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Abstract

We consider an i.i.d. random environment with a strong form of transience on the two dimen-
sional integer lattice. Namely, the walk always moves forward in the y-direction. We prove an
invariance principle for the quenched expected position of the random walk indexed by its level
crossing times. We begin with a variation of the Martingale Central Limit Theorem. The main
part of the paper checks the conditions of the theorem for our problem.
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1 Introduction

One of several models in the study of random media is random walks in random environment
(RWRE). An overview of this topic can be found in the lecture notes by Sznitman [9] and Zeitouni
[10]. While one dimensional RWRE is fairly well understood, there are still many simple ques-
tions (transience/recurrence, law of large numbers, central limit theorems) about multidimensional
RWRE which have not been resolved. In recent years, much progress has been made in the study of
multidimensional RWRE but it is still far from complete. Let us now describe the model.

Let Q = {w = (Wy)yezt @ @x. = (Wxy)yept € [0,1]Zd,2y w,, = 1} be the set of transition
probabilities for different sites x € Z¢. Here w, , represents the transition probability from x to
x +y. Let T, denote the natural shifts on Q so that (T,w),. = w,,.. T, can be viewed as shifting
the origin to z. Let & be the Borel sigma-field on the set Q2. A probability measure P over (2 is
chosen so that (2, %, P,(T,),c;¢) is stationary and ergodic. The set 2 is the environment space and
P gives a probability measure on the set of environments. Hence the name “random environment".
For each w € Q and x € Z¢, define a Markov chain (X n)n>0 ON 74 and a probability measure PP on
the sequence space such that

PPXy=x)=1, PPXp=zlX,=y)=w fory,zeZd.

Yz=Y

There are thus two steps involved. First the environment w is chosen at random according to
the probability measure PP and then we have the “random walk" with transition probabilities Py’
(assume x is fixed beforehand). P;°(-) gives a probability measure on the space (z9N and is called
the quenched measure. The averaged measure is

Px((Xn)nZO EA) = f P;o((Xn)nZO GA)P(dw)-
Q

Other than the behaviour of the walks itself, a natural quantity of interest is the quenched mean
E®(X,) =2, 2PP(X, = 2), i.e. the average position of the walk in n steps given the environment
w. Notice that as a function of w, this is a random variable. A question of interest would be
a CLT for the quenched mean. A handful of papers have dealt with this subject. Bernabei [2]
and Boldrighini, Pellegrinotti [3] deal with this question in the case where P is assumed to be
i.i.d. and there is a direction in which the walk moves deterministically one step upwards (time
direction). Bernabei [2] showed that the centered quenched mean, normalised by its standard
deviation, converges to a normal random variable and he also showed that the standard deviation

is of order n}t. In [3], the authors prove a central limit theorem for the correction caused by the
random environment on the mean of a test function. Both these papers however assume that there
are only finitely many transition probabilities. Baldzs, Rassoul-Agha and Seppélédinen [1] replace
the assumption of finitely many transition probabilites with a "finite range" assumption for d = 2 to
prove an invariance principle for the quenched mean. In this paper we restrict to d = 2 and look at
the case where the walk is allowed to make larger steps upward. We prove an invariance principle
for the quenched mean of the position of the walk on crossing level n; there is a nice martingale
structure in the background as will be evident in the proof.

Another reason for looking at the quenched mean is that recently a number of papers by Rassoul-
Agha and Seppélédinen (see [6], [7]) prove quenched CLI’s for X, using subdiffusivity of the
quenched mean. Let us now describe our model.
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Model: We restrict ourselves to dimension 2. The environment is assumed to be i.i.d. over the
different sites. The walk is forced to move at least one step in the e, = (0, 1) direction; this is a
special case of walks with forbidden direction ([7]). We assume a finite range on the steps of the
walk and also an ellipticity condition .

AN

-K K

AssuMpTION 1.1. ()P is i.i.d. over x € Z? (P is a product measure on ).
(ii) There exists a positive integer K such that

P(wo,x —0forx & {—K,~K+1,...,K} X {1,2,...,K}) ~1.
(iii) There exists some & > 0 such that
P(wo’x > 6 forx € {—K,—~K+1,...,K} x {1,2,--- ,K}) ~1.

REMARK 1.2. Conditon (iii) is quite a strong condition. The only places where we have used it are in
Lemmal3.5]and in showing the irreducibility of the random walk q in Section 3.2 and the Markov chain
Zy in the proof of Lemma Condition (iii) can certainly be made weaker.

Before we proceed, a few words on the notation. For x € R, [x] will denote the largest integer
less than or equal to x. For x,y € 72, P;"y(-) will denote the probabilities for two independent
walks in the same environment w and P, , = EP;"y. E denotes P-expectation. E,EY ,E,,E,

x,y?

are the expectations under P;",P;‘,’y,Px,Px,y respectively. For r,s € R, Pr,“;,Pr,s,E;",Effs,Er’s will be
w

shorthands for P(ofr],o),([s],o)’P([r],O),(ESLO)’E(ofrj,o)’E([r],o),([s],o) and E([,1,0),([s],0) Tespectively. C will

denote constants whose value may change from line to line. Elements of R? are regarded as column
vectors. For two vectors x and y in R?, x - y will denote the dot product between the vectors.

2 Statement of Result

Let A, = inf{k > 1: X;.-e; > n} denote the first time when the walk reaches level n or above. Denote
the drift D(x, w) at the point x by

D(x,w) = 21260,(7Z

z

and let

. E(D-e;)\T
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Let B(-) be a Brownian motion in R? with diffusion matrix I' = E(DDT) — E(D)E(D)”. For a fixed
positive integer N and real numbers rq,ry,--- ,ry and 6;,0,,--- , Oy, define the function h: R —» R
by

N N ‘j—l - 32
h(s)22121910]]3—\?2 i ! exp(—u)dv (2)

i=1j=1
for positive constants 3,0, c; defined further below in (14), (13) and (11) respectively.
Let e; = (1,0)7. Define fors,r € R

Epls,r)= E:i/ﬁ(Xl[m] e)— Erﬁ(X;L[m] -e1). 3

Notice that for any fixed r € R, &,(s,r) is the centered quenched mean of the position on crossing
level [ns] of a random walk starting at (r+/n,0). The theorem below states that &,(s,r) scaled by
n'/4 converges to a Gaussian process.

THEOREM 2.1. Fix a positive integer N. For any N distinct real numbers r; < ry < -+ < ry and for all
vectors 0 = (61, 0y, -+, 0y), we have

N

.’ r‘

Zei gn( . 1) =W B(h())
i=1 n4

where the above convergence is the weak convergence of processes in D[0, 0c0) with the Skorohod topol-

0gy.-

REMARK 2.2. ®(-) =w - B(h(-)) is a mean zero Gaussian process with covariances

Cov (q>(s), <I>(t)) — h(s)WTTw, s<t.

The following two corollaries follow easily.
CoRrOLLARY 2.3. For any real number r,
n 4, (,r) = w-B(g()

where the above convergence is the weak convergence of processes in D[0, 00) with the Skorohod topol-
ogy. Here

=25
8 BT oV2n

for positive constants 3,7, c; defined in (14), (13) and (11) respectively.
COROLLARY 2.4. For any N distinct real numbers r{ <1y <-:-Ty
(gn(ta rl); gn(t) rZ)) T gn(ta rN)) = (Zl, ZZ) o JZN)
where (Z1,Z,,--+,Zy) is a mean zero Gaussian random vector with covariance given by
VE [a 1 (ri =)’
— exp (- ———
po* ), «2mv 2tv
The constants 3,7, c, are defined in (14), (13) and (11) respectively.

Cov(Z;,Z;) = [ )dv]vT/Tl"vT/.
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3 Proof of Theorem 2.1

We begin with a variation of the well known Martingale Functional Central Limit Theorem whose
proof is deferred to the Appendix.

LemMA 3.1. Let {X,, , Zpm>1 < m < n} be an RY -valued square integrable martingale difference
array on a probability space (Q, Z,P). Let T’ be a symmetric, non-negative definite d x d matrix. Let
h(s) be an increasing function on [0, 1] with h(0) = 0 and h(1) = y > 0. Further assume that h(s) is
a-Holder continuous in [k, 1] for each 0 < k < 1.

Define S,,(s) = ,Enﬂ X k- Assume that

[ns]
. T
DI

k=1

9',1’;(_1) = h(s)T in probability, 4

foreach 0 <s <1, and

n
liTEOZEOXn,kFHﬂXn,U > e} ﬁn’k_l) = 0 in probability, (5)
k=1

for each € > 0. Then S, (-) converges weakly to the process Z(-) on the space D[0, 1] with the Skorohod
topology. Here Z(s) = B(h(s)) where B(-) is a Brownian motion with diffusion matrix T'.

Let Z, = {0,Q} and for k > 1, let F; = O'{(Dj 1j < k- 1} where @; = {w,. : x -e; = j}.
Z, thus denotes the part of the environment strictly below level k (level k here denotes all points
{x : x-ey = k}). Notice that for all x and for eachi € {1,2,--- ,N}, Pr‘jﬁ(Xlk = x) is &} measurable
and hence also is E:’ ﬁ(X a,)- Let {X hits level k} be the event {X;_ -e; =k}. Now

B[E L06,) ~ B (X5, )

9,(_1} - ]E[ > D(x,w)Pr‘?ﬁ(Xlk_lzx)’ﬁk_l]

x-ep=k—1

= ED- Priﬁ(X hits level k — 1).

Let

k
M = E (X;,) = ([r;vn],0)" —ED - ;p;f (X hits level I 1), (6)

1 . .
The above computation tells us {n"4 Zflzl 6;,(M"' —M,"')),1 < k < n} is a martingale difference
array with respect to &, = Z = 0{w; : j < k — 1}. We will now check the conditions of Lemma

1 . .
3.1lfor X, =n"4 Zivzl 6;(M,”" — M,"",) using the function h in (2). The second condition is trivial
to check since the difference M, — M}, is bounded.

The main work in the paper is checking the condition in the above lemma. First note that

MY -MY, = E® i(X3,) = EY 2(X;, ) —ED - P? ~(X hits level k — 1)

rivn
= Z D(x, )P® ~(X;, , = x)—ED-P® _(X hits level k — 1)
x-eg=k—1 l '
= P? (X5, = x){D(x, w) — ED}.
x-eo=k—1
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Using the fact that E [D(x, w)— ]ED] = 0 and that D(x, w) — ED is independent of Z;_,, we get

N N
=7 21] 21: kZ © o vin, =%;, , and both walks hitlevel k= 1), (7)
=1 j= =1

Here I' = E(DDT) — E(D)E(D)T and X, X are independent walks in the same environment starting
at ([r;v/n],0) and ([r;+/n],0) respectively. We will later show that the above quantity converges

in P-probability as n — oo to h(s)I" where h(s) is the function in (2). We will also show that h is
increasing and Holder continuous. Lemma 3.1/ thus gives us

;9

From (8) we can complete the proof of Theorem|2.1/as follows. Recalling the definiton in (3),

M>®
["] = B(h(-)). 8)

n4

gn(sa ri) = E:,)\/H(Xk[ns] : el) - Er“/ﬁ(XA[ns] ’ el)
and let
Cn(sy ri) = E:i)ﬁ(U[ns]—l) - Eriﬁ(U[ns]—l)-

Here U, = |{k : X}.-e; < n}| is the number of levels hit by the walk up to level n. Since from equation
(6,
Eri\/ﬁ(Xk[m] -ey) = [r;v/n] +E(D- e1)Er, /7(Upns1—1)

we have

M[ns] e = E::\/ﬁ(XA[ns] '61) - [ri \/ﬁ] —E(D - el)Eﬁ?ﬁ(U[ns]—l)
= Eﬁ?ﬁ(Xk[ns] ’ 61) - Er“/ﬁ(XA[ns] ’ el) - E(D : 61) [E:;\/H(U[ns]—l) - Eriﬁ(U[ns]—l)]
= 5,1(5, ri)_E(D 'el)gn(sari)-

0<X;,, €~ [ns] <K gives us |E::ﬁ(Xl[ns] ~ey) — Eri\/ﬁ(XA[m] -ey)| < K. Now

M[ns] €y = E::\/ﬁ(Xk[ 5] ~ep) —E(D - ez)wa(U[ns -1)
= E::ﬁ(Xk[ns] ’ 62) - Eriﬁ(XA[ns] ’ 62) - E(D ’ ez) [E:;\/ﬁ(U[ns]—l) - Eriﬁ(U[ns]—l)]
= O0(1) —E(D - e2)Zy(s, 17

Thus

nl

e
Cals, T)_O(l)—m
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and
n,i E(D 61)
cer +E(D - e)l(s,m) = My -eq — ———— M e, +O(1).

_ agni
Enls,ri) = Mg, E(D-¢y) 10

5]
So (recall the definiton of w in (1)),

N gn("ri) -1 s w
P e DI E, n(XA[n.]'el)_Eri«/ﬁ(Xan'el)]
i=1 ns '

Returning to equation (7), the proof of Theorem 2.1|will be complete if we show

ri— rj)2

n o X
LZP"’ (X,, , =X; onlevelk—1)— ! i exp(— ————)dv
Vi i/ /e ! Bc? ), V2mv 2v

in P-probability as n — co. We will first show the averaged statement (with w integrated away)

ProproOSITION 3.2.

52
~ 1 o 1 (rl' - r])z
(x =X; onlevelk—1)— J exp (—
\/—Z rﬁrf Akl }'k—l ﬁEZ 0 p(

——)d
21y 2v )dv

and then show that the difference of the two vanishes:

ProrosITION 3.3.

n
i E p® (X,, . =X; onlevelk—1)
ﬁ riva, i/ Ak—1 Ak—1

k=1

P. . mX, =X; onlevel k—1)— 0 in P-probability.
\/_ 1\/— j\/— k—1 A4k 1

3.1 Proof of Proposition

For simplicity of notation, let P ) denote P, rvi and E(l denote E, rve Let 0=Lo < ILp <

- be the successive common levels of the independent walks (in common environment) X and X;
thatis L; =inf{l > L;_; : X, - e, :Xiz ey =1}. Let

Yk =X1Lk c €1 _XZLk c€eq.

Now

n
LZp'% (X, =ZX; onlevelk—1)
ﬁk—l (£, A1 A1
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n
:iZP“ (X, =X; andLl,_,<n-1)
Jn ~ (LD Ay ALy k=1 =

n
ZL P' (Y y=0andL,_;<n-1) )
Jn (i,)\ k-1 and Lg_1 =n .
k=1

We would like to get rid of the inequality L;,_; < n — 1 in the expression above so that we have
something resembling a Green’s function. Denote by ALj=Lj;;—L;. Call L; a meeting level (m.l.)
if the two walks meet at that level, that is X = X An Also let I = {j : L; is a meeting level }. Let
Q1,Qy, - be the consecutive AL; where j € I and Ry,Ry, -+ be the consecutive AL; where j ¢ I.
We start with a simple observation.

LEMMA 3.4. Fix x,y € Z. Under P, ,

Q1,Qy, - are iid. with common distribution Py o)0,0)(L1 € )
Ry,Ry,- -+ arei.i.d. with common distribution P o) (1,0y(L1 € *)

Proof. We prove the second statement. The first statement can be proved similarly. Call a level a
non meeting common level (n.m.c.]) if the two walks hit the level but do not meet at that level. For

positive integers kq, ko, -+ , kp,

P, y(Ry=ky,Ry=ky,-- ,R, =k,) = ZPXJ’ (Ry =ky,--- ,R, =k, 1 is the n’th n.m.c.l.)
i

= Z Px’y (R] = k17 cee JRH—]. = kn_]_,i is the n’th n.m.c.l.,Xii c €1 _Xli €1 = j,Rn = kn)
i,j#0
= > E[P;”y (Ry=ky, = ,Ry_1 =ky_1,iis the wthn.m.cl,X; -e; =1,%; -e;=j+1)

1,j#0,1

XP i a4, (ALo = kn)]

= Z E[P;"’y (Ry=ky,"+*,Ry_y =kp_y,iisthe n’thn.m.cl.,X; -e; = Z:Xii g =Jj+ l)]
i,j#0,1
XP(g,0)e, (L1 = kp)
= P(O,O),el(Ll = kn)Px,y(Rl =ki,Ry=ky, + ,Ry_q = kp_1).
The fourth equality is because P(Ozii),(z +].’l.)(ALO = k,) depends on {w,, : m > i} whereas the previous
term depends on the part of the environment strictly below level i. Note also that P ). (L1 =

kn) = P,0) je,(L1 = ky). This can be seen by a path by path decomposition of the two walks. The
proof is complete by induction. O

LEMMA 3.5. There exists some a > 0 such that

E(O’O)’(O’O)(eal‘l) < 00 and E(O’O)’(Lo)(eaLl) < Q.
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Proof. By the ellipticity assumption (iii), we have

ol

P 0).0,0(L1 > k)< (1— 5)[ ],

ol

P01 >k)<(1- 5],

Since L, is stochastically dominated by a geometric random variable, we are done.

Let us denote by X, the set of points visited by the walk upto time n. It has been proved in

Proposition 5.1 of [7] that for any starting points x, y € Z2

Eyy ('X[O,n] NX[on] |) <C+vn.

This inequality is obtained by control on a Green’s function. The above lemma and the inequality

that follows tell us that common levels occur very frequently but the walks meet rarely. Let

Epo,aoli)=c,  Ewoo),00(L1) = co.
We will need the following lemma.

LEMMA 3.6. For each € > 0, there exist constants C > 0, b(e) > 0, d(e) > 0 such that

L
P(’;’j) (7" >+ e) < Cexp [ —nb(e)],

Ln
P(’},j)(? <c— e) <Cexp [ —nd(e)].

L
Thus =+ — ¢y Pyp a.s.

Proof. We prove the first inequality. From Lemmas and (3.5, we can find a > 0 and some v > 0

such that for each n,
E&J.)(exp(aLn)) <"
We thus have
E(”i’j) (exp(aL,))
exp(aCyn)
< exp{n(logv —aC;)}.

pn Ln C
(i,j)(j— 1)

Choose C; large enough so that logv —aC; < 0. Now

L L
Pt (£ >y +e) <expi{n(logv —aC;)} +P* .(c; +e < = < Cy).
- ) n

Lety = 4L Denote by I, = {j : 0 < j < n,L; is a meeting level } and recall AL; = L;

Co :
have

L
P(r;’j)(cl +e= ;n < Cl) < P(’;’j)(”nl = Yn:Ln < Cln)

Zj¢1n,j<n ]

n <
+ P(i’].)(|1n| <yn,c;+e€=< " o
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Let Ty, Ty, ... be the increments of the successive meeting levels. By an argument like the one glven
in Lemma 3.4} {T;};>; are i.i.d. Also from (10), it follows that E o(T;) = co. Let M = M(y) =

and find K = K(y) such that

Y
Eyo(T1 AK) = M.
Now,

P(T:’])(|In| > n, Ln < Cln) < P(’:,J)(Tl + TZ 4.4 T[)/n]—l < Cln)

S n (T1+T2+T[Yn]_1s4ﬁ)
(.1 [yn] -1 Y

S n (TlAK+T2/\K+“T[Yn]_l/\KSLI_&)
@1 [yn] -1 Y

< exp[—nby].

for some b, > 0. The last inequality follows from standard large deviation theory. Also

Diier i<n AL Dl AL
P (Il < ymy e s ZER 2 25D <))
n n
e 1
_P(’;’j)(|1n|<yn,cl+555¢z ALJ-) (l])(|I|<}/n ZAL )
j#lng<n

Let {M;};>, be ii.d. with the distribution of L, under P, and {N;};>, be 1.1.d. with the distribution
of L; under P, ;. We thus have that the above expression is less than

[Y ] [yn]

1
( ZM >+ = ) ( ZN_ ) < exp(—nb3(e))+P(m;Nj2%)
< exp(—nbs(€)) + exp(—nby(e)).

for some bs(€), by(e) > 0. Recall that i > ¢ by our choice of y. Combining all the inequalities, we
have

(11)( > ¢; +€) < 3exp(—nb(e)).

for some b(e) > 0. The proof of the second inequality is similar. O

Returning to (9), let us separate the sum into two parts as

n(l4e€)
[20£9]

e > Pl (Y =0and Ly <n—1)
k=0

1 n—1
+— >, Pl (y=0andLy<n-1).
ﬁ k:[n(1+e)]+l
€1
Now the second term above is

1 n—1

— > Py, =X;, and L <n-1)< —

L n(1+6) < n)
)( ==1-
Vv n

k=[] 41

f (11
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which goes to 0 as n tends to infinity by Lemma 3.6, Similarly
n(l—e) n(l—e) n(l €)
. (=5 (2=

1
—=I ,; Pl (Yi=0)— ;O Pl (Y =0,1 <n—1)] f Z Pl (L = )

IA

IA

> n)

_Pn . L n(l—e)
n (l,])( =]
also goes to 0 as n tends to infinity. Thus

1 n—1
TZ i) Ye=0,Lg <n—1)
[n(l e)] [n(:%—e)]

1 1
~ Z Pi (Y =0)+ T Z Pi (Ve =0, Ly =n—1)+ay(e)
n(l e)]+1

where a,(e) — 0 as n — oco. Now we will show the second term in in the right hand side of the
above equation is negligible. Let T = min{j > ["(1 e)] +1:Y; = 0}. Using the Markov property for
the second line below, we get

[rlte)y [rdte)q
1 1
— > P (%=0L<n-1) = —E’L[ZH _ _]
(L k >k (i) {Y,=0,L,<n—-1}
vn b v BPOL e

k=[]
[Zc—"le]
1
ﬁEo,o[ Z H{Yk=0}]
k=0
. [2€]
= —Epp [H{L 2ne ,<4ne} Z H{Yk=0}]
vn e k=0
. [26—';6]
+—E0,0[HL ne ;>4 HY:O]'
\/ﬁ {[261]>ne}k;){k }

In the expression after the last equality, using (10) we have

IA

)

. 1 v
First term < ﬁEO,OOX[O,‘ME] ﬂX[OAne]

C
< ﬁ«/ﬁscw/?.

C
Second term < ——=Pqo(Ljze; > 4ne) — 0.
‘1

Jn
by Lemma 3.6, This gives us
[n(l s)]

—1
Z )(Yk—OLk<n—1)— Z P (Y = 0) +O(v/€) + by(e)

k:
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where b, (€) — 0 as n — co. By the Markov property again and arguments similar to above

[2]
1 1
= 2, Bym%=0 < Z Py o(Y; =0)

k=10 ] 41 k=0
‘1

< O(Ve)+cy(e)

R

where c,(e) — 0 as n — 0o0. So what we finally have is

1 n—1
EZP&)(Yk 0L, <n-1)=— Z PE (i = 0)+ O(v/€) + dy(e) (12)
k=0

where d,(e¢) — 0 as n — oo.

3.2 Control on the Green’s function

We follow the approach used in [1] to find the limit as n — oo of

Il

Z @, J)(Yk

in the right hand side of (12). Since € > 0 is arbitrary, this in turn will give us the limit of the left
hand side of (12).

In the averaged sense Y} is a random walk on Z perturbed at 0 with transition kernel g given by

q(0, y) = P 0),0, O)(XAL —-X; cep=y)

Ly

g(x,y)= P(O,O),(l,O)(X)LLl e _Xi ee=y—x—1) for x #0.

Ly

Denote the transition kernel of the corresponding unperturbed walk by g.
q(x,y) = P, X P(o,o)(X;xL1 “eq —XiLl e =y —Xx).

where P o) X P(g o) is the measure under which the walks are independent in independent environ-
ments. Note that

q(x,y)=q(x,y) for x # 0.

The q walk is easily seen to be aperiodic(from assumption|1.1/(iii)), irreducible and symmetric and
these properties can be transferred to the ¢ walk. The q can be shown to have finite first moment
(because L; has exponential moments) with mean 0. Green functions for the q and q walks are
given by

Ga(x,y) =Y 3" (x, y) and G, (x,y) = Y ¢"(x, ).
k=0 k=0
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The potential kernel a of the q walk is
a(x) = lim {G,(0,0) — Gy(x, 0)}.

It is a well known result from Spitzer [8](sections 28 and 29) that lirf % = % where
X—xI00

T2 = variance of the q walk. (13)

Furthermore we can show that (see [1] page 518)

%Gn_l(o, 0)B = %EOJO [a(Y,)] where 8 = XZZ:q(O,x)E(x). (14)

LnEo,o|Yn| converges to conclude that LnEo,o [a(Y,)] converges. Notice that

L v a o 3
Yi =X1Lk e _XiLk - e7 is a martingale w.r.t. {4 = O-(XbXZ:'"’XALk:Xl’XZ""’XiLk)} under the

First we will show

measure Py,. We will use the martingale central limit theorem ([4] page 414) to show that %
converges to a centered Gaussian. We first show

%H) —» 0 in probability. (15)

1 n
- Z Eop ((Yk — Vi 1) Iy —v_|>evii}
k=1
We already have from Lemma|(3.5 that for some a > 0
Eo,o(e“%lyl‘) < Eo,o(eaLl) < 00,
Eo,00(e ") < Egg),1,0)(e™) < o0.
Thus Eq o [ Yy — Yk_1|3|<§k_1:| < C and so (15) holds. Now we check

- E Eop ((Yk = Y1) |‘5k—1) — 0~ in probability.
n \
k=1

Note that

Eoo[ (Vi — Yk—1)2~‘5k—1] = Eoo[(Yi — Y1) Ly, =03l %k—1] + Eoo [ (Y — Yie1)*Tyy,_, 03| -1

_ —2
= Uollyy,_ =0} T 0 Iy, _ 203

where uy = EO,O(le) and E(; ¢y,0,0)((Y1 — 1)%) = &2 (as defined in (13)), the variance of the unper-
turbed walk g. So

1 n (uO_EZ) n
Y E (V=Y P9 =2+ —— Iy _on.
n; o,o[( k —1)"1%k 1] n ; {Y;,_1=0}

To complete, by choosing b large enough we get

n
Eoo [Z Ly, =o}] < nPoo(L, > bn)+ EqolX[0,p1 N X0l
=1

< Cvn.
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Hence %ZZ=1 Iy, ;=0 — 0 in Py ,-probability. We have checked both the conditions of the mar-

1 — _1
tingale central limit theorem and so we have n"2Y, = N (O G2). We now show Epoln™2Y,| —

E|N(0,52)| = j—i This will follow if we can show that n 2Y uniformly integrable. But that is

clear since we have
E YZ u —2 n
—0)0 L =62+ ZPOO(YI( 1—0)<UO+O-
k=1

n

It is easily shown that

lim Eoola(Y,)] lim 1 EgolYal 2
n—o0 vn n—oo0 62 Jn o2 ’
We already know by the local limit theorem ([4] section 2.6) that lim G 2(0,0) = Wthh
n—o0

is equal to lim n_%EO ola(¥,)] = lim n_%[o’ G,(0,0) by the above computations. The arguments in
n—oo ’ n—oo
([1] page 518 (4.9)) allow us to conclude that

1 _
—|BGy(x,0) — G,(x,0)| — 0.
sgpﬁlﬁ n(x,0) = G (x,0)|

Now returning back to (12), the local limit theorem ([4] section 2.6) and a Riemann sum argument
gives us

(=]

2=

1 1 n(r; —r;)? 1
lim —G rivn r:v/n],0) = lim — exp (— o(—
s ek O mml{mf (- ) o)
1 (4 1 (ri —1;)?
= — exp(— ————)dv.
o> Jo 2ny p( 2v )
Hence the right hand side of (12) tends to
1 ; 1 (ri—r‘j)
lim —G rivn r:v/n],0) = exp ( — ———)dv. (16)
Jim =G0~ 0= 5 [ e ()
This completes the proof of Proposition 3.2 .

3.3 Proof of Proposition

This section is based on the proof of Theorem 4.1 in [5] and (5.20) in [1]. Recall Z, = {0,Q},
F=0{w;:j<k—1}. Now

1 n
N {Pff:)ﬁ,rjﬁ(yk =0,L =n) = Pr i p ym(Ye = 0, L < n)}
k=0
1 n—-1 n
=— Z {Pr_ﬁ rj\/ﬁ(Xlk =f<ik and both walks hit level k|<%+1)
n e
1=0 k=I+1

1281



—P,, i, /i (X2, =%;, and both walks hit level k| %) }.

Call R; = Zrkl:l+1 { } It is enough to show that E(% Z?:_ol R;)? — 0. By orthogonality of
martingale increments, ER;R,, = 0 for [ # m. Let
¢, = {k : k < n,k is a meeting level },
the number of levels at which the two walks meet up to level n.

PROPOSITION 3.7.
1 n
= ER? —0.
n
1=0

Proof. Notice that R; is 0 unless one of the walks hits level [ because otherwise the event in question
does not need w;. We then have R; =R ; +R; 5 + R, , where

Rip= D, D5 PP s, =wP? 2(X; =)

wey=l ire,=l

X D0 Eunans(dn)- {olume(@) - Ele(w)e(d )]

1<w-e3,z-epg <K
—K<w-e,z-e1 <K

D S S S S e A,

u’€2=l ﬂ'€2<l l<uj-ep <l+K, [<iiy-ep <I+K,
Iy —u)-e1l <K |(@ — @) el <K

XP® o(X5, = 0, X5, 1 = ﬂ){w(u, up —u) — Elo(,uy - u)]} “Eyp i, (00),

and
/
— w —_ —_
Rp=2, 2 X2 >, PAlG =X, =w)
u~32<l ﬂ~32=l l<uj-eg <Il+K, l<iiy-eg <Il+K,
I(ug —w)-eq] <K (i —@)-er] <K

xPe (%5, = D i, iy — ©) — E[eo(d i — D] }Ey, 4, (60).
We first work with R; ;. Let us order the z’s as shown in Figure 1 below. Here q < z if q occurs before

z in the sequence and z + 1 is the next element in the sequence. Also, without loss of generality, we
have assumed (K, K) is the last z. The other choice is (—K,K).

K1)

Figure 1
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Using summation by parts on z, we get

D Euswire ()| 0w, 2) — E{eo(uw, w)o(d, )} |

= | (6t S ot~ Efotm) 3 0@ 0} ) B |

_ [Z { Z w(u,w)o(i, q) — E(Z w(u,w)w(d, q)) }
= q=z

q<z

X {Eu+w,ﬁ+z+1(¢n) - Eu+w,ﬂ+z(¢n)}i| '

Write R; ; =R; 17 — Ry 15, after splitting ., into the two terms above. Similarly, we can show

Ry = . > D, Pl = WP (X hits De(d, 2)

u-ey=l |—K+1<ii-e,<l—1 z-ey>l—1i-e5+1

> A X [owy —Eo@ ]} i@ ~ Buwn ().

1<w-eg <K
—K<w-e; <K
w# (K,K)

Do the same for R/l ,- Proposition|3.7|will be proved if we can show the following.

ProrosiTION 3.8.

13 18
2 2
- > E(R},,)—0 and a > ERE; ) — 0.
1=0 =0

Also

1¢ 1< ;2
=D ER?,)—0 and = > ER,, ) — 0.
L= "=

Proof. Let us show the first statement of the proposition. Since ) w(il,z) = 1, we have

2 _ _ ~~ o~ _ N~ o~
R =D > P (X, = WP £(K5, = WP 2Ky, = VI (X5, =)

wv i,

X Z [(w(u,w) —Ew(u, W)) . (w(v, r)—Ew(v, r))

w,r

'Eu+w,ﬁ+(K,K)(¢n) : Ev+r,\7+(K,K)(¢n):| .

Using summation by parts separately for w and r, we get the sum after the X is

Y 2 (oo -Eowa)]| [ Euwaswn(@n) ~ Euwinien (@)

1<w-ep,r-eg <K aw
—K<w-ej,r-eg <K

x> [ 00, =B, - [ Bvsrsror(@n) = Busrin s (@)

qsr
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When we take E expectation in the above expression, we get 0 unless u = v. Also using Lemma 3.10

below, we have that E, 1, i+ (x,5)(®n) = Eysw+1,a+@x x)(Pn) and Ey 54k ) (Pn) — Ey 1,54+, 50) (Pn)
are bounded. These observations give us that

E(Rlz’l,l) <CP, ﬁ,rjﬁ(XAl :Xiz and both walks hit level 1).

From computations on Green functions in the previous section (eqns. (12) and (16) ), we have
1 n 2 1 n 2
= Do E(Rl’l’l) — 0. Let us now show = Do ER;, — 0. Now

ERZ,= Y. > > B[P 00, = 0P (X hits D)eo(d, )

U'€2=V'€2=l I1-K+1<i-ey, z-eg>l—li-eg+1
V-epg<l-1 2/ eg>1—V-eg+1

PE (X5, = VIPE (X hits ﬁ)o)(f/,z’)}

X Z Z E{ Z [w(u,a) —Ew(u, a)] Z [w(v,a’) —Ew(v, a/)]}

1<w-ey <K 1<w ey <K asw a’' <w’
—K<w-e; <K —K<w'-eg <K
w# (K,K) w’ #(K,K)

X {Eu+w,ﬁ+z(¢n) - Eu+w+1,ﬁ+z(¢n)} : {Ev+w’,\7+z’(¢’n) - Ev+W’+1,17+z’(¢n)}'

By observing that the expression on the third line of the above equation is zero unless u = v and by
using Lemma|3.10 below, it is clear that

IERZZ2 < CP, jiryiXy, =X 5, and both walks hit level 1)

and it follows that X Zl —0 IET,R2 — 0. The remaining parts of the proposition can be similarly proved.
This completes the proof of Proposmon!—\ 8land hence Proposition|3.3 O

We have thus shown
[ns] N Mn,i _ Mn,i N Mn’i _ Mn’i r
k k—1 k k—1
SHa {30 (M} o0 (MY Y] o
k=1 i=1 n+ i=1 n4
where h(s) is as in (2). From the left hand side of the above expression, we can conclude that h(s)

is nondecreasing.

LEmMA 3.9. The function

(t)-ii@@ﬁjl L (= T,
fl)= RER) IV v 2ty Y

i=1 j=1

has bounded derivative on [k, 1] for each xk > 0 and is continuous on [0, 1].

(lr)

)dv. For

Proof. Note that f(0) = lilrgf(t) =0and f(1) = 25\]:1 Ziv 1 focl 2
t
B>0and xk <s <t, we have

2 =2

a1 B 1 B
ﬁJl ex ——dv—ﬁf exp(— —)dv
’ 0 V27TV P( 2tv) 0 V21T p( 25\/)
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—2 —

[ 1 J‘? 1 ( B )d + B fﬂl 1 ( B )d :|(t )
= ex - v ex - v —S
2\/ﬂ 0 21TV P 22uy 2u% 0 / P 22uy

3
V2427

|Q

for some s < u < t. Since the right hand side of the above equation is bounded for k <u <1, we
are done . O

Theorem|[2.1 is now proved except for

LEmMmA 3.10.

sup sup sup
n yez? yeier ez}

We first prove the following

LEmma 3.11.

sup sup sup
n uez? yefer,es}

<Csup sup
N ye{te;,tey}

E0,0(¢n) - EO,y(¢n) .
Proof.

Foul®n) = Foure, @)l = [E(E3,(80)) ~ B(Bga (90))|

Z |(1 J)ix;=Xj,x;-e3<n,X; <n} {l_[w(xl,xl+1)l_[o)(x],xj+1)}

0= x0, X1, X
u= %o, %1, %

n—1 n—1
— Z |(i,j):xi=)~cj+el,xl~-ez,fcj-e2Sn|-E{l_[w(xi,xiﬂ)l_[w(fcj+el,3~c]~+1+el)}‘

0=1x0,X1, "X i=0 j=0
u==Xxg, X1, ,%p
We now split the common sum into two parts ), and »,. The sum ), isover all 0 = xg, x1,- -+ , X,

and u = Xq, X1,---, X, such that the first level where x; = X; occurs is before the first level where

X; = Xj + e; occurs. Similarly Y., isover all 0 = xg,x1, -+, X, and u = %y, %1, , %, such that

X; = X; occurs after x; = X; + ¢;. The above expression now becomes

<D HD S| < sup Eoo(@n)—Eoe, ()| +5up |Eoo(bn)—Eo,—e, (61)].
1 2 n n

O

The proof of Lemma will be complete if we show that the right hand side of the inequality in
the Lemma|3.11]is finite. We will work with y = e;. Consider the Markov chain on (Z x {—(K —

1), —(K —2),...(K - 1)}) x {0,1,...K — 1} given by

Zk = (Xik —X;Lk,min(X;Lk 'ez,Xik '62)— k)
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This is an irreducible Markov chain (it follows from assumption|1.1/(iii)). For z in the state space of
the Z-chain, define the first hitting time of z by T, := inf{k > 1 : Z; = z}. For z,w in the state space,
define G,(z,w) = ZZ:O P(Z, =w|Zy = 2). Now note that

T((1,0),0)

G,[ ((0,0),0), ((0,0),0) | = E((0010) B ]I{zk:((o,o),o)}] +G,[ ((1,0),0), ((0,0),0) |.
k=0

T((0,0,0)

G, [ ((1,0),0), ((0,0,0) | SE((LO)’O)[ > ]I{Zk:((o,o)’o)}] +G,[ ((0,0),0), ((0,0),0) .
k=0

Since both expectations are finite by the irreducibility of the Markov chain Z,,

G, (((0, 0),0), ((0,0), o)) —G, (((1,0), 0), ((0,0), o))‘ < oo.

sup
n
The proof of Lemma is complete by noting that

Eoo(9a) = Ga(((0,0),0), ((0,0),0) ) and Eo,, (¢,) = Gy  ((1,0),0), ((0,0),0) ). O

4 Appendix

Proof of Lemma We just modify the proof of the Martingale Central Limit Theorem in Dur-
rett [4](Theorem 7.4) and Theorem 3 in [6]. First let us assume that we are working with scalars,
thatis d = 1 and I = o2. We first modify Lemma 6.8 in [4].

LEMMA 4.1. Let h be a continuous and increasing function on [0, 1] with h(0) =0. Let 7/, 1 <m <n,
be a triangular array of increasing random variables, thatis T, < T} .. Also assume that T'Ens] — h(s)
in probability for each s € [0,1]. Let

S _ B(7}) foru=me{0,1,---,n};
m,(u) linear forue [m—1,m] whenme{1,2,---,n}.

We then have
||Sn,(n~) —B (h()) || — 0in probability

where || - || is the sup-norm of Cjg 13, the space of continuous functions in [0, 1].
Proof. h is uniformly continuous in [0, 1]. So for every 11 > 0 we can find a 6 = §(n) so that % is an

integer and |x — y| < 6 implies |h(x) — h(y)| < 7. Since B is uniformly continuous on [0, 1], given
€ > 0, we can find an 1 > 0 small enough so that

P(|B, —B| <eforall0<s,t <1suchthat|t—s|<2n)>1—¢€

and forn = N, 5,
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1
P(|z} —h(k6)|<nf0rk=1,2,---g)21—6.

[nké&]

Fors e ((k—1)8,k8)

Ty ) 2 Th gy — h(kS)
= Tl — 1((k=1)8) + [h((k —1)5) —h(k5)].
Also
Ths) —h(s) < [M —h((k —1)8)
= Tiusy — (k&) + [h(k&) —h((k—1)5)].
Thus,

Thk-1ys) — M((k=1)8) —=n < ], —h(s) < 75y — h(kE) + 1.

From this we can conclude that for n > N,

P( sup |T[n] h(s)| < 27;) >1—e.

0<s<

When the events in (1) and (2) occur,

Sum = B(HC) | = B(73) = B(H()| <.

For t = mT+9, 0 < 0 < 1, notice that

+1
)|

+ (1- 9)|B(h(;)) —B(h(t)|+ 9|B(h(T)) —B(h(t))].

Sy =B < (1= 0)IS,n —B(A(— ))|+0|snm+1 B(h(m

The sum of the first two terms is < € in the intersection of the events in (1) and (2). Also for
n > M, s, we have |T11| < & and hence Ih(%) —h(t)| < n,lh(mTH) — h(t)| < n. Hence the sum
of the last two terms is also < € in the intersection of the events in (1) and (2). We thus get for
n= maX(NW;,Mn’c;),

P (S ) — B(R(I)II < 2¢) 21— 2e.
O
We will also need the following lemma later whose proof is very similar to that of the above lemma.

LEMMA 4.2. Let h be a continuous and increasing function on [0,1] with h(0) = 0. For increasing
random variables ©7, 1 < m < [n(1 —s)] such that T’[lnt] — h(t +s) — h(s) in probability for each
t €[0,1—s], we have

|Snny = [B(h(s +-)) = B(h(s))] || =0 in probability.
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The statements of Theorems 7.2 and Theorems 7.3 in [4] are modified for our case by replacing
Vo [ne] — to? by Vi [nt] = h(t)o?.The proofs are almost the same as the proofs in [4].We now
complete the proof of Lemma/3.1/for the case when d = 1. To prove the vector valued version of the
theorem, we refer to Theorem 3 of [6]. Lemma 3 in [6] now becomes

- E(f(0-Su(s+-)—0-5,(5))Z,)

1
s E(Z,)

=E[f (Cols +-)— Co(s))]
where Cy(t) = By(h(t)) and By is a 1 dimensional B.M. with variance 67T'6. The only other fact
we will need while following the proof of Lemma 3 in [6] is

LEMMA 4.3. A one dimensional process X with the same finite dimensional distribution as C(t) =
B(h(t)) has a version which is continuous in (0, 1].

Proof. Fix 0 < x < 1. We check Kolmogorov’s continuity criterion. Let 8 = [%] +1.

E(|Xr _Xs|ﬁ) = E(|Bh(t) _Bh(s)lﬁ)
|h(t) — h(s)IPE(ZF)
< |t —se([31+1)

IA

where Z is a standard Normal random variable. This shows that we can find a version of C(t)
continuous in [k, 1]. Letting k | 0, we get the result. O

The above lemma was needed in the justification of the convergence of the finite dimensional
distributions (Snj (s1),-+- ,Sn]_ (s1)) on page 312 of [6]. Note that S,(0) = 0 =X(0) in our case.
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