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Abstract

The (d, a, 8, y)-branching particle system consists of particles moving in R* according to a
symmetric a-stable Lévy process (0 < a < 2), splitting with a critical (1 4+ 8)-branching law
(0 < B <£1), and starting from an inhomogeneous Poisson random measure with intensity mea-
sure u, (dx) =dx/(1+|x|"),y = 0. By means of time rescaling T and Poisson intensity measure
Hpu,, occupation time fluctuation limits for the system as T — oo have been obtained in two
special cases: Lebesgue measure (y = 0, the homogeneous case), and finite measures (y > d). In
some cases Hr = 1 and in others Hy — oo as T — oo (high density systems). The limit processes
are quite different for Lebesgue and for finite measures. Therefore the question arises of what
kinds of limits can be obtained for Poisson intensity measures that are intermediate between
Lebesgue measure and finite measures. In this paper the measures u,,y € (0,d], are used for
investigating this question. Occupation time fluctuation limits are obtained which interpolate
in some way between the two previous extreme cases. The limit processes depend on different
arrangements of the parameters d, a, ,y. There are two thresholds for the dimension d. The
first one, d = a/f + v, determines the need for high density or not in order to obtain non-trivial
limits, and its relation with a.s. local extinction of the system is discussed. The second one,
d=[a(2+B)—yVva]l/B (if y < d), interpolates between the two extreme cases, and it is a criti-
cal dimension which separates different qualitative behaviors of the limit processes, in particular
long-range dependence in “low” dimensions, and independent increments in “high” dimensions.
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In low dimensions the temporal part of the limit process is a new self-similar stable process
which has two different long-range dependence regimes depending on relationships among the
parameters. Related results for the corresponding (d, a, 3, y)-superprocess are also given.
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1 Introduction

Occupation time fluctuation limits have been proved for the so-called (d, a, 8)-branching particle
systems in R with initial Poisson states in two special cases, namely, if the Poisson intensity measure
is either Lebesgue measure, denoted by A, or a finite measure [BGT1], [BGT2], [BGT3], [BGT4],
[BGT6]. Those cases are quite special, as explained below, and the limit processes are very different.
Therefore the question arises of what happens with Poisson intensity measures that are intermediate
between Lebesgue measure and finite measures. That is the main motivation for the present paper,
and our aim is to obtain limit processes that interpolate in some way between those of the two
special cases. One of our objectives is to find out when the limits have long-range dependence
behavior and to describe it. Another motivation is to derive analogous results for the corresponding
superprocesses.

In a (d, a, #)-branching particle system the particles move independently in R¢ according to a stan-
dard spherically symmetric a-stable Lévy process, 0 < a < 2, the particle lifetime is exponentially
distributed with parameter V, and the branching law is critical with generating function

1
s+——1-s)", 0<s<1, 1.1
17 pt .1
where 0 < 8 <1 (called (14 f3)-branching law), which is binary branching for 5 = 1. The parameter
V is not particularly relevant, but it is convenient to use it. The empirical measure process N =
(N¢)¢>0 is defined by

N,(A) = number of particles in the Borel set A C RY at time ¢. (1.2)

A common assumption for the initial distribution Nj, is to take a Poisson random measure with locally
finite intensity measure u. The corresponding (d, a, 3)-superprocess Y = (Y,);>o iS a measure-
valued process, which is a high-density/short-life/small-particle limit of the particle system, with
Yy = u. See [D], [E], [P2] for background on those particle systems and superprocesses. In this
paper we investigate (the limiting behavior of) the corresponding occupation time processes, i.e.,

t

t
J N.ds, t > 0, and J Y.ds, t > 0.
0 0

We recall that the distributions of these processes are characterized by their Laplace functionals as
follows [GLM], [DP2]:

t
Eexp {—J (N, w)dS} = exp{—(, v, (D)}, p € (R, (1.3)

0

where Vi, (x,t) is the unique (mild) solution of the non-linear equation
d A L+6 1 1.4
Evtp av¢_1+[))v(p +‘P( _V(p)> (1.4
v,(x,0) = 0,

and .
Eexp {—f (Y, go)dS} = exp{— (L, u, ()}, ¢ € S[RY, (1.5)

0
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where uw(x, t) is the unique (mild) solution of the non-linear equation

0
e
uy(x,0) = 0,

= Ayu ultf + o, (1.6)

Y1+

and A, is the infinitesimal generator of the a-stable process. (See the end of the Introduction for
the standard notations { , ), (R%).)

For u = A, N, is homogeneous Poisson. This case is special (and technically simpler) because A
is invariant for the a-stable process (which implies in particular that EN, = A for all t), and there
is the following persistence/extinction dichotomy [GW], which heuristically explains the need for
high density in some cases in order to obtain non-trivial occupation time fluctuation limits, and
anticipates the situation we will encounter in this paper:

(i) Persistence: If d > a/f3, then N, converges in law to an equilibrium state N, as t — oo, such
that EN, = A.

(ii) Extinction: If d < a/f, then N, becomes locally extinct in probability as t — oo, i.e., for any
bounded Borel set A, N;(A) — 0 in probability.

An analogous persistence/extinction dichotomy holds for the corresponding superprocess (with Y, =
A) [DP1]. For a = 2 (Brownian motion) and d < 2/ a stronger extinction holds: the superprocess
becomes locally extinct in finite time a.s. [I12], and we shall see that so does the particle system.

The case of u finite is special because the particle system goes to extinction globally in finite time
a.s. for every dimension d, and so does the superprocess [P2].

The time-rescaled occupation time fluctuation process Xy = (Xr(t)),>o of the particle system is

defined by
Tt

Xp(t) = 2z (N, — EN,)ds, (1.7)
Fr )

where N; is given by and Fy is a norming. The problem is to find F; such that X; converges
in distribution (in some way) as T — o0, and to identify the limit process and study its properties.
This was done for y = A in the persistence case, d > a/f, [BGT3], [BGT4]. For the extinction case,
d < a/f3, in [BGT6] we introduced high density, meaning that the initial Poisson intensity measure
was taken of the form Hy A, with Hy — 0o as T — oo, so as to counteract the local extinction, and
we obtained similarly high-density limits with u finite. For u = A and d > a/f8 the same results hold
with or without high density (with different normings) [BGT6]. The limit processes are different for
u = A and u finite (some differences are mentioned below), and the results for any finite measure
are essentially the same.

In order to study asymptotics of X1 as T — oo with measures u that are intermediate between the
two previous cases, we consider Poisson intensity measures of the form

,u),(dx) = dx, y=0. (1.8)

1+ |x]|r

We call the model so defined a (d, a, 3, y)- branching particle system, and a (d, a, 3, y)-superprocess
the corresponding measure-valued process. To obtain non-trivial limits we multiply u., by Hr, which
is suitably chosen in each case. Since yy = A and u, is finite for y > d, by varying y in the interval
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(0,d] we obtain limits that are between those of the two previous cases, which are extreme in this
sense, in a way that interpolates between them. The substantial role of y was already noted in the
simpler model of particle systems without branching [BGT5].

The above mentioned behaviors of N, in the cases y = 0 and y > d raise the following questions
on what happens for y € (0,d], and on its effect on asymptotics of X;: When does N, suffer a.s.
local extinction in the sense that for each bounded Borel set A there is a finite random time 7, such
that N,(A) =0 for all t > 7, a.s.? In this case the total occupation time f(;)o N, (A)dt is finite a.s.,
and therefore high density is needed in order to obtain non-trivial limits for X;. For y > 0,N,(A)
converges to 0 in probability as t — oo for any bounded Borel set A and every dimension d, so local
extinction in probability occurs, but the total occupation time may or may not be finite. It turns out
that the threshold between the need for high density or not is given by d = a/f + v, and then a
natural question is whether d = a/f + v is also the border to a.s. local extinction of the particle
system. We will come back to this question.

The limits for X in [BGT6] are of three different kinds for both u = A and u finite. In the first case
there is a critical dimension, d. = a(1 + 8)/B. For the “low” dimensions, d < d., the limit has a
simple spatial structure (the measure A) and a complex temporal structure (with long-range depen-
dence). For the “high” dimensions, d > d,, the limit has a complex spatial structure (distribution-
valued) and a simple temporal structure (with stationary independent increments). For the “criti-
cal” dimension, d = d,, the spatial and the temporal structures are both simple, but the order of
the fluctuations (Fy) is larger, as is typical in phase transitions. The limit processes are always con-
tinuous for d < d., and for d > d, they are continuous if and only if 8 = 1 (when the limits are
Gaussian). For u finite, an analogous trichotomy of results holds, with a new critical dimension,
d. = a(2+ B)/(1+ ), another difference being that the limits for the critical and high dimensions
are constant in time for t > 0.

In this paper we show analogous limits of X for (d, a, 8,v)-branching particle system; the critical
dimension changes between the ones above, a(1 + )/ for y = 0 (Lebesgue measure case), and
a(2+ B)/(1+ ) for y > d (finite measure case), and they are linked with a unified formula,

2+B yvVa

B B’
which interpolates between the two cases (see Remark 2.2(a) for a precise statement). There are
several limit processes depending on different arrangements of d, @, 8,y. Some are analogous to
those for u = A, and some are similar to those for u finite (or even essentially the same). For y < d
there are six different cases that include the three ones recalled above for y = 0. For y > d there
are the three cases obtained in [BGT6] (generally for finite u). In the case y <d and d < d.(y), the
temporal structure of the limit is a new real, stable, self-similar, continuous, long-range dependence
process &, defined in (2.1) below, which has two different long-range dependence regimes if a < 2
(Theorem 1(a) and Proposition 2.3). This strange type of long-range dependence behavior already
appears in the homogeneous case, y = 0 [BGT3], [BGT6]. An analogous phenomenon occurs with
0 < y < d, the border between the two long-range dependence regimes changes continuously with
Y, and it disappears in the limit y /' d (see formula (2.13)). For y > d there is only one long-range
dependence regime, not depending on 7, 3.

In [BGT1], [BGT2], [BGT3], [BGT4], [BGT5], [BGT6] we have given the convergence results for X
in a strong form (functional convergence when it holds), but in the present article our main objective
is identifying the limits, so we have not attempted to prove the strongest form of convergence in

d(y)=a (1.9)
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each case, nevertheless we expect that convergence in law in a space of continuous functions holds
in all cases where the limit is continuous. We prove functional convergence only in the case of the
above mentioned long-range dependence process & because of its special properties. A technical
difficulty for the tightness proof is the lack of moments if § < 1.

The time-rescaled occupation time fluctuation process for the (d, a, 3, y)-superprocess Y is defined

analogously as (1.7),
Tt

1
Xr(t)=— (Y, — EY,)ds, (1.10)
Fr J,
and the limits are obtained from (the proofs of) the results for the (d, a, 3, y)-branching particle
systems, as a consequence of the fact that the log-Laplace equation of the occupation time of the
superprocess is simpler than that of the particle system (see (1.3), (1.4), and (1.5), (1.6).)

Our results on the fluctuation limits of superprocesses generalize those of Iscoe [I11], who considered
the homogeneous case (y = 0) only.

Let us come back to the question of high density and local extinction for the (d, a, 8, v)-branching
particle system. From Theorems 2.1, 2.5 and 2.6 it follows immediately (see Corollary 2.10) that
in all cases where high density is not necessary (i.e., we may take Hy = 1) there is no a.s. local
extinction (in spite of the fact that local extinction in probability occurs if y > 0). For instance,
condition (2.6) in Theorem 2.1(a) holds automatically if d > a/f + y (with y < d), hence high
density is not necessary for a non-trivial limit of X in this case. On the other hand, high density is
indispensable to obtain a non-trivial limit if either d < a/f + v or a < y < d. In the latter case the
total occupation time of any bounded Borel set by the process N is finite a.s. (it has finite mean). We
prove a.s. local extinction for a = 2 and d < 2/ + v, and we conjecture that a.s. local extinction
holds generally for d < a/f + v also if @ < 2. This conjecture is supported by the fact that for
d=a/B+Yy,y < a, there is an ergodic result (Proposition 2.9). For a =2 and d < 2/ + it follows
from [12] (Theorem 3p) that the (d, 2, 3, y)-superprocess suffers a.s. local extinction. The method of
[Z] can also be used to prove this (private communication). The proof of a.s. local extinction of the
particle system consists in showing that a.s. local extinction of the (d, 2, 8, y)-superprocess implies
a.s. local extinction of the (d,2, 8, y)-branching particle system (Theorem 2.8). This implication
is not as simple as it might seem because the well-known Cox relationship between the particle
system and the superprocess (i.e., for each t, N, is a doubly stochastic Poisson random measure
with random intensity measure given by Y,) is not enough to relate the long time behaviors of the
two processes. But the argument does not work for a < 2. In this case the superprocess Y has
the instantaneous propagation of support property, i.e., with probability 1 for each t > 0 if the
closed support of Y, is not empty, then it is all of R?. This follows from the result proved in [P1]
for finite initial measure and finite variance branching (f = 1 in our model), which is extended in
[LZ] for more general superprocesses and branching mechanisms (including § < 1 in our case). It
follows that for the (d, a, 8, 7)-superprocess with a < 2, a.s. local extinction and global extinction
are equivalent, and it is known that if the initial measure has infinite total mass, the probability of
global extinction in finite time is 0. Nevertheless, the total occupation time of a bounded set for
the superprocess with a < 2 may or may not be finite, and this is what is directly relevant for us
(see the proof of Theorem 2.8). Iscoe [I1] showed that for initial Lebesgue measure and a = 2 the
total occupation time of a bounded set is finite if and only if d < 2/, and he conjectured that an
analogous result holds for a < 2 and d < a/f. So far as we know, this conjecture has not been
proved.
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Summarizing, if ¥ < d and v < a, there are two thresholds for the asymptotics of X, namely,
a/B + v, and d.(y) given by (1.9). The first one, which is smaller than the second one, appears
to be the border to a.s. local extinction (we know that it is for ¢ = 2), and it determines the need
for high density. The second one is the critical dimension between changes of behavior of the limit
processes, in particular the change from long-range dependence to independent increments, and
from continuity to discontinuity if f < 1. An interpretation of d.(y) in terms of the model seems
rather mysterious, even in the case y = 0 (see [BGT4], Section 4, for several questions on the
meaning of results).

The general methods of proof developed in [BGT3], [BGT4], [BGT6], and the special cases for § =
1, where the limits are Gaussian [BGT1], [BGT2], can be used for the proofs involving u,. However,
a considerable amount of technical work is unavoidable in order to deal with y > 0. Moreover, each
case requires different calculations. We will abbreviate the proofs as much as possible.

Related work appears in [BZ], [M1], [M2] for the special case vy = 0, 8 = 1. [BZ] studies occupa-
tion time fluctuations of a single point for a system of binary branching random walks on the lattice
with state dependent branching rate. [M1], [M2] consider general critical finite variance branching
laws. [BZ], [M1], [M2] and [M3] also study the systems in equilibrium. We have already men-
tioned the paper [I1] on occupation time fluctuation limits of (d, a, 8)-superprocesses. Some other
papers regarding extinction, ergodicity and occupation times of branching particle systems and su-
perprocesses are [BZ], [CG], [DGW], [DR], [DF], [EK], [FG], [FVvW], [H], [IL], [K], [LR], [MR],
[M3], [Sh], [Ta], [VW], [Zh] (and references therein).

We have given special attention to the long-range dependence stable process £ and its properties
because long-range dependence is currently a subject of much interest (see e.g. [DOT], [H1], [H2],
[S], [T] for discussions and literature), hence it is worthwhile to study different types of stochastic
models where it appears. Other types of long-range dependence processes have been found recently
(e.g. [CS], [GNR], [HJ], [HV], [KT], [MY], [LT], [PTL]), in particular in models involving heavy-
tailed distributions.

The following notation is used in the paper.

S (RY): space of C* rapidly decreasing functions on R%.

' (RY): space of tempered distributions (topological dual of & (R%Y).

( , ):dualityon.s’ (RYx#(RD), oron &' (R4 x (R, in particular, integral of a function
with respect to a tempered measure.

=: weak convergence on the space of continuous functions C([0, 7], &’ (Rd)) for each T > 0.

= : weak convergence of finite-dimensional distributions of ! (Rd)-valued processes.

=;: integral convergence of & '(RY)-valued processes, i.e., X1 =; X if, for any 7 > 0, the & (RdH)
valued random variables X; converge in law to X as T — oo, where X (and, analogously X ;) is
defined as a space-time random field by

(X,®) = f (X(t),®(, 0))dt, ®eF(RI. (1.11)
0

=it =5 and =,; together.
Recall that in general = and =; do not imply each other, and either one of them, together with
tightness of {{(X,p)}r>1 in C([0,7],R), T >0, ¢ € F(RD), implies =, [BGR].
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The transition probability density, the semigroup, and the potential operator of the standard sym-
metric a-stable Lévy process on R are denoted respectively by p.(x),7; (i.e., ;¢ = p; * ¢) and
(ford > a)

o0

)
Gop(x) =J Trp(x)dt = Ca,df A 724, (1.12)

0 R4 lx =y

where
r(49)

C,g=—-"—. 1.13
a,d 2and/2r(%) ( )

Generic constants are written, C, C;, with possible dependencies in parenthesis.

Section 2 contains the results, and Section 3 the proofs.

2 Results

Given 8 € (0,1], let M be an independently scattered (1 + [3)-stable measure on R with control
measure A4, (Lebesgue measure) and skewness intensity 1, i.e., for each Borel set A C R4 such
that 0 < A441(A) < 00, M(A) is a (1 4 3)-stable random variable with characteristic function

exp{—)td+1(A)|z|1+ﬁ (1 — i(sgnz)tang(l +[J’))}, zeR,

the values of M are independent on disjoint sets, and M is o-additive a.s. (see [ST], Definition
3.3.1).

For a € (0,2],y = 0, we define the process

1/(14+B) pt
£ = J ) (H[O,t](r) U prlx —y)lyl_ydy) f pu_r(X)du) M(drdx), t=0, (2.1)
RA+1 R r

which is well defined provided that

t t 1+p
f f f pr(x =)yl "dy (J pu_r(x)du) drdx < oo, (2.2)
R?Jo JRd r

(see [ST]). For y =0, & is the same as the process & defined by (2.1) in [BGT6]. We also recall the
following process defined by (2.2) in [BGT6],

t
o= f (ﬂ[o,r](r)pi/(lw)(X)J pu—r(x)du) M(drdx), t=0, (2.3)
Rd+1 r

which is well defined if d < a(2+ 8)/(1 + B).

We consider the (d, a, 3, y)-branching particle system described in the Introduction with X defined
by (1.7). Recall that the initial Poisson intensity measure is Hyu,. We formulate the results for
low, critical and high dimensions separately, since, as mentioned in the Introduction, the qualitative
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behaviors of the limit processes are different in each one of these cases. In the theorems below K is
a positive number depending on d, a, 3,7, V, which may vary from case to case and it is possible to
compute it explicitly.

The results for the low dimensions are contained in the following theorem.

Theorem 2.1. (a) Assume y < d and

2+ yVa
d<o2iB_rve 2.4
B B
Then the process & given by (2.1) is well defined, and for
F;+/3 = H,T*tF-(f+1)/a (2.5)
with Hr > 1 and
T1-d-1)B/a
lim ————— =0, (2.6)
T—00 H?
we have X1 = KAE.
(b) Let y > d,
2+
d < a—ﬁ, (2.7)
1+p
and put
) logT if y=d,
k(T) = { 1 if y>d.
Then for
FIP =, p2+B-4B)/ag () (2.8)
with T
2.9

Tlim ———— =0,
—% Hok(T)P
we have X1 =>¢; KA, where { is defined by (2.3).

Remark 2.2. (a) For y = 0, Theorem 2.1(a) is the same as Theorem 2.2(a) in [BGT6]. For y < a
and y < d, the bound on the dimension remains the same, equal to a(1+ )/ (see (2.4)), and for

a <y < d, it changes continuously, tending to the threshold (2.7) asy /" d.
(b) For d satisfying (2.4) and additionally d > a/ + v, condition (2.6) holds with Hy = 1, so in

this case high density is not needed, and the limit of X is the same as for the high-density model.

(c) The case y > d is included for completeness only, since it is contained in Theorem 2.7 of [BGT6],
where a general finite intensity measure was considered. The same remark applies also to the
theorems for critical and high dimensions (Theorems 2.5 and 2.6 below).

(d) Note that the limit process is the same (up to constant) for the infinite intensity measure
Hpdx/(1+|x|9) (y =d) as for finite measures.

(e) In Theorem 2.1(b) we consider convergence = i only. We are sure that functional convergence
holds (in fact, for the case y > d this was proved in [BGT6]), but, as stated in the Introduction,
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we are mainly interested in the identification of limits and we do not attempt to give convergence
results in the strongest forms. The same applies to the theorems that follow.

In the next proposition we gather some basic properties of the process & defined by (2.1), in partic-
ular its long-range dependence property. (The process { was discussed in [BGT6]). In [BGT3] we
introduced a way of measuring long-range dependence in terms of the dependence exponent, defined
by

Kk = inf inf  sup{@ >0:Dy(21,25;u,v,s,t) = o(T %) as T — oo}, (2.10)

21,29€R 0<u<v<s<t
where

DT(21:Z2; u,v,s, t)
= |log Eel1(&y =8 t2a(Erpe—Eres) _ log Eeir1(& =8 _ log Eeizz(‘gTﬂ_éTJrs)l. (2.11)

(see also [RZ]).

Proposition 2.3. Assume v < d and (2.4). Then

(a) £ is (1 + B)-stable, totally skewed to the right if # < 1.
(b) & is self-similar with index (2+ 8 — (dB —y)/a)/(1 + B).
(c) & has continuous paths.

(d) & has the long-range dependence property with dependence exponent

{ g ifeither a=2, or a<2 and f> gfz,
K = d d—y . d—y
a(1+ﬁ—m) if a<2 and ﬁfm

Remark 2.4. (a) Here, as in the case y = 0 (Theorem 2.7 of [BGT3]), the intriguing phenomenon
of two long-range dependence regimes occurs for @ < 2. It seems also interesting to note that
putting formally ¥ > d in (2.12) we obtain k = d /a (with no change of regime), which is indeed the
dependence exponent of the process { (Proposition 2.9 of [BGT6]). On the other hand, the process
¢ itself is not obtained from & by putting v > d.

(b) If y =0 and B = 1, then & is the sub-fractional Brownian motion (multiplied by a constant)
considered in [BGT], [BGT1].

We now turn to the critical dimensions, i.e., the cases where the inequalities in (2.4) and (2.7) are
replaced by equalities. It turns out that in spite of different conditions on the normings, the limits
have always the same form as for finite intensity measure, with the only exception of the case given
in Theorem 2.5(a) below.

Theorem 2.5. (a) Assume y <d,y < a,

1+
d=otP (2.12)
B
and
FyP = Hp 7% og T, (2.13)
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with Hr > 1. Then X1 = ; KA, where 1 is a (1+ 3)-stable process with independent, non-stationary
increments (for y > 0) whose laws are determined by

. T
Ee"(1:715) = exp {—(tl_”“ — sl7r/a)|g| 1R (1 — i(sgnz)tan 5(1 + [3)) } , z€R, t>s5>0,

Mo = 0.
(b) In all the remaining critical cases, i.e.,
(D) vy = a,y < d with d satisfying (2.12),

FIP = Hy(log T), (2.14)
and
(log T)*~F
Tlim ——= 0, (2.15)
(i) a <y < d with
2+
d=a ﬁﬁ—%, (2.16)
FIP =HylogT, (2.17)
and
T+B)(y/a=1)
lim ——— =0, (2.18)
T—00 Hg(log T)1+[3
(i)
d 246 (2.19)
= = .
Y 1+ 8
with Fr satisfying (2.14) and
T
(2.20)

T=0 Hi(log T)1H2P
) y>d=a(2+p)/(1 +[5),F;+l3 =Hylog T and limy_, TH;ﬁ =0,

we have X1 = ; KA, where ¥ is a real process such that §, = 0 and for t > 0,9, =4, = (1+f3)-stable
random variable totally skewed to the right, i.e.,

Ee"*" = exp {—lzIHﬁ (1 — i(sgnz)tang(l + [3’)) } )

It remains to consider the high dimensions.

Theorem 2.6. (a) Assume y <d,y < a,

1+
d>a ﬁ, (2.21)
B
and
FYP =, 10/, (2.22)
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with Hy > 1. Then X1 =¢,; X, where X is an &’ (RY)-valued (1 + f8)-stable process with independent,
non-stationary increments (for y > Q) determined by

Eei(Xt_Xs’W)

= exp{ — k(17 —sl—Y/a)J (VIGe (M (1 - i(sgnGe(x))tan - (1+ B))
Rd

+ ZCﬁw(x)Gso(x))dX}, peLRY), t>5>0(2.23)
Xo =0, where
)0 if 0<pB<1,
PV ¥ =1,
and G is defined by (1.12).
(b) Assume y < d,y = a, and d satisfying (2.21) with
FP =HylogT, (2.24)

and Hy > 1. Then Xy =¢; X, where X is an &’ (Rd)-valued process such that X, = 0, and for
t > 0,X, =X; =(1+ p)-stable random variable determined by

Eel¥1¥)  — exp{—Kf (VIch(x)lHﬁ(l—i(sgnGap(x))tang(l—i-/B))
Rd

+ ZCﬁgo(x)Ggo(x)) dx}, Y E Z(RY), (2.25)

with cg given by (2.24).
(c) Assume y > a,

2+ Ad
i>o23F _ 1rd (2.26)
B B
FP = Hy, (2.27)
and
lim TH,” =o. (2.28)
T—00

Then Xp =>;; X, where X is an y’(Rd)-valued process such that X, = 0, and for t > 0,X, = X; =
(14 [3)-stable random variable determined by

Eel®1%) = exp {_KJ (V|G<p(x)|1+f°'(1 — i(sgnGgo(X))tang(l +£))
R4

+ ZCﬁLp(x)Gﬁp(x)) G,uy(dx)}, ¢ € #(RD), (2.29)

with cg given by (2.24).

Remark 2.7. (a) As in all the cases studied previously [BGT3], [BGT4], [BGT6], we observe the
same phenomenon that in low dimensions the limit processes are continuous with a simple spatial
structure and a complicated temporal structure (with long-range dependence), while in high dimen-
sions they are truly &’ (R%)-valued with independent increments, and not necessarily continuous.
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(b) For low dimensions the forms of the limits depend on the relation between d and y only, whereas
for critical and high dimensions only the relationship between a and v is relevant. More precisely, in
critical dimensions we have different forms of the limits for y < a and y > «a, and in high dimensions
the forms are different for y < a,y = a and v > a. In the case y > a even the normings are the
same, depending only on f3.

(c) For B =1 the limits are centered Gaussian. In high dimensions there is no continuous transition

between the cases § < 1 and f§ = 1; in the latter case an additional term appears. The coefficient cg
defined in (2.24) was introduced in order to present the results in unified forms.

(d) We have assumed that the initial intensity measure is determined by u, of the form (1.8). It will
be clear that the same results are obtained for the measure u, (dx) = |x|™"dx if d > y. Analogously
as in the non-branching case [BGT5], other generalizations are also possible.

Let us look further into the need for high density (i.e., to assume H; — 00) and the question of a.s.
local extinction. For y > d the Poisson intensity measure is finite, so there is only a finite number of
particles at time t = 0 and the system becomes globally extinct in finite time a.s. due to the criticality
of the branching. Also, for y A d > a it is not difficult to see that the total occupation time f;o N.ds
is finite a.s. on bounded sets (see [BGT5], Proposition 2.1, because EN; is the same for the systems
with and without branching), so high density is also necessary. We have a more delicate situation
in the remaining cases where the threshold is d = a/f + y. Concerning extinction, the situation is
completely clear for @ = 2. In Theorem 2.8 below we state that for « =2 and d < 2/ + vy there is
a.s. local extinction, hence the total occupation time of any bounded set is finite a.s. We conjecture
that the same is true for d < a/f + v if a < 2, but we have not been able to prove it.

Theorem 2.8. Assume a =2. If d < 2/f3 + v, then for each bounded Borel set A,

P[there exists T, <oo suchthat N.(A)=0 forall t=>71,]=1.

The proof of this theorem relies on Iscoe’s a.s. local extinction result for the superprocess [12], by
showing that in general (i.e., for 0 < a < 2) a.s. local finiteness of the total occupation time of the
(d, a, B, y)-superprocess implies a.s. local extinction of the (d, a, 3, y)-branching particle system.
On the other hand, as explained in the Introduction, for @ < 2 the a.s. local extinction for the
superprocess cannot occur, and we do not know how to prove directly the a.s. local finiteness of its
total occupation time.

The next ergodic-type result, which is a direct generalization of [Ta], shows that a/f + y is indeed
a natural threshold.

Proposition 2.9. Assume

a
y<a, d= A +y, Fp=TY1/e (2.30)
and denote
1 (™
Zp(t) = F—J N,ds, t>0. (2.31)
T Jo

Then Zy = AE, where & is a real non-negative process with Laplace transform
Eexp{—0:&, —---—0,&, } =exp {— f v(x, T)IxI_YdX} , (2.32)
Rd
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for any T > 0, where 64,...,0, > 0,0 <t; <---<t, <7, and v(x,t) is the unique non-negative
solution of the equation

t V t
v(x,t)= J Pi—s Y (T —s)ds — —— 9}_5v1+ﬁ(-,s)(x)ds, (2.33)
o 1+p J,
with .
P(s) =D 0Tl g, (s)- (2.34)
k=1

To complete the discussion on a.s. local extinction we formulate a corollary which follows immedi-
ately from our results but which, nevertheless, seems worth stating explicitly.

Corollary 2.10. If y < a and d > a/f + v, then the (d, a, B, y)-branching particle system does not
have the a.s. local extinction property.

Indeed, for d > a/f + vy, from Theorems 2.1, 2.5 and 2.6 it follows that one may take H; = 1.
By Proposition 2.1 of [BGT5], E f OT (N, p)ds (for f]Rd p(x)dx # 0) is of larger order than F; as

T — oo hence, by (1.7), for any bounded Borel set A, fooo N,(A)ds = oo a.s., which excludes a.s.
local extinction. For d = a/f + y the result follows immediately from Proposition 2.9.

We end with the results for the superprocess.

Theorem 2.11 Let Y be the (d, a, B, y)-superprocess and X its occupation time fluctuation process
defined by (1.10). Then the limit results for Xt as T — oo are the same as those in Theorems 2.1, 2.5
and 2.6, with the same normings, and cg = 0 in all cases in Theorem 2.6.

3 Proofs

3.1 Scheme of proofs

The proofs of Theorems 2.1, 2.5 and 2.6 follow the general scheme presented in [BGT6]. For
completeness we recall the main steps.

As explained in [BGT3; BGT4; BGT6], in order to prove convergence =; it suffices to show

lim Ee~ %1 = go—(X.2) (3.1)

T—00
for each ® € #(R4™1), & > 0, where X is the corresponding limit process and X;,X are defined by
(1.11). To prove convergence = according to the space-time approach [BGR] it is enough to show
additionally that the family {(X, p)}r>; is tight in C((0,7],R), ¢ € (R, T > 0. Without loss of

generality we may fix T = 1 (see (1.11)). To simplify slightly the calculations we consider ® of the
form

o(x,t) = @ ®Y(x, ) = (1), ¢ € F(RD,y € L(R), 9,4 > 0.
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Denote

1 ! t
or = Ecp, x(t) =Jt Y(s)ds, xr(t)=x (;) . (3.2)
We define .
vr(x,t)=1— Eexp {—f (NS, o) xr(T —t + r)dr} ,0<t<T, (3.3)
0

where N* is the empirical process of the branching system started from a single particle at x. The
following equation for v; was derived in [BGT3] (formula (3.8), see also [BGT1]) by means of the
Feynman-Kac formula:

vp(x, t) = f Ty [WT(T —wW)(1 = vp(u) — %v%*ﬁ(-,u)] (\)du, 0SEt<T.  (3.4)
0

This equation (with T = 1) is the space-time version of equation (1.4). It is the log-Laplace equation
for L (as in (1.11)), where L is the occupation time L, = fot N,ds. Formulas (3.3) and (3.4) imply

t
0<vr <1, vp(x,t)< J T _uer () (T —u)du. (3.5)
0

For brevity we denote
Hr
x
1+ |x|”

vr(dx) = Hyp, (dx) = (3.6)

By the Poisson property and (3.4) we have

T
Ee—&Xr.o®y) _ eXp{_J vT(x,T)vT(dx)—l—J J %(pT(x)xT(u)duvT(dx)} 3.7)
R RrRY Jo

1% |4
= eXP{1+ﬁ11(T)+Iz(T)— mfs(ﬂ}, (3.8)
where
~T s 1+6
L(T) = ( ] Tr—s [(J «%—uwaT(T—u)du) } (x)dsv(dx), (3.9
JrY Jo 0
rT
L = | | 7rsCoran (1 = s Cneadsv ), (3.10)
J d
; (?T s 1+
I(T) = ( J Tr_s [(J %_ucpTxT(T—u)du) —V;Jrﬁ(-,s)} (x)dsvy(dx). (3.11)
JrY Jo 0

In the proofs of Theorems 2.1, 2.5 and in Theorem 2.6 for f < 1 we show

V ~
; — Fo—(X,00Y)
Tlgrgoexp{1+ﬁll(T)} Ee , (3.12)
and
lim I,(T) =0, (3.13)
T—00
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where (3.13) is obtained from

C T T
L(T) < — J f f T Ty p)(x)dudsvy(dx) (3.14)
RrRYJo Jo

2
FT

(see (3.5)). In Theorem 2.6 for B = 1 the limit of I,(T) is non-trivial and corresponds to the
expressions involving cg (see (2.23), (2.24), (2.25),(2.29)). In all the cases

lim I3(T)=0 (3.15)
T—o00

By the argument in [BGT6], in order to prove (3.15) we show

lim J;(T)=0 (3.16)
T—00

and
lim J,(T) =0, (3.17)
T—00

where

T s u 1+
Ji(T) = J J 2 [(J Tsu (‘PTJ %—r%dr) du) }(X)dSVT(dX)
R Jo 0 0
1 T T T 1+8
Tzlgf f T (J T (tpf %(pdr) du) (x)dsvp(dx), (3.18)
Fy rR? Jo 0 0

T s u 1+ 1+6]
J J Tr—s (J Ts—u U %_rwrdr) du) (x)dsvy(dx)
RrRYJo 0 0

Jo(T)

1 T T T 46 ) 16
_ . f T, J %cpdr) du (x)dsvy(dx)(3.19)
F;Hﬁ)(lw) fRdJ;) 0 ( 0 }

We remark that the proof of (3.15) is the only place where the high density (with specific conditions
on Hy) is required in some cases.

Finally, the =, convergence is obtained by an analogous argument as explained in the proof of
Theorem 2.1 in [BGT4].

3.2 Auxiliary estimates

Recall that the transition density p; of the standard a-stable process has the self-similarity property

() =a"%%p, (a" V), xeR?, a>0, (3.20)
and it satisfies
C < pi(x) < Cy 3.21)
— <px)) £ —————, .
1 led-‘ra P1 1 |x|d+a

where the lower bound holds for a < 2.

1343



Denote

1
f(x) =J ps(x)ds.
0

The following estimate can be easily deduced from (3.20) and (3.21):

fO < —
|X|d+a

C if d<a,

flx) < c(1vloglx|™) if d=a,

C/lx|** if d>a.

We will also use the following elementary estimates: Let 0 < a,b <d. If a+ b > d, then

1
dx < .
J;Rd Ix — y19|x|® |y|atb—d

If a4+ b =d, then

1
—bdx <c@Vlogly|™.
Ix|<1 lx — y[¢x]

If a4+ b <d, then

| amarso
- x_
Ix|<1 |x — y1x[

Now, let a > d,0 < b < d, then

1 1 C
f a bdx = b’
gd 1 1x = y[®|x] |yl
For d > y, denote
()= f fy —x)|x|"dx,
Rd

where f is defined in (3.22). From the estimates above we obtain

sup |y|"f,(y) < oo,
ly[>1

and
C if y<a,

f,(y)<{ cvioglyl™) if y=a,
C/llyl"™* if y>a.
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3.3 Proof of Theorem 2.1(a)

According to the scheme sketched above, in order to prove = ; convergence we show (3.1). By
(3.7)-(38.11)and (2.1) it is enough to prove (3.12), which amounts to

1 1+8 dx 1+8
Jim 11(T)—J J J ps(x =) (f Pu s(y)x(u)du) dydsi o7 (J <p(2)d2) , 3.32)
R4

(see (3.9)) and, additionally, (3.13) and (3.15). To simplify the notation we will carry out the proof
for u, of the form u., (dx) = |x|™"dx instead of (1.8). It will be clear that in the present case (d < r)
this will not affect the result.

By (3.9), (3.2), (3.6), the definition of F,, substituting s’ =1—s/T,u’ =1 —u/T, we have
L(T)

T2PH, 145
= P17 f f f prs(x —y) (J f Pr(u- s)(y—Z)cp(Z)x(u)dzdu) |x|™"dydsdx.
R4

(3.33)
Denote
Gr(x) =T *p(T*x) (3.34)
and
1
g.(0) = J Pu—s(X)y(W)du, 0<s<1. (3.35)
S
Observe that
g < Cf, (3.36)

where f is defined by (3.22). By (3.20) and (2.5), making obvious spatial substitutions in (3.33),
we obtain

1
Il(T):j JJps(x—y)(gs*@T(y))”ﬁIXI‘dedsdy- (3.37)
rYJo JRE

Note that if we consider the measure u, of the form (1.8), then in (3.37) instead of |x|™" we
have (T7"/* 4 |x|")™!. Since g, € LY(RY), by (3.34) it is clear that g, * @(y) converges to
2.(y) fRd ¢ (2)dz almost everywhere in y. Hence, to prove (3.32) it remains to justify the passage
to the limit under the integrals in (3.37). Denote

1
hT(y)=f f ps(x = y)(gs * r(y)'*Plx| 7 dxds. (3.38)
0 JR

First we prove pointwise convergence of hy, which amounts to showing that the integrand is ma-
jorized by an integrable function independent of T. Fix y # 0. We use (3.36) and observe that

Tl/a d Td/a
fror(y) = J f(y—z)@T(Z)dz-i—J f(y—x)( 1) i( x)
lz[<lyl/2 21>y /2 | x|
y C
< flx J ] (Z)dz+—f f(y —x)dz
(2) el<hlz Y19 St iy12
y C
= f(g) de (z)dz+| @ (3.39)
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by the unimodal property of the a-stable density and since ¢ € & (Rd). We conclude by noting that

1
f f ps(x —y)|x|"dsdx <00 for y #0,
RrRY Jo

by (3.31).

Since (see (3.29))
he(y) < CfOD(f * GNP, (3.40)

to prove convergence of I;(T) it suffices to show that the right-hand side of (3.40) (denoted by h7.)
converges in LY (RY) as T — oo.
If y < a, then f, is bounded by (3.31), and the assumption (2.4) implies that

f e LMFRY, (3.41)

so (f * @) P converges in L1(RY).
Next assume y > a. It is easily seen that h7 1,1} converges in Ll(Rd), by (3.41) and (3.30). To

prove that h.(y)1y, <1} converges in LY(RY) too, it suffices to find p,q>1,1/p+1/q =1, such
that

£,y <13 € LP(RY) (3.42)
and
FHP e LIRY. (3.43)
If y = a, then (3.31) implies that (3.42) holds for any p > 1, and by (2.4) it is clear that (3.43) is
satisfied for g sufficiently close to 1.

If y > a, condition (2.4) is equivalent to
r—a (1+p)d-a)
+ <

1
d d ’
so we can take p and g such that 1/p+1/g =1,
1 v—a 1 (1+p8)d—a)
— and - >-—F——.
p d q d

For such p and q we have (3.42) and (3.43) by (3.31), (3.23) and (3.24).
This completes the proof of (3.32).

We proceed to the proof of (3.13). By (3.14), applying the same substitutions as for I; (T) and using
the notation (3.34) we have

HTTZ Ja—y/a
I(T) < C—zf FNer(U *&r)(y)dy. (3.44)
T R4

F
Assume y < a. By (3.31),
HT TZ—d/a—y/a

L(T) <= G 2 e r(f * &7l
Fy
2—d/a—y/a
< G ———llellllfllpll@rllie — 0
F; B
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by (2.4), and since
Grll, = lll, T@/P~D/P for p>1. (3.45)

Next, let y > a. By (3.44) and (3.30) we have

1,(T) < Cy(Iy(T) + 1,(T)), (3.46)
where
, HTTZ—d/a—y/a N N
IL(T) = —————Ior(f * &)l (3.47)
Fr
and
B HTTZ—d/a—y/a B _
L(T)= 5 f FON@r( S *&r)(y)dy. (3.48)
F lyl<1
By the Holder and Young inequalities,
, HTTZ—d/a—y/a _
IZ(T)STllwllpllfllqllwlh (3.49)
T

forany p,q>1,1/p+1/q=1.1f1/q > (d —a)/d, then ||f||; < oo, and if 1/q is sufficiently close to
(d — a)/d, then by (3.45), (2.5) and (2.4) the right-hand side of (3.49) converges to 0 as T — oo.

We estimate I; (T) using the generalized Holder inequality

. HTTZ—d/a—)//a N
L(T) < F—%||fy]1{|.|g1}||r||90T||p||f||q||90||1
forr,p,q>1,1/p+1/r+1/q=1. We take r,q such that 1/r > (y — a)/d (then the r-norm will be
finite by (3.31)) and 1/q > (d — a)/d. By (2.4), it is easily seen that one can choose r,q as above
and p = a/(2a —y)+ ¢ for ¢ > 0 sufficiently small (note that by (2.4), 2a > y). Then by and
we obtain that I; (T)— 0as T — oo. Thus, we have proved (3.13).

According to the general scheme, in order to obtain (3.15) it suffices to show (3.16) and (3.17).
The proofs are quite similar to the argument presented above, therefore we omit the proof of (3.16)
and we give an outline of the proof of (3.17), since this is the only place where the condition (2.6)
is needed.

By (3.19), (2.5) and the usual substitutions we have

T1-(d/@)f+(y/0)p

J(T)<C Hf R(T), (3.50)
where
R(T) = J F O (S )PP (y)dy. (3.51)
By (2.6), to prove (3.17) it remains i show that
sng(T) < 0. (3.52)
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If y < a then, by (3.31),

R(T) < CilIf #(f * ) PILTE < CullF IR TRIFIC PP < oo, (3.53)
by (3.41).

If y > a, then we write

R(T)=J —|—f
lyl>1 lyl=1

By (3.30) the first integral can be estimated as in (3.53), and the second one is bounded by

1 1 1 1 1
[ e Vs I v S|

where 1/p +1/q = 1. We already know that there exist such p and q that this expression is finite
(see (3.42) and (3.43)).

We have thus established the convergence

Xy =i KAL.

In order to obtain =>. convergence it suffices to show that the family {(X;,p)}r>; is tight in
C([0,1],R) for any ¢ € £ (RY) ([Mi]). One may additionally assume that ¢ > 0. We apply
the method presented in [BGT3] and [BGT6]. We start with the inequality

1/6

P(I{Xr,p @) 2 8) < C5f (1 —Re(E exp{—i0 (X1, ® ¥)}))d6, (3.54)
0

valid for any ¢ € #(R),6 > 0. Fix 0 < t; < t, < 1 and take v approximating 6., — 0, such that

7 ()= ftl 1 (s)ds satisfies
0=y =g, (3.55)

Then the left hand side of (3.54) approximates
P(|(X7(t2), ¢) — Xr(t1), ) = 6).
So, in order to show tightness one should prove that the right hand side of (3.54) is estimated by
C(th — M for some h, o > 0.
By the argument in [BGT6] this reduces to showing that

A(T) < C(th — ¢yt (3.56)

and
I,(T) < C(th — eyt (3.57)

where I is defined by (3.9), and

_H (T SN (Y e
Am—ﬁLLL%memn@Tﬁ@ JMdmm (3.58)
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The proofs of (3.56) and (3.57) are quite involved and lengthy, therefore, as an example we present
only the argument for the case y < a, which, together with (2.4) implies

1+
d<a P (3.59)

B

We start with (3.57). By self-similarity of p, we have
J ps(x —y)lx|Vdx < = R, (3.60)

Rd
Using this, (3.37), (3.35) and (3.55) we obtain

L(T) < C(Wi(T) + Wo(T)), (3.61)

where

) 1+
-1/ U f pu_s(y—zm(z)dzdu) dsdy, (362
d t1 R?

t
W]_(T) = f J S
r? Jo
ty ty 1+6
Wo(T) = f J sTr/e (J J Pus(y —z)@T(z)dzdu) dsdy. (3.63)
R4 tq s R4
Fix any p such that
d 1
max{———,0}<p<1 (3.64)
a B

(see (3.59). For any fixed s € [0, t; ] we apply the Jensen inequality to the measure
(u—s)"
ty _ ﬂ[ﬁ,fz](u)du’
ft (r—s)Pdr
1

obtaining

ty ty B ty
Wl(T)SJ f s/ U (r—s)"’dr) f (u—5)"P((u = )P pycs * Gr(y)) P dudsdy.
R4 Jo ty ty

We have

1Pucs * Brllieg < Pussllippllplly = (=)~ WP py 1 gllgll, (3.65)

hence A
2 1
Wy (T) < C(t, — t,)1PP J J 5719 (u — s)PP(d/@B gsdy,
which, after the substitution s’ = s/u, by (3.64) and y < a, yields
W1(T) < Cy(ty — 1)1 PP (eh — t]) < G — eA )PP, (3.66)

where h=2—y/a+ pf —(d/a)B > 0 by assumptions.
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Next, by (3.63) we have

ty ty—t 1+p
Wy(T) < J f sTr/e ((J Pudu) * 57(}’)) dsdy.
R? J, 0

The Young inequality, substitution u’ = u/(t, — t1), and self-similarity imply

1- — - 1 1
Wy(T) < C(ty 7% = 1717ty — £) (B |18 o

< Cl(t;_Y/a _ t}_Y/a)Z-i-ﬁ—(d/a)ﬁ, (367)

by (3.41).

Combining (3.66), (3.67), (3.61) and using (3.59), we obtain (3.57).
It remains to prove (3.56).

Applying the usual substitutions to A(T) given by (3.58) we obtain

A(T)

HT TZ—d/a—y/a

1 1
B TJ JJ X7 ps(x = ¥)@r(¥)pu—s(y —2)@r(2)x (s)x (Wdxdzdyduds,
T 0 Js JR¥

hence, by (3.60), (3.55) and the Holder inequality,
r 2—d/a—y/a (t2 [l2
A(T) < C—zf J s TGl 1sp 1py—s * Grll1ppduds.
FT t; Js B

We use (3.65), (3.45) and (2.5), obtaining
AT) < Cy(ty 7% = 67V by — 1) "W/ @P/OHP),

which implies (3.56) by (3.59). This completes the proof of tightness. O

3.4 Proof of Theorem 2.1(b)

We prove the theorem for
24+

<—qa
1+
(see Remark 2.2(c)). Recall that in this case k(T) occurring in (2.8) and (2.9) is log T.

According to the discussion in Section 3.1 it suffices to prove (3.12), (3.13) and (3.15). By the form
of the limit process (see (2.3)), (3.12) is equivalent to

o) [ [ 1 e e
lim 11(T>=—f f ps(y)(f pu_s(y)x(u)du) dsdy ( f 90(2)612) (369
0 a r? Jo s Rd

where 0(S4_1) is the measure of the unit sphere in Rd(= 2ifd=1).

y=d (3.68)
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By (3.9), (3.2), (3.6), using similar substitutions as in the previous section, we obtain
I,(T)

1 1 y 1 1+ 1
_ T1a _ (- 5. (x)dzd dydsdx,
it || L per e en([ ] et -anomesan) T i ayasas

(3.70)

where @ is given by (3.34). We write
L(T)=I,(T)+1,(T) + 1, (T), (3.71)

1 1
(1) = f J J (3.72)
08T Jicixj<ria Jo Je
1 1
I(T) = (3.73)
(1) 10gTJ|x|zT1/afo fRd
1 1
I'(r) = 3.74
1 () log T J|x|s1fo fRd G749

Passing to polar coordinates in the integral with respect to x we have

Tl/a 1 d—1
1 “1/a ~ 1+p "
ps(wrT™/* = y)(g * @r(¥))
logT J, Sq_1Jo JRrd 1

where g is defined by (3.35). The crucial step is the substitution

where

I(T) =

logr
= 3.75
g log T (3.75)

which gives

I(T)—J f J f ps(wT™ 1/ — y)(gs*cpr(y))”’j ———dydso(dw)dr.
Rd

It is now clear that if one could pass to the limit under the integrals as T — oo, then I;(T) would
converge to the right hand side of (3.69). This procedure is indeed justified by the fact that for f
defined by we have

f e L>P(RY), (3.76)
which follows from (3.68), (3.23) and (3.24). We omit the details, which are similar to the argument
in [BGT6] (see therein).

Next we show that I;/(T) and I;N(T) tend to zero. In I;/(T) (see (3.73)) we substitute x’ = xT~1/¢
and we use (3.36), obtaining

1 d/a
I < — f f f p(x—y)(f*%(y))“ﬁT—dydsdx
1 - logT w1 Jo Jre s 1+ |x|dTd/a
< " hllell P =0
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I :/(T) (see (3.74)) is estimated as follows:

L(1) < 10;quf*(f*@T)”ﬁ(xT—”a)dx
< a0 EE
log T *©
< %Ilfllzmll(f £GPl pyyaap)
< C

2 24 1+8
o IRl =0,

by (3.76). This and (3.71) prove (3.69).
To prove (3.13) we use (3.14) and easily obtain

CHTTZ—Zd/(l
(T <1
FT

1

fsz *(Qr(f * @T))(XT_l/a)mdﬁ

We write the right-hand side as the sum of integrals over {|x| < T/} and {|x| > T1/?}. To estimate
the integral over {|x| < TY/*} we use

1
su ——dx < 00, (3.77)
15 log T fmgl/a 1+ x|
and in the second integral we apply 1/(1+ |x|4) < T —d/a_ For each of the integrals we use ap-

propriately the Holder inequality, properties of the convolution and (3.45), obtaining the estimates
C, T2/ @2+p)=1/(+F) and ¢, T(d/DV/C+F)=2/(0+B) respectively (the factors involving negative
powers of Hy and log T have been estimated by constants). These bounds tend to zero as T — oo
by (3.68). We omit details. This proves (3.13).

To prove (3.16) and (3.17) we use (3.18) and (3.19). Again, we consider separately the integrals
over {|x| < TV%} and {|x| > T*/*}, and apply the same tricks as for I,(T).

For J;(T) we obtain the estimate

J,(T) < CT@DA+H/+H-1 _, o

(log T and Hy appear with negative powers only), whereas

Jo(T)<C

1 + CZ —0
H?(log T)B H?(log T)+h

by assumption (2.9). The proof of Theorem 2.1 is complete O

3.5 Proof of Proposition 2.3

Properties (a)-(c) are clear, following from (2.1) and Theorem 2.1(a). Recall that the index of self-
similarity is defined as a € R such that the process (£.);cr, has the same distribution as (c&;)ier,
for any ¢ > 0.
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To calculate the dependence exponent of £ (see (2.10), (2.11)) first note that by (2.1) and Proposi-
tion 3.4.2 of [ST] the finite-dimensional distributions of £ are given by

Eexpli(z:&y, + - + 2.8 )}

k 1/(1+$) 5
= exp {—J Dz (J pr(x — y)lyl‘ydy) ll[o,rj](r)f Py—r(x)du
Rd+1 1 Rd r

j=

y 1/(1+6)
x(l—isgn( zj (J pr(x—y)b’l_YdJ’)
—! Rd
X ﬂ[o’tjj(r)f
.

The argument goes along the lines of the proof of Theorem 2.7 of [BGT3]. For fixed z > 0 and
0<u<v<s<twedefine D;f = Dy(1,2;u,v,s,t) and Dy = Dr(1,—2;u,v,s, t) (the formulas for
DT,D™ are obtained from (2.11) and (3.78)), and we prove

1+

- =

J

pu_r(x)du) tang(l + [5)) } drdx} . (3.78)

D < cT 4% if either a=2o0rf > (d—7)/(d+a),
T=) cT @ forany B<65<1+f+(d—-7)/(d+a)ifa<2,B<(d—y)/(d+a),

and for T sufficiently large,

pf > cr e,
Df > CT W% forany 6 >1+B—(d—y)/(d+a)ifa<2,f <(d—-7y)/(d+a). (3.79)

The upper estimates are obtained similarly as (4.3), (4.4) in [BGT3] and in [BGT6]. The
only difference is that in formulas (4.9) and (4.10) in [BGT3] a new factor, f R pr(x =)yl "dy,
appears (which corresponds to p,(x) in in [BGT6]). This factor is responsible for the new
long-range dependence threshold and the form of the dependence exponent (2.12). In the estimates
we use (3.30).

The first of the lower estimates is obtained exactly as (4.18) in [BGT3]. The new expression,

(u+v)/2
J f J pr(x = y)lyl "dydxdr,
u |x|<1 JRE

that appears at the right-hand side is finite by (3.31).

To derive (3.79) we argue as in (4.22), (4.24) of [BGT3] and we apply estimates (4.21) (which
holds for |x| < TY/%) and (4.23) therein, obtaining

(utv)/2
D}“ > CT—(d/a)(1+ﬁ)+eﬁ(d+a)f J J p,(x = Y)y| "dydxdr, (3.80)
u+(v—u)/4 J 1<|x|<Td/(d+D)a—e JRd

where € > 0 is sufficiently small.
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For 1 < |x| < T4/(d+0)a=¢ we have

f prlx=YlylTdy = CIXI_YJ pr(x—y)dy
R lx—yl<1/2
> Cylx|”" inf  inf p,(z) > C,T~dr/d(d+datey,
%+u<r<% |z|§%
Putting this into (3.80) we obtain (3.79). O

3.6 Proof of Theorem 2.5

Each of the cases requires a different proof, and none of them is straightforward. We will present a
detailed proof of the part (a) only. In the remaining cases we will confine ourselves to explaining
why the limit processes have the forms given in the theorem (recall that part (b) (iv) has been proved
in [BGT6]). It seems instructive to compare the proofs for this theorem to the argument given in
the proof of Theorem 2.1(b) for y = d. Although the critical cases are of different kinds, some of
the technical tricks repeat in all cases, nevertheless they are applied in a slightly different way and
are far from being identical.

Proof of case (a) To simplify calculations we again consider the measure u, of the form u,(dx) =

|x|~"dx instead of (1.8).
In (3.9) we substitute u’ =s — u and then s’ = (T —s)/T, obtaining

H,T ! T=s) u p
L(T)=—— pst(x—=Yy) pu(y —2)e(2)x | s+ = |dzdu |x|""dydsdx.
F1+ﬁ d d d T
T r?Jo JR 0 R

Using (2.13), (3.20) and substitution x’ = x(sT)~/* we have

1 1
L(T) = pi(x = y(sT)™V*®)
logT Jpa )y Jge

T(1-s) u 1+8
X J J pPu(y —2)e(2)x (s + —) dzdu s x| Tdydsdx
0 Rd T

= I(T)+I,(T)+1I, (T), (3.81)
where
I'(T) 1 f rlf (3.82)
1 logT R4 JO 1<|y|<T Ve '
1I(1) ! f rlf (3.83)
1 - logT Rd JO ‘y|>T1/a LECIRS .
1 log T o .
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Passing to polar coordinates in the integral with respect to y and making substitution (3.75) we
obtain

1,(T)

1 rl/a
— f f f J pl(x_WTr—l/aS—l/a)
rR:EJo Jo Sq_1

T(1-s) " 1+
X (J J P.(WT" —2)p(2)x (? +s)dzdu) s YT o (dw)drdsdx.
0 R4

We substitute ' = T~ "z,u’ =uT "%, use (3.20) and (2.12), arriving at

1 prl/a
I{(T)=f J f J pi(x —ws™Varr—1/e) (hT(r,s,w))Hﬁs_Y/“IxI_Ya(dw)drdsdx, (3.85)
R4 Jo Jo Si1
where

Tl—ra(l_s)
hy(r,s,w) = J f pu(w —2)T T )y (s +uT™* Hdzdu. (3.86)
0 R4

It is clear that on the set of integration one should have

lim hp(r,s,w) = f go(z)dzf pu(w)duy(s)
T=00 RY 0

= Cd,af p(2)dzx(s), (3.87)
Rd

where Cy , is given by (1.13), which should yield

1

1 146
Tlim (7)) = C;Zﬁ—(f(sd—l)f pl(x)lxl_ydxf sTY/4y 1B (5)ds (J ap(z)dz) . (3.88)
- Toa R 0 R4

However, (3.87) and (3.88) need a justification. It is easy to see that the first integral in (3.86) can
o0
be replaced by fo du. Since

limJ pu(w—Z)Trdw(zTr)dz=Pu(W)f ¢(z)dz,
T—o0 Rd Rd

it is clear that in order to prove (3.87) it suffices to show that
sup sup J pu(w—2)T (2T )dz
T>2weSy_, JRd

is integrable in u. This is clear for u > 1 since d > a, and for u < 1 we argue similarly as in (3.39)
obtaining an integrable bound C;p,(w/2) + C,. In the same way one shows that hy(r,s,w) < C.
This together with (3.87) easily implies (3.88).

Next, it is easy to see that for I;” defined by (3.84) we have

" 9
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A little more work is needed to prove that also

Jim 17(T)=0. (3.90)
By (3.83),
C T 1+
I/(r) < f f f p.(y —2)p(2)dzdu dy
! logT |y|>T1/a 0 Rd “
< C(R1(T)+Ry(T)),
where
1 T 1+
Ry(T) = f f pu(y —2)p(2)dzdu dy,
1 logT yl>Ti/e ( e
1 148
Ry(T) = J f pu(y —2)p(z)dzdu dy.
2 IOgT |y|>T1/“( |Z|>M u
We have

1 Ty 1+h 145
Ry(T) < 1 J (f Pu (5) dU) dy (J <P(Z)d2)
08T Jiy=rve \ Jo R4
C 1 1+8
= Du ( ) du) dy,
log T fly|>1 (J;)

after obvious substitutions and using (2.12). Hence Tlim R,(T) =0 by (3.23). Furthermore,
—00

= | o ”ﬁ
dzdu d
logT J|y|>T1/“ (J j||>T1/“ pu(y —2) ) Y

T(z/a)(1+m’

148
o logTJ (J J Pu(y—Z)(pl(z)dzdu) dy < oo,

for any ¢; € S’(Rd) by (3.33) in [BGT4] (in our case ¢;(2z) = |z|>¢(2)). This proves (3.90), and by
(3.81)-(3.84), (3.88) and (3.89) we have established (3.12).

To prove (3.13) we use (3.14), which, after standard substitutions, gives

Ry(T)

IA

since, under (2.12),

I(T)
< CH;U(Hﬁ)T_2/(1+’3)+2”/a(1+ﬁ)+2_d/“—7’/“(logT)_z/(Hﬁ)J fy(y)@T(y)(f *@T)(J’)d}’
Rd
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(see (2.13), (3.22), (3.29), (3.34)). By (3.31) we have

IZ(T) < ClT—2/(1+ﬁ)+2y/a(1+ﬁ)+2—d/a—y/a sup f * @T(.y) (3.91)
y
The assumptions (2.12) and y < a imply that
2 2y d ¢ 1
— -2+—+—-—=-0
1+ a(l+p) a a f
for some 6 > 1. Observe that
feliRY), 1<qg<1+8, (3.92)

by (3.23), (3.24) and (2.12). Fix q > 1 such that (1+8)/60 <q< 1+ and p = q/(q — 1). By the
Holder inequality and (3.45) we obtain

I,(T) < ClT_g/ﬁ+((1+ﬁ)/ﬁ)(1/q)||(p||p -0
as T — oo, by assumption on q.
To prove (3.16) we use (3.18) which, by an analogous argument as for I,, gives
Ji(T) < CT 1= HBIB || f o (G (f * G- (3.93)

Taking q < 1+ f sufficiently close to 1+ 8 and using (3.92), the Young and Hoélder inequalities can
be applied to conclude that, by (3.45),

£ * (@r(f * Er)llyh <o,

where 0 <r <1—v/a+ (14 B)/fB; we omit details. This and (3.93) yield (3.16).
To prove (3.17) we write an estimate similar to (3.50), namely,

Jo(T) < cTPU/e=DR(T), (3.94)

where R(T) is defined by (3.51). In the present case (3.52) does not hold, but similarly as before,
using the Young inequality, (3.92) and (3.45) it can be shown that R(T) = O(T?) for any £ > 0. This
and (3.43) imply (3.17) since v < a. The proof of part (a) of the theorem is complete.

Sketch of the proof of case (b)

(i) We repeat the argument as in (3.81) -(3.86) with F; given by (2.14). Again, it can be shown that
the only significant term is I7(T), i.e., limy_,, I;(T) = limy_,,, I;(T). In order to derive this limit,
in (3.85) we substitute s’ = sT'~"*, obtaining

1/a
-
! logT Jpal)y Jo

. o . . . TiTre . TiTre
It is easy to see that the limit remains the same if the integral f 0 ...ds isreplaced by fl ...ds.

Tlfra

f P10 —ws V) (hp(r,sT 7 w) s~ x| %o (dw)dsdrdx.
Sa-1

Let I;(T) denote I(T) after this change. Next, we substitute s’ = logs/log T and we have
1/a 1-ra
r(r)= f J J J p1(x = wT ¥/ x|"*(hp(r, TS, w) P dxdso(dw)dr.
0 S4-1J0 R4
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By (3.86), it is clear that on the set of integration

lim ho(r, T4, w) = C, J (@)drz(0).
T—00 T Rd

This shows that we should have
lim 1,(T) = lim T{(T)

1/a

148
= ¢ Pa(ssm0) pl(x)lxl ddxf (1_m)drU w(z)dz) x'1F(0), (3.95)
Rd

0

and this passage to the limit can be indeed justified. The right-hand side of (3.95) is equal to
log Eexp{—C(X, ¢ ® 1)}, where X (= KA) is the limit process defined in the theorem. We skip the
remaining parts of the proof.

(ii) In (3.9) we substitute u’ =s — u and then s’ = T — s, obtaining
L(T)=1;(T)+I{(T),

where

(1) = p1((x — y)s~H@)s =/ x| 7Y
lOgT Rd Rd
+B

T—s
(J f Py —2)0(2)x ( )dzdu) dydxds
1 1
I(T)= @fo JRd fRd ...dydxds.

. /7 _
Hm, h(T)=0

X

and

It can be shown that

In I7(T) we substitute x" = xs~V y' = ys~1e ' =u/s, and use (3.20), which gives

T
1
I(r) = p1(xx — y)|x| Vs~ (@/@B—y/at(1+F)
logT ), Jgd Jgd

T/s—1 148
+1
X (J f pu(y — 25 Vo (2)y (s(uT ))dzdu) dydxds.
0 R?

By (2.16), s~ (d/@f—r/at1+f — s=1 5o the substitution s’ = logs/log T yields

1
(T = JJ J p1(x = ¥)Ix|™"
0 JR?JR?

Ti=— 1+
X (J J pu(y — 2T (2)y (((u + 1)T5_1) dzdu) dydxds.
0 R¢

(3.96)
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It is now seen that one should have

Tlim L(T)= lim I{(T)

146
- Hﬁf f p10x = y)Ix[ Ty [T Pdxdy (J ‘P(z)dz) 2'P(0) (3.97)
Rd

Note that the integrals are finite by (3.21), (3.28) and (2.16). The justification of (3.97) requires
some work, but we omit it for brevity.

(iii) As d =y, we must keep the measure u,, in its original form (1.8).
Arguing as in the proof of (ii) and taking into account (2.14), instead of (3.96) we obtain

Y@d/a
long JRd fdel( 1+| Ts/ald

Tl 1+
X (J f Py — 2T (2)x ((u+ 1)Ts_l)dzdu> dydxds.
0 R¢

I(T)=

Since

sd/a 1
x—y)———dx=s5—0(S,_ ,
Jdel( y)1+|xT5/a|d o (Sq-1)p1(y)

lim
T—oo log T
it can be shown, with some effort, that
lim I,(T) = lim I,(T)
T—o0
= Cizﬁz o (s 1)J p1()ly [T +Pgy U

148
w(Z)dZ) 21P(0).
R4

Again, we omit the remaining parts of the proof.

3.7 Proof of Theorem 2.6

We only give an outline of the proof. The following lemma is constantly used.

Lemma Let ¢ € #(R?), ¢ > 0.

(@) Ifd > a(2+ B)/(1+ B), then the functions G, G(Gp)'*P and G(Gp)? are bounded.

() If d > a(1+ B)/B, then additionally (G¢)'™P and (G(Gp)*P)1*F are integrable (and bounded).
(ODIfa<y<dandd>a(2+ B)/B — y/P, then additionally to the properties in (a),

dx < 0.

f G(Gw)”ﬁ(x)1
Rd

+ |x|”
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This Lemma follows easily from (1.12) and (3.25)-(3.28).

Proof of part (a) of the theorem. As before we consider u, (dx) = |x|7"dx. In (3.9) we substitute
u' =s—u, thens' = (T —s)/T and, finally, x’ = xT*/*s~1/¢_ obtaining

L(T)

1 T(1-s) " 1+p
= f J f py(x — ys_l/“T_l/“) J To(y)x (s + —)du S_Y/O‘IXI_Ydydsdx
R Jo JRE 0 T

(see (2.22)). It is easily seen that by part (b) of the Lemma we have

Tll_{{.lofl(T)=f

R

1

dpl(x)IXI_YdXJ

sy 14 (s)ds f (Go(y)Pdy. (3.98)
0 R?

For B < 1 this is exactly log Eexp{—C(X, ¢ ® 1)}, where X is the limit process described in the
theorem. Moreover, in this case (3.14) and boundedness of Gy easily imply

I,(T)<C TA=r/a)(1=2/0+6)) _, .

For 8 =1 we use (3.10) and (3.4), obtaining

\%
L(T)=15(T) = I;(T) - EIQ"(T),

where

) HT T ~ T u

HOR- L L@ fdes(x—y)|x| deso(y)mjs Ty (7 ) dudyds,

17 HT '

L(T) = F_IZ"JR“’L JdeT_s(x—y)tp(y)xT(T—S)

X f Te—u(px (T —uw)vr (-, u))(y)|x|""dudydsdx
0

7 HT r ) 2 _
L'(T) = F_%JRJO fdeT_s(x—y)<p(y))cT(T—s)J0 Ts—y vz (W) (y)lx|Tdudydsdx.

Substituting «’ = u —s,s’ = s/T, and then x’ = xT'/%s'/* and using part (a) of the Lemma and
(2.22) we have

1

dP1(X)|X|_YdXJ

0

s"’/“xz(s)dsf

R

Jim 1) = |

, e(¥)Go(y)dy. (3.99)
R

Applying (3.5), (2.22) and the Lemma above we get

17" CHT ! —y
L(T) = — ps(x = V)Ix|To(¥)G(9Ge)(y)dydsdx
Fr Jralo Jre
< ClT—(l/Z)(l—Y/a)ﬁO’
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and, analogously,

A

11 CHT Y 2
I,(T) < ) dps(x Wx|TTe(y)G(G))(y)dydsdx
R R
< C2T (1/2)(1 /) _, .

This and (3.98 ) (3.99) imply that for f =1 the limit of (V/2)I;(T) + I,(T) is exactly
log Eexp{—C(X, ¢ ®1))}. Similar estimations, together with the Lemma, yield (3.16) and (3.17).
This completes the proof of part (a) of the theorem.

Proof of part (b) of the theorem. Following the general scheme one can show

Jim 1,(T) = f pl(x)lxl‘“dxx”ﬁ(o)f (G F(y)dy,
R? R?

dim L(T) = Cﬁj pl(X)IXI‘“dxxz(O)f P(¥)Gp(y)dy,
R R

and (3.16) and (3.17) (recall that cp is defined by ( (2.24)). This is accomplished by an argument
similar to the one used in part (a). Due to the criticality (y = a), the integrals f .ds in (3.9)-

(3.11) require a different treatment. They are split into f 0 ...ds + fl ...ds; the first summand
converges to zero, and in the second one we use the substitution s’ = logs/log T. Here, again, we
use repeatedly the Lemma above together with the easily checked fact that

f J F.h(x)|x|"*dsdx < o0
T>2 IOgT R4

for any integrable and bounded function h (recall that d > a). We omit details.

Proof of part (c) of the theorem. Recall that the case y > d has been proved in [BGT6]. For
a <y < d we use the Lemma (part (c) is particularly important). We show

Jim 1,(T) = J G(GP) P (x)u, (dx)x TP (0),
[ee} Rd

Jim L(T) = Cﬁj G(pGp)(x)u, (dx) 2 *(0),
Rd

(3.16) and (3.17). Here u, is either given by (1.8) or, for y < d one can take u.,(dx) = [x|"dx.
Again, the details are omitted.

3.8 Proof of Theorem 2.8

The proof is based on two general lemmas which, hopefully, are of interest by themselves.

Lemma A. Let Y be an (d, a, B)-superprocess with Y, = u and N be the empirical process of the
corresponding branching particle system. If for any bounded Borel set A C RY,

P [J Y, (A)dt < oo] =1, (3.100)
0
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then also

p U N, (A)dt < ooi| =1. (3.101)
0

Proof of Lemma A. Let { denote the standard a-stable Lévy process in R¢, and let & be a Markov
process with semigroup

Fro(x) =E, [exp{—f w(Cs)dS}sO(Ct)],
0

where 1 is a fixed element of C?’(]Rd) (bounded support), v > 0. The process £ takes values in

R U {1}, where 7§ is a cemetery point where it remains after killing by exp{— fot Y(L,)ds}. The
infinitesimal generator of & is
Ap(x) = (Ag — P(x))p(x).

Let YV be a superprocess in R¢ constructed from ¢ and (1 + B)-branching, with Yow = u. The
Laplace functional of its occupation time is given by

t
Eexp {—f (., w)dS} = exp{—(wul()}, » € CPRY, ¢ 20, (3.102)
0

where ufﬁ(x, t) is the unique (mild) solution of

(Ag = p(ub(x, ) -

Y _
uw(x,O) =0

iuz’:(x, £) () (e, ) + (), (3.103)

at 1+

(cf. (1.6)). The Laplace functional of the occupation time of the process N is given by

Eexp {—J (N, w)dS} = exp{—(u, v, (D)}, ¢ €CERY), ¢ >0, (3.104)
0

where v,,(x, t) is the unique solution of

9 _ v 14 _
5 tvw(xaf) = Agvy(x,t) T ﬁ(v¢(x, )P + @)1 = vy, (x,t))
= (A, — @(x))v,(x t)——v (v, (e, NP+ o(x) (3.105)
(04 QP 80 5 1+[), (p bl (p x b .
v,(x,0) = 0

(cf. (1.4)). Equations (3.103) and (3.105) coincide for ¢ = 1, hence, from (3.102), (3.104),

Eexp{—f (Y;/’,z/))ds} =Eexp{—f (Ns,w)ds} :exp{—(u,u:ﬁ(t))}. (3.106)
0 0
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The superprocesses Y = Y? and YV are obtained as (high-density/short-life/small-particle) limits of
the same process N, removing first the killed particles in the case of Y¥. Hence

t t
Eexp{—J (st’,(p)ds} zEexp{—J (YSO,(p>dS} for all t, (3.107)
0 0

for any ¢ > 0, in particular for ¢ = 1), hence, from (3.106), (3.107), and with ¢ =0,
exp{—{(u, ui(t))} > exp{—(u, u?p(t))} for all t. (3.108)
Taking u = &, in (3.102) we see that
uz(x, t) / uﬁ(x) and u?p(x,t) / u,?p(x) as t oo,

hence, from (3.108),
(u, uﬁ) < (p,uy,). (3.109)

From (3.100), (3.106), (3.109),

1 = PUO <Yt,w>dt<oo}=5ix\1g)exp{—<u,ugw>}

o0

A

< lim exp{—(u,upy)} =P UO (N, )t < oo} ,

so (3.101) is satisfied for any bounded set A C R? and the lemma is proved. O

Lemma B. Let N be the empirical process of the (d, a, 3)-branching particle system with locally finite
initial intensity measure u. If (3.101) is satisfied for any bounded set A C Rd, then

P[sup{t:N,(A) >0} <o0] =1 (3.110)

for any bounded set A.

Proof of Lemma B. Let By be a closed ball in R? with radius R centered at the origin. Let
(t;,x;,7i),1 = 1,2,..., be a sequence of random vectors defined as follows for any realization of
the branching particle system. First we exclude all the particles which start inside By at time 0 and
their progenies. Let t; be the first time any of the remaining particles enters Bg, x; is the entry
point, and 7, is the occupation time of the closed ball B;(x;) of radius 1 centered at x; by the
tree generated by the entered particle. We exclude this tree from further consideration. Let t, be
the first time after t; that any of the remaining particles enters By, with x, and 7, defined analo-
gously as above; and so on. Let 1 denote the total number of first entries (t;,x;, 7;),i = 1,...,7.
We will show that n < oo a.s.. Suppose to the contrary that P[ = oo] > 0. By construction,
?:1 T; < f;o N;(Bg41)dt, hence 2?21 T; < 00 a.s. by (3.101). By the strong Markov property and
homogeneity of the motion, conditioned on {n = oo} the random variables t; are i.i.d.. Hence

P [Z?zl T, =00|n = oo] =1,
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and this is a contradiction since, as observed above, P[Z?Zl T, =00]=0.
Going back to the particles that start inside By, there are only finitely many of them since u(Bg) < oo.

In conclusion, with probability 1 only finitely many initial particles generate trees that contribute to
the occupation time of any given bounded set, and all those trees become extinct a.s. in finite time
by criticality of the branching. So (3.110) is proved. O

Now, to prove Theorem 2.8 it suffices to observe that under its assumptions the corresponding
superprocess Y suffers local extinction by Theorem 3 of [12], hence (3.100) is clearly satisfied and
the theorem follows immediately from the lemmas.

3.9 Proof of Proposition 2.9

First observe that it suffices to prove convergence of finite-dimensional distributions. Indeed, in the
proof of Theorem 2.1(a) we have shown tightness of X; = Z; — EZ;, and the presence of high
density was not relevant in that proof. On the other hand, from Proposition 2.1 of [BGT5] it follows
easily that the family of deterministic processes (E(Zr, ¢))r>1 is tight in C([0, 7], R), 7 > 0. Hence
tightness of Z follows.

Without loss of generality we assume that T = 1. Fix0<t; <t, <...<t, <1,01,...,9, € S (RY),
and we may additionally assume that ¢;,...,p, = 0. In order to show = convergence we prove
that

lim Eexp —Z(ZT(tk), Pr) { =€exp {—f v(x, 1)|x|_de} , (3.111)
T—00 =1 Rd
where v satisfies (2.36) with ¢ given by (2.37) for 6, = f rt Px(¥)dy (as explained in [Ta], the
solution of (2.36) is unique.)

For simplicity we consider ., (dx) = [x|™"dx (it will be clear that for u, given by (1.8) the limit is
the same). Also, to simplify the notation we take ¢; = ... = ¢, = ¢. Essentially the same argument
can be carried out in the general case.

As in [Ta] and [BGT4] (the possibility to pass from space-time random variable to the present
situation) we have

Eexp {—Z(zr(rk),w} = exp{—f vT(x,Tnerdx}, (3.112)
k=1 R4

where v satisfies (3.4) with y(t) = Zrklzl Tpo,,1(t), x7(t) = x(t/T). Formula (3.112) is an analogue
of (3.7), and its form is simpler since now we do not subtract the mean.

The right-hand side of (3.112) can be written as

exp {—J hr(x, 1)|X|_de} ,
Rd

hp(x,t) =T/ % (xTV* Tt), 0 <t < 1. (3.113)

where
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To prove (3.111) it suffices to show that h4(-, 1) converges to v(-,1) in Ll(Rd, |x|~"dx); in fact, we
will prove that

hy —»v in C([0,1],L (R4, x| "dx)). (3.114)
By (3.113), (3.4), (2.30) and (3.20) we have

hr(x,t) = fx_sTd/“so(T”“-)(x)x(l—s)ds
0
- T”“f Te—s (P (T () () (1 = )ds
0

174 t
- mL%—s(hT(-,SJ)”ﬁ(X)dS-

(3.115)
In particular, this implies that
t
hp(x,t) < CTd/“J Too(TY*)ds. (3.116)
0
Let
Ry(x)
t t
= sup J Feoo(TY (T *))(x) 2 (1 - 5)ds —f Pe—s(x)x(1 —S)dSJ e(y)dy|. 3.117)
t<1|Jo 0 R¢
(compare with the first formula on page 851 of [Ta]). We will show that
lim J Ry (x)|x|""dx = 0. (3.118)
T—o0 Rd

Applying the usual substitutions and the fact that p,(x) is a decreasing function of |x| we obtain

1
f Rr(x)|x|Tdx < CJ J o(y) J (pu(x = T7Y*) = p,(x))du
RY R JRA 0

< CJ w(y)f If e = T Y%y) = f(x)|dxdy
R4 RY

1/p 1/q
+ CU J w(y)IXI‘”’dde) U f so(y)lf(x—T‘”“y)—f(X)lqdde> ,
x|<1 JRE x|<1 JRE

where f is defined by (3.22), and p,q > 1 are such that yp < d,(d — a)q <d,

|x|""dydx

1/p+1/q =1 (such p and g exist since y < a < d). Hence (3.118) easily follows from (3.23) and
(3.24).

Next, we will show that

lim sup
T—0o0 RA t<1

t
T”“f T _(@(TY ) (1 = $)hp(,5)(x)| Ix[Tdx = 0. (3.119)
0
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(3.116) and (3.31) imply that the expression under the lim can be estimated by

T”“J £,Ne(TY ) (f G )(y)dy < T”“nso(Tl/“-)n%||f||1+ﬁ||<,o||1
Rd

< crr/e-/@B/a+) _, o

(we have used (2.30) and f € L'*# by (3.23) and (3.24)).
To prove (3.114) we check the Cauchy condition, i.e.,

J(Ty, Ty) = J sup |hg, (x,t) — hy,(x, t)|[x|""dx — 0 as T;, T, — oo. (3.120)
R t<1

Using (3.115), (3.118) and (3.119) we have

1%
J(T1>T2)§J1(T1>T2)+mjz(leTzl (3.121)

where lim J,(T;,T,)=0 and
T,,Ty—00

t
Jo(Ty,Ty) = | sup f Fooslhy P (8) = R P (-, 9)I(x)dslx| T dx.
R? t=1 Jo

By (3.31), the inequality |[a’*# —b'*P| < (14 )|a—b|(a? +bP), a, b > 0, and the Holder inequality,

Jy(T1, Tp) < C f sup hy P (y, ) =k P (y, Oldy

R4 t<1
B B
< Cy||suplhr, (-, t) —hr,(, 0] sup |hr, (-, t)] +||sup |z, (-, D)
t<1 1+8 t<1 148 t<1 1+8

Using (3.116) and the fact that f € L'*P it is easily seen that

sup |{suphy(-, t) < 0.

T>1]|t<1 1+
To show (3.120) it suffices to prove that

lim ||sup|hy (-, t) —hy (-, t)] =0. (3.122)
T, T—00 <1 2 148

This can be derived in a similar way as in [Ta] (see (2.19) and subsequent estimates therein). The
only difference is that the term corresponding to I,(T) in [Ta] requires a slightly more delicate
treatment; in our case it has the form

1+8

T(Y/a)(Hﬁ)J sup dx.

RY s<1

J Fou(p(T VI, (-, w))(x)du
0
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Using (3.116) and the Holder inequality this is estimated by

TR f s (p(TV AN * TR < T OB £ T (TPl

where g =d/(d —a+¢€),p=d/(a—¢€), and € > 0 is such that y < a — €. Then the right-hand side
is not bigger than CT((1+A)/0)(r+e=a) which tends to zero as T — oo.

Combining (3.120), (3.118), (3.119) and (3.122), it is seen that one can pass to the limit in (3.115)
letting T — o0, thus obtaining that the limit of h satisfies (2.33). This proves (3.114) and completes
the proof of the Proposition. O

Proof of Theorem 2.11

The proof is similar to those for the particle system, starting from an equation analogous to (3.7)-
(3.8), where X is now defined for the occupation time fluctuation process (1.10) corresponding to
the (d, a, B, y) superprocess Y, and equation (3.4) is replaced by

t V. o14p
vr(x,t) :J Ti—u |:(p xr(T —u)— v (-,u)} (x)du, (3.123)
T . TXT 1+8'T

where the term I,(T) in equation (3.8), given by (3.10), does not appear. This reflects the fact that
comparing the log-Laplace equations (1.4) for the particle system and (1.6) for the superprocess, the
term —v,, is missing in (1.6). (Equation (3.123) can be obtained from (3.4) by the same limiting
procedure that yields the superprocess from the branching particle system. An equation analogous
to (3.7) for the superprocess can be derived from continuous dependence of the occupation time
process with respect to the superprocess, and continuity of the mapping C([0, 1], %’ (R > x —
X € y’(RdH) in (1.11) [BGR].) It follows that the results for the superprocess are the same as
those for the particle system, except in the cases where I,(T) has a non-zero limit, and to obtain the
results in those cases it suffices to delete those non-zero limits. Therefore the limits in Theorems 2.1
and 2.5 are the same for the superprocess, and for those in Theorem 2.6, cg = 0 in all cases. O
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