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Abstract

In this paper we consider a model which describes a polymer chain interacting with an infinity
of equi-spaced linear interfaces. The distance between two consecutive interfaces is denoted by
T = Ty and is allowed to grow with the size N of the polymer. When the polymer receives
a positive reward for touching the interfaces, its asymptotic behavior has been derived in [3]],
showing that a transition occurs when Ty ~ logN. In the present paper, we deal with the so-
called depinning case, i.e., the polymer is repelled rather than attracted by the interfaces. Using
techniques from renewal theory, we determine the scaling behavior of the model for large N as
a function of {Ty}y, showing that two transitions occur, when Ty ~ N'/% and when Ty ~ VN
respectively.
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1 Introduction and main results

1.1 The model

We consider a (1 + 1)-dimensional model of a polymer depinned at an infinity of equi-spaced hori-
zontal interfaces. The possible configurations of the polymer are modeled by the trajectories of the
simple random walk (i, S;);>9, Where Sy = 0 and (S; — S;_1);>1 is an i.i.d. sequence of symmetric
Bernouilli trials taking values 1 and —1, that is P(S; —S;_; = +1) = P(S; — S;_1 = —1) = % The
polymer receives an energetic penalty 6 < 0 each times it touches one of the horizontal interfaces lo-
cated at heights {kT: k € Z}, where T € 2N (we assume that T is even for notational convenience).
More precisely, the polymer interacts with the interfaces through the following Hamiltonian:

N N
i=1

keZ i=1

where N € N is the number of monomers constituting the polymer. We then introduce the corre-
sponding polymer measure PIE s (see Figure(1|for a graphical description) by

Pus gy .o 25D
dp o zl

) (1.2)

where the normalizing constant Z 15 s = E[exp(H ]\T, 5(S))] is called the partition function.

As,

—~ -

\/

Figure 1: A typical path of {S,}o<,<y under the polymer measure P{, 5o for N =158 and T = 16.
The circles indicate the points where the polymer touches the interfaces, that are penalized by 6 < 0
each.

We are interested in the case where the interface spacing T = {Ty}y>1 is allowed to vary with the
size N of the polymer. More precisely, we aim at understanding whether and how the asymptotic
behavior of the polymer is modified by the interplay between the energetic penalty 6 and the growth
rate of Ty as N — oo. In the attractive case & > 0, when the polymer is rewarded rather than
penalized to touch an interface, this question was answered in depth in a previous paper [3]], to
which we also refer for a detailed discussion on the motivation of the model and for an overview
on the literature (see also below). In the present paper we extend the analysis to the repulsive
case 6 < 0, showing that the behavior of the model is sensibly different from the attractive case.

2039



For the reader’s convenience, and in order to get some intuition on our model, we recall briefly
the result obtained in [3]] for 6 > 0. We first set some notation: given a positive sequence {ay}y,
we write Sy < ay to indicate that, on the one hand, Sy/ay is tight (for every ¢ > 0 there exists
M > 0 such that P]{;"’é ISy/ay| > M) < ¢ for large N) and, on the other hand, that for some

p €(0,1) and 1 > 0 we have PISN s (ISy/ay| > mn) > p for large N. This notation catches the rate of
asymptotic growth of Sy, somehow precisely: if Sy < ay and Sy =< by, for some ¢ > 0 we must have
eay < by < e lay, for large N.

Theorem 2 in [3]] can be read as follows: for every & > 0 there exists c5 > 0 such that

\/Ne_%TN Ty if Ty — ilogN — —00
T, .
Sy under PYs = { Ty if Ty — ilogN =0(1) . (1.3)
1 ifTN—élogN—>+oo

Let us give an heuristic explanation for these scalings. For fixed T € 2N, the process {S,,}¢<,<y under
PIE’ s behaves approximately like a time-homogeneous Markov process (for a precise statement in this
direction see §2.2)). A quantity of basic interest is the first time % := inf{n > 0 : |S,| = T} at which
the polymer visits a neighboring interface. It turns out that for 6 > O the typical size of 7 is of order
~ e’ so that until epoch N the polymer will make approximately N /e‘” changes of interface.

Assuming that these arguments can be applied also when T = Ty varies with N, it follows that
the process {S,}p< <y jumps from an interface to a neighboring one a number of times which is
approximately uy := N /e v, By symmetry, the probability of jumping to the neighboring upper
interface is the same as the probability of jumping to the lower one, hence the last visited interface
will be approximately the square root of the number of jumps. Therefore, when uy — oo, one
expects that Sy will be typically of order Ty - ,/ty, which matches perfectly with the first line of
(1.3). On the other hand, when uy — O the polymer will never visit any interface different from
the one located at zero and, because of the attractive reward 6 > 0, Sy will be typically at finite
distance from this interface, in agreement with the third line of (1.3). Finally, when uy is bounded,
the polymer visits a finite number of different interfaces and therefore Sy will be of the same order
as Ty, as the second line of shows.

1.2 The main results

Also in the repulsive case 6 < 0 one can perform an analogous heuristic analysis. The big difference
with respect to the attractive case is the following: under P]E, 5» the time 7 the polymer needs to
jump from an interface to a neighboring one turns out to be typically of order T (see Section .
Assuming that these considerations can be applied also to the case when T = Ty varies with N,
we conclude that, under PI,N 5> the total number of jumps from an interface to the neighboring one
should be of order vy := N/ TAS,. One can therefore conjecture that if vy — 400 the typical size of

Sy should be of order Ty - /vy = v/ N /Ty, while if vy remains bounded one should have Sy =< Ty.
In the case vy — 0, the polymer will never exit the interval (—Ty,+Ty). However, guessing the
right scaling in this case requires some care: in fact, due to the repulsive penalty 6 < 0, the polymer
will not remain close to the interface located at zero, as it were for 6 > 0, but it will rather spread
in the interval (—Ty,+Ty). We are therefore led to distinguish two cases: if Ty = O(v/N) then Sy
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should be of order Ty, while if Ty, > +/N we should have Sy =< +/N (of course we write ay < by iff
ay/by — 0 and ay > by iff ay /by — +00). We can sum up these considerations in the following

formula:
VN/Ty if Ty < N3
Sy < { Ty if (const)N'/3 < Ty < (const.)¥/N . (1.4)

VN if Ty> VN

It turns out that these conjectures are indeed correct: the following theorem makes this precise,
together with some details on the scaling laws.

Theorem 1.1. Let § < 0 and {Ty}yen € (2N)Y be such that Ty — 0o as N — oo.

(1) If Ty < N3, then Sy = /N /Ty. More precisely, there exist two constants 0 < ¢; < ¢y < 00
such that for all a,b € R with a < b we have for N large enough

SN

Cs 4/

¢ Pla<z<b] <P |a< <b| <c¢Pla<z<b], (1.5)

Ty
where Cs := 1t/+/e~® — 1 is an explicit positive constant and Z ~ (0, 1).

(2) If Ty ~ (const.)N/3, then Sy = Ty. More precisely, for every € > 0 small enough there exist
constants M,n > 0 such that VN € N

PN (ISyISMTy) > 1—¢e, PN (ISyI>nTy) > 1-c¢. (1.6)

(3) If N3 <« Ty < (const.)v/N, then Sy = Ty. More precisely, for every € > 0 small enough there
exist constants L,m > 0 such that VN € N

PV (0<|S,| < Ty, Vne{L,....N}) > 1—¢ PV (ISy|>nTy) > 1—-¢. (1.7)

N, n N> yeees - > N, N _'f) N - . .
(4) If Ty > VN, then Sy =< v N. More precisely, for every € > 0 small enough there exist constants
L,M,n > 0 such that VN € N
P]vafﬁ(o <|S)/<MVN, Vne{L,...,N}) > 1—¢, P§,75(|SN| >nVN) > 1—¢. (1.8)

To have a more intuitive view on the scaling behaviors in (1.4), let us consider the concrete example
Ty ~ (const.)N?: in this case we have

NI-9/2 jfo<qg< i
- - 3
Sy =< { N¢ if3<a<; (1.9)
N1/2 ifazé

As the speed of growth of Ty increases, in a first time (until a = %) the scaling of Sy decreases,
reaching a minimum N'/3, after which it increases to reattain the initial value N'/2, for a > %
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We have thus shown that the asymptotic behavior of our model displays two transitions, at Ty ~ v N
and at Ty ~ N'/3. While the first one is somewhat natural, in view of the diffusive behavior of
the simple random walk, the transition happening at Ty ~ N'/3 is certainly more surprising and
somehow unexpected.

Let us make some further comments on Theorem [1.1]

e About regime , thatis when Ty < N 1/3 we conjecture that equation can be strength-
ened to a full convergence in distribution: Sy /(C5+4/N/Ty) => A(0,1). The reason for the
slightly weaker result that we present is that we miss sharp renewal theory estimates for a
basic renewal process, that we define in As a matter of fact, using the techniques in
[7] one can refine our proof and show that the full convergence in distribution holds true in
the restricted regime Ty < N 1/ 6 but we omit the details for conciseness (see however the
discussion following Proposition [2.3).

In any case, equation implies that the sequence {Sy/(Cs5+4/N/Ty)}y is tight, and the
limit law of any converging subsequence must be absolutely continuous with respect to the
Lebesgue measure on R, with density bounded from above and from below by a multiple of
the standard normal density.

e The case when Ty — T € R as N — oo has not been included in Theorem [1.1for the sake of
simplicity. However a straightforward adaptation of our proof shows that in this case equation
(1.5) still holds true, with Cs replaced by a different (T-dependent) constant Cs(T).

e We stress that in regimes (3) and (4) the polymer really touches the interface at zero a finite
number of times, after which it does not touch any other interface.

1.3 A link with a polymer in a slit

It turns out that our model PIE’ 5 is closely related to a model which has received quite some attention
in the recent physical literature, the so-called polymer confined between two walls and interacting
with them [1}16; 18] (also known as polymer in a slit). The model can be simply described as follows:
given N, T € 2N, take the first N steps of the simple random walk constrained not to exit the interval
{0, T}, and give each trajectory a reward/penalization y € R each time it touches 0 or T (one can
also consider two different rewards/penalties y, and vy, but we will stick to the case yo =y =7).
We are thus considering the probability measure QK,’Y defined by

dQy , N
—(S) o exp YZ ls,—0ors=1} | > (1.10)
dPy i=1

where Plf,’T(-) :=P(-|0 <S; £ Tforall0 <i < N) is the law of the simple random walk con-
strained to stay between the two walls located at 0 and T.

Consider now the simple random walk reflected on both walls O and T, which may be defined as
{®7(S,)} >0, where ({S,},50, P) is the ordinary simple random walk and

®r(x) := min{ [x]y7,2T — [x]or}, with [x]pr = 2T (% B [%J) ’
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Figure 2: A polymer trajectory in a multi-interface medium transformed, after reflection on the
interfaces 0 and T, in a trajectory of polymer in a slit. The dotted lines correspond to the parts of
trajectory that appear upside-down after the reflection.

that is, [x],; denotes the equivalence class of x modulo 2T (see Figure |2| for a graphical descrip-

tion). We denote by PK,’T the law of the first N steps of {®1(S,)},>0. Of course, PK,’T is different from
PIf,’T: the latter is the uniform measure on the simple random walk paths {S,}o<,<y that stay in
{0, T}, while under the former each such path has a probability which is proportional to 2-'¥, where
M= Zfizl 1¢5,=0 or s,=} is the number of times the path has touched the walls. In other terms, we

have

dro” N
T (S) o< exp —(log2)2 ls.—0ors,=1} | - (1.11)
dpPy i=1

If we consider the reflection under ®; of our model, that is the process {®(S,)}o<,<y under PIE 5
whose law will be simply denoted by @T(Pﬁ 5)> then it comes

dq)T(P}\"[ 5) N
r,T’ (S) & exp 62 1{51:0 orS;=T} | - (1.12)
dpy =

At this stage, a look at equations (1.10)), and points out the link with our model:
we have the basic identity Q]E’g togz = <I>T(P§,’5), for all 5 € R and T,N € 2N. In words, the
polymer confined between two attractive walls is just the reflection of our model through ®, up to
a shift of the pinning intensity by log 2. This allows a direct translation of all our results in this new
framework.

Let us describe in detail a particular issue, namely, the study of the model QL’Y when T = Ty is al-
lowed to vary with N (this is interesting, e.g., in order to interpolate between the two extreme cases
when one of the two quantities T and N tends to oo before the other). This problem is considered in
(8], where the authors obtain some asymptotic expressions for the partition function Z, ,,(a, b) of
a polymer in a slit, in the case of two different rewards/penalties (we are following their notation,
in whichn =N, w =T, a = exp(y,) and b = exp(yr)) and with the boundary condition Sy = 0.
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Focusing on the case a = b = exp(y), we mention in particular equations (6.4)—(6.6) in [8]], which

for a < 2 read as
(const.) vn
Zn,w(a:a) ~ Wfphase 7 > (1.13)

where we have neglected a combinatorial factor 2" (which just comes from a different choice of
notation), and where the function fyyas.(x) is such that
3 _—m?x?/2

fohase(x) — 1 as x =0, fohase(X) &~ x”e as x — 00. (1.14)
The regime a < 2 corresponds to ¥ < log2, hence, in view of the correspondence & = y — log2
described above, we are exactly in the regime § < 0 for our model P}\} s- We recall (1.2) and,
with the help of equation (2.11)), we can express the partition function with boundary condition
Sy € (2T)Z as

T, {Sy€(2T)Z}
ZN,5 !

T, {SyETZ}

~ 0(1)Zy ~ 0(1)e?@TN g (N e 1),

where, with some abuse of notation, we denote by O(1) a quantity which stays bounded away from
0 and oo as N — oo. In this formula, ¢ (6, T) is the free energy of our model and ({7, },ez+, P5 1)
is a basic renewal process, introduced respectively in and below. In the case when T =
Ty — 00, we can use the asymptotic expansion for ¢ (8, T), which, combined with the bounds

in (2.21), givesas N, T — oo

0(1) VN3 m? N 2n? N N
T, {Sye(2T)Z} __ e T -
ZN,6 = v max{l,(—T ) }exp 5 T2+e‘5—1T3+O(T3) .

T, {Sye(2T)Z}

Since Z,/ ¢ = Z,(a,a), we can rewrite this relation using the notation of [18]:
(const.) vn nl/3 _2n?
Zpwla,a) ~ Tfphase — | gl — |, where g(x) ~ ec?1" asx — co.
n w w

We have therefore obtained a refinement of equations (I.13), (1.14)). This is linked to the fact that
we have gone beyond the first order in the asymptotic expansion of the free energy ¢ (5, T ), making
an additional term of the order N/ T]\3, appear. We stress that this new term gives a non-negligible (in
fact, exponentially diverging!) contribution as soon as Ty, < N/3 (w < n'/3 in the notation of [8]).
This corresponds to the fact that, by Theorem|[1.1] the trajectories that touch the walls a number of
times of the order N/ Tﬁ, are actually dominating the partition function when Ty < N'/3. Of course,
a higher order expansion of the free energy (cf. Appendix[A.1)) may lead to further correction terms.

1.4 Outline of the paper

Proving Theorem [1.1]requires to settle some technical tools, partially taken from [3], that we present
in Section [2| More precisely, in §2.1| we introduce the free energy ¢ (5, T) of the polymer and we
describe its asymptotic behavior as T — oo (for fixed 6 < 0). In §2.2| we enlighten a basic corre-
spondence between the polymer constrained to hit one of the interfaces at its right extremity and an
explicit renewal process. In §2.3|we investigate further this renewal process, providing estimates on
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the renewal function, which are of crucial importance for the proof of Theorem|1.1] Sections
and [6] are dedicated respectively to the proof of parts (1), (), (3) and (4) of Theorem [1.1] Finally,
some technical results are proven in the appendices.

We stress that the value of 6 < 0 is kept fixed throughout the paper, so that the generic constants
appearing in the proofs may be §-dependent.

2 A renewal theory viewpoint

In this section we recall some features of our model, including a basic renewal theory representation,
originally proven in [J3]], and we derive some new estimates.

2.1 The free energy

Considering for a moment our model when Ty = T € 2N is fixed, i.e., it does not vary with N, we
define the free energy ¢ (6, T) as the rate of exponential growth of the partition function Zg;’ 5 as
N — oo:
$(5,T) = lim — logz” - = lim — log E (e 2.1
N o N ool VI (6’)' .1

Generally speaking, the reason for looking at this function is that the values of 6 (if any) at which
6 — ¢(6,T) is not analytic correspond physically to the occurrence of a phase transition in the
system. As a matter of fact, in our case 6 — ¢(&,T) is analytic on the whole real line, for every
T € 2N. Nevertheless, the free energy ¢ (6, T) turns out to be a very useful tool to obtain a path
description of our model, even when T = Ty varies with N, as we explain in detail in For
this reason, we now recall some basic facts on ¢ (&, T), that were proven in [3]], and we derive its
asymptotic behavior as T — oo.

We introduce T{ :=inf{n > 0: S, € {—T,0,+T}}, that is the first epoch at which the polymer

visits an interface, and we denote by Q7(A) := E (e_’”{) its Laplace transform under the law of the
simple random walk. We point out that Qr(A) is finite and analytic on the interval (1}, c0), where
Ag < 0,and Qp(A) = o0 as A | )Lg (as a matter of fact, one can give a closed explicit expression
for Q(A), cf. equations (A.4) and (A.5) in [3]). A basic fact is that Q(-) is sharply linked to the
free energy: more precisely, we have

(5, T)=(Qr) (™), (2.2)

for every 6 € R (see Theorem 1 in [3]]). From this, it is easy to obtain an asymptotic expansion of
¢(6,T)as T — oo, for & < 0, which reads as

5 1) = 2 ) 4 1 1 9.3
¢(7 )__2,1..2( _6_5_1?_'_0(?)); (-)

as we prove in Appendix [A.1] We stress that this expansion is for fixed § < 0, in particular the term
o(1/T) in (2.3) does depend on 6.
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2.2 A renewal theory interpretation

We now recall a basic renewal theory description of our model, that was proven in §2.2 of [3]. We
have already introduced the first epoch TlT at which the polymer visits an interface. Let us extend
this definition: for T € 2N U {oo}, we set Tg =0and forjeN

T].T := inf{n > TJ.T_l : S, €TZ} and el = L 1, 2.4)

where for T = 0o we agree that TZ = {0}. Plainly, 77 is the j™ epoch at which S visits an interface
and e ; tells whether the j™® visited interface is the same as the (j — 1)® (8J.T = 0), or the one above

(sz = 1) or below (ejT = —1). We denote by ql}(n) the joint law of (77,¢]) under the law of the
simple random walk: .
qJT(n) = P(T{ =n, slT =j). (2.5)
Of course, by symmetry we have that q}(n) =qr 1(n) for every n and T. We also set
qr(n) := P(7] =n) = ¢%(n) + 2q7(n). (2.6)

Next we introduce a Markov chain ({(7}, £;)} >0, %5 r) taking values in (NU{0})x {—1,0, 1}, defined
in the following way: 7 := g, := 0 and under &5 1 the sequence of vectors {(7; — T;_1,€;)};>1 is
i.i.d. with marginal distribution

Psr(t1=n,6,=j) := ed q]%(n)e_‘ﬁ((s’T)”. 2.7)

The fact that the r.h.s. of this equation indeed defines a probability law follows from (2.2), which
T

implies that Q(¢ (8, T)) = E(e~?®T)71) = ¢=%_ Notice that the process {7;}j>0 alone under 5 r is

a (undelayed) renewal process, i.e. To = 0 and the variables {T; — 7;_1};>; are i.i.d., with step law

Psr(t1=n) = e® qT(n)e_¢(5’T)” = ¢ P(TlT =n)e 90N (2.8)

Let us now make the link between the law &5 ; and our model PIE s- We introduce two variables
that count how many epochs have taken place before N, in the processes ©! and 7 respectively:

Lyr :=sup{n>0: vl <N}, Ly :=sup{n>0: 7,<N}. (2.9)

We then have the following crucial result (cf. equation (2.13) in [3]]): for all N, T € 2N and for all
ke N, {ti}lfiﬁk S Nk, {O-i}lﬁifk S {—1 O +1}k we have

Plj\},g(LN,T k (Tl’l)_(t17o-)]—<l<k‘N€T)
(2.10)
= 9’5,T(LN=I<, (Ti,€i)=(t,~,ai),151§k‘Ner)

where {N € t} := ;- ,{7x = N} and analogously for {N € t7}. In words, the process {(T]T, T)}J

under P! 6( IN € ©T) is distributed like the Markov chain {(7},£;)}; under &5 (-|N € 7). It is
prec1se1y this link with renewal theory that makes our model amenable to precise estimates. Note
that the law %5  carries no explicit dependence on N. Another basic relation we are going to use
repeatedly is the following one:

E [ 1y | = D s (ke ), (2.11)

which is valid for all k, T € 2N (cf. equation (2.11) in [I3]).
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2.3 Some asymptotic estimates

We now derive some estimates that will be used throughout the paper. We start from the asymptotic
behavior of P(T{ =n) as n — o0o. Let us set

Y Y

2 1
g(T) := —logcos (;) =S 0] (F) s (T — ). (2.12)

We then have the following

Lemma 2.1. There exist positive constants Ty, cq,Cq, C3,C4 such that when T > T, the following rela-
tions hold for every n € 2N:
2!
min{T3,n3/2}
C3

min{T, /n} ¢

€
min{T3,n3/2}

—&(Mn (2.14)

—g(T)n

IA

P(zT=n) < e~&(Mn (2.13)

—&Mn < p(z7 > n) <

C4
———e
min{T, v/n}

The proof of Lemma [2.1]is somewhat technical and is deferred to Appendix[B.1] Next we turn to the
study of the renewal process ({7, },>0, Ps,r). It turns out that the law of 7; under % ; is essentially
split into two components: the first one at O(1), with mass e°, and the second one at O(T?), with
mass 1 — e? (although we do not fully prove these results, it is useful to keep them in mind). We
start with the following estimates on &5 ;(7; = n), which follow quite easily from Lemma

Lemma 2.2. There exist positive constants Ty, cy,Cq, C3,C4 such that when T > T, the following rela-
tions hold for every m,n € 2N U {+oo} with m < n:

‘1 —(g(T)+¢(6,T)k 2 —(g(T)+¢(6,1T))k
———e¢ ’ < Psp(ti=k) < ——————¢7¢ ’ (2.15)
min{ T3, k3/2} sr(T1=k) min{T3, k3/2}

Psp(m <7y <n) = ¢y (e ETHIGIIM _ ~(e(T1+9(6.10) (2.16)
Psr(t12m) < cqe @M+ Tm (2.17)

Proof. Equation (2.15)) is an immediate consequence of equations (2.8)) and (2.13). To prove (2.16),
we sum the lower bound in (2.15)) over k, estimating min{T>, k*/2} < T and observing that by (2.3)
and (2.12), for every fixed 6 < 0, we have as T — o0

2

g(T) + ¢(5,T) = % (1+0(1)). (2.18)

e %—1

To get ([2.17), for m < T? there is nothing to prove (provided c, is large enough, see (2.18))), while
for m > T? it suffices to sum the upper bound in (2.15) over k. O

Notice that equation (2.15]), together with (2.18)), shows indeed that the law of 7; has a component
at O(T?), which is approximately geometrically distributed. Other important asymptotic relations
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are the following ones:

65(6_5 —1)? 3 3

Esr(T1) = 2—77:2T + o(T"), (2.19)
5(,—5 3
e’(e™®—-1)

& r(13) = — T® + o(T®), (2.20)

which are proven in Appendix We stress that these relations, together with equation (A.6),
imply that, under 5 1, the time 7 needed to hop from an interface to a neighboring one is of order
T3, and this is precisely the reason why the asymptotic behavior of our model has a transition at
Ty ~ N'/3, as discussed in the introduction. Finally, we state an estimate on the renewal function
Ps r(n € 7), which is proven in Appendix

Proposition 2.3. There exist positive constants Ty, cq, ¢y such that for T > T, and for all n € 2N we
have

G

min{n3/2, T3}

Ca

< Psr(nert) L ——————.
st ) min{n3/2, T3}

(2.21)

Note that the large n behavior of (2.21) is consistent with the classical renewal theorem, because
1/8sr(v)~T ~3, by (2.19). One could hope to refine this estimate, e.g., proving that for n > T3
one has &5 1(n € 7) = (1+0(1))/ &5 r(71): this would allow strengthening part (I of Theorem|I.1]

to a full convergence in distribution Sy /(Cs+4/N/Ty) = (0, 1). It is actually possible to do this

for n > T®, using the ideas and techniques of [[7]], thus strengthening Theoremin the restricted
regime Ty < N'/® (we omit the details).

3 Proof of Theorem [1.1}: part (1

We are in the regime when N/ Tﬁ — 00 as N — oo. The scheme of this proof is actually very similar
to the one of the proof of part (i) of Theorem 2 in [3]]. However, more technical difficulties arise
in this context, essentially because, in the depinning case (6 < 0), the density of contact between
the polymer and the interfaces vanishes as N — oo, whereas it is strictly positive in the pinning case
(6 > 0). For this reason, it is necessary to display this proof in detail.

Throughout the proof we set v5 = (1 —e%)/2 and ky = [N/ &s,1,(71)]- Recalling (2.4) and (2.9),
we set YOTN =0 and Yl.TN = slTN +-- El-TN fori€{1,..., Ly} Plainly, we can write

T, .
SN = YLI\II\TTN . TN + SN » with |SN| < TN . (3.1)

In view of equation (2.19), this relation shows that to prove (I1.5) we can equivalently replace

Sy/(Cs+/N/Ty) with YLTbjfTN/,/vgkN.
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3.1 Step1l

Recall (2.7) and set Y;, = &; +---+¢, for all n > 1. The first step consists in proving that for alla < b
inR

Y
lim s, (a <M < b) — Pla<Z<b), (3.2)
N—o0 VﬁkN

that is, under &5 1, and as N — oo we have Y} /+/vsky = Z, where “=—>” denotes convergence
in distribution.

The random variables (¢,,..., ey), defined under &5 r, , are symmetric and i.i.d. . Moreover, they
take their values in {—1,0, 1}, which together with entails

g«S,TN(|81|3) = g&,TN((Sl)Z) — Vs as N — oo. (3.3)
Observe that ky — 0o as N — oo and &5 1, (71) = O(T]f’,), by (2.19). Thus, we can apply the Berry
Esseen Theorem that directly proves (3.2) and completes this step. O
3.2 Step 2

Henceforth, we fix a sequence of integers (Vy)y>; such that TI\B, < Vyy < N. In this step we prove
that, for all a < b € R, the following convergence occurs, uniformly in u € {0,...,2Vy}:

Y
lim P51, (a < N < b) = Pla<Z <Db). (3.4)
N—o00 VﬁkN

To obtain (3.4), it is sufficient to prove that, as N — oo and under the law &5 r, ,

Uy := Vi —7 and Gy:= sup Yino = Yo —0 (3.5)
N - N -« - . .
v vsky uef0,.., 2V} 4/ Vsky

Step 1 gives directly the first relation in (3.5). To deal with the second relation, we must show that
Ps1,(Gy > &) — 0as N — oo, for all £ > 0. To this purpose, notice that {Gy > ¢} C A’T\)’ UBgS,
where for n > 0 we have set

AY = {Ly —ky 2 nky} U {Ly oy, —ky < —nky} (3.6)
Yieti = Yiy | .
Bgﬁ::{sup{u ,le{—nkN,...,nkN}}Ze}. (3.7)
Vsky

Let us focus on &5 1, (AJ;’I ). Introducing the centered variables Ty := 7 — k- &5 1, (71), for k €N, by
the Chebychev inequality we can write (assuming that (1 — n)ky € N for notational convenience)

Ps 1, (Ly—ay, —ky < —nky) = P51, (Ta—nk, >N —2Vy)
= Ps,1y (%(1—n)k,\, >N —2Vy — (1 —n)ky&5 1, (71) = NN — 2Vy)
- (1 —n)ky Vars 7, (71) < N Vars 1, (71)
(NN —2Vy)? ~ (NN —2Vy)? &s,1,(71) .

(3.8)

2049



With the help of the estimates in 2.19), ([2.20), we can assert that Vars 1. (71)/&5 1, (71) = O(Tg).
Since N > Vy and N > Tf’,, the rh.s. of ([3.8) vanishes as N — oo. With a similar technique, we
prove that &5 r, (Ly — ky > nky) — 0 as well, and consequently P51, (A’%’) —0asN — oo.

At this stage it remains to show that, for every fixed ¢ > 0, the quantity &5 (Bg .) vanishes as
n — 0, uniformly in N. This holds true because {Y,,}, under &5 . is a symmetric random walk, and
therefore {(Yj,4; — Y, )%} j>0 is a submartingale (and the same with j — —j). Thus, the maximal
inequality yields

E g5:TN ((YkN+7]kN - YkN)z) < 27] éz,5sTN(€%) < 2_7] (3 9)

P51 (BY,) <
5’TN( n,g) & Vb'kN EVs EVs

We can therefore assert that the r.h.s in (3.9) tends to 0 as 1 — 0, uniformly in N. This completes
the step. O

3.3 Step3

Recall that ky = [N/&5 1, (71)]. In this step we assume for simplicity that N € 2N, and we aim at
switching from the free measure &5 1, to P51, (- |N € 7). More precisely, we want to prove that

there exist two constants 0 < ¢; < ¢, < 0o such that for all a < b € R there exists N, > 0 such that
for N > N, and for allu € {0,...,Vy} N 2N

Y,
cPla<Z<b) < ,9?’5’TN(a<LSb’N—uGT) < c,Pla<Z<b). (3.10)
vsky

A first observation is that we can safely replace Ly _, with LN—u—T,?, in (3.10). To prove this, since
ky — 00, the following bound is sufficient: for every N, M € 2N

(const.)
{zM‘N—uer) <

< v (3.11)

sup Ps,Ty (|YLN_u - YLN

73
u€f0,...,Vy }N2N Ty

Note that the Lh.s. is bounded above by &5 . (#{t N[N —u—T3,N —w)} > M |N —u€T).By
time-inversion and the renewal property we then rewrite this as

P51, (#{TN(0,TI} =M |N—uet) = P51 (ty <TE|N—uer)

Psr,(N-u—ner) (3.12)
c@g’TN (N —ue T)

Ty
< Z@g,TN (ty=n)
n=1

Recalling that N > Vy > Tﬁ and using the estimate (2.21]), we see that the ratio in the r.h.s. of
(3:12) is bounded above by some constant, uniformly for 0 < n < T3 and u € {0,..., Vy} N 2N. We
are therefore left with estimating &5 (ty < Tls) Recalling the definition 7 := 7, —k- &5 7(11) ~
T, — ckT? as T — oo, where ¢ > 0 by (2.19), it follows that for large N € N we have

P51 (tN[0,TI1=M) = P5p, (T < T3)
4M Vars 1, (71) - (const.)
M2:ré T M

- C
< Psr, (TM < —EMTg) <
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having applied the Chebychev inequality and (2.20). This proves (3.11)).

Let us come back to (3.10). By summing over the last point in T before N —u — Tﬁ (callit N —u —
TI?, — t) and the first point in 7 after N —u — Tﬁ (callitN —u— Tﬁ + ), using the Markov property
we obtain

vsky
3.13
N_ilg_u YLN— —T3—¢ ( )
= P51y (a <——=<b,N—-u-— Tg T) P51y (t1>1)-6% (1),
t=0 v vsky ’
where @g’N is defined by
Ty 3

P Ti=t+r) & T —rex

0! (1) = 22 P, (T ) P51, (Ty ) (5.14)

Ps 1, (N-uer) P51, (t1>1)

Let us set .% :={0,...,N —u— ij’,}. Notice that replacing ©f , (t) by the constant 1 in the r.h.s. of
(3.13), the latter becomes equal to

YLN

3

P, (a < < b) (3.15)
vsky

Since u + Ty < 2Vj for large N (because Vi > T3), equation (3.4) implies that (3-15] converges
as N — oo to P(a < Z < b), uniformly for u € {0,...,Vy} N2N. Therefore equatlon ) will be
proven (completing this step) once we show that there exists Ny such that ©Y . (t) is bounded from
above and below by two constants 0 < [; < [, < oo, for N > N, and for all u e {0,...,Vy} and
t €4y
Let us set Ky(n) := P51, (11 = n) and uy(n) := P51, (n € 7). The lower bound is obtained by
restricting the sum in the numerator of tore{l,..., T1\3/ /2}. Recalling that N > Vy > Tlf’,,
and applying the upper (resp. lower) bound in to uy (N —u) (resp. uN(TA3, —r)), we have that
for large N, uniformly in u € {0,...,Vy} and t € £},

T3/2 T3 /2
Zrié Ky(t+r)-uy(T3—r) - C_12 / Ky(t+71)
uy (N —u) ‘Z?oleN(f‘i‘j) T o Zj:lKN(f +7)

Then, we use (2.16) to bound from below the numerator in the r.h.s. of (3.16]) and we use (2.17) to
bound from above its denominator. This allows to write

oL () > (3.16)

3
) ¢ s (1 — e EIHOGET Ty
O (1) = . (3.17)
’ C2Cq

Moreover, (2.18)) shows that there exists mg > 0 such that g(Ty) + ¢ (5, Ty) ~ ms/ Tﬁ as N — oo,
which proves that the r.h.s. of (3.17) converges to a constant ¢ > 0 as N tends to co. This completes
the proof of the lower bound.
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The upper bound is obtained by splitting the r.h.s. of (3.14)) into

T3/2 TS /2
MKyt + ) uy(Ty =) 2N Ky (e 4+ T — 1) -uy(r)

Ry +Dy =
N N uN(N_u) 'Z;.ilKN(t‘i_]) uN(N_u) 'Z]:]KN(I:_‘_])

(3.18)

The term Ry can be bounded from above by a constant by simply applying the upper bound in (2.21])
to uy(To —r) forall r €{1,..., T3 /2} and the lower bound to uy (N — u). To bound Dy from above,
we use the upper bound in (2.15]), which, together with the fact that g(Ty) + ¢ (6, Ty) ~ ms/T3,
shows that there exists ¢ > 0 such that for N large enough and r € {1,..., TAB] /2} we have

C
Ky(t+ T3 —1) < = e (B(INFTEG. TV, (3.19)
N

Notice also that by (2.16) we can assert that

o0
D Ky (t+j) = ciem eI, (3.20)
=1

Finally, (3.19), (3.20) and the fact that uy(N —u) > ¢,/ Tﬁ forallu € {0,...,Vy} (by (2.21)) allow
to write

CZ v/ UN(T)

Dy < (3.21)

C1C3
By applying the upper bound in ( , we can check easily that Z o1 uN(r) is bounded from above
uniformly in N > 1 by a constant. ThlS completes the proof of the step. O

3.4 Step 4

In this step we complete the proof of Theorem (1), by proving equation (L.5), that we rewrite
for convenience: there exist 0 < ¢; < ¢y < 0o such that for all a < b € R and for large N € 2N (for
simplicity)

Ty
YL

clP(a<Z§b)<PN5(a< Sb) < ¢ Pla<Z <b). (3.22)

vsky

. . T, o
We recall (2.4) and we start summing over the location uy := 17 LZ . of the last point in 7V before
»IN

YLTN N YTN
PN (a< = sb) =y P;Ng(a< <b MN=N—€) P (uy =N —£). (3.23)
’ Vvsky =0 vsky ’

Of course, only the terms with { even are non-zero. We want to show that the sum in the r.h.s. of
. . N T,
(3.23) can be restricted to £ € {0,...,Vy}. To that aim, we need to prove that ZZZVN PN’Y(S (uN =

N — () tends to 0 as N — oco. We start by displaying a lower bound on the partition function Z 1?]5'
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Lemma 3.1. There exists a constant ¢ > 0 such that for N large enough

C
Z\N > . e O TN (3.24)

Proof. Summing over the location of uy and using the Markov property, together with (2.11]), we
have

4

z0 = E[e ”5(5)] =2 E[e 1y, - ]
r=0

E[" O 1, ey | PG >N = 1)

M= 1M

e? @I s (r e T)P(T >N —1). (3.25)

ﬂ
Il
o

From (3.25) and the lower bounds in (2.14) and (2.21)), we obtain for N large enough

o~ [8(5. Ty )+g(T)IN-r)

N
T, 6,TyIN

ZN > (const.) e?®Tn '
N5 ( ) ; min{vN — r + 1, Ty} min{(r + 1)3/2, Tﬁ}

At this stage, we recall that ¢(5,T) + g(T) = ms/T3+0(1/T3) as T — oo, with mg > 0, by (2.18)).
Since Tﬁ < N, we can restrict the sum in (3.26) to r € {N — Tl\s,, ..., N— TAZ,}, for large N, obtaining

(3.26)

$6 TN NZTG g $(5,TyIN

e +o (N—r) e

Z§N5 > (const.) ———— (TB)) > (const.’)T—, (3.27)
Tn r=N—T13 N

because the geometric sum gives a contribution of order TI\3,. O

We can now bound from above (using the Markov property and (2.11))

N-Vy N E(exp (H,%(S))1er;) - P(T1 >N — ()
Z P sluy =1) = Z ’ Ty
=0 Zys
XVI Psr,(LeT) e? @ P (1) >N —0)
T,
= ZN's
N-Vy Ty o190 Ty +g(TIN—-0)

< (const.) . , (3.28)
ZZ(:) min{(¢ + 1)3/2, Tﬁ} min{VN—Z,TN}
where we have used Lemma [3.1] and the upper bounds in (| and (2.21)). For notational conve-

nience we set d(Ty) = ¢(5, TN)—I—g(TN) Then, the estimate ({ and the fact that Vi > Ty imply
that

N—Vy N-Wy e~ d(TN)(IN=Vy—0)

P =1() < (const.)e 4(TWW

et (L $e200)
< (const.”)e ¢UN)'N —+ —_—
= 3

= L+ 1% = Iy

(3.29)
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Since d(Ty) ~ m5/T1\3,, with mg > 0, and Vy > TA3, we obtain that the Lh.s. of (3.29) tends to O as
N — o0.

Thus, we can write

T YLNT
PNN5 a< L <b
vsky
T, (3.30)

Vn Yy

= 3 ply D < b uy =N —€ | P (uy =N —€ b

- ZPN,é a< =bluy=N- PN,g(UN—N_ ) + en(a,b),
=0 vV Vskn

where ey(a, b) tends to 0 as N — oo, uniformly over a, b € R. At this stage, by using the Markov
property and (2.10) we may write

Ty Ty
T, YLNTN T, YLN—ZTN T
P/l a< — <bluy=N—-L ] =P ;|a< — <b|N—-Ler
vsky V' Vskn

= P <h<b
- T | @ viky
Of”N

N—EET).

Plugging this into ([3.30)), recalling (3.10) and the fact that ZZZ 0 PZIN s(uy =N—1£) — 1 (by (3.29)),
it follows that equation (3.22) is proven, and the proof is complete. O

4 Proof of Theorem 1.1} part

We assume that Ty ~ (const.)N/®> and we start proving the first relation in (T.6), that we rewrite
as follows: for every € > 0 we can find M > O such that for large N

s (ISyl>M - Ty) <e.

Recalling that L{, is the number of times the polymer has touched an interface up to epoch N, see
(2.9), we have |Sy| < Ty - (Ly 1, + 1), hence it suffices to show that

T
P.'s(Lyr, >M) <e. 4.1
By using (2.10) we have
Ty 1 HIN(9)
PN’5(LNT>M) = ZTN Ele l{LNTN>M}
N,§

1 N
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By (2.14) and (2.12)) it follows easily that

2
(const.) e—Z“TI%N
Iy

zIv

T,
NG 2 P(t,">N) =

(4.2)

(note that this bound holds true whenever we have (const.)N1/4 < Ty < (const.)v/N for large N).

Using this lower bound on Z ;N5, together with the upper bound in (2.14)), the asymptotic expansions

in (2.18) and (2.12), we obtain

N
1
T, T,
PY (Lyr>M) < (const.)T, P L.y >M, ret'~ .
W (bt ) N rz:(:) s (L ) min{vN —r +1, Ty}

The contribution of the terms with r > N — T]% is bounded with the upper bound (2.21):

T i 1 1 < (const.) 0 N )
—_— < —_— — 00),
N T3 VN—r+1 Ty

_ 2
r=N-Tg

while for the terms with r <N — Tﬁ we get

N
1
Ty Z‘O]’&TN (Lr,TN >M,re TTN) E = &s,1y ((LN,TN - M)l{LN’TN>M}) .
r=0

Finally, we simply observe that {Ly 1, =k} & ﬂi.{zl{fi —T,_1 <N}, hence

k
P51 (Lyr, =k) < (P51, (11 <N))" < X,

with 0 < ¢ < 1, as it follows from (2:16) and (2.18) recalling that N = O(T5). Putting together the
preceding estimates, we have

T,
PNA,,(S (LN,TN > M) S (Const.)gﬁ’TN ((LN,TN - M)I{LN,TN>M})

o0
= (const.) Z (k —=M)P5 1, (Ly 1, = k)
k=M+1

o0
< (const.) Z (k—M)ck < (const.)cM,
k=M+1

and (4.1) is proven by choosing M sufficiently large.

Finally, we prove at the same time the second relations in ((1.6) and (1.7), by showing that for every
€ > 0 there exists 1) > 0 such that for large N

T,

whenever Ty satisfies (const.)N'/3 < Ty < (const.”)v/N for large N. Letting P, denote the law of
the simple random walk starting at k € N and 7{° its first return to zero, it follows by Donsker’s
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invariance principle that there exists ¢ > 0 such that info<<,, 7, P(77° < nZTI\z, , 8 <TyVi<t{)=>
c for large N. Therefore we may write

NIy

ey (ISl <0 Ty) = ZLN ZE[‘&H}%(S) 1{|sN|=k}]
N,5 k=0
1 nTy 1°T3 Iy
< ZTN5 kz(:) uz(:) E [eHN,g(S) 1{|SN|=k}] P(tP=u, S;<TyVi<u)
N.G k=0 u=
1 A sy HN (S)
B lel,vé ;) uz:(:) E[e Vo Lisyl=k} sy l<Ty Visu} 1{SN+u:0}] )

Performing the sum over k, dropping the second indicator function and using equations (2.11)),

(2.21) and (2.3)), we obtain the estimate

n*Ty
To Z |:e N+u5( )1{N+u€rTN}]
5 u=0

Py ISy < Ty) <

1 Ty T2 -2y
< e? TN+ Psr,(N+uer) < (const.) N3 2
cZy' N5 u=0 ZN 5N
Then (4.2) shows that equation (4.3) holds true for 1) small, and we are done. O

5 Proof of Theorem [1.1} part (3)

We now give the proof of part of Theorem More precisely, we prove the first relation in
(1.7), because the second one has been proven at the end of Section [4| (see (4.3) and the following
lines). We recall that we are in the regime when N 15 <« Ty < (const.)v/N, so that in particular

N
C := inf — > 0. 5.1
I\IIIéNTI% C

We start stating an immediate corollary of Proposition

Corollary 5.1. For every € > 0 there exist Ty > 0, M, € 2N, d, > 0 such that for T > T,

d, 13

Z Psr(ket) <.
k=M,

Note that we can restate the first relation in (1.7) as P (T S L) > 1 —¢. Let us define three
intermediate quantities, by setting for [ € N

B,(I,N) = P;’fg(rfl’:j <1)z%, (5.2)
By(LN) = P (<7t <N-nTg) 2%, (5.3)
By(N) = P (7Y >N —nT3) 2,5, (5.4)
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where we fix 1) := C/2, so that nTAz, < N/2. The first relation in (1.7) will be proven once we show
that for all € > 0, there exists [, € N such that for large N we have

By(L,,N Bs(N
BlloN) _p ana B (5.5)
B].(l&"N) Bl(le:N)
We start giving a simple lower bound of B;: since {sz . = l}> {TIN > N}, we have
»IN
HIV ($) Ty (const.) —%N
By(I,N) > E[e N5 I{T{N>N}] = P(rIV>N) > e (5.6)

Ty

having applied the lower bound in (2.14)). Next we consider B,. Summing over the possible values
of fo . and using (2.11), we have
»IN

N-nT2 -
By(L,N) = Z E[eHn’S(S) l{nerTN}] 'P(T{N >N — n)

n=l+1
N-nT2

= Z P51, (ne1)e? @ p (N > N —n) (5.7)
n=l+1
(const.) -Z>N N

T DI NG

N n=l+1

where we have applied the upper bound in (2.14) and the equalities (2.3) and (2.12) (we also
assume that nTﬁ € N for simplicity). Since N < T3, by Corollary we can fix [ = [, depending
only on ¢ such that B,/B; < ¢ (recall (5.6)). Finally we analyze B3(N): in analogy with (5.7) we
write

N
B3(N) < Z P51, (n€T) e®(8.Tyn P(TlTN >N —n)

n=N-nTg+1
2 N / 2
—ZI5N (const. const. -Z-N 1
< e % Z _(const.) < (const.")e *N —,
T VvN—-—n+1 Ty

N n=N-nT2+1

where we have applied the upper bounds in (2.14) and (2.21) (note that n > (C/2) Tl\z,). Therefore
B;/B; < ¢ for N large, and the first relation in (1.7) is proven.

6 Proof of Theorem [1.1}: part (4)

We now assume that Ty, > +/N, that is

lim — = 0. (6.1)
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The proof is analogous to the proof of part (3)), given in Section[5] We set for I € N

B,(I,N) = P;’YE(TZZ, )ZN - 6.2)
By(I,N) = P]vafg(l <7 Iv <N/2) s (6.3)
By(N) = P]vafg(rf >N/2) s (6.4)
and we first show that for every ¢ > 0 we can choose [, € N such that for large N
B,(l,,N Bs(N
z(s ) < and 3( ) < ¢. (6.5)
Bl(lz-:’N) Bl(ls,N)
We start with a lower bound: since {T < [}> {T > N}, by (2.14) we have
LLN) > B[ o p(l s ) » ot 6.6
1( ) |:e TN>N}] — (Tl > ) ol m ( . )
Next consider B,. Summing over the possible values of sz . and using (2.11), we have
AN
N/2 "
By(ILN) = D E [erﬁ(S) 1{,@@”] P(t]" >N —k)
k=1
N2 (6.7)
= Z‘@&Tw(k e 1) ef@Tnk P(TITN >N —k)
k=1

(we assume that N/2 € N for notational convenience). By the upper bound in (2.14) we have
P(T{N >N —k) <(const.”)/v'N — k. Since ¢(6, Ty) <0, we obtain

(const.) [ & )
B,(I,N) < Psr,(keT) |,

which can be made arbitrarily small by fixing [ = [, thanks to Corollary[5.1] hence we have proven
that B,/B; < ¢ for large N. In a similar fashion, for B; we can write

N
By = Z Ps 1, (n € T)e(p(é’TN)nP(T{N >N —n)
n=N/2+1

< 0) i 1 1 (const) Z - (const.”)
< (const. )
_ n3/2 \/T (N/2)3/2 =N Ta41 \/T N

where we have used the upper bounds in ( and (2.14) as well as the fact that ¢ (5, Ty)n = o(1)
uniformly in n < N, by (2.3). Therefore for large N we have Bs/B; < ¢ and equation (6.5) is proven.
This implies that, for every ¢ > 0, there exists [, € N such that for large N

T, T,
PNA”é (TLx,TN <l)>1-c¢. (6.8)
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Next we turn to the proof of the both relations in (1.8)) at the same time. In view of (6.8), it suffices
to show that, for every ¢ > 0, we can choose M € N and 7 > 0 such that for large N

P;IYE ({T&TN < lg} N ({sup S, >M\/N} U {ISNI < n«/ﬁ})) <e. (6.9)

n<N
Summing over the values of TZI:I . and using (2.11)), the Lh.s. of is bounded from above by
AN

-1

Z ‘@5,TN (u € T) e¢(5’TN)uAN,u(M> T’) )
u=0
where
P({t]" > N —u} N ({supucy_y ISul > MVN} U{|Sy_u| < nVN}))
AN,u(M:n) = ZTN .
N,5

Therefore equation ([6.9) will be proven once we show that we can chose M,n such that
Ay (M,n) < g/l,, for N large. For the partition function appearing in the denominator, applying

(6.2) and we easily obtain Z;A”g > (const.)/V/N. Setting N, := N — u for short, the numerator
in the definition of Ay ,(M, 1) can be bounded from above by

P(]S;| >0, Vi <N,) -p({ sup |S, | >M\/N} U {|3Nu| < m/ﬁ} ' IS;| >0, Vi SNH).
n<N,

It is well-known [4] that P(|S;| > 0, Vi < n) < (const.)/+/n. Recalling the weak convergence of the
random walk conditioned to stay positive toward the Brownian meander [2]], we conclude that for
every fixed u < [, and for large N we have the bound

Ay (M,n) < (const.)P({ sup m, > M} u{m; < n}) . (6.10)

0<t<1

We can then choose M large and 1 small so as to satisfy the desired bound Ay ,(M,n) < ¢/1,, and
the proof is completed. O

A On the free energy

A.1 Free energy estimates

We determine the asymptotic behavior of ¢(6,T) as T — oo, for fixed 6 < 0. By Theorem 1 in [3],
we have Q7 (¢(5,T)) =e™°, and furthermore

—22
0r(0) = 14 Vo2 1. L7cos (Tarctan Ve 2 1) |
sin (T arctan m)
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see, e.g., equation (A.5) in [3]. If we set

y =y(5,T) :=arctan e 2¢(5.T) — 1 | (A1)

we can then write

Qr (y(6,T)) = e 0 where Q(y) = 1+tany- 1_,CO—S(TY). (A.2)
sin(Ty)

Note that y — Q(y) is an increasing function with Q;(0) = 1 and Q;(y) — 400 as y 1 %, hence

0 < y(5,T) < Z. So we have to study the equation Qr(y) =e®foro<y< Z. An asymptotic

expansion yields
1 —cos(T
‘ (TY) _ 5 _ 1,
sin(Ty)
where here and in the sequel o(1) is to be understood as T — oo with 6 < O fixed. Setting x = Ty
gives

(1+o(1)y-

1—cosx _5
1+0(1))x-——— =T(e°—1),
sin x
where 0 < x < 7. Since the r.h.s. diverges as T — 0o, x must tend to 7 and a further expansion

yields
27 _5
(1+0(1) ——=T("°-1),
mT—X

from which we get x = 7w — 6,25"_1 %(1 + 0(1)) and hence, since y(5,T) = %,

(5T)—7T 1
A R

(1+0(1)). (A.3)
Recalling (A.I)), we have

T 27 1
e 20067 _1 = tan| — — ——— —(14+0(1 .
v — 7z(1+0(1)

T 9

Since the function A — arctan v/ e~2* — 1 is decreasing and continuously differentiable, with non-
vanishing first derivative, it follows that

o6, = - (14 L, (] (A4)

5 = - - — o\ = 5 .
272 e ®—1T T

so that equation (2.3) is proven. O

A.2 Further estimates

We now derive some asymptotic properties of the variables (7,,€;) under &5y, as T — oo and for
fixed 6 < 0.

We first focus on QlT(qb(S, T)), where QlT()L) = E(e‘“f l{glrzl}) = ZneNe_A”q%(n). In analogy
with the computations above, by equation (A.5) in [[3]] we can write

tany

Q1(¢(5,T)) = Q4(r(5,T)), where  Qp(y) := 28in(T7)’

2060



so that from (A.3)) we obtain as T — 0o

1 T 1 e ®—1
Qr(¢(6,T)) = ?2_2—71.1(14‘0(1)) — (A.5)
e 1T
In particular, by (2.7) we can write as T — oo
2 5 A1 1-¢°
Esr(e7) = 2P5p(e1=+41) = 2e°Qr(¢(5,T)) — (A.6)

Next we determine the asymptotic behavior of &5 1(71) as T — oo for fixed 6 < 0. Recalling (2.8)
we can write

8,(t1) = € Y ngr(m)e ?@" = —° . Q1 (¢(5, 1)), (A7)
neN

&5.7(t3) = € > nPqr(n)e ?@TN = 2. Q($(5,T)), (A8)
neN

hence the problem is to determine Q7(A) for A = ¢(§,T). Introducing the function y(A) :=
arctan \/ e~2* — 1 and recalling (A.2)), since Q = QT oy it follows that

QW) = QL (r() - Y'(W), (A.9)
Qr(A) = y"(A)- Qp(r(A) + (¥’ (W) - Q(y(L)). (A.10)
By direct computation
~, _ 1cos(Ty) 1 Ttany
Q) = sin(Ty) (coszy sin(Ty)) ’ (A11)
5(r) — 1—cos(Ty) 2T N 2siny T?tany a (T1) (A12)
Qlr) = sin(Ty) (sin(Ty) cos?x  cos®x  sin®(Ty) sy )’ ’
and
1 —2A
) = Z0) PN —
r'(A) — T () (212

Recalling (A.7) and (A.I)), we have
&5,r(t1) = =€ - QL (y(8,T))-v'(¢(5,T)).
Now the asymptotic behaviors (A.3)) and (A.4) give

~, e % -1 (e7®—1)2 5 , T
T 27 T
and
=/ (6_6 - 1)3 4 4 /7 T3 3
Qr(v(6,T)) = TT + o(T%), " (¢(5,T)) = =) + o(T7).
Combining the preceding relations, we obtain
50,6 2 5
e®(e™® =1 1—e
& r(t1) = ¥T3 + ——T2 + o(T?),
s 271.2 7'C2
5(,—6 3
o €0(eT?=1) o 6
&, r(t]) = —a  F o(T),
which show that equations (2.19) and (2.20) hold true. O
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B Renewal theory estimates

This section collects the proofs of Lemma[2.1]and Proposition [2.3]

B.1 Proof of Lemma 2.1]

We recall that, by equation (5.8) in Chapter XIV of [4], we have the following explicit formula for
qJT(n) (defined in (2.5)):

2 [(T-1)/2] v v
qg(n) = (? Z cos" 2 (T) sin? (T)) “1inis eveny »

v=1
(T-1)/2] (B.1)
1 1 § : vl n=2 [TV \ . 2f TV
qT(n) = ? i (_1) Cos T sin T : 1{n—T is even} »
hence qr(n) = P(t] =n) =q%(n)+2q7(n) is given for n and T even by
[(T+2)/4]
4 2v-1Dm= 2v—-1)m
n—2 .2

-2y won =), B.2
qr(n) T 2, cos ( T ) sin ( T ) (B.2)

(notice that | (T —1)/2] =T /2 —1 for T even).
We split (B.2) in the following way: we fix € > 0 and we write

P(t] =n) = Vp(n) + Vi(n) + Vy(n), (B.3)

Vo(n) := %cos”_2 (%) sin? (%) ,
€T} _ _
Vi(n) = ; Z cos™" 2 (—(21/ - 1)75) sin? (—(ZV T 1)71) ,

where we set

v=2
[(T+2)/4]
4 2v—1)m 2v —1)m
i = 2 e (R0 g (@107
T T T
v=|eT|+1
Plainly, as T — oo we have
4’ —g(Thn
VO(H) = F (1 + 0(1)) e y (B4)

where o(-) refer as T — oo, uniformly in n. Next we focus on V;: for £ small enough and x € [0, 7e]

we have log(cos(x)) < — % and since sin(x) < x we have

3 J

an? L roy —1\2 _wo? o >0 2
Viln) £ — Z ( ) e T < (const.) xZe™ 5 dy
2/T

<
T Za\ T
v=2 “ , ) , (BS)
_ (const.) yze_nsjyz dy < (const. )C_% < (const. )e_g(T)”,
), 372 372
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where the last inequality holds for T large by (2.12). The upper bound on V; is very rough: since
sin(x) < x and cos(x) < cos(me) for x € [e, /2], we can write

2 L(T+2)/4]
cos"2(re) Z v? < (const.) cos"(me). (B.6)
v=[eT]+1

167
Va(n) <

Finally, we get a lower bound on V; + V,, but only when 400 < n < T2. Since log(cos(x)) > —%xz

and sin(x) > % for x € [0, /4], we can write

2 |T/8] 2 2 rl1/4
s 2v —1 nn? [ 2v— T 2
Vi(n)+Vy(n) > — E ( ) e T > —f x2e= 5 dy
2 4

v=2 /T
B.7
m? /4 2 2 m? > 2 2 (const.) ®7)
= 7 y2e Y dy > 32 y2e 3Y dy = R
2n 4yR)T 2n 4 n

Putting together (B.4), (B.5) and (B.6)), it is easy to see that the upper bound in (2.13)) holds true
(consider separately the cases n < T2 and n > T2), while the lower bound follows analogously from

(B.4) and (B.7). To see that also equation (2.14) holds it is sufficient to sum the bounds in (2.13)
over n, and the proof is completed. O

B.2 Proof of Proposition
For convenience, we split the proof in two parts, distinguishing between the two regimes n < T3
and n > T3.

B.2.1 The regimen < T3

The lower bound in (2:21)) for n < T? follows easily from &5 1(n € ) > @5 (7, = n) together with
the lower bound in (2.15)). The upper bound requires more work. We set for k,n € N

Ki(n) = K (n) := @5 r(t=n),

3
and we note that, by (2.16) and (2.18)), there exists T, > 0 and a < 1 such that Zzzl Ki(n) < a,
for every T > T,. Since Kj.1(n) = Zz;ll K, (m)K;(n — m), an easy induction argument yields

T3
D Ki(n) < of,  VkeN. (B.8)
n=1

Next we turn to a pointwise upper bound on K;(n). From the upper bound in (2.15)), we know that
there exists C > 0 such that K;(n) < C/min{n®?2, T3} for every n < T>. We now claim that
C

S — VkeN, Vn<T3. B.9
min{n3/2, T3} (B-9)

K. (n) < k3 ak1
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We argue by induction: we have just observed that this formula holds true for k = 1. Assuming now
that the formula holds for k =1,...,2m — 1, we can write for n < T3

[n/2] [n/2] C
Kyn(n) <2 ) K (D)Kp(n—i) <2 ) K, (i) mia™! ,
2m () ;} (D) Kn(n —1) ;} m()( min{(n_i)g/zjs})

and since min{(n — )*/2, T} > min{(n/2)%2, T3} > 2732 min{n3/2, T3} for i in the range of sum-
mation, from (B.8) we get

C [n/2] C

min{n3/2, T3} ; m(l) < (2m) min{n3/2, T3}

so that is proven (we have only checked it when k = 2m, but the case k = 2m+1 is completely
analogous). For n < T2 we can then write

N C > (const.)
Psr(nert) = Kn) < ———— ) kPafl = ——— = |
1 ) kZ(:) () min{n3/2, T3} ; min{n3/2, T3}
hence the upper bound in (2.21)) is proven. O

B.2.2 The regime n > T3

We start proving the lower bound in ([2.21) for n > T3. Setting y,, := inf{k > m : k € T} we can
write

Psr(ner) > 37’5,T(Tﬂ[n—T3,n—1] #0,ner)

n—1
(const.)
= Z Psr(Un-12=k) Psr(n—keT) = T%,T(m[n—T?’,n—l]#@),
k=n-T3

where we have applied the lower bound in (2.:21)) to &5 (n —k € 7), because n — k < T3. 1t then
suffices to show that there exist c, T, > 0 such that for T > T, and n > T*

Psr(tnn—Tn—11#0) > c.
We are going to prove the equivalent statement
Psr(tnn—-T*n—-11#0) = CPsr(tN[n—T%n-1]1=0), (B.10)

for a suitable C > 0. We have

n—T3-1 n—1
Psr(tnn-T>n—-1]1#0) = Z Psr(ler) Z Ps r(t1=k—1)
(=0 k=n—-T3
(B.11)
n—T3-1
> (const.) Z Psr(Ler) (e—(¢(6,T)+g(T))(n_T3—IZ)_e—(¢(6,T)+g(T))(n—l)) ,
=0
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having applied (2.16). Analogously, applying (2.17) we get

n—-T3-1 00

Psr(tnn-Tn-1]1=0) = > P5;((e1) Y Psr(r;=k—0)

. = e (B.12)
n—-T°>-1

< (const.) Z s 1 (0 € 1) e @O0

=0
having used the upper bound in (2.13). However we have

e~ (@B T)+g(TN(-T°~0) _ ,—(¢(5,T)+8(T))(n—0) 5 T 2n2
= T (@(5,T)+8(T)) _ 1 * e -1 — 1
o (95, 1)+ g(TN(n—0) ’
thanks to (2.18)), so that (B.10) is proven.
It remains to prove the upper bound in (2.21)) for n > T3. Notice first that
n—T?
Psr(tnn— T3n—T?1#0,net) = Z Ps1(Ynr3 =k)Psr(n—ker)
k=n-T3
(const.) (const.)
= T'@&T(Tﬂ [n—T3n—T?]1#0) < =

having applied the upper bound in (2.21) to &5 r(n — k € 7), because T2 <n—k < T3. If we now
show that there exist ¢, T, > 0 such that for T > T, and for n > T3

Psr(tnn—T*n-T?1#0|ne7) > c, (B.13)

it will follow that

(const.”)
T3

1 3 2
Psrner) < —Psr(tNn—-T°,n—T*]#0,ner) < ,
, -7
and we are done. Instead of (B.13]), we prove the equivalent relation
Psr(vnn— T3,n—T*]#0,net) > CPsr(vnn— T3,n—T?*]=0,ne1), (B.14)

for some C > 0. We start considering the L.h.s.:

Psr(tnNn—-T*n—T?]#0,ne7)

n—T3—1 n—TZ
(B.15)
= Psr(met) > Pso(ti=L—m)Psr(n—Len).
m=0 {=n—-T3

Notice that Z5 r(n—{ € 7) > (const.)/ T2 for n — £ € 2N by the lower bound in ([2.2I)). Equation
(2.16) then yields

n—T2

Z Ps (1, =L —m) > (const.) (e—(¢(6,r)+g(T)xn—T3—m> _e—(¢(6,r)+g(r))(n—T2—m))
{=n—T3

= (const.) e @@EDFTEMN-T=m) (1 _ ,—(#(8,T)+g(TT*~T%))

> (const.) e @EDTEMNM=T*-m) > (coner ) ($(E.TI+g(TNn—m)
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having used repeatedly (2.18]). Coming back to (B.15]), we obtain

Psr(tNn—-T>n—T?1#0,ne7)

n—-T3-1
> (const.) Z Ps r(m & 7) e~ @EDHDN-m) (B.16)
T m=0

Next we focus on the r.h.s. of (B.14):
Psr(tnn—-T*n—-T?]=0,ne7)
n-T-1 (B.17)
Z Ps.r(me 1) Z Psr(t1=L—m)Psr(n—LET).

=0 {=n—T?

Since { —m > T3 — T2, from the upper bound in (2.15) we get

/
Doy =l —m) < OB o myrare-m < (COBED o5 myeg(rn-m)
5,T(T1 = T3 S T3 ,

because n—{¢ < T2 (recall (2.18))). Furthermore, by the upper bound in 1) applied to 5 r(n—{ €
1), for n — € < T?, we obtain

Z Psr(n—Let) < (const.) Z )3/2 < (const.),

{=n—T? ZnT2

and coming back to (B.17)) we get

Psr(tnn—-T*n—T?]=0,ne7)

(const.”) "Lt B18)
= T3 Z Ps.r(m e 1) e (PETHTN=m)
m=0
Comparing (B.16) and (B.18) we see that (B.14) is proven and this completes the proof. 0
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