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Abstract

We continue our study of intermittency for the parabolic Anderson model du/dt = kAu+£&uina
space-time random medium &, where «x is a positive diffusion constant, A is the lattice Laplacian
onZ%, d > 1, and & is a simple symmetric exclusion process on Z? in Bernoulli equilibrium. This
model describes the evolution of a reactant u under the influence of a catalyst &.

In [3] we investigated the behavior of the annealed Lyapunov exponents, i.e., the exponential
growth rates as t — oo of the successive moments of the solution u. This led to an almost
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complete picture of intermittency as a function of d and k. In the present paper we finish
our study by focussing on the asymptotics of the Lyaponov exponents as k — oo in the critical
dimension d = 3, which was left open in [3] and which is the most challenging. We show that,
interestingly, this asymptotics is characterized not only by a Green term, as in d > 4, but also
by a polaron term. The presence of the latter implies intermittency of all orders above a finite
threshold for .
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1 Introduction and main result

1.1 Model

In this paper we consider the parabolic Anderson model (PAM) on Z¢,d > 1,

ou Au+é& 74 x [0, 00)
— = on Z% x [0, 00),
or "oTEd 1.1
u(-,0)=1 on Z¢,
where « is a positive diffusion constant, A is the lattice Laplacian acting on u as
Au(x,t)= Z [u(y, t) —u(x, t)] (1.2)
yEZd
lly—xll=1

(|| - || is the Euclidian norm), and

€ =(&)e=0s & =1{&(x): xe Zd}: (1.3)

is a space-time random field that drives the evolution. If £ is given by an infinite particle system
dynamics, then the solution u of the PAM may be interpreted as the concentration of a diffusing
reactant under the influence of a catalyst performing such a dynamics.

In Gértner, den Hollander and Maillard [3] we studied the PAM for £ Symmetric Exclusion (SE),
and developed an almost complete qualitative picture. In the present paper we finish our study by
focussing on the limiting behavior as k — oo in the critical dimension d = 3, which was left open in
[3] and which is the most challenging. We restrict to Simple Symmetric Exclusion (SSE), i.e., (&:):>0
is the Markov dynamics on Q = {0, 1}Z3 (0 = vacancy, 1 = particle) with generator L acting on
cylinder functions f: 2 — R as

aHm=z 3 [fo) -], nea a4

{a,b}

where the sum is taken over all unoriented nearest-neighbor bonds {a, b} of Z%, and n®? denotes
the configuration obtained from 7) by interchanging the states at a and b:

n**(@=n(b), n**(b)=n(a), n*"(x)=mn(x) for x ¢ {a,b}. (1.5)

(See Liggett [7], Chapter VIIL.) Let P, and E, denote probability and expectation for £ given {, =
n € Q. Let &, be drawn according to the Bernoulli product measure v, on Q2 with density p € (0, 1).
The probability measures v,,, p € (0, 1), are the only extremal equilibria of the SSE dynamics. (See

Liggett [7], Chapter VIII, Theorem 1.44.) We write P, = fQ v,(dn)P, and E, = qVeldn)E,.

1.2 Lyapunov exponents

For p € N, define the p-th annealed Lyapunov exponent of the PAM by

1
Ay, p) = Jim - logE,, ([u(0, ))%). (1.6)
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We are interested in the asymptotic behavior of 4,(k, p) as k — oo for fixed p and p. To this end,
let G denote the value at 0 of the Green function of simple random walk on Z* with jump rate 1 (i.e.,
the Markov process with generator %A), and let 2 be the value of the polaron variational problem

-1/2
7= swp ||| (-a)7
feHl(®3)
lIfllz=1

s ] .7)

where Vs and Ags are the continuous gradient and Laplacian, || - ||, is the L2(R*)-norm, H*(R®) =
{f € L2(R®): Vgsf € L2(R®)}, and

a5

2 1
ZZJ dxfz(x)f dy f2(y) 47’E||T (1.8)
R3 R3 vl

(See Donsker and Varadhan [1] for background on how £ arises in the context of a self-attracting
Brownian motion referred to as the polaron model. See also Gartner and den Hollander [2], Section
1.5.)

We are now ready to formulate our main result (which was already announced in Gértner, den
Hollander and Maillard [4]).

Theorem 1.1. Let d =3, p €(0,1) and p € N. Then
1
lim x[2,(x,p) = p] = = p(1 = p)G +[6p(1 - PP’ 2. (1.9)

Note that the expression in the r.h.s. of (1.9) is the sum of a Green term and a polaron term. The
existence, continuity, monotonicity and convexity of k — A,(x, p) were proved in [3] foralld > 1
for all exclusion processes with an irreducible and symmetric random walk transition kernel. It was
further proved that A,(x,p) = 1 when the random walk is recurrent and p < 4,(x,p) < 1 when
the random walk is transient. Moreover, it was shown that for simple random walk in d > 4 the
asymptotics as k — oo of 4,(k, p) is similar to (1.9), but without the polaron term. In fact, the
subtlety in d = 3 is caused by the appearance of this extra term which, as we will see in Section 5}
is related to the large deviation behavior of the occupation time measure of a rescaled random walk
that lies deeply hidden in the problem. For the heuristics behind Theorem we refer the reader
to [3], Section 1.5.

1.3 Intermittency

The presence of the polaron term in Theorem 1.1 implies that, for each p € (0,1), there exists a
Ko(p) > 0 such that the strict inequality

Ap(K,0) > A,_1(k,0) VK >Ko(p) (1.10)

holds for p = 2 and, consequently, for all p > 2 by the convexity of p — pA4,(x,p). This means
that all moments of the solution u are intermittent for k > xy(p), i.e., for large t the random
field u(-,t) develops sparse high spatial peaks dominating the moments in such a way that each
moment is dominated by its own collection of peaks (see Girtner and Konig [5], Section 1.3, and
den Hollander [6], Chapter 8, for more explanation).

2094



In [3] it was shown that for all d > 3 the PAM is intermittent for small k. We conjecture thatind = 3
it is in fact intermittent for all k. Unfortunately, our analysis does not allow us to treat intermediate
values of k (see the figure).

Ap(K)

ST STL S
Il

Qualitative picture of k — A,(x) for p=1,2,3.

The formulation of Theorem|1.1/coincides with the corresponding result in Gartner and den Hollan-
der [2], where the random potential & is given by independent simple random walks in a Poisson
equilibrium in the so-called weakly catalytic regime. However, as we already pointed out in [3], the
approach in [2] cannot be adapted to the exclusion process, since it relies on an explicit Feynman-
Kac representation for the moments that is available only in the case of independent particle motion.
We must therefore proceed in a totally different way. Only at the end of Section|5/will we be able to
use some of the ideas in [2].

1.4 Outline

Each of Sections|2-5 is devoted to a major step in the proof of Theorem/1.1 for p = 1. The extension
to p > 2 will be indicated in Section 6.

In Section |2/ we start with the Feynman-Kac representation for the first moment of the solution u,
which involves a random walk sampling the exclusion process. After rescaling time, we transform
the representation w.r.t. the old measure to a representation w.r.t. a new measure via an appropriate
absolutely continuous transformation. This allows us to separate the parts responsible for, respec-
tively, the Green term and the polaron term in the r.h.s. of (1.9). Since the Green term has already
been handled in [3], we need only concentrate on the polaron term. In Section |3 we show that, in
the limit as k — 0o, the new measure may be replaced by the old measure. The resulting represen-
tation is used in Section |4 to prove the lower bound for the polaron term. This is done analytically
with the help of a Rayleigh-Ritz formula. In Section 5} which is technical and takes up almost half
of the paper, we prove the corresponding upper bound. This is done by freezing and defreezing the
exclusion process over long time intervals, allowing us to approximate the representation in terms of
the occupation time measures of the random walk over these time intervals. After applying spectral
estimates and using a large deviation principle for these occupation time measures, we arrive at the
polaron variational formula.
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2 Separation of the Green term and the polaron term

In Section 2.1/ we formulate the Feynman-Kac representation for the first moment of u and show
how to split this into two parts after an appropriate change of measure. In Section[2.2/we formulate
two propositions for the asymptotics of these two parts, which lead to, respectively, the Green term
and the polaron term in (1.9). These two propositions will be proved in Sections345. In Section|2.3]
we state and prove three elementary lemmas that will be needed along the way.

2.1 Key objects

The solution u of the PAM in (1.1) admits the Feynman-Kac representation

u(x,t) =EX (exp U ds &, (XKS)] ) , 2.1
0

where X is simple random walk on Z* with step rate 6 (i.e., with generator A) and Pi‘ and E)f(
denote probability and expectation with respect to X given X, = x. Since & is reversible w.r.t. v,
we may reverse time in (2.1) to obtain

E,, (u(0,1)) ZIEVP,O(eXp |:f ds & (XKS):| ), (2.2)
0

where Ey 0 is expectation w.r.t. Py o=PF, ® Pf)(.

As in [2] and [3], we rescale time and write

t
e—P(t/K)EVp (u(0,t/x)) = ]Evp’o(exp |:% f ds ¢)(Zs)i| ) (2.3)
0
with
¢, x)=n(x)—p 2.4
and
Z = (gt/th)- (2.5)

From (2.3) it is obvious that (1.9) in Theorem /1.1 (for p = 1) reduces to

1
lim K22 (k) = A p(1—p)G+[6p(1—p)]*2;, (2.6)
where .
1 1
M) = tlirgoglogEvp,o (exp [EJ ds ¢(Zs)}) . (2.7)
0

Here and in the rest of the paper we suppress the dependence on p € (0,1) from the notation.
Under P, , =P, ® Pif, (Z,)>0 is a Markov process with state space 2 x Z3 and generator

1
427 - ;L + A (28)

2096



(acting on the Banach space of bounded continuous functions on Q x Z3, equipped with the supre-
mum norm). Let (4;);>¢ denote the semigroup generated by .</.

Our aim is to make an absolutely continuous transformation of the measure P, , with the help of
an exponential martingale, in such a way that, under the new measure Pf]e)‘g” , (Z:)t>0 is a Markov
process with generator ./™" of the form

AV =iV (eiwf) - (e—%wmi‘/’)f. 2.9)

This transformation leads to an interaction between the exclusion process part and the random walk
part of (Z,),>¢, controlled by 1: Q x Z3 — R. As explained in [3], Section 4.2, it will be expedient
to choose ¢ as

T
Y = f ds (%¢) (2.10)
with T a large constant (suppressed from the n(Z)tation), implying that
— Y =¢—S¢. (2.11)
It was shown in [3], Lemma 4.3.1, that
N, = exp [% [(Z) —(Zy)] — Jtds (e—%wmiﬂ (zs)} (2.12)
0

is an exponential P, ,-martingale for all (1, x) € Q x 73. Moreover, if we define Ppey in such a way
that

ngy(A) =E,,(N:1,) (2.13)
for all events A in the o-algebra generated by (Z;);co (], then under Py indeed (Z; )s>0 is a Markov

process with generator .o/™". Using (2.11-2.13) and E}") = f qVe(dn)EY, it then follows that
P> >
the expectation in (2.7) can be written in the form

E%p(wp[ij w¢maﬂ]
0

1
= EI;‘ZWO (exp |:; [V(Zo) —y(Z)] + f
0

+§L}%%¢xaﬂ)

The first term in the exponent in the r.h.s. of (2.14) stays bounded as t — oo and can therefore be
discarded when computing A*(k) via (2.7). We will see later that the second term and the third term
lead to the Green term and the polaron term in (2.6), respectively. These terms may be separated
from each other with the help of Holder’s inequality, as stated in Proposition 2.1/ below.

t

ds [(e—%w,ayeiw) — o (lwﬂ (z,) (214
K

2.2 Key propositions

Proposition 2.1. For any k > 0,
<
AX(x) > 17 (x) + I5 () (2.15)
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with

s [(e—%weiw) — (%w)] (zs)} )

11 r(f
(k)= - tlingozlogE‘;i% (exp [EJO ds (,SPTqB)(Zs)} ),

1 1
Il (x) = - lim —logE"*"} (exp |:qJ
gtoot Vo> o
(2.16)

where 1/q+ 1/r = 1, with ¢ > 0, r > 1 in the first inequality and ¢ < 0, 0 < r < 1 in the second
inequality.

Proof. See [3], Proposition 4.4.1. The existence and finiteness of the limits in (2.16) follow from
Lemma below. |

By choosing r arbitrarily close to 1, we see that the proof of our main statement in (2.6) reduces to
the following two propositions, where we abbreviate

limsup = limsuplimsuplimsup and lim = lim lim lim . 2.17)
t,x,T—00 T—o00 K—00 t—00 t,k,T—00 T —00 K—00 t—00

In the next proposition we write v instead of 1 to indicate the dependence on the parameter T.

Proposition 2.2. For any o € R,

2

t
1
lim sup KTlogEr;‘;V"g (exp |:aJ ds [(e_%wuz{e%%) - JZ{(EIPT)} (Zs):|) = %P(l - p)G.
0

t,x,T—00
(2.18)
Proposition 2.3. For any a > 0,
K2 a (*
t,Kl,iTrE)Oo e logEI;i‘fg (exp [;L ds (qub)(Zs)} ) = [6a2p(1 — p)]22,. (2.19)

These propositions will be proved in Sections 35|

2.3 Preparatory lemmas

This section contains three elementary lemmas that will be used frequently in Sections 345.

Let pgl)(x,y) and p,(x,y) = pg?’)(x,y) be the transition kernels of simple random walk in d = 1

and d = 3, respectively, with step rate 1.

Lemma 2.4. There exists C > 0 such that, for all t > 0 and x,y,e € Z> with |le|| = 1,

pMx, y) < Py < o P+ e, y) = pe(x,y)| < (2.20)

1
2

N lw

(1+1t)%

(1+1¢) (1+1¢)

Proof. Standard. |

(In the sequel we will frequently write p,(x — y) instead of p,(x, y).)
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From the graphical representation for SSE (Liggett [7], Chapter VIII, Theorem 1.1) it is immediate
that

E, (&) = D p(x,y)n(y). (2.21)

yezd

Recalling (2.4-2.5) and (2.10), we therefore have

5’3¢(7’I:X) = En,x (¢(Zs)) = En ( Z Pss(X,J’) [ES/K(}/) - p])

yez? (2.22)
= pepa(x.2) [1(z) — p]
z€73
and
T
Y(n,x) = f ds " pesip(x,2)[n(z) - p], (2.23)
0 z€73
where we abbreviate 1
1[xk] =1+ —. (2.24)
6k
Lemma 2.5. Forall k,T >0, n€Q, a,b € Z* with ||a — b|| = 1 and x € Z3,
l(n, b) —P(n,a)| <2CVT for T >1, (2.25)
(%, x) = (n, 0| < 26, (2.26)
a,b 2 1
> (v x) —vn,0) < z6, (2.27)

{a,b}

where C > 0 is the same constant as in Lemma|2.4, and G is the value at O of the Green function of
simple random walk on Z3.

Proof. For a proof of (2.2642.27), see [3], Lemma 4.5.1. To prove (2.25), we may without loss of
generality consider b = a + e; with e; =(1,0,0). Then, by (2.23), we have

T
|1/)(7), b)— 1#’(77,(1)| < f ds Z ~p651[1<](z +61) _p6sl[1<](z)}

2€73
€)) (€))
ds Z Pesir (31 F €1) = Pt g (B1)| Pesi iy (32) P g (23)

0 zez? (2.28)

T
_ f as 3 [t (1)
0

p6sl[;<] (zl + 61) - p6sl[;<] (21)
2, EZ

T
= 2J dsp . (0)<2CVT.
0

6s1[K]

0
T
1) 1)

In the last line we have used the first inequality in (2.20). |

2099



Let ¢ be the Green operator acting on functions V : Z3 — [0, 00) as

9V(x)= > Glx-yV(y), xez’ (2.29)
yez?

with G(z) = *dt p:(2). Let || - ||, denote the supremum norm.
0 t [es}

Lemma 2.6. For all V: Z® — [0, 00) and x € Z?,
* -1 a4l
Eﬁ(exp U dt V(Xt)]) < (1 - ||%V||oo) < exp (ﬁ , (2.30)
0 00

19V ]l < 1. (2.31)

provided that

Proof. See [2], Lemma 8.1. [ |

3 Reduction to the original measure

In this section we show that the expectations in Propositions[2.2-2.3/ w.r.t. the new measure PoeY
o>

are asymptotically the same as the expectations w.r.t. the old measure Py 0. In Section|3.1 we state

a Rayleigh-Ritz formula from which we draw the desired comparison. In Section|3.2/we state the

analogues of Propositions|2.2+2.3|whose proof will be the subject of Sections|4-5.

3.1 Rayleigh-Ritz formula

Recall the definition of 1) in (2.10). Let m denote the counting measure on Z3. It is easily checked
that both u, =v, ® m and ,ugew given by

d,u“ewzefw du 3.1)
P 2 .

are reversible invariant measures of the Markov processes with generators .o/ defined in (2.8),
respectively, .o#™" defined in (2.9). In particular, .« and ./"¢" are self-adjoint operators in LZ(,up)
and LZ(,ugeW). Let 2(.«/) and 2(./"") denote their domains.

Lemma 3.1. For all bounded measurable V: Q x 7° — R,

1 t
lim — log]Er;eWO(eXp |: ds V(Zs)i| ) = sup duev (VF2 +F ,afneWF). (3.2)
t—oo t P> 0 Fea(gMewW) Qx73 p

F =1
” ”Lz(u?)ew)

The same is true when ]EI;‘Z‘{), ,ugew, "V are replaced by Ey 00 Mp, A, respectively.
Proof. The limit in the Lh.s. of (3.2) coincides with the upper boundary of the spectrum of the
operator ./"*" 4V on Lz(ugew), which may be represented by the Rayleigh-Ritz formula. The latter

coincides with the expression in the r.h.s. of (3.2). The details are similar to [3], Section 2.2. |
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Lemma/3.1/can be used to express the limits as t — oo in Propositions|2.2-2.3 as variational expres-
sions involving the new measure. Lemma 3.2 below says that, for large x, these variational expres-
sions are close to the corresponding variational expressions for the old measure. Using Lemma
for the original measure, we may therefore arrive at the corresponding limit for the old measure.

For later use, in the statement of Lemma/3.2 we do not assume that 1 is given by (2.10). Instead,
we only suppose that 1 — (1) is bounded and measurable and that there is a constant K > 0 such
that for all n € Q, a, b € Z® with |ja — b|| =1 and x € Z3,

(D)~ (@l <K and [ (n®,x) = h(n,0)| <K, (3.3)
but retain that /""" and ;™ are given by (2.9) and (3.1), respectively.

Lemma 3.2. Assume (3.3). Then, for all bounded measurable V: Q x 7> — R,

sup JJ d,uge"" (VF2 +F ﬂi/’“eWF)
Qx7z3

Fea(agMeW)
HFHLZ(/AgeW):l

<
L sup du, (ejEI?{VF2 +F,,Q.7F),
Z Feg(d) sz3

=1

(3.4)

where &+ means + in the first inequality and — in the second inequality, and F means the reverse.

Proof. Combining (1.2), (1.4) and (2.842.9), we have for all (1, x) € Q2 x Z® and all F € 2(.&#™"),
(VF2+F ™ F ) (n,x) = V(n,x) F2(n, x)

1 ab y_
o > B, x)en VOO0 [p(ned ) — F(n,x)|
{a,b}

+ Y F(n,x)esVONNEON By y) — F(n,x)].
yelly—xli=1

(3.5)

Therefore, taking into account (2.9), (3.1) and the exchangeability of v, we find that

JJ dp™ (VF2+Fﬂ“eWF) =Jf dpg™(n, x) (V(n,X)Fz(n,X)
Qx7z3 Qx7z3

1 1 a,b 2
_ Slp(n*?,x)=p(n,x)] a,b _
12 4 [F(T’ ) F(”’X)] (3.6)
{a,b}
1 1 3 )
-3 Z e x LP.Y)=(n,x)] [F(n,y) _ F(n,x)] )
yilly—x|=1
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Let F = e¥/*F. Then, by (3.1) and (3.3),

<
> ff duse(n, x) (V(n,X)Fz(n,X)
= Qxz?
_er ab 4y e _ 2
T [F(n ,X) F(n,X)] 5 >, [Fny)—F(n,x)] )
{a,b} yilly—x|l=1
= JJ du,(n, x) (V(n,X)ﬁz(n,X) (3.7)
Qxz?
S ety Femo] Fny)— Fn)]
— > [Fr?0 - F(n,x) > [Foy-Fox]
{a,b} yilly=xl=1
= e:F%JJ du, (eiEVF2+ﬁﬂ1’5).
Oxz3
Taking further into account that
HF “Lz(ﬂp) - ”F”LZ(Mgew): (38)
and that F € 9(.&) if and only if F € 2(.o/™"), we get the claim. |

3.2 Reduced key propositions
At this point we may combine the assertions in Lemmas|3.1-3.2 for the potentials
—al (et aelt) - (L
% a[(e e ) sz(sz) (3.9)

and
a
V= ;(qus) (3.10)

with 1 given by (2.10). Because of (2.25-2.26), the constant K in (3.3) may be chosen to be the
maximum of 2G and 2C /T, resulting in K/k — 0 as k — oco. Moreover, from (2.27) and a Taylor
expansion of the r.h.s. of (3.9) we see that the potential in (3.9) is bounded for each x and T,
and the same is obviously true for the potential in because of (2.4). In this way, using a
moment inequality to replace the factor e*X/*q by a slightly larger, respectively, smaller factor a’
independent of T and k, we see that the limits in Propositions do not change when we

replace Ei‘:’g by E,, o- Hence it will be enough to prove the following two propositions.

Proposition 3.3. For all a € R,
2

t
lim sup KTlogIEvp,O (exp |:af ds [(e_%%deiw) - VQ{(%TI))} (Zs)iD < %p(l —p)G. (3.11)
0

t,k,T—00

Proposition 3.4. For all a > 0,
2

. K a ‘ 2 2

lim —IlogE, ol exp|— | ds(H¢)(Z)| | =[6a°p(1—p)] Ps. (3.12)
t,k,T—oo t [ K 0

Proposition|3.3/has already been proven in [3], Proposition 4.4.2. Sections[4-5 are dedicated to the

proof of the lower, respectively, upper bound in Proposition 3.4/
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4 Proof of Proposition 3.4: lower bound

In this section we derive the lower bound in Proposition|3.4, We fix a, k, T > 0 and use Lemma 3.1},
to obtain

a

lim ~ log ( [ L ()2 )D du, (= (#+¢)F* +F.oF)
im —10 ex — S = su — .
{00 t g vp,O p K o T s Fe@(g) s :up K T

1Fl;2¢,,)=1

(4.1)
In Section [4.1/ we choose a test function. In Section 4.2 we compute and estimate the resulting
expression. In Section [4.3]we take the limit k, T — oo and show that this gives the desired lower

bound.

4.1 Choice of test function

To get the desired lower bound, we use test functions F of the form

F(m,x) = F1(n)Fy(x). (4.2)

Before specifying F; and F,, we introduce some further notation. In addition to the counting mea-
sure m on Z3, consider the discrete Lebesgue measure m, on Zi = k173 giving weight k=2 to
each site in Zi. Let 1?(Z%) and lz(Zi) denote the corresponding [2-spaces. Let A, denote the lattice
Laplacian on Zi defined by

(A=K > [fFO)-F@)]. 4.3)

yeZ%
lly—xll==1

Choose f € <€C°°(R3) with [|f || 2gsy = 1 arbitrarily, where %COO(R3) is the set of infinitely differen-
tiable functions on R3 with compact support. Define

f)=xTPf (x7'x), xeZ?, (4.4)
and note that
Ificllizgzey = If llizzzy = 1 as k — oo. (4.5)
For F, choose
F2: ||fK||l_2éz3)fK (46)
To choose Fy, introduce the function
~ a
) =——— > (F¢)(n,x) F2(x). 4.7)

||fK||12(ZS) XGZ3
Given K > 0, abbreviate
$=6T1[x] and U =6Kk?1[«x] (4.8)
(recall (2.24)). For k > 1/ T /K, define ¥: @ — R by
5[ wsi
0
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where (7;);>¢ is the semigroup generated by the operator L in (1.4). Note that the construction of
v from ¢ in (4.9) is similar to the construction of 3 from ¢ in (2.10). In particular,

— LYy =¢ —Ty_s¢. (4.10)

Combining the probabilistic representations of the semigroups (%, );>o (generated by .«/ in (2.8))
and (7,);>o (generated by L in (1.4)) with the graphical representation formulas (2.2142.22), and
using (4.444.5), we find that

~ a
Fn) = —o— f me(dx) F2(x) Y ps(xx,2)[n(z) - p] 4.11)
”f”lZ(Zi) Z3 ZEZ3
and _
()= h@)[nE)-p] (4.12)
2€73
with
a U
h(z) = TJ mK(dx)fz(x)f ds ps(kx,2). (4.13)
||f||12(Zﬁ) 73 S
Using the second inequality in (2.20), we have
0<h(x) <=2, ez’ (4.14)
<h(z)<—, 2 . .
VT
Now choose F; as
- ~
Fr=[e?]| 2, e (4.15)
For the above choice of F; and F,, we have I|F1||L2(vp) = ||Fylli2izsy = 1 and, consequently,

”F”Lz(up) = 1. With F;, F, and (E as above, and .« as in (2.8), after scaling space by k we ar-
rive at the following lemma.

Lemma 4.1. For F as in (4.2), (4.6) and (4.15), all a, T,K > 0 and k > /T /K,

a
AN ——

. . L (4.16)
= TJ dm,fA f+ N—J dv, (qbezw +e¢Lew),
1 lzz) Jz2 le? 117, Ja
where $ and 1’/; are as in (4.7) and (4.9).
4.2 Computation of the r.h.s. of (4.16)
Clearly, as xk — oo the first summand in the r.h.s. of (4.16) converges to
2
f dx f(x) Af () = || Vi £ || 2o (4.17)
R?’

The computation of the second summand in the r.h.s. of (4.16) is more delicate:
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Lemma 4.2. Foralla >0and 0 < e <K,

X IV
liminf —— f dv, (qbezw + e”’Lew)
Kk, T—00 ”ewllz Q

L?(vp)
- (4.18)

12K
> 6a2p(1 - p) J dx f2(x) f dyfz(y)( J dt p'9(x,y) - J drpﬁ%,y)),
R3 R3 6e 6K
where
p'D(x,y) = (4mt) 32 exp[—||x — y||*/4t] (4.19)

denotes the Gaussian transition kernel associated with Ags, the continuous Laplacian on R®.
Proof. Using the probability measure

dv;‘ew = “elﬁu;z(vp) e212 dvp (4.20)

in combination with (4.10), we may write the term under the liminf in (4.18) in the form
KJ dvew (e_J’LeJ Ly + %_55). (4.21)
Q

This expression can be handled by making a Taylor expansion of the L-terms and showing that the
Iy _g-term is nonnegative. Indeed, by the definition of L in (1.4), we have

(el —1F)m=¢ 3 (e“ﬁ(”“’b)‘@“'” -1-[$(n™) - z’ﬁ(n)D. (4.22)

{a,b}

Recalling the expressions for v in (4.12H4.13) and using (4.14), we get for a, b € Z3 with |la— b|| =
1

2

Ca
< —_—

T (DY T — . _
| (n**) = (n)| = Ih(a) = h(b)| In(b) n(a)l_ﬁ.

Hence, a Taylor expansion of the exponent in the r.h.s. of (4.22) gives

. —Ca/vT
[ (et 1) = S5 [ eSS ey -] e
Q 12 Q o

(4.23)

Using (4.12), we obtain

L veer(dm) 3 [0 —bm)] = 3 [ht@) —hb))? L v (dn) [n(b) — n(@)]’. (4.25)

{a,b} {a,b}

Using (4.20), we have (after cancellation of factors not depending on a or b)

f v, (dn) e [n(b) — n(a)]?
Q

f vie¥(dn) [n(b) - n(@)]* = (4.26)
Q

J v, (dn) e2Xa,p(N)
Q

2105



with
Xa,p(n) = h(a)n(a) + h(b)n(b). (4.27)
Using (4.14), we obtain that

f Vi (dn) [1n(b) — n(a)] 2> e_4ca/ﬁf vo(dn) [n(b) = n(a)] 2= e 4aVT2p(1 - p). (4.28)
Q Q

On the other hand, by (4.13),

> [h(a) — h(b)]? f er dsf my(dx) f (x)J m(dy) f2(y)
||f||lz(Zs

{a,b} (4.29)
x Y [pe(x,a) = p,(x, b)] [ps(xy, @) = ps(xy, b)]
{a,b}
with
D [pelx, @) = po(kx, b)] [py(ky, @) = py(xy, b)] = = ¥ p,(kx,@)Ap;(xx,a)
{a,b} 1/ (4.30)
=6 3 nlix.a)( 5o,

aez’

where A acts on the first spatial variable of p,(-,-) and Ap, = 6(Jdp,/ds). Therefore,

U
(429)=6 f dtf m, (dx) f2(x) f m(dy) f2(y) Y p.(kx,a)[ps(xy,a) = py(xy,a)]
S z3 z3

aez?

S+U 2U
=6f mK(dX)fZ(x)f mK(dy)fz(y)(f dtpf(Kx,Ky)—J dtpt(Kx,Ky)).
z3 z3 2

S U+S
(4.31)
Combining (4.2444.25) and (4.28-4.29) and (4.31), we arrive at
- - N o—5Ca/VT o2
J avee (e0Le? — L) = ————p(1 - p) J mK(dx)fz(x)J my(dy) F2(y)
Q ”f|h%Z3 Zz Zi (4-32)

S+U 2U
X (J dtpt(Kx,Ky)—J dtpt(Kx,Ky)).
28 U+s

After replacing 2§ in the first integral by 6ex?1[«x], using a Gaussian approximation of the transition
kernel p,(x, y) and recalling the definitions of S and U in (4.8), we get that, for any € > 0,

liminfx Jﬂ dv,™ (e_"l’ Le¥ — Liz;)

K,T—00

6K (4.33)
> 6a’p(1—p) J dx f2(x) J dyfz(y)( J dt pt(x,y) - f drp@(x,y)).
R3 R3 6¢
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At this point it only remains to check that the ;;_s-term in (4.21) is nonnegative. By (4.11) and
the probabilistic representation of the semigroup (7;),>o, we have

f dvp™ Fy_sd =”Lf m(dx) F2(x) D pulx,2) f Vi (dmIn(z) —p]l  (4.34)
Q f”lz(Zﬁ) 73 Q

2€73
and, by (4.20),
f Vi (dn)n(z) — pl = —p + # ——p+ e
a pe?™ +1-p 1-(1-p)(1—e ) (4.35)
>2—-p+p [1 +(1 —p)(l - e_Zh(Z))] =p(1- p)(l — e_Zh(Z)),
which proves the claim. |

4.3 Proof of the lower bound in Proposition 3.4

We finish by using Lemma|4.2 to prove the lower bound in Proposition
Proof. Combining (4.16H4.18), we get

limianZJJ du, (g(y7¢)F2—FﬂF)
Qx7z? K

K, T—00

6K

12K
Z6a2p(1—p)J dez(X)J dyfz(y)(f dtpEG)(x,y)—J dtpEG)(x,y)) (4.36)
R R? 6e 6K

- ||vR3in2(R3)'

Letting € | 0, K — oo, replacing f (x) by y*/2f (yx) with y = 6a?p(1 — p), taking the supremum
overall f € CCOO(RB) such that [|f | 2gs) = 1 and recalling (4.1), we arrive at

.. KZ a ' 2 2
liminf —logEVp,o(exp [E ds (§’T¢)(Zs)}) > [6a°p(1—p)] 2, (4.37)
0

t,k,T—o00 t

which is the desired inequality. |

5 Proof of Proposition 3.4: upper bound

In this section we prove the upper bound in Proposition [3.4. The proof is long and technical.
In Sections we “freeze” and “defreeze” the exclusion dynamics on long time intervals. This
allows us to approximate the relevant functionals of the random walk in terms of its occupation
time measures on those intervals. In Section 5.2 we use a spectral bound to reduce the study of
the long-time asymptotics for the resulting time-dependent potentials to the investigation of time-
independent potentials. In Section|5.3/we make a cut-off for small times, showing that these times
are negligible in the limit as k — oo, perform a space-time scaling and compactification of the
underlying random walk, and apply a large deviation principle for the occupation time measures,
culminating in the appearance of the variational expression for the polaron term %;.
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5.1 Freezing, defreezing and reduction to two key lemmas
5.1.1 Freezing

We begin by deriving a preliminary upper bound for the expectation in Proposition 3.4/ given by

Ey 0 (exp |:J ds V(Zs)} ) (5.1)
0

V(0 x) == (@)1 == 3 peripg (o)) p), (5.2
yezs

with

where, as before, T is a large constant. To this end, we divide the time interval [0, t] into |t/R,.]
intervals of length
R, = Rk? (5.3)

with R a large constant, and “freeze” the exclusion dynamics (&, /,);>o on each of these intervals.
As will become clear later on, this procedure allows us to express the dependence of (5.1) on the
random walk X in terms of objects that are close to integrals over occupation time measures of X on
time intervals of length R,.. We will see that the resulting expression can be estimated from above by
“defreezing” the exclusion dynamics. We will subsequently see that, after we have taken the limits
t — 00, kK — 00 and T — oo, the resulting estimate can be handled by applying a large deviation
principle for the space-time rescaled occupation time measures in the limit as R — oco. The latter
will lead us to the polaron term.

Ignoring the negligible final time interval [|t/R,. |R,, t], using Holder’s inequality with p,q > 1 and
1/p+1/q =1, and inserting (5.2), we see that may be estimated from above as

Lt/R IR
Evp,o(exp [J ds V(Zs)})
0

a Lt/Ry]

KR,
:E%’O(e"p [_ 2 f ds ) Peria Ko Y) (Exp(y) —p)D G4

K= Joe-nre ez
1 Var o 1/p
< (80(0) " (82,(0)
with

Lt/Ri] kR,
1 1 a
g,&,g(t)=51§,3(K,T;t)=Evp,o(exp [; > f ds Y (P6T1[K](Xs,}’)§§(}’)

k=1 J(k—1)R, yez3 (5.5)

= Do ]+ DR (X, ¥) & c-1re (y)) ] )

and

2 2
&) = 6K, T3 1)

q (R KRy (5.6
I]EVP,O(EXP [; Z J ds Z Pori[ic)4=t=DRe (Xs,J’)(f(k—l)RK ) —P)})
k=1 J(k=DR,  yez3 ) i
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Therefore, by choosing p close to 1, the proof of the upper bound in Proposition 3.4/reduces to the
proof of the following two lemmas.

Lemma 5.1. For allR,a > 0,

lim sup —logg( )(K T;t)<O0. 5.7)
t,x,T—00
Lemma 5.2. For all a > 0,
limsup hmsup logé”(z)(K T;t) < [6a*p(1 —p)] Ps. (5.8)

R—oo t,k,T—00

Lemma 5.1|will be proved in Section/5.1.2, Lemma|5.2 in Sections/5.1.355.3.3.

5.1.2 Proof of Lemma/5.1]

Proof. Fix R, a > 0 arbitrarily. Given a path X, an initial configuration n € Q and k € N, we first
derive an upper bound for

(exp[ dsZ p6T1 K]( XN, )5 ) - Peri[x]+2 ( xter), )TI()’))}), (5.9)

yez?

where
Xs(k’,() :X(k—l)RK-‘rS' (510)

To this end, we use the independent random walk approximation E of & (cf. [3], Proposition 1.2.1),
to obtain

R,
a
(5.9) < l_[ EQ (GXP [;J ds (P6T1[;<] (Xs(k’x),y + Y%) ~ Per1[x]+2 (Xs(k’K),J’)) ] ), (5.11)
YeEA,

0

where Y is simple random walk on Z3 with jump rate 1 (i.e., with generator ¢ 1n), E0 is expectation
w.r.t. Y starting from 0, and
A,=1{x¢e 73 n(x)=1}. (5.12)

Observe that the expectation w.r.t. Y of the expression in the exponent is zero. Therefore, a Taylor
expansion of the exponential function yields the bound

R,
y a (k) _ (k%)
Eo(eXp [KL ds (Pen[x] (Xs ,y+Y;) pm[m;(Xs ,y)
o0 n a
< 1+Zl_[ (;L ds Z Paziic V(- (5.13)

n=21=1 y€73

X [pmm (x50, y + ) + Por1f+2  (xG K),y)} )
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where sy = 0, ¥y, = 0, and the product has to be understood in a noncommutative way. Using the
Chapman-Kolmogorov equation and the inequality p,(z) < p,(0), z € Z3, we find that

f dsi D, Paoss (o1, 0) [pm[x (X%, 5+ 31) + P (X S‘"”J)D

new? (5.14)
= 2J dSPT+%(0) = 2kGr(0)
0

with o
Gr(0) = f ds p,(0) (5.15)
T

the cut-off Green function of simple random walk at O at time T. Substituting this into the above
bound for | = n,n —1,---,3, computing the resulting geometric series, and using the inequality
1+ x <e*, we obtain

Cra®
(5.13) <exp [%HJ;Z ds Z Ds =B (V-1 31)

(=1 Nez? (5.16)

X (p6T1[K] (Xs(l Y +.)’l) +p6T1[K]+ (X(k K);J’)):|

with 1
Cr=———, 5.17
T 1-2aG.(0) (5.17)

provided that 2aG;(0) < 1, which is true for T large enough. Note that C; — 1 as T — oo.
Substituting (5.16) into (5.11), we find that

Cra?
15.9)§exp[ Tz f ds; Z P*rsz (V-1 )1
K y€Z3l 1 €23 (5.18)

X (pmm (XE9,y +31) + Pgrape i  (xG K),y)ﬂ

Using once more the Chapman-Kolmogorov equation and p.(x,y) = p;(x — y), we may compute
the sums in the exponent, to arrive at

o Ry Ry
k, k,
f ds, j ds, (plle[KHsz_sl (Xs(z K) _Xs(l K))
0 S1 N

C
(5.9)<exp [ Tz
K
(k,x) _ 3 (k,x)
+3p12T1[K]+52% (XSZ ¥ x o ))]

Note that this bound does not depend on the initial configuration 1 and depends on the process
X only via its increments on the time interval [(k — 1)R,,kR,]. By (5.10), the increments over
the time intervals labelled k = 1,2,---,[t/R, | are independent and identically distributed. Using
Ey 0 = fvp(dn)EO n» we can therefore apply the Markov property of the exclusion dynamics

(5.19)
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(&¢/x )0 at times Ry, 2R,, -+, ([t/R,] — 1)R, to the expectation in the r.h.s. of (5.5), insert the
bound (5.19) and afterwards use that (X,),>o has independent increments, to arrive at

C a2 Ry Ry
logé”(l)(t) < — logEX (exp [%f dslf ds, (plle[K]+52—51 (X5, —X;,)
K 0 S1 x

(5.20)
+ 3plZTl[K]-ﬁ-sz% X52 _Xsl)):| ) .
Hence, recalling the definition of R, in (5.3), we obtain
2
11msup — log 5(13&)
t—00
P Cr a2R
1—{ logEj | exp dsl d52 p12T1[1<]+52 s (X, = Xs,) (5.21)
+ 3p12T1[ 52+51 (XS - 51)):| ) .
Let
X=X+ Y (5.22)

and let Ef = EXE] be the expectation w.r.t. X starting at 0. Observe that

Pers(®) =B} (pe (2 4+ %) ) (5.23)

We next apply Jensen’s inequality w.r.t. the first integral in the r.h.s. of (5.21), substitute s, =s; +s,
take into account that X has independent increments, and afterwards apply Jensen’s inequality w.r.t.
Eg, to arrive at the following upper bound for the expectation in (5.21):

CTC(ZR Ry Ry
Ej (exp [ R f ds ds (plle[x]#z% (X, = X;,)
K 0 51 *
+ 3p12T1[K]+52% (X, _Xsl)) :|
1 o
S 1_2_ J dsl (exp |:CTOL2RJ dS Eg (p].ZT].[K] (XS + Yf) (5~24)
x Jo 0
+ 3p12T1[K]+2‘% (XS + Yf)) ] )
1 Ry R 00
< R_f ds, Ej (exp |:CTa2RJ ds (plZTl[K] (X;) + 3D 511 [0 21 (XS)):| )
K JO 0 K

Applying Lemma 2.6} we can bound the last expression from above by

4C;a*RG,7(0)
exp —
1-— 4CT aZRGZT (0)

(5.25)

where G,;(0) is the cut-off at time 2T of the Green function G at 0 for X (which has generator
1[x]A). Since G,7(0) — %GlzT(O) as k — 00, and since the latter converges to zero as T — 0, a
combination of the above estimates with (5.21) gives the claim. [ |
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5.1.3 Defreezing

To prove Lemma (5.2, we next “defreeze” the exclusion dynamics in glg’zo)‘(t). This can be done in a
similar way as the “freezing” we did in Section/5.1.1} by taking into account the following remarks.
In (5.6), each single summand is asymptotically negligible as t — oo. Hence, we can safely remove
a summand at the beginning and add a summand at the end. After that we can bound the resulting
expression from above with the help of Holder’s inequality with weights p,q > 1, 1/p+1/q =1,
namely,

o [/R (k1R
Evp,o(exp [; )y L ds Zpm,(H%(Xs,y)(g%(y)—p)})

k=1 Ry _)/EZ3

1/q 1/p
< (é’é?iq(t)) (é";ﬁf‘ip(t))

(5.26)

with

3 3
EN(E) = 6K, T; 1)

Lt/Ri] kR, (k+1)R,

a

=Evf,,o(exp[,< > J du J dsZ(pm[KH%(xs,mmy) 5.27)
K k=1 (k_l)RK k‘RK y€Z3 ) ) )

- p6T1[;<]+5_T“(Xs» y) g%(}’)) :| )

and

4 4
ED() =6k, T3 1)

o [t/R] kR, (k+1)R, (5.28)
:]Evp’o(exp [KR Z f duf ds ZP6T1[K]+%(XS,J’)(§§(}’)—P)})-
( k

K k=1 k_l)RK Ry yEZS

In this way, choosing p close to 1, we see that the proof of Lemma 5.2 reduces to the proof of the
following two lemmas.

Lemma 5.3. For all R,a > 0,
2

K
limsup — log &) (x, T; £) < 0. (5.29)
t,x,T—oo L ?
Lemma 5.4. For all a > 0,
. . K (4) . 2 2
limsup limsup —log & ;(x, T;t) < [6a’p(1—p)] 2. (5.30)
R—oo tx,T—oo L ’

In the remaining sections we prove Lemmas|5.3-5.4/ and thereby complete the proof of the upper
bound in Proposition 3.4.
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5.1.4 Proof of Lemma

Proof. The proof goes along the same lines as the proof of Lemma 5.1, Instead of (5.9), we consider

E (exp[ J duJ dSZ p6T1[K]+SRK(X( K),J’)ER )

yer (5.31)
k,
~ Perifx]+st (Xs( K%J’)&%(J’))} )
Applying Jensen’s inequality w.r.t. the first integral and the Markov property of the exclusion dy-
namics (£, /,)r>o at time u/x, we see that it is enough to derive an appropriate upper bound for

Eg(exp[ f dsZ péTl[K sRK( x (o, )iR—u(}’)

yez? (5.32)

T Pera[x]+t (Xs(k’K): }’) C(J’)) :| )

uniformly in { € Q and u € [0,R,]. The main steps are the same as in the proof of Lemma [5.1|
Instead of (5.19), we obtain

Cra? (2R« 2R,
T ) )
(5.32) < exp [ 2 f dslf ds;y (p12T1[K]+52%51+2(5%RK) (XS(2 x) _XS(1 K))
) ) (5.33)
3P 1712 4 200 “)( Xg Xs(lk’m))]
and this expression may be bounded from above by (5.25). .

5.2 Spectral bound

The advantage of Lemma [5.4 compared to the original upper bound in Proposition [3.4 is that,
modulo a small time correction of the form (s — u)/k, the expression under the expectation in
(5.28) depends on X only via its occupation time measures on the time intervals [kR,., (k + 1)R,.],
k=1,2,---,[t/R,]. This will allow us in Section |5.3 to use a large deviation principle for these
occupation time measures. The present section consists of five steps, organized in Sections
I5.2.5, leading up to a final lemma that will be proved in Section|5.3}

We abbreviate

(k+1)R
View(n) = V& () = —J ds ) Peripg+ee (X5 ) () = p) (5.34)
K kRK y€Z3

and rewrite the expression for é"}g‘?‘(t) in (5.28) in the form

t/Re] kR,
)y — @
gR,a(t)—vao(eXp [; >, L{ N dqu,u(iu/K)D~ (5.35)

In (5.34) and subsequent expressions we suppress the dependence on T and R.
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5.2.1 Reduction to a spectral bound

Let B(2) denote the Banach space of bounded measurable functions on 2 equipped with the supre-
mum norm || - ||. Given V € B(2), let

t
AMV) = tli_)rgo % logEvp (exp [J V(Es)ds} ) (5.36)
0

denote the associated Lyapunov exponent. The limit in (5.36) exists and coincides with the upper
boundary of the spectrum of the self-adjoint operator L +V on Lz(vp ), written

A(V) =supSp(L + V). (5.37)

Lemma 5.5. For all t > 0 and all bounded and piecewise continuous V : [0, t] — B(2),

E,, (exp [f Vu(iu)du}) <exp [J A(Vs)ds]. (5.38)
0 0

Proof. In the proof we will assume that s — V; is continuous. The extension to piecewise continuous
s — V, will be straightforward. Let 0 =ty < t; < --- < t, = t be a partition of the interval [0, t].
Then

Seklk

f V(Eu)du<2f Vi 1(gs)dsH-XI max ]||V Vi Moo (e — 1)

(5.39)

rSG[tk 15 tk]

ska Ve (E)ds+e max  max (V= Vel
=1

Let (ytv)tzo denote the semigroup generated by L+V on Lz(vp) with inner product (-, -) and norm
|- |l. Then
Y] = e (5.40)

Using the Markov property, we find that

r tk
t V Ve,
Evp(exp [ZJ Vtkl(és)ds]) (5/’ °F -y;rtj_ln,n)
k=1 tr—1

<l [l 2| (5.41)
= exp [Z)L(Vtk_l)(tk — tk—1)} )
k=1

Combining (5.39) and (5.41), we arrive at

t
logEVp(f Vs(és)ds) ZA( Ve )t —tig) +t (nax  _max HV Vtk-luoo' (5.42)
0

rse€lti_1,tx]

Since the map V — A(V) from B(Q) to R is continuous (which can be seen e.g. from (5.40) and the
Feynman-Kac representation of ZV), the claim follows by letting the mesh of the partition tend to
Zero. |

2114



Lemma 5.6. Forall a, T,R, t,x > 0,

o LR [ RR Lt/Re] (KR,
Evp’o(exp [; > f dqu’u(iu/K)}) SE’g(exp[ > f dukk,u}) (5.43)
k=1 J(k—=1)R, k=1 J(k—1)R,

with

o1 a ("
A = Az’f = tll)rgo - logE, (exp [;J ds Vk'f;X (55/,()} ), (5.44)
0

whereu € [(k —1)R, kR, ], k=1,2,--- ,[t/R,].

Proof. Apply Lemma|5.5 to the potential V,(n) = (a/x)V; ,(n) for u € [(k— 1)R,, kR,.] with (&,),>0
replaced by (&,/,)y>0, and take the expectation w.r.t. Eg . |

The spectral bound in Lemma |5.6| enables us to estimate the expression in (5.35) from above by
finding upper bounds for the expectation in (5.44) with a time-independent potential Vi ,,. This goes
as follows. Fix k, X, k and u, and abbreviate

—~

_ X
¢ =avi. (5.45)

Let (£,);>0 be the semigroup generated by (1/x)L, and define

M
e f dr (2,¢) (5.46)
0
with
M =3K1[k]x> (5.47)
for a large constant K > 0. Then
1 ~ - —~
- ;LI,[J =¢ -2y (5.48)
with
R o DR
(2,¢)m)= R—J ds Z Perapn)+ = (Xo, ¥) [(y) = p]
© IRy yez? (5.49)
=a Y 5 ) -p]
yez?
and
(k+1)R,
=.00)= EZ”ir(x) = R_J dsp6T1[K]+w(Xs,x). (5.50)
K JKR, )

As in Section 2] we introduce new probability measures IF’%eW by an absolute continuous transforma-
tion of the probability measures PP, , in the same way as in (2.12-2.13) with 1) and .¢/ replaced by

15 and (1/x)L, respectively. Under Pgew, (&¢/x)e>0 is @ Markov process with generator

1 ;1 7 pl. 15
_Lnve — e—%lp_L (efll’f) — (e_%w—Leiw)f, (5.51)
K K K
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Since n — 1]1\ (n) is bounded, we have, similarly as in Proposition 2.1 with g =r = 2,

KX (5) (6)
A <11msup log( (t))+hrtrlsolip2—10g( (t)) (5.52)
with
(5) (5) new 2 t iy, Ly 1
D =650 X; ) =B exp | = | dr (e VLex )—L )| (&) (5.53)
0
and
e9t) = 6O« X't)=EneW(exp[ fdr(.,@ ¢) (& )D (5.54)
k,u ku\"ohe Vo M r/x .

where E}" = f qVe (dn)E?fW, and we suppress the dependence on the constants T, K, R.
el

5.2.2 Two further lemmas

For a, b € Z3 with ||a — b|| = 1, define

Hyu(a,b) = (a b) = eZC“/T J drf d7 [E.(a) — E,(b)] [Ex(a) — Ex(b)] (5.55)

with Z, given by (5.50) and C the constant from Lemma 2.4, Abbreviate

[ Hiull, = D #5 a,b). (5.56)
{a,b}

Lemma 5.7. Forall a,T,K,R,x,t >0, ue [(k—1)R,,kR,], k=1,2,---,|t/R,.], and all paths X,

S <E, (exp[ [E J £, (e1) — £,(0)] D (5.57)
with
202 (k+1)R (k+1)R M
“,){ﬁ( H < 2Ca/T 2R2J dsJ;( ng drplZTl[K]wLw(X;_Xs)' (5.58)
R, 0

Lemma 5.8. There exists ko > 0 such that for all k > kg, K > 1, a, T,R,x,t >0, u € [(k—1)R,,kR,.],
k=1,2,---,|t/R,], and all paths X,

Dy i
é"lg(t) <exp ( ‘;2 pt), (5.59)

where the constant D, 1x does not depend on R, t, k, u or k and satisfies

Klim Dgrx =0, uniformlyinT > 1. (5.60)
—00
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5.2.3 Proof of Lemma

Proof. We want to replace E;*" by E, in formula (5.53) by applying the analogues of Lemmas|3.1
P

and|3.2. To this end, we need to compute the constant K in (3.3) for v replaced by v). Recalling

(5.46) and (5.49), we have, for n € Q and a, b € Z> with ||ja — b|| =1,

M

PP —h(n) = af dr [E.(a) —E.(b)][n(b) — n(a)]. (5.61)

0

Hence,

N N M 00 -2 C
w(n“’b)—w(n)‘SaJ dr |2, (a —Er(b)|SCaJ dr(1+6T+£) gTax. (5.62)
0 0

Here we have used (5.50) and the right-most inequality in (2.20). This yields

é",f’u)(t) < Evp (exp [%eC“/Tf dr [(e_%lﬁLe%J) —L (%KZ)] (gr/K)i| ) (5.63)

0
By (1.4), we have

1 17 17 1 < 1 1170 aby_ T 11~ —~
e Wi 1 (2 — ) —ym)] _ g _ aby _
" [e Le L(pr)} (n) . {agb} (e n n 1 ” [w(n ) lp(n)] ) (5.64)

In view of (5.62), a Taylor expansion of the r.h.s. of (5.64) gives

1 Ca/T

- [e-%%e%@-L(llﬁ)}(n)s

K K

S (B - dm)” (5.65)

3
12k P!

Hence, recalling (5.55) and (5.61), we get
2 car [ g [(o-2by .20 _ EA] D
Evp(exp [Ke fo dr [(e Le ) L(quj) (&r/i)
<E, (exp [ J ar 3 Hiula,b) [ E:(b) - sﬁ(a)]zD.
0

{a,b}

(5.66)

Using Jensen’s inequality w.r.t. the probability kernel ., /||#} ,||,, together with the translation
invariance of & under P, , we arrive at (5.57). To derive (5.58), observe that for arbitrary h, h, r,7 >
Oand x,y € 74,

Z [ph+g(x,a) = Phr 2 (%, b)} [p,~1+§(y,a) —Pryz(ys b)}

{a,b}
‘ (5.67)

d
== Prtr (X, )Apy 2 (y,a) = —6x >, Pr2(x,0) 5= Py, £ (¥, @),
acz? ) ae73 K

where A acts on the first spatial variable of p,(-,-) and %Apt/,< = Kk(3/3t)p /- Recalling (5.50), it

follows that
d

Z [2.(a) — 2.(b)] [Ex(a) — Ex(b)] = -6k Z = (@) — =x(a) (5.68)

{a,b} a3 oF
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and, consequently,

kaulll—em” J dr Y 2.(a)[E(@) ~ Ey(a)]

3
act (5.69)
2a?
p2Ca/T 2" J dr Z Er(a)z.
aez3
Hence, taking into account (5.50), we arrive at (5.58). [ |

5.2.4 Proof of Lemmal5.8

Proof. Using the same arguments as in (5.62-5.63), we can replace E}*" by E, in formula (5.54),
)
to obtain

EN)<E, (exp [%eCa/T J dr (2y¢) (gr/K)} ) (5.70)
0

Because of (5.49), this yields

2
exp [?aeca/Tpt} é”,&il)(t) <E, (exP Ca/TJ dr Z EM(y)gr/K(y)} ) (5.71)

yez?

Now, using the independent random walk approximation 5 of £ (see [3], Proposition 1.2.1), we

find that .
20
E,, (exp [?eC“/TJ dr Z EM(J’)gr/K(}’)})
0

yez?

. (5.72)
J vo(dn) l_[ EY (exp [—eC“/TJ drZy (Yr/K)} ),
X€A, 0
where A, is given by (5.12) and Y is simple random walk with step rate 1. Define
20 t
v(x,t) = EY(exp [ - C“/TJ drEM(Yr/K)]), (x,t) € 23 x [0,0), (5.73)
and write
w(x,t) =v(x,t)—1. (5.74)
Then we may bound (5.71) from above as follows:
rh.s. (5.71) < J vp(dn) I_[ [1+n()w(x,t)]
X€73
x€Z3
< exp (p Z w(x, t)).
x€Z3
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By the Feynman-Kac formula, w is the solution of the Cauchy problem

0 1 2a T
—w(x, t) = —Aw(x, t)+ —e““ Ey(x)[1+w(x,t)], w(,0)=0. (5.76)
ot 6K K
Therefore 5 9
a
2 Z w(x,r)= Yeca/T Z Ev)[1+w(x,r)]. (5.77)
x€73 x€73

Integrating (5.77) w.r.t. r over the time interval [0, t] and substituting the resulting expression into

(5.75), we get

2a !
rhs. (5.71) < exp [76C“/Tpf dr > Eu()(1+wlx, r))} : (5.78)
0 x€73
Since erzg Zy(x) =1, this leads to
2a ‘
E(t) < exp [Teca/Tpf dr . EM(x)W(x,r)]. (5.79)
0 x€zZ3

An application of Lemma 2.6/to the expectation in the r.h.s. of (5.73) gives

v(x,t) < (1 - 2aeC“/T||‘£EM||OO)_1. (5.80)

Next, using (5.47) and (5.50), we find that
198u ||, < Gorsme(0) < G2(0), (5.81)

where the rh.s. tends to zero as k — oo. Thus, if K > 1 and x > k with k, large enough (not
depending on the other parameters), then v(x,t) < 2, and hence w(x,t) < 1, for all x € Z* and
t > 0, so that (5.76) implies that w < w, where W solves

0 1 4a
—w(x, ) = —Aw(x, )+ —eTE,(x),  w(,0)=0. (5.82)
at 6k K
The solution of this Cauchy problem has the representation
4a ‘ 4a ‘
w(x,t) = —eC“/TJ dr Y pe(x,y)En(y) = —eC“/Tf dr Eppr (%) (5.83)
K 0 yez? K 0
Hence
4a oot .
D Enw(x,r) < —e d7 > Ep(x)Ey7(x)
K
x€z3 0 x€73
(k+1)R (k+1)Ry r
4a 1 K .
< _eCa/T_z J dSJ dSNJ d?pIZTl[K]+s+s~—2u+2M+F (0)
K R Jir, kR, 0 ¥ (5.84)
4a . /T *© _
< —e d7 pausz (0)
K 0 P
< 4Ca oCalT
~ VKxk ’
where we again use the second inequality of Lemma|2.4| Substituting (5.84) into (5.79), we arrive
at the claim with Dy, 7 = 8a?Ce?¢*/T /K. |
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5.2.5 Further reduction of Lemma 5.4

To further estimate the expectation in Lemma|5.7 from above, we use the following two lemmas.

Lemma 5.9. Let

r(p)= limsup%logEVp (exp [[a’f du [&,(e1) — §u(0)]2} ) (5.85)
t—00 0
Then e

Proof. The proof is a straightforward adaptation of what is done in Gértner, den Hollander and
Maillard [3], Lemmas 4.6.8 and 4.6.10. |

Lemma 5.10. Forall a,T,K,R,k >0, ue [(k—1)R,,kR,], k=1,2,---,|t/R,.], and all paths X,

1
limsup _ log E(0) <V r p(1— p)||Hru» (5.87)
t—00 ’
where ¥, 1 does not depend on K,R,x,u,k or X, and 0, 7 — 1 as T — oo.
Proof. Using the bound in (5.58) for [|.#} ,||;, we find that
00 2,2Ca/T
Ca®e
2Ca/T o 2
il < 72 | pareant0) < S, (5.8
which tends to zero as T — oo. Hence, we may apply Lemma/5.9 to (5.57) to get the claim. |
At this point we may combine Lemmas|5.10 and|5.8|with (5.52), to get
Do rx
Aeu = Bar (L= p)|| Al + 57 (5.89)

Note that the upper bound in (5.58) for |} ,|l; depends on X only via its increments on the
times interval [(k — 1)R,, kR,.] and that these increments are i.i.d. for k =1,2,---,|t/R,.]. Hence,
combining (5.35) and Lemma 5.6 with (5.89) and splitting the resulting expectation w.r.t. E‘g into
Lt/R,.] equal factors with the help of the Markov property at times kR,., k = 1,2,---,|t/R, ], we
obtain, after also substituting (5.58),

KZ

1 D
" logé”lgﬁ(t) < 7 logé”go)‘(K) NS

lim sup (5.90)

t—00
with

6"}22(@ = g}gg(T,K; K)

Ourp 1 ([ [ _[° M (5.91)
=E (exp [TEJ ds ds du drplle[K]_i_miiquzr X:—X) | |,
kK JO s —R, 0

where
Ourp = 4ﬁa’Ta262C“/Tp(1 —p)—4a?p(1—p) asT — 0. (5.92)

Because of (5.60), we therefore conclude that the proof of Lemma 5.4 reduces to the following
lemma.
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Lemma 5.11. For all a,K > 0,

7)
,a

) 1 ( 9 2
hmsupl—zlogé”R (T,K;x) < [6a°p(1—p)] 2. (5.93)

K,T,R—00

5.3 Small-time cut out, scaling and large deviations
5.3.1 Small-time cut out

The proof of Lemma/5.11 will be reduced to two further lemmas in which we cut out small times.
These lemmas will be proved in Sections|5.3.2

For € > 0 small, let
m = 3ek>1[k] (5.94)

and define

8 8
Een(K) = ES(T, €5 )

@a,T,p R Ry _ 0 m 5.95)
= Ei)( (exp |: KZRZ f dS dS du drp12T1[;<]+5+3'—# (XE_XS)
K 0 s =Ry 0

9 ) .
é”R,a(K) =& o (T,6,K;K)

,a

Ourp [, M _(° M (5.96)
= Ei)( (eXp [# f dsJ dsf du drplZTl[K]+”§’2_“+2r (Xg’ _XS) .
K JO s —R, m K

By Holder’s inequality with weights p,q > 1, 1/p+1/q =1, we have

and

1/q 1/p
6"1%,73(K)=(€}§%a(1<)) (glg?\)/ﬁa(K)) . (5.97)

Hence, by choosing p close to 1, we see that the proof of Lemma |5.11 reduces to the following
lemmas.

Lemma 5.12. For all a > 0 and € > 0 small enough,

8)
,a

1
lim sup R log é"}g (T, e;x)=0. (5.98)

K,T,R—0

Lemma 5.13. Forall a,e,K >0 with 0 < e <K,

1
lim sup z log é"}g?o)t(T, €,K;x) < [6a2p(1 -p)] 293. (5.99)

K,T,R—00

Note that in é”}gso)((K) we integrate the transition kernel over “small” times r € [0,m]. What
Lemma |5.12|shows is that the integral is asymptotically negligible.
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5.3.2 Proof of Lemma 5.12

Proof. We need only prove the upper bound in (5.98). An application of Jensen’s inequality yields

1 Ry 1) r 00 0 m
a,T, ~
g}gsi(](‘) < _f ds Ei)( (exp |: 3 P J‘ dsf duf drplle[K]+zs—u+r+g (X:;‘)} ) . (5.100)
’ Ry KRy Jo R, Jo koo

0
Observe that
Y
P1orifi] 4o 45 (X5) =E, (P12T1[;<]+25‘% (Xs+ Y?/K))- (5.101)

As in (5.22), let X, = X, + Y, /i and let E§ denote expectation w.r.t. X starting at 0. Then, using
Jensen’s inequality w.r.t. EY, we find that

1 R, R ) T 00 0 m
g}g?i(rc) < R—f dsEX (exp |: Z £ f d'§f duf dr Piory[x]+2suir (X})} ) (5.102)
K KRy Jo ~R, 0 g

0

For the potential

0 m
1
Vi (x) = — du dr proraasmutr (X)), (5.103)
K“R, R, 0 K
we obtain
1 m 3 EKZ
HngSK < —ZJ dr Gypy—r__(0) < —1|:K]f dr G,(0) < CW/e, (5.104)
00 K 0 3k1[k] K 0

where ¢ and G are the Green operator, respectively, the Green function corresponding to 1[k]A.
Hence, an application of Lemma/2.6/to (5.102) yields

é’}gi(@ <(1-COu1,Ve) ", (5.105)

which, together with (5.92), leads to the claim for 0 < € < (4Cp(1 — p)a?)~2. [ |

For further comments on Lemma|5.12, see the remark at the end of Section|5.3.3.

5.3.3 Scaling, compactification and large deviations

In this section we prove Lemma/5.13 with the help of scaling, compactification and large deviations.

Proof. Recalling the definition of m in (5.94) and M in (5.47), we obtain from (5.96), after appro-
priate time scaling (s — x2s, S — x5, u — x?u and r — 3x31[x]r),

S A Y 5.106
EX exp | 30 1[«] i ds ds du dr p(K) B (X(K) XSK)) ( )
0 o,T,p R2 o . . . 2T,<12[K]+s+56;2u+1[,<]r s 23

with the rescaled transition kernel

1
pEK)(x)y):K3p6K2t(szKy)’ X,J’EZi: ;ZS’ (5107)
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and the rescaled random walk
X% = k71X 5, te[0,00). (5.108)

Let Q be a large centered cube in R®, viewed as a torus, and let Q) = Q N Z3. Let 1(Q), 1(Q™))
denote the side lengths of Q and Q®), respectively. Define the periodized objects

k
P,y = p (ny + 1Y) (5.109)
K
kez?
and
X®Q = x®) 104 (QW). (5.110)
Clearly,
P (Xs(“), XSEK)) < prQ (XS(K,Q)’ ngk,@)_ (5.111)
Let 8 = (f8;);>0 be Brownian motion on the torus Q with generator Ags and transition kernel
PP,y = 3 pt? (x,y +K1Q) (5.112)
kez?

obtained by periodization of the Gaussian kernel pEG)(x, y) defined in (4.19). Fix 6 > 1 (arbitrarily
close to 1). Then there exists ko = xy(0; €,K,Q) > 0 such that

p&(x, y) < 0p'9D(x,y), forall k> Ky and (t,x,y) € [¢/2,2K] x Q x Q. (5.113)

Hence, it follows from (5.106) that there exists k; = k1(0; T,€,K,R,Q) > 0 such that

R R K
3 1
6"}2,93(@ < Eé( (exp [EGZGa,T,pﬁj dsJ d?f drp&G’Q) (XS(K’Q),Xék’Q))} ) (5.114)
0 0 €

Applying Donsker’s invariance principle and recalling (5.92), we find that

i L iog 6
imsup R 08 &p 4(K)
K, T—00
1 1 (R R K (5.115)
< z logEg (exp |:692a2p(1 — p)}—{f dsJ dfs"f dr p(&Q ([3’5,[3’;):| )
0 0 €
Applying the large deviation principle for the occupation time measures of 3, we get
1
limsup = logé”}gc’g(T, €;k)< g?fQ)(Q; 6,K), (5.116)
K, T,R—o0 R ’

where

K
,97’3(@(9;6,[(): sup [692a2p(1 —p)J v(dx)f v(dy)f drp&G’Q)(x,y)—SQ(v):| (5.117)
vet,(Q) Q Q €

with large deviation rate function S?: .#,(Q) — [0, c0] defined by

. d .
Q) = ||VR3f||% if u < dx and \/ng(x) with f € H;er(Q), (5.118)

00 otherwise,
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where .#,(Q) is the space of probability measures on Q, and H;er(Q) denotes the space of functions
in H(Q) with periodic boundary conditions. By [2], Lemma 7.4, we have

limsup@;Q)(G;e,K) < P5(0;¢,K) (5.119)
QIR?
with
P3(0;€,K)
K 2
= sup [6 6%a’p(1 - p) f dx f2(x) f dy f(y) f drp@(x,y) - ||vRsf|)L2(R3)}
feHl(r3) R3 R3 €
lIF =1
’ o 2 (5.120)
< sup [6 6%a’p(1 - p)f deZ(x)J dyfz(y)f drp{9(x,y) - ||VR3fHL2(R3)i|
feHl(r3) R3 R3 0
IF =1
= [66%a%p(1 - p)]*2.
Combining (5.116) and (5.120), and letting 6 | 1, we arrive at the claim of Lemma|(5.13. |

This, after a long struggle by the authors and considerable patience on the side of the reader, com-
pletes the proof of the upper bound in Proposition |3.4.

Remark. The reader might be surprised that the expression in the Lh.s. of (5.98) does not only
vanish in the limit as € | O but vanishes for all € > 0 sufficiently small. This fact is closely related to
the observation that

@,(n®) =0 whereas P5(c0) =%, >0 (5.121)
with
P(e)= sup [f dxfz(x)J dyfz(y)J drng)(x —y)— HVR3f||§] . (5.122)
feHt@®3) [ JR3 R3 0
Ifllp=1

Indeed, given a potential V > 0 with ||%sV|l,, < 1/2, where %gs denotes the Green operator
associated with Aps, the method used in the proof of Lemma leads to

1 ; 1 (R R
Rh_)rgol—zlogEo (exp [EL dsj0 ds V(B; — [3’5):|) =0. (5.123)

On the other hand, the large deviation principle for the occupation time measures of f shows that
this limit coincides with

sup [J dxfz(x)J dy f2(y)V(x—y)— ||VR3fH§:| . (5.124)
R3 R3

feH(R3)
Ifllg=1

But, for 0 < e < 7° the potential

€
Vo(x) = f drp&G)(x) (5.125)
0
satisfies the assumption ||%gs V.||, < 1/2, implying #,(n>) = 0.
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6 Higher moments

In this last section we explain how to extend the proof of Theorem 1.1/ to higher moments p > 2.

Sections 6.3 parallel Sections(2.1,(3.2,(4/and

6.1 Two key propositions

Our starting point is the Feynman-Kac representation for the p-th moment,

t p
E,, (u(O, t)p) = IE%;);O ( exp |:f ds Z &, (X,Jcs)} ), (6.1)
o =

where X1, XP are independent simple random walks on Z> starting at 0 and E(j;);x denotes
expectation w.r.t. ]P’(f;);x =P, ® Pifll Q- ®P§p, x=(xy, " ,xp) € (Z3)P.

P
The arguments in Sections [2] and [3 easily extend to this more general case by replacing Z, .o,

(S )e>0, ¢ and 1) by their p-dimensional analogues AR AQN (Sﬁ(p))tzo, $® and y®). To be
precise, consider the Markov process

20 = (ErXliooXE) onfx (2) 62

with generator

1 p
gP =" 4 Z A, (6.3)
K .

j=1

where the lattice Laplacian A; acts on the j-th spatial variable. Denote by (,%(p ))20 the associated
semigroup. We define

p p
$P (s xr,-,x) =D dn,x) =Y (n(x;)— p) (6.4)
j=1 =1
and
T
w(p) :J ds %(p)d’(p)- (6.5)
0
Then )
PO (n;xy, %) = Y (0, x)). (6.6)
j=1

In this way the proof of Theorem 1.1 for p > 2 reduces to the proof of the following extension of
Propositions[3.3 and

Proposition 6.1. For all p e N and a € R,

2 t
1
limsup K—logE(vi);O (exp |:aJ ds [(e_%w(p)vaf(l’)e%w(p)) _ Vd(P)(;w(p))} (Zs(p)):D
0

t,x,T—oo Pt

a
< gp(l - p)G.

(6.7)
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Proposition 6.2. For all p e N and a > 0,

tKT—>oop

i pes (exp [K J as (#79) (Z(p))] ) — [6a?(1-p)p)°®;.  (6:8)
0
Proposition|6.1 has already been proven for all p € N in [3], Proposition 4.4.2 and Section 4.8.

6.2 Lower bound in Proposition 6.2

We use the following analogue of the variational representation (4.1)

- () () + (p) ()
tlirgotlogE (exp[KJO ds(y’ ¢ )(Z ):D

= sup ff d,up [ (y(p)d,(p)) (F(p)) + F(P)ﬂ(P)F(P):| (6.9)
F(P)eg(s(P)) Qx(z3)P
I\F(P)\\Lz(ug):l
To obtain the appropriate lower bound, we use test functions FP) of the form
FP(n;xp, -+ ,Xp) = F1(M)Fy(x1) - - - Fo(xp), (6.10)

where Fy, F, and F = F are the same as in (4.15), (4.6) and (4.2), respectively. One easily checks

that )
K a
= ff du? [_ (yT(P)(p(p)) (Iz(p))2 + F(P)sz(P)F(P)]
Qx(Z3)P K

2
(pK) Jf yT¢)F2+F(iL+A)F}
Qx7z3 PK

But this is 1/p? times the expression in Lemma[4.1 with a and k replaced by pa and px, respectively.
Hence, we may use the lower bounds for this expression in Section 4 to arrive at the lower bound
in Proposition|6.2]

(6.11)

6.3 Upper bound in Proposition

1. Freezing and defreezing can be done in the same way as in Section|5.1, but with V(n, x) in (5.2)
replaced by

P
VP(n,x) = % > (mem (xj,y)) (n(y) = p). (6.12)

y€Z3 j=1
This leads to the analogues of Lemmas|5.1 and|(5.3/along the lines of Sections|5.1.2 and/5.1.4.
2. Considering

») 1 (k+1)R, p .
V()= — J ds Z (me[wau(Xz,y)) (n(y)—p) (6.13)
k

Ry yeZ3 j=1
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and

" o LR (IR o
4,p _ e p
&t (t)—IEVp;O(eXp [K > f(k " duvy (gu/K)D (6.14)

instead of (5.34-5.35)), the proof reduces to the following analogue of Lemma/5.4.
Lemma 6.3. For each a. > 0,
lim sup limsup — = logé"(i;p)(t) < [6a*p(1— p)p]Z?}g. (6.15)

R—oo t,x,T—00

3. The proof of Lemma 6.3 follows the lines of Sections|5.2H5.3. The spectral bound is essentially
the same as in Section|5.2.1. In Lemma 5.6 we have to replace V , by Vk(i ) and Aku DY

t
a
,L(kp)_ lim —logE (exp [;J dsv]fi)(gs/K)D. (6.16)
0

t—00

Subsequently, we replace V; , by Vk(‘; )in (5.45 ), to obtain functions $ @) 1Z(p) replacing (5.45-5.46),
and

1 (DR p
K JKR, j=1
replacing (5.50). Then, in the analogue of Lemmalﬂ, instead of (5.58) we get the bound
202 (k+1)R, (k+1)R
(p) 2Ca/T
|68, < e R J dsJk dr Z Prompas ez (X, =X])  (6.18)
K RK —1

along the line of Section [5.2.3| Similarly, the proof of the analogue of Lemma [5.8| follows the
argument in Section|5.2.4} leading to a reduction of Lemma 6.3/to the analogue of Lemma|5.11} as
in Section|5.2.5|

4. To make the small-time cut-off, instead of (5.95) we consider

g(S P)(K)
6.19
J dsf dSJ duJ dr Z plZTl K]+s+s 2u+2r (X~ X )i| ) ( )

=E§(exp|:

Using the Chapman-Kolmogorov equation, we see that

R,
f J ds Z plZTl[K s+5—2ut2r 2u+2r (X~ X! )
0
(ZJ ds Peri [t uir (X z))
2€73

1

i ( f s pepapeysse (X1 z))z

3i=1

(6.20)

| A

= p f dSJ dSp12T1 K]+s+s 2u+2r (X~ X )
0

i=
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Substituting this into the rh.s. of (6.19) and applying Holder’s inequality for the p exponential
factors, we reduce the problem to the consideration of a single random walk and can proceed as in
Section|5.3, leading to the analogues of Lemmas|5.1245.13.

5. The proof of the analogue of Lemma |5.12 runs along the line of Section|5.3.2. To prove the
analogue of Lemma 5.13] instead of (5.96) we consider

(9.p)
£’R’a (x)

(6.21)
:Eg(exp |: aTp f dsf dsf duJ dr Z plZTl[K:|+S+§ 2u+2r (X~ X! )i|)

As in Section 5.3.3, this leads to

1
lim sup — log é”(g p)(K)

K,T,R—00

<> sup [ 6%a’p(1- p)Z J vi(dx) J v(dy)f drpl®(x,y) - Zs% )}

P viet(@
1<i<p

(6.22)

instead of (5.11645.117). Now we can proceed similarly as in [2], Lemma 7.3. Consider the Fourier
transforms ¥; of the measures v; € .#;(Q) defined by

vi(k)= f e_i(Z”/I(Q))k'xvj(dx), kezdj=1,---,p. (6.23)
Q

The transition kernel p(®® admits the Fourier representation

pEV(x) = 3 - @UIUQPKEr i@ /@kx (1, ¢) € Q x (0,00). (6.24)

kez?

1)

Therefore we may write

J vi(dx) J vi(dy)p@(x, y) = 1(1)3 D e CrIQ@YIKE G, (k)7 (k). (6.25)
Q kez?
Using that
1 9 1,
Re(7:007,(0) < 5 [0 + 5 [7; (6.26)
we obtain
f v; (dx)f vi(dy)p@P(x, y)
(6.27)

<3 J vi(dx) f v(dy)piG’Q)(x,yH%f vj(dx) f vi(dy)p (. ).
Q Q

Therefore the term inside the square brackets in the r.h.s. of (6.22) does not exceed

p

K
Z {692(12,0(1 - p)pJ vi(dx)f vi(dy)J drng’Q)(x,y) - SQ(vi)] s (6.28)
Q Q €

i=1

2128



and we arrive at D
lim sup 2 log é"lgi;p)(K) < 93(@”)(0; €,K) (6.29)

K, T,R—00
with
K
WB(Q’p)(Q;e,K): sup [692a2p(1—p)pf v(dx)f v(dy)f drng’Q)(x,y)—SQ(v):|, (6.30)
ve1(Q) Q Q €

which is the analogue of (5.116+5.117) for p > 2. The rest of the proof can be easily obtained from
the analogues of (5.11945.120).
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