under the path of V is equal to

Wig(0) wq(x)

1o w;(O) € (0,00) (32)

(e¢]
E"f Vyds =w;q(x) +
0
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for all x > 0. Otherwise, the left-hand side of (32) is infinite. In the critical case, that is, equality
in (28),

1(f w/.d(O) wa(x)
?LEX‘/SdS—)WEEO,OO) ast— oo (33)

0 oMY

where the right-hand side is interpreted as zero if the denominator is equal to infinity. In the supercritical
case, i.e., if (28) fails to be true, let a > 0 be such that

j e_asfa(xs)Qy(dx)dszl. (34)
0

Then the order of growth of the expected area under the path of (V;)s> up to time t as t — 0o can be
read off from

[ e [ rQu(dy)ds- [ e E*a(Y,)ds
f(:O (ase_asfa(ls)QY(dX))ds

t
e_atf E*V,ds — €(0,00) (35)
0

forall x > 0.

The following result is an analog of the Kesten-Stigum Theorem, see [14]. In the supercritical case,
e~ %'V, converges to a random variable W as t — oo. In addition, W is not identically zero if and
only if the (x log x)-condition (18) holds. We will prove a more general version hereof in Theorem|7|
below. Unfortunately, we do not know of an explicit formula in terms of a, h and g for the left-
hand side of (18). Aiming at a condition which is easy to verify, we assume instead of (18) that
the second moment f(f:o a(y,)ds)?>Q(dy) is finite. In Assumption A2.5, we formulate a condition
which is slightly stronger than that, see Lemma (9.8 below.

Assumption A2.5. The functions a, g and h satisfy

* vy +w(y)
L ay) g(¥)s(y) dy <co (36)

for some and then for all x > 0.

Theorem 4. AssumelA2.1)/A2.2,/A2.3 and|A2.5! Suppose that (28) fails to be true (supercritical case)
and let a > 0 be the unique solution of (34). Then

Vt w

— W at— oo (37)
e

in the weak topology and P{W > 0} = P{V_, > O}.

3 Outline

Theorem 1]will be established in Section[9l Note that Section9 does not depend on the sections
8. We will prove the survival and extinction result of Theorem 2 in two steps. In the first step,
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we obtain a criterion for survival and extinction in terms of Qy. More precisely, we prove that the
process dies out if and only if the expression in is smaller than or equal to one. In this step, we
do not exploit that Qy is the excursion measure of Y. In fact, we will prove an analog of Theorem /2|
in a more general setting where Qy is replaced by some o -finite measure Q and where the islands
are counted with random characteristics. See Section [4| below for the definitions. The analog of
Theorem[2]is stated in Theorem|5] see Section[4, and will be proven in Section 7. The key equation
for its proof is contained in Lemmal5.1/which formulates the branching structure in the Virgin Island
Model. In the second step, we calculate an expression for in terms of a,h and g. This will be
done in Lemma 9.8 Theorem|2lis then a corollary of Theorem|5 and of Lemma 9.8, see Section
Similarly, a more general version of Theorem 3] is stated in Theorem |6, see Section |4 below. The
proofs of Theorem [3 and of Theorem |6 are contained in Section and Section |6, respectively.
As mentioned in Section |1} a rescaled version of (V,),>o converges in the supercritical case. This
convergence is stated in a more general formulation in Theorem|7, see Section|4 below. The proofs
of Theorem [4/and of Theorem |7 are contained in Section[10/and in Section |8, respectively.

4 Virgin Island Model counted with random characteristics

In the proof of the extinction result of Theorem 2|, we exploit that one offspring island together
with all its offspring islands is again a Virgin Island Model but with a typical excursion instead of
Y on the O-th island. For the formulation of this branching property, we need a version of the
Virgin Island Model where the population on the 0-th island is governed by Qy. More generally, we
replace the law & (Y) of the first island by some measure v and we replace the excursion measure
Qy by some measure Q. Given two o-finite measures v and Q on the Borel-c-algebra of D, we
define the Virgin Island Model with initial island measure v and excursion measure Q as follows.
Define the random sets of islands ¥™:2 n > 0, and ¥"Q through the definitions (9), (10),
and (12) with & (Y) and Qy replaced by v and Q, respectively. A simple example for v and Q is
v(dy)=Q(dy) =E&,_ (dy) where L > 0 is a random variable and &, is the Dirac measure on
the path 7). Then the Virgin Island Model coincides with a Crump-Mode-Jagers process in which a
particle has offspring according to a rate a(1) Poisson process until its death at time L.

Furthermore, our results do not only hold for the total mass process (13) but more generally when
the islands are counted with random characteristics. This concept is well-known for Crump-Mode-
Jagers processes, see Section 6.9 in [10]. Assume that ¢, = (¢, (t)),cg, t € -#, are separable
and nonnegative processes with the following properties. It vanishes on the negative half-axis, i.e.
¢,(t) =0 for t < 0. Informally speaking our main assumption on ¢, is that it does not depend on
the history. Formally we assume that

(‘P(L,s,x)(t))teR < ((b(ﬂ,o’x)(t —S))ER VyeD,1e #,:s>0. (38)

Furthermore, we assume that the family {¢, ,II': 1 € #*} is independent for each y € D and
(w,t, %) = ¢@,0,,)(t)(w) is measurable. As a short notation, define ¢, (t) := ¢ (t, ¥) := P(g ,)(t)
for y € D. With this, we define

v = 3" ¢(t-0), t>0, (39)

ey
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and say that (Vt¢’V’Q)t>o is a Virgin Island process counted with random characteristics ¢p. Instead
36y . & .

of Vt¢ x Q, we write thb,x,Q for a path y € D and note that (w,t,y) — th”x’Q(w) is measurable.

A prominent example for ¢, is the deterministic random variable ¢,(t) = y(t). In this case,

v = Vt¢’V’Q is the total mass of all islands at time t. Notice that (V;),>( defined in (13) is a

special case hereof, namely V, = Vtz(y)’QY. Another example for ¢, is ¢(t, ) = x(t)1l;<,,- Then

”f/td”l ‘% s the total mass at time t of all islands which have been colonized in the last to time units.

If ¢(t, x) = ftoo Xs ds, then th”x’Q = foo Vs,

t

As in Section|2, we need an assumption which guarantees finiteness of Vt¢’V’Q.

Assumption A4.1. The function a: [0,00) — [0, 00) is continuous and there exist c1,cy € (0,00) such
that c;x < a(x) < cyx for all x > 0. Furthermore,

SUPJ (a(xt) +E¢(t,x))V(dx)+supf (a(xf) +E¢>(t,x))Q(dx) <00 (40)
t<T t<T
forevery T < oo

The analog of Assumption/A2.4 in the general setting is the following assumption.

Assumption A4.2. Both the expected emigration intensity of the 0-th island and of subsequent islands

are finite:
J (J a(x.) du)v(d)()—l—f (J a(x.) du)Q(d)()<oo. (41)
0 0

In Section 2, we assumed that (Y,),>¢ hits zero in finite time with positive probability. See Assump-
tion [A2.2 for an equivalent condition. Together with [A2.4] this assumption implied almost sure
convergence of (Y,),>o to zero as t — oo. In the general setting, we need a similar but somewhat
weaker assumption. More precisely, we assume that ¢ (t) converges to zero ”in distribution® both
with respect to v and with respect to Q.

Assumption A4.3. The random processes {(¢,(t)),.,: x €D} and the measures Q and v satisfy

J(1 —Ee‘M’(t””) (v+Q)(dy) >0 ast—oo (42)

forall A =>0.

Having introduced the necessary assumptions, we now formulate the extinction and survival result
of Theorem 2/in the general setting.

Theorem 5. Let v be a probability measure on D and let Q be a measure on D. Assume
and|A4.3| Then the Virgin Island process (Vt‘b’v’Q)tZO counted with random characteristics ¢ with 0-th
island distribution v and with excursion measure Q dies out (i.e., converges to zero in probability) if
and only if

a:= ( a(x.) du)Q(d)()Sl. (43)
0
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In case of survival, the process converges weakly as t — 0o to a probability measure & (VO?;’”’Q) with
support in {0, 00} which puts mass

Jl—exp (—qJ a(ys) ds)v(dx) (44)
0

on the point oo where q > 0 is the unique strictly positive fixed-point of
0.9)
zafl—exp (—zf a(ys) ds)Q(d)(), z>0. (45)
0
Remark 4.1. The assumption on v to be a probability measure is convenient for the formulation in

terms of convergence in probability. For a formulation in the case of a o-finite measure v, see the proof
of the theorem in Section|7.

Next we state Theorem 3|in the general setting. For its formulation, define
fv(t):=JE¢(t,x)V(dx), t >0, (46)

and similarly f? with v replaced by Q.

Theorem 6. Assume/A4.1land|A4.2. If the left-hand side of (43) is strictly smaller than one and if both
f¥ and fQ are integrable, then

o0 o0 *rQ)ds [ [ dsv(d
JEU Vs‘p”"st]V(dl):J f”(s)ds+f° ) Sooffo alzs) dsv(dz) (47)
0 0 1—f(f0 a(xs)ds)Q(dx)

which is finite and strictly positive. Otherwise, the left-hand side of is infinite. If the left-hand side
of (43) is equal to one and if both f" and f< are integrable,

t ©rQs)ds- [ [ dsv(d
hmEJEU stb,x,st]v(dX):fo AOL [[7aGdsvan
t=oot 0 Js [a(xs)Qldy)ds

where the right-hand side is interpreted as zero if the denominator is equal to infinity. In the supercritical
case, i.e., if (43) fails to be true, let a >0 be such that

f (e_asJa(xs)Q(dx)) ds=1. (49)
0

Additionally assume that f< is continuous a.e. with respect to the Lebesgue measure,

o0

sup e *Ft)| < o0 (50)
k=0 k<t<k+1

and that e"*' f¥(t) — 0 as t — oo. Then the order of convergence of the expected total intensity up to
time t can be read off from

t—00

t
1
lim e~ f E [J Vsd”X’Q ds] v(dy)=— lime™** f E [Vf’X’Q] v(dy) (51)
0 o t—0oo
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and from

o0 o0
e ®fs)ds- [ e * [a(y,)v(dy)ds
lim e~ 2t f E[thb,x,Q] v(dy) = fo - fo f (%) . (52)
(o0 Jo sem [a(x)Qldx)ds
For the formulation of the analog of the Kesten-Stigum Theorem, denote by
) fooe_“sz(s)ds
0
m:= —= € (0,00) (53)
Jo sem [a(x)Qdx)ds
the right-hand side of (52) with v replaced by Q. Furthermore, define
o0
A,(x) :zf a(ys)e *ds (54)
0

for every path y € D. For our proof of Theorem |7, we additionally assume the following properties

of Q.
Assumption A4.4. The measure Q satisfies

2

T
J (J a(xs)dS) Q(dy) < oo 55)
0
for every T < oo and
sugf |:E¢x(t)J a(%s)d8:| Qdy) < oo, sulgf E(qb}zf(t))Q(dX) < 0. (56)
> 0 >

Theorem 7. Let v be a probability measure on D and let Q be a measure on D. Assume|A4.1, A4.2)
A4.3 and Suppose that a > 1 (supercritical case) and let a > 0 be the unique solution of (49).

Then
Vt¢’V’Q

Zw ast— oo (57)

e*'m
in the weak topology where W is a nonnegative random variable. The variable W is not identically zero
if and only if

fz%()()log+ (Au(x))Qdy) < o0 (58)
where log™(x) := max{0,log(x)}. If (58) holds, then
b o0
EW:f [f e_asa(Xs) dS]V(dX),P(WZO) :f |:e_qf0 a(XS)dS]'V(dX) (59)
0
where q > 0 is the unique strictly positive fixed-point of (45).

Remark 4.2. Comparing with (44), we see that P(W > 0) = P(Vo(g’v’Q > 0). Consequently, the
Virgin Island process (Vt(t)’v’Q) ¢>0 conditioned on not converging to zero grows exponentially fast with
rate a as t — oo.
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5 Branching structure

We mentioned in the introduction that there is an inherent branching structure in the Virgin Island
Model. One offspring island together with all its offspring islands is again a Virgin Island Model
but with a typical excursion instead of Y on the 0-th island. In Lemma/5.1, we formalize this idea.
As a corollary thereof, we obtain an integral equation for the modified Laplace transform of the
Virgin Island Model in Lemma 5.3 which is the key equation for our proof of the extinction result of

Theorem|2] Recall the notation of Section|1 and of Section /4.

Lemma 5.1. Let y € D. There exists an independent family

{(Ccwwgr?) s, € [0,00) x D}

of random variables which is independent of ¢, and of I1* such that

Vt¢’X’Q — ¢X(t) + Z (S,w)V?’XsQ V t Z 0
(s,p)enx

and such that

for all (s,v) € [0,00) x D.
Proof. Write ¥* :=y%Q and ¥(:2 := y(M:xQ Define

) g (Dt o= {((@’ 0, 1), s,w)} c ol and GV yr = ] Gy

n>1

for (s,4) € [0,00) x D where
Dy = { (11, Q) € 5 1 € YL I 1) > 0]

for n > 1. Comparing (63) and (64) with (11), we see that

yOr = {(0,0, )} and ¥Wx = U )y v > 1.
(s,)ell

Define Vt(O),¢,x,Q =¢,(t)fort >0and forn=>1

Vt(n)’d)’X’Q = Z Z ¢L(t _ O_L) = Z (5’¢)Vgn)’¢’X’Q )
(s,yp)enx Le(sﬂﬁ)n;/(n),l (s,)en”

Summing over n > 0 we obtain for t > 0

Vt¢’X,Q=¢X(t)_+_ Z Z(s,w)vgn)@,lﬁ = ¢X(t)+ Z (s,#))v‘tf”l,Q'

(s,y)ellx n=1 (s,)ellx
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This is equality (61). Independence of the family (60) follows from independence of (IT"),c4» and
from independence of (¢,),c4x. It remains to prove (62). Because of assumption (38) the random
characteristics ¢, only depends on the last part of t. Therefore

wywere= S g0

() g ()1
, e Y - (68)
S ) gi—(o+sn =y
fey-Du.Q
Summing over n > 1 results in (62) and finishes the proof. O
In order to increase readability, we introduce the following suggestive symbolic abbreviation
1[f VY] = f Ef (VP9 v(dy) t=0,f €C([0,00),[0,00)). (69)

One might want to read this as “expectation” with respect to a non-probability measure. However,
is not intended to define an operator.

The following lemma proves that the Virgin Island Model counted with random characteristics as
defined in (39) is finite.

Lemma 5.2. Assume A4.1] Then, for every T < oo,

supl [th”v’Q] < 00. (70)
t<T
Furthermore, if
T 2
sup f E(¢2(0) + (J a(z)ds) Qdy) < oo, 71)
t< 0

then there exists a constant cp < oo such that

¢.v,Q)?
supl| (V.
wpt| (v
T 2 (72)

< e (1+sup J E(¢2(0) (v+Q)(dx)+f ( J a(x.)ds) v(dy))

0

for all v and the right-hand side of (72) is finite in the special case v = Q.

Proof. We exploit the branching property formalized in Lemmal5.1]and apply Gronwall’s inequality.
Recall V("-%Q from the proof of Lemma/5.1. The two equalities (66) and imply

1[yOe] = J E¢, () v(dy) < sup J E¢,(s)v(dy) (73)
S<T
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fort<Tandforn>1

([veme] :JE[ S BV vy

(sp)enx
= f (f fE[VEfJ 1)’¢’w’Q]Q(d¢)a(xs)d8) v(dy) (74)
0

t
< Supf a(xu)v(dx)f I[Vs("_l)’d”Q’Q] ds.
0

u<T

Using Assumption|A4.1 induction on n > 0 shows that all expressions in (73) and in (74) are finite
in the case v = Q. Summing (74) over n < n, we obtain

iI[VE“)"’”’Q} JE¢x(u)V(dx)+Jti v<">¢QQ]fa(xt_s)v(dx)ds (75)

n=0
for t < T. In the special case v = Q Gronwall’s inequality implies

n

Soa[veee] < supj B¢, (u)Q(dz)-exp (rsup J a(£:)Qd)). (76)

n=0 usT

Summing over n < ng, inserting (76) into (74) and letting n, — oo we see that (70) follows
from Assumption /A4.1.

For the proof of (72), note that (75) with v =6 , and (70) imply

J (Bv*@) aan) < f 2(Eg, (1) +2r fo T a(x)ds) Qd) < o0 77)
for some ¢; < co. In addition the two equalities (66) and (68) together with independence imply
J Var (Vt(o)’qb’x’Q)v(dx) = f Var (¢, (£))v(dy) (78)
fort >0and forn>1
J var (V1) (dy)
- Jr £ ((s wX)e:nx v (Vt(fs_l),d)’w,Q)) Vi)
’ (79)

=f J (atxo f var (V"9 9 (dy) ) dsv(dy)
0

A

r‘t
f Var (V" D-#¥-2)Q(dvy )ds- supf a(x)v(dy).
0 uST
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In the special case v = Q induction on n > 0 together with (71) shows that all involved expressions
are finite. A similar estimate as in (79) leads to

JE[(ZV(HWXQ) ]V(dx) J V(n)¢xQ) v(dy)
= fVar (¢,(0) +E( Z Var (Z Vt(fs_l)’d)’w’Q)) v(dy)

(s,yp)ell” n=1

t ng—1
= JVar (6,(0)) + J (alx) J var ( Z v qdy) ) ds v(dy)

f (¢2(0))vian)+ f f v<“>¢¢Q) | atdw)ds-sup J a(x,)v(dy).

In the special case v = Q Gronwall’s 1nequa11ty together with leads to

NTOYITAE
JE[(E% ) Jatn
T
< ( J 3E(92(0) +6T(f a(xs)dS)zQ(dx)) exp (sup J a(£)QU)T)
0 us

which is finite by Assumption/A4.1 and assumption (71). Inserting (80) into (79) and letting ny —
oo finishes the proof. O

(80)

In the following lemma, we establish an integral equation for the modified Laplace transform of the
Virgin Island Model. Recall the definition of th”V’Q from (39).

¢,
Lemma 5.3. Assume A4.1. The modified Laplace transform I[1 — e M Q] of the Virgin Island Model
counted with random characteristics ¢ satisfies

([1 2]

© (81)
:fE[l—eXp (—Aqu(t)—f 1[1—e—lV:’i’S’Q]a(xs)ds)]v(dx)
0
foral A, t > 0.
Proof. Fix A,t > 0. Applying Lemma/5.1,
1[1 - e—mm]
[
= [1 —E(e_)“i’x(f))-E( l_[ Ee_’wtt:m)]v(dx)
J (s
[ o s
= | [1-E(e*©®)-exp —f fl — e M QUaya(y) ds ) | v(dy)
J
(.
= | B[1-ew (-20,00- J 1[1-e M a()ds ) |v(dy).
This proves the assertion. O
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6 Proof of Theorem 6

Recall the definition of (Vt¢’V’Q)t20 from (39), f" from (46) and the notation I from (69). We begin
with the supercritical case and let @ > 0 be the Malthusian parameter which is the unique solution
of (49). Define

m(t) =1 [vﬂ’”’Q] 1" (ds) = J a(z,) v(dy)ds (82)

for t > 0. In this notation, equation (74) with v replaced by Q reads as

t

e MmUY =e HfFU) + J e I mQ(t — $)e~* u(ds). (83)
0

This is a renewal equation for e"*m?(t). By definition of a, e"*u?(ds) is a probability measure.

From Lemma|5.2 we know that m? is bounded on finite intervals. By assumption, f< is continuous
Lebesgue-a.e. and satisfies (50). Hence, we may apply standard renewal theory (e.g. Theorem 5.2.6
of [10]) and obtain

% gmas Qs)ds
lim e~ “mQ(t) = fo f

< oo (84)
t—00 f(;)ose—as‘uQ(ds)

Multiply equation (74) by e~ %!, recall e *'f¥(t) — 0 as t — oo and apply the dominated conver-
gence theorem together with|A4.2|to obtain

o0
lim e *'m"(t) = J e tlirglo eI mQ(t —)u” (ds). (85)
0

t—00

Insert to obtain equation (52). An immediate consequence of the existence of the limit on the
left-hand side of (85) is equation (51)

t [ee}
oo 1
e %t J m"(s)ds = f e .ot (¢t — ) ds S22 —-tlim e *'m"(t) (86)
0 0 a =

where we used the dominated convergence theorem.

Next we consider the subcritical and the critical case. Define
t
V(1) = J I[Vs‘i””’Q] ds, t>0. (87)
0

In this notation, equation (74) integrated over [0, t] reads as
t t
)'cv(t)=f f”(s)ds+f ¥t —uw)p(du), t>0. (88)
0 0

In the subcritical case, f¢ and f” are integrable. Theorem 5.2.9 in [10] applied to (88) with v
replaced by Q implies
o0
Jo fs)ds
lim ¥Q(t) = —2—— . 89
LS 1 —u?([0,00)) (©9)
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Letting t — oo in (88), dominated convergence and " ([0,00)) < co imply
o0 o0
lim x"(t) = f fY(s)ds + J lim x9(t —w)u" (duw). (90)
t—00 0 0 t—00
Inserting (89) results in (47). In the critical case, similar arguments lead to

1
T A Y
tll)rglo tx (t)

Y A *ot-uo 1, )
_tllglo? Of (s)ds + . tll)rglo " tlirgo:x (t —w)u’(du) 1)
OofQ(s)ds
I SEACL T
Jo un(du)

The last equality follows from (88) with v replaced by Q and Corollary 5.2.14 of [10] with ¢ :=

f;o fQs)ds,n:=0and 6 := f OOO uu?(du). Note that the assumption 6 < oo of this corollary is not

necessary for this conclusion. O

7 Extinction and survival in the Virgin Island Model. Proof of Theo-
rem |5

Recall the definition of (V;p’v’Q)tZO from (39) and the notation I from (69). As we pointed out in
Section 2, the expected total emigration intensity of the Virgin Island Model plays an important
role. The following lemma provides us with some properties of the modified Laplace transform of
the total emigration intensity. These properties are crucial for our proof of Theorem/5|

Lemma 7.1. AssumelA4.2] Then the function

k(z):= J 1—exp (—zj a(ys) ds)Q(d){), z>0, (92)
0
is concave with at most two fixed-points. Zero is the only fixed-point if and only if
o0
k(O)sz a(y;)dsQ(dy) <1. (93)
0
Denote by q the maximal fixed-point. Then we have for all z > 0:
z2<k(z) = 2<g (94)
z2>k(z)Az2>0 — z2>q. (95)

Proof. If f ;o a(y;)ds =0 for Q-a.a. y, then k = 0 and zero is the only fixed-point. For the rest of
the proof, we assume w.l.0.g. that f (f;o a(x,)ds)Q(dy) > 0.
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The function k has finite values because of 1 —e™¢ < ¢, ¢ > 0, and Assumption|A4.2, Concavity of k
is inherited from the concavity of x — 1 — e *¢, ¢ > 0. Using dominated convergence together with
Assumption|A4.2, we see that

. Q(dy) —0. (96)

k(z) f 1—exp (=2 [, a(x)ds) oo
Z

In addition, dominated convergence together with Assumption |A4.2|/implies

kK (2) = f [Jooa(xs) ds exp (—zfooa(xs) ds)]Q(dx) z > 0. (97)
0 0

Hence, k is strictly concave. Thus, k has a fixed-point which is not zero if and only if kl(O) > 1. The
implications (94) and (95) follow from the strict concavity of k. O

The method of proof (cf. Section 6.5 in [10]) of the extinction result for a Crump-Mode-Jagers
process (J;);>o is to study an equation for (Ee_ljt)tzo,xzo- The Laplace transform (Ee 1),
converges monotonically to P(J, = 0) as A — oo, t > 0. Furthermore, P(J, =0) =P(3s < t: J, =0)
converges monotonically to the extinction probability P(3s > 0: J, = 0) as t — oco. Taking monotone
limits in the equation for (Ee */t )t>0.1>0 results in an equation for the extinction probability. In our
situation, there is an equation for the modified Laplace transform (L.(A));~¢ >0 as defined in (98)
below. However, the monotone limit of L,(A) as A — oo might be infinite. Thus, it is not clear how
to transfer the above method of proof. The following proof of Theorem 2 directly establishes the
convergence of the modified Laplace transform.

Proof of Theorem|5. Recall q from Lemma|7.1. In the first step, we will prove
—7LV¢’Q’Q
L:=L(A):=I[1—e™ ] —¢q (as t — 00) (98)

for all A > 0. Set L,(0) := 0. It follows from Lemma|5.2/that (L,),<7 is bounded for every finite T.
Lemma 5.3|with v replaced by Q provides us with the fundamental equation

L= J E[1-exp (—A¢,(0) - Looa(xs)Lt_s ds)|Quy) vezo. (99)

Based on (99), the idea for the proof of (98) is as follows. The term A¢, (t) vanishes as t — oo. If
L, converges to some limit, then the limit has to be a fixed-point of the function

k(z):J [1 — exp (—zfooa(xs) ds)]Q(d)(). (100)
0

By Lemma |7.1} this function is (typically strictly) concave. Therefore, it has exactly one attracting
fixed-point. Furthermore, this fact forces L, to converge as t — oo.
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We will need finiteness of L, := limsup,_,,, L;. Looking for a contradiction, we assume L., = 00.
Then there exists a sequence (t,),en With t, — co such that L, <sup.<, L <L, +1. We estimate

L, sf [1-Eexp (-26,(t,) - f " a(x) supLs ds) Jatdr)
0 rStn
— ” R AP, (ts)
Sk(LtH+1)+Jexp( L a(;(s)Ltnds)(l Ee ¢ )Q(d}() (101)

<k(L,+1)+ f (1 . Ee‘A¢x(t"))Q(d;().

The last summand converges to zero by Assumption|A4.3]and is therefore bounded by some constant
¢. Inequality (101) leads to the contradiction

) k(L, +1) ) C
1< lim ——+ lim — =0. (102)

n—o0 L ¢ n—oo [, ¢
n n

The last equation is a consequence of and the assumption L., = co. Next we prove L., < q
using boundedness of (L;);>o. Let (t,)nen be a sequence such that lim,,_,,, L; = Ly, < 00. Then a
calculation as in (101) results in

o0
ImlL, < limsupf [1 — exp (—L a(xs) f;ltant_s dS)]Q(dx)

n—o0

(103)

n—oo

+ lim supf (1 - Ee‘wl(t"))Q(dx).

The last summand is equal to zero by Assumption [A4.3. The first summand on the right-hand side

of is dominated by
(sup Lt) J (J a(xs) ds)Q(dx) < o0 (104)
0

t>0

which is finite by boundedness of (L,);>o and by Assumption A4.2. Applying dominated conver-
gence, we conclude that L, is bounded by

Ly < J [1 —exp (—f a(y,) limsupL,_ ds)]Q(dx) = k(Ly). (105)
0 t—00

Thus, Lemma implies limsup,_,, L; <q.

Assume q > 0 and suppose that m := liminf,_,,, L, = 0. Let (t,)pen be such that 0 < L, >
infi<;<; L =2cL;, —0asn—ooandt,+1=t,;; — 00. By Lemma|7.1} thereisanngandac <1

such that ¢ [ fot"" a(y;)dsQ(dy) > 1. We estimate

[1-e0(- |

0

> f [1 —exp (—CJ% a(ys)Le, ds)]Q(d;() V n>n,.

0

ta—1

L, > a(x), inf L.ds)]Qdy)

n

(106)
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Using dominated convergence, the assumption m = 0 results in the contradiction
. 1
1> lim — [1 — exp (—th
n—o0 Lfn n 0

= cf (fo a(x:) ds)Q(dy) > 1.

In order to prove m = g, let (t,,),en be such that lim,,_,, L, = m > 0. An estimate as above together
with dominated convergence yields

ty

“a(x) ds) ]Qudy)
(107)

n—oo N n—o0

m= limL, > limf [1—exp (—Jtna(xs)gltf Lt_sds)]Q(dx)
0 >ty

) (108)
= f [1 — exp (—J;) a(xs)litrgiolgth ds)}Q(d)() = k(m).
Therefore, Lemma [7.1/implies liminf,_,,, L, = m > q, which yields (98).
Finally, we finish the proof of Theorem|5. Applying Lemma|5.3} we see that
7.0 oo
‘I [1 —e M ] - J [1 —exp (—qJ a(xs)ds)]v(dx)’
N 0
< f exp (— J Li_sa(ys) ds)E [1 — e_’w’x(t)] v(dy)
0
(109)

_l_

f [1 — exp (_wat_sa(xs)dS)]v(dx)
0
— f [1 — €exp (—qfooa(xs)ds)}v(dx)
0

The first summand on the right-hand side of (109) converges to zero as t — oo by Assumption A4.3|
By the first step (98), L, — q as t — oo. Hence, by the dominated convergence theorem and
Assumption |A4.2] the left-hand side of (109) converges to zero as t — 0o. As v is a probability
measure by assumption, we conclude

t—00

o0
lim Be= 2" = f exp (—qf a(x) ds)v(dx) VA>o0. (110)
0

This implies Theorem |5|as the Laplace transform is convergence determining, see e.g. Lemma 2.1
in [5]. O

8 The supercritical Virgin Island Model. Proof of Theorem 7

Our proof of Theorem |7/follows the proof of Doney (1972) [4] for supercritical Crump-Mode-Jagers
processes. Some changes are necessary because the recursive equation (99) differs from the re-
spective recursive equation in [4]. Parts of our proof are analogous to the proof in [4] which we
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nevertheless include here for the reason of completeness. Lemma|8.9 and Lemma 8.10| below con-
tain the essential part of the proof of Theorem 7. For these two lemmas, we will need auxiliary
lemmas which we now provide.

We assume throughout this section that a solution a € R of equation (34) exists. Note that this is
o0
implied by|A4.2 and Q(fo a(y;)ds > 0) > 0. Recall the definition of u? from (82).

8.1 Preliminaries

For A > 0, define

o0

H ($)(A) = J [1-exp (- f a () ¥ (e ) ds) |Qldx) (111)

0

for ¢ € D.

Lemma 8.1. The operator H, is contracting in the sense that
o0
|[Ho(1)(A) = Hy(4h)(W)] < f |1h1(Ae™*) — ypp(Ae™*)|u(ds) (112)
0

forall Y,y €D.

Proof. The lemma follows immediately from |[e™ —e™| < |x — y| and from the definition of
Q
ue. O

Lemma 8.2. The operator H, is nondecreasing in the sense that

Hy(¢1)(A) < Ho(92)(1) (113)
forall A= 0ifY;(A) < YPy(A) forall A > 0.

Proof. The lemma follows from 1 — e™* being increasing in x for every ¢ > 0. O

For every measurable function ¢ : R x [0, 00) — [0, 00), define
Ho($)(t,2) = f [f (J a(xs)y(t —s,ke““)ds)}Q(dx)- (114)
0

for A > 0 and t € R where f(zc) =x—1+4+e*>0,x>0. If'l[): [O,o~o) — [0, 00) is a function of
one variable, then we set H,(1)(A) := H,(y)(1, 1) where y(t,1) := (1) for A >0, t € R.

Lemma 8.3. The operator H, is nondecreasing in the sense that

Ho(1)(t,A) < Ho(2)(t, 1) (115)

forall A= 0and t e RifyY,(t,A) <YPy(t,A) forall A >0, t €R.

Proof. The assertion follows from the basic fact that f is nondecreasing. O
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Lemma 8.4. Assume A4.2| Let id : A — A be the identity map. The function

nA):=1- %Ha(id)(l) = %Ha(id)(l), A>0, (116)
is nonnegative and nondecreasing. Furthermore, n(0+) = 0.
Proof. Recall the definition of A,(y) from (54). By equation (114), we have An(A) = f f(AA)dQ.

Thus, 7 is nonnegative. Furthermore, 11(0+) = 0 follows from the dominated convergence theorem
and Assumption|A4.2. Let x,y > 0. Then

A — A
x(x + y)Aq
The inequality follows from X f (X + 7) — (¥ + ¥)f (%) > 0 for all %, 7 > O. O

The following lemma, due to Athreya [1], translates the (x log x)-condition (58) into an integrability
condition on 7 . For completeness, we include its proof.

Lemma 8.5. Assume|A4.2] Let 1) be the function defined in (116). Then

J ! (A)dA < di (cr") < (118)
= o0 an cr o0
. P 2,7

n=1

for some and then all ¢ > 0, r < 1 if and only if the (x log x)-condition (58) holds.

Proof. By monotonicity of 1 (see Lemma|8.4), the two quantities in (118) are finite or infinite at the
same time. Fix ¢ > 0. Using Fubini’s theorem and the substitution v := AA,, we obtain

‘1 B CrAA,—1+e M 5
Li”f)(l)dl—f[fo[ Gy ] d?t]dQ

CA _
a _ 1 + v
:f [Aaf = dv}dQ.
0 v

It is a basic fact that fOT viz(v —1+eV)dv~logT as T — co. O

(119)

8.2 The limiting equation

In the following two lemmas, we consider uniqueness and existence of a function ¥ which satisfies:

@ [®(A) = W(Ay)| <121 — Ay| for 41,4, >0, B(0)=0
(b) () =H,(¥)(1)
T(Q) (120)

(© T—>1 asA—0

—00

where g > 0 is as in Lemma[7.1] Notice that the zero function does not satisfy (120)(c). First, we
prove uniqueness.
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Lemma 8.6. Assume|A4.2land o > 0. If ¥, and ¥, satisfy (120), then ¥; = ¥,.

Proof. Notice that ¥;(0) = ¥,(0). Define A(A) := %|\D1(A)—\I!2(A)| for A > 0 and note that
A(0+) =0 by (120)(c). From Lemma|8.1} we obtain for A > 0

A(A)sﬂ
0

—as

oo o0

|91 (e ™) = Wy(he™)|uQ(ds) = J A(Ae™)uQ(ds) (121)
0

where ,ug(ds) := e~ %u?(ds) is a probability measure because a solves equation (49). LetR;, i > 1,

be independent variables with distribution ,ug and note that ER; < 0co. We may assume that ER; > 0

because u?([0,00)) = 0 implies ¥; = H,(\¥;) = 0 for i = 1, 2. Iterating inequality (121), we arrive

at

A(A) < EA(Ae™1) <EA(Ae *®it-FR)) 5 A(04)=0 asn — oo. (122)
The convergence in (122) follows from the weak law of large numbers. O

Lemma 8.7. AssumelA4.2 and a > 0. There exists a solution ¥ of (120) if and only if the (xlogx)-
condition (58) holds.

Proof. Assume that holds. Define ¥y(1) := A, ¥, 1(A) ;= Hy(¥,)(A) for A > 0and A, (1) :=
%|\I}n+1 A) - \I/n(k)| for 2 >0 and n > 0. Recall u¢ and (R;);cy from the proof of Lemma 8.6. Note
that ER; > 0 because of @ > 0. Arguments as in the proof of Lemma 8.6 imply

A1 (A) SEA,(Ae™®R1) <EA; (Ae™%n) (123)
where S, :=R; +...+R, for n > 0. Since n > 0 by Lemma 8.4 and
Wo(A) — W1 (A) = A — Hy(id)(A) = An(A), (124)

we see that 7 = A;. In addition, we conclude from 1 > 0 that ¥; (1) < ¥,(A) = A. By Lemma 8.2,
this implies inductively ¥,,(A) < A forn >0, A > 0. Let A(A) := 2@1 A, (). We need to prove
that A(1) < co. Clearly 0 < Ee™®1 < 1, so we can choose £ > 0 with e’Ee Rt < 1. Then

(0.0] o o0
ZP(Sn <ne) < Ze"SEe_S" = Z (eeEe_Rl)n < 0. (125)
n=0 n=0

n=0

Define 7(A) := supy.,<; n(u). It follows from (123), (125), Lemma|8.4 and Lemma|8.5!that for all
A>0

[e9]

AA) <D En(Ae™ ) <7(A) Y P(S, < ne)+ > n(Ae ") < oo, (126)
n=0 n=0 n=0

Thus, (¥,(1)),>0 is a Cauchy sequence in [0, A]. Hence, we conclude the existence of a function
¥ such that ¥(A) = lim ¥,(A) for every A > 0. By the dominated convergence theorem, ¥ satis-
n—o0

fies (120)(b). To check (120)(a), we prove that ¥, is Lipschitz continuous with constant one. The
induction step follows from Lemma|8.1/

o0

|‘I’n+1(7tl) - ‘1’n+1(7L2)| = j |‘1’n(119_a5) - ‘I’n(lze_as”MQ(ds)
0 (127)

(e ¢]
< | —Az|f e”u(ds) = | A — Ay|.
0
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In order to check (120)(c), note that since n(0+) = 0, it follows from (126) that A(0+) = 0. Thus,
w(A) ) 1
\T—ﬂ Sllmsupz|\lln(7t)—k| <AA)—O0 as A —0, (128)
n—o00

as required. Finally, monotonicity of ¥, and ¥,(A) < A for all n € N imply monotonicity of ¥ and
W(A) < A, respectively. The last claim of (120)(d), namely ¥(o0) = g, follows from letting A — oo
in ¥(A) = H,(¥)(A), monotonicity of ¥ and from Lemma|7.1/together with ¥(c0) > 0.

For the “only if”-part of the lemma, suppose that there exists a solution ¥ of (120). Write g(A) :=
@ for A > 0. Since ¢ > 0 and g(0+) = 1, there exist constants c;, ¢9,c3 > 0 such that ¢, < g(1) <

¢y for all A € (0,cq]. Using (120D (b), ¥(A) > Acy for A € (0,¢;] and Lemma 8.3, we obtain for
A€ (0,cq]

3 H,(»)(A) 1 (% _ 1.
g =—"—"—==| wQe *)uds)— —H,(¥)(A)
A Ao A
) (129)
5 —asy,,Q - 5 —aR
< | &(em™)ul(ds) — $Haler)(V) = Bg (Ae™™) — cym(cs ).
0
Let t, be such that 0 < ¢4 := u?([0,ty]) < 1 and write §*(A) := sup,<; &(u). Then
& (A) S ca" (M) + (1 —c)g" (Ae™0) — cym(caA) (130)
which we rewrite as g*(1) < g*(tA) — csn(cyA) where T := e~ % and ¢ := 122(: . Iterating this
4

inequality results in g*(1) < §*(A7"") — 5 Doy _n(caAt") for n > 0. Since §* is bounded on
(0,¢,] this implies that Z,?;O n(coAt*) < 0o. Therefore, by Lemma (8.5, the (x log x)-condition
holds. O

8.3 Convergence

Recall m, I, m? and L, from (53), (69), and (98), respectively. As before, let u(ds) :=
e~ *ul(ds). Define

mQ(t 1 A
(),
e“tm A e%tm
Dy(A) :=sup,<7 |D(A,s)| and Dy, (A) := limy_,o, D7(A) for A > 0 and ¢, T > 0. The following two
lemmas follow Lemma 5.1 and Lemma 5.2, respectively, in [4].

D(A,t):= (131)

Lemma 8.8. AssumelA4.1)|A4.2,|A4.4 and a > 0. If the (x log x)-condition (58) holds, then Dy, (1) —
Oas A — 0.

Proof. Inserting the definitions and (98) of m? and L,, respectively, into (131), we see that

D(A,t) = %I[f (MﬁzQﬂ >0 A,t>0 (132)
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is nonnegative where f(x) :=x —1+e™*, x > 0. Insert the recursive equations (83) and (99) for
m? and (L,),», respectively, into (131) to obtain

D(A,t)=JwQ(dx)+f )
e m a(t—s
1 (t) ‘ A
_XJ [1—Eexp (_lf‘;"{frh —J a(xs)Lt_s(m) ds)]Q(d}()
0
CrmQt—s) 1 Ae™®
:fo [ et xe—ast—S(ea(t—s)m”“2(‘15)

1 (" Ae™®
_ ERARSE )
* lL Lt_s(ea(t—S),ﬁ)‘u (ds)

1 t Qe—as (133)
e
- f [1-exp (—L a(t )L () ds) @td )
¢, ()
1—exp(-A74>) ‘ A
= J E[ = [[1-exe (—L a(x:)Les(o=) ds ) |Qtdz)
1 A¢(t, x) AL, )
—I-XJE[—eatm —1—|—exp( T )i|Q(d )
t
z:f D(Ae™*, t—s),ua(ds)—f- ((t A)— L, ( )) +T,+ T,
0
where T; and T, are suitably defined. Inequality (132) implies
Q
L( Nl )< AW e eazo (134)
e%m e*m

where c; is a finite constant. The last inequality is a consequence of Theorem|6} equation (52), with
v replaced by Q. Lemma 8.3/ together with (134) implies

—Ha ((t,}k) — Lt(%)) < %Ha (cl-id) = c;n(Acy). (135)

Using 1 — e ™ < x, inequality (134) and x —1+e™* < 1x , X > 0, we see that the expressions T;
and T, are bounded above by

T, < f Edz(_t) f a(xs)le_“sclds] Qldy) <cyA

I, = Ef (d)at(_)) Qdy) < c3A

for all A,t > O where c,, c5 are finite constants which are independent of t > 0 and A > 0. Such
constants exist by Assumption|/A4.4. Taking supremum over t € [0, T] in (133) and inserting (135)
and (136) results in

(136)

T
D;(A) SJ Dr(Ae®)ul(ds) + cyn(Acy) + caA + csA VA>0. (137)
0
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Choose t; > 0 such that ¢4 := ug([o, to]) € (0,1). Then, by monotonicity of D,
DT(A) < C4DT(7\/) + (1 - C4)DT(Ae_at0) + C].T)(Acl) + Czk + Cgk (138)

for all A > 0. Hence, D is bounded by

Dy (A) < Dp(Ae™ ) +csn(cgA) + cgA YA>0 (139)
where ¢5 := 161C and cg := % Iterate this inequality to obtain
—t4 —t4
n—1
D;(A) < Dyp(Ae™ o™ + Z (csn(clke_atok) + c67te_“t0k)
k=0

. (140)
2 Dr(0+) + Z (CSn(clle_“tok) + c67Le_‘“°k) .
k=0

Now we need to prove D;(0+) = 0. Looking at (132) and using f (x) < x2/2, we see that D(A) is

2
bounded by ﬁ sup, <7 I[ (Vt¢’Q’Q) ]. This is finite because of inequality (72) with v = Q together
with Therefore D;(0+) = 0. Letting T — oo in (140), we obtain

o0 o0
Doo(A) < c5 > n(Acie™ k) 4+ Acg D e~ 0K ¥ 1> 0. (141)
k=0 k=0

The right-hand side is finite by Lemma 8.5. By Lemma (8.4, we know that n(0+) = 0 and that 7
is nondecreasing. Letting A — 0 in (141) and using the dominated convergence theorem implies
Dy(A)—0asA—0. O

Lemma 8.9. AssumelA4.1]|A4.2, A4.3, A4.4]and a > 0 If the (x log x)-condition (58) holds, then

A
Lt(m) LWL ast— oo (142)
for every A > 0 where W is the unique solution of (120).

Proof. The case A =0 is trivial. For A > 0,t > 0, define

A
J(A,t):= % (Lt (W) - \p(x)). (143)

Furthermore, let J;(A) := sup,>7 [J(A,t)| and J(A) := limy_,, Jp(A) for A > 0. We will prove
Joo(A) =0 for A > 0. By Theorem 6 and (120)(c),

m )_ |+{\I’(A)_1| t—00 |‘I’(A)_1| A—0 0. (144)

Q(t
G0+ D0, 0] < |5 ,1 )
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Hence, J,,(0+) = 0 by Lemma|8.8| Using (99) and (120)(b), we estimate
’AJ()L,Zt) - f 1-Eexp (- =4z ¢,(20) - Jot a (1) Lae—s (522 ) ds ) QUd )
+J 1-exp - J(: a(xs)\ll(le_“s)ds)Q(dx)’
_ U Eexp (-2 6,20 ) {exp (- Lta(xs)LZt_s(#)ds)
—exp (- JO Zta()(s)Lzr—s(ﬁ)ds)}Q(d){) (145)
[ (- J a() W (2e)ds) +oxp - f () () ds )t
< f Jtoo a(xs) {iggLu(%) + W (Ae™®) }ds Q(dy)

Scff a(xs)dsQ(dy)

for a suitable constant c¢. The last inequality uses boundedness of (L,),>q, see the proof of Theo-
rem|5] and of ¥. By Assumption[A4.2] the right-hand side of (145) converges to zero as t — 0o. Fix
A >0 and let (t,),>; be such that lim |J(A, 2t,)| = J5(A). With this, we get

- n—o0

t

\ J 1-Eexp (—ﬁcpx(mn)—f a(2:) Lae, s (5 ) ds ) QUdx)

0

_J 1—exp (_an a(;(s)\P(Ae_“S)dS)Q(dX)’
0
< f 1—Eexp (—%4)1(2%))(2(61%)

3l J "a(e)

< f |~ Eexp (~2,(26,))Q(dz) + 2 f 1, (e )p8(ds)

0

(146)

Ly s(=25—) —v(Ae™)

ﬁlea(Ztn—s)

dsQ(dy)

n—o0

— AJ Joo(ke_as),ug(ds).
0

The convergence in (146) follows from|A4.3]and from the dominated convergence theorem together
with Assumption |[A4.2] Recall (R;);>; from the proof of Lemma Putting (145) and (146)
together, we arrive at

[0e]

Joo(A) = lim [J(A, 2t,) SJ Joo (Re™*)ul(ds)
n—0co 0 (147)

=EJ(Ae ) < .. <EJ (Ae RitHRn)) 2%, 5 (04) = 0.
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This finishes the proof. O

If the (x log x)-condition fails to hold, then the rescaled supercritical Virgin Island Model converges
to zero. The proof of this assertion follows Kaplan [12].

Lemma 8.10. AssumelA4.1]A4.2, A4.3/and a > 0. If the (x log x)-condition (58) fails to hold, then

A
Lt(ﬁle“f) —0 ast— oo (148)
for every A >0
Proof. Define K(A,t) := %Lt(ke““) for A > 0 and K(0, t) := I(th)’Q’Q)e_at. It suffices to prove

Koo(A) := lim K(A) := lim supK(A,t) =0. (149)
T—o00 T—o0 t>T

Assume that K,,(1y) =: & > 0 for some A, > 0. We will prove that the (x logx)-condition

holds. An elementary calculation shows that A — %(1 —e™*) is decreasing. Thus, both K(A, t) and

K, (L) are decreasing in A. Furthermore, by Theorem 6,

EV¢7Q;Q
§ <Kyo(A) <supK(A,t) <sup———=:1C <00 VA< A,. (150)
t>0 t>0 €

Fix ty > 0, A < A and let t > 2t,. Inserting the recursive equation (99),

AK(A,t) = L,(Ae™*)

t

= J [1 —Eexp (—%qf)x(t)) exp (—J a(xs)Lt_s()Le—at)ds)]Q(d)()

0
supf (1—E€_M’”(“))Q(d)()

u=ty

IA

(151)

+f (1 — exp (_Jf_fo a()(s)Lt_s(le—ase—a(t—s))ds))Q(dl)
0

= T1+T2+T3.

By Assumption A4.3, the first term converges to zero uniformly in t > 2t as t; — oo. For the third
term, we use inequality (150) to obtain

Ty = f (1 — exp (—f a(ys)K(re™*,t — s)?ue_ast))Q(dX)
t—ty (152)

< f J a(ys)CAe* dsQ(dy).
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The right-hand side converges to zero uniformly in t > 2t, as t; — oo by Assumption |A4.2. The
second term is bounded above by

T, < J (1 —exp (—J a(xs)KtO(Ae_“s)Ae_“sds))Q(d}(). (153)
0

Recall (R;);>; from the proof of Lemma 8.6. Define Sy =0 and S, :=R; +...+R,,, n > 1. Taking
supremum over t > 2ty in (151) and letting t, — oo, we arrive at

Koo(2) < %f (1-exp (- f a(%:) Koo Ae™*)Ae ™ ds) ) QUd )
0

= J Ko (R )e™pi0ds) — 3, (1= Ku(DA) )
0 ; (154)
<E[ Ky (Re ) | - ~H, (> 81)() =E Koo (Ae™%1) | = 5n(52)

<.---<E [KOO (Ae_asn)] - 5§En(5}»e—a5k)
k=0

for all n > 0. The second inequality follows from & < K.,(A) for A < A, and Lemma8.3| Bounded-
ness of K, on (0, Ay], see (150), implies

o0
Z n(6re” k) < 00 a.s.. (155)
k=0
By the law of large numbers, we know that S; < k(ER; + ¢) for large k a.s. Hence,
D n(6ark) < oo (156)
k=0

where r = e~ *ER1+€) ¢ (0,1). Therefore, the (x logx)-condition (58) holds by Lemma [8.5. This
finishes the proof. O

Proof of Theorem|7. Assume that the (x logx)-condition (58) holds. Insert (142) into (81) and
use Assumption A4.3 to obtain

th),V’Q

E[exp (—Amew )] S f [exp (- fo wwue—“)a(xs)ds)}v(dx) (157)

for A > 0. For this, we applied the dominated convergence theorem together with Assumption A4.2|
Denote the right-hand side of (157) by ¥(A) and note that ¥ is continuous and satisfies ¥(0+) = 1.
A standard result, e.g. Lemma 2.1 in [5], provides us with the existence of a random variable W > 0
such that Ee™*" = ¥(A) for all A > 0. This proves the weak convergence as the Laplace
transform is convergence determining. Note that

P(W = 0) = ¥(c0) = f [exp (—f

0

o0

¥(oo)al,) ds)} v(dy) (158)
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by the dominated convergence theorem. Furthermore,

. 1-=9() >
EW =lim—— =J [J e asa(xs)ds] v(dy). (159)
0

A—0 A

If the (x log x)-condition fails to hold, then E[1 —exp (—AV,”"?/e%)] — 0 as t — oo follows by
inserting (148) into (81) together with A4.3. O

9 Excursions from a trap of one-dimensional diffusions.
Proof of Theorem 1

Recall the Assumptions A2.1,(A2.2|[A2.3||A2.4 and |A2.5 from Section 2| The process (Y;);>o, the
excursion set U and the scale function S have been defined in (3), in and in (20), respectively.
The stopping time T, has been introduced shortly after (4).

In this section, we define the excursion measure Q, and prove the convergence result of Theo-
rem[1. We follow Pitman and Yor [16] in the construction of the excursion measure. Under As-
sumptions and A2.2, zero is an absorbing point for Y. Thus, we cannot simply start in zero
and wait until the process returns to zero. Informally speaking, we instead condition the process to
converge to infinity. One way to achieve this is by Doob’s h-transformation. Note that (S(Y; /\TE))
is a bounded martingale for every € > 0, see Section V.28 in [17]. In particular,

t=>0

EY [S(Yiar)] =5(y) (160)

for every y < €. For € > 0, consider the diffusion (YtT,E)tZO on [0,00) — to be called the 7-diffusion
stopped at time T, — defined by the semigroup (T} ),>o where

1 _
Ttgf(.y) = T_)/)Ey I:S(Yt/\Ts)f(Yt/\Ts)]J Yy > 0: t=> O)f € Cb([oz OO): R) (161)

The sequence of processes ((Y,),s0, > 0) is consistent in the sense that
2 (v)5r0) =27 (v)*) (162)

forall 0 < y < e and & > 0. Therefore, we may define a process Y = (YtT)OStSTDO which coincides

with (YtT’E)tzo until time T, for every € > 0. Note that the T-diffusion possibly explodes in finite
time.

The following important observation of Williams has been quoted by Pitman and Yor [16]. Because
we assume that zero is an exit boundary for (Y;),>¢, zero is an entrance boundary but not an exit
boundary for the {-diffusion. More precisely, the 7-diffusion started at its entrance boundary zero
and run up to the last time it hits a level y > 0 is described by Theorem 2.5 of Williams [20] as
the time reversal back from T of the |-diffusion started at y, where the |-diffusion is the process
(Y:)>o conditioned on T, < co. Hence, the process (YJ) t>o May be started in zero but takes strictly
positive values at positive times.
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Pitman and Yor [16] define the excursion measure Qy as follows. Under
Qy(:IT, < Tp), (163)

that is, conditional on “excursions reach level ¢”, an excursion follows the T diffusion until time
T, and then follows the dynamics of (Y;);>o. In addltlon Qy (T, <Tp) = . With this in mind,

define a process Y* := (¥/),., which satisfies

= 27 ((¥")z0) (164)
2L°((Y)i>0) (165)

L(Vir) 50)
‘gy(( T+t IZO)

for y > 0. In addition, (?f ,t < T.)and (?f ,t > T,.) are independent. Define the excursion measure
Qy on U by

- 1 ~
HT€<TOQY(dX) = __PO (Yg (S dx), £ > O. (166)
S(g)
This is well-defined if
1 .
1T€+5<To 3 PO(YS dy) = mp°(y€+5 edy) (167)

holds for all €,6 > 0. The critical part here is the path between T, and T,,5. Therefore, (167)
follows from

1
B [F(V)1y, or,] = B [F(Y)|T, 5 < To]
()

S(e+0)
E¢ [F(?€+6)] —

(168)

EO [F(Y€+6)]

T 5(e+6) S(e+6)

The first equality is equation (21) with ¢ =0, y = ¢ and b = ¢ + 6. The last equality is the strong
Markov property of Y ¥*9_ The last but one equality is the following lemma.

Lemma 9.1. AssumelA2.1land|A2.2. Let 0 < y < &. Then
LY(Y|T, <Ty) =2 (Y°). (169)

Proof. We begin with the proof of independence of (Y, t < T,) and of (Y7, ¢t > T,). Let F and G be
two bounded continuous functions on the path space. Denote by & the o-algebra generated by
(Y)¢<r,- Then
EY [F(Yr,a.)G(Yr,+.)ITe < To]
=E [F (Yr A )E [G(Yr 4 )| Zr,]IT, < To] (170)
=E”[F(Yr,\)IT. < To]E°[G(Y.)].
The last equality is the strong Markov property of Y. Choosing F = 1 in (170) proves that the left-
hand side of (169) satisfies (165). In addition, equation (170) proves the desired independence.

For the proof of
PY ((Y*)0) = P” (Yerr,Desol Te < To), (171)
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we repeatedly apply the semigroup (161) of (YtT’E)tZO to obtain

B U_[fl } :ﬁEy [S( t/\T)l_[f:( t/\T)] (172)

for bounded, continuous functions f, ..., f,, and time points 0 < t; < ... < t,,. By equation (21) with
c=0,
S(Ye ar,) = S(e)P"nrte [T, < To] = S(e)E” [1T€<T0|gt"/\TE] (173)

PY—almost surely where Z; \r_is the o-algebra generated by (Y;);< r,. Insert this identity in the
right-hand side of (172) to obtain

n 1 n
y (vhey | — y .
E [lj[fl(yti )] = Py(T€—< TO)E [1T€<T0Hfl(yfiATg)]' (174)
i=1 i=1
This proves (171) because finite-dimensional distributions determine the law of a process. O

Now we prove convergence to the excursion measure Qy.

Proof of Theorem 1. Let F: C([0,00),[0,00)) — R be a bounded continuous function for which
there exists an & > 0 such that F(y )1, <y, = 0 for every path y. Let 0 < y <. By Lemma[9.1, we
obtain

1 1
y = Ey F(Y)1 <
5" Fr)= S(e)PY(T, < Tp) Ftrer,] (175)
1 1
:— _)’ 8 = = 0
S F P =505F F(Yy ).

The last equality is the strong Markov property of the 7-diffusion. The random time T, converges to
zero almost surely as y — 0. Another observation we need is that every continuous path (y,),>¢ is
uniformly continuous on any compact set [0, T]. Hence, the sequence of paths ((y Ty+t)t> 0wy > 0)

converges locally uniformly to the path (y,) ¢>0 almost surely as y — 0. Therefore, the dominated
convergence theorem implies

: 0 23 _ w01 o€ _ w0 7€
lim EOF(Y; | ) = E° lim F(¥; | ) =E°F(T"). a76)
Putting (175) and (176) together, we arrive at
1 1 -
lim ——EYF(Y)= ——E°F(Y*)= | F dy), 177
=) (Y) 3@ (Y*)= J (x)Qy(dy) (177)
which proves the theorem. O

We will employ Lemma[9.1/to calculate explicit expressions for some functionals of Qy. For example,
we will prove in Lemma/(9.8 together with Lemma|9.6/that

00 . B 00 a(z)
J(JO a(xs)dS)Qy(dx)—JO ek (178)

provided that Assumptions |A2.1, |A2.2 and [A2.4 hold. Equation (178) shows that condition
and condition (28) are equivalent. The following lemmas prepare for the proof of (178).
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Lemma 9.2. Assume|A2.1/and A2.2| Let f € C([0,00),[0,00)) have compact support in (0,00).
Furthermore, let the continuous function 1) : [0,00) — IR be nonnegative and nondecreasing. Then

T, m
oF f PO (1) ds) }ﬂH(L YOLGIE) |aan a7
for every b < oo and m € N,

Proof. W.l.o.g. assume m > 1. Let € > 0 be such that ¢ < infsupp f and let y < ¢. Using Lemma/9.1}
we see that the left-hand side of (179) is equal to

Ty m m
ok f Y($)f () ds ) ﬂwo} = ﬁEy f P()f (72)ds ) }
0 y—0 -
-5 f s = TF(T)ds) } s, J f w(S)f(xs)d5) Qy(d).
0
The second equality is the strong Markov property of Y ¢ and the change of variable s — s — T,. For
the convergence, we applied the monotone convergence theorem. O

The explicit formula on the right-hand side of (178) originates in the explicit formula (180) below,
which we recall from the literature.

Lemma 9.3. AssumelA2.1land|A2.2. If f € C},[0,00) or f € C([0,00),[0,00)), then

ToATy b a _ G =
E q f(¥)ds) =f (f(z)s(b) _S(yvz)s(y/_\z)) dz (180)
0 0

S(b) g(2)s(2)

forall0<y <b <oo.
Proof. See e.g. Section 15.3 of Karlin and Taylor [13]. O

Let (Y,);>o be a Markov process with cadlag sample paths and state space E which is a Polish space.
For an open set O C E, denote by 7 the first exit time of (¥,);>( from the set O. Notice that 7 is a
stopping time. For m € N, define

wy(y) =E [(J f(f/s)ds) }, y€E,mée& Ny, (181)
0

for a given function f € C(0,[0,00)). In the following lemma, we derive an expression for w, for
which Lemma|9.3 is applicable.

Lemma 9.4. Let (Y,),>( be a time-homogeneous Markov process with cadlag sample paths and state
space E which is a Polish space. Let w,, be as in (181) with an open set O C E and with a function

f €C(0,[0,00)). Then
(J sf(Y)ds) = (JTwl(f/s)ds) (182)
0

0
EY [(Lff(ﬁ)ds)z} = B (LT 2f(f/s)wl(?s)ds) (183)

forall y € E.

1152



Proof. Let y € E be fixed. For the proof of (182), we apply Fubini to obtain

EY (L fosdrf(l?s)ds) —F (L ff(f@)dsdr)
= JOOO EY (1r<7 J;)OO ]ls+r<7:f(?s+r)d5) dr.

The last equality follows from Fubini and a change of variables. The stopping time T can be ex-
pressed as T = F ((¥,),>0) with a suitable path functional F. Furthermore, T satisfies

(184)

fr<tinfs+r<ti={r<t}In{s <F((Vitr)uso0)} (185)

for r,s > 0. Therefore, the right-hand side of (184) is equal to

J;) Ey(]lr<rj;) ]15<F((1?u+,)u20)f(?s+r)ds) dr
= JO EY(]lr<TE?r [Jo ]15<Tf(17s)d5]) dr =FEY (J;) W1(?r)dr).

The last but one equality is the Markov property of (¥,);»o. This proves (182). For the proof
of (183), break the symmetry in the square of w,(y) to see that w,(y) is equal to

EY(sz [f(?r)ff(ﬁ)ds}dr)
0 r . (187)

“2[ @ (1wt ([ sas))ar—p ([ 2rRmiias).
0 0 0

(186)

This finishes the proof. O]

We will need that (Y;),>o dies out in finite time. The following lemma gives a condition for this.
Recall S(00) := lim,_, S(y).

Lemma 9.5. AssumelA2.1 and|A2.2. Let y > 0. Then the solution (Y;),>q of equation (3) hits zero in
finite time almost surely if and only if S(00) = oo. If S(00) < 0o, then (Y;),o converges to infinity as
t — 00 on the event {T, = oo} almost surely.

Proof. On the event {Y, < K}, we have that
P'(3s5:Y,=0) > P*(Ty<o0) >0 (188)

almost surely. The last inequality follows from Lemma 15.6.2 of [13] and Assumption|A2.2] There-
fore, Theorem 2 of Jagers [11] implies that, with probability one, either (Y,),> hits zero in finite
time or converges to infinity as t — oco. With equation (21), we obtain

S S
PY(lim Y, = 00) = lim P (Y hits b before 0) = lim ﬂ = _(_y) (189)
t—00 b—00 b—oo S(b)  S(o0)

This proves the assertion. O
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The following lemma makes Assumption |A2.4 more transparent. It proves that /A2.4 holds if and
only if the expected area under (a(Y;)),, is finite.

Lemma 9.6. AssumelA2.1land|A2.2. Assumption A2.4/holds if and only if
EY (J a(Ys)ds) <00 Yy>0. (190)
0

If Assumption [A2.4] holds, then S(co0) = oo and

> f(z)
EY (J;) f(Y,) ds) = L S(yAz) ) dz < 00 (191)
forall y >0 and f € C([0,00),[0,00)) with c; :=sup,, f (2)/z < co.

Proof. Let c¢;,cy be the constants from A2.1. In equation (180), let b — oo and apply monotone
convergence to obtain

Ey(foof(ys)ds) =JOO (Fe)[1- 5(_va)] S(yfz)) dz. (192)
0 0

S(o0) - g(2)5(2)

Hence, if Assumption A2.4 holds, then Assumption A2.2|implies that the right-hand side of (192) is
finite because f(z) < cfz < Z—’Ia(z), z > 0. Therefore, the left-hand side of with f(-) replaced
by a(-) is finite. Together with lim,_,, a(x) = oo, this implies that (Y,),>o does not converge to
infinity with positive probability as t — co. Thus Lemma[9.5 implies S(co) = oo and equation (192)
implies (191).

Now we prove that Assumption[A2.4 holds if the left-hand side of with f(-) replaced by a(-)
is finite. Again, lim,_,,, a(x) = oo and Lemma [9.5|imply S(c0) = co. Using monotonicity of S, we
obtain for x > 0

foo a(z) J S(x AZ) p (193)
— Z.
N g(Z)S(Z) S(X) g(Z)S(Z)
The right-hand side is finite because (192) with f(-) replaced by a(-) is finite. Therefore, Assump-
tion|A2.4/holds. O
Lemma 9.7. AssumelA2.1)|A2.3 and let n € N ;. Iff1 g(y)s(y) dy < oo, then
yn
sup = < 00. (194)
ye(0,00) S(¥)

Proof. Tt suffices to prove limlnf},_,OO ) s( )

(0, 00) by Assumption|A2.3. By Assumptlon A2.1, g(y) <c, y? for all y > 1 and a constant cg < 00.
Let 0 <x —(x):=1—(1—x)" A1l. Thus,

0 yr 1 (™
7 dv> = .l _
0> ﬁ 2% chﬁ oY J (1-vG
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The last inequality follows from % > 1,<1 = 1—1(2), 2> 0. Consequently,

S(J/) d 5(z)
Gy HG) imy (),

2—00 log(z) 2—00

(196)

Z

The proof of the second equation in is similar to the proof of the lemma of L’'Hospital.
From (196), we conclude lim 1nfy_>oo S(Hy )1 > 1 which implies

“5(y)dy yldy 1
liminffo—n > liminf f—n -, (197)

Z2—00 z 2—00 z n

This finishes the proof. O
Now we prove equation (178). Recall S(00) := lim,_,, S(y). Define wy =1 and

) = ff()s(“”) >0 (198)
wilz s " FT

for f € C([0,00),[0,00)). If S(c0) = o0, then Ww,(z) is the monotone limit of the right-hand side
of (180) as b — oo.

Lemma 9.8. AssumelA2.1,/A2.2 and S(o0) = 0. Let f € C([0,0), [0,00)). Then

me 1(2)
f f f(xs)dS) Qv(dy) = f fE)—A (z)s(z) dz (199)
J(JO Sf(xs)ds)Qy(dx) =f0 wi(2)—F——=— G )(Z) (200)

for m =1,2. If A2.4/holds and if f(z)/z is bounded, then (199) is finite for m = 1. IflA2.5/holds and
if f(2)/2 is bounded, then (199) is finite for m = 2.

Proof. Choose f, € C([0,00),[0,00)) with compact support in (0,00) for every ¢ > 0 such that
fe1f ase—0.Fixe>0and b € (0,00). Lemmal9.2|proves that

Ty m
;;O@Ey f fg(Y)ds) =f(fo folx)ds) Qy(dy). (201)

Let W,l;l(y) be as in (181) with 7 replaced by T;, and f replaced by f,. Fix m € {1,2}. Lemma|9.4/
and Lemma|9.3 provide us with an expression for the left-hand side of equation (201). Hence,

m

Ty
f ( J fo(x)ds) Qy(dy)
0
S(b)—=S(yVvz)S(y Az)

e L b
R )J JEmwn =50 g @0

S(2) 1
f frlymg @)1 S(b))g(z)s-(z) g
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The last equation follows from dominated convergence and Assumption|A2.2. Note that the hitting
time Ty ((x¢);»0) — 00 as b — oo for every continuous path (y,);>o. By Lemma [9.3 and the
monotone convergence theorem, wrljl_l(y) /" Wy_1(y)asb / oo. Let b — 00, ¢ — 0 and apply
monotone convergence to arrive at equation (199).

Similar arguments prove (200). Instead of (201), consider

y=0S5(y)
which is implied by Lemma Furthermore, instead of applying Lemma [9.3 to equation (201),
apply equation (182) together with equation (180).
For the rest of the proof, assume that f(z)/z is bounded by c;. Let ¢y, ¢, be the constants from[A2.1!
Note that f(z) < cpz < Z—fa(z). Consider the right-hand side of (199). If m = 1, then the inte-
1

gral over [1,00) is finite by Assumption|[A2.4. If m = 2, then the integral over [1,00) is finite by
Assumption/A2.5. The integral over [0, 1) is finite because of and

lim —— B (LTb sF(Y)ds) = J ( JO Tbsfg(xs)ds)éy(dx) (203)

a(z) <cyz <cS(z) ze€[0,1], (204)
where C is a finite constant. The last inequality in (204) follows from Lemma|9.7. O

The convergence (24) of Theorem [1]also holds for (y,);>0 — f(x:), t fixed, if f(y)/y is a bounded
function. For this, we first estimate the moments of (Y, ),>¢.

Lemma 9.9. AssumelA2.1| Let (Y,);>¢ be a solution of equation (3) and let T be finite. Then, for every
n € Ns,, there exists a constant cy such that

SUE” [Yene] Scry, B [sup¥e"] <cr(y +y") (205)
t<

t<T

for all y = 0 and every stopping time T.

Proof. The proof is fairly standard and uses It&’s formula and Doob’s L,-inequality. O

Lemma 9.10. AssumelA2.1,/A2.2land/A2.3. Let f : [0,00) — [0,00) be a continuousfunction such that

fh(y) <csy VY" for some n € Nxq, some constant c; < oo and for all y > 0. Iff1 m dy < oo,
then
1 1
Jf(%r)Qy(dZ) = hmﬁEyf( Y)= Eo[mf(YtT)leoo] (206)
t

is bounded in t > 0.

Proof. Choose f, € C([0,00),[0,00)) with compact support in (0,00) for every ¢ > 0 such that
fe 1 f pointwise as ¢ — 0. By Theorem 1}

er(%t)QY(dX) hmﬁE fe( t)' (207)

The left-hand side of (207) converges to the left-hand side of (206) as ¢ — 0 by the monotone

convergence theorem. Hence, the first equality in (206) follows from (207) if the limits 111‘1(1) and hrr(l)
y—)

can be interchanged. For this, we prove the second equality in (206).
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Let b € (0,00). The 7-diffusion is a strong Markov process. Thus, by (161),

J¢A)

. -
Iy ooten ] = Jme 55

Lin
y—0 t<Ty

(208)

f]
=E° [lim ol srh
5(v,

Ferh
- E° 1.7 |.
y—0 S'(YtTJrTy) [ Tb]

t+Ty<Tb] =

The second equality follows from the dominated convergence theorem because of

Y yvy"
sup —— =¢y su =
o<y<b S(¥) o<y<b S(¥)

< 00. (209)

£
Sv))
in (208) and apply monotone convergence to obtain

Right-continuity of the function t — 1.7, implies the last equality in (208). Now we let b — oo

] fr)
lim hm_—)Ey [f(Yt)1t<Tb] :Eo[ml

. 210
Jim lim = <t | (210)

The following estimate justifies the interchange of the limits blim and lil‘l’(l)
—00 y—

1 1
lim——FEYf(Y,) — lim lim ——E” Y, )1
yli%S(y) f( t) b1—>n<}oy1£%5(y) [f( t) t<Tb:|

1
<c i —E [Y VY™l ]
= Cfbl_)l'{.lof/lélis ¥ t t “sups<, Y;=b (211)

1 y 1
< ¢ lim — sup ——su —Ey[su Y2 +yrtt ]:0,
fb_"”byilis(}’)ysliy sslg(s ¥ )

The last equality follows from 5/(0) € (0,00) and from Lemma Putting (211) and (210) to-
gether, we get

1 ¢A)
S(y) Sy
Note that is bounded in t > 0 because of f(y) <c¢;y vV y" and Lemma|9.7,
We finish the proof of the first equality in (206) by proving that the limits ;% and J1/11)% on the
right-hand side of interchange.

im B [£(¥)] = lim lim =—E* [ (YL, ] =E0[ de]. (212)
—00 Yy —

lim —
y—=0S5(y)

1 .1
l%}/%?}/)Eyfs(Yt) - ;%T}/)Eyf(ﬂ)
AR @19

<limlimLEy|:f(Y)—f(Y):|—limEO[
= 3 ) t elte) 1= 105 S(YJ)

1 ]: .
20y 205(y t<Ty 0

The first equality is (212) with f replaced by f — f,. The last equality follows from the dominated
convergence theorem. The function f,/S converges to f /S for every y > 0 as ¢ — 0. Note that

d
YJ > 0 almost surely for t > 0. Integrability of %HKTOQ follows from finiteness of (212). O
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We have settled equation (178) in Lemma [9.8/ (together with Lemma 9.6). A consequence of the
finiteness of this equation is that liminf,_,, f %:dQy = 0. In the proof of the extinction result for

the Virgin Island Model, we will need that f %: dQy converges to zero as t — oo. This convergence

will follow from equation (178) if [0,00) > t — f %.dQy is globally upward Lipschitz continuous.
We already know that this function is bounded in t by Lemma|9.10.

Lemma 9.11. Assume A2.1,|A2.2 and/A2.3| Let n € Ns;. Iffloo g(;;:_(y) dy < oo, then

tlir&f 17 Qy(dy)=0. (214)

Proof. We will prove that the function [0,00) > t — f xfdQY is globally upward Lipschitz contin-
uous. The assertion then follows from the finiteness of (199) with f(z) replaced by 2" and with
m = 1. Recall 7, ¢; and Cq from the proof of Lemmal[9.9l From (3) and It&’s lemma, we obtain for
y>0and0<s<t

t
B (" )= — B (V2 )<EJ L vy (215)
tATK G sATg )] — ATk ATk
S

5(y) S(y) S(y)

where ¢ :=n(c, + (n — 1)cg). Letting K — oo and then y — 0, we conclude from the dominated
convergence theorem, Lemma 9.9 and Lemma/9.10 that

_ C @D+ hH™!
fo—xs"Qy(dx)SEJ EO[( ) (Tr) Lo, | dr <écsle—sf (216)
s S(Yr)

for some constant cg. The last inequality follows from Lemma/9.7. Inequality (216) implies upward
Lipschitz continuity which finishes the proof. O

10 Proof of Theorem 2, Theorem 3 and of Theorem 4

We will derive Theorem 2| from Theorem 5 and Theorem [3 from Theorem |6, Thus, we need to
check that Assumptions A4.1, [A4.2 and A4.3|with ¢(t, x) := x;, v := £*(Y) and Q := Qy hold
under[A2.1,A2.2|[A2.3/and A2.4] Recall that Qy = S’ (0)Qy and 5(0) = §'(0)s(0). Assumption A4.1]|
follows from Lemma [9.9 and Lemma [9.10. Lemma [9.6/ and Lemma (9.8 imply [A4.2. Lemma [9.5|
together with Lemma implies that (Y;),>( hits zero in finite time almost surely. The second
assumption in[A4.3|is implied by Lemma [9.11 with n = 1 and Assumption |[A2.4, By Theorem /5]
we now know that the total mass process (V;),>o dies out if and only if condition (43) is satisfied.
However, by Lemma|9.8 with m =1 and f () = a(+), condition (43) is equivalent to condition (28).
This proves Theorem 2

For an application of Theorem 6, note that f¥ and f< are integrable by Lemma|9.6 and Lemma 9.8,
respectively. In addition, Lemma/9.6 and Lemma/9.8|show that

wid(x)=ExJ Ytdt=J fV(t)dtandw;(0)=JU a(xs)ds)Qy(d)().
0 0 0
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Similar equations hold for w; 4(0) and w,(x). Moreover, the denominators in (33) and (48) are
equal by Lemma|9.8] equation (200), together with Lemmal9.6. Therefore, equations (32) and (33)
follow from equations (47) and (48), respectively. In the supercritical case, holds because of

o0

sup e J %:QMdy) < Sulgf 2:Qdy) Y ekt (217)
t>

k=0 k<t<k+1 k=0

and Lemma 9.11 with n = 1 together with Assumption Furthermore, Lemma [9.10 together
with Lemma (9.7 and the dominated convergence theorem implies continuity of fQ. Therefore,
Theorem 6/implies (51) which together with (52) reads as (35).

Theorem 4 is a corollary of Theorem|[7. For this, we need to check|[A4.4. The expression in (55) is
finite because of Lemma|9.10/with f(-) = (a(-))? and Assumption Assumption provides
us with ¢; ¥ < a(y) for all y > 0 and some ¢; > 0. Thus,

Ty 1 (% y+wdy)
L gy (y) ,)’SClJ; a(y) (30 Y (218)

which is finite by|A2.5| Lemma|9.11|with n = 2 and Lemma [9.9|show that f X?QY(d %) is bounded
in t > 0. Furthermore, Holder’s inequality implies

( J [ JO (5] aran)

which is bounded in t > 0 because of Lemma|9.8 with m = 2, f(-) = a(-) and because of Assump-
tion |A2.5. Therefore, we may apply Theorem |7l Note that the limiting variable is not identically
zero because of

2 00
0

2
< J foy(dx)J ( f a(x)ds) Qy(dy)  (219)

0 2
J (Aalog+(Aa))dQs J (Aa)desf (J a(xs)ds) Qy(dy) < 0. (220)
0

The right-hand side is finite because of Lemma 9.8 with m =2, f(-) = a(-) and because of Assump-
tion
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