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Abstract

In this article, we consider a simple model in equilibrium statistical mechanics for a two-
dimensional crystal without defects. In this model, the local specifications for infinite-volume
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perature, rotational symmetry is spontaneously broken in some infinite-volume Gibbs measures.
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1 Introduction

According to the famous Mermin-Wagner theorem and its more recent variants, Gibbs equilibrium
distributions of thermodynamic systems in two dimensions usually preserve continuous symmetries
of their local specifications. This holds, under weak conditions, for the preservation of translational
symmetry and for inner symmetries like spin rotations. Important results concerning preservation
of continuous symmetries in two dimensions have been proven by Mermin and Wagner [MW66],
Dobrushin and Shlosman [DS75], Frohlich and Pfister [FP81], see also[FP86], Pfister [Pfi81], and
by Georgii [Geo99]. Over the decades, the regularity conditions on the interaction potential in
Mermin-Wagner type theorems have been astonishingly weakened. Ioffe, Shlosman, and Velenik
[ISV02] have proven the absence of continuous symmetry breaking in two-dimensional lattice sys-
tems without any smoothness assumptions on the interaction. Recently, a general version of this
preservation of symmetries has been shown by Richthammer in [Ric05] and [Ric09], using only
very weak regularity assumptions for the local Hamiltonians. This includes, among others, systems
of hard disks in two dimensions at any chemical potential.

On the other hand, theorems of Mermin-Wagner type [MW66] are not applicable to spatial rotations
in two dimensions. For example, it is conjectured that not all Gibbsian equilibrium distributions
describing hard disks in two dimensions at high chemical potentials are rotationally symmetric.
Already Frohlich and Pfister [FP81] remarked that

(...) the breaking of rotation-invariance, i.e. directional ordering, is possible, in princi-
ple, in two-dimensional systems with connected correlations which do not fall off more
rapidly than the inverse square distance (...)

In this paper, it will be shown that some infinite-volume Gibbsian lattice particle systems in two
dimensions indeed show spontaneous breaking of spatial rotational symmetry at low temperature.
This symmetry breaking is shown for a system of two-dimensional “atoms”. In this system, the atoms
are characterized by their location in the plane and their orientation. The local Hamiltonians are
chosen rotationally symmetric. Nevertheless, the particle configurations are indexed by a triangular
lattice. Thus, the permitted particle configurations may be viewed as a deformed triangular lattice.

Motivation. In the physics literature, spontaneous breaking of rotational symmetry in two-
dimensional solids has been taken as a fact already a long time ago; see e.g. [Mer68] in the case
of a two-dimensional harmonic net. Even more, in the physics literature, melting transitions of
two-dimensional solids and liquid and “hexatic” phases have been discussed, see e.g. [NH79].

However, from a fundamental, statistical mechanical point of view, the difference between crys-
talline solids and fluids is not well understood rigorously. The remarkable recent paper [BLRW06]
shows the existence of a solidification phase transition for interacting tiles with zippers. With the
exception of this reference, we are not aware of any other proof of a melting/freezing phase tran-
sition in a continuum system of interacting particles in thermal equilibrium. Even worse, there is
no proof of crystalline order at low, but positive temperature for any realistic continuum particle
system. It seems reasonable to take the breaking of rotational symmetry as one characteristic prop-
erty of crystals. A goal in the long run is to understand models for crystallization of increasing
complexity from a fundamental point of view. As a starting point, we examine a simplified model
for a two-dimensional crystal. We exclude defects of the crystal by definition of the model, taking

1706



an infinite system of particles that looks locally like a slightly perturbed triangular lattice, up to
perturbations of size ¢ > 0. Intuitively, one may think of ¢ being small, although this is not required
in our model. The only reason why we work with the triangular lattice instead of square lattices is
that we think that the triangular lattice may be a more realistic model for ordered two-dimensional
particle systems. Our proof of spontaneous breaking of rotational symmetry in this model relies on
a simple variant of infrared bounds; no reflection positivity is required.

The goal of this paper is to understand some features of two-dimensional crystals at low temperature
in a simplified model. It tells us nothing about melting/freezing phase transitions. We do not know
the high-temperature behaviour of the model discussed in this paper. It may be possible that for
small ¢ > 0, it shows spontaneous breaking of rotational symmetry at all temperatures, in other
words, it might have no melting transition. One may compare it with the following: For a spin
model with O(2)-invariant ferromagnetic interaction with a constraint that enforces approximate
local alignment of the spins, Aizenman [Aiz94] proves a power-law lower bound for the correlation
function at all temperatures. Similar to the Patrascioiu-Seiler model studied by Aizenman [Aiz94],
our model forbids topological defects by using appropriate constraints. The present model also
forbids lattice defects. It is a major task for future work to remove these constraints.

2 Results

Definition of the model. Let 7 := e™/3, and consider the triangular lattice & = (V, E) with vertex
set V := Z + 77 and set of directed edges E := {(u,v) : u,v € V with |u — v| = 1}. In particular,
there are two directed edges with opposite directions between any pair of vertices at distance one
from each other.

We consider an infinite system of atoms, indexed by the vertex set V of the triangular lattice. Intu-
itively speaking, every atom has six “arms”. At the end of each arm, there is a “sticky ball” of radius
¢, where ¢ > 0 is fixed (see Figure[1).

Figure 1: An atom consisting of 6 arms with sticky balls at the ends of the arms.

At each of the six sticky balls, another atom is located. The neighboring atom is located somewhere
inside the ball of radius ¢; it has again six sticky arms. In Figure|2] three atoms sticking together are
shown.
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Figure 2: A molecule consisting of three atoms.

Formally, for A € V, define the space 2, of configurations on A by
2 1= {0 Viduen € (Cx S 129 =0} 2.1

if 0 € A, and Q, := (C x S')* otherwise. Thus, a configuration consists of the position x,, € C of the
atom with index u and its orientation y, € S! = {z € C : |z| = 1} for every u € A. The condition
xo = 0 is a reference fixation of the configurations. We write

yy=e% with —-nm<a,<m. (2.2)
A configuration in Q, is of the form
wp =(w,)yen With = (xy, 1) (2.3)

For disjoint A, A’ C V, set wwys := wy Uw,. We endow Q, with the o-field Z, generated by the
projections w, — x, and w, — 7, to the individual coordinates and the reference measure

dx d otherwise; 24
l—[ueA u veA Yv

paldw,) = {

here &, denotes the unit point mass in 0, and dx, and dy, denote the Lebesgue measure on C and
S!, respectively.

Let € > 0 be a fixed perturbation parameter, and let h : C — [0, 00] be a potential with the following
properties:

e h is measurable and Lebesgue-almost everywhere continuous.
e h is rotationally symmetric: h(a) = h(b) for |a| = |b]|.
e ForallaeC,

h(a) > |a|2+oo‘1{|a‘28}. (2.5)

1708



e Furthermore,

ci():= sup h(a) (2.6)
aeC:la|<e’
satisfies
c;(e)<oo  and llim0 c(g)=0. 2.7)
8 e

One possible choice for the potential is the function h(a) = |al* + 00 - 1{j4>¢}-

Let A C V be a finite set containing 0 with outer boundary dA and set A := AU dA. For w, € Q,
and wyp € Qg With wpwypy = (3, 14) define the local Hamiltonian with boundary condition
wap by

uen’

Halwplwgn) = D0 Bl —x, — 1, —v)). 2.8)

u,veA: (u,v)eE

The partition sum associated with this local Hamiltonian at the inverse temperature § > 0 is given
by

Zg A(wpp) = J e PHN@lwan) o (dew ) (2.9)
27N

o0

with the convention e”* = 0. Note that Zg , takes finite values.

Clearly, for wywyp = (x, = 1,7, = 1),c%, the local Hamiltonian is finite. This configuration has
an atom with “standard orientation” at every u € A; i.e. the atoms are located at the vertices of the
triangular lattice. All other configurations with finite energy may be viewed as perturbations of this
triangular lattice configuration.

For wyp € Q5 such that Zg z(wa,) > 0, the finite-volume Gibbs measure at the temperature T =
1/ with the boundary condition w,, is defined to be the following probability measure on £2,:

e—ﬁHA(wA|waA)

ppgaldwplwasy) == paldwy). (2.10)

Zg a(wan)

A probability measure ug on (Qy, Zy) is called an infinite-volume Gibbs measure at inverse temper-
ature f3, if it satisfies the DLR-conditions:

1 .
‘U,ﬁ(Alfl)Ac) = —J 1A((Z)AC()AC)e_ﬁHA(wAlwaA)pA(d(DA) Mﬁ-a.s. (2.11)
Zﬁ,/\(wa/\) Q,

for any A € &, and any finite A C V containing 0. In particular, this includes the requirement
Zg A(wap) > 0 for ug-almost every w € Qy .
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Rotational symmetry of the local specifications. For s € S! and any A C V, define the rotation
Ry : Q5 — Qp, (3¢, Yiduen — (8X,,8Y 1 )uen- For finite A € V with 0 € A, note that both, the reference
measures p, and the local Hamiltonians, are invariant with respect to R,:

Hp(Rswp|Rswap) = Hp(wplwan), (wp € Qp, wap € Q1) (2.12)

An infinite-volume Gibbs measure ug is called rotationally invariant, if for all s € S!, the image
measure R,[ug] of ug under the map R; equals ug. Otherwise, we say that ug spontaneously breaks
the rotational symmetry.

Theorem 2.1 (Spontaneous breaking of rotational symmetry). Let € > 0. At all sufficiently small
temperatures 371 > 0, there exists an infinite-volume Gibbs measure up that spontaneously breaks the
rotational symmetry. More precisely,

E, la] =0 and ﬁg&w%Amgza (2.13)

so that for all sufficiently low temperatures =1, with respect to ug, the orientation y of the 0-th
particle cannot be uniformly distributed on S*.

Nevertheless, there is a homotopy between the standard configuration and a configuration that
equals the standard configuration near infinity, but is rotated by an arbitrarily large angle on any
fixed finite piece. The following remark states this more formally. Its proof is sketched at the end of
Section 4!

Remark 2.2 (Arbitrary rotations of finite pieces). For every € > 0, every finite set A C V, and every
¢ >0, there is a path (x,(t), 7,(t))yev,—p<e<, in Qy with the following properties:

(a) Standard configuration at deformation parameter t = 0: For allu € V, x,(0) =u and y,(0) = 1.

(b) Admissible configurations: For all t € [—¢, ¢], the configuration (x,(t),v,(t)),ev is admissi-
ble, i.e. for all (u,v) € E, the bound |x,, — x, — y,(u — v)| < € holds.

(c) Continuity: For all u € V, the map t — (x,(t),y,(t)) is continuous.
(d) Rotation on A: Forallu€ A and t € [—¢, ¢], we have x,(t) = e!'u and y,(t) = €.

(e) Standard configuration near co: There is a finite set ¥ with A € X C V, such that for all
ueV\Xandall t € [—y, ], one has x,(t) =u and y,(t) = 1.

Finite-volume Gibbs measures with periodic boundary conditions. For N € N, let Ay be a set
of representatives for (Z + tZ)/(NZ + NtZ) with 0 € Ay. More specifically, we take

Ay ={k+r7l:kle{|-N/2],...,[N/2] —1}}. (2.14)
We introduce the space of all spatially periodic configurations with respect to N

Qper — {(xu: Yu)ueV € ((C X Sl)v X = 0, Xyl = Xy + l: Yutl = Yu for all} . (2.15)

N " lueV,leNV
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Note that the average density of particles for these configurations is just the same as in the standard
triangular lattice V, due to the condition x,,; = x, + [ rather than x,,; = x, + const - [. Sometimes,
it is convenient to identify Qﬁ,er with the set Q) = {w,, : w € Qi,er}. We will implicitly use this
identification below.

For periodic boundary conditions with period N, we define the finite-volume Hamiltonian Hy in
analogy to (2.8)

Hy(w):= Y. > hlx,—x,—1r,u=v), o=0urey €B.  (216)
ueAy VveV:
(u,v)EE
Note that this definition does not depend on the choice of the set Ay of representatives for V/NV.
In the special case h(a) = |a|? + oo - 1{jaz¢}> We denote this function Hy by Hls\?r.
Furthermore, we define the finite-volume Gibbs measure at inverse temperature 3 with periodic
boundary conditions to be the following probability measure on Qi,er:

o~ BHN(©)
ppn(dw) := ——— py(dw) (2.17)
ZgN
with the partition sum
Zg N = J e PN dpy > 0. (2.18)
Q]Pi]el’

Here, py denotes the reference measure on Q%er identified with p,  via the identification Q]Iz,er =
Q.

N
The following theorem is a finite-volume analogue of Theorem 2.1l The given bound is uniform in

the size of the finite box.

Theorem 2.3 (Finite-volume estimate). For all € > 0 and all & > 0, there exist 3, > 0 and Ny € N
such that for all 8 € (B, 00) and all N = Ny, the variance of a, with respect to the Gibbs measure ug y
is bounded above by 6:

Varuﬁ,N(aO) <9é. (2.19)

Theorems 2.1 and 2.3 hold also for slightly different local Hamiltonians. For instance, we could
index the atoms by the square lattice instead of the triangular lattice, and our results still hold.

The following theorem provides the link between the infinite-volume result in Theorem and the
finite-volume estimate in Theorem 2.3|

Theorem 2.4 (Infinite-volume limit). For all € > 0 and all > 0, there exists a strictly increasing
sequence (Ni)xen of natural numbers such that the finite-dimensional marginals of (ug , Jxen converge
weakly to the finite-dimensional marginals of an infinite-volume Gibbs measure g as specified by the

DLR-conditions (2.11).

In particular, this means that for any (u,v) € E, the inequality |x, — x, — y,(u — v)| < € holds ug-
almost surely. Furthermore, all finite-dimensional marginals of ug are absolutely continuous with
respect to the corresponding reference measures.
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Intuitive ideas behind the proofs. Before we prove our results, let us explain some intuitive
ideas in a simpler model. This paragraph serves only to provide some rough intuitive background
information without giving detailed proofs. The formal proofs of our theorems in later sections can
be checked even if one ignores the intuitive picture.

Let xg =u, ag =0, and )/2 := e!% = 1 denote the coordinates of the “standard configuration” with
one particle with standard orientation at every vertex u. We set y, := x, — xS = X, — u. Note that
a,=a, — ag. Let (w, z) = Re(wz) denote the Euclidean scalar product of w,z € C.

Let us consider the second order Taylor approximation at x° and a of the Hamiltonian Hy'" viewed
as a function of x and a. In these variables, the Hamiltonian of the linearized model is given by

H]g\g[auss(y’ a) — Z Z {lyu_yv|2_2(yu—yv,i(u—v))au+ai} (2.20)
ueAy vev:
(u,v)EE

for N-periodic configurations (y, a) = (y,, a,),ey € (CXR)Y. The corresponding local Hamiltonians
for the infinite-volume system are invariant with respect to the linearized rotations

R, (v )y = (yy + tiu, o + t),, (2.21)

for all t € R. However, since these linearized rotations do not preserve periodic boundary conditions,
they are no symmetries of the model in finite volume with periodic boundary conditions.

Let
V' :={peC:(p,v)e2nZforallveV}=1]Z+1,Z, (2.22)

where 7% = 27(1—i/+/3) and ©} = 47i/V/3, denote the dual lattice to V. Furthermore, let A}, be a
set of representatives for (N~'V*) mod V* with 0 € A},. For example, one may take

Ay ={Ntmyti + N myth: my,my €{0,...,N —1}}. (2.23)
We introduce Fourier variables:
Tp=IAyT1 D0 v P and  a, = (AT DY et (2.24)
ueAy u€hy

with the inverse

y, = Z ypei(p,u) and a, = dpei(P,lO' (2.25)
PEAY peEA

=z %

Because of translational symmetry, the Fourier-transform block-diagonalizes the Hamiltonian H I%auss:
Define the matrix A, for all p € C by

_ 1Pl (1 —e7iPl)
Ap = Z ( 1(1—eiPly 1 ) (2.26)

leNV

where A := {l € V : |l| = 1} denotes the set containing the six neighbors of the origin in the
triangular lattice. Then, one has for all N-periodic (y, a):

HE(y, @) = 1Ay Y Fpr 10,4, ( b ) : (2.27)

ia
PEAY p
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The only points where A, is non-invertible, are p = 0 mod V*; see (3.20), below. Close to the
singularity, i.e. in the infrared regime p — 0, one has

2 .
A,=3 ( Ip !_ P ) + lower order terms, (2.28)
—ip 2

and consequently,

PR ( 2lp|~*  ~iplp|~>

= — + lower order terms. 2.29
P 3\ iplpl™? 1 ) (229)

Consequently, if we denote the entries of a 2 X 2-matrix B by Bj s, j,k = 1,2, we obtain

_ " detA la,|?
— = Yy D~ 12 p

(y,la)A(-f’)Z la,|® = ——
R W A P (Apl)z,z

> cyla,|? (2.30)

for all p close to O with a constant ¢, > 0. If p stays bounded away from the singularity p =
0 mod V*, the same bound holds. Hence, unlike the well-known infrared bounds [FSS76] for the
classical isotropic Heisenberg model in three or more dimensions, where the two-point function in
Fourier space is bounded by O(|p|™2) as p — 0, the relevant entry of the covariance matrix in the
linearized model is bounded by a constant, uniformly in p. This behavior remains the same for the
model with Hamiltonian Hy. The uniform lower bound for the finite-volume Hamiltonians Hy is a
crucial ingredient of our proofs. We derive it in Section[3| From this bound, we deduce the estimate
for the variance of the angle a, with respect to ug y stated in Theorem 2.3. In Section|4;, we show
how to pass to the infinite-volume limit.

Remark on the one-dimensional analogue of this model. We emphasize that the mechanism
for spontaneous breaking of rotational symmetry as described above in the linearized model works
only in dimension two (or higher dimensions). In one dimension, the linearized model does not
exhibit spontaneous breaking of rotational symmetry. Consider a one-dimensional chain of two-
armed molecules in a plane. One obtains the corresponding linearized model from (2.20) by re-
placing the two-dimensional vertex set V by the one-dimensional line Z with nearest-neighbour
edges and replacing Ay by {0,...,N — 1}. This model has a completely different behavior than
its two-dimensional version. Let us sketch why. The representation (2.27/2.26) of the linearized
Hamiltonian remains valid with A}, = {27j/N : j=0,1,...,N — 1} and A4 = {—1,+1}. However,
in the one-dimensional model,

(2sin(p/2))* isinp
A, =2 ( _isinp 1 (2.31)
which implies
. 1 2
(Ap o2 = ==+ 0(1) asp—0. (2.32)

2sin?(p/2)  p

In contrast to the two-dimensional model, this is not integrable near 0. As a consequence, the sym-
metry of linearized rotations is preserved in the corresponding infinite-volume model. This means
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that the one-dimensional linearized model does not have infinite-volume Gibbs measures unless one
pins down one directional coordinate, setting e.g. ag = 0.

Of course, this analysis tells us nothing about the non-linearized one-dimensional model in a rig-
orous sense. However, it indicates that if rotational symmetry is broken in the one-dimensional
non-linearized model, this is caused by a completely different mechanism, not accessible in the
linearization.

3 Finite-volume arguments

The aim of this section is to prove Theorem |2.3| Throughout the remainder of the article, we fix
¢ > 0. First, we state two simple properties of the finite-volume Gibbs measure ug y with periodic
boundary conditions:

Lemma 3.1 (Symmetry properties of the law of @,). For all N €N, 8 >0, and v € V, one has
Law“ﬁ,N(av) = Lawuﬁ’N(ao) and Eyg [a,]=0. 3.1)

Proof. Let N € N, B > 0, and v € Ay. The Hamiltonian Hy and the reference measure p, are
invariant under the translation (x,, Y, )uey — (Xuty — Xys Yury Juev- Since the configurations in Q"
are spatially periodic, the distribution ug y is also invariant under this translation. It follows that r,
has the same distribution as y, under ug y. Hence, Law,, M(av) =Law, M(ao).

Next, since (u,v) € E iff (u,v) € E and h(a) = h(a) for all a € C, one obtains

Z Z h(xu_xv_Yu(“_V))=Z Z h(xz — x5 —ya(U —v))

M eE M eE
=Y > hGE—%—Talu—v)). (3.2)
u€EAy VvEV:
(u,v)EE

Thus, the distribution ug y is invariant under the reflection (xy, v, )uev — (Xg, Ya)uev- In particular,
Yo and 7, have the same law; hence a, and —a, also have the same law, since there is no mass in
ay = 1. Consequently, Epgn [ap] =0. O]

Note that the properties (2.5) and (2.7) of the potential imply that

{Hy <o} ={we Q]If,er tx, —x, =y, (u—v)| <eforall u,v € V with (u,v) € E}. (3.3)

The following lemma states a crucial lower bound for the local Hamiltonian with periodic boundary
conditions.

Lemma 3.2 (Bounding the Hamiltonian). Let c; = 8/72 For all N € N and all & = (x,, Y, )uey €
Qi’,er, the Hamiltonian satisfies the bound

Hy(w) > ¢4 Z a’. (3.4)

uelAy

1714



After a Fourier transform, this inequality may be viewed as a variant of formula (2.30) for Fourier
variables p not necessarily close to 0.

Proof of Lemma/3.2! It suffices to prove the bound (3.4) on the set {Hy < oo}. Recall the definition
(2.23) of Ay,. We introduce again Fourier variables: For u € Ay, set

X, —u=:y,= Z j/pei<p’“), (3.5)
PEAY

Yu—1=:12,= Z 2pei(p’”>. (3.6)
PEAy

Inserting these identities, we get for any u,v € Ay
|xu - Xy = Yu(u - V)lz :I(Xu - u) - (Xv - V) + (Yu - 1)(V - u)|2
:lyu — Yy +ZH(V - u)|2

:‘ Z el{pu) {j/p(l — ellpv—u) +2,(v — u)}

PEAY

2
’ . 3.7)

Recall that 4" denotes the set of neighbors of the origin in the triangular lattice. For [ € A, p € Ay,
and u € Ay, set

Wy = 3,(1— P42, (3.8)
Wy = Z wp,le“P’“X (3.9)
PEAy

Inserting these abbreviations in (3.7) yields the following expression for the Hamiltonian Hy on
{Hy < oo}:

Hy(@) 2 Hy' (@)=Y D |y —x, — 1 u—v)P

u€EAy VveV:

(u,v)EE
. 2
=30 3| X e (3.10)
MW s PEM

If (u,v) € E, then v —u € 4. Using the definition of w,; and applying Parseval’s identity, we obtain

H]s\;lr(w) _ Z Z ‘ Z wp’lei(l?,m

ueAy leN  pehy,

= Z Z |Wu,l|2 = |Ay] Z Z |Wp,l|2~ (3.11)

leN uehy leN peAy,

2

Next, we insert in the last expression the definition (3.8) of w,, ;:

H (@) =IAy] D D 15,(1— ey 42,112

PEAy leN

=IAn] D G2, ( i ) (3.12)
p

PEAY
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with the same positive semidefinite matrix

|1—e'<Pl>| I(1—e 1P
AP = Z ( 1(1 pl)) |l|2 (3.13)

leV

as in (2.26). In order to bound the quadratic form given by A, from below, we rewrite (A,); ; and
then derive a lower bound for detA,.

Set
1 1
Ny ={1,7,7%} = {1,5(1 +iv3), 5 (-1 +w§)}. (3.14)

Then, A = A, U(—A,). Note that |1 — e!P0|2 = |1 — ¢iPD|2 = 2(1 — cos(p, 1)) holds for [ € A
Consequently,

(Apa = Z |1—e!Pl12 =2 Z(l—cos(p, )) = 4(3 — coss; — cossy — COSS3) (3.15)
let le;

with $1= <p: 1)) Sy = <p> T)) and S3 = (p: Tz)'
For the determinant, we get:

detAp == 6(Ap)1,1 - (Ap)l,z(Ap)Z,l' (3.16)

We rewrite the last term in the last equation:

()1 2A)ay =| 101~ et

leNV

: _ 2
= Z 1(1—eUPDy—1(1— e—l(p,—l>)‘

le;

2
=|2sins; + (14 iv/3)sins, + (=1 +iv/3)sins,

=(2sins; + sins, — sins3)? + 3(sins, + sins;)2. (3.17)
Expanding the last term and using the estimate 4xy < 2(x? + y?) yields:

(2sins; + sins, — sinsy)? + 3(sins, + sins3)?
=4(sin?s; + sin®s, + sin®s;) + 4sins, sins; + 4sins; sins, — 4sins; sins;

<8(sin?s; + sin®s, + sin?s3). (3.18)

Observe that sin? x = 1—cos? x = (1+cos x)(1—cosx) < 2(1—cos x) holds for all x € R. Combining
(8.17) and (3.18) with this bound yields

(Ap)12(Ap)21 < 16(3 — cossy — cossy — €osss3). (3.19)

1716



Inserting (3.15) and (3.19) into (3.16) we get:
detA, > 8(3 — coss; — coss, — €oss3) = 2(A,)1 1 (3.20)

In particular, detA, and (A,);; can vanish only if 55, 55, and s3 are integer multiples of 27, that is,
for p € V*. As a consequence, for all p € A}, \ {0}, we have

1 detAp - (3.21)
(Agl)z,z B A1~ ‘

Thus, we get the following lower bound for the quadratic form described by A,:
= 3 yp s 12
G ooy ( p ) > 2z, (3.22)
P

for all p € A},. For p € Ay, \ {0}, this is an immediate consequence of (3.21). In the singular case
p =0, the claim (3.22) is clear:

(F0:20)A0 ( ;VO‘) ) = 61201 > 21%|*. (3.23)
We conclude from (3.12) and Parseval’s identity that

Hy(w) > 2lAy] D0 15,2 =2 )" [1—y, (3.24)

peA;‘V ueAy

Since |1 — e*|2 = 2(1 — cosa) > 4a?/n? for all a € (—m, ], the claim (3.4) follows with c; =
8/m2. O

Lemma 3.3 (Bounding the partition sum). Let c5 be as in Lemma (3.2| and ¢, as in (2.6). For all

5§>0 B>0,NEeEN, and all & € (0,17/2) with ¢;(3¢") < c36/48, the partition sum defined in
(2.18) satisfies the following lower bound:

Zgn = exp({cq — Bc36/8}AN]) (3.25)
with ¢, = c4(e") = log(2m(e")?).

Note that by (2.7), ¢c;(¢/) — 0 as ¢’ — 0, and consequently, there exists ¢’ with the required proper-
ties.

Proof of Lemma/3.3] Here is the idea: The contribution of the configurations globally close to the
standard configuration suffice to show the claimed lower bound.

Let § >0, B >0, and N € N. We have

Zﬁ,N Ef e_ﬁHN de
Hy€[0,c36|Ay]/8]

> exp(—Bea|Ayl/8)ow [Hy < [0,¢55]Ay1/8]] - (3.26)

1717



Let ¢’ € (0, m~'/2) with ¢;(3¢”) < c35/48, and define
Uy ={weQy :|x,—ul<é¢ and |a,| <& VueV}. (3.27)
We claim that
U, € {Hy €[0,c36|AN|/81}. (3.28)
To prove this, let w = (x,, e!*),cy € Uy. Then, for any (u,v) €E,
Ix, —x, — e u—v)| < |x, —u|+|v—x,]+|1—e%| Ju—v|<3¢; (3.29)

here we used that |1 — e/%| < |a,| and |u — v| = 1. Consequently, using the abbreviation (2.6), the
last estimate implies

Hy(w)= D> > hlx,—x, —e%(u—v)) < 6|Aylc;(3¢") < [Aylcs5/8; (3.30)
ueAy vev:
(u,v)EE
the last inequality follows by our choice of ¢’. Hence, (3.28) holds. Consequently,
pn [Hy € [0,¢551Ay1/8]] Zpn [Ux]
>(rt(e')?)Ml=1(2g )Ml > gcalAnl (3.31)
with ¢4 = c4(¢’) = log(27(¢’)?). Inserting this bound into (3.26) yields the claim of the lemma. [J

Lemma 3.4. Let c5 be as in Lemma/3.2land c; as in (2.6). For all 6 > 0, f > 0, and N €N, one has

5§ 1. 2miet
Hye PHvdpy < (me?) Lexp (|AN| {6C1(€) _Bed +3 log - }) . (3.32)

J;35|AN|/2<HN<00 4 csp

Note that for large 3, the leading term in the exponent in the claimed upper bound is —f¢c36|Ay|/4.
This is twice the leading part of the exponent in the lower bound (3.25) of the partition sum. The
comparison between these two leading terms plays an important role below in the estimate (3.37).

Proof of Lemma|3.4! Here is the rough idea. Using the key lower bound from Lemma 3.2, the inte-
gration over the a-variables is bounded by a gaussian integral. The remaining integration over the
x-variables is bounded by a power of the area of the disks associated to the constraints.

Recall that c;(¢) < oo by (2.7). It follows from the definition of the Hamiltonian Hy that
Hy < 6|Ay|ci(€) < exp(6|Ay]|ci(€)) holds on the set {Hy < oo}. Consequently, using exponen-
tial Chebyshev in the first step and applying Lemma/3.2 in the last step, we obtain

f HN e_ﬁHN de
c36|Ay|/2<Hy<o0

SJ Hy eﬁ(HN_C36|AN|/2)/2.e_/3HN de
Hy<oo

<exp({6¢,(g) — Bc36/4}AN]) e PHN/2 0

Hy<oo

<exp({6¢, (&) — Bes8 /43| A]) exp (—% > ai) dpy. (3.33)
Hy<oo

ueAy
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Next, we evaluate the last integral: Denote by B(x,r) the ball centered at x with radius r. Enu-
merate the vertices in Ay as uy,uy,...,u,, | in such a way that (u;,u;4,) € E for all i and uj, | = 0.
Consider w € Qllf]er with Hy(w) < oo. By the description (3.3) of the set {Hy < Qo}, for every
u € Ay, the component x,, is contained in the intersection of the six balls B(x, + e'*(u — v), €),
where v runs through the neighbors of u. Consequently, to obtain an upper bound for the contribu-
tion to the integral coming from the integration over the x-variables, we can proceed as follows: we
integrate successively x,, i = 1,2,...,|Ay[—1 over B(x,, + e %uin (u;41 —u;),€). Since xq =0, the
integration over Xy, yields no contribution. All other x,-integrations give as a factor the Lebesgue

measure of a ball of radius &, namely me?. Hence,

f exp( Z a ) dpy <(me?)wl-1 l_[ f exp —%a ) da,
Hy<oo R

ueAy ueAy
[Anl/2
<(me?)Mwl-1 ( ) . (3.34)
csf3

Inserting this bound in (3.33) yields the claim of the lemma. O

Proof of Theorem Let 6 > 0. First, we rewrite the variance of a, using the properties of the law
of the a,’s from Lemma 3.1, then we insert the bound from Lemma 3.2 for the Hamiltonian:

HﬁN( O) |AN| Z Varp,ﬁN(au)

ueAy

1 1
— 2
Ayl e [Z a“} = el e ) 539

uelAy

To bound the last expectation, we split the domain of integration into two parts, using that Hy < oo
holds ug y-almost surely:

1 _
Eys[HN] =E,  [Hyipy, <c,5iny1/2t] + 7o Hye PHvdpy. (3.36)
BN J;6|Ay|/2<Hy<o0

The first summand is bounded by c36|Ay|/2. Denote the second summand in (3.36) by I. Inserting
the bound from Lemma (3.3 for some ¢’ € (0, 7~'/2) with ¢;(3¢’) < ¢36/48, and the bound from
Lemma [3.4] we obtain:

I1<(ne?) Lexp (|AN|{ 2 + Elog v
3

=(ne?) Lexp (lANl {C5(8/,8) _ Pesd ; }) (3.37)

Bcsd Pcsd 1 27'[384})
€
8

8

with c5(&’,€) = —c4(e") + 6¢1(g) + log v 234

Note that the leading contribution —|Ay|fc36/4 coming from Lemma 3.4 is only partially
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cancelled by the leading contribution |Ay|Bc36/8 from Lemma [3.3. For f > f, :=
max{1/cs,8¢cs(¢’,£)/(c36)}, one obtains

C
[<(rne?) ' < 535|AN| (3.38)

for all sufficiently large N, namely for N > Ny := (c38me%/2)~ /2. Inserting this bound into (3.36)
yields

E/‘L/B,N [HN] S C36|AN|. (3.39)

Hence, (3.35) implies the claim Var,, (a,) <. O

4 Infinite-volume arguments

In this section, we use tightness arguments to pass to the infinite-volume limit.

Lemma 4.1. The finite-dimensional marginals of ug y, N € N, are tight. As a consequence, there exists
a strictly increasing sequence (Ny)xen Of natural numbers such that the finite-dimensional marginals of
(Up,n, Jken converge weakly to the marginals of a limiting distribution ug on Qy.

Proof. By the definition of ug y, we have for any finite edge set F C E:
ugn [Ve=W,v)EF: x,—x, —r,(u—v)|<e] =1. (4.1)

Consequently, |x, — x,| < 1+ ¢ holds ug y-almost surely for all (u,v) € E. Since x, = 0, this implies
x| < dist(u,0)(1 + ¢) for all u € V ug y-almost surely, where dist(u,0) denotes the graph distance
between u and 0 in the triangular lattice 7. In particular, the finite-dimensional marginals of ug y
are tight. Thus, using a diagonal sequence argument, there exists a strictly increasing sequence
(Ni)ken of natural numbers such that the finite-dimensional marginals of ug , converge weakly to
the corresponding marginals of a probability measure ug on Qy . O

In order to see that any infinite-volume limit ug as in Lemma 4.1 is non-degenerate, we need to
show that no mass of the measures ug y can accumulate in the boundaries [x, —x, —y,(u—v)|=¢
of the admissible domain. More generally, the following lemma shows that no mass of the measures
upn can accumulate on null sets with respect to the reference measure. The proof is based on an
entropy argument.

Lemma 4.2. For all finite connected A C V with 0 € A and all 8 > 0, there exist constants c¢(f3,€) > 0
and c;(A, €) > 0 such that for all N large enough and all measurable A C Q, with 0 < p,[A] < ¢, one
has

Ceo
—log ealA]l "

¢7

ugnlwy €A] < (4.2)
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Proof. Let us first explain the rough idea. The lower bound for the partition sum from Lemma (3.3]
gives us an upper bound for the free energy per unit volume, and in turn an upper bound for the
entropy (with the mathematics sign convention) per unit volume. This is used to derive an upper
bound for the entropy of the system restricted to a fixed volume. Given this entropy bound, the
thermal measure cannot give too much mass to sets of small reference measure.

Fix a finite connected set A C V with 0 € A, and let T be an (undirected) spanning tree of A. Let N
be so large that A is contained in the box Ay. Take By 5 to be a maximal subset of Ay with 0 € By
such that the sets b + A, b € By ,, are pairwise disjoint subsets of Ay. Note that there is a constant
cg(A) > 0 such that for all large enough N one has

IBy Al = cgl Ayl (4.3)

Let b + T denote the translation of the tree T by b. Furthermore, let Ty, be a spanning tree of Ay
that contains all trees b+ T, b € By . Define

Qn ={(xyp, Yuey € Q]lz,er tx, —x,| £1+¢forall (u,v) € Ty}, 4.4)
Qp ={(xu Yiduen € Qp ¢ |x, —x,| < 1+ ¢ for all (u,v) € T}; (4.5)

here we have identified the trees Ty, and T with their edge sets. By (3.3), all configurations w € Q}:,er

with Hy(w) < oo are contained in the set Q. In particular, the thermal measure Ug,n is supported
on Q.

Recall the definition (2.4) of the reference measure py = p,, . In the remainder of this proof, we
work with the reference measure

1g, (@) 3 1g, (@)
pn () (m(1 + )i 2m)lr
The normalization is chosen in such a way that oy is a probability measure. Changing the normal-

ization of the reference measure does not change the finite-volume Gibbs measure ug y, it changes
only the normalizing constant Zg y defined in (2.18). The new normalizing constant

py(dw) = pn(dw) Nle(dw)~ (4.6)

Zgy = J p e PN d 4.7)
Q er

‘N
satisfies
- Zg N ZgN
Zﬁ N == Z .
’ (m(1 4+ e)2)MI=12m)Awl ™ (22(1 + £)2)1An!
By Lemma 3.3, there exists a constant ¢y € R such that Zg y > exp(cg|Ay|) holds. (In the terminol-

ogy of Lemma 3.3, we can use ¢y = ¢4 — 3¢36/8 for any admissible choice of § and ¢’.) Hence, it
follows that

(4.8)

Zg n = exp(—ciolAy ) (4.9)

with —cq0 := ¢ — log(272(1 + £)?).
By the definition (2.17) of ug y and the positivity of the Hamiltonian Hy, we have

log = —ﬁHN — IOSZﬁ,N < —IOgZﬁ’N. (410)
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We take the expectation in the last inequality and insert the bound (4.9) for the partition sum to
obtain the following estimate for the relative entropy:

dM/s,N .
Eugy |:log dpn < -—logZgn < ciolAn|- (4.11)

Since relative entropies between probability measures are non-negative, we know c;y > 0.

Let A denote the distribution of w, with respect to gy, i.e.
1@/\
Mdwy) = o pa(dwy) (4.12)
7

with ¢; = pA[Q,] = (n(1 + e)?)MN=1(2m)Al For this proof, A serves as a reference probability
measure on 2. We define

1 el
(xu: Yu)ueV = ((xb+u — Xp, Yb+u)ueA)beBN’A' (4-13)

Let

Hgn = Yy [.u/a’,N] (4.14)

denote the image of ug y under ¥, and let HZ’,N’ b € By 5, denote its marginals on Q,. Further-
more, let

{n =yYn[on] (4.15)

be the image of the reference measure 5y under 1)y. Note that { = AB¥A is a product measure.
The mathematical relative entropy can only decrease if we replace the measures by their image
measure with respect to ;. Hence, we get

dugn dyn[upN] dllg n
Eup [log dpy } 2By [up ) [108 Tonipa] |~ Ftew (1087 | (4.16)

The last relative entropy can only decrease if we replace Ilg y by the product measure ﬁﬁ,N =
l_[beBN,,\ I BN with the same marginals as I1g y. Since the distribution ug y is invariant under the

translation (x,, v, )uev — (Xusb — Xp, Yusb Juey for any b € V, all marginals H[%,N of g y are equal.
Consequently,

drn dil
B.N B.N
Bt {IOg aZy } ZEfiy [k’g m}

dr dre
N N
= E EHE,N |:log di ]:lBN’A|EH[b3,N |:log di ] “4.17)

beBy A

for any b € By 5. Combining the last inequality with (4.11) and (4.16), we obtain

dr?
ﬁ’N} (4.18)

Ay| = |B E 1
ciolAn| = | N,A| HZ,N |:0g an
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for any b € By 5. Hence, by (4.3), we get

dt
c
L >p, |:log ﬁ’N} (4.19)

for all sufficiently large N.

Fix a measurable set A € 2, with 0 < A(A) < 1. Since the relative entropy can only decrease if we
take the image measure with respect to the indicator function 1, of the set A4, it follows that

dre d1,[mb ]
BN alllg y
Em |:log A ]ZE%[H?;,NJ |:10g d1,[A] ]

[A] [A°]
ﬁN c /3N
=115 y[A]log AT +117  [A]lo 08 AT
>—§—Hb [A]llog A[A] — Hz’N[AC]logA[AC] >_§_nb [A]log A[A]; (4.20)

here we used that xlogx > —1/e for all x > 0, and A[A°] < 1, since A is a probability measure.
Combining (4.19) and (4.20), we obtain the following inequality:

Ce . 6
—log A[A] —log 224l

¢7

ppn[wy €Al = ng,N [A] < (4.21)

with cg = ¢1¢/cg + 2/e; note that —log A[A] > 0. O

Corollary 4.3. Let ug be an infinite-volume limiting distribution as in Lemma

(a) The finite-dimensional marginals ug[w, € -] are absolutely continuous with respect to the refer-
ence measures p .

(b) For all (u,v) € E, the bound |x, — x, — v,(u— V)| < € holds ug-almost surely.

(c) The local partition sums Zg z(wg) arising in (2.11) are strictly positive for ug-almost all w.

Proof. (a) Let N C Q, be a null set with respect to p,. Then for every 6 > O, there is an open set
As € Q, with respect to the natural topology on £, such that N € A5 and 0 < p,[As] < 6. Since
the marginals of a subsequence (ug y, ey converge weakly to the corresponding marginals of ug
by Lemma 4.1, we conclude for all small &, using the bound (4.2):

pplwr €N] < pglwy €A5] Sligg)lfﬂﬁ,wk[w/\ €As]

C C S
J 628 (4.22)

- PalAs] = 5
3o) - -
—log AT log c
Thus, uglwy €N]=0.
(b) We note that for all (u, v) € E, the weaker bound |x, —x, —7,(u—v)| < € holds ug y-almost surely
for all N. Since the set of all (x,, v, Xx,,7,) fulfilling this bound is closed, the same bound holds also
ug-almost surely. Furthermore, the set of all (x,,v,, x,,7,) fulfilling [x, — x, —y,(u—v)| =¢is a

1723



null set with respect to py, ;. Using part (a), this set is also a null set with respect to the marginal
of the measure ug on €y, ,y. Together, this implies part (b).

Part (c) is an immediate consequence of part (b), since Zg ;(wy,) is strictly positive for all w € Qy,
with |x, — x, — y,(u—v)| < ¢ for all (u,v) € E. O

Proof of Theorem 2.4, Fix 3 > 0, a finite set A C V, and take N € N large enough. We know the
DLR conditions (2.11) for the finite-volume Gibbs measures Up N instead of ug. We rewrite these
conditions in integral form as follows: For every finite % € V with AUJA C %, every bounded and
continuous function f : Q5 — R, and every sufficiently large N, writing ug y »; for the marginal of
ug,n on L2y, one has

J Zg A(xan)f (xs)up N s(dxs)
9x

=J flwpxmale PrAlzan) o (dewy) pg n 5(dxs)- (4.23)
Qs Ja,

Substituting the definition (2.9) of Zg 5(x5,) and taking the difference of both sides, this is equiva-
lent to

f [f(xs) _f(wAXZ\A)]eiﬁHA(wAwaA)pA(de)“ﬁ,N,Z(dXZ) =0. (4.24)
Q5 JQy
Now, since the potential h is continuous almost everywhere on the set {a € C : |a| < ¢}, the
integrand in (4.24)

Q) X Q3 (wp, x5) = [f (1) —f(wAXz\A)]e_ﬁH"(wAlxaA) (4.25)

is almost everywhere continuous with respect to p, X py. Writing ug 5, for the marginal of ug on
Qy,, part (a) of Corollary|4.3/implies that p, X ug 5, is absolutely continuous with respect to p, X py;.
Hence, the function in (4.25) is also almost everywhere continuous with respect to py X ug . As
this function is bounded, we can pass to the infinite-volume limit in (4.24):

f J [f (xs2) = f(@pxma)]e PHalerlzen) o (dew ) g 5(d ys) = 0. (4.26)
Q5 JQ,

This identity together with the positivity of the local partition sums (part (c) of Corollary [4.3) is
equivalent to the DLR condition (2.11). O

Proof of Theorem By Theorem 2.4, the ug v, -distribution of yo = e!% converges weakly as k —
oo to the ug-distribution of y,. Since e!® — q € (—m, 7] is discontinuous only at the point e!* = —1
and ug[yo=—1] =0, Lemma 3.1 implies

Ey [ag] = kli_)ngoE“ﬁ’Nk [ag] =0. (4.27)
Using Theorem 2.3, we conclude that for § > 0, we have

ﬁli_r)EOVar“ﬁ(ao) = /311—{20 kli_)IEOVarMﬂ’Nk(aO) <6é. (4.28)

Hence, it follows that limg_,, Var,, ﬁ(ao) =0. O
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Sketch of proof of Remark 2.2, Given ¢, A, and ¢ as in Remark|2.2, we fix R > max,, |u|, and take
a smooth function f : [0,00) — [0,1] with f(r) =1 for 0 < r <R, f(r) = 0 for all large r, and
sup,-o(r + 1)|f'(r)| < &/¢. Taking logr times a negative constant close to 0, and translating and
truncating this function appropriately, one can see that such a function f exists. We set foru € V
and —p <t<g

x (8) = ey, (1) = €D (4.29)

For this choice, the properties (a), (c), (d), and (e) are obviously true. To see the bound in (b), we
estimate for t € [—¢, ¢] and (u,v) € E, for some value r between |u| and |v|, using ||u| — |v|| < 1:

x,(£) = x,(£) = yo () = )| = || - e WD — IS WDy < Jy - {e] - [ (Jul) = F(VDI
Sl MI<e-r+ DNl <e. (4.30)

O
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