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1 Introduction and Notations

Let X, X5, ... be a strictly stationary sequence of real-valued random variables (r.v.) with mean zero
and finite variance. Set S, = X; +X, +---+X,. By P,-125 we denote the law of n~Y2s, and
by G, the normal distribution N(0,c2). In this paper, we shall give quantitative estimates of the
approximation of P, -125 by G2 in terms of minimal or ideal metrics.

Let £ (u,v) be the set of the probability laws on R? with marginals u and v. Let us consider the
following minimal distances (sometimes called Wasserstein distances of order r)

inf{f|x—y|rP(dx,dy):P€.%(,u,v)} ifo<r<1
WT‘(AU"),V): 1/?‘
inf{(JIx—yer(dx,dy)) :Pez(,u,v)} ifr>1.

It is well known that for two probability measures u and v on R with respective distributions func-
tions (d.f.) F and G,

1
W.(u,v)= (f IF~1(w) — G_l(u)lrdu)l/r for any r > 1. (1.1
0

We consider also the following ideal distances of order r (Zolotarev distances of order r). For two
probability measures u and v, and r a positive real, let

Cr(u,V)=sup{deu—ffdv o f eAr},

where A, is defined as follows: denoting by [ the natural integer such that [ < r <141, A, is the
class of real functions f which are [-times continuously differentiable and such that

FPC) = FOOI < [x = y™! forany (x,y) €ER X R. (1.2)
It follows from the Kantorovich-Rubinstein theorem (1958) that forany 0 <r <1,

W, (u,v) =, (u,v). (1.3)

For probability laws on the real line, Rio (1998) proved that for any r > 1,

W, (uv) < ¢, (2, (ua)) ", (1.4)

where c, is a constant depending only on r.

For independent random variables, Ibragimov (1966) established that if X; € L? for p €]2,3],
then Wy (P25 ,Gy2) = O(n'~P/2) (see his Theorem 4.3). Still in the case of independent r.vs,
Zolotarev (1976) obtained the following upper bound for the ideal distance: if X; € L? for p €]2,3],
then Cp(Pn—l/ZSn, G,2) = O(n'~?/2). From (1.4), the result of Zolotarev entails that, for p €]2,3],
W, (P, Go2) = 0(n'/P~1/2) (which was obtained by Sakhanenko (1985) for any p > 2). From
and Holder’s inequality, we easily get that for independent random variables in I.P with p €
12,3],

Wr(Pn_qun, Gy,2) = O(n_(p_z)/zr) forany 1 <r <p. (1.5)
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In this paper, we are interested in extensions of (1.5) to sequences of dependent random variables.
More precisely, for X; € P and p in ]2,3] we shall give IL”-projective criteria under which: for

r € [p—2,p]and (r,p) # (1,3),
W, (P12 , Gp2) = O(n~(P~2)/2max(Lry (1.6)

As we shall see in Remark|2.4] (1.6) applied to r = p—2 provides the rate of convergence O(n_zé’_j))
in the Berry-Esseen theorem.

When (r,p) = (1,3), Dedecker and Rio (2008) obtained that Wl(Pn—l/an,Go-Z) = 0(n"?) for
stationary sequences of random variables in L satisfying L' projective criteria or weak depen-
dence assumptions (a similar result was obtained by Peéne (2005) in the case where the vari-
ables are bounded). In this particular case our approach provides a new criterion under which
Wl(Pn—l/ZSn, Gy2) = o(n~1/2 logn).

Our paper is organized as follows. In Section|2, we give projective conditions for stationary martin-
gales differences sequences to satisfy (1.6) in the case (r,p) # (1,3). To be more precise, let (X;);cz
be a stationary sequence of martingale differences with respect to some o-algebras (;);c; (see
Section 1.1 below for the definition of (%;);c;). As a consequence of our Theorem 2.1, we obtain
that if (X;);c5 is in P with p €]2,3] and satisfies

00 1 82
S tale(E

n=1
then the upper bound (1.6) holds provided that (r,p) # (1,3). In the case r = 1 and p = 3, we
obtain the upper bound W; (an/zsn, Gy2) = o(n~?logn).

i <00, 1.7)
P

9’0) —o?

In Section 3] starting from the coboundary decomposition going back to Gordin (1969), and using
the results of Section 2, we obtain ILP-projective criteria ensuring @Gf (r,p) # (1,3)). For
instance, if (X;);c; is a stationary sequence of I.” random variables adapted to (%;);c;, We obtain
for any p €]2,3[ and any r € [p — 2,p] provided that (1.7) holds and the series E(S,|Z,)
converge in ILP. In the case where p = 3, this last condition has to be strengthened. Our approach
makes also possible to treat the case of non-adapted sequences.

Section 4 is devoted to applications. In particular, we give sufficient conditions for some functions
of Harris recurrent Markov chains and for functions of linear processes to satisfy the bound (1.6)
in the case (r,p) # (1,3) and the rate o(n~1/2 logn) when r = 1 and p = 3. Since projective
criteria are verified under weak dependence assumptions, we give an application to functions of
¢-dependent sequences in the sense of Dedecker and Prieur (2007). These conditions apply to
unbounded functions of uniformly expanding maps.

1.1 Preliminary notations

Throughout the paper, Y is a N(0, 1)-distributed random variable. We shall also use the following
notations. Let (£, .«/,P) be a probability space, and T : Q — Q be a bijective bimeasurable transfor-
mation preserving the probability P. For a o-algebra &, satisfying %, € T~'(Z,), we define the
nondecreasing filtration (#;);cz, by #; = T™(Z0). Let F_o, = (iey Tk and Foo = \/ 1oy Fr. We
shall denote sometimes by E; the conditional expectation with respect to %;. Let X, be a zero mean
random variable with finite variance, and define the stationary sequence (X;);cz, by X; = X0 T'.
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2 Stationary sequences of martingale differences.

In this section we give bounds for the ideal distance of order r in the central limit theorem for
stationary martingale differences sequences (X;);c7 under projective conditions.

Notation 2.1. For any p > 2, define the envelope norm ||. ||; ¢ , by

1
1Xlh,0,p = J (1v e~ (1 —u/2))P~?Qx (w)du
0
where ® denotes the d.f. of the N(0, 1) law, and Qx denotes the quantile function of |X|, that is the
cadlag inverse of the tail function x — P(|X| > x).

Theorem 2.1. Let (X;);c; be a stationary martingale differences sequence with respect to (Z;);cy- Let
o denote the standard deviation of X,. Let p €]2,3]. Assume that E|Xy|P < oo and that

00 1 82
E—E(—"ﬂ)—az <00 2.1
2—p/2 0 ’ :
=n n 1,9,p
and
00 1 SZ
E —E(—”ﬁ)—az <00 (2.2)
2/p 0 . .
Qon n p/2

Then, for any r € [p — 2,p] with (r,p) # (1,3), {;(Py-1125 ,Go2) = O(n*7?/2), and for p = 3,
Cl(Pn-l/zSn, G,2) = o(n~2logn).
Remark 2.1. Let a > 1 and p > 2. Applying Holder’s inequality, we see that there exists a positive

constant C(p, a) such that ||X||; 4, < C(p,a)||X|l,. Consequently, if p €]2,3], the two conditions
(2.1) and (2.2) are implied by the condition (1.7) given in the introduction.

Remark 2.2. Under the assumptions of Theorem [2.1] { r(Pn—l/ZSn,GO-Z) =0o(n"?)ifr <p-2.
Indeed, let p’ = r 4+ 2. Since p’ < p, if the conditions (2.1) and (2.2) are satisfied for p, they also
hold for p’. Hence Theorem 2.1 applies with p’.

From (1.3) and (1.4), the following result holds for the Wasserstein distances of order r.

Corollary 2.1. Under the conditions of Theorem 2.1, W (Py1og ,Gy2) = Oo(n~(P=2/2max(Lr)y for any
rin [p —2,p], provided that (r,p) # (1, 3).

Remark 2.3. For p in ]2, 3], Wp(Pn—l/ZSn, G,2) = O(n~(P—2)/2P)_This bound was obtained by Sakha-
nenko (1985) in the independent case. For p < 3, we have Wl(an/zSn,Gaz) = O(n'"P/?). This
bound was obtained by Ibragimov (1966) in the independent case.

Remark 2.4. Recall that for two real valued random variables X,Y, the Ky Fan metric a(X,Y) is
defined by a(X,Y) =inf{e > 0: P(|[X —Y| > ¢) < ¢}. Let II(u, v) be the Prokhorov distance between
u and v. By Theorem 11.3.5 in Dudley (1989) and Markov inequality, one has, for any r > 0,

T(Px,Py) < a(X,Y) < (BE(X — Y|")V/(+D,
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Taking the minimum over the random couples (X,Y) with law £ (u,v), we obtain that, for any
0<r<1, II(u,v) < (Wr(u,v))l/(rﬂ). Hence, if I1,, is the Prokhorov distance between the law of
n~1/25, and the normal distribution N (0, %),

I, < (Wr(Pn—l/zsn, ng))l/(rH) foranyO<r <1.

Taking r = p — 2, it follows that under the assumptions of Theorem 2.1,
—2
I, = O(n_2<pp-1)) if p<3andIl, =0(n""*y/logn) ifp=3. (2.3)

For p in ]2,4], under (2.2), we have that || Z?:l II‘B(XI.2 — 02|9i—1)||p/2 = 0(n*/?) (apply Theorem
2 in Wu and Zhao (2006)). Applying then the result in Heyde and Brown (1970), we get that if
(X;)iez is a stationary martingale difference sequence in IL? such that (2.2) is satisfied then

o2
”Fn - q>(7||oo = O(Tl Z(PH)) .
where F,, is the distribution function of n~'/2S, and ®,, is the d.f. of G,2. Now

IF, — @5l < (1 +07'2r)" VYH)1,.

Consequently the bounds obtained in (2.3) improve the one given in Heyde and Brown (1970),
provided that (2.1) holds.

Remark 2.5. If (X;);c;, is a stationary martingale difference sequence in I3 such that E(Xg) =02

and
D KTIRKE o) — 0232 < o0, (2.4)
k>0
then, according to Remark[2.1, the conditions and (2.2) hold for p = 3. Consequently, if (2.4)
holds, then Remark 2.4 gives ||F, — ®4|lo = O(n‘l/“\/log n). This result has to be compared with
Theorem 6 in Jan (2001), which states that ||F,, — &, ||, = O(n~/4) if Zk>0 ||]E(X,%|3"o) — 02||3/2 <
00.

Remark 2.6. Notice that if (X;);c; is a stationary martingale differences sequence, then the condi-
tions (2.1) and (2.2) are respectively equivalent to

D 222 B(S2|Fo) — 0218, < 00, and Y 2 2P|2 T E(S2 | Fg) — 0|, < 00.
j=0 j=0

To see this, let A, = |[E(S2|.%,) — E(S2)|l1 ¢, and B, = [[E(S2[F,) — E(S2)|,o. We first show that
A, and B,, are subadditive sequences. Indeed, by the martingale property and the stationarity of the
sequence, for all positive i and j

Airj = |B(S?+(Sivj — S)*1F0) —E(S? + (Sivj — S ap
< A HIE((Siyj—S)* — E(S?) 1Z0) ll1,8,p -

Proceeding as in the proof of (4.6), p. 65 in Rio (2000), one can prove that, for any o-field ./ and
any integrable random variable X, ||E(X|.¢/)l1,6, < [X|l1 6. Hence

IE((Sis; —Si)* - ]E(S?) 1Z0)l1.6p < IIE((Siy; — Si)* — E(SJZ) 1) 110, -

By stationarity, it follows that A; | ; <A; +A;. Similarly B; ; < B; + B;. The proof of the equivalences
then follows by using the same arguments as in the proof of Lemma 2.7 in Peligrad and Utev (2005).
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3 Rates of convergence for stationary sequences
In this section, we give estimates for the ideal distances of order r for stationary sequences which
are not necessarily adapted to ;.

Theorem 3.1. Let (X;);cy be a stationary sequence of centered random variables in ILP with p €]2,3],
and let aﬁ = n‘lE(STZI). Assume that

ZIE(X,IL?O) and Z(X_n —E(X_,|Z,)) converge in P, 3.1
n>0 n>0
and
D 0 PR n T E(S2]F)) — 02,2 < 00. (3.2)
n>1

Then the series ), ., Cov(X,X}) converges to some nonnegative o2, and
1. Cr(Pnfl/zsn, Go'z) = O(nl—p/Z)for re [P —2,2],

2. gr(Pn_l/ZSnJ Go’%) = O(nl—p/Z)for r Ejzyp]

Remark 3.1. According to the bound (5.40), we infer that, under the assumptions of Theorem 3.1}
the condition (3.2) is equivalent to

D 0 PR n T E(S2]Fy) — 02,2 < 00. (3.3)

n>1
The same remark applies to the next theorem with p = 3.

Remark 3.2. The result of item 1 is valid with o, instead of 0. On the contrary, the result of item
2 is no longer true if o, is replaced by o, because for r €]2,3], a necessary condition for {,(u,v)
to be finite is that the two first moments of v and u are equal. Note that under the assumptions
of Theorem [3.1} both W,(P,-1/25 ,G,2) and W, (P,-1/z5 ,G,2) are of the order of n~(P~2)/2max(Lr),
Indeed, in the case where r €]2, p], one has that '

Wr(Pn—qun, Gy2) < Wr(Pn—qun, Gaﬁ) + Wr(GU%, Gy2),
and the second term is of order |0 — 0,| = O(n~Y/?).

In the case where p = 3, the condition (3.1) has to be strengthened.

Theorem 3.2. Let (X;);c; be a stationary sequence of centered random variables in .3, and let 0% =
n_llE(S,%). Assume that (3.1) holds for p = 3 and that

1 1
3 —’ ZE(XU%)H <o and Y —’ e E(X_klgo))H < oo. (3.4)
n>1 n k>n 3 n>1 n k>n 3
Assume in addition that
2211_1/2||n_1 E(ST%I?O)—Uiﬂg/z < 00. (3.5)

n>1

Then the series Zkez Cov(Xy,X) converges to some nonnegative o> and
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1. Cl(Pn-qun, G,2) =0(n"%logn),
2. (r(Pn-l/an: GO'Z) = O(n_l/z)for r E] 1, 2]:

3. {1 (Prapzg ,Gy2) = 0(n™ 1) for r €]2,3].

4 Applications

4.1 Martingale differences sequences and functions of Markov chains

Recall that the strong mixing coefficient of Rosenblatt (1956) between two o-algebras .« and &
is defined by a(.«/, B) = sup{|P(ANB) — P(A)P(B)| : (A,B) € .o/ x 9B}. For a strictly stationary
sequence (X;);cz, let Z; = 0(X;, k <i). Define the mixing coefficients a;(n) of the sequence (X;);c7,
by

a;(n) = a(Fo, 0(X,)).

For the sake of brevity, let Q = Qy, (see Notation 2.1|for the definition). According to the results of
Section 2, the following proposition holds.

Proposition 4.1. Let (X;);c; be a stationary martingale difference sequence in 1P with p €]2,3].
Assume moreover that the series

1 [a® 1 o1 (k) 2/p
Z 37572 f Qv log(l/u))(p’z)/zQz(u)du and Z 7 (J Qp(u)du) 4.1
= kP o = kP o

are convergent.Then the conclusions of Theorem|2.1 hold.

Remark 4.1. From Theorem 2.1(b) in Dedecker and Rio (2008), a sufficient condition to get
Wl(Pn—l/ZSn, Gy2) = o(n~?logn) is

a;(n)
ZJ Q*(w)du < 0.
0

k>0

This condition is always strictly stronger than the condition (4.1) when p = 3.

We now give an example. Consider the homogeneous Markov chain (Y;);c; with state space Z de-
scribed at page 320 in Davydov (1973). The transition probabilities are given by p,, 11 =Pp_p —n—1 =
a, forn=>0,p,o=p_no=1—a,forn>0,pyp=0,a,=1/2and 1/2 < a, <1 forn > 1. This
chain is irreducible and aperiodic. It is Harris positively recurrent as soon as anz HZ;%ak <o00. In
that case the stationary chain is strongly mixing in the sense of Rosenblatt (1956).

Denote by K the Markov kernel of the chain (Y;);c;. The functions f such that K(f) = 0 almost
everywhere are obtained by linear combinations of the two functions f; and f, given by f;(1) =1,
fi(=1)=—Tand fi(n) = fi(-n) = 0if n # 1, and £,(0) = 1, fo(1) = fo(~1) = 0 and fy(n+1) =
fo(—n—=1)=1—a; ' if n > 0. Hence the functions f such that K(f) = 0 are bounded.

If (X;);ez is defined by X; = f(Y;), with K(f) = 0, then Proposition 4.1 applies if

a(n) = 0(n'P2(logn) P/?>7€) for some € > 0, (4.2)
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which holds as soon as Py(t = n) = O(n~'"?/2(logn)™?/27¢), where P, is the probability of the
chain starting from 0, and T = inf{n > 0,X, = 0}. Now Py(t = n) = (1 — an)l'[fz_llai forn > 2.

Consequently; if

_ p 1+e .
a=1- 2—1(1 + ogi ) for i large enough,

the condition (4.2) is satisfied and the conclusion of Theorem 2.1/ holds.
Remark 4.2. If f is bounded and K(f) # 0, the central limit theorem may fail to hold for S, =

Z?:l(f(Yi) —E(f(Y;))). We refer to the Example 2, page 321, given by Davydov (1973), where S,
properly normalized converges to a stable law with exponent strictly less than 2.

Proof of Proposition [4.1. Let BP(%,) be the set of &#,-measurable random variables such that
IZ]|, < 1. We first notice that

IEXZ|Z0) — 2,2 = sup  Cov(Z,X}).
7eBP/(0=2)(Z,)
Applying Rio’s covariance inequality (1993), we get that
a; (k)

2/
||E(X,3|9o)—02||p/2sz(f Q(wydu) ",

0

which shows that the convergence of the second series in (4.1) implies (2.2). Now, from Fréchet
(1957), we have that

IE(X? %) — 02||1’¢’p = sup {E((1 V|Z|P~?)| E(X?| %) — 02|),Z Fy-measurable, Z ~ A(0,1)}.
Hence, setting ¢, = sign(]E(Xilgl'O) —0?),
IE(X2Z0) — 02||1’¢’p = sup {Cov(e,(1V |Z|P72),X?),Z Fy-measurable, Z ~ A4(0,1)}.
Applying again Rio’s covariance inequality (1993), we get that

a,(k)

IBCC120) - 020, = € J (1vlogQu™ )P 2/2Q3(u)du ),
0

which shows that the convergence of the first series in (4.1) implies (2.1).

4.2 Linear processes and functions of linear processes
In what follows we say that the series ), , a; converges if the two series D>, a; and )
converge.

Theorem 4.1. Let (a;);cy, be a sequence of real numbers in £? such that ZieZ a; converges to some
real A. Let (¢&;);ez be a stationary sequence of martingale differences in P for p €]2,3]. Let X; =
ZjeZ ajee_j, and crﬁ = n_lE(Srzl). Let by =ay—Aand b; = a; for j #0. Let A, = Zjez(zzzl bk_j)Z.
IfA, = o(n), then o2 converges to o> =A2E(8§ . If moreover

n
> 1 1, 2 )
S G-,

then we have
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1. If A, = O(1), then Cl(Pn-qun, G,2) = 0(n"?log(n)), for p =3,
2. IfA, = 0(nU+27P)/™) then gr(Pn*Wsn: Gy2) = o(n'P/2), forre[p—2,1]1 and p # 3,
3. If A, = 0(n*P), then {,(P,-1125 ,Gi2) = O(n'P/), for r €]1,2],
4. IfA, = O(n®7P), then (r(Pn_l/zsn, GU%) =0(n'"P/?), for r €]2,p].
Remark 4.3. If the condition given by Heyde (1975) holds, that is
o0
Z(Zak) <oo and Z(Zak) < 00, (4.4
n=1 k>n n=1 k<-n
then A,, = O(1), so that it satisfies all the conditions of items 1-4.

Remark 4.4. Under the additional assumption Zi <7 1a;| < 00, one has the bound

A, <4B,, where ani((ZIaj|)2+( Z |aj|)2). (4.5)
k=1 j>k j<—k

Proof of Theorem[4.1. We start with the following decomposition:

S, —AZe + Z (Zbk i)ei (4.6)

j=—00 k=1

o0 n . . —
LetR, = Zj:—oo(Zkzl br_;)¢;. Since |IR,|l5 = A,lleoll3 and since |0, — 0| < n 12||R, ||, the fact
that A, = o(n) implies that o, converges to o. We now give an upper bound for ||R,[,. From
Burkholder’s inequality, there exists a constant C such that

Ry <c{] 3 (Dober)’el] } < ol A “.7)

j=—00 k=1

According to Remark|2.1} since (4.3) holds, the two conditions (2.1) and (2.2) of Theorem 2.1 are
satisfied by the martingale M,, = AZZ:1 ex. To conclude the proof, we use Lemma (5.2 given in
Section 5.2, with the upper bound (4.7). O

Proof of Remarks|4.3 and 4.4, To prove Remark 4.3 note first that

w3 (Lot 35 o)+ (Na)+5( 3 a)

j=1 Il=-o0 l=n+1—j =i i=1 [=—i—n+1

It follows easily that A, = O(1) under (4.4). To prove the bound (4.5), note first that

A, <3B, + Z (Z )+ i ( Z ).

i=n+1 =i i=n+1 I=—i—n+1
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Let T; = Yo, lay| and Q; = Zl;i_oo la;|. We have that

00 n+i—1

2 (0]
(Y al) = T Y (- Tu)=nT?,
i=n+1 =i i=n+1
00 —i 9 00
2
S 1) = Qua 2 Q- Q) SnQ2y,.
i=n+1 [=—i—n+1 i=n+1

Since n(TTfJrl + Qle) <B,, (4.5) follows. O

In the next result, we shall focus on functions of real-valued linear processes

Xk:h(zaigk—i) —E(h(zaigk—i)), (4.8)
€L i€Z

where (¢;);c7 is a sequence of iid random variables. Denote by wy(., M) the modulus of continuity
of the function h on the interval [—-M, M], that is

wp(t, M) = sup{|h(x) —h(y)l,|x = y| < t,|x] < M,|y| < M}.

Theorem 4.2. Let (a;);c;, be a sequence of real numbers in £2 and (&,);c;, be a sequence of iid random
variables in 1.2, Let X be defined as in (4.8) and Urzl = n_lE(Srzl). Assume that h is y-Holder on any
compact set, with wy(t,M) < Ct"M?, for some C >0, v €]0,1] and a > 0. If for some p €]2,3],

/2
E(|eo|**"P) < 00 and Zip/z‘l ( Z a?) < o0, (4.9

i>1 ljl=i !
then the series Zkez Cov(Xy,X) converges to some nonnegative o2, and
1. 1(Py-i2g ,Gy2) = O(n~ /2 logn), for p =3,
2. {1 (Pypzg , Gp2) = O(n'7P/%) for r € [p — 2,2] and (r,p) # (1,3),
3. {r(Pyireg , Gy2) = on'~P/?) for r €2, p].
Proof of Theorem [4.2. Theorem|4.2 is a consequence of the following proposition:

Proposition 4.2. Let (a;);ez, (&;)iez and (X;);ez be as in Theorem|4.2. Let (&);cz be an independent
copy of (¢))iez- Let Vo= Do, a;6_; and

Ml,i:|VO|V‘Zaj8_j+Zaj8/_j and M2,i:|VO|V Zajsl_j+zaj€_j

j<i j=i j<i j=i

If for some p €]2,3],

Zl‘P/Z—l Wh( Zajg—j

i>1 j>i

E Cl]'{;'_j

j<—i

o

3M1,i) H < oo and Zip/z_l 7M2,—i)
P i>1

then the conclusions of Theorem 4.2/ hold.

| <o,
p

(4.10)
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To prove Theorem (4.2, it remains to check (4.10). We only check the first condition. Since
wp(t,M) < Ct"M* and the random variables ¢; are iid, we have

T
(| Zasesf i), = el Zae| mar
j>i P i>i

Y
Sases| | Ivoletl,
j=i P

so that

( Za]s_

j=i

‘P

a+y a

| /\

o2 | X e
>
From Burkholder’s inequality, for any 3 > 0,
B B
oo [, - [Zor-
I 0e-L, =I5,

Applying this inequality with § =y or f = a + v, we infer that the first part of (4.10) holds under
(4.9). The second part can be handled in the same way. O

—l—‘HZa s_]

(Ivoleit, + 22| > azes| || ))-
p i<t p

<K(Za1) leoll5 s, -

jzi

Proof of Proposition [4.2. Let &; = o(&,k < i). We shall first prove that the condition (3.2) of
Theorem 3.1 holds. We write

n n—i

IE(S2Z0) — E(SDllp2 <2 )Y IEX Xl Fo) = EXiXiwllp 2
i=1 k=0

n n n i
< A S IEE X il Zllp2 +2 )L Y IEK Xpeh il Fo) = EX X2 -

i=1 k=i i=1 k=1

We first control the second term. Let &’ be an independent copy of ¢, and denote by E,(-) the
conditional expectation with respect to . Define

Y, = Za i€, Y, —Z aje;_ J,Z —Zajsl j,and Z{=Zajsl{_j.

j<i j<i j=i j=i
Taking &, = o(¢;,1 <{), and setting hy = h — IE(h(ZlGZ a;e;)), we have
IEX i Xril Fo) — E(XiXpeq)llp 2
o (hol; + Z0ho(¥] + Zisi)) = e (oY) + ZDho(¥/y + 20, )|

p/2

Applying first the triangle inequality, and next Holder’s inequality, we get that

IE(XiXi4ilF0) —EX X idllpiz < llho( k.H+Zk+i)||p||hO(Y/+Zi)_hO(Y/+Z/)”p
+  Nho(Y! + Z)Ipllho (Y i + Ziewi) — ho(Yi i + Zi Dl -
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Let my; =Y + Z;| V|Y/ + Z]|. Since wy (t, M) = wy(t, M), it follows that

> ml,i)

VX Xi1110) = Bkl < oWy + Zesell [ (| D astes —el_,)
j=i

‘P

/ / /
+ lho(Y; +Zi)||pHWh( >, aj(£k+i—j_8k+i_j) :ml,k+i) ’ :
j>k+i p
By subadditivity, we obtain that
/
oSt )] < o[ Secfm ), <on St )]

j=i

Since the three couples (3,5, a;&;i—j,my ), (X5 a6f_j,my,) and (35, aje_j, My ;) are identically
distributed, it follows that

/
Hwh( Zaj(gi—j — &) ’ml,i) = ZHWh( Zaﬁ— )
> P j>i P
In the same way
/
Hwh( Z a;(Epyivj —£k+i_].) :ml,k+i) ‘ SZHWh( Z aje_jl, ) ’ .
jZkti P 2k b

Consequently

1
Z n3-p/2 ZZ B Xp4il Fo) — B(XiXiii)llp/2 < 00

n>1 1 i=1 k=1
provided that the first condition in (4.10) holds.
We turn now to the control of Z?:l Zrkl:i IE(X i X4l o)l p/2- We first write that

IEX Xi+ilFllp2 < NE(X; = EKG g k21X k111 P0) 2 + 1B (B P /21X k41 F0) 1 2
< XollpI1X; = B F itk y2)lp + 1Kol B et | Fig 2 -

Let b(k) = k — [k/2]. Since [E(Xi4i|Fis1x/21)|lp = IEX p0| Fo)ll p, we have that
IEX ktil Figries2)Mlp

— / / /
—’ 8( ( 2 Gt D, aﬁb(k)—j) _h( 2 Gt D, aigb(k)—j))

j<b(k) j=b(k) j<b(k) jZb(k) P
Using the same arguments as before, we get that

VEGKisil s a0l = B0l Zoly < 2|wi(| D e Musgo)| - @
j2b(k) P
In the same way,
‘ i+[k/2])‘
p
:’Eg(h( Z ael]+ Z aelj) ( Z as + Z aslj))H
j<—[k/2] —[k/2] j<—[k/2] —[k/2]

989



Let

— /
mz’i’k—‘ZaSIJ‘v‘ Z ajei_j+ Z ajsi_]-‘.

jez j<—[k/2] j=—[k/2]

Using again the subbadditivity of t — wy(t,M), and the fact that (Zj<_[k/2] ajei_j, My i),
(< h/2) GE Mo, and (X5 g /01 @j€—j» My _x/2]) are identically distributed, we obtain that

SZHW}I(’ Z ajs_j
P j

<=[k/2]

‘p = HX—[k/Z] — E(X_[x/211%0)

+1k/2)) ,Mz,_[km) Hp :

(4.12)
Consequently

1 n n
Z 3_—1)/222 IECX i Xt Fo)lp 2 < 00
n=1 M i=1 k=i

provided that (4.10) holds. This completes the proof of (3.2).

Using the bounds (4.11) and (4.12) (taking b(k) = n in (4.11) and [k/2] = n in (4.12)), we see
that the condition (3.1) of Theorem|[3.1 (and also the condition (3.4) of Theorem 3.2 in the case
p = 3) holds under (4.10). O

4.3 Functions of ¢-dependent sequences

In order to include examples of dynamical systems satisfying some correlations inequalities, we
introduce a weak version of the uniform mixing coefficients (see Dedecker and Prieur (2007)).

Definition 4.1. For any random variable Y = (Y3,---,Y}) with values in R¥ define the function
8x,j(t) = T,<, —P(Y; < x). For any o-algebra 7, let

(]_[gm(Y)\ﬂ ]_[gx )|

For a sequence Y = (V;);cz, Where Y; = Y, o T! and Y, is a Z,-measurable and real-valued r.v., let

¢(F,Y)=  sup

(x7,e0sx )ER"

¢k,Y(n) = fglaéi sup (]5(90, (Yilz L) Yll))

i|>...>i1>n

Definition 4.2. For any p > 1, let 6(p, M, Px) be the closed convex envelop of the set of functions f
which are monotonic on some open interval of R and null elsewhere, and such that E(|f (X)|?) < M.

Proposition 4.3. Let p €]2,3] and s > p. Let X; = f (Y;) —E(f (Y;)), where Y; = Yoo T' and f belongs
to 6 (s, M, Py,). Assume that

Z i(p_4)/2+(5_2)/(5_1)¢2,Y(i)(5_2)/5 <00, (4.13)

i>1
Then the conclusions of Theorem 4.2 hold.
Remark 4.5. Notice that if s = p = 3, the condition (4.13) becomes Zizl ¢2,Y(i)1/3 < 00, and if
s = 00, the condition (4.13) becomes 2121 i(p—2)/2¢2’Y(i) < 00.
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Proof of Proposition Let BP(Z,) be the set of Z,-measurable random variables such that
IZ]l, < 1. We first notice that

IEX | Zll, < EX | F)lls= sup  Cov(Z, f(Yi)).
7eBs/6-D(Zy)

Applying Corollary|6.2 with k = 2 to the covariance on right hand (take f; = Id and f, = f), we
obtain that

A

IEX | Z)lls =< sup  8(¢(a(2), YOI V0N Z g y-1) (P (0 (Vi), 2)) /M ?

7eBs/6-1(Zy)
8(¢1y (k) Vp1/s (4.14)

IA

the last inequality being true because ¢(0(Z),Y;) < ¢ y(k) and ¢(o(Yy),Z) < 1. It follows that
the conditions (3.1) (for p €]2,3]) and (3.4) (for p = 3) are satisfied under (4.13). The condition
follows from the following lemma by taking b = (4 — p)/2.

Lemma 4.1. Let X; be as in Proposition|4.3, and let b €]0, 1[.

-—b+(s—2)/(s—1) ~N\(s—2)/s 2 2
oY Poy(1)C7S <00, then ZnguE(s | Z6) = E(2)l,2 < 00.

i>1 n>1

Proof of Lemma|4.1| Since,

n n—i

IE(S2|F0) —E(SDIlp/2 < ZZZ IEX i X1l F0) — E(XiXieyi)llp /2,
i=1 k=0

we infer that there exists C > 0 such that
> ng IE(S2|F0) = E(S2) /2 < CZZ k)b IE(XXki1%0) = EXiXierlpa-  (4.15)
n>1 i>0 k>0

We shall bound up ||E(X;Xji|Zo) — E(X;Xj4i)ll,/2 in two ways. First, using the stationarity and the
upper bound (4.14), we have that

IEX Xp1110) = X Xillpj2 < 20X0EX k] Zllp 2 < 16[1Xoll, M5 (d1x (k)5 (4.16)
Next, note that
IEX i Xitil Zo) — EXiXpidllpya = sup  Cov(Z,X;Xy4;)
7eBs/6-2)(Z,)
= s E((Z - E(Z2)XXp).

7eBs/6-2)(Z,)

Applying Corollary 6.2/ with k = 3 to the term E((Z — E(Z))X;X;,;) (take f; =1d, fo, = f3 = f), we
obtain that ||E(X;X;1i|%) — E(X;X4i)ll,/2 is smaller than

sup 32(¢(0(2), Y3, Y ™20 Z g js—ayM P (p (0 (Y), Z, Vi D (@ (0 (V). Z, YIS
VAS: XAC (go)
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Since ¢(0(2),Y;, Yiyi) < ¢oy(i) and ¢(0(Y;), Z, Yiy;) < 1, ¢p(0(Viyi), Z,Y;) < 1, we infer that

IECX Xp4ilF0) — EX Xy 2 < 320y (i)C~2/ M5 (4.17)

From (4.15), (4.16) and (4.17), we infer that the conclusion of Lemma|4.1 holds provided that

[((—2)/6-1)) [kG—D/6=2)

Y Y ) (Y ) <o,

i>0 k=1 k>0 i=1
Here, note that

[(6—2/6-1)] 1 [kG—D/6=2) 1 [2k6—1/(-2)] 1 D)
—pyi=2 (1-b)£=
<i = and — < — <Dk Ve,
Z (i+ k)b Z (i+ k)b Z mb

k=1 i=1 m=1

for some D > 0. Since ¢, y(k) < ¢, y(k), the conclusion of Lemma 4.1 holds provided
5= 5= _p)= 5=
Zi_bt‘_%qsz,v(i)?z <oo and Zk(l b)“_”‘i)z,y(k)Tl <o00.
i>1 k>1

To complete the proof, it remains to prove that the second series converges provided the first one
does. If the first series converges, then

2n
s—2

lim i gy ()T =0. (4.18)

n—oo
i=n+1

Since ¢,y(i) is non increasing, we infer from (4.18) that ¢2,Y(i)1/5 = o(i~V/6D-0-b)/6=2) ¢
follows that ¢ y(k)E™1/5 < Cepyy(k)e™2/sk =1/ (=D=(1=0)/(=2) for some positive constant C, and
the second series converges. [

4.3.1 Application to Expanding maps

Let BV be the class of bounded variation functions from [0, 1] to R. For any h € BV, denote by ||dh]|
the variation norm of the measure dh.

Let T be a map from [0, 1] to [0, 1] preserving a probability u on [0, 1], and let
n
Su(f) =Y (f o TK = u(f)).
k=1
Define the Perron-Frobenius operator K from L2([0, 1], u) to L2([0,1], 1) via the equality

1 1
J (Kh)(x)f (x)u(dx) = f h(x)(f o T)(x)u(dx). (4.19)
0 0

A Markov Kernel K is said to be BV -contracting if there exist C > 0 and p € [0, 1[ such that

[dK™(R)]| < Cp"|dhl|. (4.20)
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The map T is said to be BV -contracting if its Perron-Frobenius operator is BV -contracting.

Let us present a large class of BV -contracting maps. We shall say that T is uniformly expanding if it
belongs to the class 6 defined in Broise (1996), Section 2.1 page 11. Recall that if T is uniformly
expanding, then there exists a probability measure u on [0, 1], whose density f,, with respect to the
Lebesgue measure is a bounded variation function, and such that u is invariant by T. Consider now
the more restrictive conditions:

(a) T is uniformly expanding.

(b) The invariant measure u is unique and (T, u) is mixing in the ergodic-theoretic sense.

1
() —1 £,>0 is a bounded variation function.

fu

Starting from Proposition 4.11 in Broise (1996), one can prove that if T satisfies the assumptions
(a), (b) and (c) above, then it is BV contracting (see for instance Dedecker and Prieur (2007),
Section 6.3). Some well known examples of maps satisfying the conditions (a), (b) and (c) are:

1. T(x)=fx—[Bx] for § > 1. These maps are called -transformations.
2. I is the finite union of disjoint intervals (I} );<x<n, and T(x) = aix + by on I}, with |a| > 1.

3. T(x)=a(x ' —1)—[a(x"! —1)] for some a > 0. For a = 1, this transformation is known as
the Gauss map.

Proposition 4.4. Let O'i = n‘lE(Ss(f)). If T is BV-contracting, and if f belongs to € (p, M, u) with

p €12, 3], then the series u((f — u(f))*)+2 Do M(f o T™-(f —u(f))) converges to some nonnegative
o2, and

1. §1(Pyang () Go2) = o(n~2logn), for p =3,
2. é’r(Pnfl/ZSn(f): GUZ) = O(nlip/z)for re [p - 2,2] and (r:p) ?é (1, 3);
3. Cr(Pnfl/ZSn(f)a Go‘%) = O(nl—p/Z)for r e]Z,P]

Proof of Proposition [4.4. Let (Y;);>; be the Markov chain with transition Kernel K and invariant
measure u. Using the equation (4.19) it is easy to see that (Yp, ..., Y,) is distributed as (T"!,..., T).
Consequently, to prove Proposition 4.4, it suffices to prove that the sequence X; = f(Y;) — u(f)
satisfies the condition (4.13) of Proposition 4.3|

According to Lemma 1 in Dedecker and Prieur (2007), the coefficients ¢, y(i) of the chain (Y;);>¢
with respect to #; = o (Y}, j < 1) satisfy ¢, y(i) < Cp' for some p €]0, 1[ and some positive constant
C. It follows that (4.13) is satisfied for s = p.

5 Proofs of the main results

From now on, we denote by C a numerical constant which may vary from line to line.

Notation 5.1. For [ integer, q in ]I, + 1] and f [-times continuously differentiable, we set

IFla, = supilx = y"7Uf D) = FOO)N = (x, ) € R X R},
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5.1 Proof of Theorem 2.1

We prove Theorem 2.1in the case o = 1. The general case follows by dividing the random variables
by o. Since {.(Pyx,P.y) = la|"{,(Px, Py), it is enough to bound up {,(Ps ,G,). We first give an
upper bound for {,, y := CP(PSZN , Gon).

Proposition 5.1. Let (X;);cy be a stationary martingale differences sequence in P for p in 12,3]. Let
M, = E(|X¢|P). Then for any natural integer N,

1 & 2/p 2
2202 < (), + » DDz ,) + ~Aw, 5.1)
K=0

where Z = E(S%|F,) — E(S2) and Ay = Y _o 272721 Z¢ -

Proof of Proposition [5.1. The proof is done by induction on N. Let (Y;);cy be a sequence of
N (0, 1)-distributed independent random variables, independent of the sequence (X;);c;. For m > 0,
let T,, =Y; +Y,+---+7Y,,. Set Sy = Ty = 0. For any numerical function f and m < n, set

fn—m(x) = E(f(x +T,— Tm))-
Then, from the independence of the above sequences,

E(f(sn) _f(Tn)) = Z Dy, with Dy, = E(fn—m(sm—l +Xm) _fn—m(Sm—l + Ym))' (5.2)

m=1

For any two-times differentiable function g, the Taylor integral formula at order two writes

1
g(x+h)—g(x)=g'(x)h+ %hzg”(x) + hzf (1-t)(g"(x+th)—g"(x))dt. (5.3)
0

Hence, for any g in ]2, 3],

Rl (5.4)

1
1., _ 1
lg(x +h) — g(x) — g'(x)h— sh*g"(x)| < th (1—0)[th|T?|gly dt < ——
2 0 ‘ qlg—1)

Let

Dy =E(f,  (Sm-)X2 = 1)) = E(f,, (Sm_1)X2 = Y2))
From (5.4) applied twice with ¢ = f,_,,, x = S,,_1 and h = X, or h = Y,, together with the
martingale property,

1 1
D,,— =D | < ————|foemln E(X [P + Y [P).
A L R CABNAD
Now E(|Y;,[?) <p —1 < (p — 1)M,,. Hence
|Dm - (Din/z)l < Mp |fn—m|Ap (55)

Assume now that f belongs to A,. Then the smoothed function f,_,, belongs to A, also, so that
|fr—ml A, S 1. Hence, summing on m, we get that

E(f(S,) — f(T,)) <nM, +(D’/2) where D’ =D; +Dj+---+D.. (5.6)

Suppose now that n = 2. To bound up D’, we introduce a dyadic scheme.
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Notation 5.2. Set my = m — 1 and write mg in basis 2: my = Z?[:o b;2! with b; = 0 or b; = 1
(note that by = 0). Set m; = Zi\]:L b;2!, so that my = 0. Let I} ; =]k2,(k + 1)2']1 NN (note that
Ina =]2N, oN+17)y, U(k) ZieILkXi and ﬁik) = Ziel Y;. For the sake of brevity, let U( ) = =U; and
5O =g,

Since my = 0, the following elementary identity is valid

N-1

D;n - Z E((f’:/_l_mL (SmL) o fnll—l—mL+1 (SmL+1))(X31 B 1)) ’

L=0

Now my, # m; . only if b, = 1, then in this case m; = k2! with k odd. It follows that

N-1
D=3 3 E(( )~ e Gae) Y KE=0h). G

L=0 kely_10 {m:m;=k2L}
k odd

Note that {m : m; = k2'} =1 1 k- Now by the martingale property,
k k k
B (D0 0= 0%)) = B (U - B = 200
ieIL,k

Consequently

=
iR

D = Z Z E((fn 1- kzL(SkZL) fn 1—(k— 1)2L(S(k 1)2L))Z )

L=0 kely_1 o
k odd

N—

k
= > 2 E((frfl—l_kzL(Skzﬂ—fril_l_kzL(S(k—DZL+TkzL—T(k—1)2L))Z£ ))> (5.8)

L=0 kely_L o
k odd

._\

since (X;);ey and (Y;);ey are independent. By using (1.2), we get that

N-1
k-1 r(k—=1)p— k
D'y > E(URTY -0z,

L=0 keIy_10
k odd

From the stationarity of (X;);cy and the above inequality,

1Nl B L
D' < = > 2V FE(U - T2 ). (5.9)
K=0

Now let Vi be the N(0,2X)-distributed random variable defined from Uy via the quantile transfor-
mation, that is

Vi = 25271 (F (U — 0) + 4 (Fy (Ug) — Fx (U — 0)))

where Fy denotes the d.f. of Uy, and (6 ) is a sequence of independent r.v.’s uniformly distributed on
[0,1], independent of the underlying random variables. Now, from the subadditivity of x — xP~2,
|Ux — Ug|P™2 < |Ug — Vi|P™2 + |V — Ug |P~2. Hence

~ — 1 — 1 ~ — 1
E(|Ux — U P21Z$01) < 11Uk = Vil B2 2 + EQVie — OcP21Z0). (5.10)
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By definition of V, the real number ||Ux — Vi ||, is the so-called Wasserstein distance of order p

between the law of UIEO) and the N(0,2X) normal law. Therefrom, by Theorem 3.1 of Rio (2007)
(which improves the constants given in Theorem 1 of Rio (1998)), we get that, for p €]2, 3],

Uk — Viell, < 2(2(p — 1), x) P < 2(4¢, ). (5.11)

Now, since Vi and Uy are independent, their difference has the N(0,2X™!) distribution. Note that
if Y is a N(0, 1)-distributed random variable, Qyp-2(u) = (®~'(1 — u/2))"~>. Hence, by Fréchet’s
inequality (1957) (see also Inequality (1.11b) page 9 in Rio (2000)), and by definition of the norm
-1,

E(|Vic — UglP=21Z]) < 2 0E20| Z | . (5.12)

From (5.10), (5.11) and (5.12), we get that
~ p—2) (1 - -2 _
E(|Ug — O P=21Z0) < 2074 L8P Zi [ g+ 2KF DR 2 (5.13)

Then, from (5.6), (5.9) and (5.13), we get

N-1

_ — —2— - -2

27NG S My +2P23 A 2P 2 N o K P D |,
K=0

where A}, = leg;é 2KP/272)| |2 ||; 5, Consequently we get the induction inequality

~ 1 N-1 B .
2N S Myt oA+ D2 Nzl o (5.14)
K=0

We now prove (5.1) by induction on N. First by (5.6) applied with n =1, one has {, o < M,,, since
D} = f”(0)E(X? — 1) = 0. Assume now that ¢p, satisfies (5.1) for any L in [0,N —1]. Starting
from (5.14), using the induction hypothesis and the fact that A} < A}, we get that

N-1
2Ny <My + = 3 25zl (M, 4 =g ) )
’ 2v2 K=0 242 p

Now Z_ZK/pHZKHp/z = Ag41 — Ag. Consequently

272 2v2 N p

which implies (5.1) for ¢, . O

A
B 1 N 1 2/p 2 Np/2-1
2N§p,NSMp+—A§v+J ((Mp+—A’) +—x) dx,
0

In order to prove Theorem 2.1, we will also need a smoothing argument. This is the purpose of the
lemma below.

Lemma 5.1. Let S and T be two centered and square integrable random variables with the same
variance. For any r in ]0,p], {,(Ps, Py) < 2¢,(Pg * Gy, P x G1) + 4+v/2.
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Proof of Lemma 5.1, Throughout the sequel, let Y be a N(0, 1)-distributed random variable, inde-
pendent of the o-field generated by (S, T).

For r < 2, since {, is an ideal metric with respect to the convolution,
r(Ps, Pr) < £ (Ps * Gy, Pr % Gy) + 2£,(00, G1) < {(Ps % Gy, Pp * G1) + 2E[Y [

which implies Lemma 5.1 for r < 2. For r > 2, from (5.4), for any f in A,,

1
f(S)—f(S+Y)+f’(S)Y—Ef”(S)Y2 < Y|

1
r(r—1)
Taking the expectation and noting that E|Y|" < r — 1 for r in ]2, 3], we infer that

1, 1
E(f(S)—f(S+Y) - >f (8) < -

Obviously this inequality still holds for T instead of S and —f instead of f, so that adding the so
obtained inequality,

1
E(f(S) = f(T) <E(f(S+Y)-f(T+Y))+ EE(f”(S) —fI(TH+1.

Since f” belongs to A,_,, it follows that

¢ (Ps,Pr) < (Ps* Gy, Pr % Gy) + %Cr—z(P&PT) +1.
Now r —2 < 1. Hence
{r—2(Ps, Pr) = W,_5(Ps, Pr) < (W,(Ps, Pr)) 2.
Next, by Theorem 3.1 in Rio (2007), W,.(Pg, P;) < (32Cr(PS,PT))1/r. Furthermore
(32¢,(Ps, Pr))' /" < ¢, (Ps, Pr)

as soon as {,(Ps, Py) > 2057/275_ This condition holds for any r in ]2,3] if {,(Ps, P;) > 4v/2. Then,
from the above inequalities

1
(Ps,Pr) < {(Ps % Gy, Pr*Gy) + Egr(PS:PT) +1,
which implies Lemma|5.1. OJ

We go back to the proof of Theorem|2.1. Let n €]2N,2¥*1] and £ = n — 2V. The main step is then
to prove the inequalities below: for r > p — 2 and (r,p) # (1,3), for some ¢(N) tending to zero as
N tends to infinity,

£o(Ps , Gp) < ¢, 2N P28 (P Gy)+ C(2N0H27P)2 4 oN(=P)2H2/P)e(N)(¢  (Ps,, G,))P~2/P)
(5.15)
and forr=1and p =3,

{1(Ps,, Gn) < C(N +27N5(Ps,, Gp) + 27V 3(L5(Ps,, G)'P). (5.16)

997



Assuming that (5.15) and (5.16) hold, we now complete the proof of Theorem 2.1l Let C;’; N =
sup,<ov {p(Ps, , G,), we infer from (5.15) applied to r = p that

Cingr S G +CY +22VPe(N)(E5 )P2/P).

Let N, be such that Ce(N) < 1/2 for N < N, and let K > 1 be such that C* Ny S K2MNo, Choosing K
large enough such that K > 2C, we can easily prove by induction that {7 ,, < K2N for any N > N,.
Hence Theorem 2.1 is proved in the case r = p. For r in [p — 2, p[, Theorem- 2.1/follows by taking
into account the bound Q’;N < K2V, valid for any N > N, in the inequalities (5.15) and (5.16).
We now prove and (5.16). We will bound up ¢ ;’N by induction on N. For n €]2N,2N*1] and
¢ =n— 2", we notice that

gr(PSn’Gn) S Cr(PSn:P& * GzN) + gF(PS[ * GzN,Ge * GzN).

Let ¢, be the density of the law N (0, t2). With the same notation as in the proof of Proposition/5.1}
we have

7 (Ps, * Gan, Gl*GzN)—fSUII\D E(f2v(S¢) = fov (Te)) < |f * ponrzla, $p(Ps,, Ge) -

Applying Lemmal6.1, we infer that
£ (Ps,Gp) < L (Ps,, Ps, % Gon ) + ¢, , 2N 7P2¢ (P, Gy). (5.17)

On the other hand, setting S, = X;_, + --- + X,, we have that S, is distributed as S, + Syv and,
Sy + Tov as Sy + Tov. Let Y be a N(0, 1)-distributed random variable independent of (X;);c;, and
(Y;);ez- Using Lemma|5.1, we then derive that

£, (Ps,, Ps, % Gov) < 4V2+ 2 sup E(f (S + Sov + V) — £ (S¢ + Tow +1)). (5.18)
fen,
Let D) = E(f ¢ m+1(5¢ + Sm—1)(X,2,1 —1)). We follow the proof of Proposition 5.1, From the Taylor

expansion (5.3) applied twice with g = fov_ 41, X =S5; +S,,_1 and h = X,,, or h = Y,, together with
the martingale property, we get that

E(f(Sy+Sov +Y) — f(S;+ Ton +Y))

2N
= Z E(fov _ms1(Se + St +Xm) = fov _mi1(Se + Spuoq + Y))
m=1
= (Dy+---+Dj)/2+Ry+--+Ron, (5.19)

where, as in (5.5),
Ry = Mp |f2N—m+1|Ap . (5.20)

In the case r = p — 2, we will need the more precise upper bound

R S E(X2 (15t lloo A —||f($)_m+1||oo|xm|)) —||f<3)_m+1||ooE(|Ym|3), (5.21)
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which is derived from the Taylor formula at orders two and three. From (5.20) and Lemma|6.1, we
have that

R:=R;+---+Ryw =0N0UP+2/2) ifr>p—2 and R=O(N) if(r,p)=(1,3).

(5.22)
It remains to consider the case r = p — 2 and r < 1. Applying Lemma|6.1, we get that for i > 2,
IER oo < €@ = m 4 1)ID2, (5.23)
It follows that
ZXN:E(XZ (”f// ” /\“f(S) || |X |)) < Ci ;E X2(1/\@)
i m AN _myqfloo 2N —m41 oo mm - o] ml-r/2 0 Jm
[x2] 2 0 3
X X0l
0 0
= C]E( Z 2 Z m(?rr)/z) '
m=[X2]+1
Consequently forr=p—2andr <1,

Ri+--4+Ry < C(Mp +E(|Y|3))

(5.24)
We now bound up D] +--- + D;N. Using the dyadic scheme as in the proof of Proposition |5.1} we
get that

N-1
Dy = Y E((ffh, et S
L=0

2N —m

B8y, X = 1) +E(f (SO - 1)
Dy +E(fu (S)X — 1)).

Notice first that

2N
D IEFH B2 - 1) =E((f (50 — F(TZ).
m=1

(5.25)
Since f belongs to A, (i.e. |f|, < 1), we infer from Lemma|6.1/that |f;| A, S Ci(r=P)/2 which means
exactly that

If/(x) = F/' I < Cilr=PI2)x — y =2,

(5.26)
Starting from (5.25) and using (5.26) (with i = 2V), it follows that

2N
D IE(FHGOEE - 1)) < CaNUPRE(S, — T, P2 ).
m=1

Proceeding as to get (5.13) (that is, using similar upper bounds as in (5.10), (5.11) and (5.12)), we
obtain that

=3 — 0 — — 0 — 0
E(IS, — ToP721Z]) < 20742 (L, (Ps,, GO P22 Z Q| o + (20PN ZP 116 -
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Using Remark 2.6, (2.1) and (2.2) entail that ||Z( )||p/2 = 0(22N/P) and ||Z(O)||1 op = = o(2N2-p/2)),
Hence, for some e(N ) tendmg to O as N tends to infinity, one has

oN oN
Z D:n < Z D:,Q + C(E(N)zN((r_p)/2+2/p)(Cp(Pse: G@))(P—Z)/P + 2N(r+2—p)/2)' (5.27)
m=1 m=1

Next, proceeding as in the proof of (5.8), we get that

Z D// < Z Z ( N kZL(SZ +Sk2L) f2N kZL(SK +S(k 1)2L +Tk2L _T(k 1)2L))Z ) . (5.28)

=0 kely-1,0
k odd

Let r > p —2or (r,p) = (1,3). Using (5.26) (with i = 2V — k21), (5.28), and the stationarity of
(Xi)ien, we infer that

2N N-1
D0n < €Y 3L @N-k2hPRE (U, - 0P Z)).
m=1

L=0 keINy—_10
k odd

It follows that

oN N

Sy s 2Ry ey -0 ) rpen 629
m=1 L=0

2N N

Y.py < oNY 2 'E(|u, - 0,|z"|) ifr=1andp=3. (5.30)
m=1 L=0

In the case r = p — 2 and r < 1, we have

ZD” < CZ 7 E( gt prlloo AU lloo UL = T)]Z7))

=0 k€IN—_L0
k odd

Applying (5.23) to i = 2 and i = 3, we obtain

2NL

ZD// < CZz(r 2)L/2E(|Z(1)| Z k(r 2)/2(1 A 2L/2\/—|UL UL|))

Proceeding as to get (5.24), we have that

2NL

;k(r 2)/2(1/\2L/2\/_|UL ULD Zk(r DA L/2f|UL UL|)<C2_“/2|U _UL)

It follows that

N
Yon<cdy ate(|ju -0, ]z"]) ifr=p-2andr<1. (5.31)
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Now by Remark (2.6} (2.1) and (2.2) are respectively equivalent to

D K022z, ||, g, < 00, and Y 27KIPYZ]|, ), < c0.
K>0 K=0

Next, by Proposition Cpx = 0(2K) under (2.1) and (2.2). Therefrom, taking into account the
inequality (5.13), we derive that under (2.1) and (2.2),

_ ~ -2 1 _ _
2 LEOUL—ULlp |2 )D < C27PYZy ||+ C2XP 2D Z - (5.32)

Consequently, combining (5.32) with the upper bounds (5.29), (5.30) and (5.31), we obtain that

N
ZZ o [ @YD) if 2 p— 2 and (r,p) # (1,3) (5.33)
m— 1 O(N) ifr=1andp=3. ’
m=1
From (5.17), (5.18), (5.19), (5.22), (5.24), (5.27) and (5.33), we obtain (5.15) and (5.16).
5.2 Proof of Theorem /3.1
By (3.1), we get that (see Volny (1993))
XO = DO + Zo - ZO o T, (5.34)

where
o0 o0
Zo= Y EX(F_) = Y Xy —EX_(|F_,)) and Dy= ) EX;|Fo) - EX|F-1).
k=0 k=1 keZ

Note that Z, € L, D, € P, D, is &,-measurable, and E(Dy|Z_;) = 0. Let D; = Dy o T, and
Z; =Zgyo T'. We obtain that
Sy =M, +2Z, = Zpi1, (5.35)

where M,, = Z?:l D;. We first bound up E(f (S,) — f (M,)) by using the following lemma

Lemma 5.2. Let p €]2,3] and r € [p — 2, p]. Let (X;);c;, be a stationary sequence of centered random
variables in 1.2V". Assume that S, = M, + R, where (M,, — M,,_1),>1 is a strictly stationary sequence
of martingale differences in L2V", and R,, is such that E(R,,)) = 0. Let no? = ]E(Mf), nai = E(Ss) and
a,=0,/0.

1. Ifre[p—2,1] and E[R,|" = O(n"27P)/2), then ¢, (Ps , Py ) = O(n\"+27P)/2),

2. If r €]1,2] and |IR,|l, = O(n®P)/2), then {,(Ps , Py ) = O(n'"+27P)/2),

3. If r €]2,p], 02> 0 and |R,l, = O(n®7P2), then {,(Ps , P, 5 ) = O(n+27P)/2),
4. Ifr €]2,p), 0> = 0 and |IR, |, = O(n"+>7P/2"), then {,(P5 , G,p2) = O(n'"+27P)/),

Remark 5.1. All the assumptions on R,, in items 1, 2, 3 and 4 of Lemma|5.2 are satisfied as soon as
SUPp>o ”Rn”p < 00.
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Proof of Lemma|5.2, For r €]0,1], {,(Ps,, Py ) < E(|R,|"), which implies item 1.
If f € A, with r €]1,2], from the Taylor integral formula and since E(R,,) = 0, we get

1
E(F(S2) — F(M,) = (R, (£/(M,) — £/(0) + J (F/ (M, + tR,) — £/ (M)t ) ).
0

Using that |f'(x) — f/(¥)| < |x — y|"~! and applying Holder’s inequality, it follows that
E(f (Sp) = £ (Mp)) < IRl f (M) = /Ol jr—1) + IR < IR IAIM 177+ (IR,
Since ||[M,||, < |IM,|l, = vno, we infer that {,(Ps , Py ) = O(nl"+27P)/2),
Now if f € A, with r €]2,p] and if o > 0, we deﬁnne gnby
g(t) = f(e)—tf'(0)— >f"(0)/2.

The function g is then also in A, and is such that g’(0) = g”(0) = 0. Since a?E(M?) = E(S2), we
have
E(f(sn) - f(anMn)) = E(g(sn) - g(anMn)) . (5.36)

Now from the Taylor integral formula at order two, setting R, = R,, + (1 — a,,)M,,,
- 1 -
E(g(Sn) — g(anM,)) = E(Rng (2, M,)) + EE((Rn)Zg”(anMn))
1
—l—IE((Rn)ZJ (1-0)(g"(a,M, + tR,) — g"(a,M,))dt). (5.37)
0

Note that, since g’(0) = g”’(0) = 0, one has

1
E(R,g'(a,M,)) = E(R,a,M, f (g"(ta,M,) — g"(0))dt)
0
Using that |g”(x) — g”(¥)| < |x — y|"~2 and applying Hélder’s inequality in (5.37), it follows that

1 . _ 1 . 1 .
E(g(sn)_g(anMn)) =< :E(an”anMnlr 1)+5||Rn||$“g//(anMn)“r/(r—Z)+EHRn”:

! 1R r—1 ! =211R |2 r—2 1 s r
< _ 1an ||Rn||r||Mn”r +£an ||Rn||r||Mn||r +§||Rn||r

Now a, = O(1) and |IR,ll, < IRyl + |1 = apllIMpll,. Since [ISyllz = IMplla] < [IRyll, we infer
that |1 — a,| = 0(n®"P)/2). Hence, applying Burkhélder’s inequality for martingales, we infer that
IR4ll, = O(n®)/2), and consequently ¢, (Ps, , Po,,) = O(n"+>7P/2),

If 02 =0, then S, =R,,. Let Y be a N(0, 1) random variable. Using that

]E(f(sn) —f(\/HO'nY)) = E(g(Rn) - g(\/ﬁO'nY))

and applying again Taylor’s formula, we obtain that

1 1 I
sup [ECS (Sn) = f (VoY DI < — IRl IV, Y II; 1+§||1~’xn||f||«/ﬁanY||$ 2+§||Rn||£,
€A, -
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where R, =R, — v/no,Y. Since vno, = |IR,|ls < |IR,ll, and since ||R, ||, = O(n("+27P)/2") we infer
that vno, = 0(n"*27P)/2") and that ||R,||, = O(n("+2~P)/2r) The result follows. O

By (5.35), we can apply Lemma|5.2|with R, :== Z; — Z,,,;. Then for p —2 < r < 2, the result follows
if we prove that under (3.1) and (3.2), M,, satisfies the conclusion of Theorem 2.1, Now if 2 <r <p
and o2 > 0, we first notice that

Cr(PanMn’ Gno%) = a;{r(PMn, Gpo2)-

Since a, = O(1), the result will follow by Item 3 of Lemma|5.2, if we prove that under (3.1) and
(3.2), M,, satisfies the conclusion of Theorem 2.1. We shall prove that

1
Y =57 B 70) = B 2 < oo (5.38)

In this way, according to Remark 2.1} both (2.1) and (2.2) will be satisfied. Suppose that we can
show that 1

2 =557 1BOMZ1Z0) — E(S1 202 < 00, (5.39)
n>1

then by taking into account the condition (3.2), (5.38) will follow. Indeed, it suffices to notice that
(5.39) also entails that

1 2 2
2 =57 BT — EM)] < oo, (5.40)

n>1

and to write that

IE(M2|Z) —EM,, < IEM2Z) —ES21Z),)2
+HIE(S2|Fo) — (S22 + IE(S2) —E(M2)] .

Hence, it remains to prove (5.39). Since S, = M,,+Z; — Z,, 1, and since Z; = Z; o T!isin LP, (5.39)
will be satisfied provided that

1
Z WHSH(% = Zpy1)llpj2 < o00. (5.41)

n>1
Notice that
1S:(Z1 = Zny M2 = IMullpllZy = Zngallp +1127 — Zn+1||§-
From Burkholder’s inequality, ||M,|l, = O(v/n) and from (3.1), sup, [|1Z; — Z,41l, < oo. Conse-
quently (5.41) is satisfied for any p in ]2, 3[.

5.3 Proof of Theorem

Starting from (5.35) we have that
M, :=S,+R,+R, (5.42)
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in L?, where
Ry= Y. E(XilZ)— D E(X;|Fo) and R, = D (X = E(X_4|F0)) — D (X — EX_|F,)).
kzn+1 k=1 k>0 k>—n

Arguing as in the proof of Theorem [3.1]the theorem will follow from (3.5), if we prove that

o0

1
2. 57 IBOMZ1Z0) — E(SZ1 20l < oo (5.43)

n>1
Under (3.1), sup,> [IR,ll3 < oo and sup,>, IR, |l3 < co. Hence (5.43) will be verified as soon as

1 ~
D S5 IES R, +R)IF)II32 < 00 (5.44)

3/2
n=1 n

We first notice that the decomposition (5.42) together with Burkholder’s inequality for martingales
and the fact that sup, ||R, |3 < oo and sup, ||R,||; < oo, implies that

IS, Il < Cv/n. (5.45)

Now to prove (5.44), we first notice that

£ (s, X Bl zo|20) |, | < B2 (5.46)
k>1 k>1
which is bounded by using (3.1). Now write
E(Sn Z ) = E(Sn Z ) +E(SnE(52n _Sn|9n)|g0)'
k>n+1 k>2n+1
Clearly
<
[=(s2 > Nop = lalaf| X
k>2n+1 k>2n+1
< C .
< Cvn Z E(X|%o) 5’ (5.47)
k>2n+1

by using (5.45). Considering the bounds (5.46) and (5.47) and the condition (3.4), in order to
prove that

o0
1
2. 57 B RAZ3y2 < 00, (5.48)
n:l
it is sufficient to prove that
— 1
Y 575 B (S0 = Sul Z)|Z0)layz < oo (5.49)
n=11

With this aim, take p,, = [+/n] and write

E(SnE(SZn - Sn|gn)|90) = E((Sn - Sn—pn)E(SZH - Sn|9n)|<9;0)
+E(Sn—an(52n - Sn|<gn)|g;0) (5.50)
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By stationarity and (5.45), we get that

> 3/2||E((s Su-p JE(S2n = Sl Zu)| Fo)lj < Z
n=1 :1

which is finite by using (3.1) and the fact that p,, = [+/n]. Hence from (5.50), (5.49) will follow if

we prove that
o0

1
D 7 IE(Sap, ES2n = Sul o)l Fo)ls 2 < 0. (5.51)

n:l

With this aim we first notice that
”E((Sn—pn - E(Sn—pnlgn—pn))E(SZn - Snlgn”gO)HS/Z
< ||Sn—pn - E(Sn—pnlgn—pn)”B”E(SZn - Sn|gn)||3 P

which is bounded under (3.1). Consequently (5.51) will hold if we prove that

[c8)

1
2 3 B, | P, JE(S2n = Sal Z)| P02 < 00 (5.52)

n—l

We first notice that
E(E(Sn—pn |gn—pn )E(SZH - Sn|9n)|90) = IE(]E(Sn—pn |=g.n—pn )]E(SZn - Sn|ﬂn—pn)|90) >
and by stationarity and (5.45),

”E(]E(Sn—pnlgn—pn)E(SZrl - Sn|gn—pn)|90)“3/2 < ”Sn—pn”B”E(SZn - Snlgn—pn)“B
< C\/H”E(Sn-i-pn - SpnlgO)HB .
Hence (5.52) will hold provided that
H E(kao)Hs <o0. (5.53)

21" k> ]

The fact that (5.53) holds under the first part of the condition (3.4) follows from the following
elementary lemma applied to h(x) = || Zkz[x] EXi|Zo)ll5-

Lemma 5.3. Assume that h is a positive function on R* satisfying h(v'x + 1) = h(y/n) for any x in
[n—1,n[. Then }; ., n *h(v/n) < oo ifand only if 3}, n~'h(n) < co.

It remains to show that
o0

> 3/2||E(s Ro|Z)ll3/2 < 0. (5.54)

n—l
Write
SiRa = Sy DKok~ EX_d ) = Y (X~ E(X ] 2,)))
k>0 k>—n

S (B(SalZn) = Su+ D (BX 41 F,) —EX | Fo))

k=0
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Notice first that

||]E(Sn(sn - E(SnLgn))lgO) ||3/2 = ||]E((Sn - IE:(Sn|<g.n))2|<9.0)”3/2
||Sn - E(5n|9n)||2,

IA

which is bounded under (3.1). Now for p, = [v/n], we write

D (EEX () — EX | Fo)) = D (BX_|F,) — EX_|F,,) + Y (EX_|F,,) — EX_|Fo)).

k>0 k>0 k>0
Note that
DCEESECMES) NEN DY CMESEY Y ITCeMES) |
k>0 k>0 k>0
< | Ze-mo g + | o - @z,
k>0 kzp,

which is bounded under (3.1). Next, since the random variable ), - (E(X_|Z, ) — E(X_¢| %)) is
F,, -measurable, we get
s

< |E(s,. ;)(E(X_Mpn) — EX | Zo)I %)

EEYICCMESECMESEY

k>0

e

PACCMESESCMEN |

k=0

+IES, = Sp, 1, )ll3

< (15, lls + IEGwp, 120)ls) | LB £1,) - B 41200 < ¢V,
k=0

by using (3.1) and (5.45). Hence, since p, = [v/n], we get that

© 1
> B (s B ii,,) - B 20| %), < oo
n=1 k>0
It remains to show that
@ 1
> o E(SHZ(E(X_klﬁf‘n) . E(X_k|9pn))‘90) H3/2 < 00. (5.55)

k=0

3
Il
-

Note first that

DICEEAESCHES) EN YIS CMES B Je e et M) )

k>0 k>0 k>0

DICTEECIES) B D WCESCME S/

k>n k>p,

IA
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It follows that

ECOICCRESRMEREN]
k=0

3/2

scﬁ(

| S EC g + || - Bz ).
3 3

k>p, k>n

by taking into account (5.45). Consequently (5.55) will follow as soon as

S| 5 o -wnis <o

n>1 """ k>[yn]

which holds under the second part of the condition (3.4), by applying Lemma [5.3 with h(x) =
| Zkz[x](X—k — E(X_|Zo))ll5- This ends the proof of the theorem.

6 Appendix
6.1 A smoothing lemma.

Lemma 6.1. Let r > 0 and f be a function such that |f|, < oo (see Notation for the definition
of the seminorm |- |, ). Let ¢, be the density of the law N(O, t2). For any real p > r and any positive
t, |f * ¢, A, S crpt" P|f|a, for some positive constant c,, depending only on r and p. Furthermore
Crr =1

Remark 6.1. In the case where p is a positive integer, the result of Lemma 6.1 can be written as
(p) -
”f *d)t ”oo = Cr,ptr p|f|Ar .

Proof of Lemma 6.1} Let j be the integer such that j < r < j+ 1. In the case where p is a positive
integer, we have

(f )P (x)= f FOwW - fP))pP(x —w)du  sincep—j>1.

Since |f P (u) — FD(x)| < |x — ulr_jlfl,\r, we obtain that
I(F * $ )P < If |, f e —u™1¢P P (x —wldu < |f |, f lul" 1P (w)ldu.

Using that qSEp D(x) =t~ _1¢§p “D(x/t), we conclude that Lemma 6.1 holds with the constant
crp = | 12171977 (2)Idz.
The case p = r is straightforward. In the case where p is such that j <r < p < j+ 1, by definition

9% () = f7 5 (I < I, Ix =y
Also, by Lemma|6.1 applied with p = j + 1,

FP% ()= FP % < e = yIIF U 5 bellos < If [, Crjint” 7 Hx =yl
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Hence by interpolation,

F D) = f D (0 < If I, 7P I — y o

It remains to consider the case where r <i < p <i+ 1. By Lemma|6.1 applied successively with
p=iand p =i+ 1, we obtain that

F D5 (O < If I, it and [f D 5 ¢ GO S Uf g, cripnt™
Consequently
F D5 () = F D ¢ (D S If I, t7 e Acpigat ™M =y,

and by interpolation,

F D5 () = F D5 g (D < If [n, 7P (2, ) PHel L e — y P

6.2 Covariance inequalities.

In this section, we give an upper bound for the expectation of the product of k centered random
variables Hle(Xi —E(X;)).

Proposition 6.1. Let X = (X;,--- ,X}) be a random variable with values in R¥. Define the number

R (CICOD SIS AR RIS () 6.1)
k k
= sup [B( [T (e = P0G > 2o @) =B( ] (o, =205 > x0) |
x€Rk j=1,j j=1,j# *

Let F; be the distribution function of X; and Q; be the quantile function of |X;| (see Section 4.1 for the
definition). Let Fl._1 be the generalized inverse of F; and let D;(u) = (Fi_l(l —u)— Fl._l(u))Jr. We have

the inequalities
1 k
‘El_[ (xi —E(Xi))‘ < J (l_[Dl-(u/d)(i)))du 6.2)
] 0 i=1

i=1

and
’Eﬁ (xi - E(Xi))’ < 2’<f1 (ﬁQi(u/qb(i))) du. (6.3)
i=1 0 i=1

In addition, for any k-tuple (py,...,px) such that 1/p; + ...+ 1/p; = 1, we have

\E (xi—Ex)) ’ < 2* ]L[(¢“))”Pfllxillpi : 6.4)
i=1

k
i=1

Proof of Proposition 6.1. We have that

Eﬁ (Xi - E(Xl-)) - f Eﬁ (1Xi>xi ~PX; > xl-))dxl dxg (6.5)
i=1

i=1
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Now for all i,
k
El_l (le->xl- - P(X; > Xi))

i=1

;

=E | Ty (B( ﬁ (T, = BOG > x, DI (X)) — ﬁ (Tyon, — OG> x,0)) )
\ j=1,j#i j=1,j#
;

=E | Ty, (B( ﬁ (T, =~ BOG > x, Dl (X) ) — ﬁ (Tyon, — OG> ;) )
\ j=L1j# j=1,j#i

Consequently, for all i,

k
E[] (Ixi>xl- —PX; > xi)) < pD(PX; < x) AP(X; > X;)) - (6.6)
i=1

Hence, we obtain from (6.5) and (6.6) that
k 1k
‘El_[ (Xi N E(Xl)). J (l_[f Iu/¢(i)<P(Xi>xi)Iu/¢(i)§P(Xi5xi)dxi)du
i=1 0 i=1
1k
J (HJ IFfl(u/¢(i))5xi<F;1(1—u/¢“>)dxi)d“’
0 i=1

and (6.2) follows. Now (6.3) comes from (6.2) and the fact that D;(u) < 2Q;(u) (see Lemma 6.1 in
Dedecker and Rio (2008)). Finally (6.4) follows by applying Holder’s inequality to (6.3). O

IA

IA

Definition 6.1. For a quantile function Q in LL;([0,1],4), let Z(Q, Px) be the set of functions f
which are nondecreasing on some open interval of R and null elsewhere and such that Q|;(x) < Q.
Let 6(Q, Px) denote the set of convex combinations Z?; Aif; of functions f; in Z(Q,Px) where
Zfil |A;] <1 (note that the series Zfil Aif;(X) converges almost surely and in LL; (Px)).

Corollary 6.1. Let X = (Xq,--,X;) be a random variable with values in R* and let the ¢D’s be
defined by (6.1). Let (fi)i<i<x be k functions from R to R, such that f; € 6(Q;,Px,). We have the

inequality )
k k
e[ T (00 - BCicx) | < 22 f [ [e:(55)dw
i=1 0 i=1

Proof of Corollary 6.1. Write for all 1 < i <k, f; = 272, A;:f;; where 3,° |A;;| < 1 and
fii € Z(Q;, Py,). Clearly

’Eﬁ(fi(xi)_E(fi(Xi))). < ii (lﬁ[|7tji,i|)’ElL[(fji,i(Xi)—E(fji,i(Xi)))‘
i=1 [ B e R '

= i=1
k

N sup El_[ (fji,i(Xi) - E(fji,i(Xi))) ‘ : (6.7)

15 WO 0 Lt
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Since each f; ; is nondecreasing on some interval and null elsewhere,

SO f5 X 5,1, s fi o1 &Kima)s Fiie1 K)o -0 Fiox(XKi)) < 267190

Applying (6.3) to the right hand side of (6.7), we then derive that

k 1k
_E(f.(X, k ("
\E]:! (RO -EGGD) | <2 L [l (gigm)du
and the result follows by a change-of-variables. O

Recall that for any p > 1, the class ¢ (p, M, Px) has been introduced in the definition [4.2|

Corollary 6.2. Let X = (Xq,--,X;) be a random variable with values in R* and let the ¢D’s be
defined by (6.1). Let (py,...,px) be a k-tuple such that 1/p; +...+1/p, = 1 and let (f;)1<;<x be k
functions from R to R, such that f; € €(p;, M;, Px,). We have the inequality

‘E k (fi(Xi)—E(fi(Xi)))‘szzk—l ﬁ(qb(i))l/PfMj/Pi_
=1 i=1
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