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1 Introduction

This article contains a result on a stochastic flow X} of reflected Brownian motions in a smooth
bounded domain D € R", n > 2. We will prove that for some stopping times o, defined later in the
introduction, the mapping x — X7 is differentiable a.s., and we will identify the derivative with a
mapping already known in the 11terature

We start with an informal overview of our research project. We call a pair of reflected Brownian
motions X, and Y, in D a synchronous coupling if they are both driven by the same Brownian motion.
To make things interesting, we assume that X, # Y. The ultimate goal of the research project of
which this paper is a part, is to understand the long time behavior of V, := X, —Y, in smooth domains.
This project was started in [BCJ], where synchronous couplings in 2-dimensional smooth domains
were analyzed. An even earlier paper [BC] was devoted to synchronous couplings in some classes
of planar non-smooth domains. Multidimensional domains present new challenges due to the fact
that the curvature of 9D is not a scalar quantity and it has a significant influence on V,. Eventually,
we would like to be able to prove a theorem analogous to the main result of [BCJ], Theorem 1.2.
That theorem shows that |V,| goes to 0 exponentially fast as t goes to infinity, provided a certain
parameter A(D) characterizing the domain D is strictly positive. The exponential rate at which |V, |
goes to 0 is equal to A(D). The proof of Theorem 1.2 in [BCJ] is extremely long and we expect that
an analogous result in higher dimensions will not be easier to prove. This article and its predecessor
[BL] are devoted to results providing technical background for the multidimensional analogue of
Theorem 1.2 in [BCJ].

Suppose that |V,| is very small for a very long time. Then we can think about the evolution of V,
as the evolution of an infinitesimally small vector, or a differential form, associated to X;. This idea
is not new—in fact it appeared in somewhat different but essentially equivalent ways in [A; IW1;
IW2; H]. The main theorem of [BL] showed existence of a multiplicative functional governing the
evolution of V;, using semi-discrete approximations. The result does not seem to be known in this
form, although it is close to theorems in [A; IW1; H]. However, the main point of [BL] was not
to give a new proof to a slightly different version of a known result but to develop estimates using
excursion techniques that are analogous to those in [BCJ], and that can be applied to study V.

Suppose that for every x € D we have a reflecting Brownian motion X ¥ in D starting from Xy =x,
and all processes X, x € D, are driven by the same Brownian motion. For a fixed x, € D, let o, be
the first time t when the local time of X*© on d D reaches the value r. The main result of the present
article, Theorem|(3.1, says that for every r > 0, the mapping x — X is differentiable at x = x; a.s.,
and the derivative is a linear mapping defined in Theorem 3.2 of [BL]

The differentiability in the initial data was proved in [DZ] for a stochastic flow of reflected diffusions.
The main difference between our result and that in [DZ] is that that paper was concerned with diffu-
sions in (0, 00)", and our main goal is to study the effect of the curvature of dD. The results in [DZ]
have been transferred to SDEs in a convex polyhedron with possibly oblique reflection—see a paper
by Andres [An1]. A new preprint by Andres [An2] goes much further, proving differentiability in
the initial condition for a large class of solutions to reflecting SDE’s in smooth domains, generalizing
the results of this paper. An effective representation of the derivative is a subtle issue; it is tackled
in different ways in the present paper and in [An2]. The author has recently learned about a series
of papers by Pilipenko [P1; P2; P3]. They discuss differentiability of stochastic flows in initial data
in a generalized sense. The article [P4] is posted on Math ArXiv; it is a review and discussion of
Pilipenko’s previously published results. Differentiability of a stochastic flow of diffusions (without
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reflection) in the initial condition is a classical topic, see, e.g., [K], Chap. II, Thm. 3.1.

Our main result can be considered a pathwise version of theorems proved in [A; H; IW1] and
[IW2], Section V6 (see also references therein). In a sense, we exchange the operations of taking
the derivative with respect to the initial condition and the operation of transporting a (non-zero)
vector along the trajectories of the process. To be more precise, the publications cited above are
concerned with the motion of differentiable forms—this can be interpreted as taking the limit in the
first place, so that the difference in the initial condition is infinitesimally small. A similar approach
was taken in [BL]. In this paper, the derivative in the initial condition is taken at a (random) time
greater than zero. Hence, our main theorem is closer in spirit to the results in [LS; S; DI; DR].
There is a difference, though. The articles [LS;|S; DI; DR] are concerned with the transformation of
the whole driving path into a reflected path (the “Skorokhod map”). At this level of generality, the
Skorokhod map was proved to be Holder with exponent 1/2 in Theorems 1.1 an 2.2 of [LS] and
Lipschitz in Proposition 4.1 in [S]. See [S] for further references and history of the problem. Under
some other assumptions, the Skorokhod map was proved to have the Lipschitz property in [DI; DR].
Articles [MM] (Lemma 5.2) and [MR] contain results about directional derivatives of the Skorokhod
map in an orthant, without and with oblique reflection, respectively. The first theorems on existence
and uniqueness of solutions to the stochastic differential equation representing reflected Brownian
motion were given in [T]. Some results on stochastic flows of reflected Brownian motions were
proved in an unpublished thesis [W]. Synchronous couplings in convex domains were studied in
[CLJ1; CLJ2], where it was proved that under mild assumptions, V; is not 0 at any finite time.

The proof of the main result depends in a crucial way on ideas developed in a joint project with
Jack Lee ([BL]). I am indebted to him for his implicit contributions to this paper. I am grateful to
Sebastian Andres, Peter Baxendale, Elton Hsu and Kavita Ramanan for very helpful advice. I would
like to thank the referee for many helpful suggestions.

2 Preliminaries

2.1 General notation

All constants are assumed to be strictly positive and finite, unless stated otherwise. The open ball in
R" with center x and radius r will be denoted %(x,r). We will use d(-, -) to denote the distance
between a point and a set.

2.2 Differential geometry

We will review some notation and results from [BL]. We will be concerned with a bounded domain
D C R, n > 2, with a C? boundary dD. We may consider M := 3D to be a smooth, properly
embedded, orientable hypersurface (i.e., submanifold of codimension 1) in R", endowed with a
smooth unit normal inward vector field n. We consider M as a Riemannian manifold with the
induced metric. We use the notation (-,-) for both the Euclidean inner product on R" and its
restriction to the tangent space 7, M for any x € M, and |-| for the associated norm. For any x € M,
let ,: R" — Z, M denote the orthogonal projection onto the tangent space J, M, so

n,z =z — (z,n(x))n(x), 2.1)
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and let & (x): .M — T, M denote the shape operator (also known as the Weingarten map), which
is the symmetric linear endomorphism of &, M associated with the second fundamental form. It is
characterized by

S (x)v=—-3,n(x), veI.M, (2.2)

where &, denotes the ordinary Euclidean directional derivative in the direction of v. If y: [0, T] — M
is a smooth curve in M, a vector field along y is a smooth map v: [0, T] — M such that v(t) € TyioM
for each t. The covariant derivative of v along y is given by

2,v(t) ==V (£) = (v(6), Z (y(0))y"(O))n(y(t))
= V() + (v(t), 0, (n o y)(£))n(y(¢)).
The eigenvalues of .&(x) are the principal curvatures of M at x, and its determinant is the Gaussian

curvature. We extend #(x) to an endomorphism of R" by defining & (x)n(x) = 0. It is easy to
check that &(x) and 7, commute, by evaluating separately on n(x) and on ve 7, M.

For any linear map .« : R" — R", we let ||.</|| denote the operator norm.
We recall two lemmas from [BL].

Lemma 2.1. For any bounded C? domain D C R" and c,, there exists c, such that the following
estimates hold for all x,y € dD,0<1l,r <c¢;, b>0andzR":

b7 G| < ec2b. (2.3)
") —1d || 5, < c,l. (2.4)
/70 — el W < ¢yl |x — y. (2.5)
[0 — || < eyt — 7. (2.6)
In(x) = n(y)l < calx = yI. 2.7)

Lemma 2.2. For any bounded C? domain D C R", there exists a constant c; such that forallw,x, y,z €
9D, the following operator-norm estimate holds:

Remark 2.3. Since D is C?, it is elementary to see that there exist r > 0 and v € (1, 00) with the
following properties. For all x,y € 8D,z € D, with |[x —y| <rand [x —z| <,

ﬂZO(ny—rcx)orcW §c1(~w—y| |y—z{+|w—x| |x—z|).

1-vlx —y[> < (n(x),n(y)) <1, (2.8)
|[(x = y,n(x))| < vix =y, (2.9)
(x —z,n(x)) <v|x —z|?, (2.10)
(x —z,n(y)) <v|x—y|lx—z|, (2.11)
|7ty (n(x))| S vi|x —yl. (2.12)

Ifx,y €3D,z€D and |n,(z — y)| <|n,(x —y)| <r then

{z = y,n(x)) 2 =v|m,(x = y)l7m(z = ¥)I. (2.13)
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2.3 Probability

Recall that D € R®, n > 2, is an open connected bounded set with C? boundary and n(x) denotes
the unit inward normal vector at x € dD. Let B be standard d-dimensional Brownian motion and
consider the following Skorokhod equation,

t

Xf=x+Bt+f n(X)dL], for t > 0. (2.149)
0

Here x € D and L is the local time of X* on dD. In other words, L™ is a non-decreasing continuous
process which does not increase when X~ is in D, i.e., fo 15(X7)dLY = 0, a.s. Equation (2.14)

has a unique pathwise solution (X*,L*) such that X} € D for all t > 0 (see [LS]). The reflected
Brownian motion X* is a strong Markov process. The results in [LS] are deterministic in nature, so
with probability 1, for all x € D simultaneously, has a unique pathwise solution (X*, L*). In
other words, there exists a stochastic flow (x, t) — X7, in which all reflected Brownian motions X*
are driven by the same Brownian motion B.

We fix a point z, € D. We will abbreviate (X%, L*0) by writing (X, L).

We need an extra “cemetery point” A outside R", so that we can send processes killed at a finite
time to A. For s > 0 such that X; € dD we let {(e;) = inf{t > 0:X,,, € dD}. Here e, is an excursion
starting at time s, i.e., e, = {e;(t) = X4, t € [0,{(e;))}. Welet e(t) = A for t > {(e;), so e, = A if
C(es) =0.

Let o be the inverse of local time L, i.e., o, =inf{s > 0: L, > t}, and &, = {e, : s < 0,}. Fix some
r,e > 0 and let {e, ,e,,,...,e, } be the set of all excursions e € &, with |e(0) —e({—)| = &. We

assume that excursions are labeled so that u; < uy,; for all k and we let {; =L, fork=1,...,m.
We also let ug = inf{t > 0:X, € 9D}, £y =0, {4 =1, and Aly = {41 — £y Let x, = ¢, ({—) be
the right endpoint of excursion e, fork=1,...,m, and xo =X, .

Recall from Section 2.2|that . denotes the shape operator and 7, is the orthogonal projection on
the tangent space 7,9 D, for x € dD. For vy € R", let

v, = exp(AL, S (xp)) 7y, - exp(Al S (x1)) Ty, exp(ALS (x()) Ty, Vo- (2.15)

Note that all concepts based on excursions e,, depend implicitly on & > 0, which is often suppressed
in the notation. Let .« denote the linear mapping vy — v,.

We will impose a geometric condition on dD. To explain its significance, we consider D such that
9D contains n non-degenerate (n — 1)-dimensional balls, such that vectors orthogonal to these balls
are orthogonal to each other. If the trajectory {X,,0 < t < r} visits the n balls and no other part
of 0D, then it is easy to see that .&/® = 0. To avoid this uninteresting situation, we impose the
following assumption on D.

Assumption 2.4. For every x € 9D, the (n — 1)-dimensional surface area measure of {y € 9D :
(n(y),n(x)) = 0} is zero.

The following theorem has been proved in [BL].

Theorem 2.5. Suppose that D satisfies all assumption listed so far in Section|2. Then for every r > 0,
a.s., the limit .o/, := lim,_,o.¢f/7 exists and it is a linear mapping of rank n — 1. For any v,, with
probability 1, .«/’vy — .o/, v, as € — 0, uniformly in r on compact sets.
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Let to = inf{t > 0 : X, € dD} and z; = X, . Intuitively speaking, .¢/, is defined by v(r) = ., v,,
where v(t) represents the solution to the following ODE,

9v= (S oX(o,))vdt, v(0) = 7, Vo.

In the 2-dimensional case, and only in the 2-dimensional case, we have an alternative intuitive
representation of |./,vy|. If vy = (v, v3) then we write ¥y = (—v3, vy). Let u(x) be the curvature at
x € 9D, that is, the eigenvalue of &(x). Then

|t vol = exp U u(xat)de) (020,900 [ ] |(ne,(0)), nle,-)))] -
0

e,E6,

The remaining part of this section is a short review of the excursion theory. See, e.g., [M] for the
foundations of the excursion theory in the abstract setting and [Bu] for the special case of excursions
of Brownian motion. Although [Bu] does not discuss reflected Brownian motion, all results we need
from that book readily apply in the present context.

An “exit system” for excursions of the reflected Brownian motion X from D is a pair (L}, H*)
consisting of a positive continuous additive functional L} and a family of “excursion laws” {H*},c5p.
In fact, L} = L,; see, e.g., [BCJ]. Recall that A denotes the “cemetery” point outside R" and let €
be the space of all functions f : [0,00) — R" U {A} which are continuous and take values in R" on
some interval [0, (), and are equal to A on [{,00). For x € 8D, the excursion law H* is a o-finite
(positive) measure on %, such that the canonical process is strong Markov on (tq,00), for every
to > 0, with transition probabilities of Brownian motion killed upon hitting d D. Moreover, H* gives
zero mass to paths which do not start from x. We will be concerned only with “standard” excursion
laws; see Definition 3.2 of [Bu]. For every x € dD there exists a unique standard excursion law H*
in D, up to a multiplicative constant.

Recall that excursions of X from dD are denoted e, and o, = inf{s > 0: L, > t}. Let I be the set of
left endpoints of all connected components of (0,00) \ {t > 0: X, € dD}. The following is a special
case of the exit system formula of [M],

E |:2Wt-f(et)] =Ef WUSHX(Us)(f)dszEJ W, HX(f)dL,, (2.16)
0 0

tel

where W, is a predictable process and f : ¥ — [0,00) is a universally measurable non-negative
function which vanishes on excursions e, identically equal to A. Here H*(f) = f o fAH X,

The normalization of the exit system is somewhat arbitrary, for example, if (L,, H*) is an exit system
and c € (0,00) is a constant then (cL,, (1/c)H") is also an exit system. Let P% denote the distribution
of Brownian motion starting from y and killed upon exiting D. Theorem 7.2 of [Bu] shows how to
choose a “canonical” exit system; that theorem is stated for the usual planar Brownian motion but
it is easy to check that both the statement and the proof apply to the reflected Brownian motion in
R". According to that result, we can take L, to be the continuous additive functional whose Revuz
measure is a constant multiple of the surface area measure on d D and H*’s to be standard excursion
laws normalized so that

1
H*(A) = lim ~ P " (a), (2.17)
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for any event A in a o-field generated by the process on an interval [t;,00), for any t, > 0. The
Revuz measure of L is the measure dx/(2|D|) on dD where dx represents the surface area mea-
sure. In other words, if the initial distribution of X is the uniform probability measure u in D then

E# fol 1,(X,)dL, = fA dx /(2|D|) for any Borel set A C dD, see Example 5.2.2 of [FOT]. It has been
shown in [BCJ] that (L,, H*) is an exit system for X in D, assuming the above normalization.

3 Differentiability of the stochastic flow in the initial parameter

Recall that z5 € D is a fixed point. Our main result is the following theorem.

Theorem 3.1. Suppose that D satisfies all assumptions of Section|2| Then for every r > 0 and compact

set K C R", we have lim,_,q Supycx ‘(Xf,”rﬂv —Xf,"r) /e — . v| =0, as.

Note that in the above theorem, both processes are observed at the same random time o, the
inverse local time for the process X*. In other words, we do not consider

(Xzo+ev _X(zrozo)/&

20+tev
o ,.0

Corollary 3.2. Suppose that D satisfies all assumptions of Section 2| Then for every t > 0 and compact

set K C R", we have lim,_q sup,cg | (XY — x7) /e — stv’ =0, as.

The proof of Theorem 3.1 will consist of several lemmas. We start by introducing some notation.

We will prove the theorem only for r = 1, and we will suppress r in the notation from now on. It is
clear that the same proof applies to any other value of r.

It follows from Lemma (3.3 below that we can find a constant c, and a sequence of stopping times
Ty such that T — oo, a.s., and sup, 5 LZT < kc, for all k. We fix some integer k, > 1 and let
k

O, =01 A Tk*. The dependence of o, on k, and c, will be suppressed in the notation.
In much of the paper, we will consider “fixed” starting points z, and y. We will write X, = X° and
Y, = X7, so that X, = 2, and Y, = y. Later in this section, we will often take & = |X, — Yo|. Let
T8 =17(8) =inf{t > 0:|X, — Y,| > &}.
We fix some (small) a;,a, > 0. We will impose some conditions on the values of a; and a, later on.
Let Sy = Uy =inf{t > 0: X, € dD} and for k > 1 define
Sk =inf{t > U_; : d(X,,0D) Vd(Y,,0D) < a,|X, — Y,|*} Ao, (3.1)
U =inf{t > Sy : [X, — X5, | V|V, = Y5, | > a1 X5, — Y5, |} A0
The filtration generated by the driving Brownian motion will be denoted %;. As usual, for a stopping
time T, % will denote the o-field of events preceding T.

Since D is bounded and 9D is C2, there exists §, > 0 such that if x € D and d(x,dD) < §, then
there is only one point y € dD with |x — y| = d(x, dD). We will call this point IT, = I1(x). For all
other points, we let I, = z,, where z, € D is a fixed reference point. We define (random) linear
operators,

% =exp ((Ly, — Ls, )& (1(Xs,))) Ths,)» (3.2)
s = exp ((Lg,,, — Ls, )& ((Xg,))) (X5, )
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Recall the notation for excursions from Section[2.3] For ¢, > 0, let

{ecreegsrvee J=Tec €81 le@ — (=) 2 et <0},

We label the excursions so that t; < t} 41 for all k and we let b = Lf;’i fork =1,...,m". We also

let tg=inf{t 20:X, € D}, £;=0,(; .., =L, ,and Al; ={; , — ;. Let x; = et;(g—) for k =

1,...,m", and x; = X». Let v*(s) =xp fors € [{},€;,,) and k =0,1,...,m", and y*(1) = v*(£; .).
Let
F = exp(AZ;Y(Xz))Tcx:. (3.3)

Let Ekzt;z—FC(etz) fork=1,...,m*, and £, =0.

Let m’ be the largest integer such that S, < o,. We let {; = Lg_for k = 1,...,m’. We also let

to = inf{t > 0 : X, € dD}, £, = 0, E:H;H = L, , and Al; = {;_, — {;. Note that we may have

Al = 0 for some k, with positive probability. Let x;, = I1(Xs,) for k =1,...,m’, and x; = Xy . Let
Y'(s)=x; fors e [{;,0;,)and k=0,1,...,m’, and y'(1) = y'(£ ).

Let A : [0,1] — [0,1] be an increasing homeomorphism with the following properties. If t;.“ =
o € (Uk,Sk41] for some j and k then we let A(Ejf) = E;(H. For all other j, A(Z;?) = K}‘. Let
6 = A;) for k=1,...,m"” := m*. We also let t;/ = t; for k =0,1,...,m", {5 =0, 6:7/1;.’+1 =Lg,,
and Al = £, — €. Let x; = x; for k = 0,1,...,m". Let y"(s) = x;/ for s € [£},£}/,;) and
k=0,1,...,m", and y"(1) = y"(£" ). Let

I = exp(AL] y(x,'{’))nx;(/.

Note that &; = t;/ + Zew).

Lemma 3.3. There exists ¢; and c,, depending only on D, such that if for some integer m < co and
a sequence 0 = sy < s < -+ <sp we have sup < <, IB; —By| < ¢; for k =0,1,...,m —1, then
sup,.p LZ < mc,. Therefore, for every u < oo, we have sup, 5 L% < 00, a.s.

m

Proof. Letv > 1 and r be as in Remark[2.3. We can suppose without loss of generality that 1/(2v) <
r. Letr; = 1/(64v). Then, by (2.8), for [x—y| < ry, x,y € 8D, we have | (n(x),n(y)) —1| <vri <
1/2, and, therefore, (n(x),n(y)) > 1/2. Suppose that for some t; and w, SUPo<s,¢<¢, [Be — Bs| <
r,/64. Consider any z € D and let t, = inf{t > 0 : X% € 9D} Atp and y, =Xf2. If ty = t; then
Ly =0.

Suppose that t, < t;. Let t3 =inf{t > t, : [X? — y;| = 1} Aty, t, =sup{t < t3:X; €ID}and z; =
X;,- Then |z; — y,| <1/(64v), so, by (2.10), |(z1 — yl,n(y1)>| <v/(64*v?)=1/(64*v) =r,/64.
We have X7 —X? =B, — B, for t € [ty,t1], 50 sup,,<; <, X7 —X7| < r;/64. This implies that

(x2 =x2,n0m)) = (X2, = y1,00)) (3.4)
= <Xf3 —Zlnn(J’1)> + (21 — y1,0()1))

= <Xf3 —Xf4,n(y1)> + (21 — y1,0(y1))
<r/64+r/64=r/32.
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This implies that

(1/2)(L2, — 1)) < < f n(Xf)de,n(y1)> 3.5)

2

X = X2 = (B, — B,),n(n))

= (x: ~ Xz n(y)) — (B, ~ B,).n(y))
<r;/32+r;/64<r/16.

t3
7, (x5, -2 | = |, (Bfg -8, +f n(Xf)dLi)
ta

< |Bt3 _Bt2|+(Lf3 _sz) < r1/64+r1/8 < r1/4.

Thus

This and (3.4) imply that
X2 = yil = X2 = X2 | < ((r/32)*+ (ry /D2 < 1y /2.

In view of the definition of t;, we see that t; = t;. Hence, (3.5) shows that Lfl = Lfl - sz <nr/8.
For a fixed w, the above argument applies to all z € D simultaneously, so sup, 5 Lfl <r/8.

Suppose that for some integer m < oo and a sequence 0 = s5 < §; < -+ < 5, we have
SUP;, < r<s,,, IBe — Bs| < 11/64 for k=0,1,...,m — 1. We can repeat the above argument on each

interval [sg,si,1] to obtain sup, 5 Lfk+1 — Lfk < r1/8, and, consequently, sup, . Lfm < mr;/8. This

proves the first assertion of the lemma.

By continuity of Brownian motion, for any fixed u, with probability 1, one can find a (random)
integer m < oo and a sequence 0 =sy <s; < --+ <s,, = u such that sup ;< ., |B; — Bs| < r,/64
for k=0,1,...,m— 1. The second assertion of the lemma follows from this and the first part of the
lemma. O

Recall o, defined at the beginning of this section.
Lemma 3.4. There exists c; such that a.s., for all t < o, and y,z € D, we have |X; =X <cly —zl

Proof. Fix any y,z € D, let LY = Ly + L?, and o =inf{s > 0 : L] > t}. It follows from (2.10) that
(x —y,n(x)) <cylx — y|? forall x € 3D and y € D. This and (2.14) imply that,

d X =X Xy = X5

— X%, =XV = { n(XZ%.), ——— ) 1y= +({nx),———" )1

7, Xo: — X5 (X5) e _x0| ) eeon) (X5 X0 _x7] ) ‘eeens

o o o o
< 6lX5 _X?;,’;H{Xf,*eaD} + C2|Xz; ~ X517 capy = 2650XC. _ij|'
By Gronwall’s inequality,
X5, =Xl < IXG, = X0 le™" = |y —zle*".

Recall from the beginning of this section that sup, 5 Lfr* < k,c, < 00. This and the definitions of o,

and o} imply that o, < o7, . Hence, |X? -X]| < e¥cc2|y —z| forall t < o,. O
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Lemma 3.5. Let T, = inf{t > 0:X, ¢ D} and T g, ,) = inf{t > 0: X, & B(x,r)}.
(i) There exists ¢y such that if X, = 2y € D and d(zq, dD) < r then,

P(ng(zo,r) < 7p) < c1d(zg, dD)/r.
(it) Suppose d(Xy,dD) = b. Then Esupp<,<., |X0 —Xt{ < c,b|logh|.
Proof. (i) See Lemma 3.2 in [[BCJ].

(i) By part (i),

E| sup X,—X,;

0<t<7p

sup Xg—X;

0<t<7p

< Z 9i+lp (

b<2J/<diam(D)

S5 [21',21'“])

< >, 2*¢b27 <cyblloghl.

b<2i<diam(D)
O
Recall the notation from the beginning of this section. In particular, ¢ = |Xy — Yy|.
Lemma 3.6. For some cy,
E| max sup Ix; — X, | Scleim. (3.6)
0<k=m ngtSterl
Proof. It follows from (3.19) in [BL] that, for any # < 1, some c,, and all ¢, > O,
E| max sup Ixp =X,| | < czef. 3.7)
OSkSm* ngtSI;Jrl,X[eaD

The main difference between (3.6) and (3.7) is the presence of the condition X, € D in the supre-
mum. Let

& ={ec& :le(0)—e((-)| <e, sup le(0)—e(t)]>e,}.

0<t<¢
Then

max  sup |x;—X,|< max sup Ix; =X, | (3.8)
Osksm® g <e<tr, | Osksm” ¢, <t<ty,, X,€0D

+sup sup |e(0)—e(t).

ec&, 0=t<{(e)

Recall that n > 2 is the dimension of the space R" into which D is embedded. Standard estimates
show that if T, =inf{t >0:X, € 9D}, x €dD,y € d B(x,r)ND, r > p, and X, = y, then

P(Xr, € B(x,p)NID) <c3(p/r)" " (3.9)
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We have for every x € dD and b > 0,
c4/b <H* ( sup |e(0) —e(t)| = b) <cg/b. (3.10)
0=t<{(e)

The upper bound in the last estimate follows from (2.17) and Lemma|3.5 (i). The lower bound can
be proved in a similar way.

We combine (3.9) and (3.10) using the strong Markov property of the measure H* applied at the
hitting time of 98(x,r) to obtain,

H* ( SUP( le(0) — e(t)] > £}/, [e(0) — e(§ )| < 8*) < cse; V3eq(e, /el = cgeP/AnL
0<t<{(e)

By the exit system formula (2.16),

P (Ele €& : sup |e(0)—e(t) > ei/3) < c7€§<2/3)”_1.

0<t<(
So
E (sup sup |e(0)— e(t)l) < si/g + diam(D)P (Ele €& : sup |e(0)—e(t)] > si/?’)
ec& 0=t<{(e) 0<t<{
< el/® + diam(D)c,e?/3""1 < cgel/3.
The lemma follows by combining this estimate with (3.7) and (3.8). O

Lemma 3.7. There exists ¢; such that if X, € 9D then,

E( sup |Xt—X§10 Sclsiﬁ.
0<t<&;

Proof. We have

sup )Xt —Xg |< max  sup |xp—X. |+ sup |ex(0)—eun(t)|. (3.11)
0=<t<&; 0<k=m"* Er<t<ty, OStSC(eq) ! !
It follows from Lemma [3.6/that, for some c,,
E| max sup |x;—X,||< cel/3. (3.12)
Osksm, g <e<er |

Estimate (3.10) and the exit system formula (2.16) imply that

E| sup |e:(0)— eq(t)’ <ée + Z 2P| sup  |en(0)— e (1) 22
OSfSC(CR{) £,<2/<diam(D) OStSC(eq)
. 2”
<e + Z 2/, <c,e,|loge,].
£, <2/ <diam(D) *
The lemma follows by combining the last estimate with (3.11) and (3.12). O
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Recall that Tg =17(6) =inf{t > 0:|X, — Y,| > 8}. Recall also that ¢, is the parameter used in the
definition of £; and x;‘ at the beginning of this section.

Lemma 3.8. There exist cy,...,c5 and &gy, 1o, P > 0 with the following properties. Let €5 = €5 A 1.
Assume that X, € 0D, |X, — Yy| = €1, d(Yy,dD) =r and let

T]_ = lnf{t Z 0: |Xt —Xol \Y |Yt — Y0| Z Clr},
T,=inf{t >0:Y, € dD}.

(T, and T will be defined in the proof.)

(D Ifey <ggand r <rythen P(S; < Ty ATy, Lg, — Ly < co1) = Py
(i) If &1 < &5 then E(Lg, nr+(e,) — Lo) < c3(r + €3).

(iid) If &1 < &, then B(sUPg<,<g, nr+(e,) IXe = Xol) < cqllogr|(r + £3).
(iv) If e; < &y and €, > ¢, &, then for any 3; <1 and all k,

2
E| > (Ls,, —Le)lx] = IXs, )l | Fs, | < cslXs, — Y, [2FP1.

Sk<E;<Skn1

Remark 3.9. (i) Typically, we will be interested in small values of &; = |Xy — Yy|. In view of Lemma
3.4} |X, —Y,| < cye; forall t < o,. Hence, S; A 77 (e,) = S; for &5 much smaller than &,. It follows
that parts (ii) and (iii) of Lemma[3.8|can be applied with S; in place of S; A 77 (&,), assuming small
£1.

(ii) The following remark applies to Lemma 3.8 and all other lemmas. Typically, their proofs require
that we assume that |X, — Y| is bounded above. However, in many cases, the quantity that is being
estimated is bounded above by a universal constant, for trivial reasons. Hence, by adjusting the
constant appearing in the estimate, we can easily extend the lemmas to all values of |X, — Y;|.

Proof of Lemma|3.8! (i) Recall v defined in Remark [2.3] Assume that ry < g, < 1/(200v). Let
¢s €(0,1/12) be a small constant whose value will be chosen later. Let

T, = inf{t > 0: (Y, — Yy, n(X,)) > 2r},
Ty =inf{t = 0: |7ty (Y, — Yo)| = ce1},
A ={T4 < Ty A T3},

Ts =inf{t = 0: |7y (X, —Xo)| = 2cer}-

First we will assume that r < ¢;/2. We will show that T5 > T, A T3 A T, if A; holds. We will argue
by contradiction. Assume that A; holds and Ts < Ty A T3 A Ty. Then 7y (B, — Bg) = 7x (Y, — Y;) for
t € [0, Ts] so |y, (B; — Bo)| < cgr for the same range of t’s. We have

Ts

Ty, (X1, —Xo) = 7x, (B, — Bo) ‘|‘J Ty, (n(X))dL,,
0

T, .
SO fos Ty, (n(X))dL,| = cer. By (2.12), we may assume that &, > 0 is so small that for r < r; < g

JoF g, (X)L | =

and x € B(Xy,2cer), we have |y (n(x))| < 4vcer. This and the estimate
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cer imply that Ly, — Ly = cer/(4veer) = 1/(4v). By (2.8), we may choose ¢, so small that for
r<ry<egand x € B(Xy,2c,r)NID, (n(Xy),n(x)) > 1/2. It follows that

T,
<n(X0),j n(Xt)st> > 1/(8v). (3.13)
0

By (2.9), we can assume that r; and &, are so small that if for some y € 9D we have |y (y —Xo)| <
2cgr then

{y —Xo,n(X)| <1 < e < ¢, (3.14)

Since d(Yy,dD) = r, it is easy to see that if ry > 0 is sufficiently small then for r < ry and t <
Ty A T3 A Ty, we have (Y, — Yy, n(X,)) > —2r, and, therefore,

(Y, — Yo, n(X,))| < 2. (3.15)

Note that (B, — B;,n(X,)) = (Y; — Y;,n(Xy)) for s,t € [0,T4]. Since we have assumed that Ts <
T, A T3 A Ty, it follows that for s, t € [0, Ts],

|(B, — Bs, n(Xo))| = (Y, — Y5, n(Xo))| < [{Y: — Yo, n(Xo))| + [{Y; — Yo, n(Xo))| < 4r. (3.16)

This, (2.14) and (3.13) imply that
T

(X1, —Xo0,n(Xo)) = —|(Br, — By, n(Xo))| + <f n(Xt)st)n(X0)>
0

> —4r+1/(8v) > —2¢5+ 1/(8v) > 23¢.
Let Tg = sup{t < Ts : X, € dD}. The last estimate and (3.14) yield
(BTS _BT6>H(X0)) = <XT5 _XT6;H(XO)> = (XTS — X0, 0(Xo)) + (Xo _XT6:n(X0))
> 2380 — &y = 2280,

a contradiction with (3.16). This proves that Ts > T, A T3 A T4 if A; holds. This and the definition
of A; imply that if A; holds then T5 > Tj.

We will next show that if A; holds then S; < T,. Assume that A; holds and let T, = sup{t < T, :
X, € dD}. Note that neither X, nor Y; visit D on the interval (T, T4). Hence, Xy, — Yy, =X, —Y7,.
If &9 and ry are sufficiently small then |7ty (X, — Yp)| = 3¢,/8 because r < &;/2 and d(Y;,0D) =r.
We have assumed that A; holds so |7ty (Y7, — Yp)| < cer. We have proved that Ts = T4 on Ay, so
|7tx, (X1, —Xo)| < 2¢er. Recall that cg <1/12 and r < &;/2. It follows that

X1, = Y| = [Xr, = Yr,| = [7x, (X7, = Y7, (3.17)
> |y, (Xo — Yo)| — |7x, (Y7, — Yo)| — |75, (X7, — Xo)I
> 36,/8 —cgr — 2¢47 > €1 /4.

We have from the definition of T5 that

|70x, (Yr, = Yr, )l = |7x, (Yr, = Yo)| 4 [71x, (Yo — Y7, )| < cr + cor = 267 (3.18)
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The definition of T3 and (3.15) imply that for t < Ty A T3 A Ty,
Yo — Y| < 2r +cgr < 3r. (3.19)
Hence,
X — Y | < |Xo— Yol + Yo — Yr, | < &, +3r < 3¢;. (3.20)
We have proved that Ts > T, on Aq, so

|TCX0(XT7 —X0)| < 2C6r < €q. (3.21)

Let x, € D be the point with the minimal distance to Yy, among points satisfying 7y (x,) =
Ttx,(Yr,). We use the definition of x,, (3.18), (3.20) and (2.13) to see that

(Y7, — x4, n(X()) < v - 2c6r - 361 = b6¢eVTE. (3.22)

We use the fact that Yr, — Y, =Xp, — X7, and apply (2.13), (3.18) and (3.21), to obtain,
(Yr, = Yr,,n(Xo)) = X1, = X7,,0(X0)) v - 2c61 - €1 = 2ceVTe]7.
We combine this estimate with (3.22) to see that

d(YT7> aD) < |YT7 - x*| = (YT7 = Xy, n(X0)> (3~23)
= (Yy, — Yr,,n(Xp)) + (Y7, — x,, n(X()) < 2cevre; +6cevre; = 8egvrey.

This bound and (3.17) yield

d(Yr,,9D) - 8cgvre,

< =32¢crv < 16¢cgve; < 64cev|Xr —Yr |.
|XT7_YT7| 81/4 6 6 1 6 | Ty T7|

We make cs > O smaller, if necessary, so that 64cgv < ay. Then d(Yr,,0D) < ap|Xy, — YT7|2.
We obviously have d(Xr,,0D) < ay|Xr, — YT7|2 because X1, € dD. This shows that S; < T, and
completes the proof that if A; holds then S; < Tj.

T,
Assume that A; holds and suppose that <n(X0), f04n(Xt)st> > 20r. We will show that these
assumptions lead to a contradiction. It follows from (3.15) that fors,t < Ty A T3 A Ty,

(Y, — ¥, n(Xo))| < 4r.
Since Y, — Y, = B, — B, for the same range of s and t, we obtain
[(B; — Bs, n(Xo))| < 4r. (3.24)

This implies that

T,
(n(Xo),XT4 —Xo) > —|(H(X0),BT4 - Bo)| + <n(X0),J n(Xt)st> > —4r 4 20r = 16r. (3.25)
0
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Recall that T, = sup{t < T, : X, € dD}. In view of the definition of T5 and (3.14),
<n(X0),X0 _XT7> > —r. (3.26)

We have By, — By, = X, — X1, so (3.25) and (3.26) give

(n(XO)aBT4 - BT7> = <n(XO)>XT4 _XT7>
= (n(XO),XT4 — Xo) + (n(Xy), X, —XT7) > 16r —r =15r.

This contradicts (3.24) so we conclude that if A; holds then
T
<n(XO),J n(Xt)st> <20r. (3.27)
0

Note that (n(X,),n(x)) > 1/2 for all x € dD N B(Xy,2c4r), assuming that g, > 0 is small and
r < rg < &. We have shown that if A; holds then T5 > T,, so (n(X,),n(X,)) > 1/2 for t € [0, T,]
such that X, € dD. This and (3.27) imply that,

T,
(1/2)(Ls, — Lo) < (1/2)(Ly, — Lo) < <D(X0),f U(Xt)st> = 20r,
0

and, therefore, Lg — Ly < 40r.
By (3.24) and the fact that Ly, — Ly < 40r, we have for ¢t < Ty,

[(n(X),X: —Xo)| < [{n(Xy),B; —By)| + <n(XO),f n(Xt)st> < 4r 4+ 40r = 44r.
0

This, the definition of T5 and the fact that Ts > T, on A; imply that for t < T4, we have |X, — X,| <
45r. If we take c; = 45 then this and (3.19) show that on A;, T4 < T; and, therefore, S; < T; A Ty.

We proved that A; C {S; < Ty ATy, L —L§ < 40r}. Itis easy to see that P(A;) > p; for some p; > 0
which depends only on ¢s. This completes the proof of part (i) in the case r < &;/2, with ¢; = 45
and ¢, = 40.

Next consider the case when r > &, /2. Let

Tg =inf{t > 0:|Y, — Xy| > 2¢,},

T, = inf{t > 0: X, € D, d(Y,,8D) < |X, — Y.|/2},
Tio =inf{t >0: L, — Ly > 20¢,},

Ay ={T4 < Tg},

Az ={Tg < T4 ATg A Ty}

We will show that A, C A;. Assume that A, holds. Let Ty; = inf{t > 0 : |7y (X, — X()| = 5¢1}.
We will show that T;; > T,. We will argue by contradiction. Assume that T;; < T4. We have

assumed that A, holds, so T;; < Tg. Since Ty; < T4, we have ny (B, — By) = 7y, (Y; — Yy) and
(ny,,B; — Bg) = (nx,, Y, — Yp) for t € [0, Ty;], which implies in view of the definition of Tg that for
s,t €[0,Ty1],

|7y, (Be — Bodl = |7, (Y — Yo)| < |7mtx, (Ve = Xo)l + | 7x, (Yo — Xo)| < 21 + &1 = 3¢y, (3.28)
I{ny,,B; — B)| = [(nx,, YV, = Y5)| < [ny,, Yy — Xo)| + [(nx,, Xo — Yo)| <261 +2¢; =4¢;. (3.29)
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We obtain from (3.28),

n
Tx, (J n(Xt)st)
0

If &y > 0 is sufficiently small and &, < g, then by (2.12), |7y (n(x))| < 10ve; for x € dD N
AB(X,,5¢1). This and the estimate fOT“ nxo(n(Xt))st’ > 2¢; imply that Ly, —Lo > 2¢;/(10ve;) =

1/(5v). By (2.8), we may choose &, so small that for &; < gy and x € %B(Xy,5¢,) N ID,
(n(Xg),n(x)) > 1/2. It follows that

= |mx, (X1, —Xo) — 7x,(Br,, — Bo)l (3.30)

> |mx, (X1, —Xo)l — |7x,(Br,, —Bo)l = 5¢1 — 31 = 2¢;.

T
<n(X0),f n(Xt)st> >1/(10v).
0

Recall that £; < &y < 1/(200v). We obtain from the last estimate and (3.29),

Ty

(ny,, X1, —Xo) = —[{ng,, By, —Bo)| + <HXO,J n(Xt)st> > —4¢; +1/(10v) = 16¢;.
0

Let T;, =sup{t < Ty; : X, € dD} and note that, by (2.9), assuming ¢, is small, we have
(ny ,Xo—X;) = —¢y, (3.31)
for t < T;; such that X, € dD. Then

(nXO:BTH —Br,) = (nXO)XTH —Xr1,)

= <nXO,XT11 _X0> + <nX0,X0 _XT12> > 1681 — &1 = 1581.

This contradicts (3.29) and, therefore, completes the proof that T;; > Tj,.

Next we will prove that Ly, — Ly < 20¢;. Suppose otherwise, i.e., Ly, — Ly > 20¢;. We have
(ny,,n(x)) = 1/2 for x € dD N %(0,10¢;), assuming &, > 0 is small and &; < g. Since Ty; = Ty,
(ny,,n(X,)) = 1/2 for t < T4 such that X, € 9D, so, using (3.29),

T,
(ny,, X7, —Xo) = —[{ny,, By, — Bo)| + <nX0>J n(Xt)st> > —4e;+(1/2)(Ly, — Lo)
0
Z —481 + 1081 = 681.

Recall that T, = sup{t < T4 : X, € D} and note that we can use (3.31) because T;; > T4, so
(nXO,XO _XT7> > —€&1. Then

(ny,, By, —Br,) = (ng,, X7, — Xr,) = (0, X1, — Xo) + (nx,, X0 — Xr,)
Z 681 — &1 = 551.

This contradicts (3.29) because T, < T4 < Ty;. This proves that if A, holds then

Ly, — Ly < 20ey < 40r. (3.32)
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Recall the definition of T;; and the fact that T;; > T, to see that |7ty (X, — Xo)| < 5¢; for t < Ty,
assuming that A, holds. It follows from the definition of Tg that |Y; — Y| < 4¢; for t < T,. Recall
that T; = sup{t < T, : X, € dD}. Note that X1, — Y7, =Xy, — Y, Y7,, X7, € 9D, and T; < Ty. This
and the bounds |7y (X, — Xo)| < 5¢1 and |Y, — Y| < 4¢; for t < Ty, easily imply that d(Yr,,0D) <
|Xr, — Yr,|/2, assuming that ¢, is small. Hence, Ty < T,. This fact combined with shows that
if A, occurs then Tg < T, < Tg A Ty1o. This completes the proof that A, C As.

It is easy to see that P(A,) > p,, for some p, > 0. It follows that P(A3) > ps.

We may now apply the strong Markov property at the stopping time Ty and repeat the argument
given in the first part of the proof, which was devoted to the case r < g,/2. It is straightforward to
complete the proof of part (i), adjusting the values of ¢y, ¢y, €y, Iy and p, if necessary.

(ii) We will restart numbering of constants, i.e., we will use cg,c7,..., for constants unrelated to
those with the same index in the earlier part of the proof.

Let cq, ¢y, &9 and 1o be as in part (i) of the lemma, £, = gy A 1y, and &; < &,. Recall that 77 (e,) =
inf{t >0:|X, — Y| > ey}. Let T50 =0, and for k > 1 let

k_ > k-1, L L—Y.|> _ +
T =inf{t 2 T4 1 Xppr =X V[V = Y| 2 0d(Ype1, 9D} A T (ep), (3.33)
TX=inf{t >TF': L, - Lkt 2 ¢ad(Ypr-1,0 D)} A T (ey), (3.34)
TX =inf{t > TF"' v, € 3D} AT (ey), (3.35)
k _ Tk k k
TF=TFATKATS, (3.36)
TY =inf{t > TF : X, € 9D} A 17 (ey). (3.37)

We will estimate Ed(YTSk, dD). By Lemma (3.5 (i) and the definition of Tk, on the event {Tf <

T+(€2)})

P sup X —Xpx| € [27/71,277] | Fri | < céd(XTf,aD)/z—f
te[ T, Ts]

< ¢7d(Ypn, oD)/27/. (3.38)

Write R = d(YTSk—l,aD), assume that ij < 7%(ey), and let j be the largest integer such that
SUD e[ 7k 741 X, —XT:| Ve, <277, We will show that d(Yrx,dD) < R+ cg€2277, a.s. Note that
between times Té_l and T‘f, the process Y, does not hit the boundary of D. Between times ij

and Té‘, the process X, does not hit dD. If Y, does not hit the boundary on the same interval, it is
elementary to see that d(YTg, 0D) <R+ cgey277.

Suppose that Y, € JD for some t, € [Tk T 5"], and assume that t, is the largest time with this
property. If t, = T5k then d(YTSk,aD) = 0. Otherwise we must have 77 (g;) > Tsk, XTSk € 9D, and
X Tk — YT}; =X, —Y, . Since both Y, and X Tk belong to D, easy geometry shows that in this case
d(YTg, dD) < ¢10€,27 /. This completes the proof that d(YTsk, D) <R+ cge,277, as.

Let j, be the smallest integer such that 27/ > diam(D) and let j; be the largest integer such that
2711 > R. The estimate d(YTSk,aD) < R+ cg&y27/ and (3.38) imply that on the event {Tf <
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()},
E(d(Yng 3D) | g’.T})
< D) R+cge2IP( sup X, — Xyl € 27770, 277] | 7)

j0<i<h te[Ty, 18]

<R+ > cge27'P( sup X, =Xl € [27771,277] | #p0)

. . k Tk
Jo<i<h tel[Ty,T5]

<R+ Y g2 (R/27)
Jo<ish
<R+ cq565R|l0gR|
= d(YTSk—l, dD)(1 + cy965]l0g d(YTSk—l, oD))). (3.39)

For R < &5 we have R(1+4c;56,|l0gR|) < ¢1363, 50 R(1+c1565]| 10gR|) < R(1+4c1565|log €5]) + 1363
Thus, on the event {Tf < 17(ey)},

E(d(YTSk, oD) | 9T4k) < (1+cqy89|log Ezl)d(YTSk—l, oD)+ Clgé‘%. (3.40)
Let S} = S; A 77 (&,). By the strong Markov property applied at Tsk_1 and part (i) of the lemma, on
the event {S] > Tsk_l},

P(Te! <S8} ST | Fpp) 2 P(TT <S) < TS| Fpen) 2 po. (3.41)

By the strong Markov property and induction,
P(ST > TE 1) < cyupf. (3.42)

This, (3.40) and (3.41) imply,

E (d(YTSk’ 3D)1{s§>rg}1{T§*1<T+(32)})
=E (15 s sy E (Y72, 2D) | 7))
<E (1{5;>T5’<}1{Ts’“1<7+(52)} ((1 + ¢q065|log 82|)d(YTé<-1, D)+ clgeg’))
E (1{ST>T§’1}I{ST>T5"}1{T5"’1<T+(€2)} ((1 + c1065|log 82|)d(YTé<—1, dD)+ c13s§))
< E(1{ST>TF€<—1}1{T§—1<T+(82)} ((1 + ¢1265|log Ezl)d(YTg—l, oD)+ clgeg’)
X By | i)
<E (1{ST>T§—1}1{T51<—1<T+(82)} ((1 + c126,|log Ezl)d(YTSk—l, oD)+ c13€§’) (1- po))

< (1 + cpp&o] 108 £5])(1 — po)E (d(YTSk_l, D)5 piny1 {T§_2<T+(Ez)})
+c13(1 = po)eaP(S; > TE™)
< (1 +cip8s|logey[)(1 — PO)E(d(YTSk-l, aD)l{ST>T5’f‘1}1{T§‘2<7+(52)})

+¢15(1 — Po)é‘gpé-
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We assume without loss of generality that p, > 0 is so small that (1 — py)p, ! > 1. We obtain by
induction,

E(d(YTSk,aD)l{S>1k>Tsk}1{T5k—1<,r+(82)}) (3.43)
< (1+ c1285|log £5)) (1 - Po)kE(d(YTSO, ID)yses03 Lir0 <ot (ey)))
k-1
+¢15(1 — po)es Z(l + c1285]logeo )™ (1 — Po)mplé_m
m=0
k-1
< (1 +cypq)log ey (1 — po)'r + 615€§p§ Z(l +c1282|log e )" (1 — po)™py ™
m=0

< (14 crzellog ea)(1 = po)r + C16‘9§p§(1 + c1965]log &5 (1 —Po)kp(;k
= (1 + c1285]log e )¥(1 — po)¥r + c163(1 + c1285] log £5)¥(1 — po)F
< c17(1 + c1285]log e )¥(1 — po)¥(r + £3).

Note that, by (3.34) and (3.37),

LTé'H - LTE{ < Czd(YTSj, aD),

L_j+1— L. j+1=0.
T3 T
Hence,

LT;'+1 - LT; < Czd(YTSj, 8D) (3.44)
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It follows from this and (3.43) that
E(L51A7+(sz) - Lo) = E(sz - Lo)

E ((Lsi‘ - LO)I{STE(TSk,TSk+1]})

Il
I

k
Lsiert.rin 2 Vntees ey Frgt = L)
j=0

IA
M2
e

o~
Il
o

\
’

e =
™M~

»
I

Il
t
N~ N °
=
ME% I
(=)

k
1{s;e(T;<,T5k+1]} Z(; 1{T;'*1<T+(sz)}czd(YT;'> D)
=

l{S*E(Tk THH} 1{Tsf’1<r+(e2)}c2d(YT5}" aD)

Il
o

J

o0
kz: 1{ST€(T§,T5’<+1]} 1{T;'—1<T+(82)}C2d(YT;" aD)

—.

—
.
g

CZ E(I{S§‘>T§}1{T§_1<T+(e )}d( TJ’aD))

“Méﬂ

<Zc18(1+cuszllogsz|y(1 po) (r+e3).

If we assume that &, > 0 is sufficiently small, this is bounded by cyo(r + £3).

(iii) We will restart numbering of constants, i.e., we will use cg, -, ..., for constants unrelated to
those with the same index in the earlier part of the proof.

Recall that j; is the largest integer such that 271! > d(YTéc—l, D). Let j, be the largest integer such
that 27271 > r. By (3.33) and (3.38) we have for j < j;, on the event {Té"1 < 1t(ey)},

P sup  |X, —Xqk| € [27771 2777 F i1
k-1 Tk 4 5
te[Ts ", T ]

<P sup X, —Xpea|+ sup X, —Xp| €[2777L,279] | Fpaa
k-1 Tk 5 k Tk 4 5
\te[TS T4 te[ TS, TE]

<P| d(Yps-1,0D)+ sup |Xt—XTi<|€[2_j_l,2_j]|gTé<—l
te[TK, 1]

< ced(Ypsr, oD)/277.
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We will also use the trivial estimate

P sup X =Xk <1 | FPpe1 | 1.
k-1 mk 4 5
te[Ts 7, Ts]

We use the last two estimates, (3.42) and (3.43) to obtain

E sup IX¢ = Xol | =E[ sup [X;—X,
0<t<$1AT*(g3) 0<t<S:

( Sup |X X0|1{S*E(Tk Tk+l]})

0<t<S}

8

~
Il
o

00 ( k
<>E P Tm]}z L crieyy  SUP X=Xl
k=0 \ T<e<T!™
00 ( k
<>E Liseeert, Tk+1]}ZE Lpi ooy SUP X —Xol | Zpin
k=0 \ j=0 T <e<T!M
00 ( k _
<SOE| Ygermpapy 2o | T Dy 27 Lty ced (Y, 8D)/27
k=0 \ j=0 Jo<i<i
00 ( k
< ZE l{sTe(TSk,Té<+1]} Z (I’ + ¢/ logrll{TSJ>1<T+(€2)}d(YT;71, 3D))

~
Il

j=0

Mo
M»

I{S*G(Tk Tk+l]} (T‘ + C7| ].Ogr'1{T51'71<T+(€2)}d(YTéifl, 3D))

I
b

Il
3]
oo ©
<|I3
T

M8
M8

l{S*e(Tk TI1]} (1’ + C7| logrll{Tg71<T+(€2)}d(YT5j71, 8D))

~
Il
o
o
Il
~.

)
ZE (1{5T>T5j} (r + ¢ logI”|1{T5]'—1<T+(82)}d(YT5j—1, 3D)))
=

0
o0
er(s* > TJ)+C7|logr|ZE( S PRI CARNC]))

8 1

<r C8Po+C9|1087”|Z(1+01052|10g52|)](1 poY (r +£3).
J= j=0

o

If we assume that &, > 0 is sufficiently small, this is bounded by cy;|logr|(r + 83

(iv) Once again, we will restart numbering of constants, i.e., we will use cg,c7,..., for constants
unrelated to those with the same index in the earlier part of the proof.

Recall that j, is the smallest integer such that 27/ > diam(D). Let j; be the smallest j with the
property that 277 < d(YTg,aD). It follows from (3.38) that for any 8, < 1, on the event {Tsk <
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T (e},

E sup |X}g-—X}||5ﬂ?

Tk<t<Tk
<E sup Xk —X|| P | +E sup [ Xp —Xo| | Frx
Th<esTi! 7 ° Thl<e<ritt * ’
< cld(YTg, O0D)+E sup IXT4k+1 - X | ﬁTSk

k+1 k+1
Tf1<e<T}

J3
< ¢1d(Yyy, 0D) + Z c627d(Yyy,0D)/27
J=Jo
< ¢7d(Yrs, D)(1 + | logd(Yyy, 8D)|)

< cgd(Yyx, D) < coch?.

This and (3.43) imply that

E d(YTSk’ aD)1{5T>T5k}1{T5k71<7+(€2)} . Sup |XT5k _th (3.45)

k k+1
5 St=Ts

= E d(YTSk’ aD)l{ST>T5k}1{T5’(71<T+(€2)}E Tégsi%§+l |XTé< _Xt| | gTé(
B
S C9822E (d(YTé, aD)l{ST>T§}1{T5k_1<’f+(82)})

< 10622 (1 + c1185]T0g £5)F(1 = po)*(r + £3).

It follows from the definition of S; that |H(Xsl*) _Xs;f| < clle‘% if S; < o, AT1(e,). In the case when
S]=0.A 7t (e,), the distance between X and Y is increasing at this instance, so it is easy to see
that the vector X st — Yg: must also have a position such that

INXs) = Xs:| < crp65. (3.46)

Recall that we assume that X, € 9D, |X, — Yy| = &;, d(Yy,0D) = r. Recall also that ¢, is the
parameter used in the definition of &; and x;.k at the beginning of this section. It follows from
(3.33)-(3.37) that if €, > c; &, then at most one &; may belong to any given interval (Tsk_l, T5k] and,
moreover, if for some &; we have &; € (Té‘_l, Té‘] then &; = Tsk. This, (3.43), (3.44), (3.45) and
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(3.46) imply that,

E| . (Ls —Le)lx} — N(Xg:)|

05£i<s*

bqu

Z (Ls; = LeIx] = X5 Tgge s gy
\ 0<&;<8;
[ k

*
E| Lige(rt ringy Z Lipi cot ooy Yiri <g <y (Bt — Lppdlxg — (X))
&

~
Il
=}

IA

IA

RN

E(l{s;e(Tg,Tg*ll}

~
Il
=}

k

Q1 ri<et ey trjsg sy by = L) ('Xsi‘ ~ s+ I _XSTO )
j=0

Mg

E (1{S*€(Tk Tk+1

;T
Il

0

X ( (] + 1)1{T,<T+(e )}(LT,H — LTg)(cllsg + sup |XT; —Xt|)))

= Ti<e<T]™
o0
S ZE(].{S*E(TI{ Tk+l
k=0
k
X Z(] + 1)1{Té<T+(EO)}c2d(YTé,8D)(c118§+ sup IXTSJ- —th)))
j=0 Ti<t<T™

k
— ; . . 2 .
=E ( Z I{STG(TSk’TSk*—l]}(J + 1)1{T;<T+(EO)}C2d(YT;’ aD)(Cuez + , sup |XT; _Xt|)

=0 j=0 T <e<T!

— J Jj+1
k=j Ty=t=Ty

N—

(oo lNee]
=E (ZZ l{S*G(Tk Tk+l }(] + 1)1{T]< +(€ )}Czd( J,aD)(CHEg + . Sup_ |XT; _Xt|)

J Jj+1
TI<t<T!

0
o
:ZE Loy G Dl oy &2d(Y, J,aD)(cungr sup. |XT5j—Xt|)
= Clz(] + 1)(1 4 c126,|log £5]) (1 — Po)](ﬁ‘z + 822)(7” + 5

If we assume that £, > 0 is sufficiently small, this is bounded by 013822(7‘ + eg)

Recall definitions of o, and S;, and Lemma 3.4, There exists ¢4 such that if &; < c;4€, then
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0. < 11(ey). Hence, if &1 < c14&, then

E| > (Ls,—Le)lxf X))l | < cazeb?(r+ed). (3.47)
0<&;<S;

Let S, = inf{t > S, : X, € 8D} A 0. The following estimate can be proved just like (3.39),
E (d(ng, oD)| grsk) < (1+ c148s)log e, )d(Ys, , 3D).

We use this estimate, (3.47), the strong Markov property at Sy, and the definition of S « to see that

E| > (s, — L)l =N, )l | Zs,

Sk=&;<Siy1

=E| > (s, —Lgl) -1, )l F,

Sk<E;<Skt1

=E[E| Y. (s, —Lx; — (X5, I | Z5, | | Fs,

Sk<E;<Sk

<E (c13lXs, — Yg, P2(d(¥s,, 8D) + X5, — V5, [*) | 75, )

IA

E (c1slXs, — Y5, 1P2(d(Y5,, 2D) + X5, — Y5, [*) | 25, )

A

c151Xs, — Ys,<|/32 ((1 + c14€2|log £5)d(Ys,, 3D)) + X5, — Ysk|3)
c15|Xs, — Y, |P2 ((1 + c14€2|l0g &5 )|Xs, — Ysk|2) +1Xs, — Y5, I°)

2
c16/Xs, — Vs, |*1P2.

IA

A

O

Lemma 3.10. There exist ¢c; and a, > 0 such that for a,,a, < ay, if |Xy — Y| = € then a.s., for every
k > 1, on the event Uy < o,

Yy,

Uk
n(H(X ))9 S C1€.
< U Yy, — Xy, | !

Proof. First we will show that one can choose ¢;,a, > 0 and ¢, > 0 so that for a; < ay, € < &g,
x€dD,yeD,|x—y|<ez€dD,|x—2| <2a,¢and |y —z| < 2a;¢, we have

<n(z), S
ly — x|

First suppose that y € dD. The assumptions that x,y € 3D, |x — y| < ¢, and 9D is C? imply that
the angle between n(x) and y — x is in the range [71/2 — cy€, /2 + €] for some ¢, < 0o. It follows
from the assumptions that x,z € 3D, |x —z| < 2a;¢, and D is C? that the angle between n(x) and

> > —c,e/4. (3.48)
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n(z) is less than c3¢ for some c3 < co. Therefore, the angle between n(z) and y — x is in the range
[7/2—c e/4, /24 c /4], where ¢; = 4(cy + c3). This implies that

)(n(z),y - x)| < |y —x|sin(c,&/4) < c1]y — x|e/4.

(v 222)
ly — x|

y—x

n(z), —— ) > —c,e/4.
ly — x|

In other words, we proved that (3.48) in the special case when y € dD. If a; > 0 and ¢, > 0 are

sufficiently small then D N %B(z, 2a; ¢) lies above d D N %B(z,2a;¢) in the coordinate system with the

origin at z = 0 and the vertical axis containing n(z). This observation proves that (3.48) applies to

all y € D (satisfying all the remaining assumptions).

Thus

S C1€/4,

and, therefore,

An argument based on similar ideas shows that if x,y € D, w € D, |w — z| < 2a;¢ and

<n(z), u> ‘ <cie/2,
ly — x|

then

y—x
<n(w), —> ’ <ce. (3.49)
ly — x|

If X, — Yy| = € then X, — Y,| < c4¢ for all t < o, by Lemma 3.4. It follows easily from (3.1) that
we can adjust the values of ¢; and ¢, and choose a, > 0 so that if |X, — Yy| = € < ¢, then on the
event S, < o,

(T ), 325 N oo
7 Yg, — X, | '

Let

AZ{tE[Sk,Uk]: >C18/2}.

Y, - X,
<11(H(Xsk))’ m>

We will show that A= @&. Suppose otherwise and let T; = infA. Then

n(T(Xs ) Y —Xr,
7 vy, = Xy, |
We must have either X1, € D or Yy, € 9D. It follows from (3.48) that either X1, ¢ dD or Yy, ¢ 9D.
Suppose without loss of generality that X, € 9D and Yy, ¢ dD. Then by (3.48),

=c€/2.

n(T(Xs ) I —Xny — /2
Sk Yy, — X7, e
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By the definition of T}, for every 6 > 0, L, must increase on the interval [T, T; + &]. It is easy to
see that this implies that the function

Y, — X,
t— <D(H(Xsk)), m>

is decreasing on the interval [T}, T; + 6], for some &; > 0. This contradicts the definition of T;.
Hence, for all t € [Sy, Uy,

Y, - X,
<n(H(Xsk)), m> ’ <ce/2.

In particular,

Yy, — Xy
n(lXs, ), )| < c1€/2.
Yy, — Xy, |
The lemma follows from the above estimate and (3.49)). O

Lemma 3.11. There exists c; such that if |X, — Yy| < € then for every k,

E Z (Ls,,, — Ly,) < ci¢llogel.

Ue<o.Att(e)

Proof. We use the strong Markov property at the hitting time of dD by X and Lemma (3.8 (ii) to see
that
E(Ls, ar+(e) — Ly,) < 26 (3.50)

We will estimate (Lg,, | — Ly, )1y, <<+ for k > 1. Fix some k > 1 and assume that U < 7% (e).
Note that d(Xy,,9D) < c5|Xy, — Yy |- Let T =inf{t =2 Uy : X, € ID} Ao, A 7t(e). Let j, be the
greatest integer such that 27/ is greater than the diameter of D and let j; be the least integer such
that 271 < Xy, — Yy, |- By Lemma 3.5, for j, <j < jy,

P(IXy, —Xp,| € [27,27711] | Zy,) < a2 Xy, — Yy, . (3.51)

Next we will estimate d(Yr,,dD). Between times Uy and T, the process X, does not hit dD. If Y,
does not hit the boundary on the same interval, it is elementary to see from Lemma 3.10 that for

Jo<Jj <
d(Yy,,8D) < cs|Xy, — Yy, |I* + Xy, — Yy, 1277 < c7lXy, — Yy, |27

Suppose that for some t, € [U, T;] we have Y, € D, and assume that t, is the largest time with
this property. If t, = T; then d(Yr,,dD) = 0. Otherwise we must have tHe)>t, X r, € D, and
Xy, — Yy, =X, —Y, . Since both Y; and Xy, belong to 9D, easy geometry shows that in this case
d(Yr,,0D) < cg|Xy, — YUk|2_j. We conclude that d(Yy,,9D) < co|Xy, — YUk|2_j, a.s. By Lemma|3.8]
(ii) and the strong Markov property applied at Uy,

E(Ls,,, — Ly, | Up < 77(e), Fp, ) < cro(lXy, — Yy 1277 + Xy, = Y, I) < €41 |Xy, — Yy, 1277
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Hence, using (3.51),

E(Ls,,, — Ly, | U < 77(e), Py, ) =E (E(Ls,,, — Ly, | Uk < T7(e), F1, ) Fu, )
= Z cslXy, — Yy, 12 epn Xy, — Yy, 1277

Jo<i<h

< ¢15|Xy, — Yy, I* 1log Xy, — Yy I.
It is elementary to check that
E (LUk —Lg, | Sk <t (e), 95,() > c13Xs, — Vs, |,

and the conditional distribution of Ly, — Lg, given {S; < 7+(e)} is stochastically bounded by an
exponential random variable with mean c14|Xg_— Ys |. Note that [Xy;, — Yy, | < ¢15|Xg, — Y, |. Thus,

E(Ls,,, — Ly | U <77(e), Fy,)

< c16lXy, — Yy, | [log|Xy, — Yy, || E (LUk —Lg, | Sp <77 (e), 9'sk)

< C17€|10g€|E (LUk - LSk | Sk < T+(8),gsk) .

It follows that

m

Ny, := Z cig€llogel(Ly, — Lg )1gs, <r+(ey — (Ls,,, — Lu) Ly, <ct(e)}
k=1
is a submartingale with respect to the filtration Z = 9’;’( ’1. If
m
M = inf{m : Z(LUk —Lg)>1}
k=1
and M; = M Ai then
M;
EZ (Cls8| loge|(Ly, — Lg )1is,<z+(eny — (Ls,,, — LUk)l{Uk<r+(e)}) >0,
k=1
and
M; M;
EX:(Lsk+1 — Ly )y <zt(e)} < EZCwSl loge|(Ly, — Lg, )15, <c+(e)}-
k=1 k=1

We let i — oo and obtain by the monotone convergence

M M
IEXI(LSk+1 — Ly )y <otenp < EZC188| loge|(Ly, — Ls )15, <r+(e)}

k=1 k=1
< c9¢|loge]l.
Hence,
M
E Z (Ls,,, —Ly) = EZ(Lsk+1 — Ly )1y, <z+(e)} < C10€|l0g el
k>1,U <o Att(e) k=1
This and (3.50) imply the lemma. O
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Recall parameters a; and a, and operator ¥, defined in (3.2).

Lemma 3.12. For any c; there exist ay, &y > 0 such that if a;,a, € (0,ay) and |X,— Y| = € < g, then
a.s., the following holds for all k > 1. Let

Uy Uk 1
o= U n(Y,)dL? —J n(H(YSk))dL;V) (|X5k ~Yg |-y, — L) ) ,
S

k Sk

with the convention that b/0 = 0. Then |©| < ¢; and
|45, = X5,) = (Y, =Xy + (a0 ) + 05, = 1) (1, ~ 13) = (L, ~ 1)
+ ﬂn(xsk)(Ysk —Xg)—(Yg, _Xsk)‘ <c|Ly, — Lg |- Y5, — Xg, |-
Proof. By (2.2), for any c,, we can find &; > 0 so small that for any x, y € D with |x — y| < 2¢,
| () (x — y) — (n(y) — n(x))| < (c2/2)ly — x|. (3.52)

By Lemma|3.4} if we choose a sufficiently small € > O then |Y; — X,| < 2¢; forall t < o,.

Estimate (3.52) and C2-smoothness of 3D can be used to show that for any c, one can choose small
a;,a, >0 and g, > 0 so that for every k > 1 and all t € [S, U] such that X, € 9D,

|5”(H(Xsk))7fn(xsk)(xsk —Ys, ) — (n(T1(Ys,)) — n(X,))| < ol Vs, — X, |- (3.53)
We obtain from (2.14) and the triangle inequality,

(Y, = Xu3) = (¥s, = X5,) = 5 (MK ) gy o (X, = ¥s, Lo, = L,

- (D(H(Ysk)) +0[Xs, — Yg, |) ((Li}k —-L3)— (Ly, — Lsk))

k

= f U(Yt)dLgl - J n(X,)dL, — y(H(Xsk))ﬁn(xsk)(Xsk - YSk)lLUk - Lsk|
s

k Sk

— (n(TCYs,) + O, = ¥s, 1) (13, — 13) = (L ~ L) |

Uk Uk
< J n(Y,)dL; — f n(1I(Ys, )AL —©1Xs, — Y5 |(L — L)
Sk Sk
+10]1Xs, — Y5, I(Ly, — Ls,)
Uk

(n(M(¥s,)) = n(X))dL, — & (X5 N 7nexs ) (Xs, = Ys )Ly, = Ls, |

_I_

Sk

+

Uy Uy
f n(T1(Yg, ))dLY — J n(T1(Y;,))dL, — n(TI(Ys,)) ((L{]k — 1)~ Ly, ~ Lsk)) ‘
S

k Sk
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The expression on the last line is equal to zero for elementary reasons, so

(¥, = Xu3) = (¥, = X5.) = (UKD o (K, = ¥s,)ILy, — L,

= (n(T(¥s)) + ©IXs, — ¥s, 1) (L3, = £3) = (Ly, — L))

k

Uk Uk
< f n(Y,)dL; — f n(1(Ys )AL — ©IXs, — Vs, I(L, — L3 )
S

k Sk

+10|Xs, — Y5, |(Ly, — Ls,)

+

Uk
J (n(T(Ys,)) = n(X))dL, — & (X5 ) 7nex, )(Xs, = Ys )Ly, = Ls, |
Sk

The first term on the right hand side is equal to 0 by the definition of ©. It is easy to see that this
claim holds even if the definition of ® involves the division by 0. We have obtained

’(YUk — Xy, ) = (Y5, = Xs5,) = & (X5 ) 7enxs )X, = Y5 )Ly, — Ls,| (3.54)

= (%) + Ol — 5,1 (1, — 1) = (Ly, — L))
<lellXs, — Y5, I(Ly, — Ls,)

+

Uk
f (H(H(Ysk)) —n(X,))dL, — y(H(Xsk))ﬂfn(Xsk)(Xsk - YSk)lLUk - Lsk|
s

k

It follows from the definitions of Sy, U, and II, that for sufficiently small a; and a,, we have for
t €[Sk, Uxl,
Y, = (Y, )| < 2a1|Xg, — Vs, |,

and a similar formula holds for X in place of Y on the left hand side. Hence, by (2.7), for some cs,

Uk
- J In(¥;) — n(TI(¥s )L
S

k

Uy Uy
J n(Y,)dL; — f n(I(Ys,))dL{
S

k Sk

Uk
< f c3|Y, — (Y )|dLY
Sk

Uk
= f c3 - 2a1|Xg, — Y, |dL{
Sk
S 2a1C3|XSk — YSk' . |L{]k — Lé’k .

This shows that if we take a; sufficiently small then || < ¢;.
We use (3.53) to derive the following estimate,

Uk
J (n(H(YSk)) —n(X,))dL, — y(H(XSk))TCH(XSk)(XSk — YSk)|LUk - L5k| (3.55)
Sk

<X, = Ys, |- |Ly, — Lg, |-
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We combine (3.54)-(3.55) to see that
(¥, = Xu3) = (¥, = X5, = # (MK ) ey o (K, — ¥s,)ILo, — L, (3.56)

— (n(T(¥s)) + ©IX, — ¥s,1) (27, = 1) = (Ly, — Ls,))
<(c1/2+co)lXs, — Y5, |- Ly, — Lg,|.

For any c,, we can choose small ¢, so that

Texs)(Ys, = Xs,) + & (X ) nex, ) (Xs, = Ys,)ILy, — Ls,|

—exp((Ly, — Lsk)y(H(Xsk)))Wn(xsk)(ysk —Xs,)

< X, — Y |- |1Ly, — Lg, |-

This and (3.56) imply that

Yy, — Xy, — % (Y5, —Xs,) — (H(H(Ysk)) +O|Xg, — Ysk|) ((L{,k - Lglk) —(Ly, — Lsk))

+ TCH(Xsk)(YSk —Xg)— (Y5, — Xs,)
= [Yo, = Xu, — exp((L, — L6, )5 (05, Wi, (s, ~ Xs,)
— (n(m(¥s ) + ©1Xs, — Vs, ) (L, — 13) - (Ly, — Ls,))

+ Wn(xsk)(Ysk —Xg,)— (Y, —Xg,)
<(c1/2+2¢)Xg, — Y5 |+ |Ly, — Lg,|-

We obtain the lemma by choosing sufficiently small c,. O

Lemma 3.13. If a; is sufficiently small then for some c1,ey > 0 and all € < g, if | Xy — Yy| = € then
as., forall k > 1,
|(L%k - Lﬁk) —(Ly, = Ls ) < c11Ys, —Xsk|2-

Proof. Let w=n(I1(Xg,)). It follows from the definition of Uy that
ITI(Xs,) — X[V ITI(Xg,) = Y| < ol Vs, — X, |,
for t € [Sy, Ui ]. This and (2.8) imply that for some c5 and t € [S, Ui ],

1—c3l¥s, — X > < (n(X,),w) <1,  fort such thatX, € 3D, (3.57)
1—csl¥s, — X |> < (n(Y,),w) <1,  for t such that ¥, € dD. (3.58)

We appeal to (2.13) to see that if a; is sufficiently small and y € D and z € D are such that
max(|z —Xg [, |y — Y5, |) < a11Xs, — Y5, |
then for some ¢y,

| (y —z,w)| <yl ¥s, — X5, I%, (3.59)
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and

| <Ysk —Xsk:W> | < cylVs, — Xs, |*. (3.60)

Let I = {t € [Sy, U] : (Y, — X, W) > 2¢4|Ys, — X, [*}. We claim that I = &. Suppose otherwise and
let t; =infl and t, = sup{t € [S, t;] : Y, € 9D}, with the convention that sup@ = S;. By (3.57),
(3.59) and (3.60),

t t
<Yt1 —th,w> = <Yt2 —th,w> + <J 1n(Ys)dLsy,w> — <f ln(Xs)dLs,w>
ty ta

t
< <Yt2 —th,w> + <J n(Ys)dLSy,w>
t

2

= (Y, =X, W) < c4l¥s, — X, .
This contradicts the definition of t;, so we see that I = . Similarly, one can prove that
{t €[Sy, Ul : (X, — Y, W) > 2¢4|Ys, — X5, [’} = @.
Hence
{t €[Sk, Ukl : | (X, — Y, W) | = 2¢,]Ys, — X, [’} = .
This and (3.57)-(3.58) yield,

(1+ ¢V, _Xsk|2)(l%k -Ly)— (Ly, —Lg,)

k

U Uy
< <J n(YS)dLg’,w> — <J n(Xs)dLs,w>
Sy S

= <(YUk - Ysk) - (XUk —Xsk),W>
< 4C4|Ysk —Xsk|2.

. e e y y . . .
By the definition of o, Ly, — L <cs,50 the above estimate implies

(Ly, — L) — (Ly, — Ls,) < 4cylYs, — X, |I* +cal Vs, —Xsk|2(Li;'k - Lﬁk) < c6lVs, — X5, |*.

k

An analogous argument gives
(Ly, —Ls)— (L}(}k - L:gvk) < ¢;|¥5, — X, I°.
The lemma follows from the last two estimates. O

Lemma 3.14. For some c; there exist ay, gy > 0 such that if a;,a, € (0,ay), € < egand |Xg— Y| =¢
then for all k > 1,

=

g, (e (Vs = Xs) = (s, = X5) )| 1 75, ) < coellogeI¥s, =X,
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Proof. The vector wy, := TCH(XSk)(YSk —Xg ) — (Ys, — X, ) is parallel to n(I1(Xg, ). It is easy to check
from the definition of Sy that [wy| < c,|Y, — X, 2.
Let T; = inf{t > Uy : X, € dD}. It follows from Lemma 3.4/and definition of Uy that d(Xy,,dD) <

cs€. Let j, be the smallest integer such that £2/ is greater than the diameter of D. Lemma(3.5 (i)
shows that for some ¢4 and all j =1,2,..., j,

P(IXr, — Xy |2 £2/ | Fy) < c4277.
By Lemma (iii), the strong Markov property applied at T, and Chebyshev’s inequality,
P(| X7, —Xg, | = 2/ | Fr,) < cs¢ loge|/(27) = cs277|loge].
The fact that [Xg, — Xy, | < cge and the last two estimates show that
P(|Xs, —Xs,, | > €2 | Zg,) < c627/|logel.

It is easy to see that |TEH(Xsk 1)wkl < c,e2)|wy| if IXs, —Xs,,,| < €2/, It follows that
+

=

Jo
< crelwil + Y 627w | P(Xs, — Xg, | € [€27, 62111 | Fg,)
j=1

T, ,,) (TCH(XSI()(YS,( — X, ) — (Ys, —Xsk))‘ | ?sk)

Jo
2 j+1 2. o—j
< creco|Ys, — X |° + E ;627 ey |Yg — X [2c627|log €]

j=1
< cge|logel? |Ys, —Xsk|2-
O

Lemma 3.15. For some c; there exist ay, €y > 0 such that if a;,a, € (0,ap), € < egand |Xg—Yy|=¢
then for all k > 1,

:(

Proof. Fix some k and let

s, ,) ((YUk —Xy)— (Y, —Xsk+1))‘ | guk) < ¢|Yy, — Xy Pllog|Yy, — Xy |I°.

T, =inf{t > U, : X, € dD or Y, € 9D}

and &; = Xy, — Yy |- We will assume from now on that Xy, € dD. The rest of the argument is
similar if Yy, € dD.

It follows from Lemma 3.4 and definition of U that d(Xy,,0D) < cy&;. Let j, be the smallest
integer such that ;27 is greater than the diameter of D. Lemma (3.5 shows that for some c5 and all
i=1,2,...,J0 _ .

P(|XT1 _XUk| > 812]) < C32_J. (3.61)

By (2.9), we can choose c,4 so small that for x € D N B(Xr,,5¢c4¢1),

[(x —Xr,,n(X1))| < aye3/800. (3.62)
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By the definition of o, |Y; —X,| < c5¢&; for t < 0,. We make c, smaller, if necessary, so that, in view

of (2.11),
[(y — x,n(2))| < aye7/400, (3.63)

assuming that x,y,z € 9D, |y — 2| < (c5 + 5¢4)e; and |x — y| < 10c4¢;.

The following definitions contain a parameter c¢, the value of which will be chosen later. Let
J=inf{j > 1:|Xy, —Xy | <27},
Ty =inf{t > Ty : |B; — By,| = 41},
Ts =inf{t > T : (n(Xr,), B — By,) < —cee72'},
A; ={T3 < To}.

Note that neither X nor Y touches the boundary of D between times Uy and Ty, so Yy, — Xy =
Yy, — Xy, Hence, by Lemma|3.10 and the strong Markov property applied at Sy,

Yr, —Xr
n(l(Xy, ), ————
< N Y, — X, |
The angle between n(I1(Xy, )) and n(Xr,) is bounded by cge12’ because 8D is C2. This and (3.64)
imply that

< cye;. (3.64)

n(x )u < coer 2’ (3.65)
W =Xl /|50 |

Let k; be such that cge12’ < 1/10if J < kq, and let F; = {J < k;}. If F; holds then (3.65) implies

that,
YT] _XTl
g | ——— || > 1/10. (3.66)
Yy, — X,

Case(i). This case is devoted to an estimate of the random variable in the statement of the lemma
assuming that A; N Fy holds. Since |Yr, —Xr, | = &;, (3.65) implies that

d(YT13 aD) < C108%2J. (3.67)
Let ¢q; = 5¢4 and

T4 = lnf{t Z T]_ . |Xt _XTll Z C].].E].} A TZ A Tg,
Ts =sup{t < T,:X, € dD}.

We will show that T, = T, A Ts, if £ (and, therefore, &) is sufficiently small. By (2.11),
(x — y,n(X7)) < cpp6? (3.68)
forall x,y € 8(Xr,,cq161) such that x € dD and y € D. Since Ts < T3, we have

((Br, — Br,),n(Xy,)) > —cee72’. (3.69)
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This and (3.68) imply that

T

For x € 9D N B(Xy,,c11€1) we have by (2.8), for small ¢,
(n(x),n(X7,)) =1 —cqe] > 1/2.
This and (3.70) show that
Ts
LTS - LTI S 2 <f n(Xs)dLS,n(XTl)> S ClSE%Z‘].
I

For x € 3D N B(X1,,c11€1)s

|x,, (0| < s
It follows from this and (3.72) that

T
T, (J n(Xs)dLs)
T

We can assume that ¢; is so small that for x € dD N B(Xr,,c11€1),

30J 2
< c178727 < €7

|x _XT1| < 2|77~'le (x _XT1)|-

Since T, < T, A T3, we can use (3.74) and (3.75) to obtain,

X, = X1, | = X1, = X1, | + |XT5 _XT1| < X1, =X, ‘|'2|7TXT1(XT5 —Xr)l
Ts

S BT4_BT5 +2‘TCXT1(BTS _BTI) +2 TCXTl (J n(Xs)dLs)
T

< |Br, —Br | + |BT1 _BT5| +2 ’TCXTl(BTs _BT1) +2

S 4C4€1 + 26188%'

Ts
<J n(Xs)dLs’n(XT1)> = <(XT5 _XTl) - (BT5 _BTl)an(XTl)> = Clsgfzj-

T,
TCXTI (J n(Xs)dLS)
T

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

Recall that ¢;; = 5c4. Hence, the last estimate and the definition of T, show that T, = T, A T, if &;

is sufficiently small.

Next we will estimate d(Xy,,dD). Let R; = sup{t < T3 : X, € 9 D}. By the definition of Tj,

(BT3 - BRI,H(XT1)> <0.
This and the fact that Xy, — Xg, = B, — By, imply that,

(X7, —Xg,,n(Xr,)) <0.
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Since X, € 9D N B(Xr,,¢11€1), it follows from (3.62) and (3.77) that
(X, = X1,,0(X7,)) = (X7, = Xp,,0(X7,)) + (Xz, = X7,,n(X7,)) < as¢7/800.
This and (3.62) imply that
d(Xr,,0D) < 2a,£7/800 = a,&?/400. (3.78)

Our next goal is to estimate d(Yr,,d D). Recall that |Y, — X,| < cs&; for t < o,. Since Ty = T, A T,
the definition of T, implies that for t € [Ty, T, A T3],

Yy =X, | S|V =X+ X, — X1, | S c581 + 1161 = cro87. (3.79)

Let cy9 = 5¢4 and
Te =inf{t = Ty : [V, — Y| = co0e1} ATy A Ts.
IfY, ¢ 0D for t € [T, T¢] then L%ﬁ - L% = 0. Suppose that Y, € D for some t € [Ty, Tg] and let
T, =sup{t < Tgs:Y, € dD}.
We will show that Tg = T, A Ts, if € (and, therefore, €;) is sufficiently small. By (2.11),
(x —y,n(X1)) < ¢y} (3.80)
for all x,y € %(Xy,,c19€1) such that x € 9D and y € D. Since T, < T5, we have
((Br, = Br,),n(Xr,)) = —cee22’.

Since T; < T, A T3, we can use (3.80) and the last estimate to see that

T;
<J n(Ys)dLsy,n(XTl)> = <(YT7 —Yr,)—(By, —By), n(XT1)> < cpe32’. (3.81)

T

The above estimate is also valid in the case when Y, ¢ 0D for t € [Ty, Tg] because in this case
Ly — Ly =0.
T L5

For x € D N B(Xr,,c19€1) we have by (2.8), for small ¢,
(n(x),n(X1,)) 2 1= cpef > 1/2.

This and (3.81) show that

T;
Ly —Ly <2 <J n(Ys)dLg’,n(XTl)> < cpq22”. (3.82)
I

For x € 9D N B(Xr,,c19€1), we have

T;
7TXT1 (J n(YS)dLsy)
T
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We can assume that ¢; is so small that for x € dD N B(Xr,,c19€1),

|x =X, | < 2|7'CXT1 (x = X1l (3.84)
Since Tg < T, A T3, (3.83) and (3.84) imply that
|Yr, = Yr,| < |Yg, = Yo, | + Vg, = Yp, | < |V, = Y, | + 2l (Vp, — Y7, (3.85)
T7
S BT6 _BT7 +2‘TCXT1 (BT7 _BTl) +2 ﬂ:XTl (JT n(Y;)dL;y)
1
T
<|By, — By, |+ |Br, — By, | +2 ’nXH (Br, — Br,)| +2 |mx,, (J n(Ys)dLsy)
T

S 4C4€1 + 2C27€%.

Recall that cyy = 5c4. The last estimate and the definition of Ty show that Tg = Ty A T, if €; is
sufficiently small.

If &, is small then, by (3.79), for t € [Ty, Ty A T5],
ITI(Y,) — X7, | < 2|Y, — Xq, | < 2cq981.
For x € 0D N B(Xr,,2c19¢1), by (2.9),
|(x = X7, n(X7,))| < coe67, (3.86)
so, in particular,
(T1(Yr,) — X, n(X7, )| < coge].
This and (3.67) imply that
Yy, = X7, n(X7 )| < {TI(Yy,) — X, n(X g )| + KTI(Yy,) — Yr,, n(X 7)) (3.87)
< czgef + closzJ < czgsfzj.
Recall that we assume that A; holds so that Ty < T,. By (2.10), for x €D N B(Xr1,,C19€1),
(x =X7,n(X7)) = _C30€%;
so, in view of (3.79),
(Yr, = Xr,,n(Xr,)) > —c30¢7. (3.88)

We now choose the parameter c¢ in the definition of T5 so that —cg+cy9 < —2c3. We will show that

given this choice of ¢, we must have Y, € D for t € [T;, T3]. Suppose that Y, ¢ D for t € [T}, T5].
Then Y, — Yy, = B, — By, for the same range of t’s. It follows from (3.87) and from the definition of
T; that
(Yr, — X7, n(X1,)) = Yy, — Y7, 0(Xp)) + (Y7, — X7, n(X7,))
= (Br, — By, n(Xr,)) + (Y, — X7, n(X71, )

< —céefZJ —i—czgszJ < —2c308f.
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This contradicts (3.88), so we conclude that Y must cross d D between times T; and T3. Hence, T,
is well defined. Since we are assuming that A; holds, T, < T3 = Tg. Therefore,

|YT7 — YT3| < |YT7 - YT1| + |YT1 - YT3| < 2C20€1 = 10C4€1. (3.89)

By (3.79), [Yr, — Xr,| < (c5 + 5¢4)¢;. This and (3.89) imply that the following can be derived as a
special case of (3.63),

Yz, — x,n(Xr,))| < aye/400, (3.90)
for x € 9D N B(Yr,,2c50€1). By the definition of Tj,
(BT3 - BT7;n(XT1)> =<0.
This and the fact that Yy, — Y, = By, — By, imply that,
<YT3 - YT7:n(XT1)) <0.
We use this estimate and (3.90) to conclude that

d(Yr,,dD) < ae?/400. (3.91)

Recall that we are assuming that F; holds. It follows from (3.66) that
Y —X

- (u) > 1/10,
Y7, — X1, |

‘nxn (77, —XTl)‘ > £,/10.

Ts T,
— Ty, (J n(Xs)dLs) — Ty, (J n(Ys)dL;‘V)
T, T
Ts T,
— Ty, (J n(Xs)dLs) — 7y, (J n(Ys)dL;‘V)
T, T

2 2
> £1/10 — c1g€7 — Cop€7.

and, therefore,

By (3.74) and (3.83)

>

us'es (Yr, —x1,)

‘“’Xﬁ (Yr, —Xz,)

us'es (Yr, —X1,)

For small ¢, this is bounded below by &;/20. Hence,
Yy, — Xq, | = ’nXTl (vz, —XTB)‘ > ,/20.

This, (3.78) and (3.91) imply that Sy < T3, assuming A; N F; holds.

It follows from the definition of T, and the fact that Sy 1 < T3 = T, that [Xg , — Xr,| < c¢q16;. This
implies that |TI(Xs, ,,) — Xr,| < 2¢;;€;, assuming that ¢, is sufficiently small. Let

Tg = sup{t € [T1,Sr41] : X, € D}.
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It is routine to check that (3.68)-(3.73) hold with X, replaced with I1(Xg, ), and Ts replaced with
Tg (the values of the constants may have to be adjusted). Hence, we obtain as in (3.74) that

Sk+1 Ty
s, ) U n(Xs)dLs) =T, ) (J n(Xs)dLs) <3672 (3.92)
T T
Similarly, an argument analogous to that in (3.80)-(3.83) yields
Sk+1
ﬂ:n(Xsk-H) f n(Ys)dLg/ S C328§2J.
L4
This and (3.92) imply that
‘ﬂn(xskﬂ) ((YUk —Xy)— (Y, —Xsk+1)) ‘ (3.93)
= |y, (O = X5) = (s, = Xs,,,))| (3.94)
Sk+1 Sk
= TCH(XSkH) f n(Xs)dLs - J n(Ys)dL:gy
T T
S C33€§2J.
We obtain from this and (3.61),
E ( T, ,,) ((YUk —Xy)— (Y., —Xsk+1)) 14,0, | ?Uk) (3.95)

Jo
36jo—j 3 2
< ZC34812]2 7 < case7 | logeg| = c5e7 |log el [Yy, — Xy |.
j=1

Case (ii). We will now analyze the case when A; does not occur. The rest of the proof is an outline
only. Most steps are very similar to those in Case (i), so we omit details to save space.

Standard estimates show that
P(A] | Zr,) < c3e612”. (3.96)

Recall that we have assumed that Xy, € 9D. Let
T9 = lnf{t Z Tz . Yt (S aD}
For some c3; and cgg, we let

K=inf{j>1: sup [V;,—Yg|=< £,2'},
te[Ty,To]

Tg=inf{t > T, : |B, — Br,| = c37¢1},

To =inf{t > T, : (n(Yr,),B, —Br,) < —c33¢72"},

Ay ={Ty < Tg}.
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Let Ty = sup{t < Ty : X, € D} and note that X1, — Yp, =X, — Yr, . Using the fact that Xy, € 9D
and definitions of T;, T, and K, one can show that

Y. X Y —X
n(YTQ)’ u — n(YTg)’ M
|YT9 _XT9| |YT10 _XTlol

This implies that d(Xr,,9D) < 6408%2K . We can repeat the argument proving (3.94), with the roles
of X and Y interchanged and T; replaced by Ty, to see that if A, holds then S;,; < Ty and

< c30612K. (3.97)

R, ((Vr, = X1,) — (¥, —XSM))‘ < cpyedak, (3.98)

The angle between n(Yr,) and n(I1(X;, , )) is less than c4y¢1. We know from (3.67) that d(Yr,, D) <
c436227. These facts and (3.97) imply that

Ty
<D(H(Xsk+1)), f n(Xs)dLs> ' = ](n(H(Xskﬂ)), (Yr, —Xr,) = (¥r, —XT2)>‘ < cqqe72VE
T,

Let k, be the largest integer such that if K < k, then for x € dD N %(YT2,2812K) we have
(n(x),n(II(Xg, ,))) = 1/2. Assume that F, := {K < k,} holds. It follows that

Ty
Ly, — Ly, <2 <J n(Xs)dLS,n(H(XSkH))> < cyse32”VK,

T,

We also have Ly, — Ly, < c46¢72’ by (3.72). Hence, Ly, — Ly, < cq7622"VK,

For x € 9D N B(Yr,,2¢,25), we have |7TH(XSk 1)(n(x))l < cug612K, s0
+

Ty
Tnxs,,,) (J n(Xs)dLs)
T

By (3.82), Ly, — Ly, <cs0e72’,

<c, 832(JVK)+K

Ty T,
Tns,,,) (J n(Ys)dLg) = T, ) (J n(Ys)dLsy) <cs 832J+K
T T
Combining the last two estimates with (3.98), we obtain,
TCH(XskH) ((Y5k+1 _X5k+1) - (YTI - XTI)) ‘ (3.99)

= TCH(XskH) ((Ysk+1 - X5k+1) - (YTQ _XTQ)) ‘ + TEH(XskH) ((YTg _XTg) - (YT1 _XT1)) ‘

Ty T,
TXs,,,) (J n(Xs)dLs) + | e, ) (f H(Ys)dLsy)
T, T
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This implies that
Th(xs,, ) ((YUk — Xy, ) — (Ys,,, —Xsm))

5 (

Jo_ Jo
2.2
j=1k=1

xP(J=jK=k|Fy,).

Lacra,ni, | «%k) (3.100)

TN, ,) ((Yuk —Xy)— (Ys,,, —Xsk+1)) Lacru,nr, | =1, K =k, guk)

By (3.67) and an estimate similar to that in Lemma|(3.5 (i),
P (K =k| 9}1) < csgszJsl_lZ_k = 56,27 7K,
This, (3.61) an the strong Markov property applied at T; yield,
P(J=j,K=k|ZFy) <css2 762 F =cgpe,275. (3.101)

For K > J we have 2V/VK)*K = 22K g5 the the right hand side of (3.99) is bounded by c55¢32%. This
and (3.101) imply that the corresponding contribution to the expectation in (3.100) is bounded by
Jo_ Jo
Z Z c54812_kc55£f22k < c56sf| log e ]. (3.102)
i=1k=j

For K < J we have 2U/VK+K = 2J+K ¢4 the corresponding contribution to the expectation in (3.100)
is bounded by
Jo J
—k 39j+k 3
Z Z 54612 “C55€72) 7" < c5587|log &
j=1k=1

Combining this with (3.102) yields

s(

The probability that A, does not occur, conditional on J and K, is bounded above by c598f2K /€1 =
Csoe12K. If A7 NA; holds, we use the following crude estimate,

T, ,,) ((YUk —Xy)—(Ys,,, —Xskﬂ)) Lac i, | guk) < csgey|loge . (3.103)

TnXs,,,) ((YUk —Xy)— (Ys,,, —XskH))‘ =< C5€7.

Therefore, using (3.101),

E ( T(Xs, ) ((Yuk —Xy)—(Ys,,, —Xsk+1)) Lacrag | guk) (3.104)
Jo_Jo

< ZZCS4812_kc59812kc5£1 < c6oef| log £1]2.
j=1k=1
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It remains to address the cases when F; or F, fail. The probability of F{ N F; is bounded by celef.
Hence,

E(
If F, fails but F, does not. we can repeat the analysis presented in Case (ii). Hence, (3.103) holds

with Lac raynr, replaced with 1rena,nF, - The lemma follows from these remarks, (3.95), (3.103),
(3.104) and (3.105). O

Tnxs,, ) ((YUk — Xy, ) — (Ys,,, —Xsk+1)) Trenr | 9Uk) < C6167C5E1 = CoaEs- (3.105)

Lemma 3.16. We have for some c,

m/
E (ansk —X5k|) <¢,.
k=0

Proof. We will use modified versions of stopping times S; and Uj, by dropping o, from the definition
(3.1). Let S; = Uy = inf{t > 0:X, € dD} and for k > 1 define

S; =inf{t > U;_, : d(X,,8D) vd(Y,,8D) < ay|X, — ¥, [*},
U; =inf{t > Sp X — X | VIV, = Yo | > X —Ys;I}-
Fix some k and let
T) =inf{t>S8;: <Bt —Bs;,n(H(st))> < —(a1/2)|Xs; - Ys;;|} ’
T, =inf{t>S;: <Bt —Bsz,n(H(ng*))> > (a1/D)|Xs: — Y5;|},

T3 =infit > S;(k . TCH(XS;E) (Bt —Bs;(ﬁ)

A={T; < T, < T3},
Fp=0{B,,t <S5}

—_—— P — ——

> (a1/10)|X5; - Ys;|},

Let ¢ = |Xy — Y,| and recall that |X, — Y| < cy¢ for t < o,. By Brownian scaling and the strong
Markov property, P(A | #;°) = p; on {S; < 0"}, for some p; > 0 that does not depend on ¢ or k. An
argument similar to that in the proof of Lemma 3.8/ (i) can be used to show that if ¢,a; and a, are
small and A holds then T; < U, and L, —Lg: > (a1/4)|X5; —Yszl. Then Ly —Lgr > (a1/4)|X5; _Ys;L
SO

E(LU,j - Ls; | 9}?) > Pl(a1/4)|XsZ - Ys;:|-
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We use this estimate to see that

m/ /
E (Z'Ysk —Xskl) =E ( |Ys: —XSZ|) (3.106)

k=0 0

3

»
I

~

Z |Ys: — Xs:| ) + |Ys;, —Xsr*n,|

k=
m’—

IA I|
3
AR )

E

/D?h

c3E (LU,j — Lg: | 97;?)) + |Ys;, —Xs;,|
k

m'—1
SCgE (Z (LU; _LS;)) +|YS:1, _XS:;,|

k=0
S CBEO'* + |Ys*m/ _XS:;/l'

Il
o

~

It is elementary to check that for all j,
P(Lj;;—Lj>1]|0{B,t<j})=py>0.

Hence, o, < o is stochastically majorized by a geometric random variable with mean depending
only on D, so
Eo, <c4 < o00. (3.107)

We have |Xg« — Yg« | < cye because S*, < o,. We combine this, (3.106) and (3.107) to complete
the proof. O

Lemma 3.17. For some c; there exists ap > 0 such that if a;,a, € (0,a,) and |Xy — Yy| = € then,

m/
E (Z X5, — Ys,| ((L[y]k ~13)— (Ly, - LSk))) < 62
k=0

Proof. We have by Lemmas|3.13 and 3.16,

m’ m/
E (Z X5, — Ys,| ((Ly ~13)— (Ly, - Lsk))) < cye’E (Z X5, — Yskl) < cye.
k=0 k=0

0
Lemma 3.18. For some c; there exists ay > 0 such that if a;,a, € (0,a,) and |X, — Y| = € then,
m/
B Y e, (00100 (@, - 13) - (o, ~ 1)) )| | < cre?logel,
k=0
Proof. First, we will show that
E ( T, ) I(Ys,)) | guk) < cplYs, — X, | [log|Ys, — X, |- (3.108)

2223



Recall the notation from the proof of Lemma 3.15, in particular, &; = |Y, — Xy, |, and note that by
Lemma|(3.4, &1 < c3|Ys, — X, |. If A; occurs then Sy,; < T < T,. This and definitions of Sy, Uy, Ty,
T and T, imply that

Y5, —Xs, | <|Ys, = Xg [+ Xs, — Xy |+ Xy, —Xp | + X7, = X5,

< cqYs, — X, 127

Therefore, (2.12) shows that

=(

We obtain from (3.96),

(K, 1)(n(l'I(YSk))‘ < cse,2’. We calculate as in (3.95),
+

Jo
1y, | gUk) < ZC6812j2_j < cye1|loge]. (3.109)
j=1

ﬂ:H(XSkH )(H(H(Ysk))

Jo
E (‘nn(xskﬂ)(n(H(Ysk))‘ 1 |97Uk) < (14 170,) <3 cse12/27 < coeyloge.

This and (3.109) prove (3.108). By (3.108) and Lemma|3.13]

E ([nnrs,)) (23, = 1) = (Lo, = 15))| 17, ) < crol¥s, = X5, Fllog ¥s, =g,

We use this estimate and Lemma to conclude that
m/
B | ) |nmes ) (a3, - 13) - (o, ~ 15))|
k=0

m/
<E (Zcuemogsnxfsk —Xskl) < o156 loge].
k=0

O

Lemma 3.19. For some c; there exist ay, gy > 0 such that if a;,a, € (0,ay), € < ey and |Xg— Y| =¢
then,

m/
E (Z Tns,,,) (Tfn(xsk)(Ysk —Xg)— (Ys, —Xsk)) D < c,£%|loge|?.

k=0

Proof. Lemmas and|3.16/imply that

m/
E (Z Tn(xs,, ) (TCH(XSk)(YSk —Xsk) - (Ysk —Xsk)) D

k=0
m/
<E( D E (
k=0
m’ m’
<E (Zc26|10g3|2|Y5k —Xsk|2> <E (Zc3ezlloge|2|YSk —Xskl) < 4| logel’.

k=0 k=0

T, ,) (ﬂn(xsk)(ysk — X, ) — (Ys, —Xsk))‘ | 95,())
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Lemma 3.20. For any cy, €y > O there exist ay > 0, a random variable A and c, such that if € € (0, &),
a;,a, < agand |Xg — Yyl = € then |A| < cy¢, a.s., and

E‘ (Yo, = X0.) = G 0+++ 0 Go(Yo — Xo)| — A‘ < c,e?|logel?.
Proof. Note that S,/ = 0,. We have
(gmfo"'o(go(YO—Xo)—(YU* _XO'*) (3110)

G009 ((gk(YSk _Xsk) - (Y5k+1 _X5k+1))

Il

(gm/O.--o(gk+1 ((gk(YSk_XSk)_(YUk _XUk)) (3.111)

~
Il
o

/

m
+ Z G @10 G ((YUk _XUk) - (YSk+1 _X5k+1)) :
k=0

Recall © from Lemma/3.12] By (2.3), Lemma/3.4 and the triangle inequality, we have the following
estimate for the first sum in (3.111),

m’
Z(gm/ O+++0 (gk_;’_l (%k(YSk _Xsk) - (YUk _XUk))|

k=0
m/
< 3 ) |G (s, —X5) = (¥, = X))
k=0
= Csz Grk+1 ((gk(YSk - X ) — (Yy, —Xy,)
k=0
+ (n(TI(¥s)) + ©IXs, — Vs, ) (L, = £3) = (Ly, — Ls))
+ ﬂn(xsk)(Ysk =X, ) — (Ys, —Xsk))
m/
e Y|S0 (1, — 1) — (o, — 1)) )|
k=0
o3 ) |Sn (O1s, — Vs, (2, — 13— (L~ 1)) )|
k=0
+ C3 Z (gk+1 (nH(XSk)(YSk —Xsk) — (Ysk —Xsk)) ‘ .
k=0
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We combine this with (3.110) to obtain

|G 0+ 0 Go(Yo — Xo) — (Y, —X,5) (3.112)
= CBZ Yr+1 (%(Ysk —Xg,)— (Yy, —Xy,) (3.113)
k=0
+ (n(I(¥s)) + ©IXs, — Y5, 1) ((Lgk ~ 1)~ (Ly, - Lsk)) (3.114)
+ g (Y, = Xs,) = (%, = X)) (3.115)
m/
e Y|S0 (1, ~ 1) — (o, ~ 1)) )| (3.116)
k=0
o3 2 |G (01, — Vs, (2, ~ 13~ (L~ 1)) )| (3.117)
k=0
m/
+e3 ) |G (ﬂ:H(XSk)(YSk ~ X))~ (Y, —Xsk))‘ (3.118)
k=0
m/
+ Z ‘cgm, o0 Gt ((Yy, —Xu) — (¥s,,, — X)) ‘ . (3.119)
k=0

We need the following elementary fact about any non-negative real numbers b;, b, and bs. Suppose
that b; < by + bs. Let A = max(0, b; — by). Then |A| < b;. Moreover, |b; — A| < b,. To see this,
suppose that b; > b,. Then A = b; — b, and |b; — A| = |b; — (b; — by)| = b,. If by < by then A=0
and |b; — A| = |b;| < by. We apply these observations to b; equal to (3.112), b, equal to the sum
of the terms (3.116)-(3.119), and b4 equal to (3.113)-(3.115). To finish the proof of the lemma, it
will suffice to prove that

bs <cie, as, (3.120)
and
Eb, < c,e?|loge|?. (3.121)

Fix an arbitrarily small ¢; > 0. By Lemma 3.4, |V, — X, | < c4¢, for all k, a.s. By Lemma|3.12} if a;
and a, are sufficiently small then with probability 1,

/ /

m m
by < (c1/c) ) |Ly, — L, |- [¥s, = Xs,| S c18 ) |Ly, — L, -
k=0 k=0

We have Z,T:o |LUk — Lsk| <1,soa.s., bg <c;¢, that is, (3.120) holds true.
We estimate (3.116) using (2.3) and Lemma3.18,

"
k=0

o

<cE (Z
k=0

Gerr (n((¥s)) (27, —13) - (Ly, — L)) ) D (3.122)

T, (M) (15, — 12) = (Ly, — 1s)) ) D < cee?|logel.
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Similarly, (2.3) and Lemma |3.19|yield the following estimate for (3.118),

E (g ‘fgkﬂ (e, Vs, = Xs) = (¥s, — Xs,)) 0 (3.123)

m/
2 2
<csE (kz_(:) Tn(Xs,,,) (nn(xsk)(ysk —Xg,)—(Yg, _Xsk)) D < cye”|logel”.

Recall from Lemma(3.12 that |©| < ¢g. By (2.3) and Lemmas|3.13/and(3.16,

.
E (Z G (®|X5k ~ Y| ((L{,k — 1)~ (Ly, — Lsk))) D (3.124)
k=0
m/
< cE (Z IXs, — Vs, ((L{]k - L;,Vk) —(Ly, — Lsk)) D
k=0
m’ m’
<cioE | D] IXs, — YSkIB) <c¢;,€%E (Z X5, — Yskl) < 1,62
k=0 k=0

By Lemma|3.15,

=(

Hence, using (2.3) and Lemmas|3.4/and (3.16)

d

m/
< c4E (Z Txs,, ,) ((YUk —Xy)— (Y, —Xsk+l)) D

k=0

m/
= cisE (Z Yy, — Xy, I*llog |Yy, —XUk||2)

k=0

T, ,,) ((YUk - Xy)—(Ys,,, —Xsk+1)). | guk) < ¢y3lYy, — Xy IPlog|Yy, — Xy, |17

m/
Z Gm' © 0 Yy ((YUk —Xy)— (Y5k+1 _Xsk+1)) D (3.125)

k=0

m/

1Yy, _XUk|) < ¢176%|loge|?.

< c1¢¢2|log €|*E (
k=0

The inequality in (3.121) follows from (3.122)-(3.125). This completes the proof of the lemma. [

Recall operator %, defined in (3.2).

Lemma 3.21. For any cy, €y > O there exists ay > 0 such that if a;,a, < ay and |Xy — Yy| = € then,

E|Y,y 0 0Y(Yo—Xo) — Hpy 0+ 0 (Yo — Xo)| < c16%|logel.
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Proof. We have
(gm/0"'0(g0(Y0_Xo)_%mlo"'O%(Yo_Xo) (3.126)
m/
=> G 00 Gy (exp((Ly, — Ls)# (X)) — exp((Ls,,, — Ls,)#(TI(Xs,))))
k=0

© Tri(xs ) Hk—1° " © 76(Yo — Xo).

By (2.6),
lexp((Ly, — Lg, ) (11(Xs,))) — exp((Lg, ,, — Ls, ) (M(Xs DI < colLy, — Lg, . |-
This, (2.3) and (3.126) imply that

/

m
|Gy 0+ 0 4Gy (Yo — Xo) — Hpyr 0+ - 0 H(Yy — Xo)| < c5|(Yp _Xo)|2 |LUk - Lsk+1|-
k=0

By Lemma|3.11, EZZ‘:O ILy, — Ls, | < cse|loge|. Hence,

E|Y,y 0 09y(Yo—Xo) — Hp 0+ 0 (Yo — Xo)| < cqye?|logel.

Recall notation from the beginning of this section.

Lemma 3.22. We have for any 3; < 1 and some c, and c,, assuming that |X, — Yy| = € and &, > c¢,

m/

E Z Z (L, = LEJ)|X;( X, )l | < cet P,
k=0 Uk55j55k+1

Proof. By Lemmal3.8 (iv), for every k,

E Z (Lsy,, = Lelx; =X, I Fs, | < calXs, — Ys, |24

Sk<&;<Sks1

This and Lemma 3.16 imply that

m/

E| Y. D (s, —Le)lx) —N(Xg,, )l

k=0 Uy <&;<Sk+1

SE[DE[ D (s, —Lelx) — 15, )l F,
k:O UkiijSSkH

m/
S E (Z C2|XSI< — Ysk|2+ﬁl)
k=0
m/
<E| D aalXy, — Yy leth | <cpetth
k=0
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For the notation used in the following lemma and its proof, see the beginning of this section.

Lemma 3.23. We have for any < 1, some cy and c,, assuming that |X, — Yy| = € and €, > cy¢,
E |.ﬂm* O+++0 ,ﬂo(Yo —Xo) - fm// [ ofo(Yo —Xo){ S C181+/3-

Proof. We will follow closely the proof of Lemma 2.13 in [BL]. We will write & = & (x!") = & (x),
T = T, = T, Recall that m” = m*. We have
|fm” o0 (Yo —Xo) = Fpr 00 H(Yp _Xo){

* * g
_ (eMm*Ym* B G Zm*)ym*) Tl © Sr_q 0+ 0 _F(Yo — Xg)
m*
.
4 Z At Mg o

i=1
* " " * * 7"
(e“iﬂ_ei )yfﬂ:ieMHgi-l — eMix’n'ie(ei _EHM-l) o (3.127)
1" " 1"
m_qefliaTia AR AT (Y — X))

+ 009 (e(e’;—eg)% — eMg%) 7o(Yo — Xo).

By virtue of (2.3) and (2.4), the last term is bounded by a constant multiple of [¢] — £7]|Yy — X,
Since €7 > £7, E|[€; — £7]]Yy — X,| = €E(¢] — £7). By the strong Markov property applied at &; and
Lemma /3.8 (ii), E(¢] — £}) < c,¢. Hence

E (S 009 (eli7000% — 205 1 (¥, — X)) < c3EIE; — 07| Yo — Xol S cue®.  (3.128)
We have £/, | ={;. , =1,s0by (2.3) and (2.4), the first term on the right hand side of (3.127) is
bounded by a constant multiple of [€ . —£7 .| |Yo—X,|. We have €. > €7 . SO E|€7 . —£7 | |Yo—Xo| <

eE(1 — £’ .). The following estimate can be proved just like (3.10). We have for every x € D and
b>0,

cs/b < H*(|le(0) —e(Z)| = b) < cg/b. (3.129)

This and the exit system formula (2.16) imply that 1 —£7 is stochastically majorized by an exponen-
tial random variable with mean c;¢, so E(1 —{]) < cy¢. Hence

. ((eae; e ece;m—z;*)ym*) T © Bt 100 Fo(Yo Xo)) (3.130)

< CgEle;* - E:;l*l |Y0 —Xol < CgEz.

The compositions before and after the parentheses in (3.127) in the summation are uniformly
bounded in operator norm by (2.3), so we need only estimate the sum

m*
Z 6(8;_1_@:'/)5/{ ﬂ:ieAl;/_lel — eAKT‘% ﬂle(ef_giil)‘%’1
i=0
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Using the fact that 71; commutes with %, we can rewrite the i-th term in this sum as

Ao o (et — o(Ei~tD%ir) (AL i

< (it

it oAl i

AL, ‘

—e

From (2.3) and (2.5), this last expression is bounded by ¢y |£f - €§’| }x{’ —xi | By Lemma [3.22]
forany 8 <1,

*

m
B |6 ] [~ x| S ene' .
i=1
This combined with (3.128) and (3.130) yields the lemma. O

Once again, we ask the reader to consult the beginning of this section concerning notation used in
the next lemma and its proof.

Lemma 3.24. Suppose that €, = cye, where ¢ is as in Lemma|3.23| For some c,, if we assume that
|Xog — Yy| = € then,

E|%m’ o0 H (Yo —Xo) = I 0+ 0 FH(Yy —Xo){ = C1€4/3|1083|-

Proof. Note that
b, = exp(AK%)y(xi))nx;.

Let {({x,xx)}o<k<m+1 be the sequence containing all the distinct elements of the union of
{05, x D }o<k<m+1 and {(€7, x )} o<k<mr+1- We will explain how the sequence {({,x)}o<k<m+1
is ordered but first we note that Z;{’s need not be distinct, and neither do E;{’ ’s, and, moreover, some
¢;’s may be equal to some ¢;’s. We order the sequence {({;, Xx)}o<k<m+1 in such a way that

(i) £ < Ly, for all k.
(il) IfEkl = E;l’ Ekz = 5;2, E;] = szl’ 632 = szz, and SJI < SJZ then kl < k2'
i) 1 €, = €], £, = €7, €7 = A(L3), €7 = A(€7), and €5 < €7 then ky < k.

J2? " h
(i) If (Ly,, Xi,) = (E;.l,x;l), (Ui, Xi,) = (@’.;,x;;) and E}l = E;; then k; < k.

It is easy to check that the above conditions define one and only one ordering of {({;, x;)}o<k<m+1-

We introduce the following shorthand notations, A; = ¢, —¢;,

x; =7(()), X =7"(()),
?i :?(Yl), 5’?: 5/’(5?1),
T = Tx,, T = Tx,.

Observing that o7y = Ty and 7,41 Znr © -+ 0 Fo(Yo —Xo) = Zp 0+ 0 # (Yo — Xo), we have,

Aoy © -+ 0 Ho(Yo = Xo) = Fyr 0+ 0 Fo(Yo — Xo)

ymﬁm .. eAiﬂyiﬂﬁH_l (eAiyiﬁi _ ﬁi+1eAi§) e e ﬁleryb To(Yo — Xo).
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By (2.3), the compositions of operators before and after the parentheses in the summation above
are uniformly bounded in operator norm by a constant. Therefore,

|%m/ 0---0 ‘%(YO —Xo) - fm// [ Ofo(Yo —Xo)l (3.131)
m
< CzZ ’ Tt © (eAiyi O — Miy1© eAlj;) o Tl || Yo — Xol-
i=0
Using the fact that #; and 7; commute, as do % and 7;, we obtain,
ﬁi—i—l o (eAi?i Oﬁi — ﬁi—i—l ] eAi‘yT) ] 7’:51' (3132)

=11 T © (CAiyi - eAji) o T + Mgy 0 (T — Fipg) 0 Ayo e,

We will deal with each of these terms separately.
For the first term, we have by (2.5),

Hﬁi+1 oo (eAiyi - em?{) o T

For the second term on the right hand side of (3.132), Lemma and (2.3) allow us to conclude
that

<

AT em?;” < AT — Fil. (3.133)

Scy ({Yi-l—l —Yi| |fi - 55i| + |§i+1 - 55i+1{ |35i+1 - J'ZID HeAinH

M0 (T — Tipq) 0 Wi 0 eAin‘

=c¢s (|xi+1 - X

Xit+1 — Xi+1| \xi+1 — X

x; — %;| + ). (3.134)
We will now analyze (3.133). Suppose that A; > 0 and X; # X;. Let j and k be defined by x; = }f’(E;.)
and X; = v"(£}).
Suppose that £; =} =}/, ;.
reason, we have A; = 0 if any of the following conditions holds: £; = {; = Z;. or{; =10/ =1’,,.
For this reason we consider only sharp versions of the corresponding inequalities in @—
below.

Then, by our ordering of £,’s, £;,1 = {} , ={;, so A; = 0. For the same

k+1

We have assumed that X; # X; so one of the following four events holds,

Filz{f;cl<€i:€3<£;</+1, €k<5jft,/</+1}, (3.135)
FR= {0y <=0 <y, ty g <S5 <&kl (3.136)
FP = {0 <=0 <liy, S; <& SU; < Sjua}, (3.137)
Fr={0 <=0 <l},), S; <U; <& < Sji1} (3.138)
If Fl.1 holds then,
{Ee<S; <t/ 3n{lx;—X| >a} U { sup |x) —X,| > a}. (3.139)
1<r<m §r<t<t:/+1

2231



This and Lemma |3.6yield,

m m
E (ZAI-WL- —J?illFi1) <E (( max  sup |xp —Xt|) Z():Al) (3.140)
- iz

0<k<m* *
i=0 - gk<t<tk-¢-1

:E( max  sup |xz—Xt|) <cee'/® = el3,

0<k<m* *
Er<t<tp,,

If Fl2 holds then A; = 0, because X does not hit dD in the interval (t1’<’ 108 x+1), and, therefore, the
local time L, does not increase on this time interval. Hence,

m
D AR - %12 =0. (3.141)
i=0 l
If Fl.3 holds, the definition of U; implies that |x; — X;| < cge. Thus
m m
D IAIR — %l < ) cgAe =cge. (3.142)
i=0 i=0

Suppose that Fl.4 occurred. It follows from the condition U; < & < S;; and the definition of £ ’k’ that
6= Z;. +1- We have already shown that in this case, A; = 0. Hence,

m
D AR - % |1 =0. (3.143)
i=0

Next we will consider the right hand side of (3.134). We start our discussion with the terms of the
form {fiﬂ - fi| |Yl~ — fi}. Recall that we have defined j and k by Xx; = y’(ﬂj.) and Xx; = y"({}). We
will consider all possibilities listed in (3.135)-(3.138). If A; = 0 then ¢; = £;,; and X; = y'({;) =
Y'(€i41) = Xi41. It follows that in this case, [X; 4 — El-| |¥i - )~ci| = 0. Hence, we can limit ourselves
to (3.135)-(3.138), with sharp inequalities in the definitions.

Suppose that F' UF} occurred. Then &, < Sj, X; = X5, and X; = X¢,. By Lemma|3.8/(iii) and the
strong Markov property applied at &y,

E (|5 - %| 10 | 72, ) =E ( 1p1pe | gjgk) (3.144)
< collogd(Yz,, D)I(d(Yg,, D) + €°) < cype|logel.

ij —Xe,

We have X;,; = X, for some t € (S;,S;,1]. By Lemma3.5/(ii), the strong Markov property applied
at the stopping time Ry = inf{t > S; : X, € d D} and Lemma 3.8 (iii),

E (|fi+1 — 5| Lpree |,9>Sj) < E( sup  |X, —Xg | 11 |9Sj) (3.145)

SijSS-H,l

<E ( sup  |X, —Xs,| 1pup2 |9>Sj) +E ( sup [ X, —Xg,| Lpigp? |,9>sj)
Sj<t<R, R <t<Sjy,
<c¢q1€|logel.
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It follows from this and (3.144) that
E (% - 5| K0 - %] 1o | 25, (3.146)
=E (|fi - %;|E (|7i+1 = Tpgp2 | ?sj) | 9@) < ¢126%|log e,

By (3.129) and the exit system formula (2.16), the expected value of m* is bounded by c;3/¢. It
follows from this estimate and (3.146) that

m m*
E ( |fi+1 —fi| |71' - fi) lFl.luFiZ) <E (ZE (|fi+1 _§i| |fi - 551‘| Lpigpz | 9@))
k k=1

=0
< cy4¢|logel?. (3.147)

Next suppose that Fl?’ occurred. Then X; =X, and Xx; = X¢, . Since & < U;, we have )fi - 5(}\ <c(i5€.
As in the previous case, we have x;,; = X, for some t € (Sj,SjH], so we can use estimate (3.145).
It follows that

E (|Yi+1 —Yi| |El~ —351-| 1 | 9‘5,() < c16¢2|loge|.

The following estimate is analogous to (3.147),

m m*
E(Z{El+1_fl| Yl_fl lFlB) SE(ZE(YHJ_YI fl_fl|1Fl3|g§k))
k=0 k=1
< c;7¢|loge|. (3.148)

We have already shown that if Fl.4 holds then A; = 0 and, therefore, \Yiﬂ — fi| |¥l~ - )?il = 0. Hence

m
E ( %1 — % | % — X 1F?) =0. (3.149)
k=0

We continue our discussion of the right hand side of (3.134). We now consider the terms of the form

Xig1— J?iﬂ{ |3Nq+1 —X; | The overall structure of our argument is similar to that used to analyze the

X —5C41|

terms of the form )fiﬂ —-X;

Suppose that X;;; # X;;1- Let j and k be defined by X;,; = y’(ﬂ;) and X;11 = y"(¢;)). We have
assumed that X; ;1 # X; 1 so one of the following four events holds,

EY = {0 <l =<y, & <S; <t} (3.150)
FO = {0 <l =0 <€y, t) ) <S; < &), (3.151)
Fl =l <l =0/ <L}, $; <& SU;j <Sjpa}, (3.152)
Fl= {0 <l =0 <, S;<U; <& <Sjn}k (3.153)

Suppose that £;,; = E;. = (. Then because of the way we ordered ({;, x;), we have (¢;, x;) = (£, x;)
and (£;41,X;41) = (£}, x;)). Therefore {; = {;;. It follows that X; = y"(¢;) = y"({;41) = X;41. In
this case, |El~+1 — X1 | Xig1 — J?i| = 0. We can reach the same conclusion in the same way in case
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1/
we have / 1

with sharp inequalities in the definitions.

=l = K;. orbiy; =€} = £3+1' Hence, we can limit ourselves to (3.150)-(3.153),

Suppose that Fl5 U Fl.6 occurred. Then X;;; = X s; and X;;1 = X, . The following is a version of

(3.144),
E (|§i+1 — Fip1] Lpsys | zgk) < cyg¢]logel. (3.154)

We have X; = X, for some t € [£;_1,&), so by Lemma 3.7/and the strong Markov property applied
at gk—l)

~ ~ 1/3
E (|Xi+1 - Xi| Lpsyps | 9&—1) <E ( sup X, —Xg_ || «975,(_1) < ceel? = C19Co/ '3,
o Er—15t<&;
(3.155)
It follows from this and (3.154) that
E (|¥i+1 - §i+1~ |3N(i+1 - JNCi| lFqui"’ | 9&—1) (3.156)

=E ( J’Ei+1 - J’\CJIN E ( Ei+1 - J’Ei+1| lFiSUFi6 | 951() | ggkq) < C2084/3|10g€|.

Recall that the expected value of m* is bounded by c;5/¢. It follows from this and (3.156) that
m
E (Z %1 = Ko | [Kia1 — ] 1Fl.5UFl.6)
k=0

m*
<E (ZE (|Yi+1 - fi—i—l\ |)A('li+1 - .),\Cll| lFiSUFi6 | g&k—l)) < C2181/3|10g8|. (3157)
k=1

Next suppose that Fi7 occurred. Then X;;; = Xs;, and X;;; = Xg,. Since & < U;, we have

k* -
Xit1 —351-+1{ < c9p¢. As in the previous case, we have X; = X, for some t € [£;_1,&x], SO we
can use estimate (3.155). It follows that

- SEIE = 4/3
E (|Xi+1 - Xi+1{ |Xi+1 - Xi| 17 | 9gk_1) < Co3e.

The following estimate is analogous to (3.157)
m
E (Z (%1 = Ko | [Kia1 — | 1Fl.7)
k=0
m*
<E (ZE ([Fis = Tt | |Fir = %] 17 | %_1)) < cpuel’. (3.158)
k=1

Suppose that F l.8 occurred. It follows from the condition U; < & < S;;; and the definition of £ ;(’ that

j
6= Z;H. We have already argued that in this case, |X; ;1 — )'El-+1| }551-“ — 551‘{ = 0. Hence,

m
D [Fier = Foa| [Fin — K| 18 = 0. (3.159)
k=0
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Recall that |X, — Yy| = €. The estimates in (3.140), (3.141), (3.142), (3.143), (3.147), (3.148),
(3.149), (3.157), (3.158) and (3.159) are all less than or equal to cys&/3|log €|. We combine these

remarks with (3.131)-(3.134) to conclude that,

E|Ay 0+ 0 H(Yy — Xo) — Fpr 0+ 0 Fo(Yy —Xp)| < 02684/3|10g6‘|-

O

Proof of Theorem 3.1, Suppose that |Y, — X,| = € and &, = cye, where ¢, is as in Lemma
Consider an arbitrarily small ¢; > 0 let A be the random variable in the statement of Lemma [3.20|

According to that lemma, for all sufficiently small ¢ > 0, we have a.s.,
Al < ce.
By the triangle inequality,
|(Yy, —=Xg,) — I 0+ 0 F (Yo — Xp)|
<|Al+

(Yo, = X0,) = Gy 0+ oYy = Xo)| = A

+ Gy 00 Go(Yo — Xo) — oy 0+ 0 H(Yy — X))
|y 000 (Yo — Xo) — Fr 00 F (Yo — Xo)l
+ [ 00 Fo(Yg = Xo) = Sy 0 0 Fy(Yo — X))

= |A|+E.
By Lemma 3.20,
E‘ (Y, =X5.) = Gy 0 0 4o (Yo — Xo)| — A‘ < c,e?|logel?.
By Lemma/3.21,
E|@,y 00 Go(Yo — Xo) — Hpy 0+ 0 #(Yo — Xo)| < c3¢%|logel.
Lemma3.24/implies that

E |%m’ o 0ip(Yo —Xo) = I 00 Fo(Yo _Xo){ < c46*7|logel.
Lemma 3.23lyields for any < 1,
E |fm” o0 #(Yy—Xo) = Fpr0---0 H(Y —Xo){ <cse'tP.
Combining (3.162)-(3.165), and using the definition of = in (3.161), we see that
E= < 0684/3|10g£|.
Fix some f3; € (1,4/3) and 3, € (0,4/3 — f3;). By (3.166) and Chebyshev’s inequality,

P(= > c7€ﬂ1) < Cgﬁ'ﬁz.
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Fix an arbitrary b > 1 and v € R" with |v| = 1. We apply the last estimate to a sequence of processes
Y = X%+ with ¢ = bk, k > k,, for some fixed large k,. We obtain

P(E>c,b k) <cgb™*P2, k> k.

Since Zk>k0 cgb P2 < 00, the Borel-Cantelli Lemma shows that only a finite number of events {Z >

¢;b~*P1} occur. This is the same as saying that only a finite number of events {Z/ b7k > c7b_k(ﬁ1_1)}
occur. We combine this fact with (3.160) and (3.161) to see that for any ¢; > 0, a.s.,

zo+b kv _

. Ty
lim sup —
k—00 b

Xo,
—Fpr o0 F(V)| <.

Since c; is arbitrarily small, we have in fact, a.s.,

b*k
. XLZTO*+ Y- Xo
lim
k—00 bk

- — Fp0---09(v)|=0. (3.168)

It is easy to see that the last formula holds for all v € R", not only those with |v| = 1.

Consider an arbitrary compact set K C R". Let ¢y be the same constant as c¢; in the statement of
Lemma It follows easily from (2.3) that ||.£,« 0 --- o %|| < ¢, a.s. Fix any ¢;; > 0 and find

Wy, ..., W; € R" such that for every v € K there exists j = j(v) such that [v—w;| < c;1/(2(co+c10)).

Note that |(zy + b~%v) — (2o + b_kwj(v))I < b7*¢y1/(2¢9) and, in view of (3.168),

zO+b7kwj

lim sup

g
*—J*O---Oy w:)| =0. 3.169

By Lemma|3.4} for ve K and j = j(v), a.s.,

z0+b’kwj zo+b kv _

Xo'* - XO'* XU*
bk Bl bk

< col(zo+ b7 V) = (2o + b *W)I/b* <cpy/2.  (3.170)

Since |v —w;| < ¢11/(2¢10),

| P 0 0 Fy(Wi(y)) — I 0+ - 0 FH(V)] < ¢91/2. (3.171)
Combining (3.169)-(3.171) yields a.s.,

' zo+b kv _Xa*

lim sup —F 005 (V)| <cqy.

k—o0 yek b_k

Since c¢;; > 0 is arbitrarily small, we have a.s.,

zo+b kv _

. Oy
lim sup —
k—o0 yek b

X
% go-0. 9 (V)| =0. (3.172)
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Let ¢y, = sup{|v| €K}. For ¢ € [b~F, b~**1), we have,
(2o + b75v) — (29 + &V)|/e < ¢1(1 — 1/b).
Hence, by Lemma 3.4, a.s.,

zo+b kv _

XX Xy XMV -X

b~k €

O

*

+b7k +b7k +b7k +
XX V=X, X3 V=X, X2 V=X, X3 -X

o o _ o
- bk £ £ €
zo+b kv
Oy _XU* —k
<(1-1/b) = + col(29 + V) — (29 + b V)| /¢
zo+b kv
O, _Xa*
<(1-1/b) B — +coc15(1 —1/b).

Let €, = cob™, where k is defined by € € [b%, b™*1). The last formula and (3.172) yield,

20+ev
. Oy _XU*
lim sup — 00 (V)
=0 yeg €
zo+b kv _
<(1-—1/b)limsupsup 2 - 2+ CoC12(1—1/Db).
k—oo VveEK b~

Let £€* = cye. We can take b > 1 arbitrarily close to 1, so, a.s.,

ZotEV
X2t —x

lim sup I — S0 0.9(V)|=0.

=0 yeg €

Recall the definition of o, from the beginning of this section. We let k, — oo to see that, a.s.,

20+EV
b GLARE o

&

lim sup
-0 yeg

— S 00 H(V)|=0.

We combine this with Theorem|2.5/to complete the proof of the theorem.

O

Proof of Corollary 3.2] According to Theorem (3.1, for every r > 0 and compact set K C R", we
have lim,_,o supyex (Xf,‘):rgV -X2)/e— .,erv’ = 0, a.s. By Fubini’s Theorem, with probability 1, for

almost all r > 0, we have

lim sup
=0 yeg
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Recall the definitions of &, v, and ./, from Section 2.3, Let &, ,, = {e; : 0, <5 < 0,,} and define
V. r, and .o/, . relative to &, . in the same way as .¢/, was defined relative to &, and v,.

Fix any t > 0 and let y, = X;° and Y* = X fors = 0. Let w be defined relative to v by

Yo+ ew=X f°+€v. By the Markov property applied at time ¢, Theorem|3.1 and (3.173) hold for the
flow {Y;,s > 0} in place of the flow {X_,s > 0}. In other words, if &/ = .¢/; ; \,ando, =0 4, —t
then with probability 1, for almost all r > 0, we have

=0. (3.174)

lim sup

Yotew _ v Yo 7
e—0 yek (YU/ YU; )/8 .,erW

r

Note that for any sequence v, € K, n > 1, there exists v, € K such that a subsequence of v,, converges
to v,, by compactness of K.

Suppose that it is not true that lim,_,,Supyex ‘(XfOHV—XfO)/e —szLtv‘ = 0 with probability
1. It will suffice to show that this assumption leads to a contradiction. The assumption im-
plies that we can find ¢;,p; > 0, ¢, > 0 forn > 1, v, € K, and v, € K for n > 1,

such that lim,_,¢, = 0, lim,_,V, = V,, and with probability greater than p; we have

liminf,, |(X f°+€”v” —X°) /e, — Vethvn‘ > c;. Let A; be the event defined by the last formula.

Let my denote the orthogonal projection on an (n — 1)-dimensional hyperplane H. We

can choose H so that for some c, > 0 and subsequence n;, we have on the event A,
Zg+En, Vo, 2g+En, Vi

Ty ((Xt —Xf")/enk) — T © .,QthVnk‘ > ¢y, Let wy = (X, —Xf")/snk so that the last
formula can be written as }nH(wk) — Tl © JZthVnk| > ¢,. Since D is a bounded domain with C2
boundary, there exists x € dD such that the tangent hyperplane at x is parallel to H, so we can
assume that 7y = 7. There exist r; > 0 and ¢5 € (0, ¢y) such that for y € M := 9D N B(x,ry), we
have on the event A,, |7, (wy) — 7, 0 &) v, | > c3.

Let T = inf{s > t : X.;° € 8D} and A, = A; N {X‘;O € M}. By the support theorem for Brownian
motion and the Markov property at time t, there exists p, > 0 such that P(A,) > p,. If A, holds then

Ty (W) — Ty © Ay Vi, | > C3. (3.175)

It follows from the definition of .«, and ./ that lim, g ||.2// — Ty | =0 and lim, o ||« 4, — Ty 0
/1 || = 0. The rate of convergence to 0 may depend on the trajectory of the flow X. Let r, > 0 and
P3 > 0 be so small that with probability greater than p5 the event A, holds and

.o Wy — o (Wil = c5/4, (3.176)
|TL'X’;O o uchtVnk - VQ{Lt+rVnk| S C3/4,
for r €(0,7ry) and k > 1. Let A3 be the event that the last inequalities in (3.176) hold and A, holds.

Combining (3.175) and (3.176), we see that on the event A; we have |.o/’w; — Ay 4rVn, | = c3/2 for
re(0,ry)and k > 1.

By (3.173) and (3.174), with probability 1, there exist some r € (0, r,) such that,

. 20+€p, V,
lim |(X, ™"

k—o0

_XZO )/Snk - "st+rvnk = 0

OLetr OLptr
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and

. 2o+€n, Vv,
lim |(X, ™"

k—o00

F—XD ) en, — AWy,

OLe+r OLi+r

— 1 Yo&n Wy Yo / _
= kh_)rgo ‘(YU; - YU; )/ €n, — AWy, | =0.

Since |.of Wy — ./} 4.V, | > c3/2 on the event Az of positive probability, the last two formulas form
a contradiction and this completes the proof. O
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