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1 Introduction

Suppose A, A, ..., A, are all the eigenvalues of a square matrix A of order k. Then the empirical
spectral distribution (ESD) of A is defined as

k
FaGx,y) =k Y HR(A) < x, 5(4) < ¥},
i=1

where for any z € C, #(z), .#(z) denote the real and imaginary part of z respectively. Let {A,}7,
be a sequence of square matrices (with growing dimension) with the corresponding ESD {F, }72,.
The limiting spectral distribution (or measure) (LSD) of the sequence is defined as the weak limit of

the sequence {F, }>2,, if it exists.

Suppose elements of {A,} are defined on some probability space (2, Z,P), that is {A,,} are random.
Then {F, ()} are random and are functions of w € Q but we suppress this dependence. Let F be
a nonrandom distribution function. We say the ESD of A, converges to F in L, if at all continuity
points (x, y) of F,

J [FAn(x,y)—F(x,y)]zdIF’(w)—>0 as n — oo. (1.1)
Q

If the eigenvalues are real then it is understood that {FAn} and F are functions of one variable. It
may be noted that (1.1) holds if E[F, (t)] — F(t) and V[F, (t)] — 0 at all continuity points t of
F. We often write F,, for F, when the matrix under consideration is clear from the context.

For detailed information on existence and identification of LSD in different contexts, see @ ]
and also Bose and Sen U2008]. There are many universality results available in this context. How-
ever, most of the existing work on LSD assumes the input sequence {x;} to be independent. With
the current methods used to establish LSD, such as the moment method or the Stietljes transform
method, it does not appear to be easy to extend the known results on LSD to general dependent
situations for all types of matrices. There are very few works dealing with dependent inputs. For
instance, Bose and Sen ﬂZOOS‘] establishes LSD for some specific type of dependent entries for a few
matrices and Bai and Zhou U2008] establishes LSD of large sample covariance matrices with AR(1)
entries.

We focus on the LSD of circulant type matrices— the circulant, the symmetric circulant, the reverse
circulant and the so called k-circulant for suitable values of k. We assume that {x;} is a stationary
linear process. Stationary linear process is an important class of dependent sequence. For instance
the widely used stationary time series models such as AR, MA, ARMA are all linear processes. Under
very modest conditions on the process, we are able to establish LSD for these matrices. These LSD
are functions of the spectral density of the process and hence are universal. Consider the following
condition.

Assumption A {x;} are independent, E(x;) =0, V(x;) =1 and sup; E|x;|* < cc.
We first describe the different matrices that we deal with. These may be divided into four classes:

(i) The circulant matrix is given by

2464



X0 X1 Xo .. Xp_o Xp—1
Xp-1  Xo X1 ... Xp3 Xp2
— 1 be X X X X
= — n—2 n—1 0o --- n—4 n—3
G =%
L Xq X9 X3 ... Xpq X0 1 xn

Sen m] shows that if Assumption A is satisfied then the ESD of C, converges in L, to the
two-dimensional normal distribution given by N(0,D) where D is a 2 x 2 diagonal matrix with
diagonal entries 1/2. Meckes W] shows similar type of result for independent complex entries.
In particular, if E(x;) = 0, E|x;|* =1 and

n—oo

. 1 n—1
lim ;;Eﬂlezhijeﬁ) =0

for every € > 0, then the ESD converges in L, to the standard complex normal distribution.

(ii) The symmetric circulant matrix is defined as

Xg X1 X9 ... X9 X3
1 X1 Xg X1 ... X3 X9
SCn —_ X9 X1 Xg ... X9 X3
Vv n
i X1 X9 X3 ... X1 Xp 1 oxn

Bose and Mitra ﬂ2002] show that if {x;} satisfies Assumption A, then the ESD of SC, converges
weakly in L, to the standard normal distribution.

The palindromic Toeplitz matrix is the palindromic version of the usual symmetric Toeplitz matrix. It
is defined as (see‘MasseV et.al, UZOOﬂ]),

Xg X1 X9 ... X9 X1 Xp
X1 Xo X1 ... X3 X9 Xq
1 X9 X1 Xg ... X4 X3 Xg
PT, =L
Vvn
X1 X9 X3 ... X1 Xo X1
Xg X1 X9 ... X9 X1 Xp y
- - nXn

Its behavior is closely related to the symmetric circulant matrix. It may be noted that the n x n princi-
pal minor of PT, 4 is SC,. ‘Massey et.al. ﬂ200ﬂ] establish the Gaussian limit for Fpy . Bose and Sen
@] show that if the input sequence {x;} is independent with mean zero and variance 1 and are
either (i) uniformly bounded or (ii) identically distributed, then the LSD of PT,, is standard Gaus-
sian. They also observe that if the LSD of any one of PT,, and SC,, exist, then the other also exists
and they are equal.

(iii) The reverse circulant matrix is given by

2465



X0 X1 X9 ... Xp_o2 Xp—1
Xq Xy X3 ... Xp—q Xo
1
ch — = Xo X3 X4 ... Xo Xq
vn
| Xn-1 Xo X1 ... Xp-3 Xp-2 |

Bose and Mitra UZOOZ‘] show that if {x;} satisfies Assumption A then the ESD of RC, converges
weakly in L, to F, which is the symmetric square root of the chisquare with two degrees of freedom,
having density

f(x) = |x|exp(—x?), —o0 < x < 00. (1.2)

(iv) For positive integers k and n, the n X n k-circulant matrix is defined as

X0 Xq X9 . Xn—2 Xn—1
Xn—k  Xn—k+1  Xn-k+2 -+ Xn-k-2  Xp-k-1
Ak,n =

Xn—2k Xn—2k+1 Xn—2k+2 -+ Xp—2k—2 Xp—2k-1
nxn

We emphasize that all subscripts appearing above are calculated modulo n. For 1 < j < n —1, its
(j + 1)-th row is obtained by giving its j-th row a right circular shift by k positions (equivalently,
k mod n positions). We have dropped the n~'/2 factor from the definition of the matrix so that
subsequent formulae for eigenvalues remain simple. Establishing the LSD for general k-circulant
matrices appears to be a difficult problem. ‘Bose, Mitra and Sen UZOOS‘] show that if {x;} are i.i.d
N(0,1), k = n°® (> 2) and gcd(k,n) = 1 then the LSD of Fp-12y,  is degenerate at zero, in
probability. They also derive the following LSD. Suppose {x;} are i.id. satisfying Assumption C
given below. Let {E;} be i.i.d. Exp(1), U; be uniformly distributed over (2g)-th roots of unity, U,
be uniformly distributed over the unit circle where {U;}, {E;} are mutually independent. Then as
n— o0, F, -1 A, converges weakly in probability to

@ U([T8,E)Y28 if k8 =—1+sn, g>1, s=0(n'/?),

() Uy(TT8,E)Y?¢ if k¢ =1+sn, g>2and

o(n) if g is even
s= g+l
o(ne1) if g is odd.

We investigate the existence of LSD of the above matrices under the following situation.

Assumption B {x,;n > 0} is a two sided moving average process

o0
X, = Z a;€,_;, where a,<€R and Z la,| < oo.
1=—00 nez

Assumption C {¢;},i € Z are i.i.d. random variables with mean zero, variance one and Ele;|**% <

oo for some 6 > 0.
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We show that the LSD of the above matrices continue to exist in this dependent situation under
appropriate conditions on the spectral density of the process. The LSD turn out to be appropriate
mixtures of, the normal distribution, the “symmetric” square root of the chisquare distribution, and,
some other related distributions. Quite expectedly, the spectral density of the process is involved in
these mixtures. Our results also reduce to the results quoted above for the i.i.d. situation.

In Section [2]we describe the nature of the eigenvalues of the above matrices, describe the spectral
density and set up notation. In Section |3/ we state the main results and report some simulation
which demonstrate our theoretical results. The main proofs are given in Section[4]and the proofs of
some auxiliary Lemma are given in the Appendix.

Some of the results reported in this article have been reported in the (not to be published) technical
reports‘Bose and Saha ﬂ2008a], Bose and Saha ﬂ2008b], Bose and Saha ﬂ2009].

2 Preliminaries

2.1 Spectral density and related facts

Under Assumptions B and C, yj, = Cov (x4, ;) is finite and ZjeZ lrj| < oo. The spectral density
function f of {x,} exists, is continuous, and is given by

flw)= % Zyk exp(ikw) = % [vo+ 2Zyk cos(kw)] for w € [0,2m].

kez k>1
Let
1 n—1 _ )
L) ==|> xe ™", k=0,1,...,n-1, 2.1)
n t=0

denote the periodogram of {x;} where w; = 27k /n are the Fourier frequencies. Let

Co={t€[0,1]: f(2mt) =0} and C] = {t € [0,1/2] : f(27t) = 0}. (2.2)
Define o
P = D7 ael, (@)= RIP()], Po(e) = L)), 23)
j=—00

where a;’s are the moving average coefficients in the definition of x,,. It is easy to see that

(e )? = [1h1(e")]? + [9ho(e")]? = 27f ().

Let
[ (€@ —py(e)

B(w) = ( ¢:(€i”) wléiw) ) and for g > 2,

[1#1(6%0’1) —wz(eiwl) 0 0 0 \
Po(e'®r) apy(e’r) 0 0 _ 0
0 0 Pi(e'92)  —py(e'?) 0

B(w1, w3, .., wg) = 0 0 Po(e'®2) apq(e'?) 0

0 0 0 0 : ' 0 .
0 0 0 P(e')  —py(e!®s)

\ 0 0 0 Pale®s) ()

2467



The above functions will play a crucial role in the statements and proofs of the main results later.

2.2 Description of eigenvalues

We now describe the eigenvalues of the four classes of matrices. Let [x] be the largest integer less
than or equal to x.

(i) Circulant matrix. Its eigenvalues {A;} are (see for example‘Brockwell and Davis‘ UZOOZ‘]),

1 n—1 )
Ar=—) xe=b +ic, Vk=1,2,---,n,
k \/ﬁ; l k k

where . )
2mk 1« 1«

W = —), bk =— le COS(O)kl), Cr = —F7—= ZXZ sin(cokl). (2.4)
iz U=

n

(ii) Symmetric circulant matrix. The eigenvalues {A,} of SC,, are given by:
(a) for n odd:

1 [n/2]
Ao=—=[xp+2 X;
0 \/ﬁ[ 0 ]:Zl ]:|

[n/2]
1 21kj
Ak:ﬁ[x0+2;xjcos " ], 1<k<[n/2]

(b) for n even:

11
1 2
A‘O = ﬁ[x0+2;x]+xn/2]

n_q
1 % 2rtkj
Ay =— +2 . COoS +(=1) , 1<k<
k ﬁ[xo ;x] 0 ( )Xn/z]

with A,_x = A for 1 <k < [n/2] in both the cases.

(iii) Palindromic Toeplitz matrix. As far as we know, there is no formula solution for the eigenval-
ues of the palindromic Toeplitz matrix. As pointed out already, since the n X n principal minor of
PT,.; is SC,, by interlacing inequality PT, and SC, have identical LSD.

(iv) Reverse circulant matrix. The eigenvalues are given in Bose and Mitra ﬂ2002]:

_ -1

Ao =125y,

Anj2 =n_1/22?;é(—1)txt, if n iseven
A'k = _A’n—k = In(wk); 1< k < ["12;1]

(v) k-circulant matrix. The structure of its eigenvalues is available in Zhou (1996). A more de-
tailed analysis and related properties of the eigenvalues, useful in the present context, have been
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developed in Section 2 of ‘Bose, Mitra and Sen ﬂ2008]. Let

n—1
v =v, :=cos(2m/n)+isin(27w/n) and A = levkl, 0<j<n. (2.5)
1=0

For any positive integers k, n, let p; < py < ... < p, be all their common prime factors so that,

nzn’ﬁpqq and kzk’ﬁpgq.
q=1 q=1
Here ag, f; = 1 and n', kK, pq are pairwise relatively prime. For any positive integer s, let Z; =
{0,1,2,...,s — 1}. Define the following sets
S(x)={xk’ modn’:b>0}, 0<x<n'
For any set A, let |A| denote its cardinality. Let g, = |S(x)| and
V' = |{x ELpy: gy < g1}|. (2.6)
We observe the following about the sets S(x).
1. S(x)={xkP mod n’ : 0 < b < |S(x)|}.

2. For x # u, either S(x) = S(u) or S(x)NS(u) = ¢. As a consequence, the distinct sets from the
collection {S(x): 0 < x < n’} forms a partition of Z,,.

We shall call {S(x)} the eigenvalue partition of {0,1,2,...,n—1} and we will denote the partitioning
sets and their sizes by
{90,91,...,91_1}, and ni:|9i|, OSl<l (27)

Define

yj:zl_lkty, j=0,1,...,1—1 where y=n/n’.
te?;

Then the characteristic polynomial of A; , (whence its eigenvalues follow) is given by
-1
2 (Agn) =2Am" ]_[ (A -y;). (2.8)
j=0

3 Main results

For any Borel set B, Leb(B) will denote its Lebesgue measure in the appropriate dimension.
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3.1 Circulant matrix
Define for (x,y) € R? and w € [0,27],

P(B(w)(N;,Np) < v2(x,y)) if f(w)#0,

HC(”’X’y):{ I(x >0,y >0) if f(w)=0,

where N; and N, are i.i.d. standard normal distributions.

Lemma 1. (i) For fixed x,y, H is a bounded continuous function in w.
(ii) F defined as follows is a proper distribution function.

1
Fe(x,y) =J Hc(27s,x, y)ds. (3.1
0

(iii) If Leb(Cy) = O then F is continuous everywhere and can be expressed as
v24v2

1
1 1
Fe(x,y)= JJ L)<t [J Wé 27 f(2ms) ds] dvidv,. (3.2)
0

Further; F( is bivariate normal if and only if f is constant almost everywhere (Lebesgue).

(iv) If Leb(C,) # O then F is discontinuous only on D; = {(x,y) : xy = 0}.

The proof of the Lemma is easy and we omit it. The normality claim in (iii) follows by applying
Cauchy Schwartz inequality to compare fourth moment and square of the variance and using the
fact that for the normal distribution their ratio equals 3. We omit the details.

Theorem 1. Suppose Assumptions B and C hold. Then the ESD of C,, converges in L, to F.(+) given in
3.1)-(3.2).

Remark 1. If {x;} are i.i.d with finite (2 + &) moment, then f(w) = 1/2x, and F. reduces to the
bivariate normal distribution whose covariance matrix is diagonal with entries 1/2 each. This agrees
with Theorem 15, page 57 of 2006 ] who proved the result under Assumption A.

3.2 Symmetric Circulant Matrix

For x € R and w € [0, ] define,

_ ) P(y2nf(w)N(0,1) <x) if f(w)#0,
Hs (e, x) _{ I(x > 0) if f(w)=0. (33)

As before, we now have the following Lemma. We omit the proof.

Lemma 2. (i) For fixed x, Hg is a bounded continuous function in w and Hg(w, x) + Hg(w, —x) = 1.

(ii) Fg defined below is a proper distribution function and Fg(x)+ Fg(—x) = 1.
1/2
Fs(x) = ZJ Hg(2ms, x)ds. (3.4
0

2470



(iii) If Leb(Cy) = O then Fy is continuous everywhere and may be expressed as

[2
e_‘*"f(zﬂs)ds]dt. (3.5)

x 1/2 1
Fg(x) = f_w [fo T
Further; Fg is normal if and only if f is constant almost everywhere (Lebesgue).
(iv) IfLeb(C(’)) # 0 then Fg is discontinuous only at x = 0.
Theorem 2. Suppose Assumptions B and C hold and
[np/2]

lim — Z [f( )] 3/2—>0forall 0<p<l1. (3.6)

n—oco n2

k=

Then the ESD of SC,, converges in Ly to Fg given in (3.4)—(3.5). The same limit continues to hold for
PT,.

Remark 2. (i) (3.6) is satisfied if inf,, f (w) > 0.
(i) It is easy to check that the variance, u, and the fourth moment u, of Fg equal f 12 4nf(2ms)ds
and f 24712 f2(2ms)ds respectively. By Cauchy-Schwartz inequality it follows that %4 > 3 and equal

to 3 iff f = —. In the latter case, Fs is standard normal. This agrees with Remark 2 of Bose and Mitra
2002] ( under Assumption A).

3.3 Reverse circulant matrix

Define Hg(w, x) on [0,27] X R as

Hp(w,x) = G(#ﬁw)) if f(w)#0
’ 1 if f(w)=0,

where G(x) =1 —e™ for x > 0, is the standard exponential distribution function.

Lemma 3. (i) For fixed x, Hgy(w, x) is bounded continuous on [0, 27].

(ii) Fg defined below is a valid symmetric distribution function.

+f1/2HR(27Tt x)dt if x>0

%— fl/ZHR(277:t x)dt if x <0.
(iii) If Leb(Cy) = O then Fy is continuous everywhere and can be expressed as
1-— fl/z e_zﬂfxém)dt if x>0
FRO) =9 15° e (3.8)

e 2femdt if x<0.

Further; Fy is the distribution of the symmetric version of the square root of chisquare variable with two
degrees of freedom if and only if f is constant almost everywhere (Lebesgue).

(iv) If Leb(C}) # O then Fy is discontinuous only at x = 0.
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The proof of the above lemma is omitted.

Theorem 3. Suppose Assumptions B and C hold. Then the ESD of RC,, converges in L, to Fg given in
13.7)-(3.8).

Remark 3. If {x;} are i.i.d, with finite (2+ &) moment, then f(w) = 1/27 for all w € [0,27] and the
LSD F(+) agrees with (1.2) given earlier.

3.4 k-Circulant matrix

As mentioned before, it appears difficult to prove general results for all possible pairs (k, n). We
investigate two subclasses of the k-circulant.

3.4.1 n=k&+1 for some fixed g > 2

For any d > 1, let
d
Gax)=P(] [E: <),
i=1

where {E;} are i.i.d. Exp(1). Note that G; is continuous. For any integer d > 1, define
Hy(wq,...,wgq,x) on [0,27]% x R>q as

x2d . d
Gd(m) if iz flw)#0
1 it [, f(w)=0.

Hd(wly'--awd)x) =

Lemma 4. (i) For fixed x, Hy(w1,...,wq,Xx) is bounded continuous on [0, 2m]4.

(ii) F, defined below is a valid continuous distribution function.
1 1 d
Fy(x) = J J Hd(27rt1,...,27'ctd,x)l_[dti for x > 0. (3.9)
0 0 i=1

The proof of lemma is omitted.

Theorem 4. Suppose Assumptions B and C hold. Suppose n = k& + 1 for some fixed g > 2. Then as
n— 00, Fy-1/2, ~converges in Ly to the LSD Ul(l—[‘ig:1 E;)Y/?8 where {E;} are i.i.d. with distribution
function F, given in (3.9) and U; is uniformly distributed over the (2g)th roots of unity, independent
of the {E;}.

Remark 4. If {x;} are i.i.d, then f(w) = 1/2n for all w € [0,2n] and the LSD is Ul(]_[;.g:1 E;)\/%¢
where {E;} are i.i.d. Exp(1), U, is as in Theorem 4 and independent of {E;}. This limit agrees with
Theorem 3 of Bose, Mitra and Sen [TZOOS‘].

Remark 5. Using the expression (2.8) for the characteristic polynomial, it is then not difficult to man-
ufacture {k = k(n)} such that the LSD of n~ "/ ZAk’n has some positive mass at the origin. For example,
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suppose the sequences k and n satisfy k€ = —1 + sn where g > 1 is fixed and s = o(n'/?). Fix primes
DP1,D2,---,P; and positive integers f31, B, ..., B;. Define

ﬁzpflpgz...pffn.

Suppose k = pyp,...p,m — oo. Then the ESD of A~/ ZAk”ﬁ converges weakly in probability to the

-1
LSD which has 1 — (Hstzl psﬁ s) mass at zero, and rest of the probability mass is distributed as
Ul(l_[ig:1 E;)'/?¢ where U, and {E;} are as in Theorem 4.
3.42 n=k%&—1forsome g >2
For z;,w; e R,i =1,2,.., g, and with {N;} i.i.d. N(0, 1), define
%g(wi:zi’wia = 1) ERN) g) = ]P)(B(Cl)l, w7, .. wg)(Nl’ "-:NZg)/ < (Zi:Wi: = 1: 23 3] g)/)

Lemma 5. (i) 5, is a bounded continuous in (wy, ..., w,) for fixed {z;,w;,i=1,..., g}

(i) F4 defined below is a proper distribution function.

1 1
Fowii=1,...,8) =J J A, 2nt,z,w,i=1,...,9)[ [dt. (3.10)
0 0

(iii) If Leb(Cy) = O then Z, is continuous everywhere and may be expressed as

Fozi,wi,i=1,..,8)

1 1 ) )
I g 1 o 5
{l_[f(Zrcui);é()} _172i-1""2i
cee ]I _ cae e 2 nf(2mu;) du_ dt.
{t<(z,wp,k=1,..,g)} [J‘ J- ]
J f 21, Wi & 0 0 (Zn)gl |§:1[7Tf(2nui)] | I l_[ i

i=1

where t = (tq,tg,...,ty5 1, o) and dt = [ 1dt;. Further Fq is multivariate (with independent com-
ponents) if and only if f is constant almost everywhere (Lebesgue).

(iv) If Leb(Cy) # O then Z, is discontinuous only on Dy = {(z;, w;,1=1,...,8): [T, zw; =0}

The proof of lemma is omitted.

Theorem 5. Suppose Assumptions B and C hold. Suppose n = k% — 1 for some g > 2. Then as
n— 00, F,-112, ~converges in Ly to the LSD (l—[igzl Gi)l/g where (Z(G;), #(G;); i =1,2,...g) has
the distribution Z, given in (3.10).

Remark 6. If {x;} are i.i.d, with finite (2 + &) moment, then f(w) = 1/27 and the LSD simpli-
fies to Uz(l_[l.g:1 El-)l/ 28 where {E;} are i.i.d. Exp(1), U, is uniformly distributed over the unit circle
independent of {E;}. This agrees with Theorem 4 of Bose, Mitra and Sen ﬁZOOS‘].

3.5 Simulations

To demonstrate the limits we did some modest simulations with MA(1) and MA(2) processes. We
performed numerical integration to obtain the LSD. In case of k-circulant (n = k? + 1), we have
plotted the density of F, defined in (3.9).
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14 T T T T 0.7

051

0.31

0.2

0.1p

4 6 8 10 -6
—- dependent entries symmetric circulant

Figure 1: (i) (left) dashed line represents the density of F, when f(w) = $(1.25 + cosx) and the continuous line
represents the same with f = i (ii) (right) dashed line represents the LSD of symmetric circulant matrix with entries
x, =0.3¢, + €,41 +0.5¢,,, where {¢;} i.i.d. N(0,1) and the continuous line represents the kernel density estimate of the
ESD of the same matrix of order 5000 x 5000 and same {x,}.

0o o
reverse circulant with N(0,1) entries reverse circulant with Binomail(1,0.5)

Figure 2: (i) (left) dashed line represents the LSD of the reverse circulant matrix with entries x, = 0.3€,+€,,;+0.5¢,,,
where {¢;} i.i.d. N(0,1). The continuous line represents the kernel density estimate of ESD of the same matrix of order
5000 x 5000 with same {x,}. (ii) same graphs with centered and scaled Bernoulli(1,0.5).
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4 Proofs of main results

Throughout ¢ and C will denote generic constants depending only on d. We use the notation a,, ~ b,,
ifa, — b, —» 0 and a, ~ b, if Z—“ — 1. As pointed out earlier, to prove that F, converges to F (say)

in Lo, it is enough to show that
E[F,(t)] = F(t) and V[F,(t)] =0 4.1)

at all continuity points t of F. This is what we shall show in every case.
If the eigenvalues have the decomposition A; = 1 + yi for 1 < k < n, where y; — 0 in probability
then {A;} and {n,} have similar behavior. We make this precise in the following lemma.

Lemma 6. Suppose {A,}1<k<, i a triangular sequence of R-valued random variables such that
Ank = NMnk + Yni for 1 < k < n. Assume the following holds:

(D) limy, o + o Py < %) = F(&), for & € RY,

(i) 1imysoo 25 2o 1=y P(Npx < %,y < §) = F(X)F(P), for %, 5 € RY

(iii) For any € > 0, max;<x<, P(|y x| > €) — 0as n — oo.
Then,
1. 1m0 2 330 PRy, < X) = F(X).
2. 1m0 35 2o 1o P < X, A < §) = F(RF(F).

Proof. We define new random variables A, with P(A, = A, ;) =1/nfor k=1,...,n. Then
1 n
P(A, S8)== D P(Ax < 5).
n .
k=1

Similarly define E, with P(E, = ;) = 1/n for 1 < k < n and Y, with P(Y,, = y,;) = 1/n for
1 <k <n. Now observe that A, = E, +Y,, and for any € > 0,

1 n
P(|Y,| > €)= —ZP(D’n,H >¢e)— 0, asn— oo
gy
by assumption (iii). Therefore A, and E, have the same limiting distribution. Now as n — oo,
1 n
P(E, <)== Y P(n,x < &) — F(%). (by assumption (i))
n ,
k=1
Therefore as n — oo,

! D (P(Ayi < £) =P(A, < %) > F(%)
=
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and this is conclusion (i). To prove (ii) we use similar type of argument. Here we define new random
variables A, with P(A,, = (Mg An1)) = 1/n? for 1 < k,I < n. Similarly define E, and Y,. Again
A,=E,+Y, and

n

1
PUYII> €)= > PUIYn e Yu)ll > €) = 0,25 n — o0,
k,l=1

So An and En will have same limiting distribution and hence conclusion (ii) holds. O

We use normal approximation heavily in our proofs. Lemma |7 is a fairly standard consequence
of normal approximation and follows easily from ‘Bhattacharya and Ranga Rao ﬂ197d] (Corollary
18.1, page 181 and Corollary 18.3, page 184). We omit its proof. Part (i) will be used in Section
[4.1}-4.4 and Part (ii) will be used in Section[4.4.

Lemma 7. Let X4, ...,X be independent random vectors with values in RY, having zero means and an
average positive-definite covariance matrix Vi, = k™1 Z;;l Cov(X;). Let Gy denote the distribution of
k=172 T (X1 + ...+ Xy), where Ty, is the symmetric, positive-definite matrix satisfying Tk2 = kal, n>1.
If for some 6 > 0, E||X j||(2+5) < 00, then there exists C > 0 (depending only on d), such that

)

sup G (B) = #4(B)| < CK~*2[Ain (VD155

Be

(ii) for any Borel set A,

1GL(A) — @4(A)] < Ck™O2[Apin (Vi)™ 9 py. s +2 sup ®,4((0A)T - y)
YER

where &, is the standard d dimensional normal distribution function, € is the class of all Borel mea-
—1k _
surable convex subsets of RY, py, 5 =k} -1 E[IX;[?*) and 1 = Cpyysn o/

4.1 Proof of Theorem|[1

The proof for circulant matrix mainly depends on Lemma|7 which helps to use normal approximation
and, Lemma |8 given below which allows us to approximate the eigenvalues by appropriate partial
sums of independent random variables. The latter follows easily from Fan and Yao [2003] (Theorem
2.14(ii), page 63). We have provided a proof in Appendix for completeness. For k = 1,2,--- ,n,
define

1 n—1 1 n—1
3 = —Ze cos(wit), Eop = —Zet sin(w;.t)
k-1 — > - .
o ﬁ t=0 t ‘/ﬁ t=0

Lemma 8. Suppose Assumption B holds and {€.} are i.i.d random variables with mean 0, variance 1.
Fork=1,2,--- n, write

1 n—1 ) ' ‘
e =—= Y x1e = () [Epp_y + 18] + Vyey),
(=
then we have maXy<y <, E|Y,(cw;)| — 0 as n — oo.
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Proof of Theorem|[1; We first assume Leb(C,) = 0. Note that we may ignore the eigenvalue A, and
also A4,/ whenever n is even since they contribute atmost 2/n to the ESD F,(x, y). So for x,y €R,

n—1

E[F,(x, )] ~ n' Y. P(be<x,c <)
k=1,k#n/2

Define fork =1,2,--- ,n,

Me = (Eak—1,E2k) s Yin(wi) = Z[Yn(wi )], You(wy) = L[V, (wi)],

where Y, (w;) are same as defined in Lemma/8l Then (by,c;) = B(wi)ni + (Y1,(wi), Yo, (wi)) .
Now in view of Lemma|6/and Lemma (8] to show E[F,(x,y)] — Fo(x, y) it is sufficient to show that

n—1

1
= > PN S (6,)) = Folx, ).
M1 k2n/2

To show this, define for 1 <k <n—1, (except fork =n/2) and 0 <[l <n-—-1,

X = (V2¢ cos(wil), v2¢ sin(eyl))’.

Note that
E(X;x) =0 (4.2)
n—1
1 Cov(Xy ) =1 (4.3)
1=0
n—1
sup sup [n* ZE | X |3+9] < € < 0. 4.4)
n 1<k<n 1=0
For k #n/2

n—1
{Bledn < (6,y)'} = {Blodm ™2 X, < (Vax, v2y)'}.
1=0
Since {(,s) : B(wi)(r,s) < (V2x,v/2y)'} is a convex set in R? and X, 1=0,1,...(n— 1)}
satisfies (4.2)—(4.4), we can apply Part (i) of Lemma|7 for k # n/2 to get

n—1
[P(Blw)(n™2 ) X0 < (V2x, V2y)) = P(B(w )Ny, Np) < (V2x,v2y))|
=0

n—1
< Cn_‘s/z[n_lZ]E||Xlk||(2+5)] <cn%? 0, asn— oo.
=0

Therefore
1 n—1 1 n—1 2k 1
lim — Z P(B(w)ne <(x,y)) = lim — Z Ho(—,x,y)=| Hc(27s,x,y)ds.
n—oo n n—oo n n
k=1,kn/2 k=1,ktn/2 0
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Hence
n—1

1
E[F,(x,y)] ~ nt Z P(b <x,c,. <y)— f Hq(27s, x,y)ds. (4.5)
k=1,k#n/2 0

Now, to show V[F,(x,y)] — 0, it is enough to show that

n n

1 1
= > Covli i) = — > [EURJ) — EUOEWU)] = 0. (4.6)

M ek k=1 k2K ko' =1

where for 1 < k < n, J; is the indicator that {b; < x,c; < y}. Now as n — o0,

Z E(OEW) = [~ ZE(Jk)] ——Z[E(Jk)] - [ f He(2ms,x,y)ds]”.

k;ék’ kk’=1 k=
So to show (4.6), it is enough to show as n — oo,

n

1

1

— Z E(Jk:Jk’)_’[J Hc(27s,x,y)ds]”.
0

T etk k=1
Along the lines of the proof used to show (4.5) one may now extend the vectors of two coordinates
defined above to ones with four coordinates and proceed exactly as above to verify this. We omit
the routine details. This completes the proof for the case Leb(Cy) =0
When Leb(Cy) # 0, we have to show (4.1) only on D (of Lemma/1). All the above steps in the proof
will go through for all (x, y) in D]. Hence if Leb(C,) # 0, we have our required LSD. This completes
the proof of Theorem|1. O

4.2 Proof of Theorem |2

For convenience, we prove the result for symmetric circulant matrix only for odd n = 2m + 1. The
even case follows by appropriate easy changes in the proof. The partial sum approximation now
takes the following form. For the interested reader, we provide a proof in the Appendix.

Lemma 9. Suppose Assumption B holds and {e,} are i.i.d random variables with mean 0, variance 1.
Forn=2m+1land k=1,2,---,m, write

1 & 2kt o 2kt
— » Xx,cos = el@r)— €; cos — e “)— ) sin +Y. 4,
V7 208 T =) Z () IZ — + Yo

t=1

where 1)1 (e'“k), 1,(e'“) are same as defined in (2.3). Then we have maxo<i<n E(Y, ) — 0 as
n— oo.

Proof of Theorem |2 As before, we provide the detailed proof only when Leb(C;) = 0. Note that we
may ignore the eigenvalue A, since it contributes 1/n to the ESD F, (-). Further the term -2 can be

vn
ignored from the eigenvalue {A,}. So for x € R,

2, 1 2¢h 1 & 2mkt
E[F,(x)] ~ =) P(—=A<x)=—) P(— ) 2x,cos
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Following the argument given in circulant case and using Lemma |6|and Lemma 9 it is sufficient to
show that

2 ¢ 2mtkt . 2 & 27kt
Z]P’ [wl(el‘“k) Ze cos - z,l)z(e“"k)—Zsin < x]
= =1 vni= n
2 m
= ;Z]P’{m_IﬂZXLk < ck} — Fy(x)
t=1 =1
where
4 27kl 1 2mkl 5 )
Xix = (20,"€cos , 26 '€ sin ), 0i=2-1/m, 6 =2+4+1/m,
Ce = {wv): 0,15 + 5,45 (e' k) < 4/ n/mx}.
Note that
E(X, ) =0, —ZCOV(Xlk)—Vk and sup sup m~ ZEHX 2P0 < € < o0 4.7)
=1 m 1<ksm =1
where
V _ 1 - ,\/4:12_1 2::111
k— 1 tan km 1

- \/4m2_1 2m+1

Let a; be the minimum eigenvalue of V,.. Then a; > a,, for 1 <k < m and

1 mm 2m+1 2
a,=1- tan ~1-— ~1——=aqa, say.
am?—1 2m+1 mm T

Since {Xz,k} satisfies (4.7) and Cj is a convex set in R?, we can apply Part (i) of Lemma |7 for
k=1,2,---,mto get

2 m m 2 m
-1/2 -5/2 -3/2 -5/2 ,-3/2
;Z []P’{m / ZXl’k (S Ck} - <I>0,Vk(Ck)j| . S Cm / E;ak S Cm / a / — 0.

k=1 =1

where @y, is a bivariate normal distribution with mean zero and covariance matrix V. Note that
for large m, 02 ~ 2 and 62 ~ 2. Hence C, = {(u,v) : ¢ (e'*u+1p,(e’)v < /x} serves as a good
approx1mat1on to C; and we get

2 m 2 m , 2 m
= 00, (G~ = @0y, (CH) == P(1N(0,1) < x),
L i =

where i} = 1)1 () +1(e')” + 20y (") (e) = tan 155 Define v = 1y (/) +

wz(ei‘”k)z. Now we show that

lim 2 Z [P(ueN(0,1) < x) —P(vN(0,1) <x)]| =0. (4.8)
=1

n—oo | n
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Let 0 < p < 1. Now as n — o0, using Assumption (3.6),

2 [mP] 2 [mp] x/;“‘k 1 2
=3 PGNOD S0 - PN D 0] = 2 Tl
" k=1 n k=1 "Jx/vg 2m
- 2| x| Lmp] ,ui—vlf
T on S v +vie)
2|x|tan 2 [mp] 1
m? — vfa(l +a)

On the other hand, for every n,

2 m
2| Y [PGaNO, D 0~ PN, 1D £ 0] | <401 - p).
[mpl+1

Therefore, by first letting n — oo and then letting p — 1, (4.8) holds. Hence

lim %ZP(WN(O, D<x)= JL%%ZP(\/znf(an/n)N(o, 1)<x) — 2J
k=1 k=1

1
n—o0 0

/2
Hg(2ms, x)ds.

Rest of the argument in the proof for symmetric circulant is same as in the proof of Theorem /1|
To prove the result for PT,, we use Cauchy’s interlacing inequality (see Bhatia, 1997, page 59):
Interlacing inequality: Suppose A is an n X n symmetric real matrix with eigenvalues A, > 4,,_; >
... > A;. Let B be the (n — 1) x (n — 1) principal submatrix of A with eigenvalues y,_; > ... > u;.
Then
ApZ Un1 2 A Zhp o= Z Ay 2 Uy 2 Ag.

As a consequence

1

||FA_FB||OO <=
n

where F, denote the ESD of the matrix A and ||f ||, = sup, |f (x)|. We have already observed that
the n x n principal minor of PT,,; is SC,,. The result for PT, follows immediately. O

4.3 Proof of Theorem |3

For reverse circulant we need the following Lemma. Its proof is given in Fan and Yao ﬂ2003] (The-
orem 2.14(ii), page 63).

Lemma 10. Suppose Assumption B holds and {e,} are i.i.d random variables with mean 0, variance
1. Fork=1,2,---, [”;—1], write

(i) = Ly(wi) + Ry (wp), where Ly(wg) = 27f (w)(E2,_, +E2)

and then we have as n — oo, Max, o <[o=1 E|R,(wi)| — 0.
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Proof of Theorem |3} As earlier, we give the proof only for the case Leb(Cy) = 0. From the structure
of the eigenvalues, the LSD, if it exists, is going to be that of a symmetric distribution. So, it is
enough to concentrate on the case x > 0. As before we may ignore the two eigenvalues A, and 2,, /5.
Hence for x > 0,
[21]
E[F, ()] ~1/24+n7" > P(I,(w) < x?). (4.9)
k=1

Along the same lines as in the proof of Theorem 1, using Lemma|6/ and Lemma|10lit is sufficient to

show
(%54

1 2
- Z P(L,(w) < x*) — Hy(27t,x),
n
k=1
where L,(w;) is same as in Lemma(10. Define for k =1,2,---, [”%1] and1=0,1,2,---,n—1,
Xk = (V2¢; cos(lwy), V2¢ sin(la)k))/, A ={(r1,1m2): 7rf(a>k)(r12 + rg) < x?}.

Note that {X; ;} satisfies (4.2)- (4.4) and {L,(w;) < x?} = {n~1/2 Z?:_Ol X1k € Agn}- Since Ay, is a
convex set in R?, we can apply Part (i) of Lemma|7/to get, as n — 0o
[%54]

1 2 —5/2
= D, [P(La(e) < %) = @0, (Al < Cn "% 0.

k=1
But
n-1 n-1
1 [5-1] 1 [5-1 ok 1/2
=3 @A) = = Y Hp(——.,x)— |  Hg(2mt,x)dt.
n n n
k=1 k=1 0
Hence for x > 0,
1 1/2
E[F,(x)] — 3 + f Hp(27t, x)dt = Fr(x).
0
Now rest of the argument in the proof is same as in the proof of Theorem 1. O

4.4 Proofs for Theorems |4 and |5

The proofs of the two theorems for k circulant matrices draw substantially from the method of
Bose and Mitra HZOOZ‘] and uses the eigenvalue description given earlier.

4.4.1 n=k8&+1 for some fixed g > 2

Proof of Theorem[4; For simplicity we first prove the result when g = 2. Note that gcd(k,n) =1 and
hence in this case n’ = n in (2.8). Thus the index of each eigenvalue belongs to exactly one of the sets
27, in the eigenvalue partition of {0, 1,2,...,n—1}. Recall that vy , is the total number of eigenvalues
v; of Ay, such that j € & and |#| < g;. In view of Lemma 7 of Bose, Mitra and Sen [2008], we
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have vy ,,/n < 2/n — 0 and hence these eigenvalues do not contribute to the LSD. Hence it remains
to consider only the eigenvalues corresponding to the sets & which have size exactly equal to g .

Note that S(1) = {1,k,n—1,n—k} and hence g; = 4. Recall the quantities n; = |2, y; = ]_[teg,l Ats

where A; = ?:_01 xlvﬂ, 0 < j < n given in (2.5). Also, for every integer t > 0, tk? = —t mod n,

so that, A, and A,,_, belong to the same partition block S(t) = S(n — t). Thus each y, is real. Let us
define
I, ={l:|2| =4}

It is clear that n/|I,| — 4. Without any loss, let I, = {1, 2, ..., |I,,|}.
Let 1,w, w?, w® be all the fourth roots of unity. Note that for every j, the eigenvalues of Ag.n

corresponding to the set &; are: yjl/ 4 y].l/ ‘o, yjl/ w2, yjl/ *w3. Hence it suffices to consider only

the modulus of eigenvalues y41/ * as j varies: if these have an LSD F, say, then the LSD of the whole

sequence will be (r, 8) in polar coordinates where r is distributed according to F and 0 is distributed
uniformly across all the fourth roots of unity and r and 0 are independent. With this in mind and
remembering the scaling v/n, we consider for x > 0,

|1 o1
o) = 11,1711 ([%} ‘< x) .
i=1

Since the set of A values corresponding to any &; is closed under conjugation, there exists a set
; C . of size 2 such that
P ={x:xe.o orn—xc .o}

Combining each A; with its conjugate, we may write y; in the form,

yi= l_[ (nbf + nctz)

te.d;
where {b,} and {c,} are given in (2.4). Note that for x > 0,
|1

E[F,(x)] = mrﬁm% <xY).
j=1

Now our aim is to show
|Z,|

_ Yij
I1,| 1ZP(n—; < x*) = Fy(x).
j=1

We can write % =L, ;+Ry;for 1 <j<|I,|, where

e .
L = 4r’fig, 5= [0& 08, fi=]] ) 1=i=1Ll,

te.d; ted
Rn’j - L”(wjl)Rn(wjz)+Ln(wjz)R"(wfl)+Rn(wjl)Rn(wJ'2)’
Ly(wj) = 2nf(w]~k)(§§jk_l+§§jk), k=1,2.
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Now using Lemma 10]it is easy to see that for any € > 0, max,<j<|; | E(|R,;| > €) — 0 as n — oo.
So in view of Lemma 6 it is enough to show

L
17 P (Lyy < x*) = Fyx).
j=1

To do this we will use normal approximation. Define
12 2mtl - [ 2mtl )
X j=2 ereos | —— |, esin{ —— |, t € o 0<l<n,1<j<|I,],

x4

47T2fj

2
Any={(a,braz,b): [ [27 @+ 0] < 5} 1< <1,
i=1

Note that {X; ;} satisfies (4.2)-(4.4) and {L,; < x*} = {n~1/2 Z?:_le,j € A, ;}. Now using Part
(ii) of Lemma|7/and Lemma 4 of ‘Bose, Mitra and Sen ﬂ2008], arguing as in the previous proofs,

|L,|

L7

=1

— 0.

IED(Ln,j = X4) —04(A,7)

Therefore

1|

|L,| |1
1 Yi oy 1 N1

E[F,(x)] = T E P(p <x ) ~i E P(Ln,j =x ) ~ E P4(Ap,j)-
nit ; n j:1 n j:]-

To identify the limit, recall the structure of the sets S(x), 2;, .«/; and their properties. Since |I,,|/n —
1/4, vy, < 2 and either S(x) = S(u) or S(x)NS(u) = ¢, we have

|| n
.1 Z" .1 Z
m=t j=1,].4l=2

Also for n = k? +1 we can write {1,2,...,n— 1} as {ak+b; 0<a<k—1, 1 < b < k} and using
the construction of S(x) we have (except for at most two values of j)

f; ={ak+b,bk —a} for j=ak+b; 0<a<k—-1,1<b<k.

Recall that for fixed x, Hy(w, w’, x) is uniformly continuous on [0, 27] X [0,27], . Therefore given
any positive number p we can choose N large enough such that for all n = k? +1 > N,

sup
0<a<k-1, 1<b<k

Finally using (4.10)), (4.11) we have

, (4.11)
n n

L] n

1 Z" 1 Z

lim — ¢4(An,]‘) = lim — (I>4(An,j)
j=1 j=1

w1, oo
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= lim G
n—>00nZ 2 47[

1@ on(ak+b) 2n(bk —a)
= hm — ZHZ )x)

n—oo n n ’ n

b=1 a=0

= lim —

1 [‘/ﬁ][‘/ﬁ]H 2na 271b
(222 250
nmeen b=1 a=0 ﬁ ﬁ

1,1
J J Hy(2ms,2mt, x)ds dt = Fy(x).
0o Jo

To show that V[F,(x)] — O, since the variables involved are all bounded, it is enough to show that
—ZZCOV( (—J< ), 15 7 <x4)) -0,
J#i

Along the lines of the proof used to show E[F,(x)] — F,(x), one may now extend the vectors with
4 coordinates defined above to ones with 8 coordinates and proceed exactly as above to verify this.
We omit the routine details. This proves the Theorem when g = 2. The above argument can be
extended to cover the general (g > 2) case. We highlight only a few of the technicalities and omit
the other details. We now need the following lemma.

Lemma 11. Given any €, > 0 there exist an N € N such that

]P’(H_[L (w;) l—[ R, (w; )| €)<mnforalln>N,

i=s+1

where L,(w;), R,(w;) are as defined in Lemma|10.

Proof. Note

P(H_[Ln(co ) l_[ Ry(w;)|>€) < P(|Ln(w;)|>Me)

i=s+1

—I—]P’(”_[Ln(w ) ]—[ R, ()| >1/M),

i=s+1

and iterating this argument,

}P’(H_[Ln(w b ]_[ Ry(w;)| > €

i=s+1

> Me) +Z]P’(|Ln(w )| = M)

J1

+P (| ]_[ Ry(w;)| > 1/M?).

i=s+1

Also note that

g 8
Pd l_[ Rn(wji){ > 1/Ms) = IED(| l_[ Rn(wji)| > 1/Ms) +P(|R”(sz+1){ = 1)

i=s+1 i=s+2
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g-1
< P(|Ry(w;)| > 1/M%) +ZP( Ry(w;)| > 1)
i=1
s —_— —_—
< (M+g-s 1)11;1’?5)(HE|R,1(wk)|.

Combining all the above we get

S g S
IP’(H_[L,I(Q)L,) l—[ Rn(o)ji)| >e) < P(|Ln(wjl)| > Me) +ZP(|Ln(wji)| > M)
i=1 i=2

i=s+1
+(M*+g—s—1) max ER (w
( g ) 1<k<n | n( k)l

IA

1
—(—14+1/€)4m max
M( /€) we[o’zﬂf(w)
S — —
+(M+g—s—1) 1I§f§nE|R"(°”‘)|'

First term in the right side can be made smaller than 1/2 by choosing M large enough and since
max; <x<, EIR,(wr)| — 0 as n — oo, we can choose N € N such that the second term is less than
n/2 for all n > N, proving the lemma. O

For general g > 2, as before, n’ = n, the index of each eigenvalue belongs to one of the sets & in
the eigenvalue partition of {0,1,2,...,n — 1} and v, ,/n — 0. Hence it remains to consider only the
eigenvalues corresponding to the sets & which have size exactly equal to g; and it follows from
the argument in the proof of Lemma 3(i) of Bose, Mitra and Sen ﬂ2008‘] that g; = 2g. We can now
proceed as in g = 2 case. First we show

||
L SoYio oo
—EIP’—<xg F,(x). 4.12
|In|j=1 (ng_ )_> g() ( )
Now write Z—; as follows
Yo 4R, for1<j<|I,| whereL =[] Lulw) = 2n)¢ Yi
¢ = LnjtRn; or 1 <j <|I,|, where L, ; = Aw)=02n fjng.

te.d

Using Lemma 11 it is easy show that for any € > 0, max;<;<|; | P(IR,, ;| > €) — 0 as n — co. So, by
Lemma |6, to show (4.12) it is sufficient to show that

|,

1 n
T D B(Ly < 5%) = Fy (o),

n j:1

For this we use normal approximation as we did in g = 2 case and define
2g

(ZTf)gfj }

8
A= {(ai, bi=1,2,..8):| [[27(a? +bD)] <
i=1

Now using Part (ii) of Lemma |7 and Lemma 4 of Bose, Mitra and Sen HZOOS‘], we have

1| 1|

7Y (L < x*) = 117D @4, )| — .
=1

=1

2485



Now note that for n = k8 +1 we can write {1,2,...,n—1} as {b;k8 '+ b,k 2 4. “+by_1k+bg; 0 <
b <k-1,for1 <i<k—-1; 1< b, <k} Sowe can write the sets .¢/; explicitly using this
decomposition of {1,2,...,n — 1} as done in g = 2 case, that is, n = k? + 1 case. For example if
g§=3, ;= {b1k? + byk + b3, byk?+ bsk — by, bsk? — byk — by} for j = byk? + byk + by (except
for finitely many j, bounded by v , and they do not contribute to this limit). Using this fact and
proceeding as before we conclude that the LSD is now F,(-), proving Theorem 4 completely. O

4.4.2 n=k&—1 for some fixed g > 2

Proof of Theorem|5! First we assume Leb(C,) = 0. Note that ged(k,n) = 1. Since k8 =1+n =
1 mod n, we have g;|g. If g; < g, then g; < g/a where a =2 if g is even and a = 3 if g is odd. In
either case, it is easy to check that

k81 < k8¢ < (14 n)Y* = o(n).

Hence, g = g;. By Lemma 3(ii) of ‘Bose, Mitra and Sen ﬂ2008] the total number of eigenvalues ;
of Ay , such that j € .o/} and |.¢f}| < g is asymptotically negligible.

Unlike the previous theorem, here the partition sets ./, are not necessarily self-conjugate. However,
the number of indices [ such that .« is self-conjugate is asymptotically negligible compared to n. To
show this, we need to bound the cardinality of the following set for 1 <[ < g:

Dy={te{1,2,...,n}: tk' ==t modn}={te€{1,2,...,n}:n|t(k'+1)}.

Note that t, = n/ ged(n, k! 4 1) is the minimum element of D; and every other element is a multiple
of ty. Thus

D] < tn—o < ged(n, k' +1).
Let us now estimate ged(n, k! +1). For I > [g/2],
ged(n, k! +1) < ged(k® — 1,k! +1) = ged (k87 Ikl +1) — (k& = 1),kt +1) < k&7,
which implies ged(n, k' + 1) < k[8/2] for all 1 <[ < g. Therefore,

ged(n, k! +1) B kls/2] 2

< <
n (k& —1) = klle+1)/2] = ((n)V/8)(s+1)/2]

=o0(1).
So, we can ignore the partition sets &; which are self-conjugate. For other &,

yi= | Jv/mbe+ivnc)
tegj
will be complex.

Now for simplicity we will provide the detailed argument assuming that g = 2. Then, n = k* —1 and
we can write {0,1,2,...,n} as {ak+b; 0<a<k—-1, 0<b < k—1} and using the construction
of S(x) we have &; = {ak + b,bk +a} and |#;| =2 for j=ak+b; 0<a<k-1,0<b<k-1
(except for finitely many j and hence such indices do not contribute to the LSD). Let us define

I, ={j: |2l =2}

2486



It is clear that n/|I,| — 2. Without any loss, let I, = {1,2,...,|I,|}. Suppose &; = {ji,j,}. We
first find the limiting distribution of the empirical distribution of %(\/ﬁbh, vncj,v/nbj,, v/nc;,)
for those j for which [#;| = 2 and show the convergence in L,. Let F,(x,y,z,w) be the ESD of
{(bj,¢j,, bj,,cj,)}, that is

||
F, (21, W1,29,Wy) = EZH(bjk < zp,¢5, Swyg, k=1,2).
nl 5=

We show that for z;,wy,29, W, € R,
]E[Fn(zl,Wl,Zz, Wz)] - gz(zl,wl,ZZ, Wz) and V[Fn(zl,W]_,Zz, Wz)] — 0. (4.13)
Define for j =1,2,--- ,n,

'f’] = (52]-1_1, gzjl, §2j2—1’ 52]'2)/:

and let Y1, (w;) = Z(Y,(w;)), Yan(w;) = #(V,(w;)), where Y, (w;) is same as defined in Lemma |8}
Define
Yn] = (Yln(wjl)a YZn(wj1 )’ Yln(wjz)a YZn(wjz)) :

Then (b ,cj,bj,,c;,) = Blwj,w;)n; + Yn’j. Note that by Lemma [8, for any ¢ > O,
max; <<, P(||Y, ;| > €) — 0 as n — oo. So in view of Lemma 6 to show E[F, (21, w;,2;,w;)] —
F5(21, W1, 29, W,) it is enough to show that

|1,
m ZP(B(COJ'I, ij)”f)j < (21, W1,22,W3)") = Fo(21, W1, 22, W3).
nl j=1
For this we use normal approximation and define
2mjl 2mjil 27j,l 270N\’
X1 =21/2 (el cos( 1 ),el sin( 1 ),elcos( 12 ),elsin( )2 )) ,
n n n n

and N = (Nl,Nz,N37N4)/, where {N;} are i.i.d. N(0,1). Note

n—1
{B(w;,,w;,)n; < (21, w1,23,w5)'} = {B(wj,, wjz)(n_l/ZZXl,j) < (V2z, V2w, V22,5, V2wy)'}.

=0

Since {(r1,79,73,74) : B(wj, @}, )(r1,72,73,74) < (V221,V2wq, V22,5, v2w,)'} is a convex set in R*
and {X; j; 1 =0,1,...,(n — 1)} satisfies (4.2)-(4.4), we can show using Part (i) of Lemma 7 that

1|

|I | Z |]P(B(w)1)w)2)n] < (Zlfwl’ZZ)W2) ) P(B(wh, w)Z)N =< (\/_21, ‘/_Wl, \/_Zz, \/_Wz) )\ i 0

as n — 00. Hence
|1,
lim _ZP(B(w]l’w]z)nJ < (21, W1, 29, W5)")

n—oo
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1]

= lim iZ:IP’(B(a)h,a) IN < (V2z1, V2wq, V225, V2w,))

n—oo

= lim - ZP(B(coh,co IN < (V22, V2wy, V224, V2w,))

n—oo N

= lim — E%z(wh,wh,zl,wl,zz,wz)
n—>oon

vn] [vn]
2 k+b) 2n(bk +
= lim — Z Z n(a ), it a) 21,W1722,W2)

n—oo n n

a=0 b=0

1 Y/ /] 2ma 2mb
= lim —

dim 2, 2,

Zl,Wl,ZZ,Wz)

1 p1
= J j H (27, 2Tt , 21, W1, %9, Wo)ds dt.
0

Similarly we can show V[F,(x)] — 0 as n — co.

Hence the empirical distribution of y; for those j for which |#;| = 2 converges to the distribution
of ]_[izzl G; such that (2(G;), #(G;); i = 1,2) has distribution &#,. Hence the LSD of n‘l/zAk’n is
(]_[?:1 G;) 172 broving the result when g = 2 and Leb(Cy) =0

When Leb(Cj) # 0, we have to show (4.13) only on D§ (of Lemma|5). All the above steps in the
proof will go through for all (z;,w;;i = 1,2) in D5. Hence if Leb(Cj) # 0, we have our required LSD.
This proves the Theorem when g = 2.

For general g > 2, note that we can write {0,1,2,...,n} as {b;k8 1+ byk8 2 4. -+ bg_1k+bg; 0<
bj < k-1, for1 <i < k}. So we can write the sets .¢/; explicitly using this decomposition of
{0,1,2,...,n} as done in n = k? — 1 case. For example if g = 3, ;= {bk? + byk + b, byk?®+
bsk + by, bsk®+ byk + by} for j = byk? + byk + by (except for finitely many j, bounded by Vi and
they do not contribute to this limit). Using this fact and proceeding as before we will have the LSD
as (['15, Gl-)l/g such that (2(G;), #(G;); i =1,2,...g) has distribution Z,. O
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5 Appendix

Proof of Lemma8.



n—1
= f Z aje'“x (Zetei"’kt+Unj)

j=—00 t=0

= (e[ Eg1 +i8x] + Yalwy),

where
n—1-j n—1 00
Uyj = E €8tk — E €,e!t Y (w)=n"1/? E a;e' I U,;.
t=—j t=0 =00

Note that if |j| < n, U,; is a sum of 2|j| independent random variables, whereas if |j| > n, U,; is
a sum of 2n independent random variables. Thus IElUnjl2 < 2min(|j|,n). Therefore, for any fixed
positive integer [ and n > [,

ElY,(wp)l < f Z || (BUZ)Y? (- Z|a|<oo)

]_—OO
< \[ > lajl{min|jl, )}/
j=—00
< Z laillilM2 4+ lajl
|J|<l ljl>1

The right side of the above expression is independent of k and as n — oo, it can be made smaller
than any given positive constant by choosing [ large enough. Hence, max; <;<, E|Y,(wi)| — 0. O

Proof of Lemma 9.
UL 2mkt
5
UL 2nk(t—j)  2nkj . 2nk(t—j) . 2mkj
= Z Z aje,_j|[ cos cos —sin sin ]
n n n n
t 1j=—00
el“r) & 27kt el®k 2mkt
= i )Zetcos Tl)z( )Zsin +Y, 6
n Jn o &~ ’
=1 =1
where
. 27kj
Ynk—\/_ Z ][cos J—smTVkJ],

j=—00

T 2nk(t — j) 2kt L o 271k(t — ) 2wkt
Uy, =Z [et_jcosT —etcosT], Vi =Z [et_jsmT — € sin— 1.
t=1 t=1
Note that if |j| < m, Uy j, U,i]. are sums of 2|j| independent random variables, whereas if |j| > m,

Uk j» Ulij are sums of 2m independent random variables. Thus IE:ElUk’jl2 < 2min(|j|,m). Therefore,
for any fixed positive integer [ and m > [,

ElYl < [Zm B2+ S @] (- 2|a|<oo)

j=—00 j=—00
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2v2 &
> lajl{min(]j|,m)}"/2

< =
< T
< 2v3(= Sl + 3 o)
= \/ﬁ J A

i<l j1>1

The right side of the above expression is independent of k and as n — oo, it can be made smaller
than any given positive constant by choosing [ large enough. Hence, max; <x<,, E(Y, x) — O. O
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