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Abstract

The aim of the present paper is to investigate series representations of the Riemann-Liouville
process R%, a > 1/2, generated by classical orthonormal bases in L,[0,1]. Those bases are, for
example, the trigonometric or the Haar system. We prove that the representation of R* via the
trigonometric system possesses the optimal convergence rate if and only if 1/2 < a < 2. For
the Haar system we have an optimal approximation rate if 1/2 < a < 3/2 while for a > 3/2 a
representation via the Haar system is not optimal. Estimates for the rate of convergence of the
Haar series are given in the cases a > 3/2 and a = 3/2. However, in this latter case the question
whether or not the series representation is optimal remains open. E] .
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1Recently M. A. Lifshits answered this question (cf. [13])). Using a different approach he could show that in the case
a = 3/2 a representation of the Riemann-Liouville process via the Haar system is also not optimal.
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1 Introduction

Let X = (X(t)),er be a centered Gaussian process over a compact metric space (T,d) possessing
a.s. continuous paths. Then it admits a representation

00

X(t)=Zek1/)k(t), teT, 1.1)

k=1

with (€g)x>; i.i.d. standard (real) normal random variables and with continuous real-valued func-
tions ¢, on T. Moreover, the right hand sum converges a.s. uniformly on T. Since representation
(1.1) is not unique, one may ask for optimal ones, i.e. those for which the error

o0

D et

k=n

E sup (1.2)

teT

tends to zero, as n — 00, of the best possible order. During past years several optimal representations
were found, e.g. for the fractional Brownian motion, the Lévy fractional motion or for the Riemann—
Liouville process (cf. [[7], [2], 5], [8], [1], [18] and [20]]). Thereby the representing functions
were either constructed by suitable wavelets or by Bessel functions.

In spite of this progress a, to our opinion, natural question remained unanswered. Are the "clas-
sical" representations also optimal ? To make this more precise, suppose that the process X has
a.s. continuous paths and admits an integral representation

X(t)=fK(t,x)dW(x), teT,
1

for some interval I C R and with white noise W on I. Given any ONB ® = (¢} );>1 in L,(I) we set

Pi(t) := J K(t,x)¢r(x)dx .
1

By the It6—Nisio-Theorem (cf. [10], Theorem 2.1.1) the sum in converges a.s. uniformly on
T, thus leading to a series representation of X. For example, if I = [0, 1], then one may choose for
® natural bases as e.g. the ONB of the trigonometric functions T = {1} U {\/_ cos(km+-): k> 1} or
that of the Haar functions H (see -) There is no evidence that in some interesting cases these
"classical" bases do not lead to optimal expansions as well.

The aim of the present paper is to investigate those questions for the Riemann-Liouville process R*
defined by

a ,_L t _ a—1
R(t)'_r(a)L(t x)* dw(x), 0<t<1.

This process is known to have a.s. continuous paths whenever a > 1/2 (cf. [[15]] for further proper-
ties of this process). Thus, for example, representation (1.1]) of R* by the basis T leads to

R*(t) =€ Tla +1) l"(a)Zekf (t — x)* ! cos(kmx)dx (1.3)
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and in similar way it may be represented by the Haar system H as

oo 2/-1

(a +1) r(a)ZZ J(f— )% hy () dx (1.4

j=0 k=0

Ra(t) =€_4

where the h; are the usual Haar functions. The basic question we investigate is whether or not
representations (1.3)) and (1.4) are optimal. The answer is quite surprising.

Theorem 1.1. If 1/2 < a < 2, then representation ([1.3)) is optimal while for a > 2 it is rearrangement
non-optimal, i.e., it is not optimal with respect to any order chosen in T. If 1/2 < a < 3/2, then
representation ([1.4)) is optimal and rearrangement non—-optimal for o > 3/2.

For the proof we refer to Theorems and As recently shown by M. A. Lifshits
(oral communication) representation is also not optimal for & = 3/2. Let us recall that the
assertions for a > 2 or a > 3/2, respectively, say that these bases are not only non-optimal in their
natural order but also after any rearrangement of the bases.

Even in the cases where these representations are not optimal it might be of interest how fast (or
slow) the error in (1.2)) tends to zero as n — co. Here we have lower and upper estimates which

differ by 1/logn.

Another process, tightly related to R%, is the Weyl process I* which is stationary and 1-periodic. It
may be defined, for example, by

R —  sin(2le — ar/2)
I (t)—ﬁéek (Zﬂk)a \/_Z €l (Zﬂl)a ' (-5

Here (e;) and (e{ ) are two independent sequences of i.i.d. standard (real) normal random variables.
We refer to [[3]] or [[14] for more information about this process.

In fact, is already a series representation and we shall prove in Theorem that it is optimal
for all @ > 1/2. In comparison with Theorem [1.1] this is quite unexpected. Note that the processes

% and I“ differ by a very smooth process (cf. [3]]). Moreover, if @ > 1/2 is an integer, then their
difference is even a process of finite rank.

2 Approximation by a Fixed Basis

Let 5# be a separable Hilbert space. Then ¥(5¢, E) denotes the set of those (bounded) operators u
from s into a Banach space E for which the sum

ieku(%)

k=1

converges a.s. in E for one (then for each) ONB & = (¢, )k>1 in . As above (€, )r>1 denotes an
i.i.d. sequence of standard (real) normal random variables. If u € ¥(5¢, E), we set

() ==F Hkieku(sok)HE
=1

2693



which is independent of the special choice of the basis.

For u € ¥(,E) the sequence of [-approximation numbers is then defined as follows:
[,(w) := inf {I{(u — uP) : P orthogonal projection in 7, rk(P) < n} .

Note that, of course, [(u) =1;(u) > l5(u) > --- >0 and [,,(u) — 0 as n — oo and that

o0

D el

k=n

L(uw)= inf{E

1= (ka)kZI ONB in %} .

We refer to [[1]], [[9] or [[19]] for more information about these numbers.

For our purposes we need to specify the definition of the [-approximation numbers as follows. Let
® = () )r>1 be a fixed ONB in the Hilbert space 5. Then we define the [-approximation numbers
of u with respect to ® by

D el

k¢N

lg’(u) = inf{E

:NEN,#N<n}.

Let us state some properties of l,‘f(u) for later use.

Proposition 2.1. Let u € 9(#,E) and let ® = (¢y)r>1 be some ONB in . Then the following are
valid.

(1) We have
Z(u)zlf(u)Zlg(u)Z_,O

(2) Ifuy,uy € Y(5,E), then it follows that
l§1+n2_1(u1 +uy) < l;fl(ul) + l;fz(uz) .
(3) Ifvis a (bounded) operator from E into another Banach space F, then it holds
[Y(vou) < [Iv]l 17 (w).

(4) We have
L,(u)= inf{lg(u) : ® ONB in %} .

(5) If E = 52, then it holds

1/2
7 (u) ~ inf (Z |\u(¢k)|{;) : NCN, #N <n

k&N
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Proof. Properties (1), (2) and (4) follow directly from the definition of l,‘f (u). Thus we omit their
proofs. In order to verify (3) let us choose a subset N € N with #N < n such that

E | eulep)|| < 12w +e
k¢N
for some given £ > 0. Then we get
[®(vou) < E Z ex(vouw)(pr)|| =E ||v (Z eku(#’k)) H
k¢N k&N
< IVIE | D] exule| < VI [12w) + €]
k¢EN

which completes the proof of (3) by letting € — 0.

Property (5) is an easy consequence of

E

2
2
Zekxk :Z ”ka%
k 4 k

for any elements x; in a Hilbert space 5#. Note, moreover, that all moments of a Gaussian vector
are equivalent by Fernique’s Theorem (cf. [6]). O

Remark 2.1. It is worthwhile to mention that in general rk(u) < n does not imply lf(u) = 0. This is
in contrast to the properties of the usual [-approximation numbers.

In order to define optimality of a given representation in its natural order we have to introduce a
quantity tightly related to lg’(u). For u € 9(#,E) and an ONB @ = (¢ )x>1 in € we set

o0

D el

k=n

lr‘z’q’(u) =E

The "0" in the notation indicates that lr‘;’q’(u) depends on the order of the elements in ® while, of
course, l,‘f (u) does not depend on it.

Clearly l,‘f (w) < lg’q’(u) and, moreover, it is not difficult to show (cf. Prop. 2.1 in [9]) that l,‘f (w) <
c;n~%(logn)P for some o > 0 and 8 € R implies l,‘;’q"(u) < c,n"%logn)? where &' coincides with
® after a suitable rearrangement of its elements.

We may now introduce the notion of optimality for a given basis (cf. also [[9] and [[1]]).

Definition 2.1. An ONB & is said to be optimal for u (in the given order of ®) provided there is some
¢ > 0 such that
lg"b(u) <cl,(u), n=1,2,...

It is rearrangement non-optimal if

@

L)

limsu =
N )

In particular, the approximation error lg’d’(u) tends to zero slower than the optimal rate.
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For later purposes we state the following result. Since the proof is quite standard we omit it (cf. also
Prop. 2.1 in [9]]).

Proposition 2.2. Suppose that there is a constant ¢; > 0 such that for a >0, f € Rand alln €N

2n+1 -1

E Z exu()|| < ¢y nfame,
k=2"

Then this implies
lg’q’(u) < ¢,n%(logn)?

for a suitable c, > 0.

The following lemma is elementary, but very helpful to prove lower estimates for l:f (w).

Lemma 2.3. Let u and ® be as before. Suppose that there exists a subset M € N of cardinality m
possessing the following property: For some 6 > 0 and some n < m each subset L C M with #L > m—n

satisfies
D exuler)

kel

E >5.

Then this implies l;f(u) > 6.

Proof. Let N C N be an arbitrary subset of cardinality strictly less than n. Set L := M N N¢. Clearly,
#L > m — n, hence the assumption leads to

E | equ(eo|| 2 E | > epulpn)]| = 5. @2.1)

kéN kel
Taking on the left hand side of (2.1) the infimum over all subsets N with #N < n proves the
assertion. O

Let us shortly indicate how the preceding statements are related to the problem of finding optimal
series expansions of Gaussian processes. If the process X = (X(t)),cr is represented by a sequence
U = (Yy)r>1 as in , then we choose an arbitrary separable Hilbert space 5 and an ONB
® = (¢i)k>1 init. By

u(pr) =i, k=1, (2.2)
a unique operator u € ¥(#,C(T)) is defined. Of course, this construction implies lg’ (w) = Z,‘f’ (X)
where the latter expression is defined by

Zekll)k

1¥(X) = inf{E

:NQN,#N<n}.

kéN ©
Similarly, l,‘;’q’(u) = lr‘:"l’(X) with
o0
ZE’W(X) =K Zekwk
k=n )
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As shown in [1]] we have [, (u) = [,,(X) where

o0

Zekpk

k=n

[,(X):= inf{E

(0.0]
:X=Zekpk} .
00 k=1

Hence representation is optimal for X, i.e. there is some ¢ > 0 such that for all n > 1 we
have lg"l’(X) < cl,(X), if and only if this is so for ® and u related to ¥ = (y;);>; via . In
the same way & is rearrangement non-optimal for u if and only if this is so for the representing
functions 1, of X. Consequently, all our results about series expansions may be formulated either
in the language of ONB and operators u € ¥4(5,C(T)) or in that of series expansions of centered
Gaussian processes X = (X(t)),cr with a.s. continuous paths.

3 A General Approach

We start with a quite general result which is in fact the abstract version of Theorem 5.7 in [[9].
Before let us recall the definition of the covering numbers of a compact metric space (T,d). If € > 0,
then we set

N(T,d,¢) :=min{n2 1:3¢4,...,t,€Ts.t. min d(t,t;)<e, tGT}.
1<j<n

With these notation the following is valid.

Proposition 3.1. Let (T, d) be a compact metric space such that
N(T,d,e)<ce™" 3.1

for some y > 0. Let u € 9(5,C(T)) and let & = (p;)r>1 be some fixed ONB in . Suppose there are
B >0and a > 1/2 such that for all k > 1 and all t,s € T we have

|(wei)(t) = (wei)(s)| < cd(t,s)P 3.2)
and
luCe|yo < ek (3.3)
Then for each n > 1 it follows that

2n+1 -1

Z eku((pk)H <cnl/227n@=1/2) (3.4)
k=2n *©

E

Proof. Let ¢, be a decreasing sequence of positive numbers which will be specified later on. Set
N, :=N(T,d, ¢,) and note that (3.1)) implies

N,<ce 7. (3.5)

2697



Nf‘l

Then there are t;,...,ty € T such that T = Uj:1B~ where B; := B(t, &,) are the open d-balls in

j
T with radius ¢, and center t;. To simplify the notation set J,, := {2", L, 2mt 1} and write

E|Y eulp)|| < E sup sup|Y e [we)() - we(t)]

keJ, o 1<j<N; t€B; ;.

+ E sup Zek(ugok)(tj) . (3.6)
1<j=Np keJ,

We estimate both terms in (3.6) separately. Since for t € B; we have d(t,t;) < ¢, condition (3.2)
leads to

|(wp)(0) — (wpd(t))| < cef
for those t € T. Hence the first term in (3.6]) can be estimated by

E sup sup| Y. e [(upd(t) — (wep)(t))]

1<j<N, teB; =y
n

< CEEEZ|6k~=C/(#Jn)8§§C2n8r/f. 3.7)
keJ,

In order to estimate the second term in (3.6) we need the following result (cf. Lemma 4.14 in [19]).

Lemma 3.2. There is a constant ¢ > 0 such that for any N > 1 and any centered Gaussian sequence
Zi,...,Zy one has,

E{ sup |Zk|}§c(1+logN)1/2 sup (Ele|2)1/2. (3.8)
1<k<N 1<k<N

We apply Il to Z; = Dkes ex(upi)(t;) and use lb Then similar arguments as in the proof of
Theorem 5.7 in [[9]], p. 686, lead to

E sup | eup)(t))| < c(1+1ogh,) /22712, (3.9)
1<i<N, |k,

Summing up, (3.6), (3.7) and (3.9) yield

E Z eu(p)|l <2t ef + ¢y (1 +1ogN, )22 na1/2) (3.10)

keJd, ©

Now we choose ¢, := 279" with § > (a +1/2)/B. By (3.5) we get logN, < cn and by the choice of
6 the first term in (3.10) is of lower order than the second one. This implies

E Zeku(gok) < cnl/?227n@=1/2)

keJ, o

as asserted and completes the proof. O
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Combining Propositions [2.2) and [3.1] gives the following.
Corollary 3.3. Suppose that (3.1)), (3.2)) and (3.3)) hold for some y,[3 > 0 and a > 1/2. Then this
implies
@ —a+1/2
[>*w)<cn* / \/logn
foralln> 1.

Remark 3.1. Results more or less similar to Proposition and Corollary were obtained in
[[16;[17]] (see Proposition 4 in [[17] and also the proof of Theorem 1 in [[16]).

Let us formulate the preceding result in probabilistic language. We shall do so in a quite general
way. Let X = (X(t));er be an a.s. bounded centered Gaussian process on an arbitrary index set T
(we do not suppose that there is a metric on T). Define the Dudley metric dy on T by

dy(t,5):= (E X0 -X6)?)"?, tseT.

Since X is a.s. bounded (T, dy) is known to be compact (cf. [6]). We assume that (T, dy) satisfies a
certain degree of compactness, i.e., we assume that

N(T,dy,e)<ce " (3.11)
for some y > 0. Suppose now that
o0
X(0)= ex(t), teT, (3.12)
k=1

where the right hand sum converges a.s. uniformly on T. Note that the 1, are necessarily continu-
ous with respect to dy. This easily follows from

00 1/2
dx(t,s) = (Z | i) - wk(s>12) : (3.13)
k=1

Then the following holds:
Proposition 3.4. Suppose (3.11)) and (3.12]) and that there is some a > 1/2 such that for all k > 1

sup |1pk(t)| <ck™“. (3.19)
teT
Then this implies
o0
E sup Z (O] <en=®*12 /logn . (3.15)
teT =3

Proof. We will prove the proposition by using Corollary Choose # and ® = (¢, )x>1 as above
and construct u as in (2.2). Then (3.1)) and (3.3) hold by assumption and it remains to show that
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(3.2)) is satisfied. Yet this follows by the special choice of the metric on T. Indeed, for h € 5 and
t,s € T by (3.13) we have

Z (hoi) [Wi(6) = ()]

o 1/2 1/2
(ZI(h,sok |2) ( > () - wk(s)l) = [Ihll e dx(t,s) .
k=1

Consequently, (3.2) holds with # = 1 and the assertion follows by (2.2)) and by Corollary[3.3] [

|(wh)(t) — (uh)(s)| =

Remark 3.2. Let us demonstrate on a well-known example how Proposition [3.4| applies. If B =
(B(t))o<¢<1 denotes the Brownian Motion on [0, 1], then it admits the representatlon

s1n(k7‘ct)

B(t)_eot+fz €p——— (3.16)

Clearly, condition li holds with y = 2 and the representing functions v, satisfy ||¢ k ||oo <ck %
Consequently, Proposition [3.4]leads to the classical estimate

2, sin(kmt
Zek¥ Scn‘l/zy/logn

pa— km
and representation (3.16) of B is optimal. On the other hand, there exist optimal representations of
B with functions 1; where |[¢ ||oo ~ k~1/2 (take the representation by the Faber-Schauder system).

Thus, in general, neither (3.14) nor (3.3) are necessary for (3.15) or (3.4), respectively.

E sup
te[0,1]

4 The Trigonometric System

The aim of this section is to investigate whether or not the ONB
T:={1}uU {«/Ecos(kn-) 1k > 1}

is optimal for the Riemann-Liouville operator R, : L,[0,1] — C[0, 1] defined by

(R )(t) := %J (t—x)*1Th(x)dx, 0<t<1. 4.1
0

Equivalently, we may ask whether or not the representation of the Riemann-Liouville process R* =
(R*(t))o<r<1 given by

a

a _ t ﬁ S t a—1
R¥(t)=¢gq NCTS)) + @) ;ekL (t —x)* " cos(kmx)dx

is an optimal one.

Here we shall prove the following:
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Theorem 4.1. The trigonometric system T is optimal for R, from L,[0,1] to C[0,1] in the case
1/2 < a <2. Ifa > 2, then T is rearrangement non—optimal.

Proof. In a first step we prove that T is optimal for R, provided that 1/2 < a < 2. We want to
apply Proposition [3.1|with T = [0,1] (here the metric on T is the Euclidean metric), ¢ = L,[0,1],
¢r(t) = v/2 cos(kmt) and with u = R,,. Of course, T = [0, 1] satisfies condition with y =1,
hence it remains to prove that and are valid as well.

We claim that (3.2) holds for all a > 1/2 with f =a —1/2 if a < 3/2 and with f =1 for a > 3/2.
Indeed, if 1/2 < a < 3/2, then the operator R, : L,[0,1] — C[0, 1] is known to be (a —1/2)-Holder
(cf. [21]], vol. 11, p. 138), i.e. for all h € 2# and t,s € [0, 1] we have

|R () — R (S| < c 1Al |6 =]V
Clearly, this implies with 8 = a — 1/2 provided that 1/2 < a < 3/2.
If a > 3/2, then for all h € L,[0, 1] we have (R,h)'(t) = (R,_1h)(t), hence
|Ra)(E) = RLR)(S)| = It = 5| |(Rerh)(x))| (4.2)

for a certain x € (t,s). Since |(Ra_1h)(x)| < ||hll5 ||Ra_1H, where the last expression denotes the
operator norm of R, ;1 : L,[0,1] — C[0, 1], by (4.2) we conclude that (3.2)) holds with § = 1 in the
remaining case.

In order to verify (3.3)) we first mention the following general result:
If —1 < a < 0, then it follows that

sup <00. 4.3)

x>0

< oo and sup
x>0

J s%sin(x —s)ds
0

J s%cos(x —s)ds
0

.. . 00 00 .
This is a direct consequence of the well-known fact that fo s*cos(s)ds as well as f 0 s%sin(s)ds
exist for those a.

The following lemma, which is more or less similar to Lemma 4 in [[16]], shows that (3.3]) holds for
a<2.

Lemma 4.2. Suppose 1/2 < a < 2 and let as before ¢, (t) = V2 cos(kmt). Then it follows that

[Rai]|e < ck™*. 4.4)

Proof. For 1/2 < a < 1 this was proved in [[9], Lemma 5.6. The case a = 2 follows by direct
calculations. Thus it remains to treat the case 1 < a < 2. If @ > 1, then integrating by parts gives

t
(Rypi)(t) = L J (t —x)* L cos(kmx)dx
I'(a) J,
t
= k7! ; (t — x)* 2 sin(kmx) dx
nl(a—1) J,
—a kmt
= k¢ T s% 2sin(krt —s)ds (4.5)
Ma—-1) J, ’ '
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Moreover, if 1 < a < 2, then (4.3)) and (4.5 imply

|IRatk|| oo = sup |Rapi)(0)] < ck™@
0<t<1
as asserted. Observe that in that case —1 <a —2 < 0. O

Summing up, R, and T satisfy (3.2) and (3.3) of Proposition [3.1] provided that 1/2 < a < 2. Thus,
we get
2n+1_1

E Z exR (o)l <cn'/?2ma-1/2)

k=2"
00

for all n > 1 and Proposition [2.2] or Corollary [3.3]imply
°T(Ry) < cn~ ™2 /logn .

Recall (cf. [9]) that [,(R,) ~ n~**1/2,/logn, thus the trigonometric system T is optimal for R,, in
thecase 1/2 < a < 2.

To complete the proof of Theorem we have to show that the basis T is rearrangement non—
optimal for R, whenever a > 2. To verify this we need the following lemma.

Lemma 4.3. If a > 2, then there is a ¢ > 0 such that for k > 1

[Raspr]l, = ek 4.6)

Proof. We start with 2 < a < 3. Using (4.5]) we get

kmt

(Rai)(t) =c k™ f s 2 sin(kmt —s)ds .
0
Another integration by parts gives
(Rapi)(t) = c k™ {(tk)* 2 + g (1)} 4.7)

where
kmt
gr(t):=—(a— Z)J s¥ 3 cos(kmt —s)ds .
0

Since —1 < a—3 <0, by it follows that

su <su <o00. (4.8)

sup||gi[, < sup [
Consequently, and lead to

|Rai|, = ci k™ —ca k™ ||gi]|, = 1 k2 — k7@

which proves our assertion in the case 2 < a < 3 where a = 3 follows by direct calculations.

Suppose now 3 < a < 4. Another integration by parts in the integral defining g gives g, = c/, §x
with sup;>, “ ngoo < 00. Then the above arguments lead to |l in this case as well.

We may proceed in that way (in the next step a term of order k=% appears) for all « > 2. This
completes the proof of the lemma. O
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Now we are in position to complete the proof of Theorem [4.1] This is done by using Lemma|[2.3] In
the notation of this lemma we set M := {1,...,2n} for some given n > 1, hence we have m = 2n.
Let L be an arbitrary subset in M with #L > m — n. Using that all moments of Gaussian sums are
equivalent it follows that

1/2
2
o Sean] 2 (=] Seond
« kel o

< 5 1/2 1/2 1/2
> (EHZekRacpk 2) =c (ZHRa@k”z) >c (Zk“*)
keL keL keL

where the last estimate follows by Lemma Because of #L >n and L € M we have

1/2 o 1/2
(Z k‘4) > (Z k‘4) >cn32,
k=n

kel

hence

E H ZekRagokH >cn 32,
keL o

Since L € M was arbitrary with #L > m — n, Lemma [2.3|]leads to
T(Ry) = cn™32. (4.9)
Yet I,(R,) ~ n~%"1/2, /logn, thus || shows that T is rearrangement non—-optimal for a > 2. [

Remark 4.1. The optimality of the trigonometric system for 1/2 < a < 2 is implicitly known.
Indeed, as shown in [[I7], Proposition 4, estimate (4.4) implies optimality in the Riemann-Liouville
setting.

Corollary 4.4. If a > 2, then are constants c;,c, > 0 only depending on a such that
on??< ZI(RQ) <c,n~3?/logn. (4.10)

Proof. The left hand estimate in (4.10) was proved in (4.9). In order to verify the right hand one
we use property (3) of Proposition [2.1] If a > 2 this implies

[T(Ry) < ||Rqez : €[0,1] = €[0,1]|| IX(R) < cn ™3/ y/logn .
This completes the proof. O

Remark 4.2. We conjecture that for a > 2 the right hand side of (4.10)) is the correct asymptotic of
IT(R,).

Our next objective is to investigate the ONB
T:={1}U {w/fcos(an-), V2sin(2ln-) 1 k,1 > 1}

in L,[0,1]. Let us fix the order of the elements in T by setting ,(t) = 1, ¢;(t) = v2cos(27t),
@,(t) = V2sin(27t) and so on.
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Theorem 4.5. Let T be the ONB defined above. Then T is optimal for R, provided that 1/2 < a < 1.
If a > 1 it is rearrangement non—optimal.

Proof. We start with the case 1/2 < a < 1. By using the same method as in the proof of Lemma 5.6
in [[9] we have
[RaCo)]|s, < ck™

where as before ¢, € T are ordered in the natural way. Condition (3.2)) holds by the same arguments
as in the proof of Theorem Thus Corollary applies and proves that T is optimal.

To treat the case a > 1 we need the following lemma.

Lemma 4.6. If a > 1, then it follows that

|[Ro(sin(2km )|, ~ ||Ralsin(2km- )|, ~ k! (4.11)

Proof. Suppose first 1 < a < 2 and write

(Rysin(2km-))(t) = ﬁ J (t — x)* Lsin(2kmx) dx
0

B .0l (2knt —s)d (4.12)
= Zkﬂ,’l—'(a) l—'(a—]_) . S COosS Y s)as. .

Since —1 < a—2 <0, by this implies
(Rysin(2km-))(t) = c; k™1 %71 4 e k™% g (t)
with sup; HngOO < 00. Clearly, from this we derive (recall a > 1) that
HRa(sin(Zkﬂ: . ))“oo <ck .

On the other hand,

v

HRa(sin(Zkrc : ))Hz skt =gk Hgk“2

skt —c k7 Hgk“OO >kt —c kT

v

completing the proof of the lemma in that case.

If @ = 2 the assertion follows by direct calculations and for a > 2 as in the proof of Theorem 4.1 we
integrate by parts as long as we get in (4.12)) an exponent of s which is in (—1,0). O

Now we may finish the proof of Theorem To this end fix n € N and define M C N as M :=
{2,4,...,4n}. Recall that the ¢, with even index correspond to the sin-terms. Take now an arbitrary
subset L. C M satisfying #L > #M — n = n. By the choice of M it follows that

2\ 1/2
E ZGkRaQOk zc | E ZekRaSOk
kel 00 keL 2
1/2 on 1/2
- ¢ (Dlhanle) = () sen
keL I=n
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where we used (4.11)) in the last step. The set L C M was arbitrary with #L > n, hence, by Lemma
we obtain )
TRy = n Y2,

In view of [,(R,) ~ n~*"1/2,/logn this implies that T is rearrangement non-optimal whenever
a > 1 completing the proof. O

Finally we investigate series representations of the Weyl process. Recall the definition of the Weyl
operator of fractional integration. For a > 1/2, the Weyl operator I, is given on exponential func-

tions for all t € [0,1] by
2mikt

(2mik)®’

where for a ¢ N, the denominator has to be understood as

I, (e*™k)(t) := k € 7\ {0},

o
(2mik)™% .= |27k|™* - exp(—T isgn(k)).
By linearity and continuity, the definition of I, can be extended to the complex Hilbert space
1
Lg[0,1] = {f € L,[0,1] : J flx)dx = O},
0
thus, I, is a well-defined operator from Lg[O, 1] into C[0,1]. Note, that it maps real valued func-

tions onto real ones.

Proposition 4.7. For all a > 1/2 it holds

1.(I,) ~n~ %2 /logn .

Proof. Let e,(u) denote the n—th (dyadic) entropy number of an operator u from # into a Banach
space E (cf. [4] for more information about these numbers). As proved in [[11]], Proposition 2.1,
whenever an operator u € ¢(5#, E) satisfies

e (1) < c;n"%(logn)P
for some a > 1/2 and 8 € R, then this implies
L,(w) < c,n= 12 (logn)PH! .

Moreover, as shown in [[3[], for any a > 1/2 it follows that

. .1/3
en(Ra - Ia) =< e cn

In particular, we have e,(R, —I,) < c¢,n"" for any y > 0. Thus, by the above implication, for
any y > 0 holds [,(R, — I,) < C; n~" as well. Of course, since l,,_1(I,) < 1,(I, —R,) + L,(R,) by

L.(R,) ~n~**1/2, [logn we get I ,(I,) < cn~*"1/2,/logn. The reverse estimate is proved by exactly
the same methods. This completes the proof. O
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Remark 4.3. The upper estimate [,(I,) < cn~%"1/2,/logn may also be derived from Theorem
below.

Before proceeding further, let us choose a suitable ONB in the real Lg [0,1]. We take
T :=T\ {1} = {V2 cos(2kn-), V2 sin(2lr-) : k,1 > 1}
and order it in the natural way. Then it holds

Theorem 4.8. For any a > 1/2 the basis T’ is optimal for I,.

Proof. Direct calculations give
cos(2kmt — am/2)
(2mk)?

I,(cos(2km-))(t) =
as well as
sin(2lnt — an/2)
(2rl)>
Consequently, condition ([3.3) in Propositionholds forI, and T'.
We claim now that for 1/2 < a < 3/2 it follows that

(L)) = (IR)(S)| < c Ay ¢ —s]*7 V2 (4.13)

forall h € Lg[O, 1] and t,s € [0,1]. This is probably well-known, yet since it is easy to prove we
shortly verify (4.13). It is a direct consequence of

I(sin(2l7))(t) =

e |2 e |2 e |2
00 |1 . ezmk£| |1 _ e2n1k9| )1 — g2mike
Z k2a B Z k2a + Z k2o
k=1 k<1/e k>1/¢e
< ¢ £2 Z k2042 4 4 Z k—2¢ < ¢ g—2a+1
k<1/e k>1/¢e

for any k > 1 and & > 0 small enough. Clearly, (4.13) shows that (3.2]) holds with f = a —1/2 as
long as 1/2 < a < 3/2. The identity I, oI,, = I, 44, implies the following: Suppose that

|(Tah)(6) = Th)(s)| < c Al [t —s|” (4.14)
for some a > 1/2 and 8 € (0,1]. Then for any o’ > a estimate (4.14)) is also valid (with the same
). This, for example, follows from the fact that (4.14) is equivalent to

|16, =125, < c 1t —sIP
together with the semi-group property of I,,, hence also of I’;. Here I’, denotes the dual operator

of I,, mapping C[0,1]" into L;’[O,l], and 6, denotes the Dirac point measure concentrated at
te[0,1].

Summing up, we see that I, and T satisfy (3.2) and (3.3). Clearly, (3.1) holds for T = [0,1].
Thus Corollary [3.3]applies and completes the proof. Recall that by Proposition [4.7|we have [,(I,) ~

n~**1/2, [logn. O

Remark 4.4. It may be a little bit surprising that for all @ > 1/2 the basis T’ is optimal for I, while
T is not for R, in the case a > 1. Recall that (I, — R,) tends to zero exponentially and, if a € N,
then I, and R, differ only by a finite rank operator, i.e., we even have [,(I, —R,) = O for large n.
The deeper reason for this phenomenon is that l:/(l « — R,) tends to zero slower than ZEI(I o)
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5 Haar Basis

5.1 Some useful notations and some preliminary results

Recall (cf. (1.4)) that for any parameter a > 1/2, the Riemann-Liouville process can be written as

oo 27—

RO =€t +1)+ZZ jk(Rah;)(0), 5.1)

j=0 k=0

where R, is the Riemann-Liouville operator and the h; ;’s are the usual Haar functions, i.e.

hj’k(x)=2j/2{l[ ok 2k14(x) — 1[2k+1 2k-+2 (X)} (5.2)

oJj+172 2]+1) oj+172 2)+1)

and where the series converges almost surely uniformly in ¢t (i.e. in the sense of the norm || - ||5.).
For any t € [0,1] and J € N we set,

oc J—-12/—
RA(t) :=e_ T +1)+JZOZ €;.xRah; (D), (5.3)
—y 2 0 2
5(t):=E Ra(t)—Rg(t)‘ - (Rahj,k)(t)‘ (5.4)
=J k=
and
55 = sup oJ(t) (5.5)

te[0,1]

In order to conveniently express the coefficients (Ryh; i )(t), for any reals v and x we set

(5.6)

v |} x¥ whenx>0,
(x) _{ 0 else.

Then it follows from (4.1, (5.2) and (5.6) that one has for every integers j € Ny := NU {0} and
0<k<2 —1landrealte[0,1],

w0 = s (- ) 2= ) - ) ) 6o

Let us now give some useful lemmas. The following lemma can be proved similarly to Lemma 1 in
[2], this is why we omit its proof.

Lemma 5.1. Let {€j) : j €Ny, 0 <k < 2J — 1} be a sequence of standard Gaussian variables. Then
there exists a random variable C; > 0 of finite moment of any order such that one has almost surely,

for every j €Ny and 0 < k < 2/ — 1,
|ej,k| S Cl\/ 1+] .
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Let us now give a lemma that allows to control the increments of the Riemann-Liouville process.
This result is probably known however we will give its proof for the sake of completeness.

Lemma 5.2.

(i) For any a € (1/2,3/2), there is a random variable Cy5 > 0 of finite moment of any order such
that almost surely for every t,,t, € [0,1],

IR%(t1) — R%(t)] < Colty — t5]* 24/ log(2 + |t1 — t,]71). (5.8)

(i) For any a > 3/2, there is a random variable C5 > 0 of finite moment of any order such that one
has almost surely for every ty,t, € [0,1],

[R*(t1) —R*(ty)| < C3lty — ty.

Proof. (of Lemma Part (ii) is a straightforward consequence of the fact that the trajectories
of R* are continuously differentiable functions when a > 3/2. Let us now prove part (i). First
observe (see for instance relation (7.6) in [[12]]) that inequality is satisfied when the Riemann-
Liouville process is replaced by the fractional Brownian motion (fBm) (B¥(t))o<.<; with Hurst index
H :=a —1/2. Recall that for some c, > 0 (again H and a are related via H =a — 1/2)

BH(t) = Q¥(t) + c, RY(1), (5.9)

where the process (Q*(t));co,1] is called the low-frequency part of fBm and up to a positive constant
it is defined as

0
Q“(t) = f {(t ="t = (0" 1} dw ().

Finally, it is well-known that the trajectories of the process (Q*(t)).c[o1] are C*-functions. There-
fore, it follows from (5.9) that (R*(t))o<,<1 satisfies (5.8)) as well. O

Remark 5.1. It is very likely that (5.8) also holds for @ = 3/2. But in this case our approach does
not apply. Observe that a = 3/2 corresponds to H = 1 and (5.9) is no longer valid.

For any reals y > 0 and t € [0,1] and for any integers j € Ny and 0 < k < 2/ — 1 we set

A= (= G) -2 L (o gm) . 60
Observe that and imply that
2J/2
(Rehj () = mAa,j,k(t)- (5.11)
Furthermore, we denote by %j(t) the unique integer satisfying the following property:
Ej(.t) <t< M (5.12)

9] 9]
with the convention that %j(l) =2/ -1.

The following lemma allows us to estimate (R,h; ;)(t) suitably.
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Lemma 5.3.

(i) For each k > Ej(t) +1, one has A, j ;(t) =0

(ii) There is a constant c4 > 0, only depending on y, such that the inequality

A0l < 277 (14 F0 - k)’ (5.13)

holds when 0 < k < zj(t).

(iii) If y # 1, then there is a constant cs > 0, only depending on v, such that the inequality

; ~ Y
A, k()] = c52_”(1 + k() - k) (5.14)
holds when 0 < k < %j(t) -2

Proof. (of Lemma Part (i) is a straightforward consequence of (5.6)), (5.10) and (5.12)), so we
will focus on parts (ii) and (iii). Inequality (5.13) clearly holds when y = 1, this is why we will
assume in all the sequel that y # 1. Let us first show that (5.13) is satisfied when

k()= 1<k <k;(0). (5.15)
Putting together (5.12) and (5.15) one has for any [ € {0, 1, 2},

(t_2k+l)y S’t_ij(t)_]. s
+

[ <z
2j+1 2j - :

Therefore, it follows from (5.10) and (5.15) that

. , ~ s
A, k(D] < 227070 <277 (1 +k;(t) — k) :

where the constant cg = 227" max{1,2277}. Let us now show that the inequalities (5.13) and (5.14)
are verified when

0<k<kj(t)-2. (5.16)

We denote by f, ; , the function defined for every real x < k/ 2/ as

frie(x)= (t — X —2‘f)y - (t _ _2—]‘—1)7/.

By applying the Mean Value Theorem to f, ; . on the interval [2k

a; €( 2J+11, 21) such that

2,+1 , 2]] it follows that there exists

Aris 0= s (57) = Foe o) =277l

2]+1

= —Yz_j‘l{(t—al—z J)Y 1 (t—al—z_j_l)y_l}. (5.17)
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Next, by applying the Mean Value Theorem to the function

I

on the interval [27/71,27/], it follows that there exists a, € (27771, 27/) such that

r—1 . r—1
(t—al—Z J) (t—al—Z_J_l)

. y—2
=—(r— 1)2‘1‘1(t—a1 —az) : (5.18)
Observe that the inequalities |l ij <a;+a; < == k“ and Il imply that
1 k(O-k-1 k() —k—1+2
—<—<t—a;—ay, < .
2) 2J 2J
3(k; () —k—1
< Gl )2]. ) (5.19)

Next setting c4 = cg + y|y — 1|max{1,3" "2} and c5 = y|y — 1|min{1,3?"~2} and combining (5.17)
with (5.18) and (5.19), it follows that the inequalities (5.13]) and (5.14) are verified when (5.16)
holds. O

5.2 Optimality when 1/2<a <1

The goal of this section is to prove the following theorem.

Theorem 5.4. Suppose 1/2 < a < 1. Then there is a random variable C; > 0 of finite moments of any
order such that one has almost surely, for every J € N,

IR* = R%|lo < C,27 @712\ /1 4.

In particular, this implies that in this case representation (|5.1)) possesses the optimal approximation
rate.

Proof. (of Theorem [5.4) Putting together (5.1), (5.3), Lemma 5.1} (5.11) and ( , one obtains

that almost surely, for every t € [0, 1], and every integer J € N,

o 2/-1

R*(6) = RY(OI < DD lej il IRy )(0)]

j=J k=0
k(o

CiT(a+1)" c422 i(a-1/2), /747 Z(1+k(t) k)

C,277@ 12 /1 41,

IA

IA

O

Observe that the condition 1/2 < a < 1 plays a crucial role in the proof of Theorem Indeed,

one has Zk’(t) (1 +%j(t) - k) < 32,1972 < 0o only when it is satisfied.
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5.3 Optimality when 1 < a < 3/2

The goal of this subsection is to show that the following theorem holds.

Theorem 5.5. Suppose 1 < a < 3/2. Then there is a constant cg > 0 such that for every J € N one has
E[R* = R%|lo < cg27/*71/2/J +1.

In particular, this implies that also in this case representation (|5.1]) possesses the optimal approximation
rate.

First we need to prove some preliminary results.
Proposition 5.6. If 1/2 < a < 3/2, there exists a constant cq > 0 such that one has for any J € N,

~2 2 6—J(2a—1)
o7 =< o 2 .

Proof. (of Proposition|[5.6) It follows from (5.4), (5.11) and parts (i) and (ii) of Lemma5.3] that

K;(t)

> : ~ —2(2—a)
G2(1) < c2T(a+1)72 Y 277D 3" (14%;(0) — k) < 2279,
j=J k=0

where the constant cg = cﬁl“(a +1)72(1 - 2_(2(1_1))2?21 [72270) < 0, O]

Lemma 5.7. For any a € (1,3/2), there exists a random variable C;y > 0 of finite moment of any
order such that one has almost surely for any real t € [0,1] and any integer J € N,

RA(0) = R% (k) (0277) | < Cp2 @YD/ 41,

We refer to ll for the definition of the integer k 5(t).

In order to be able to prove Lemma5.7| we need the following lemma.

Lemma 5.8. For any real a > 1, there exists a constant c;; > 0 such that for all t € [0,1], J € N,
j € Ny and k € N, satisfying B
0<j<Jand 0<k <k;(t),

one has

’(Rahj’k)(t) — (Rahjz) (EJ(t)z—f) < g, 2012~ (1 +&(0) - k) - (5.20)

Proof. (Proof of Lernrna It is clear that li holds when t = k;(£)277, so we will assume that
t # k;(t)27/. By applying the Mean Value Theorem, it follows that there exists a € (k;(t)277,t)
such that

‘(Rahj,k)(t) - Rahy0) Ry (03277

(5.21)

a2l 2k +2ya-1 ) 2k +1ya-1 2k ya-1

"~ T (a_ it )+ - (a_ it )+ + (a_ 2J'+1)+ :
Observe that one has ’lzj(a) = zj(t) since a € (k’z(f), t) C (%, kj(;ﬂ). Thus, putting together,
(5.21), (5.10) and (5.13) in which we replace t by a and y by a — 1, we obtain the lemma. O
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We are now in position to prove Lemma

Proof. (of Lemma|5.7) By using Lemma|[5.1] and the fact that
~ a
0<t%— (kj(t)z—J) <a2”,

one gets that

—J
R - R (27K, (0)| < |e_1|%
J-12/-1
+ VI D] ‘(Rahj’k)(t) - (Rahj,k)(%J(t)z—f) : (5.22)
7=0 k=0
On the other hand, it follows from Lemma |5.8|that
J=12/-1
(Rah)(6) = Rahy ) (ks ()27
=0 k=0
J-1 6] s
< oy y 282y (1 +,(6) - k) < cyp2 @120 (5.23)
=0 k=0

-1
where ¢;5 = ¢y (23/2_“ — 1) Z?il 1973 < oo. Finally combining (5.22) with (5.23) one obtains
the lemma. O

Lemma 5.9. There is a random variable C13 > O of finite moments of any order such that one has
almost surely for every J € N

sup |[R%(0) —Rg(t)’

te[0,1]

+Cp3 2772 ] 4 1.

RY(K277)—R%(K27)

< sup
0<K<2’ KeN,

Proof. (of Lemma|5.9) Let us fix w. As the function t — R%(t, w) — Rj(t, w) is continuous over the
compact interval [0, 1], there exist a ty, € [0, 1] such that

sup
te[0,1]

Using the triangular inequality and Lemmas|[5.2|(i) and[5.7] it follows that

R(t, ) — R%(t, )

R%(to, @) — R%(to, w)\.

R%(to, ) — R%(to, w)‘ <

RY(to, @) —Ra@(to)z*,w)\

+

Rk (16)27, @) — RA(R (£0)277, a))‘

_+_

RY2E) (to), w)—Rs‘(to,w)]
< Cz(w)Z_J("‘_l/z) log(2 +27)

+ sup  |R*(K2™,w)—RY(K27, co)‘ + Cro(w) 27712 /7 41

0<K<2’ ,KeN,

and thus one gets the lemma. O
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Proof. (of Theorem D Putting together Lemma Lemma the fact that 05 >
SUPo<k<2’ KeN, G%(27/K) and Proposition [5.6/ one obtains the theorem. O

5.4 The case a =3/2

Recall (cf. [9]) that [,(Rs/5) ~ n~1/logn; this clearly implies that

ZII;I(R3/2) >cn~!4/logn.

The goal of this subsection is to show that a slightly stronger result holds, namely the following
theorem.

Theorem 5.10. There exists a constant ci4 > 0 such that, for any n € N and any set N € {(j, k) €
N2 : 0 < k <2/ — 1} satisfying #N < n one has

2/n—1

(27 Z ‘(R3 P

=0 (j,k)¢N

1/2
) > ¢4~ 4/logn,

where J,, > 2 is the unique integer such that 2/n~2 <n < 2/»!

Remark 5.2. A straightforward consequence of (5.4)), (5.5) and Theorem is that for all J € N

one has
5'_] Z C142_J V J+1.

In fact by using the same technics as before one can prove that 27/+/J +1 is the right order of
0, i.e. one has for some constant c;5 > 0 and all J € Ny, &; < ¢;5277+/J + 1. But observe that

0, ~ 277 +/J+1 does, unfortunately, not answer the question whether or not representatlon
is optimal in the case a = 3/2.

Proof. (of Theorem|5.10)) Let us set

={keN : OSkSZJ"’l—land(Jn,k)qéN}.

Clearly,
#M > 2 — #N > 271 (5.24)
and
2/n—1
2—Jn ’(Rg/zh]k)(l/zJ > 92~ Z Z ’(Rg/zhj k)(l/zJ) (5.25)
l 0 (k)N =0 keM

Putting together (5 in which we replace a by 3/2, in which we replace y by 3/2, the fact
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that k g, (U/ 27n) = [ for any integer [ satisfying 0 <[ < 2’» — 1 and ll , it follows that

2/n_1

27 Z Z ’(Rs/th k)(l/zj)

=0 keM

2/n_1

> 2r(a+1)22%0 > > (l—k+1)_1

keM l=k+2
2/n_3 2n_k—2

> ET(a+1)727% )] Z P+
k=2/n-1-1 p=1
2/n=2
> Zr(a+1)227% ) (2Jn—1 _ n)(n +2)!
n=1
2In—2
> c2r(a+1)7227%72 ) (n+2)7!
n=1
2/n=241
> c§ I'la+ 1)_22_2J“_2f (x+2)tdx
1
> ci,rn_z logn, (5.26)
Jn_ Jn_
with the convention that le ' +12 22 =2 — ... = 0 whenever we have 2/ —2 <k < 2/n — 1.
Finally combining (5.25) with (5.26) we obtaln the theorem O

5.5 Non-optimality of the Haar basis for a > 3/2

The goal of this subsection is to prove the following theorem.

Theorem 5.11. If a > 3/2, then we have:

() For any ty, € (0,1] there exists a constant ¢y > O such that, for each n € N and each set
N C{(j,k) eN? : 0 < k <2/ — 1}, satisfying #N < n one has

‘(R h; k)(to)’ >c16n_1. (5.27)
(1 K)EN

(ii) There exists a constant cy; > 0 such that for each J € N one has

E[IR* —=R%lloo < c172774/J + 1.

A straightforward consequence of Theorem is that the Haar basis H is rearrangement non—
optimal for R, when a > 3/2. More precisely:

Corollary 5.12. If a > 3/2, then there are two constant 0 < ¢ < ¢, only depending on a, such that for

each n > 2 one has
cn ' <R <c'n'y/logn.
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Remark 5.3. We conjecture that

ZE(Ra) ~n!4/logn
for all a > 3/2.
Proof. (of Theorem part (i)) Let J, > 4 be the unique integer with
274ty <n < 2773, (5.28)

and set _
L= {keN :0<k<%, (t)—2and (Jn,k)e)éN}. (5.29)

PR CRIRCHIIEDY

(Jj,k)¢EN kel
Moreover, it follows from (5.29), (5.28) and (5.12)) that

It is clear that 5

(Rahy )(to)

(5.30)

#L >k, (t)) — 1 — #N >k, (to) — 23ty >3- 2/ 2¢,,. (5.31)

On the other hand (5.11) and (5.14) imply that
2(a—2)

S0 2 2, 3 (1 +%; (o) - k) : (5.32)

keL keL
Let us now assume that 3/2 < a < 2; then (5.31)), the fact that

x = (1 +ky, (o) — k)z(a_z)

is an increasing function on [0,k 7. (to)] and || imply that

[3-2/n72¢,]

Z (1 +zjn(t0) - k)z(a—Z) > Z (1 —{—zjn(to) 3 k) 2(a—2)

kel k=0

[3-27n72¢(] 9
~ (a—2)
> J (1+kjn(t0)—x) dx
1

> cyg2/n2a73) (5.33)

where c;g > 0 is a constant only depending on t; and a. Next, let us assume that a > 2; then (5.31)),

~ 2(a—-2) ~
the fact that x — (1 + k; (to) — k) is an nonincreasing function on [0, k; (to)] and (5.12
entail that

S (14, ) - k)

keL
Ky, (t0)—2
n - 2(a—2)
> > (1+%,(t) — k)
k=kj, (to)—2—[3-2n~2¢,]
%J"(fo)—?’ _ 2a—2)
> f (1+kjn(t0)—k) dx
kj, (tg)—2—[3-2/n2¢,]
) (5.34)
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where ¢y > 0 is a constant only depending on t, and a. Finally, putting together, (5.30), (5.32),
(5.33), (5.34) and (5.28) one obtains (5.27). O

In order to be able to prove part (ii) of Theorem [5.11|we need some preliminary results.
Proposition 5.13. If a > 3/2, there exists a constant c,7 > 0 such that one has for any J €N,
G2 <ct27%.
Proof. (of Proposition [5.13)) It follows from (5.4), and parts (i) and (ii) of Lemma/5.3] that
k(1)

o0
G2(t) < 2T (a+1)72 Y 1277240 3" (147%,(0) —k
k=0

j=J

—-2(2—a)
) (5.35)

Let us assume that 3/2 < a < 2; then the fact that

X (1 +%, (o) — k)Z(a_Z)

is an increasing function on [0, k 7, (to) +1) implies

1
—

j(t

ki(0)+1

~ —-2(2—a) J ~ —-2(2—a)

(1+kj(t)—k) < J (1+kj(t)—x) dx
0

< C2022a_3, (536)

k=0

where ¢, > 0 is a constant only depending on a. Next let us assume that a > 2; then the fact that

~ 2(a—2) ~
X — (1 +k; (to) — k) is an nonincreasing function on [—1,k; (t,)] entails that

k() B —22-a) k(1) ~ —2(2—a)
(1+kj(t)—k) < J (1+kj(f)‘x) dx
k=0 -1
< o2, (5.37)

where ¢y; > 0 is a constant only depending on a. Finally putting together (5.35)), (5.36) and (5.37)
one obtains the proposition. O

Lemma 5.14. For any a > 3/2, there exists a random variable C,, > 0 of finite moment of any order
such that one has almost surely for any real t € [0, 1] and any integer J € N,

< Cyp27 T+ 1.

We refer to ll for the definition of the integer k 5(t).

Ré(0) = R4 (K (6)27)

Proof. (of Lemma|5.14) By using Lemma 5.1 and the fact that

o<t~ (Rn2?) <a2”,
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one gets that

-J
a _pafo-JT. < _
R0~ RS (2R (0) | < el 175
J=12/-1 _
+ aVI+1Y > ‘(Rahj,k)(t) . (Rahj,k)(kJ(t)z—J) . (5.38)
i=0 k=0
On the other hand, it follows from Lemma [5.8] that
J=12/-1
7 -J
(Rah )(6) = (Rahy 0 (K ()27
j=0 k=0
J-1 IO ~ s
< oy Y 202y (1 +x(0) - k) . (5.39)
=0 k=0
Let us assume that 3/2 < a < 2; then one has
J-1 . K;(0) ~ s
> o6z } (1 +%,(0) - k) <527, (5.40)
=0 k=0

-1
where cy3 = ¢q; (1 — 23/2_a) Zfil 1973 < 0o. Next let us assume that a > 2. By using the same

technics as in the proof of Proposition one can show that there is a constant c,, > 0, only
depending on a, such that for each j €N,

k(D)
~ a—3 .
(1+7%(0-k)" a2 D+ j+1).
k=0
One has therefore,
J-1 . k;(t) ~ s
ZZ(S/Z—a)J—J Z (1 +7(6) - k) <27, (5.41)
=0 k=0

where cy5 = coy Z;O:O 20/2-a);j (Zj(“_z) +j+ 1) < 00. Finally putting together (5.38), (5.39), (5.40
and (5.41) one obtains the lemma. 0

Lemma 5.15. There is a random variable Cyg > O of finite moments of any order such that one has
almost surely for every J € N

sup |R%() —R?(t)‘

te[0,1]
< sup +Cpe 277/ J + 1.
0<K<2’/,KeN,

R*(K277)—R%(K27)

Proof. (of Lemma|5.15) We use Lemma [5.14} part (ii) of Lemma |5.2| and exactly the same method
as the proof of Lemma|5.9 0
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We are now in position to prove part (ii) of Theorem|[5.11]

Proof. (of Theorem part (ii)) Putting together Lemma Lemma the fact that 53 >
SUPp<k<2’ KeN, G%(277K) and Proposition one obtains the theorem. O
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