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1 Introduction

1.1 Overview

Let S be a random walk on a discrete lattice A € RY, started at the origin. The loop-erased random
walk (LERW) S" is obtained by running S up to the first exit time of the ball of radius n and then
chronologically erasing its loops.

The LERW was introduced by Lawler [9] in order to study the self-avoiding walk, but it was soon
found that the two processes are in different universality classes. Nevertheless, LERW is extensively
studied in statistical physics for two reasons. First of all, LERW is a model that exhibits many simi-
larities to other interesting models: there is a critical dimension above which its behavior is trivial,
it satisfies a domain Markov property, and it has a conformally invariant scaling limit. Furthermore,
LERWSs are often easier to analyze than these other models because properties of LERWs can often
be deduced from facts about random walks. The other reason why LERWs are studied is that they
are closely related to certain models in statistical physics like the uniform spanning tree (through
Wilson’s algorithm which allows one to generate uniform spanning trees from LERWs [30]), the
abelian sandpile model [6] and the b-Laplacian random walk [10] (LERW is the case b = 1).

Let Gr(n) be the expected number of steps of a d-dimensional LERW S". Then the d dimensional
growth exponent a, is defined to be such that

Gr(n) ~ n%

where f(n) ~ g(n) if
. logf(n)

lim ——— =

n—co log g(n)
For d > 4, it was shown by Lawler [10, 11] that a; = 2 (roughly speaking, in these dimensions,
random walks do not produce many loops and LERWs have the same growth exponent as random
walks). For d = 3, numerical simulations suggest that a; is approximately 1.62 [1] but neither
the existence of as, nor its exact value has been determined rigorously (it is not expected to be a
rational number). In the two dimensional case, it was shown by Kenyon [7] that a, exists for simple
random walk on the integer lattice Z? and is equal to 5/4. His proof uses domino tilings to compute
asymptotics for the number of uniform spanning trees of rectilinear regions of R? and then uses the
relation between uniform spanning trees and LERW to conclude that a, = 5/4.

In this paper, we give a substantially different proof that a, = 5/4. Namely, we prove

Theorem 1.1. Let S be an irreducible bounded symmetric random walk on a two-dimensional discrete
lattice started at the origin and let o, be the first exit time of the ball of radius n. Let S™ be the
loop-erasure of S[0, 0, ] and Gr(n) be the expected number of steps of S™. Then

Gr(n) ~ n®/4.

The proof of Theorem 1.1 uses the fact that LERW has a conformally invariant scaling limit called
radial SLE,. Radial Schramm-Loewner evolution with parameter x > 0 is a continuous random
process from the unit circle to the origin in D. It was introduced by Schramm [23] as a candidate
for the scaling limit of various discrete models from statistical physics. Indeed, he showed that if
LERW has a conformally invariant scaling limit, then that limit must be SLE,. In the later paper by
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Lawler, Schramm and Werner [20], the convergence of LERW to SLE, was proved. Other models
known to scale to SLE include the uniform spanning tree Peano curve (k = 8, Lawler, Schramm
and Werner [20]), the interface of the Ising model at criticality (x = 16/3, Smirnov [26]), the
harmonic explorer (k = 4, Schramm and Sheffield [24]), the interface of the discrete Gaussian free
field (x = 4, Schramm and Sheffield [25]), and the interface of critical percolation on the triangular
lattice (kx = 6, Smirnov [27] and Camia and Newman [4, 5]). There is also strong evidence to
suggest that the self-avoiding walk converges to SLEg3, but so far, attempts to prove this have been
unsuccessful [21].

One of the reasons to show convergence of discrete models to SLE is that properties and exponents
for SLE are usually easier to derive than those for the corresponding discrete model. It is also widely
believed that the discrete model will share the exponents of its corresponding SLE scaling limit.
However, the equivalence of exponents between the discrete models and their scaling limits is not
immediate. For instance, Lawler and Puckette [17] showed that the exponent associated to the
non-intersection of two random walks is the same as that for the non-intersection of two Brownian
motions. In the case of discrete models converging to SLE, different techniques must be used,
since the convergence is weaker than the convergence of random walks to Brownian motion. To
the author’s knowledge, the derivation of arm exponents for critical percolation from disconnection
exponents for SLEg by Lawler, Schramm and Werner [19] and Smirnov and Werner [28] is the only
other example of exponents for a discrete model being derived from those for its SLE scaling limit.

There are three main reasons for giving a new proof that a, = 5/4. The first is to give another
example where an exponent for a discrete model is derived from its corresponding SLE scaling limit.
The second reason is that the convergence of LERW to SLE, holds for a general class of random
walks on a broad set of lattices. This allows us to establish the exponent 5/4 for irreducible bounded
symmetric random walks on discrete lattices of R?, and thereby generalize Kenyon’s result which
holds only for simple random walks on Z2. Finally, in the course of the proof we establish some facts
about LERWs that are of interest on their own. Indeed, in a forthcoming paper with Martin Barlow
[2], we use a number of the intermediary results in this paper to obtain second moment estimates
for the growth exponent.

There are two properties of SLE, that suggest that a, = 5/4. The first is that the Hausdorff dimen-
sion of the SLE curves was established by Beffara [3], and is equal to 5/4 for SLE,. However, we
have not found a proof that uses this fact directly. Instead, we use the fact that the probability that a
complex Brownian motion from the origin to the unit circle does not intersect an independent SLE,
curve from the unit circle to the circle of radius 0 < r < 1 is comparable to /4. This and other
exponents for SLE were established by Lawler, Schramm and Werner [18]. We use this fact to show
that the probability that a random walk and an independent LERW started at the origin and stopped
at the first exit time of the ball of radius n do not intersect is logarithmically asymptotic to n=3/4.
We then relate this intersection exponent 3/4 to the growth exponent a, and show that a, = 5/4.

1.2 Outline of the proof of Theorem 1.1

While many of the details are quite technical, the main steps in the proof are fairly straightforward.
Let Es(n) be the probability that a LERW and an independent random walk started at the origin do
not intersect each other up to leaving B,,, the ball of radius n. As we mentioned in the previous
section, the fact that Gr(n) ~ n®/* follows from the fact that Es(n) ~ n~3/4. Intuitively, this is not
difficult to see. Let z be a point in B,, that is not too close to the origin or the boundary. In order for
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z to be on the LERW path, it must first be on the random walk path; the expected number of times
the random walk path goes through 2 is of order 1. Then, in order for z to be on the LERW path, it
cannot be part of a loop that gets erased; this occurs if and only if the random walk path from z to
9B,, does not intersect the loop-erasure of the random walk path from 0 to z. This is comparable to
Es(n). Therefore, since there are on the order of n? points in B,, Gr(n) is comparable to n? Es(n),
and so it suffices to show that Es(n) ~ n~3/4. The above heuristic does not work for points close to
the origin or to the circle of radius n, and so the actual details are a bit more complicated.

Given [ < m < n, decompose the LERW path 5" as
§n — nl D n* ® ,n2

(see Figure 1). Define Es(m, n) to be the probability that a random walk started at the origin leaves

Figure 1: Decomposition of a LERW path into 0!, n? and n*

the ball B, before intersecting n2. Notice that Es(m, n) is the discrete analog of the probability that
a Brownian motion from the origin to the unit circle does not intersect an independent SLE, curve
from the unit circle to the circle of radius m/n. As mentioned in the previous section, the latter
probability is comparable to (m/ n)*/4 [18]. Therefore, using the convergence of LERW to SLE,
and the strong approximation of Brownian motion by random walks one can show that there exists
C < oo such that the following holds (Theorem 5.6). For all 0 < r < 1, there exists N such that for
alln>N,

1
Er3/4 <Es(rn,n) < Cr¥/4, @Y

Unfortunately, N in the previous statement depends on r, so one cannot simply take r — 0 to recover
Es(n). Therefore, one has to relate Es(n) to Es(m,n). This is not as easy as it sounds because the
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probability that a random walk avoids a LERW is highly dependent on the behavior of the LERW
near the origin. Nevertheless, we show (Propositions 5.2 and 5.3) that there exists C < oo such that

C 1 Es(m)Es(m, n) < Es(n) < C Es(m)Es(m, n). (2)

It is then straightforward to combine (1) and (2) to deduce that Es(n) ~ n~3/4 (Theorem 5.7).

To prove (2), we let [ = m/4 in the decomposition given in Figure 1. Then in order for a random
walk S and a LERW S™ not to intersect up to leaving B, they must first reach the circle of radius [
without intersecting; this is Es(l). Next, we show that with probability bounded below by a constant,
1n* is contained in a fixed half-wedge (Corollary 3.8). We then use a separation lemma (Theorem
4.7) which states that on the event Es(l), S and S™ are at least a distance cl apart at the circle of
radius . This allows us to conclude that, conditioned on the event Es(l), with a probability bounded
below by a constant, S will not intersect n*. Finally, we use the fact that n' and n? are “independent
up to constants” (Proposition 4.6) to deduce that

% Es(1)Es(m,n) < Es(n) < CEs(1)Es(m, n).

Formula (2) then follows because m = 41 and thus Es(l) is comparable to Es(m).

1.3 Structure of the paper

In Chapter 2, we give precise definitions of random walks, LERWs and SLE and state some of the
basic facts and properties that we require.

In Chapter 3, we prove some technical lemmas about random walks. Section 3.1 establishes some
estimates about Green’s functions and the probability of a random walk hitting a set K; before
another set K,. Section 3.2 examines the behavior of random walks conditioned to avoid certain
sets. Finally, in Section 3.3 we prove Proposition 3.12 which states the following. For a fixed
continuous curve « in the unit disc D, the probability that a continuous random walk on the lattice
O\ exits D before hitting a tends to the probability that a Brownian motion exits D before hitting
a. Furthermore, if one fixes r, then the convergence is uniform over all curves whose diameter is
larger than r.

Chapter 4 is devoted to proving two results for LERW that are central to the main proof of the paper.
The first is Proposition 4.6 which states that if 4. < m < n then n* and n? are independent up to
a multiplicative constant (see Figure 1). The second result is a separation lemma for LERW. This
key lemma states the following intuitive fact about LERW: there exist positive constants ¢; and ¢, so
that, conditioned on the event that a random walk and a LERW do not intersect up to leaving the
ball B,, the probability that the random walk and the LERW are at least distance c;n apart when
they exit the ball B, is bounded below by c,. Separation lemmas like this one are often quite useful
in establishing exponents; a separation lemma was used in [12] to establish the existence of the
intersection exponent for two Brownian motions and in [28] to derive arm exponents for critical
percolation.

In Chapter 5, we prove that the growth exponent a, = 5/4. To do this, we first relate the non-
intersection of a random walk and a LERW to the non-intersection of a Brownian motion and an
SLE,. Using the fact that the exponent for the latter is 3/4, we deduce the same result for the
former (Theorem 5.7). Finally, we show how this implies that the growth exponent a, for LERW is
5/4 (Theorem 1.1).
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2 Definitions and background

2.1 Irreducible bounded symmetric random walks

Throughout this paper, A will be a two-dimensional discrete lattice of R?. In other words, A is an
additive subgroup of R? not generated by a single element such that there exists an open neighbor-
hood of the origin whose intersection with A is just the origin. It can be shown (see for example
[16, Proposition 1.3.1]) that A is isomorphic as a group to Z2.

Now suppose that V C A\ {0} is a finite generating set for A with the property that the first nonzero
component of every x € V is positive. Suppose that k¥ : V. — (0, 1) is such that

Z k(x)<1.

X€V

Let p(x) = p(—x) = k(x)/2 for x € V and p(0) =1 — ).
distribution p to be

cev K(x). Define the random walk S with

Sn :X1 +X2 + +Xn
where the random variables X; are independent with distribution p. Then S is a symmetric, irre-
ducible random walk with bounded increments. It is a Markov chain with transition probabilities
p(x,y)=p(y —x).
If X = (X!, X?) has distribution p, then

ry;=E[XX] i,j=1,2

is the covariance matrix associated to S. There exists a unique symmetric positive definite matrix
A such that I’ = A%. Therefore, if §j =A"'S;, then S is a random walk on the discrete lattice A~*A
with covariance matrix the identity. Since a linear transformation of a circle is an ellipse, it is clear
that if we can show that the growth exponent a, is 5/4 for random walks whose covariance matrix
is the identity, then a, will be 5/4 for random walks with arbitrary covariance matrix. Therefore, to
simplify notation and proofs, throughout the paper S will denote a symmetric, irreducible random
walk on a discrete lattice A with bounded increments and covariance matrix equal to the identity.

2.2 A note about constants

For the entirety of the paper, we will use the letters ¢ and C to denote constants that may change
from line to line but will only depend on the random walk S (which will be fixed throughout).
Given two functions f (n) and g(n), we write f (n) ~ g(n) if
log f(n) _
n—co log g(n)
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and f(n) = g(n) if there exists 0 < C < oo such that for all n

1
S8 < f() < Cg(n).

If f(n) — oo and g(n) — oo then f(n) < g(n) implies that f(n) ~ g(n), but the converse does not
hold.

2.3 Subsets of C and A

Recall that our discrete lattice A and our random walk S with distribution p are fixed throughout.

Given z € C, let
D.(2)=D(z,r)={weC:|lw—z|<r}

be the open disk of radius r centered at z in C, and
B,(2) =B(z,n) =D(z,n)NA

be the ball of radius n centered at z in A. We write D, for D,(0), B, for B,(0) and let D = D, be the
unit disk in C.

We use the symbol & to denote both the usual boundary of subsets of C and the outer boundary of
subsets of A, where the outer boundary of a set K C A (with respect to the distribution p) is

JK = {x € A\ K : there exists y € K such that p(x,y) > 0}.

The context will make it clear whether we are considering a given set as a subset of C or of A. We
will also sometimes consider the inner boundary

0K = {x €K : there exists y € A\ K such that p(x,y) > 0}.
Welet K =KUJK and K° =K \ 3.K.
A path with respect to the distribution p is a sequence of points
w=[wy,wi,...,w;] CTA

such that
k
p(w):=P{S;=w;:i=0,...,k} =l_[p(col~_1,wi)>0.
i=1

We say that a set K C A is connected (with respect to the distribution p) if for any pair of points
x,y €K, there exists a path w C K connecting x and y.

Given ! <m < n, let ; be the set of paths w = [0, w;,...,w;] C Asuchthatw; €B;, j=1,...,k—1

and w; € JB,. Let ﬁm’n be the set of paths A = [Ag,A4,...,Ar] such that A5 € 0B, A; € Ay, ,,
j=0,1,...,k" =1 and Ay € 9B,, where A,, , denotes the annulus B, \ B,,.

Suppose that I <m < n and that n = [0,7,...,M] € Q,. Let
ki =min{j > 1:n; ¢ B;} ky =max{j > 1:n; €B,}.
Then (see Figure 1), n can be decomposed as 1 = 1! ® n* ® n? where
nt = nM=1[0,...,m,]€Q
N2 n(M) = [Migsts > Mi] € U
N mn(M = M1+ -5 M, 1

3 3
Ll
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2.4 Basic facts about Brownian motion and random walks

Throughout this paper, W;, t > 0 will denote a standard complex Brownian motion. Given a set
K CA, let
og =min{j > 1:S; ¢ K} ox =min{j > 0:S; ¢K}

be first exit times of the set K. We also let
Ex=min{j>1:5;€K} &¢=min{j>0:S;€K}

be the first hitting times of the set K. We let 0, = o5 and use a similar convention for 7, &, and
&,,. We also define the following stopping times for Brownian motion: given a set D C C, let

Tp =min{t > 0: W, € dD}.
Depending on whether the Brownian motion is started inside or outside D, 7 will be either an exit

time or a hitting time.

Suppose that X is a Markov chain on A and that K C A. Let
aﬁ =min{j > 1:X; ¢K}.

For x,y € K, we let
af—l

Gi(x,y)=F* | > 1{X; =y}
j=0

denote the Green’s function for X in K. We will sometimes write GX(x, y; K) for G;g (x,y) and also
abbreviate Gl)g (x) for Gl)g(x, x). When X =S is a random walk, we will omit the superscript S.

Recall that a function f defined on K C A is discrete harmonic (with respect to the distribution p) if
forall z €K,

2f(z):=—f(@)+ ), plx —2)f (x) =0.

XEA

For any two disjoint subsets K; and K, of A, it is easy to verify that that the function
h(z) =P {&, <&}

is discrete harmonic on A\ (K;UK,). The following important theorem concerning discrete harmonic
functions will be used repeatedly in the sequel [16, Theorem 6.3.9].

Theorem 2.1 (Discrete Harnack Principle). Let U be a connected open subset of C and A a compact
subset of U. Then there exists a constant C(U,A) such that for all n and all positive harmonic functions
fonnUNA

fl)=CU,Af(y)
forall x,y € nANA.

Suppose that X is a Markov chain with hitting times
=X . (-
& =min{j > 0:X €K}.
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Given two disjoint subsets K; and K, of A, let Y be X conditioned to hit K; before K, (as long as
= —X
this event has positive probability). Then if we let h(z) = P* {:‘,);{1 <& K, }, Y is a Markov chain with

transition probabilities

h
p (x,y)= %px(x,y)-

Therefore, if w = [wy, ..., w;] is a path with respect to p* in A\ (K; UK,),

h(wy)
h(ewg)

Using this fact, the following lemma follows readily.

p'(w)= p*(w). 3)

Lemma 2.2. Suppose that X is a Markov Process and let Y be X conditioned to hit K; before K,.
Suppose that K € A\ (K; UK,). Then for any x,y €K,

h(y)
Gy(x,y) = @Gf(xd’)-
In particular, G}g(x) = Gfg(x).

Finally, we recall an important theorem concerning the intersections of random walks and Brownian
motion with continuous curves.

Theorem 2.3 (Beurling estimates).

1. There exists a constant C < oo such that the following holds. Suppose that a : [0,t,] — Cisa
continuous curve such that a(0) =0 and a(t,) € dD,. Thenif z € D,,

|Z| 1/2
P*{W[0,7.]Nal0,t,] =0} <C (7) .

2. There exists a constant C < oo such that the following holds. Suppose that w is a path from the
origin to dB,,. Then if z € B,,

|zl

1/2
P*{S[0,0,]Nw=0}<C (7) )

Proof. The statement about Brownian motion can be found, for example, in [14, Theorem 3.76].
The statement about random walks was originally proved in [8]; a formulation that is closer to the
one given above can be found in [15]. O

2.5 Loop-erased random walk
We now describe the loop-erasing procedure and various definitions of the loop-erased random walk

(LERW). Given a path A = [Ag,...,A,,] in A, we let L(A) = [A,,...,A,] denote its chronological
loop-erasure. More precisely, we let

so = sup{j : A(j) = A(0)},
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and fori >0,

si =sup{j : A(j) = A(s;—1 + 1}
Let

n=inf{i :s; =m}.

Then

L(A) = [A(s0), A(s1); - -+, Alsp)].
Note that one may obtain a different result if one performs the loop-erasing procedure backwards
instead of forwards. In other words, if we let AR = [A,,,...,A,], then in general, L(AR) # L(A)R.

However, if A has the distribution of a random walk, then L(AR) has the same distribution as L(A)R
[10, Lemma 7.2.1].

Now suppose that S is a random walk on A and K is a proper subset of A. We define the LERW SX

to be the process
SK =1(S[0,04]).

In other words, we run S up to the first exit time of K and then erase loops. We write S" for S We
also define the following stopping times. Given A C K, we let

Af = min{j > 1:§JK ¢ A}.

If either A or K is a ball B,,, we replace A or K by n in the subscript or superscript.

Different sets K will produce different LERWs S, but one can define an “infinite LERW" as follows.
For w € Q;, and n > [ let
(@) =P {8[0,57] = w}.

Then one can show [10, Proposition 7.4.2] that there exists a limiting measure y; such that
lim () = py(w).
n—o0

The u; are consistent and therefore there exists a measure y on infinite self-avoiding paths. We call
the associated process the infinite LERW and denote it by S. In this paper, we will consider both the
infinite LERW S, and LERWs SX obtained by stopping a random walk at the first exit time of K and
then erasing loops.

Suppose that X is a Markov chain and w = [w, ..., w,] is a path in A with respect to p*X. One can
write down an exact formula for the probability that the first k steps of the loop-erased process XX
are equal to w. Letting A; = {wy, ..., w;}, j=0,...,k,A_; =0, and GX(.;.) be the Green’s function
for X, we define

k
GX(w) =] [6¥(w;K\A)). (4)
j=0
Then [13],
P{X¥[0,k] = w} = p* ()G ()P {0k < EX}. (5)

We can use the previous formula to show that while LERW is certainly not a Markov chain, it does
satisfy the following “domain Markov property”: for any Markov chain X, if we condition the initial
part of X to be equal to w, the rest of X can be obtained by running X conditioned to avoid w and
then loop-erasing.
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Lemma 2.4 (Domain Markov Property). Let X be a Markov chain, K C A and w = [wq, W1, ..., W)
be a path in K (with respect to pX). Define a new Markov chain Y to be X started at wy, conditioned on
the event that X[1,0%] N w = 0. Suppose that ' = [w}...,w;,] is such that w & &’ is a path from
wq to K. Then,

P{X*[0,6§] =w® o’ | X¥[0,k] = 0} =P{V¥[1,5}] = '}.

Proof. Let GX(.;.) and GY(.;.) be the Green’s functions for X and Y respectively. Then by formula
(5),

P{X"[0,5f] =w @ o'} P (@ ® )G (w)Gyy ,(@');
P {)?K [0,k] = co} = p*(w)Gy (w)P {O'}Ig < gif)} ;
P {?K [0,57]= o)’} = p"()GE ().

However,
p*(w ® ) = p*(w)p* (o),
X /
p* ()
P = T
P%x {O‘K < gw}
and by Lemma 2.2,

Gy (w) = G};\w(a)’) = Gﬁ\w(w’).

2.6 Schramm-Loewner evolution

In this subsection, we give a brief description of Schramm-Loewner evolution. For a much more
thorough introduction to SLE, see for instance [14] or [29].

Suppose that y : [0,00] — D is a simple continuous curve such that y(0) € D, y(0,00] € D and
y(00) = 0. Then by the Riemann mapping theorem, for each t > 0, there exists a unique conformal
map g, : D\ y(0,t] — D such that g,(0) = 0 and g;(0) > 0. The quantity log g;(0) is called the
capacity of D\ y(0, t] from 0. By the Schwarz Lemma, g;(0) is increasing in ¢ and therefore, one
can reparametrize y so that g;(0) = e'; this is the capacity parametrization of y. For each t > 0, one
can verify that
U, := lim g.(2)
z2—y(0)

exists and is continuous as a function of t. Also, g, and U, satisfy Loewner’s equation

U + 8:(2)
b

Ur — 8:(2)

Therefore, given a simple curve y as above, one produces a curve U, on the unit circle satisfying (6).
One calls U, the driving function of y.

8:(2) = 8:(2) go(z) = 2. (6)

The idea behind the Schramm-Loewner evolution is to start with a driving function U, and use that
to generate the curve y. Indeed, given a continuous curve U : [0,00] — JdD and z € D, one can
solve the ODE (6) up to the first time T, that g,(z) = U,. If we let K, = {z € D : T, < t} then one
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can show that g, is a conformal map from D \ K, onto D such that g,(0) = 0 and g;(0) = e’. We
note that there does not necessarily exist a curve y such that K, = y[0, t] as was the case above.

The radial Schramm-Loewner evolution arises as a special choice of the driving function U,. For
each k > 0, we let U, = ¢!V*B: where B, is a standard one dimensional Brownian motion. Then
the resulting random maps g, and sets K, are called radial SLE,. It is possible to show that with
probability 1, there exists a curve y such that D \ K, is the connected component of D \ y[O0, t]
containing O (see [22] for the case xk # 8 and [20] for k = 8). In [22] it was shown that if k < 4
then y is a.s. a simple curve and if k > 4, y is a.s. not a simple curve. One refers to y as the radial
SLE, curve.

One defines radial SLE, in other simply connected domains to be such that SLE, is conformally
invariant. Given a simply connected domain D # C, z € D and w € 9D, there exists a unique
conformal map f : D — D such that f(0) =z and f(1) = w. Then SLE,. in D from w to 2 is defined
to be the image under f of radial SLE, in D from 1 to O.

We will focus on the case x = 2, and throughout y : [0, 00] — D will denote radial SLE, in D started
uniformly on . If D C D, we let

Tp =inf{t > 0:y(t) € dD}.

We conclude this section with precise statements of the two facts about SLE, that were mentioned
in the introduction: the intersection exponent for SLE, and the weak convergence of LERW to SLE,.

Theorem 2.5 (Lawler, Schramm, Werner [18]). Let y be radial SLE, from 1 to 0 in D and for
0 <r <1, let T, be the first time y enters the disk of radius r. Let W be an independent complex
Brownian motion started at 0. Then

P{W[0,7p]Ny[0,7,.] =0} =<r",

where ta
K
v(k) = 5

In particular, v = 3/4 for SLE,.

In order to state the convergence of LERW to SLE, we require some notation. Let I" denote the set
of continuous curves a : [0, t,] — D (we allow t, to be co) such that a(0) € D, a(0,t,] € D and
a(t,) =0. We can make I into a metric space as follows. If @, 8 €', we let

d(a, p)=inf sup |a(t) - B(6())

>

where the infimum is taken over all continuous, increasing bijections 6 : [0, t,] — [0, tg]. Note that
d is a pseudo-metric on I', and is a metric if we consider two curves to be equivalent if they are the
same up to reparametrization.

Let f be a continuous function on T, y be radial SLE,, and extend S™ to a continuous curve by linear
interpolation (so that the time reversal of n~1S"is in "), then

Theorem 2.6 (Lawler, Schramm, Werner [20]).

mE [f(n'S)] =E[f(1)].
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3 Some results for random walks

In this section we establish some technical lemmas concerning random walks that will be used
repeatedly in the sequel.

3.1 Hitting probabilities and Green’s function estimates

Recall that & is the first hitting time of the set K and G(.; A \ K) is the Green’s function in the set
A\K.

Lemma 3.1. Let K;,K, C A be disjoint and z € A\ (K; UK,). Then,
p* {gKl < 51(2}

G(z; A\Ky)

STopr{E <k, | & <&} PP {SCE) =y}

yEIK,
Proof. We begin by showing that for any K ¢ A, z € A\K and y € J,K,
P {S(Ex) =y} = Gz A\K)P* {S(Ex AE,) =y}
To prove this, we proceed as in the proof of [10, Lemma 2.1.1]. Let
T =sup{j < &g :S; =z}

Note that 7 is not a stopping time. However, since 7 < &,

PP {S(&x) =y}

0

= ;Pz{gKIk;SkIJ’}
=1

-1

=

1]

P{Ex=kS=y;7=j}

.

.Mg A

+

P°{S; =25 =y;S; ¢K,0<i<j;S;¢KuUfz},j+1<i<k}
1

»
Il

J

Il
M M TP

Il
=}

(0]
P {S; =25, ¢K,0<i<j} Y P{S=y,5¢Kufz},1<i<k}
J k=1

= Gax(@)PP {S(Ex AED) =y}

Applying the previous equality to K = K; UK,, we get that

P {E <8} = D, P {SCru,)=r}
YEGK,
= GEA\(K UKy) Y, P {S(Ex, AEk, AED =y}

YEGK,
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By reversing paths, one sees that

P {S(Ex, NEx, NE) =y} =P {S(Ek, A&k, AE) =2}

Thus,

P {5K1 < §K2}
Gz A\ (K UK,)) Y PY{S(Ex, A&k, NE,) =2}

YEGK,

G(z: A\ (K UKR)) Y. PY{E, <&, | & <& } P {& <&k}

YEG Ky

However, by reversing paths yet again,

P {S(&x,) =y}
GA\Kl(Z)

PY{E, <&k} =P {S(E AE) =y} =

b

which completes the proof of the lemma. O

Lemma 3.2.

1. There exists ¢ > 0 and N such that for all | > N the following holds. Suppose that K C A contains
a path connecting 0 to 0 B;. Then for any x € By,

P {&x <oy}=>c.

2. There exists ¢ > 0 and N such that for all N < 2l < n, the following holds. Suppose that K C A
contains a path connecting 0 By; to dB,,. Then for any x € 9By,

P (Ao, <&} >c.

Proof. Proof of (1): We assume that N is sufficiently large so that for all | > N, each of the steps
below works.

First of all, we may assume that z € B; 4 since if z € By,
P? {51/4 < 021} > c.
If p is the distribution of the random walk S, let
m = max{|x| : p(x) > 0}.

Since K connects 0 to dB;, there exists a subset K’ of K such that for each i = 1,...,|I/m], there
is exactly one point x € K’ such that (i — 1)m < |x| < im. It is clear that if the lemma holds for K’
then it will hold for K. Therefore, we assume that K has this property.

By [16, Proposition 6.3.5], there exists a constant C such that if z € By,

Gg,(0,2)=C [logl —loglz|] + o(lz|™).
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Therefore, if y,z € B; with |z — y| <1/2, and [ is large enough,

GBZZ(Z)y) = GBI(an_Z)
> C [logl—log|z—y|] +O(|z—y|_1)
> ¢1>0.

Similarly, if z, y € B,
Gp, (%,¥) < Gp, (0,y —2) < C [logl —log|z — y|] +C".

Let V be the number of visits to K before leaving By;. Then for any z € B 4, since there are at least
[/(4m) points within distance [/2 from g,

Cll
E°[V]= ) Gp (2,y)>—.
[v] yZK 5 (5 0) 2

Also, since there are at most 2j/m points in K within distance j from z € B;,

Therefore, for any x € By,

EX[V] S G
EX [V | Eg <oy ~ 4Cy

P {Ex <oy}=
Proof of (2): We again let N be large enough so that if [l > N the following steps work. For x € 9B,
there exists ¢ > 0 such that for all [ large enough,
P~ {0'41 < gl} > C.

Therefore, we may assume that n > 41. We will show that if K C A contains a path connecting 9By,
to 0By, then

P {&x <&} =c
It suffices to show that for all z, y € By; \ By,
¢; <G(z,y;Bj) < Cy [logl—log|z—y|—l—C’}. 7

For if we can show (7), then we can proceed as in the proof of (1).

To prove the left inequality, we note that for z € 9B /4(y),

G(Z, y:Blc) = GBI/Z(y)(ZJ }’) >c

by the estimate in (1). Therefore, for any 2,y € By4; \ By,
GGz, y3B) 2 P {5 <&},

1026



and by approximation by Brownian motion, one can bound the latter from below by a uniform
constant.

We now prove the right inequality in (7). By the monotone convergence theorem,
G(z,y;B[) = lim G(z,y; By \ B)).
However, since B,, \ B; is a finite set, we can apply [16, Proposition 4.6.2] which states that
G(z,y; By \B) =E* [a(S(op,\5) — ¥)] —alz— ),
where a denotes the potential kernel. By [16, Theorem 4.4.3],
a(z) = C*loglz| + C' +0(|z|~2).
Therefore,

G(2,y;Bm \ B)
< [C*log5l]P* {§; < o} + [C*log(m+4D)]P* {0, < &} — C*log|z — y| +cC”.
However, because |z| < 41, a standard estimate [16, Proposition 6.4.1] shows that
log(4l) —logl+C < C
logm—logl ~ logm—1logl’

P lo, <&} <
Therefore,

G(z,y;B)) = lim G(z,y;Bmp,)

) . log(m + 41) . P
< lim C*loghl+C— = —C log}z—y|+C
m—00 logm — logl

= C* [logl —log|z—y~ +C”] .
O

Lemma 3.3. There exists C < oo and N such that for all N < 2] < n, the following holds. Suppose
that K C A contains a path connecting 0By to dB,,. Then for any z € Bj,

G(z; B, \ K) < CG(z;By).
Proof. Without loss of generality, we may assume that K € A \ By;. In that case, 04 < £x A 0, for
all walks started in B; and therefore,

G(z;B,\K) = P {&gno, <&} "

= Z Pw{gK/\O'n<€Z}PZ{S(O'21):W§O'21<§z}

WEOIBy
However, by Lemma 3.2, for any w € B,
PY{Ex Ao, <&} =>c>0.

Therefore,
G(z;B, \K) < CP* {0y < &,} ' = CG(3; By).
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Lemma 3.4. There exists ¢ > 0 and N such that for N < 21 < n the following holds. Suppose K C A\By;
contains a path connecting d By; to dB,,. Then for z € B,

PP {Eo <0y | Eo<&knon}=c.
Proof. To begin with, we claim that it suffices to show that

P*{Eo <& NOop} SCPP{E; <oy} 8)

for z € 9B; such that
PP{Ey <&k ANo,}=max P’ {& <& Ao, ).
yeaBl

To see this, note that

PP {Ey <oy}
PE{Ey <& AT}

P&y <0y | Eg<ExAo,}=

Therefore it suffices to show that for all z € B,

PP{Ey<Ex N} SCPP{E < 0y}.

However, for z € B;,

P {&o <&k N0} =P {{ <o} + Z P {&o <Ex Ao} PP {S(Eg N o) =w}

wedB;

and

P {E <oy} =P {&o<o}+ Y P"{& <oy}P* {S(Eyra)=w}.

WEaBl

Furthermore, by the discrete Harnack inequality, for any y, y’ € 9B,

P’ {&, <5K/\O-n}xpy/{€0<€l</\o-n}

and

P’ {&y <oy} =p {€o<ou}.
Therefore, the lemma will follow once we prove (8).
Let z € dB; be such that

PP {E) <&k ATn} = max PV {Ey <&k N0T,}.
Then,
P &g <&k non} = P {Eg<ou}l+P {oy <& <&k AT}
Now,

PP {0y <&p;&0 <&k AO,}
= Z P {Ey <Ex N} PP {S(0y) =w;09 < &p} .

WEale
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By Lemma 3.2, for any w € B,

P {Ey <&k Non} = ZPW{S(gl):y;gl<§K/\O-n}Py{§0<€KAO-n}

y€IB,
< PY{E <& Ao} P {Eg < Eg ATy}
< (1-¢c)P {60 <&g /\O'n}'

Thus,

PP {Ey<Ex AT} PP{Ey<oyl+Q—c)PP{&; < Ex Ao} PP {oy <&}

<
< Py <oy} + Q- {E <& AT},

and therefore 1
PP{Ey<&xno,} < EPZ {Eo<ou},

which completes the proof. O

3.2 Random walks conditioned to avoid certain sets

Proposition 3.5. There exist constants N and ¢ > 0 such that for all n > N the following holds.
Suppose that K € A\ B,(n,0) where B,(n,0) denotes the ball of radius n centered at (n,0) (see Figure
2). Then,

P {arg(so) € [-5. 01 [ on <&} 2

A A
A A

Figure 2: The setup for Proposition 3.5

)

Proof. Forz €D, let
T
h(z) = P* {arg[W(z5)] € [,

NG|
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where W denotes standard two-dimensional Brownian motion. Then h is the solution to the Dirichlet
problem with boundary value 1;_ 4 /4. Therefore, we can express h as

1 (3 4
h(z)z—f Hp(z,e)do
27T | =
4

where
H oy _ 17 2
n(z,e")= |i0—2
el? — z|
is the Poisson kernel for the unit disk.

One can compute h (it is easier to consider the problem on H and then map back via a conformal
transformation):

1 [ ((ﬁ—1)|1+z|2+21m(z))
h(z) = p arctan

1— |z
(V2-1)|1+2*> — 2Im(z)
+ arctan 1 |z|2 .

We now establish three basic facts about h that we will use below.

1. Let D;(1) be the disk of radius 1 centered at the point 1. We claim that for all z € D\ D;(1),
h(z) < h(0). By the maximal principle for harmonic functions, h restricted to D \ D;(1) takes
its maximal value on dD;(1) N D (since h vanishes on dID \ D;(1)). Thus, to prove the claim,
it suffices to show that

f(t)=h(1+cost,sint)

takes its maximal value at t = 7 for 2t/3 < t < 47/3. Since one has an explicit formula for
h, this is left as an exercise for the reader or the reader’s Calculus students.

2. Next, fixing w = e'? it is a basic calculation to show that

dHp(., JHp(.,
M(O)ZZCOSQ, M(0)=25in9.
Jx ay
Therefore,
Jh 1 [+ V2
—(0 =—f (2cos0)dO = —,
dx 21w | » T
4
and

3h(0)_ ! %(2' 0)do =0
ay _27'5 e sin = V.
4

These results can also be obtained from the explicit formula for h.
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3. Finally, there exists 0 < r < 1 such that forall r < |z| < 1, and }arg(z)| > 1t/3, h(z) < 1/8. This
follows from the fact that if |z| > r and |arg(z)| > 7/3 then for w € 9D with |arg(w)| < /4,
|z

2
|w—z|2_ =%,

Hp(z,w) =

which can be made to be arbitrarily close to 0.

Assume that n is large enough so that B,,, C nDD where r is as in the previous paragraph. We let
h,(z) = h(z/n) which is harmonic in nD. Then for z € B,,,, define

hy(2) = E [hy(S(T )] -
Then Tln is discrete harmonic in B,,, and agrees with h,, on 9B,,,.

A natural question to ask is how close does the discrete harmonic solution Tln approximate the
continuous harmonic solution h,,? By [16, Corollary 6.2.4], for all z € B,,,

h(z)—h(z) E* i.%h(S) ,

j=0

where Zf(x)=—f(x)+>, yean P(Y)f (x+y) is the generator for S. Consider the associated operator

— 1
Z)= 3 TS0

YEA
By Taylor’s theorem, for any C* function f and z € A,

| 2f (=)~ £ (2)] < CR*M4(F)(=),

where R is the range of the walk S and M,(f) is the L* norm of the sum of the fourth derivatives
of f in the disk Dg(2).

Since the random walk S has covariance matrix the identity (we have been assuming that S has
this property but this is the first place we use it), one can show that ¢ is actually a multiple of the
continuous Laplacian. Thus, £h, = 0. Furthermore, since the fourth derivatives of h are bounded
on rD, My(h,) is bounded by Cn~* in B,,. Therefore, combining all the previous remarks (and
letting CR* = C since R depends only on the random walk S which we’ve fixed), we obtain that for
z€B

rmn»

rn_l

< EF| ) CR'My(h,)(2)

j=0
Cn*E* [0, — 1]

<
= Ccn*? Z G,(z,x)

X€B,

< Cn™* ) G(0,x)
X€B,,

< 4 Z [log2n —log|x|+ C']
X€B,y,

< Cn 2
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We now have all the pieces we need to prove the proposition. Let z be any point in B,, \ B,(n,0),
and fix x € A such that Re(x) > 0. Then by Taylor’s theorem and our previous observations about
h, if n is large enough so that x is in B,,,

() = hy(2)
= [Rp(x) = ()] + [y () = hy(0)] + [1,(0) = Ry (2)] + [ha(2) — p(2)]

Joh
—Cn %2+ [n‘la—(o) Re(x) — n 2M,(h) |x|2] +0—-Cn2
x

A%

where M,(h) is the L* norm of the sum of the second order derivatives of h in rI. Since %(0) >0,
it is clear that for n sufficiently large, N _
hn(x) = hy(2),

for all z € B,,, \ B,(n,0).
Since K € A\ B,(n,0),

E* [hn(s(arn)) | gK < o-rn:|

IA

max E* [h,(S(o,,))]

2€KNB,,

=  max h,(z
2€KNB, , n(2)

(%)
E* [1y(S(0,n))] -

Thus,

Ex [hn(s(arn))] Ex [hn(s(arn)) | gK < Urn:l PX {gK < O-rn}
Ex [hn(s(o-rn)) | Grn < gK:l Px {O-T'Tl < gK}
Ex [hn(S(Grn))] Px {gK < Grn}

E* [h,(S(0:n)) | 0 < Ex] P {0, < Ex}

+ IN +

This implies that

B [hy(S(0)) | Opn <Ek] = E* [h(S(0,))]
= T,(x)

7,(0)

A%

v

h(0)—Cn™2>

U] =

for n sufficiently large, since h(0) = 1/4.
Recall that r was defined so that for all z such that r < |z| < 1, and {arg(z)| > /3, h(z) < 1/8.
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Therefore,

IA

E* [h,(S(0,0)) | 0 < &k ]
= Z hn(Z)Px {S(Grn) =2z | Orp < gK}

|arg(z)|>m/3

+ Z h,(2)P* {S(0,,) =2 | o < Ex}

|arg(z)|<m/3

é (1 — P {|arg5(om)| < g ‘ O < EK})

v
+ P {\argS(o-rn)| < 3 ‘ O < gK}.

U] =

IA

Thus,
T
P {|argS(arn)| < 3 ‘ Orn < §K} >c>0.

Since x is independent of K and n,

PO {gx < gK A orn} Z ¢

and hence,
T
P° {|arg5(o-rn)~ = § ‘ Orp < EK} >c>0.

Finally,

v

T T
P0{|arg8(on)| SZ ‘ O-n<§K} PO{}argS(an){ SZ;OH<€K O-rn<O-K}

Y

T
cp°® {|arg8(om)} < 3 | om < 51(} > c.

O

Lemma 3.6. For 0 < 0 < T, there exist c(6), N(8) and a(6) such that the following holds. For n > N,
and z € Awith N < |z| <n, let W be the wedge

W={xeA:0<|x|<n,

arg(x) — arg(z)| <6}.

Then,
||

Ploy=o0,}>c (—)a

n

Remark By comparison with Brownian motion, one expects that a(6) = /6 would be the optimal
constant. However, in this paper we will only need the existence of a and not its exact value.

Proof. It is clear that we can make a(0) non-increasing in 0, therefore, without loss of generality,
take 6 < 1/2. Also, without loss of generality, assume arg(z) = 0.

Let W be the cone .
W={xeA: |arg(x)| <0}.
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We define a random sequence of points {z,} C W as follows. We let z, = z. Then, given z;, we let
By be the largest ball centered at z; such that B C W, ry be the radius of By and let 2, = S(0p,)
where S is a random walk starting at z;.

We note that z; = z; for all j > k if and only if z; € g W. We make N(6) large enough to ensure that
if |z| > N then z ¢ 8, W. In this case, there exists ¢/(6) > 0 such that ro > ¢’(0) |z].

Let E; denote the event that 2, # 2, and that

0
|arg(zk+1 - Zk)| = 5
On the event Ey,
Tes1 = (14 2sin(0/4))r = c(0)ry,
and ) )
|Zk+1| > |Zk| + rf
(we use the fact that 6 < 7/2 for the second assertion). Therefore, if Ey, ..., E; all hold, then
re > Cry > ¢/ 2|

fork=1,...,j. Therefore,

J
|zj+1|2 > |z|2+Zr,f
k=0
J
> |z|2+2(c’)252k|z|2
k=0
> (% |z)2.

Since ¢ > 1, it follows that if we let j be the smallest integer such that

_ log(n/c'I3)
log(®

then

J
ﬂE] C {O-W :O-n}.
k=0

Finally, by the invariance principle, there exists a constant ¢”’(6) and N such that forn > N, P (E;) >
c¢” for all k. Therefore,

J j a(0)
P {oy =0, 2P | (E | =] P (B> V" > c(6) (@) ,
k=0 k=0 n
where a = —log(c”)/log(¢) and ¢ = ¢”(c")*. O

Corollary 3.7. Fix 6,,6, € (0, 7/2). There exist N, a and ¢ > 0 depending only on 6, + 0, such that
the following holds. Let N <1 <m < n, and z € 0B,,. Let W be the half-wedge

W={xeA:l<|x|<n,—0; <arg(x)—arg(z) < 6,}.
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1. Let r = min{msin 6;, msin 6,,m — l}. Then for any K C B,
r a
P*{S[0,0,]CW | o, <&k} >c (—) .
n

2. Let ' = min{msin6;,msin6,,n — m}. There exists § = B(6; + 05,1/m) such that for any
K C A\B,,

P! B
PZ{S[O,SZ] cw | gl <€K}ZC (;) .

Notice that in both cases, the right hand side depends only on 6, 6, and the ratios l/n and m/n.

Figure 3: The setup for part 1 of Corollary 3.7

Proof. Both parts of the corollary are proved similarly. We prove 1 in detail, and indicate the modi-
fications needed to prove 2.
Without loss of generality, assume that arg(z) = 0. The quantity r defined in the statement of the
corollary is the radius of the largest ball with center z whose closure is contained in the half-infinite
wedge

W={xeA:|x|>1,—-60; <arg(x) < 6,}.
We can apply Proposition 3.5 to the ball B = B(z, r), to obtain that there exists a constant ¢ > 0 such
that

P? {{arg(S(UB)—z)| < % ‘ op < <§K} >c.

Let y be any point on @B such that |arg(y — z)| < 1/4, and let B =B(y,r/2). Note that B € W\B,,.
There exists a point w € 3B such that y is on the bisector of the angle formed from the lines joining
w to the two outermost "corners" of W, x; = ne'%1 and x, = ne'®. Let

s= max{{xl -w

X —W|} < 2n,

3
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and let W be the wedge with vertex w, radius s and such that x; and x, are on dW. The wedge
W will have aperture 6 > (6, + 6,)/2 and y will be on the axis of symmetry of W. Therefore, by
Lemma 3.6,

P’ {S[0,0,] CW;0, <&k} = P {oF=0pu.4}

r\ a(®)
> c(e)(—)
S
r\ a(6,+65)
> c(91+92)(;) .

To finish the proof of 1, let

Then,

P {S[Oaan] - W;On < gK}

> > P {5[0,0,] CW;0, <&} P {og < Ex;S(05) =y}
y€dB(z,R)
|arg(y—z)|§n/4
=

c'P? {|arg(S(GB) —z)| < %;O"B < §K}

c'P* {op < &k}
P {o, <&Ek}.

v v

The proof of 2 is similar. In this case, the angle 6 of the wedge W will be such that

0> o] (21 sin((6; + 92)/2))

m

This is why 8 will also depend on [/m. Besides this observation, the proof of 2 is identical to the
proof of 1.

O

The following corollary is similar to the previous one, except that here we are conditioning to avoid
sets that are on either side of the half-wedge.

Corollary 3.8. Let 6 € (0,2nt] and 0 < a <1 < b < co. Then there exists N and ¢ > 0 depending on
a, b and 0 such that for n > N the following holds. Let W be the half-wedge

W ={x:an < |x| < 4bn,

arg(x)| <6}.

Suppose that K; C B, contains a path connecting 0By, to 9;B,, and K, C A\ By, contains a path
connecting 0By, to B4p,. Let K = K; UK,. Then for any z € 0B,, y € 0By, with |arg(z)) < 0/2,

|arg(y)| < 6/2,
PZ{S[O,iy] cw | g, < gK} > c.
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Figure 4: The setup for Corollary 3.8

Proof. Applying part 1 of Corollary 3.7 to the half-wedge

D

W* = {x : an < |x| < 2n, |arg(x) — arg(z)| < Z}’

one obtains that there exists a constant ¢ = c(a, 6) such that
P*{S[0,0,,] CW* | 0q, <&g} >c.
Now suppose that w € dB,, N W*. Then by Lemma 3.1,

P {S[0,E,]cW | &, <&}

PY{&, <ow A&k}
pv{g, <&}

Gw; W\ ({y}UK)PY {&, <oy AEg AE,}
Gw; A\({y}UK)IPY {€, <& nE, L

However, for w € 0By, NW*,

G(w; W \ ({J’} UK)) = G(W;BC(Q)H(W))J

and therefore by Lemma 3.3,
G(w; W\ ({y}UK))
Gows A\ (oK) = 0

Thus,
PY{E, <ow AEgAE,}

Py {E, <& A&y}

P {S[0,E,]CW | &, <ox}>c(6,D)
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By the strong Markov property,

P {E, <owAEgAEy}
> > P, <o AEAE P {S(Es) = x; 85, < o AERAE, )

XE3,By,NW*
However, by Lemma 3.4, there exists ¢(6, b) such that for x € 9;B;, N W¥,
P*{&, <owAEgAE,}=c(0,D)P {E, <& AE,}.
Furthermore, by the discrete Harnack inequality, there exists ¢ > 0 such that for all x, x” € J;Bs,,
P {g, <& Ay} =P {E, <Eeng,l.
Thus, fixing x’ € 9,B5,,
P {E, <ow A& ANE,} = c(0,D)PF {£, <& NEIPY {8y, <oy AERAE, ]

Similarly,
PY{E, <ExNE ) <P {E, <Ex AE P {E3, <E NE, ).
Therefore using part 2 of Corollary 3.7,

PY{E, <owAEgAE,}

P*{S[0,£,]cW | & <ok} = c(6,b)

Py{£w<€KA€}’}
> c(@,b)Py{§3n<0W*/\€K/\€y}
Py{gsn < gK/\gy}
= (0,0 (€3, <oy | Ean < ExAE, )
> ¢(6,b).

O

3.3 Random walk approximations to hitting probabilities of curves by Brownian mo-
tion

Given a random walk S on a discrete lattice A, we can make S into a continuous curve S; by linear
interpolation and define SE”) =n"1S,2,. Now fix a continuous curve a : [0, t,] — D. In this section,
we will compare the probability that a Brownian motion W; started at the origin leaves the unit disk
before hitting a to the probability that SE”) started at the origin leaves the unit disk before hitting a.
By the invariance principle, one can show that as n tends to infinity, the latter probability approaches
the former. What is more difficult is to show that this convergence is uniform in a as long as the

diameter of a is sufficiently large. This is Proposition 3.12 and is the main result of the section.

For 0 < 6 < 1, let A5 denote the annulus

As={z2€C:1-06<|z] <1}
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Given a curve a : [0,t,] — D, let

Cs(a) = {el® : 9 = arg(z) for some z € a[0, te] NAs},
and B
Cs(a) ={z € dD: dist(z,C5) < 6}.

Recall that Ds(z) is the disk of radius & centered at z.

Lemma 3.9. For all 0 < 6 < 1 and all simple continuous curves a : [0, t,] — D, there exist two points
21,29 € 0D such that Ds(z,) U [0, t,] U Ds(25) disconnects O from Cs(a) in .

Proof. If 0 € a[0,t,], then the result is immediate, so we will assume that 0 ¢ a[0, t,]. In that
case, Arg(a(t)), the continuous argument of a(t) is well defined for all ¢ € [0, t,], where we let
Arg(a(0)) = arg(a(0)) € (—x, ]. Let

0, = inf{Arg(a(t)) : a(t) € As} and 0, = sup{Arg(a(t)): a(t) € As}.

We consider two cases: 8, — 0; < 27, and 6, — 6; > 27.

Suppose first that 6, — 6; < 2. For k = 1,2, let z, = e'%, r, = sup{r : re'% € a[0,t,]} and t; be
such that a(t,) = rrel® (the t; exist because a[0, t,] is compact). See Figure 5.

\
\
\
\
\
]
|
]
]
]
1
1
'

Figure 5: The set Cs and the points 2;, 2, and a(t;), a(ts)
We construct a continuous curve « as follows. Given any z = e'? € 9D, let

r5(z)={rei9 :1-6<r<1}.
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Figure 6: The curve w in the case 6, — 6; <27

We let w(0) = a(t;), then follow the curve a from a(t;) to a(t,) (we might be following the curve
backwards), then the ray r5(2,) from a(t,) to z,, then dID clockwise from z, to z;, and finally the
ray rs(z;) back to a(t,). See Figure 6.

From the definition of the t; and z;, and the fact that a is simple, w is a closed simple curve. There-
fore, by the Jordan curve theorem, w separates the plane into two disjoint connected components.
Furthermore, because 6, — 6; < 27, the winding number of w with respect to 0 is 0. Therefore, 0
is in the unbounded component defined by w. Furthermore, C5 C [2;,2,], where [2;,2,] is the arc
{el® : 6, < 6 < 6,}. Therefore, Dg(z;) U a[0, t,] UDg(z,) disconnects 0 from Cjs in ID.

Now suppose that 6, — 6; > 2m. Let z; = % and z, = e%. In order to prove the lemma for this
case, we claim that it suffices to show that either r5(z;) N a[0, t,] or r5(z,) N al0,t,] contains two
points whose Argument differs by a nonzero multiple of 27. For suppose that w, = }Wl{ e = a(s))
and wy = |w2| e'% = a(s,) are such that Arg(w,) — Arg(w;) = 2kmn, k # 0, and w; and w, are
chosen so that arg(a(t)) # 6, for t between s; and s,. Also, without loss of generality, W1| < |w2|.
Then we can consider the curve w that starts at wy, follows a from w; to w,, and then returns to
w; along the ray r5(z;) (see Figure 7). By construction, w is a closed simple curve whose winding
number is nonzero. Therefore, w contains 0, and since w C D, it disconnects 0 from dID. This shows
that r5(z;) Ual0, t,] Urs(z,) disconnects 0 from dD, from which the lemma follows.

In order to show that either r5(z;)Na[0, t,] or r5(z,)Nal0, t,] contains two points whose Argument
differs by a nonzero multiple of 27, we let r and t; be such that ri, = sup{|a(t)| : Arg(a(t)) = 6;}
and a(t;) = ree'%, k = 1,2. We assume to the contrary that both {re'® : r; <r <1}na[0,t,] =0
and {re’® : r, < r <1} naf0,t,] = 0. Then we can define two curves w; and w, as follows.
w; starts at r1e'%1 travels along a to r,e'®%, follows the ray rs(z,) to z,, then travels along 8D
clockwise to 21, and finally returns to r; e along rs5(z;). We define w, in the same way except that
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Figure 7: The curve w in the case 6, — 6; > 27

we travel along dID clockwise. Then by our assumptions, w; and w, are both closed simple curves
with nonzero winding number, and hence both contain the origin, a contradiction. O

Lemma 3.10. For all r > 0 and € > 0, there exists N such that for all n > N, the following holds.
There exists a Brownian motion W and a random walk S defined on the same probability space such
that ifSEH) =n"1S,,, then for all continuous curves a : [0, t,] — D, with diam(a[0, t,]) >r,

P°Hm«raAnw—s@%€aAaD)

>r}<e

Proof. Let T be large enough so that P {t, > T} < e. By the strong approximation of Brownian
motion by random walk [16, Theorem 3.5.1], there exists a sequence S™ of random walks defined
on the same probability space as W so that if S En) = n_lggzt is defined as above, then almost surely,

lim sup Sf”) - W,|=0.
=00 0<t<T
Therefore, we can let N be such that for n > N,
2
€“r
PO{ sup |S™ —w,| > —2} <e,
0<t<T

where C is the larger of the constants in the Beurling estimates (Theorem 2.3).

Now fix n > N and let t* = 7, AT and o* = £, A 0. Suppose first that 7* < o*, and let W« = w,
SSI) = z. Suppose further that 7, < T and that

st —w,

sup |S;

0<t<T
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Then on this event, |z — w| < C™2€?r. Since both a and D are continuous curves, by the Beurling
estimates, letting D = D,.(w),

&

st —w‘ > r} < P*{s™[0,0,]n(au D) =0}

e’r/c? 172
< C =€.
r

The case where o™ < 7" is proved in the same way, using the Beurling estimates for Brownian
motion. O

Lemma 3.11. Recall the definition of Cg from the beginning of the section.
1. For all € > 0, there exists 6 > 0 such that for all a : [0,t,] — D,

p° {W[O, TplNal0,t,] =0;W(tp) e 55} <e.
2. For all € > 0, there exists & > 0 and N such that for alln > N and a : [0, t,] — D,
PO {s™[0,05]Nal0,t,] =0;8M(0p) € C5} < e
where Sgn) =n"1S,2,.
Proof. By Lemma 3.9, there exist 21,2, € dID such that
PO {W[0,7p] Nal0,t,] = 0,W(7p) € C5}
< P°{W[0,7p] NDg(z;) # 0} +P° {W[0, 7] N Ds(2,) # 0} .
However, by rotational symmetry of Brownian motion,
PO {W[0,7p] ND;s(z) # 0}

is the same for all z € dD. Since, Ds(z) shrinks to a single point as & tends to 0, the right-hand side
above can be made to be less than € by making 6 small enough. This proves 1.

The proof of 2 is the same as 1, except that we cannot use any sort of rotational symmetry. Therefore,
we must show that there exists 6 > 0 and N such that for alln > N and z € 9D,

PO {sM[0,05] N D5(2) #0} <e.
Let & > 0 be small enough so that for all z € D,
P{W[0,7,]NDs(=) £0} <e,

where 7, is the hitting time of the circle of radius 2 by the Brownian motion W. We now apply
Lemma 3.10 to obtain that there exists N such that for all n > N, there exists a simple random walk
S, defined on the same probability space as W such that

PO {‘W(TD5(2) ATZ)—S(H)(SDE(Z)/\O'Z) > 5} <E€.
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This implies that
PO {0,051 N D5(2) # 0}

< P{&p,i) <03}

= P° {Eps(z) <02, Tps(z) < Tz} +P {EDE(Z) <02, Tps(z) =~ Tz}

S PO {TD;;(Z) < Tz} + PO {‘W(TD(;(Z) A Tz) — S(n)(gDﬁ(z) A\ 0'2) > 5}
< 2e.

O

Proposition 3.12. For all € > 0 and r > 0, there exists N such that for all n > N and all continuous
curves a : [0,t,] — D with diam(a[O0, t,]) >r,

PO {W[0,7p] Nal0,t,] = 0} — P* {S™[0,05] Nal0, t,] = 0}‘ <e,
where SEH) =n"18,2,.

Proof. By Lemmas 3.10 and 3.11 , there exists 6 > 0 and N such that for all n > N, the following
holds. There exists a Brownian motion W and a random walk S defined on the same probability
space such that for all continuous curves a : [0, t,] — D with diam(a[0, t,]) > r,

PO {W[0,tp] Naf0,t,] =B;W(tp) € Cs} < 9)
p° {S(”)[O, oplNal0,t,] = (Z);S(”)(UD) € 65} <e; (10)
PO{

* __ f—
where t* =71, ATpand o* =&, A Oopp.

W(t*) — S (")

>5} <e, 11

We will show that the proposition holds with this choice of N. Note that

PO {W[0,7p] nal0,t,] =0} —P°{s™[0,05] Nal0,t,] = 0}’
< PY(E)+P°(F),

where
E={W(t*) € aD;S"(c*) € a[0, t,]},
F={W(t*) € al0,t,];S™(c*) € aD}.

We will show that P° (E) < e. The proof that P° (F) < e is entirely similar. Recall that D;_g denotes
the ball of radius 1 — 6 and that A5 denotes the annulus D \ D;_5. Then,

PO(E) <P°(E;) +P° (E,) +P° (E;),

where
E; = {W(t*) € C5;8™M(0*) € al0,t,]};
E, = {W(7*) € dD;S™(c*) € a[0, t,] N Dy _5};
E; = {W(t") €D\ C5;S™(0*) € a[0,t,] NAg}.
However by (9), P° (E;) <, and by (11), P° (E,) < € and P° (E3) <. O
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4 Some results for loop-erased random walks

4.1 Up to constant independence of the initial and terminal parts of a LERW path

For this section only, we no longer restrict our random walks to be two-dimensional. When it is
necessary to specify what dimension we are in, we will denote the dimension by d.

Although we have avoided using it up to now, it will be convenient to use “big-O” notation in this
section. Recall that f(n) = O(a(n)) if there exists C < oo such that

f(n) < Ca(n).

Here, C can depend on the dimension but on no other quantity. We will also write

f(n)=[1+0(a(n))] g(n),
if there exists C < oo such that

1—Ca(n) < @ <1+ Ca(n).
g(n)

Recall that for a natural number [, ; denotes the set of paths
w=1[0,wq,...,w;]

such that w; € B, j=0,1,...,k—1 and w; € B.
Given a set K such that B; C K, and such that

P’ {ox <0} =1,

we define u; x on £; to be the measure obtained by running a random walk up to the first exit time
o of K, loop-erasing and restricting to B;. More precisely, for w € Q,

(@) =P° {5¥[0,5/] = w}.
If B; C K; and B; C K, are such that
p° {aKl_ < oo} =1
for either i = 1 or i = 2, we define a measure y; g, x, on ; as follows. Let X denote random

walk conditioned to leave K; before K, (as long as this has positive probability; if not, y; x, , is not
defined). Then for w € 2;, we let

U, i, (@) =P {X*1[0,5/] = w}.
This is the measure on £; obtained by running X up to oil, loop-erasing and restricting to B;. Note
that u;  is equal to u; g A-

In this section, we establish some relations between the measures defined above. In fact we will
show that for n > 4 and any K; and K, such that B,; C K; and B,; C K,

1+0(- )]] W, (@) d=2;

logn
Uik nk, (@)  d = 3.

L (Proposition 4.2)
14+0(n™H)

Ul,Kl,KZ(w) = {

_1 o(—— d=2:
Uik, (@) = | (1023” y SEAC) > (Proposition 4.4)
| 14+0(n™%) | wk,(w) d=3.
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This implies that if By; € K; and By; C K, then
UZ,Kl,KZ(w) = UZ,KanZ(Q))
Ul,Kl(C‘)) = UZ,KZ(C‘))

(recall that the symbol =< means that each side is bounded by a constant multiple of the other side,
the constant depending on the random walk S and on nothing else). We use these facts to prove
that for a LERW S", nll(gn) and ”iz, n(§”) (see the definitions in section 2.3) are independent up to
constants (Proposition 4.6).

Lemma 4.1. Let d = 2. For w € Q; and y € 0By,

1
P’ {Unl < ‘Sw} = O(@)

Proof. Let y, be such that
Profo, <&, =max P {o,; <&,}.
yeaBl

We will show that

C
P {0, <E,} < —
{ nl gw _10ng

which will clearly imply the result for all y € 9B;.

po {Gnl < ‘Ew} = PP {O-Zl < gw} Z P* {Onl < gw}Py {S(Unl) =2z | Og < gw}

ZGale
By part (1) of Lemma 3.2, there exists ¢ > 0 such that
Po{oy <g,}<1-c.

Furthermore, for z € 9By,

Plog<&,} = Plog <&+ Z P {S(E)=y;§ <ou}P {ou <&}

yeaBl
PZ{O'nl < €I}+Py0 {O'nl < gw}

IA

By [16, Proposition 6.4.1],
P {0y <&} = (logn)™".

Therefore,
pJo {Onl < gw} =< (1 - C) [C(logn)_l + pYo {anl < gw}:l

which gives the desired result. O
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Proposition 4.2. Suppose that n > 4, K, and K, are such that B,; € K; and B,; C K,, and that
w=1[0,wq,...,w;] € Q. Then,

1+ O(L)]] Wik, (@) d=2;

logn
Uik, nk, (@)  d = 3.

Ml,Kl,Kz(w) = { 1+O(n‘1)

In particular, if By C K; and By C K, then
HI,KI,KZ((U) = Hl,Klr‘le(w)-

Proof. Let K =K; NK,. Let X be a random walk conditioned to exit K; before K,. Then by formula
(5,
iy k() = p(w)Gg ()P {ok <&u},

and
Wi i, (@) = PX ()G ()P {0, <&, | ok, <o, }-

By Lemma 2.2, Gfg(co) = Gg(w). Furthermore, if we let h(z) = P* {O‘Kl < O'KZ}, then by (3),

h(wy)
h(0)

pH(w)= p(w).

The function h is harmonic in B,; and w; € B;. Therefore, by the difference estimates for harmonic
functions [16, Theorem 6.3.8],

he) = [1+0(n))] ho),

and thus,
pX(w)= [1+0(n™)] plw).

Hence, it suffices to show that
_1 Wi Wi —
Pt fog <&, Aoy} = L+ 0lg5) | P {or, <o J P fore <0} d=2;
1+0(n™1) | Px {oKl < GKZ}P“’k {ox<&,} d=3.

Let y, € w be such that
pro {O'Kl < O'Kz} = max P’ {‘71{1 < O'KZ}.

YEW
Then
P‘yo{O-K1<O'K2} == P‘yo{O-K1<O'K2|O'K<€w}P‘yO{O'K<€w}
+ P {oKl <0k, | Eu < UK}Pyo {0 <ok}
< Po{oy, <oy, | ox <E,}P{or <.}
+ P {aKl < GKZ}PYO {€, <ok}.
Therefore,

pro {oKl <ok, A 50)}
p2o {GK < gw}

3

P.yO {O-Kl <O-K2}5Py0 {O-Kl <0K2 | O-K<€w}=
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and hence

PViox <oOx A
Pk {O‘ <o } < max { s K §w}
Al =yee  Priog <&}

A similar argument shows that

PVior <or A
Pk {0 <o } > min { s Ka Ew}
K K YEw P‘y{O'K<§w}

Now let y be any point on the path w. Then since B,; is a subset of both K; and K5,

pY {O'Kl <ok, A €w}

= P’ {Onl < gw} Z P* {O-Kl < GKZ Agw}Py {S(Unl) =2z | O < gw}:

ZeaBnl

and

ZeaBnl

However [10, Lemma 2.1.2],

1+0(%%) [ PO {S(o) =2} d=2;
1+0(n ) |P°{S(oy) =2} d=3;

Let y; be such that

pn {O'Kl <0K2/\€w} i 224 {oKl <0K2/\<§w}
= max
Pr{og <&,} yeo  PY{og<&,}
and y, be such that
p)2 {0K1<0K2/\§w} . pY {O‘Kl <O'K2/\§w}
Pefog<&u}  vee P {ox <&}

Then by (12) and (13), if d =2,

P@k {UK1<GK2/\§w} - | 24 {O‘Kl <UK2/\§w}Py2{UK<€w}
P©k {aKl < GKZ}P“’k {oxk<&,}  Pn{og<g,}prn {O'Kl <ok, A iw}
- (1+ Clogn/n)?
~ (1-Clogn/n)?
< 14+ C’logn.
n

The lower bound and the case d > 3 follows in the same way.
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We now define a measure on unrooted loops in A. See [16, Chapter 9] for more details.

A rooted loop 1 = [1ng,M1,.--,Mk] is a path in A such that ng = mg; ng is called the root of the
loop. We say that two rooted loops 1 and 7’ are equivalent if 0" = [1;,M;41,..,Mk—1,M0,--->7;]
for some j. We call the equivalence classes under this relation unrooted loops. We will denote by 7
the unrooted loop corresponding to the rooted loop 7. Recall the notation

k
p(n):=[ [p(mi1,m) =P™ {S; =n;,i=0,...k}.
i=1

Notice that this does not depend on the root of 1 and therefore p(7)) is well defined for unrooted
loops 7.

We define a measure m on the set of unrooted loops as follows. Given an unrooted loop 7, let a(n)
be the number of distinct rooted representatives of 7. Then we define

a(mp(1)

77—
where |7| denotes the number of steps of a representative of 7). Any two representatives of 1) have
the same number of steps so that m is well defined.

m(n) =

Recall the definition of Gg(w) given in (4). The following lemma allows us to express Gg(w) in
terms of the unrooted loop measure.

Lemma 4.3.
Gr(w)=exp{m(:NCK;NNw#0)}.
Proof. We will first show that for any z € A,
Gi(z) = exp{m(7: ) C K;z € N)}. (14
Let p =P*{£, < o }. Then by the strong Markov property for random walk,
Gk (2) =1+ pGg(2),

and thus,

o0

1 J
Ge(2)= = = M1 —exp{ S
P =

Given an unrooted loop 7, let k(7)) be the largest integer m that divides |ﬁ | = n such that n; =
Ni+(n/m) for all k <n —(n/m). Then x(7) = }ﬁ| /a(7) and therefore

- _p(m
m(n) = ()
Let
B(M) = B,(n) :=#{j:n; =2}
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be the number of times that 1) hits z. Then the number of representatives of 7] that are rooted at z

is B(7)/x (7). Hence,
p= > p)

7 rooted at z
ncK
Bn)=j

= Z Z p(n)

7 unrooted 7 rooted at z
zef, NCK
B(m=j
.y B
1) unrooted K(n)
z€mn, NCK
B(m=j
= j-m(zen;n CK; (1) =)
Therefore,

o0 J o0
D5 = mls €7 € K3 B = ) = m(s €777 < K),

which proves (14).

Let Ej, j = 0,...,k, be the set of unrooted loops 7 such that w; € 7 and 1 C K \ {wy,...,wj_1}.
Then the E; are disjoint and their union is the set of all unrooted loops 1) such that f N w # @ and
1 C K. This observation along with (14) finishes the proof. O

Proposition 4.4. Suppose that n > 4, K; and K, are such that B,; C K; and B,; C K,, and that
w € Q. Then

_ 14+0(2=) | g, (@) d=2;
nu’l,Kl(w) - { {1 +O(n2g—d)]:| Ul,Kz(CO) d > 3.

In particular, if By C Ky and B4 C K, then
.U'I,Kl(w) = Ml,KZ(CO)~
Proof. By Formula (5), for any w € €,

w k(@) = p(@)Gg ()P {og, <&} i=1,2.

Let e(n) = (logn) ™' if d =2 and e(n) = n* 4 if d > 3. Let ' = [wys - .., w),] be any other path in
Q;. We will show that

Pk {aKl < gw}
P®k {O'KZ < gw}

<[+ Ce(n)] — low, <8} (15)
P v {O'K2 < gw’}

and

GKl(C‘)) < [1+4 Ce(n)] GKl(CO )

< . 16
Gr. (@) Gr (@) (16)
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For this will imply that

Uy i, (") g g, (@)
i) S el )
and
1 = Z.ul,lq(w/)
w’'ey

_ bk, (@ w’)

B w’eﬂlul’KZ( )le(a))
.ulKl( w)

< [cem] 2 )%usz(w)

14 Gy Peale)
UZ,KZ(Q))

One then gets the other bound by reversing the roles of K; and K.
We first show (15). Since B,; € K;

P foy <E,} =P {0, <&,} D P {og, <&, }PU{S(o) =2 | o <E,}.

2€0By
If d > 3, then [16, Proposition 6.4.2] for z € dB,,,
P {og, <E,} 2P {g =00} > 1-Cn*.
Therefore, if d > 3,
[1-cn* ] P foy <£u} P {oy, <Eo} <P {oy <&u}.

One gets a similar formula with K, replacing K; and «’ replacing w, from which (15) follows for
the case d > 3.

To prove (15) for the case d = 2, we first note that [10, Lemma 2.1.2]

PO {S(oy) =2 | oy < £y} = [1+o (1 Lk )] P {S(0) = 2}.
Furthermore, for z € 9B,
P {oy, <Eu} = P{og <&}+ D P {og <E.}P{S(E) =y;& <oy}
y€a;B,
By applying Lemma 4.1 and [10, Lemma 2.1.2] again we get that for y € 9;B;,

24 {GKl < gw} = P {Gnl < gw} Z pY {UKI < ga)}Py {S(Unl) =z | Ont < gw}

WEaBnl

D7 P o, <&, PO {S(oy) =w}

WEaBnZ
C Pk {GKl < gw}
logn P {o,; <&,}

C
logn
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Thus,

C Pwk {OKl < gw}

P’ {GKl < gw} = F {OKl < 51} * logn P {0 <&} i {51 ) GKI}
C Pk {OK <§w}
2 1
= Plow <t oo, i)
Therefore,
Potfog <&,} = PU{oy<E,} Y. P {og <&, P {S(o) =20y <&u}
ZEaBnl
Cl
< [1+ Ogn}P“’k{anz<€w} > P {0, <L} PO {S(on) =3}
n ZGaBnl
Cl
< [1+ Ogn}P"’k{anl<§w} > P {on <&} P (S(ow) =5}
n zGé’Bnl
C
* lognPwk{0K1<5w}’
and hence,

P fog <&} < [1+L]P“k{onz<5w} > P {og, <&} P {S(on) =3},

with a similar lower bound. We get similar bounds with w’ replacing w and K, replacing K; from
which (15) follows.

We now show (16). By Lemma 4.3,

G, ()G, (")
Gy, ()G, (')
= exp{m(Nw #B; TN =0;7 CKy;; TN (A\Ky) #0)
+ mNnw=0;1nw #06;7TN(A\K;)#0;7 CK,)
- m(MNw#b N =0;7N(A\K;) #0;7 CKy)
- m(nw=0;7nw #0;7 CKy;;TN(A\Ky) # D)}
< expim(fNe’ =0; TN (A\Ky) # D)+ m(TNnw=0;7N(A\K;) #0)}.

We also get a similar lower bound by exchanging the roles of K; and K,. Therefore, it suffices to
show that there exists C < oo such that for all [ and all w € £,

m(nNB; #BnNw=0;1N(A\By)#0) < Ce(n).

Given an unrooted loop 1 with representative n = [7,..., N ], let

<ﬁ>:min{}ni):i20,...,k}.
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Let 7" be such that }ﬁ*| =< 7] > and such that
arg(7*) = minfarg(n;) : |n;| =< 77 >}.
Suppose first that d = 2. Then for j <1/2 and z € JB;,
mfNew=0;7N(A\By) #0;[<7>]=j;7" =2)

v4 X . 34
P {0y < &1} (yrgaaza);l) {o < fw})
(vnelgt)}(l P’ {Unl < oj_l}) (w%lgg(nl P¥ {gz < 5]-_1})

cL(% 2 (logl —log(j — 1) 1
j Ul lognl —log! j

l
Cl_%(logn)_lj_% log},

IA

X

IA

where the exponent 1/2 comes from the Beurling estimates (Theorem 2.3).
Ifl/2 < j<I, then

m(Ne=0,7N(A\By) #0,[<7>1=j,7"
P* {Unz < gj_l} ( max Py{£Z < é;’j_l})

WGaBnl
logj—log(i—1)Y .4
C
lognl —logl
Cj?(logn)™!.

=z)

IA

IA

IA

Therefore,

m(7 N By #0; 70w =0;70 (A\ Byy) #0)
1/2
= Y D mine=0;fn(A\By) #0;< 7 >=j; 7, =2)
j=12€0B;
[
+ . Y mine =070 (A\By) #0;< i >= j; 7, =2)

j=1/22€0B;

C . 1/2 B I L q
< I [T2 ) j2log-+ -
ogn j=1 j=l/2

C
< —.
logn
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The case d > 3 is easier. In this case,

m(Nw=0,1N(A\By) #0,[<n>]=j)

< (ggéPz {Unl < 51—1}) (Wrgaaél Pv {gj < oo})
j2=d —(j—1)>d (nl)?—4
C( (nl)z_d —]2—d ) ( 12—d )
j1-d yd
C (W) n

IA

IA

< an—dld—zjl—d_
Thus,
m(i 0By # 070w = 0; 70 (A\ By) #0)
l
= 2 miNw=0,70(A\By) £0,[<7i>]=))
J:12 dyjd—2 : 1-d
< Cn*° ;]
< cn* 4.

O

Corollary 4.5. Recall that S denotes an infinite LERW. Suppose that n > 4, K is such that B, C K, and
w € Q. Then,

P{5[0,5]=0w} = {PJrO(logn)]] {80,561 =w} d

1+0(n* )| P{s¥[0,5/] = w} d

2;
3.

A%

In particular,
P{5[0,5/] = w} =P {5%[0,5/] = w}.

Proof. This follows immediately from Proposition 4.4 and the definition of the infinite LERW S:
P {§[0,61] = co} = lim P {gm[O, o] = co}- = lim y; 5 (w).
m—00 m—oo M
O

We conclude this section with the proof that n; and 7, are independent (up to constants) for the
LERW 5™,

Proposition 4.6. Let 4l < m < n. Then for any w € Q;, A € (Nlm,n,
P {7711 (§”) = w;nfn’n (§”) = A}
[1+000gm/) )] P{n} (5") =

[1+o] e {n} (1) =} {uf,,
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In particular,

P {7)11 (§") = co;nim (§”) = A} =P {7)11 (§") = w}P {ni’n (§”) = k} ,
i.e. n! and n? are “independent up to constants”.

Proof. We fix [, m and n throughout and let n' = nll, n? = ni -

Let X be a random walk started at 0 conditioned to leave B, before returning to 0. Then X and sn
have the same distribution. Let Y be a random walk started on dB,, according to harmonic measure
from O and conditioned to hit O before returning to d B,,. By reversing paths, for all z € 9B,

PO {S(EgA0,) =2} =P*{S(Ey AO,) =0}.

Therefore, X and YR (the time-reversal of Y) have the same distribution. Recall that one obtains the
same distribution on LERW by erasing loops from random walks forwards or backwards. Therefore,
if w and A are as above,

{n! () =o | 1 () =2} =P {n! (PI0.Eul) = | * (F10.81) = 21).

Now let Z be a random walk starting at A, conditioned to hit O before leaving B, \ A. Then by the
domain Markov property for LERW (Lemma 2.4),

P{n' (V[0,&]) = ® | n*(¥[0,&]) = A"} =P {n'(Z[0,&]) = "}

However, by again reversing paths as above, and noting that the loop-erasure of a random walk
starting at 0 and conditioned to avoid O after the first step has the same distribution as the loop-
erasure of an unconditioned random walk,

p {7)1 (2[0, go]) = wR} = Uy A\ A3,k (@),

where K =B, \ {A,..., A}

Let k = m/l, e(k) = (logk)™! if d = 2 and e(k) = k™! if d > 3. Since k > 4, B,, € K and
B, € A\ {1y}, we can apply Propositions 4.2 and 4.4 to conclude that

Uiappk(@) = [14+0(e(k))]up \a(w)

= [1+0(e(k)]pyn(w)
[1+0(e(k)IP{n' (S") = w}.

4.2 The separation lemma

Throughout this section S will be a random walk and S will be an independent infinite LERW. Let
. denote the o-algebra generated by

(S, :n< 0o }U{S,:n <G}
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For positive integers j and k, let A;. be the event
A =1{8[1,04,]1NS[0,5,] = 0},
Dj be the random variable
Dy = k! min{dist(S(o),S[0,5:]), dist(S(51), S[0, o D},

and Tjk be the integer valued random variable
Tjk =min{l > k:D; >27/}.

The goal of this section is to prove the following separation lemma which states that, conditioned
on the event A, that the random walk S and the infinite LERW S do not intersect up to the circle of
radius k, the probability that they are further than some fixed distance apart from each other at the
circle of radius k (Dy = c;) is bounded from below by a constant c, > 0.

Theorem 4.7 (Separation Lemma). There exist constants c;, ¢y > 0 such that for all k,

P{Di>c; | A} =co.

The proof of Theorem 4.7 depends on two lemmas. Lemma 4.8 roughly states that the probability
that S and S stay close together without intersecting each other is very small. More precisely, the
probability that T;_; > (1+c j227)T ; and that the paths don’t intersect is less than 27F” Lemma
4.9 states that if S and S are separated, then there is a substantial probability that they stay separated
and don’t intersect. To wit, if {T; > k} and Ar, hold, then the probability that A, and {Dy, > 277}

hold is greater than 2%, The proof of the separation lemma then combines the two lemmas to
show that
P{Tj_1 <(1+¢j227)T; | Ay} > 1-297FF,
Since
o0
l_[(l +¢j2277) < 00,
j=1

and

X . .2
]_[(1 —2%-Fi*y > 0,
J=Jo
then conditioned on A, there is a probability bounded below that S and S separate to some fixed

distance before leaving the ball of radius 2k no matter how close the two paths were upon leaving
the ball of radius k.

Lemma 4.8. For all ¢ > 0, there exists 8 = (c) > 0 and jy(c) such that for all j > j, and all k,

D 3k _gi2
P{T;‘k—l > (1+¢j*27)T}; Age ‘ gTjk} ! {Tik = 7} =2
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Proof. We let j, be such that for all j > j,, cj?27/ < 1/2.
Since k is fixed we will write T; for TJ.k from now on. We suppose that S[0, o(T;)] and S[0,0(T;)]

are any paths such that T; < 32—k holds. We also assume that Dy, < 277+ or else there is nothing to
prove.

Now consider K := S[0,5((1 + cj22_j)Tj)] and let
p =inf{n > o(T}) : dist(S,,K) < 27771 s, [}

Notice that even though we assume that Dy, < 27771 b is not necessarily equal to o(T;).

Ifp>o((1 +4-2_j)Tj) then this means that T;_; < (1 +4-2_j)Tj. However, if p < O'((1+4-2_f)T]-),
then by the Beurling estimates for random walk (Theorem 2.3), there exists ¢’ < 1 such that

P{S[p,o((1+8-27)T)INK =0} <c.
The same estimate will hold starting at T; + 8k27/,k=0,1,...,|cj?/8]. Therefore,
o 3k
p{Tj_1 > (14 cj“277)T}; Agi ‘ g’rTj}l T = o

3k
9Tj} I{T] < ?}

<P {Tj,1 > (1+¢j*27)Tj3Ag yc2a-0

(C/)LCJ'Z/SJ — 9 B>

IA

Lemma 4.9. There exists a < oo and ¢ > 0 such that for all j and k,

P {Azk;Dzk >c27/

ﬂT,k} > 279 1(Ap).
J J

Proof. Since k is fixed, we will omit the superscript k from now on. Letz; =S (O‘TJ_) andz, =S (6Tj ).
Without loss of generality, we may assume that T; < 2k (or else there is nothing to prove) and also
that arg(z,) < arg(z;). Note that {zl| = ~22| =T;and k < T; < 2k.

Suppose that Ar, holds. By definition of T}, there exists ¢ > 0 and half-wedges

Wy={z:(1- c2_j)T]~ <l|lz|<(1+ c2_j)Tj, —c27) < arg(z) —arg(z;) < c277}

and
Wy={z:(1- c2_j)Tj <|z| <1 +c27)T;, —c277 < arg(z) —arg(z,) < c27/}
such that S[0,07,]N W, =0, s[o, G1,1NWy =0, and dist(Wy, Wp) = c27/T;.

Using Lemma 2.4 and Proposition 3.5, it is easy to verify that there exists a global constant ¢’ such
that

px {|S(GW1)| >(1 +c2_j)Tj} >,

and
P {[S(Gw,)| = (1 +c27)T;} = ¢'.
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Now consider the half-wedges
/— . < < _3C —Jj < < _71'
Wi ={z:T; <|z] <2k,— 2 277 <arg(z) —arg(z;) < 6}

and
—fy i T < |z <2k, T < < 3¢
W,={z:T; < |z| < 2k,g < arg(z) —arg(z;) < 52 }.

Applying Lemma 2.4 and Corollary 3.7 to W, and W, one obtains that for any z; € dW; such that
7] > @ +c27)T;

P4 {‘S(O‘W{)

and for any z; € 9W, such that |z£{ >+ c2‘j)Tj

= zk} > 27,

p% {‘E(&WZ,)

= Zk} >c'27%,

The result then follows since W and W, are distance c27/ T; apart and S and S are independent.

Proof of Theorem 4.7. We again fix k and let T; = le</ % Let

o0
s= 1+4cj227)
[ Ja+e
j=1

where ¢ is chosen so that s < 3/2. We also let j, be such that for j > jj, 2B taj < 1, where a and
B = B(c) are as in Lemmas 4.8 and 4.9.

To prove the theorem, it suffices to show that for all m,
p {Dk > | A 2T < Dyjp < 2""“} > ¢,.
By Lemma 4.9, it is enough to find a constant c,, such that
P{T, <3k/4 | A;2 " <Dy <21} > ¢l
In fact, we will show that
P {Tjo < ks/2 | A 27 < Dy < 2_m+1} > c).

Let
By ={27" < Dyjp <271},

and .
Ci={Tj-1 <(1+cj*27NT;}.
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Then,

m
P{Tj, <3k/4 |A;B,} = P| (] C|AsBn
J=jo+1
m m
= []r|c|auBs )G
j=jo+1 I=j+1
m m
= l_[ P Cj Ak;Bm;AT],; ﬂ G
j=lo+1 [=j+1
m
B l_[ ) P(C;;Ak ‘ BnsArs [ NiZji CZ)
J=Jo+1 P (Ak ‘ Bm;ATf;ﬂ?;f“ CZ)
However,
m
B, NAf, N ﬂ G €T,
I=j+1
m
3k
BmﬂATj N m CZ C {T] < ?}:
=j+1
and

m
B, NAr N0 () G CAr,.
l=j+1

Therefore, by Lemmas 4.8 and 4.9,
= i2 i x -2 .
P{1, <3k/4 | AgB,}= [] a-2#e)= [T a-2 ) =c >0
j:j0+1 ]:]0-‘1‘1
O

Using the same techniques, one can prove a “reverse” separation lemma. Let S be a random walk
started uniformly on the circle dB,, and conditioned to hit O before leaving B,,. Let X be the time
reversal of S (so that X is also a process from 9B,, to 0). As before, for k < n, let

A= {510,5,1nX[0,5,] =0},

5k =k! min{dist(g(&'k),X [0,0]),dist(X (), sTo, oD}
Then,

Theorem 4.10 (Reverse Separation Lemma). There exists c¢;,c, > 0 such that

P{Dy>c; | A} = e,
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5 The growth exponent

5.1 Introduction

Recall that W, denotes standard complex Brownian motion and y denotes radial SLE, in DD started
uniformly on dD.

In this chapter we will consider random walks and independent LERWs. We will view them as being
defined on different probability spaces so that P {.} and E [.] denote probabilities and expectations
with respect to the LERW, while P {.} and E [.] will denote probabilities and expectations with respect
to the random walk. For m < n, we define Es(m, n), Es(n) and Es(n) as follows.

Es(m,n) = E[P{s[1,0,]nn2,(5"0,5,1)=0}],
Es(n) = E[P{S[1,0,1n5"[0,5,]=0}]=Es(0,n),
Es(n) = E[P{S[1,0,1n5[0,5,]1=0}].

Es(m,n) is the probability that a random walk from the origin to dB,, and the terminal part of an
independent LERW from m to n do not intersect. Es(n) is the probability that a random walk from
the origin to JB,, and the loop-erasure of an independent random walk from the origin to dB,, do
not intersect. Es(n) is the probability that a random walk from the origin to @B, and an infinite
LERW from the origin to dB,, do not intersect.

In section 5.2, we prove that for m < n, Es(n) can be decomposed as
Es(n) =< Es(m)Es(m, n).

In section 5.3, we use the convergence of LERW to SLE, (Theorem 2.6) and the intersection expo-
nent 3/4 for SLE, (Theorem 2.5) to show that

mH 3/4
Es(m,n) < (—) .
n

-3/4

We then combine these two results to show that Es(n) ~ n . Finally, in section 5.4, we show how

the fact that Es(n) ~ n~3/% implies that Gr(n) ~ n®/4.
Before proceeding, we prove the following lemma which shows that Es(n) and Es(4n) are on the

same order of magnitude.

Lemma 5.1.
Es(n) < Es(4n).

Proof. By Corollary 4.5, it suffices to show that
E[P{S[1,0,]n5*"[0,5,] =0}] <E [P {S[1,04,]n5*"[0,5,,] =0}].

It is clear that the left hand side is greater than or equal to the right hand side. To prove the other
direction, we will use the separation lemma (Theorem 4.7). Given a point z € 9B,,, let W(z) be the
half-wedge

WE)={weA:(1—cn <|w|<4n,

arg(w) —arg(z)| < ¢;/2},
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where ¢, is as in the statement of the separation lemma. We also let
Ap=1{8[1,0,1n5*[0,5,] =0},
ZO = §4n(6n),

and
D, = n~ ! min{dist(S(c,),S*'[0, 5, 1), dist(z,, S[0, o, )}

By the strong Markov property for random walk,

E [P{S[1,04,]1n5*[0,5,,] = 0}]
> CcE [1{S"[5,,54,] C W(2)}P {A;D, = c1}] .

By Lemma 2.4 and Corollary 3.7,
E [1{5%'[), 540 € W(2)}P {A;; Dy = ¢1}] = cE [P{A,; D, = ¢1}].
Finally, by the separation lemma,
E[P{A;D,>c;}] >cE[P(A)],
and therefore,

E [P{S[1,04,1n5""[0,5,,] =0}] = cE [P {S[1,0,]nS*[0,5,] = 0}].

5.2 Proof that Es(n) =< Es(m)Es(m,n)
Proposition 5.2. There exists C < oo such that for all m and n with m < n,
Es(n) < CEs(m)Es(m, n).

Proof. Letl=|m/4] and fix n! = 7711 and n? = T)Zm,n.
For any path 0 in Q,,,

P{S[1,0,]Nnn =0}
< P{S[1,01Nn'(n) =0;S[1,0,]Nn*(n) =0}
= > P{s[Lolnn'(n)=0:S(c)) =2} P*{s[1,0,] nn’*(n) =0}.

2€0B;
However, (1) C A\ B,,,, and thus by the discrete Harnack principle, for any z,2’ € 3B;,
P {S[1,0,]Nn*(n) =0} =< P* {S[1,0,]Nn*(n) = 0}.
Therefore,

P{S[1,0,]Nn=0} <CP{S[L,0;1nn'(n) =0} P{S[1,0,]nn*(n)=0}.
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We now let ) = $"[0, 5,,]. By Proposition 4.6, for any w € ;, A € ﬁm’n,

P{n'(58"[0,5,]) = w;n*(8"[0,5,]) = A}
= P{n'("[0,5,]) = w}P {n*($"[0,5,]) =2}

Therefore,
Es(n) = E[P{S[1,0,1n5"[0,5,]=0}]
< CE[P{8[1,001n7n'(5"[0,5,]) =0} P{S[1,0,]1Nn*(S"[0,5,]) = 0}]
< CE[P{S[1,01n5"[0,6,]1=0}]E[P{s[1,0,]1Nn*(5"[0,5,]) =0}]

CE [P{S[1,0,1n5"[0,5,] =0} ] Es(m, n).
By corollary 4.5, since 41 < n,
E [P{S[1,001n5"[0,5,] =0}] <E [P {S[1,0,1nS[0,5] =0} ] =Es(D).

Finally, by Lemma 5.1, Es(I) < Es(m), which finishes the proof of the proposition.

Proposition 5.3. There exists ¢ > 0 such that for all m and n with m < n/2,
Es(n) > cEs(m)Es(m, n).
Proof. We will use the following abbreviations. Let [ = |[m/4] and let
n' = n/(5"0,5,]);
n? = 12,8"0,5,1);
N = 0] paS"0,5,D).

Then S"[0,5,] = n' ® n* & n>. We also decompose S[1,0,] into S* = S[1,0,] and % = S[oy +
1,0,].

Let ¢; be as in the statement of the separation lemma (Theorem 4.7). Let W and W* be the half-
wedges

W=fz:(1- <l <(1+2)
={z: 7 <l|z| < 4m,

G
arg(=)| < }:

W =1{z:(1— ) <|z| <1+ 2)m
’ 4° = - 4 ?

C
arg(s)| < - }.

and letA=B;UW.
Let K, be the set of n* such that

1 1 O
M NJOB; C {z:arg(z) € (—gz g)},

and K, be the set of n? such that

a gy

2MNoB,. Ciz: e(—-
Ui m C 1z rarg(z) € ( i
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Then,

Es(n)

E [P{s[1,0,1n5"[0,5,] =0}]

E [P{SlﬂnlEBn*z(D;SzﬂnléBn*Ean:(D}]

E [ 131003 Linrei LiprewP {S N (' UW*) = 0;8% N (n*> UA) = 0} ]
E 1100 P {S" n(n" uw*) =0}

X 1peeyP {S*N(M*UA) =0 | ST N (n' UW*) =0} 1qcy ]

v

Therefore,
Es(n) = E [X(n )Y () 1pcmy ] »
where
X(n") =1gpex,,P {51 n(n'uw*) = 0} ,
and

Y(0*) = 1gek, Zeagzllf\ R4 {slLo,0n(n*uA)=0}.

By Lemma 2.4 and Corollary 3.8, for any w; € K; and w, € K,,
Pl cw|n'=w,n’=w,}>c

and therefore

Es(n) > cE [X(n")Y(n?)].
However, by Proposition 4.6, n' and n? are independent up to constants, and therefore,

Es(n) > cE [X(n)] E [Y(n?)].
To prove the Proposition, it therefore suffices to show that

E [X(nl)] > cEs(m), 17)

and

E [Y(nz)J > cEs(m, n). (18)

To prove (17), note that

E [X(nl)] = E [1{n1€Kl}P {51 Nmtuw") = @}]
> E[P{s'n(n'uw")=0}]
> ¢E [P {S[l,O'z] nnt = 0;dist(S(oy),n') > cl;S[1, 0] NW* = 0}]
> ¢E [P {S[l,al] nnt :@H ,

where the last inequality is justified by the separation lemma (Theorem 4.7). However, by Corollary
4.5 and Lemma 5.1,

E[P{s[1,0,]nn' =0}]| <E [P{S[1,0,]1nS[0,5,] = 0} | =Es(1) < Es(m).

1062



We now prove (18). Since n? C A\B,,, by the discrete Harnack inequality, for any z;,2, € By \W*,
P> {S[1,0,]1N(n*UA) =0} < P2 {S[1,0,] N (n* UA) =0} .
Therefore, fixing a z € 9By \ W¥,
Y(0?) = cpeer, P {S[1,0,1N (0> UA) =0}
By Lemma 3.1,

P {S[1,0,]N(n*uA) =0}
G(z;B, \ (n* UA))
G(z;B,)

D P e <EnEp | & <o, P {S(o,) =y}

y€oB,
For any y € 9B,
pY {gz <EAN gnz | & < Un}
> D Pa<iangp | & <o P g, <EwAEp | & <o)

wedB,,\W*

For any w € 0B, \ W*,

P e 00 <EahEp | E<ou}zc

Furthermore, by Lemma 3.4, for any u € 9B, /4(2),

PE, <EANEp | & <0y}
pt {gz < 67,2 | gz < Gn}

> P {E, <& | G <Ephoa)zc

It also follows from (8) in Lemma 3.4 that for any two paths 12,72 € ﬁm’n and any u € 9B 4(2),
P{E, <& | <o} =P g, <& | &, <0,
and therefore there exists f(n, m) such that for all n? € ﬁm’n and u € 9B,/4(2),
P {E, <EplE, <o} = fn,m).
Thus,

P {S[1,0,]N(n*uA)=0}

G(z;B, \ (W2 UA
> cf(n,m) (= G(;-(Jg )U )
X Z P {8, <& AEwlE, <0, } P {S(o,) =y}

y€oB,

Let r; = dist(z,n2 U dB,)) and r, = dist(z,n> UAU @B,)). Then ry > ¢;1 > ¢;r,. Therefore,

G(z;B, \ (n* UA)) > G(z;B,,(2)) > cG(z; B(2))
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and by Lemma 3.3 applied to the ball B(z, ),
G(z;B)(2)) = ¢G(2; B, (2)) = cG(z; B, \ n).

Finally, by the reverse separation lemma (Theorem 4.10),

E [P {&, <& Al <0n)] 2B [P {En <Epl€ <0n}],

and thus

E[Y(n)]

> cE [1gper, P {S[L o, ] n(n*UA) =0} ]

> cE [P*{S[1,0,]n(n*UA)=0}]

> cg((:ggf(n,m)ﬁ y;wnpy{gm«nmgw*KZ <o} P {S(0) = v}
| 6B 0% :

> cE aTBnT))f(n,m)y;;3 Py{ém <&plE < an}P {S(c )=y}
~ _G(Z;Bn\nz) ;

> (E W;ﬁ; P {g, < EplE, <o} P {S(o) =y} |

However, by applying Lemma 3.1 again,

G(z;B, \ n?)

G(z;B,) 2 P& <&plé <o P s =y}

y€oB,
= P*{s[L,0,]nn*=0}.

and thus
E [Y(nz)] > cEs(m, n).

5.3 Intersection exponents for SLE, and LERW

In this section, we use the convergence of LERW to SLE, to show that for 0 < r < 1, Es(rn,n) < r3/4.

We combine this result with the decomposition

Es(n) < Es(rn)Es(rn,n)

from the previous section to obtain that Es(n) ~ n=3/4,

We recall the notation introduced in Section 2.6. Let I" denote the set of continuous curves « :
[0, t,] — D (we allow t, to be 0o) such that a(0) € D, a(0,t,] € D and a(t,) = 0. We can make
I" into a metric space as follows. If a, f €T, we let

d(a, p) =inf sup |a(t) = B(6())

J
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where the infimum is taken over all continuous, increasing bijections 6 : [0, t,] — [0, tg]. Note that
d is a pseudo-metric on T', and is a metric if we consider two curves to be equivalent if they are the
same up to reparametrization.

Recall (Theorem 2.6) that LERW converges weakly to SLE, on the space (I',d). We want to apply
this result to the functions f, defined as follows. Given 0 <r <1 and a €T, we let

fr(a)=P°{W[0,7p]Nal0,p,] =0},

where
p, =inf{t : |a(t)| =r}.

We also define f, to be identically 1 for r > 1 (think of p, = 0 in that case, so that the above
probability is 1). Recall that Theorem 2.5 states that if y is SLE, then

E[f,(1)] =<r/4

Unfortunately, the f, are not continuous on the space (I',d). However, the following lemma shows
that they can be approximated by continuous functions.

Lemma 5.4. For all 0 < r < 1, there exists a function fr that is uniformly continuous on the space
(T',d) such that forall a €T

Frral@) < (@) < for(a).
Proof. We define

_ 2 2r
fr(a) = gJ‘ fs(a)ds-
r/2

Note that for a fixed a, f;(a) is increasing, and therefore f;(a) is integrable. In addition, the second
assertion in the statement of the lemma follows immediately. It remains to show that f, is uniformly
continuous.

First of all, we claim that for all € > 0, there exists & > 0 such that forall 0 < r < 1 and all a, 8
with d(a, ) < 6,

fr(@) < fri5(B) +e. (19)
To prove this note that
fr(@) = frys(B) < PP {WI[O0, 751N B[O, pry5] # B; WO, 7] N [0, p,] = 0} .
By Lemma 3.11, there exists v > 0 depending only on € such that
p° {W[O, TplNal0,p,]=0;W(tp) € Ev(a)} <e.

Furthermore, if d(a, ) < 6, then for every z € [0, p, 5], there exists y € a[0,p,] such that
|z — y{ < 6. Therefore, by the Beurling estimates (Theorem 2.3), one can make 6 small enough so

that
p° {

k L
where T, = T40,.] A Tp and Tp=Tp

W(ry) - W(T5)

>v)<e

[0.,0,45] N TD-
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Therefore, for such a &,

PO {W[0,7p] N B[O, pris5] #0;W[0,Tp] N[0, p,] =0}
< P(E,)+P(E)+P(E;),

where
E, = {W(r,)eC, ()}
EZ = {W[O)TID)]na[Oapr] :Q;W(T;})EDl—V}
Es = {W(s))edD\C,(axW(rp) €A}

(recall that A, denotes the annulus D\ D;_,).
By our choice of v, P (E;) < e. Provided we take § < v/2, the events E, and E; are subsets of the

event
{we-wep|> 3}

and therefore P (E,) and P (E3) can be made less than e. This proves the claim (19).

Fix 0 <r < 1. Given € > 0, let 6 > 0 be such that (19) holds (recall that 6 depends only on ¢ and
not on r) and suppose that d(a, ) < 6. Then since f,() < 1 for all s and f3,

2r

_ _ 2 2 2r
fr(a)_fr(ﬁ) = 3_ fs(a)ds__f fs(ﬁ)ds
r r/2 3r r/2

2 2r 2 2r
< B—rfr/sza(ﬁ)ds‘lre - ng/Zfs(ﬁ)dS

2
< —(6+d6)+e.
3r

The latter can be made arbitrarily small by choosing 6 small enough. By reversing the roles of a
and f3, one gets a similar lower bound, proving that f, is uniformly continuous. O

Lemma 5.5. There exists C < oo such that the following holds. Given a random walk S and an
independent LERW S", we extend them to continuous curves S, and S| by linear interpolation. Then for
all 0 < r < 1, there exists N = N(r) such that for n > N,

1 ~ ~
=r<E [P {s0,0,]nnZ, BN =0} | <crt.

Proof. We'll prove the upper bound. The lower bound is proved in exactly the same fashion.

Fix 0 < r < 1. Recall that Si") =n"1S »,. By Proposition 3.12, there exists N; such that for n > N,

and any realization of S ?,
p{s[0,0,]nnZ,,EM=0} = P{s™[0,05]n (n 102, ") =0}
< P {W[o, Tp]N (n‘lnfmn@“)) = (Z)} + 34
fr(n_1§”) + 374,
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By Lemma 5.4, B

fr(n718M) < fo,(nISM),
and f;r is continuous in the metric (I',d). Therefore, by the weak convergence of LERW to SLE,
described at the beginning of this section, there exists N, such that for n > N,,

E [for(n7'S)] <E [for(0)] +7%4

where y denotes SLE,. Furthermore, applying first Lemma 5.4, and then Theorem 2.5,

E [f2r ()] SE[for()] = r¥%.

Therefore, the upper bound holds for N = max{N;,N,}. The lower bound is proved in the same
fashion.

O

We now prove the analogue of the previous lemma for the case where § and S™ are discrete pro-
cesses. The reason why the discrete case does not follow immediately from the continuous case is
that we allow random walks that “jump”, and therefore it’s possible for two realizations of S and S™
to avoid each other on the lattice A but to intersect after they are made continuous curves by linear
interpolation.

Theorem 5.6. There exists a constant C such that the following holds. For all 0 < r < 1, there exists
N = N(r) such that for n > N,

1
Er3/4 <Es(rn,n) < Cr3/4,

Proof. Fix 0 <r < 1. The lower bound follows immediately from Lemma 5.5 and the fact that if the
discrete processes intersect each other so too will the continuous curves.

To prove the upper bound we introduce some notation that will be used only in this proof. Let
S[o,...,0,]
denote the discrete set of points in A visited by S between S, and S(o,,). We will write
S[0,0,]

to denote the continuous set of points in C visited by the continuous curve S, from S, to S(o,,). We
use similar notation for S™. In addition, we let

n*=n2,, (58"0,...,5,])
be the terminal part of the discrete LERW curve and
7 =n2,, (5'00,5,])

be the terminal part of the continuous LERW curve.

As in the proof of Lemma 3.11, one can choose 6 > 0 small enough so that for all n sufficiently
large, and for all z € 9B,
P {S[0,0,] N Bs,(z) # 0} < r¥/4.
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Furthermore, given such a §, we can choose € > 0 and N such that for all n > N, and all z € 9B,,
the following holds. Let y € A be the closest point to (1 — €)z. Then,

PY {S[0,0,] C Bsp(2)} > 1—r%4,

Since the LERW path S" is a subset of a random walk path, one can combine the previous two
observations to show that there exists € > 0 and N such that for alln > N,

E[P{S[0,0,]n (5"[0,5,1NA,) #0}] <2r®4,
where A, denotes the annulus B,, \ B;_),.

By the Beurling estimates (Theorem 2.3), if R is the range of S, then for any realization of sn,

R

1/2
PO {S[0,0,]N (7> NBg_ey) #B:S[0,...,0,]Nn* =0} < C (;) ,

Therefore, we can select N large enough so that for alln > N,
Es(rn,n) = E[P{S[0,...,0,]nn*>=0}]
E[P{s[0,0,]n7*=0}] +E [P{S[0,0,]n (7> NA,) #0}]

E |:P {S[O’O-n] n (1’72 mB(l—e)n) ;é Q,S[O,,O'n] ﬂ’r’z = @}:I
cri/4,

IN +

Theorem 5.7.
Es(n) ~ n~3/4,

Proof. We prove the upper bound using Proposition 5.2. One gets the lower bound in exactly the
same way using Proposition 5.3. Let 6 > O be given. Let C denote the larger of the constants in
Theorem 5.6 and Proposition 5.2. Let 0 < r < 1/4 be small enough so that

InC
In(1/r)

By Theorem 5.6 and our choice of r, there exists N such that forn > N,

<¥é.

InEs(rn,n) N 3 <5
Inl/r 4 '

Any n > N can be written uniquely as n = r /s for some j = 0,1,2,...and N <s < r~'N. Therefore,
by Proposition 5.2,

InEs(n) = InEs(r7s)

J
In |:Cj Es(s) l_[ Es(rkJs, rk_l_js):|

k=1

IA

IA

jInC +InEs(s) —Irj(—§r +6)In(1/r).
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Thus,

InEs(n) jlnC+1nEs(s)+j(—%+5)ln1/r

<
Inn - jlnl/r +1Ins
jlnC+1nEs(N)+j(—%+5)ln1/r
<
- jln1/r +InN '
Therefore,
InEs(n) jlnC+lnEs(N)+j(—%—|—5)ln1/r
lim sup < limsup -
n—0o0 nn =00 jlnl/r+1InN

_ InC N 3 +s
~ Inl/r 4
< > +26
= 2 .

This proves the upper bound, since & was arbitrary. As mentioned before, an identical proof will
work for the lower bound. O

5.4 Deriving the growth exponent from the intersection exponent

In this section, we show that Gr(n) ~ n®/4. We first prove a lemma which relates the probability that
a point z is on the LERW path to an intersection probability for a LERW.

Lemma 5.8. Fix z € B,,. Let S be a random walk and let X be an independent random walk started at
z conditioned to hit O before leaving B,,. Then

P {2 €5"0,5,]} = G,(0,2)P* {L(X[0,EXD)N5S[1,0,] = 0}.

Proof. Let

Z

~ max{k < o0,:S, =2} if§, <o,
0, = .
o ifo, <é&,,

and let 6§ = max{k < G, : S, = 0}.

By the definition of the loop-erasing procedure,

P{z€5"0,5,]} =P {&, < 0,;L(S[},5.])NS[F, +1,0,] =0}

~g o~

Conditioned on the event {&, < 0,}, S[G},0,] and S[G,,0,] are independent. S[G,,0,] has the
same distribution as a random walk started at z, conditioned to leave B, before returning to z.
S[c},0,] has the same distribution as the time reversal of X [0, §§ ] and therefore L(S[G¥, 5, ]) has
the same distribution as the time reversal of L(X [0, Ef)( 1) Thus,
P{&, <0,;L(S[55,5,1)NS[5, +1,0,] =0}
= P{&, <0, } P {LX[0,E5)NS[1,0,]=0] 0, <&}
= P{, <0, }P {0, <&} P {LX[0,5])NS[1,0,] =0}
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The lemma now follows from the fact that

P{E, <0, }P {0, <&} =P{& <0,}G,(z) =G,(0,2).

We finally have all the tools needed to prove our main theorem.
Proof of Theorem 1.1. We first prove the upper bound. For 2z € B, let
L
r=r(z)= me{lzl,n —|z|}.
Then by Lemma 5.8,

P{z€5"0,5,]} = Gu(0,2)P* {L(X[0,EX])NS[L,0,] =0}

Ga(0,2)P* {X[0,5% ) 1nS[1,05, )] =0}

IA

By Propositions 4.2 and 4.4, X [0, Oy (Z)] has the same distribution up to a constant as S[0, OB,(2)]-
Therefore, by Lemma 5.1,
P{z€8"0,5,]} < CG,(0,2)P"{5[0,55,(,)]NS[1,05 ] =0}
CG,(0,2)Es(r)
CG,(0,2)Es(4r).

IA

By Theorem 5.7, for all € > 0, there exists M such that for all k > M /4,
Es(k) < k=3/4F¢,

Also, by [16, Proposition 6.3.5], for all z € B, \ {0},

G,(0, z)Alnﬂ

Thus, for n > 3M,

Gr(n) = » P{z€58"[0,5,]}

Z2€B,
[ n/2
< C M2+Zkln Es(4k) + Z klnkEs(4(n—k))+Mn
| k=n/2
[ n/2
< C M2+Zk1n —f3/4e 4 Z klnk(n—k) 3/4t€ 4 Mn
k=n/2
<

C [MZ +n*/*e 4 Mn].
Since M does not depend on n, for all n sufficiently large one gets that

Gr(n) < Cnd/4*e
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which gives the upper bound since € > 0 was arbitrary.
We now prove the lower bound. As before, let

1
r=r(z) = 5 min{lzl,n — [2l},

and suppose that r > n/16 so that n/4 < |z| < 3n/4.
Let c; be as in the statement of the separation lemma (Theorem 4.7) and let

D, := ™ min{dist(S(0p, (), X [0,5 ,\]), dist(X (5} ), S[0,05 )]}

Then using a similar argument to the one in the proof of 5.1,
P {S[1,0,] N (X[0,EX),]UB,e) =0 | 5[1,05 ()] NX[0,55 ;)] = 0D, >, }

can be bounded below by a constant ¢ > 0. Furthermore, by [10, Proposition 1.6.7], for any
w € 9B,
" _PW{§0<0n/8}
P {€0<0n/8 | §0<0n}—m26.
Hence,
P* {S[1,0,]nX[0,E51=0| S[1,05 ;)] NX[0,55,:)] =0;D, > c;} > c.
Therefore, by the separation lemma (Theorem 4.7),

P {s[1,0,]nX[0,E5]1 =0}

> P*{s[1,0,]nX[0,E5]1=0;S[1,05 ;)] NX[0,55,:)] =0;D, > c; }
> cP*{S[1,0p,:]NX[0,55,x]=0;D, >}
>

cP* {S[1,05 ;)] NX[0,5p,(;y] =0} .
As before, the last quantity is comparable to Es(r). Therefore, for all z such that n/4 < |z| < 3n/4,
P {z e s"[o, 6,1]} > ¢G,(0,2)Es(r).
Now let € > 0. By Theorem 5.7, there exists M such that for all k > M,
Es(k) > k3/47¢,
Therefore, for n > 16M,

Gr(n) = Y P°{z€8"[0,5,]}
Z€B,
> p° {z e s"[o, Gn]}
n/4<|z|<3n/4
i n/z n 3n/4 n
= ki Es(k) + > kln o Es(n— k)
_k=n/4 k=n/2
i n/z n 3n/4 n
" 1.—3/4—€ T — 1\ "3/4—€
> ¢ Zklnkk +Zklnk(n k)
_k:n/4 k=n/2
Z Cn5/4_6.
This proves the lower bound since € was arbitrary. O
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