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Abstract

We consider the Random Walk Pinning Model studied in [3] and [2]: this is a random walk X on
7%, whose law is modified by the exponential of 3 times Ly(X,Y), the collision local time up to
time N with the (quenched) trajectory Y of another d-dimensional random walk. If § exceeds a
certain critical value f3,, the two walks stick together for typical Y realizations (localized phase).
A natural question is whether the disorder is relevant or not, that is whether the quenched and
annealed systems have the same critical behavior. Birkner and Sun [3] proved that 3. coincides
with the critical point of the annealed Random Walk Pinning Model if the space dimension is
d =1 or d = 2, and that it differs from it in dimension d > 4 (for d > 5, the result was proven
also in [2]). Here, we consider the open case of the marginal dimension d = 3, and we prove
non-coincidence of the critical points.
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1 Introduction

We consider the Random Walk Pinning Model (RWPM): the starting point is a zero-drift random
walk X on Z9¢ (d > 1), whose law is modified by the presence of a second random walk, Y. The
trajectory of Y is fixed (quenched disorder) and can be seen as the random medium. The modifi-
cation of the law of X due to the presence of Y takes the Boltzmann-Gibbs form of the exponen-
tial of a certain interaction parameter, 3, times the collision local time of X and Y up to time N,
Ly(X,Y):=>, <n<n lix,=v }- If B exceeds a certain threshold value 3, then for almost every real-
ization of Y the walk X sticks together with Y, in the thermodynamic limit N — oo. If on the other
hand 8 < fB., then Ly(X,Y) is o(N) for typical trajectories.

Averaging with respect to Y the partition function, one obtains the partition function of the so-
called annealed model, whose critical point S"" is easily computed; a natural question is whether
Be # B{™ or not. In the renormalization group language, this is related to the question whether
disorder is relevant or not. In an early version of the paper [2], Birkner et al. proved that 3, # ™"
in dimension d > 5. Around the same time, Birkner and Sun [3] extended this result to d = 4, and
also proved that the two critical points do coincide in dimensions d =1 and d = 2.

The dimension d = 3 is the marginal dimension in the renormalization group sense, where not even
heuristic arguments like the “Harris criterion” (at least its most naive version) can predict whether
one has disorder relevance or irrelevance. Our main result here is that quenched and annealed
critical points differ also in d = 3.

For a discussion of the connection of the RWPM with the “parabolic Anderson model with a single
catalyst”, and of the implications of 3. # B"" about the location of the weak-to-strong transition
for the directed polymer in random environment, we refer to [3, Sec. 1.2 and 1.4].

Our proof is based on the idea of bounding the fractional moments of the partition function, together
with a suitable change of measure argument. This technique, originally introduced in [6; 9; 10] for
the proof of disorder relevance for the random pinning model with tail exponent a > 1/2, has also
proven to be quite powerful in other cases: in the proof of non-coincidence of critical points for
the RWPM in dimension d > 4 [3], in the proof that “disorder is always strong” for the directed
polymer in random environment in dimension (1 + 2) [12] and finally in the proof that quenched
and annealed large deviation functionals for random walks in random environments in two and
three dimensions differ [15]. Let us mention that for the random pinning model there is another
method, developed by Alexander and Zygouras [1], to prove disorder relevance: however, their
method fails in the marginal situation o = 1/2 (which corresponds to d = 3 for the RWPM).

To guide the reader through the paper, let us point out immediately what are the novelties and the
similarities of our proof with respect to the previous applications of the fractional moment/change
of measure method:

e the change of measure chosen by Birkner and Sun in [3] consists essentially in correlating
positively each increment of the random walk Y with the next one. Therefore, under the
modified measure, Y is more diffusive. The change of measure we use in dimension three has
also the effect of correlating positively the increments of Y, but in our case the correlations
have long range (the correlation between the i" and the j increment decays like |i — j|~/2).
Another ingredient which was absent in [3] and which is essential in d = 3 is a coarse-graining
step, of the type of that employed in [14; 10];
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e while the scheme of the proof of our Theorem 2.8/ has many points in common with that of
[10, Th. 1.7], here we need new renewal-type estimates (e.g. Lemma and a careful
application of the Local Limit Theorem to prove that the average of the partition function
under the modified measure is small (Lemmas and4.3).

2 Model and results

2.1 The random walk pinning model

Let X = {X,},>0 and Y = {Y, },,>¢ be two independent discrete-time random walks on 74, d > 1,
starting from 0, and let PX and P¥ denote their respective laws. We make the following assumption:

Assumption 2.1. The random walk X is aperiodic. The increments (X; — X;_;);>; are i.i.d., sym-
metric and have a finite fourth moment (EX [||X;]|*] < oo, where || - || denotes the Euclidean norm
on Z%). Moreover, the covariance matrix of X 1, call it Xy, is non-singular.

The same assumptions hold for the increments of Y (in that case, we call %y the covariance matrix
Of Yl) .

For f € R,N € N and for a fixed realization of Y we define a Gibbs transformation of the path

measure PX: this is the polymer path measure ]P’]/f, v» absolutely continuous with respect to PX, given
by

B Ly(X,Y
dPN,Y (X) _ eﬁ wX¥) 1{XN:YN} 1)
dpX B ’
N,Y

N
where Ly(X,Y) = }; 1(x _y, and where
n=1

Z£,Y = EX [eﬁLN(X,Y) l{XN:YN}] (2)

is the partition function that normalizes Pyytoa probability.

The quenched free energy of the model is defined by
F(B):= lim 1logZﬁ = lim lIEY [logZﬁ ] 3
N—oo N NY " Nooo N N.Y

(the existence of the limit and the fact that it is PY -almost surely constant and non-negative is proven
in [3]). We define also the annealed partition function EY [Z 16 v], and the annealed free energy:

1
— 1 YioP
F(B) __I\]lgréo]vlogE [ZN,Y]' 4
We can compare the quenched and annealed free energies, via the Jensen inequality:
F(B) = lim gy [logz? 1< lim z logEY [ZP 1= Fam(p). (5)
N—ooo N N,Y \N—>OON N,Y
The properties of F¥""(-) are well known (see the Remark2.3), and we have the existence of critical

points [3], for both quenched and annealed models, thanks to the convexity and the monotonicity of
the free energies with respect to f3:
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Definition 2.2 (Critical points). There exist 0 < """ < 3. depending on the laws of X and Y such
that: FE™(8) = 0 if B < B™ and F™(B) > 0 if B > B F(B) = 0 if B < f and F(B) > 0 if
B> B

The inequality """ < 3. comes from the inequality (5).

Remark 2.3. As was remarked in [3], the annealed model is just the homogeneous pinning model
[8, Chapter 2] with partition function

N
EY [Zf,,y] =B [GXP (/5 Z 1{(X—Y)n:0}) 1{(X—Y)N=0}]

n=1

which describes the random walk X — Y which receives the reward 8 each time it hits 0. From the
well-known results on the homogeneous pinning model one sees therefore that

e If d = 1 or d = 2, the annealed critical point 3" is zero because the random walk X — Y is
recurrent.

e Ifd > 3, the walk X — Y is transient and as a consequence

B = —log [1 —P* Y ((X—Y),#0 forevery n> 0)] > 0.

Remark 2.4. As in the pinning model [8], the critical point 3, marks the transition from a delocal-
ized to a localized regime. We observe that thanks to the convexity of the free energy,

1 &
— 5 B
IpF () —A}E};OEN,Y |:ﬁ E :I{XN:YN}:| ) (6)
n=1

almost surely in Y, for every 8 such that F(-) is differentiable at $. This is the contact fraction
between X and Y. When 8 < 8., we have F(f3) = 0, and the limit density of contact between X and

Y is equal to O: Eﬁ, v Zle 1ix,=v,} = o(N), and we are in the delocalized regime. On the other
hand, if § > 8., we have F(f8) > 0, and there is a positive density of contacts between X and Y: we
are in the localized regime.

2.2 Review of the known results

The following is known about the question of the coincidence of quenched and annealed critical
points:

Theorem 2.5. [3] Assume that X and Y are discrete time simple random walks on Z4.

Ifd =1 or d = 2, the quenched and annealed critical points coincide: 3, = ;™" = 0.

If d > 4, the quenched and annealed critical points differ: 3, > ™" > 0.

Actually, the result that Birkner and Sun obtained in [3] is valid for slightly more general walks than
simple symmetric random walks, as pointed out in the last Remark in [3, Sec.4.1]: for instance,
they allow symmetric walks X and Y with common jump kernel and finite variance, provided that
PX(X;=0)>1/2.

In dimension d > 5, the result was also proven (via a very different method, and for more general
random walks which include those of Assumption2.1) in an early version of the paper [2].
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Remark 2.6. The method and result of [3] in dimensions d = 1,2 can be easily extended beyond
the simple random walk case (keeping zero mean and finite variance). On the other hand, in the
case d > 4 new ideas are needed to make the change-of-measure argument of [3] work for more
general random walks.

Birkner and Sun gave also a similar result if X and Y are continuous-time symmetric simple random
walks on Z¢, with jump rates 1 and p > 0 respectively. With definitions of (quenched and annealed)
free energy and critical points which are analogous to those of the discrete-time model, they proved:

Theorem 2.7. [3] In dimension d = 1 and d = 2, one has ff, = 3{"" = 0. In dimensions d > 4, one
has 0 < 33" < B, for each p > 0. Moreover, for d = 4 and for each 6 > 0, there exists ag > 0 such
that B, — B > agp 't for all p € [0,1]. For d > 5, there exists a > 0 such that f8, — B = ap for
all p € [0,1].

Our main result completes this picture, resolving the open case of the critical dimension d = 3 (for
simplicity, we deal only with the discrete-time model).

Theorem 2.8. Under the Assumption 2.1, for d = 3, we have 3, > f3{"".

We point out that the result holds also in the case where X (or Y) is a simple random walk, a case
which a priori is excluded by the aperiodicity condition of Assumption|[2.1; see the Remark([2.11]

Also, it is possible to modify our change-of-measure argument to prove the non-coincidence of
quenched and annealed critical points in dimension d = 4 for the general walks of Assumption|2.1]
thereby extending the result of [3]; see Section[4.4 for a hint at the necessary steps.

Note After this work was completed, M. Birkner and R. Sun informed us that in [4] they indepen-
dently proved Theorem for the continuous-time model.

2.3 A renewal-type representation for Z ﬁ,y

From now on, we will assume that d > 3.

As discussed in [3], there is a way to represent the partition function Zf, y in terms of a renewal
process T; this rewriting makes the model look formally similar to the random pinning model [8].

In order to introduce the representation of [3], we need a few definitions.

Definition 2.9. We let

L {00 =F¥ 0, =) and pi~ () = X7 (X = ¥), =)

2. P be the law of a recurrent renewal T = {7, Tq,...} with T4 = 0, i.i.d. increments and inter-
arrival law given by

pX_Y(O) 00
K(n):=P(r;=n)= ”GX—_Y where GX7Y = pr_Y(O) @)
n=1

(note that GX~Y < oo in dimension d > 3);

3. 2/ =(ef —1)and z =2 GX7Y;
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4. forneNand x € Z4,
py(x)

w(z,n,x)=2——=;
pX=r(0)

(8)

Then, via the binomial expansion of efIn&-Y) = (1 4 z/)Iv(Y) gpe gets [3]

Ziy = Z > ]_[K(r TW(z, T = Ty, Ve, — Vo) ©)

m=11y=0<7<...<7,=N i=

= E[W(z,tn {O,...,N},Y)lNET] >

where we defined for any finite increasing sequence s = {sg,sq,...,5}

l
]EX |:l_[n:1 Zl{Xsn:st} XSO = Y;Oi| l
W(z,s,Y)= l = l—lw(z,sn —Sp-1, Y, — Y ). (10)
EX_Y I:l_[rl:]. I{Xsn: sn} XSO = YSOi| n=1

We remark that, taking the EY —expectation of the weights, we get
EY [W(z, Ti— Ti—1, Yz, — YTH)] =z.

Again, we see that the annealed partition function is the partition function of a homogeneous pinning
model:

" =B (25 1 =E [ ey ], (11)
where we defined Ry := |t N {1,...,N}|.

Since the renewal 7 is recurrent, the annealed critical point is z7"" = 1.

In the following, we will often use the Local Limit Theorem for random walks, that one can find for
instance in [5, Theorem 3] (recall that we assumed that the increments of both X and Y have finite
second moments and non-singular covariance matrix):

Proposition 2.10 (Local Limit Theorem). Under the Assumption|2.1, we get

1 1
exp (—Ex- (Z;lx)) +o(n_d/2), (12)

(2mn)?/2(det =y )1/2

PX(X, =x)=

where o(n~%/2) is uniform for x € Z°.
Moreover, there exists a constant ¢ > 0 such that for all x € Z¢ and n € N

PX(XH =x)< cn~4/2, (13)

Similar statements hold for the walk Y.
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(We use the notation x - y for the canonical scalar product in RY)
In particular, from Proposition and the definition of K(-) in (7), we get K(n) ~ cKn_d/ 2 as
n — oo, for some positive cx. As a consequence, for d = 3 we get from [7, Th. B] that

P(net)"~* (14)

2mcg/n’

Remark 2.11. In Proposition|2.10, we supposed that the walk X is aperiodic, which is not the case
for the simple random walk. If X is the symmetric simple random walk on Z¢, then [13, Prop. 1.2.5]

2 1
PX(X,=x)= Loy TRt T exp (—ﬂx- (Z};lx)) +o(n™4?), (15)
X

where +0(n~%/2) is uniform for x € Z¢, and where n < x means that n and x have the same parity
(so that x is a possible value for X,,). Of course, in this case 2y is just 1/d times the identity matrix.
The statement (13) also holds.

Via this remark, one can adapt all the computations of the following sections, which are based on
Proposition|2.10} to the case where X (or Y) is a simple random walk. For simplicity of exposition,
we give the proof of Theorem (2.8 only in the aperiodic case.

3 Main result: the dimension d = 3

With the definition F(z) := limy_,, ]% log Zf, v» to prove Theorem 2.8 it is sufficient to show that
F(z) =0 for some z > 1.
3.1 The coarse-graining procedure and the fractional moment method

We consider without loss of generality a system of size proportional to L = i (the coarse-graining
length), that is N = mL, with m € N. Then, for .# C {1,...,m}, we define

Z}, =E[W(z,7N{0,...,N}, )1y 1g, (7)], (16)

where E 4 is the event that the renewal 7 intersects the blocks (B;);c.s and only these blocks over
{1,...,N}, B; being the i" block of size L:

B;:={(i—1)L+1,...,iL}. (17)
Since the events E 4 are disjoint, we can write
vy P
Ziy= > Z%. (18)
Note that ZfY = 0if m ¢ 4. We can therefore assume m € .#. If we denote ¢ = {iy,iy,...,;}

(I=|#D,i; <...<1i, i =m, we can express ZZY in the following way:
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ZZY = Z Z Z K(al)w(z,al,Yal)Z;’“’bb1 (19)

ap,bi€B;; ay,b,€B;, a€B;,
a; <by a;<hy

.. .K(al — bl_l)W(Z, a, — bl—lJYal — Ybl—l)Zgz,N’

where
Z =EW(t 0, kLY )l [j €7 ] (20)

is the partition function between j and k.

0 L 2L 3L 4L, 5L 6L 7L "8L=N

Figure 1: The coarse-graining procedure. Here N = 8L (the system is cut into 8 blocks), and
£ = {2,3,6,8} (the gray zones) are the blocks where the contacts occur, and where the change of
measure procedure of the Section (3.2 acts.

Moreover, thanks to the Local Limit Theorem (Proposition|2.10), one can note that there exists a
constant ¢ > 0 independent of the realization of Y such that, if one takes z < 2 (we will take z close
to 1 anyway), one has

W(Z T T Y. Y. ) prr(i—Ti,l(YTi - Yfi,l) <
s b T vi-1s i . = — <c.
i i T Ti1 pfgi_ﬁi_l ©

So, the decomposition gives

zZ < ST T D K(a)ZE  Klap —b)ZE . K(ag— by_1)ZE . 21)

a;,b1€B;; ay,b,€B;, @ €B;,
ap<by ay<h

We now eliminate the dependence on z in the inequality (21). This is possible thanks to the choice
L= z%l As each Z% | is the partition function of a system of size smaller than L, we get W(z,7 N
{a;,...,b;},Y) < 2'W(z = 1,7 n{a;,...,b;},Y) (recall the definition (10)). But with the choice

L= Zil , the factor z* is bounded by a constant c, and thanks to the equation (20), we finally get

Z: , <cZiy. (22)

ai’bi

Notational warning: in the following, c,c’, etc. will denote positive constants, whose value may
change from line to line.

We note Z, ;. = Zz:; and W(t,Y) := W(z = 1,7,Y). Plugging this in the inequality (21), we

a;,

finally get

z7, <! Z Z Z K(a1)Zq, p,K(ay — b1)Zq, 3, - K (@) = bj_1)Zg n, (23)

a;,b1€B;, ay,b,€B;, @ €B;,
ap<by ay<by
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where there is no dependence on z anymore.

The fractional moment method starts from the observation that for any y # 0
F(z)= lim iIEJY [log (22 )Y] < lim infL logEY [(22 )q (24)
N—00 '}/N N,Y ~ N o060 NY N,)Y *

Let us fix a value of y € (0,1) (as in [10], we will choose y = 6/7, but we will keep writing it as
v to simplify the reading). Using the inequality (2, an)Y < Y al (which is valid for a; > 0), and
combining with the decomposition (18), we get

EY[(Z;,Y)Y}g > EY[(ZZY)Y] (25)

. y Y
Thanks to we only have to prove that, for some z > 1, limsupy_, ., EY [(Zfly) } < 00.

We deal with the term EY [(Z;’Y)Y] via a change of measure procedure.

3.2 The change of measure procedure

The idea is to change the measure P¥ on each block whose index belongs to .#, keeping each block
independent of the others. We replace, for fixed .#, the measure PY (dY) with g ,(Y)PY(dY), where
the function g,(Y) will have the effect of creating long range positive correlations between the
increments of Y, inside each block separately. Then, thanks to the Holder inequality, we can write

() )= 25 )] < # b ] T [soz] e

In the following, we will denote A; = Y; — Y;_; the i‘" increment of Y. Let us introduce, for K > 0
and gg to be chosen, the following “change of measure”:

gs(Y)= l_[(le(Y) <k T ek lp)>k) = l_[ gk(Y), (27)
kes kes
where
F(Y)== > MjA;-A, (28)
i,jEBk
and

M;; = —= L ifi#j
U LlOgL /l]—ll J (29)

Mii =0.

Let us note that from the form of M, we get that ||M|* := D jeB, Mizj < C, where the constant

C < oo does not depend on L. We also note that F; only depends on the increments of Y in the
block labeled k.
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Let us deal with the first factor of (26):
_r _r -= 2
EY [g, 1) | =B [a) ] = (PY(Fl(Y) <K)+eg P (Fy(Y) >1<)) . (30)
key
We now choose

17
e =PV (F(Y)>K) 7 31
such that the first factor in is bounded by 20-#1 < 211, The inequality finally gives

EY [(ij)y] < 2Ry [gy(Y)Z;fY]Y, (32)

The idea is that when F,(Y) is large, the weight g;(Y) in the change of measure is small. That is
why the following lemma is useful:

Lemma 3.1. We have

hm limsupeg = hm limsupPY (F;(Y) >K) = (33)

K- 1500 L—oo

Proof . We already know that EY [F;(Y)] = 0, so thanks to the standard Chebyshev inequality, we
only have to prove that EY [F;(Y)?] is bounded uniformly in L. We get

E'[RY)] = ) MyME" [(AA)(Ac A)]
Cles.
= Y MEE" [(A;- 4] (34)

{i,j}

where we used that EY [(Ai “A(Ag Al)] = 0 if {i,j} # {k,1}. Then, we can use the Cauchy-
Schwarz inequality to get

B[R < 3O M2EY AP ]|a|*] <imiPod = imi? [E (v 1»]°. @5
{i.j}

O

We are left with the estimation of EY [gy(Y)Zj’Y]. We set P, :=P (E,,N € 1), that is the prob-

ability for 7 to visit the blocks (B;);cs and only these ones, and to visit also N. We now use the
following two statements.

Proposition 3.2. For any 1) > 0, there exists z > 1 sufficiently close to 1 (or L sufficiently big, since
L = (2 —1)7Y) such that for every % C {1,...,m} with m € .9, we have

E' [g,)2% ] <nIp,. (36)

Proposition(3.2]is the core of the paper and is proven in the next section.
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Lemma 3.3. [10, Lemma 2.4] There exist three constants C; = C;(L), Cy and L such that (with

io = O)
|#]

IJ‘I
< CC (37)
! l_[ (l - l) 1)7/5
for L > Ly and for every # € {1,...,m}.
Thanks to these two statements and combining with the inequalities and (32), we get
vy [ (5 ' Y s\ ¥ A (3Cyn)
E [(ZN,Y) } < ) E [(ZZ,Y) } DY l—[m (38)
#cil,...,m} £cil,...,m} j=1 j—1

Since 7y/5=6/5 > 1, we can set

~ 1
K(n) = ——,where ¢= » i
tnb/5 .

< +o00, (39)
and K(-) is the inter-arrival probability of some recurrent renewal 7. We can therefore interpret
the right-hand side of (38) as a partition function of a homogeneous pinning model of size m (see
Figure 2), with the underlying renewal 7, and with pinning parameter log[c(3C,n)"]:

B | (Z,)'] < clBe [ @m0, (40)
¢ e . he e
0 1 2 3 4 5 6 7 8=m

Figure 2: The underlying renewal 7 is a subset of the set of blocks (B;); <; <m (i.e the blocks are
reinterpreted as points) and the inter-arrival distribution is K(n) = 1/ ('Ené/ 5).

Thanks to Proposition 3.2} we can take 1 arbitrary small. Let us fix 1 := 1/((4C5)¢"/"). Then,

y Y
EY [(sz) } <cl (41)
for every N. This implies, thanks to (24), that F(z) = 0, and we are done. O

Remark 3.4. The coarse-graining procedure reduced the proof of delocalization to the proof of
Proposition[3.2. Thanks to the inequality (23), one has to estimate the expectation, with respect to
the g ,(Y)—modified measure, of the partition functions Z, ;. in each visited block. We will show
(this is Lemma|4.1) that the expectation with respect to this modified measure of Z,_; /P(b;—a; € T)
can be arbitrarily small if L is large, and if b; — q; is of the order of L. If b; — a; is much smaller, we
can deal with this term via elementary bounds.
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4 Proof of the Proposition 3.2

As pointed out in Remark (3.4, Proposition 3.2 relies on the following key lemma:

Lemma 4.1. For every € and 6 > O, there exists L > 0 such that
EY [g1(Y)Zqy | <6P(b—aeT) (42)
for every a < b in By such that b —a > ¢L.

Given this lemma, the proof of Proposition 3.2 is very similar to the proof of [10, Proposition 2.3],
so we will sketch only a few steps. The inequality (23) gives us

B [g,(1)27, ]
< ST LD K(a)E [,(Y)Zg, b, | K(az — b)EY [g,(Y)Zg,, ] ---

ay,b1€B;, az,by€B;, @ €B;,
a; <by ay<by

.. .K(al — bl_l)EY I:gil(Y)Zal,NJ
Y Z Z Z K(a)E" [g1(Y)Zg,—10,-1),p1-1,-1) | K(@z = b1)...  (43)

a;,b1€B;; ay,b,€B;, @ €B;,
a3 <by ay<b

...K(a; - bl—l)EY [gl(Y)Zal—L(m—l),N—L(m—l)] .

The terms with b; — a; > €L are dealt with via Lemma while for the remaining ones we just
observe that EY [g1(Y)Z, ] <P(b—a € 7)since g,(Y) < 1. One has then

B (g2 < Y > DT K@) (64 1pyay <oy) Py — @ €7)

a1,b1€B;; a3,b,€B;, a€B;,
ay<by ay<by

o K(ag = by-1) (8 + 1gy_q <e1y) PN — @y € 7). (44)

From this point on, the proof of Theorem 3.2|is identical to the proof of Proposition 2.3 in [10] (one
needs of course to choose ¢ = ¢(n) and 6 = §(n) sufficiently small). O

4.1 Proof of Lemma 4.1

Let us fix a, b in By, such that b —a > ¢L. The small constants 6 and ¢ are also fixed. We recall that
for a fixed configuration of 7 such that a,b € 7, we have EY [W(rn{a,...,b},Y)] = 1 because
z = 1. We can therefore introduce the probability measure (always for fixed 7)

dP.(Y)=W(rn{a,...,b},Y)dPY(Y) (45)

where we do not indicate the dependence on a and b. Let us note for later convenience that, in the
particular case a = 0, the definition (10) of W implies that for any function f(Y)

E.[f(M]=E*E' [f(V)IX;=Y;Vietn{l,...,b}]. (46)
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With the definition (20) of Z, , := Zﬁl, we get
EY [g1(Y)Zqp | =EE[g1(Y)W (T N{a,..., b}, V) lpe; la€ T ] =EE [g;(V)IP(b—a € T), (47)

where ﬁ(') :=P(+|a, b € 7), and therefore we have to show that EIET[gl(Y)] < 6.
With the definition (27) of g,(Y), we get that for any K

EE.[g1(Y)] < ex +EP, (F; <K). (48)

If we choose K big enough, ex is smaller than 6 /3 thanks to the Lemma/3.1. We now use two lemmas
to deal with the second term. The idea is to first prove that [E.[F;] is big with a P—probability close
to 1, and then that its variance is not too large.

Lemma 4.2. For every { > 0 and ¢ > 0, one can find two constants u = u(e,{) > 0 and Ly =
Lo(e,&) > 0, such that for every a, b € B, such that b —a > ¢l,

P (ET [F,] < u\/logL) <¢, (49)
for every L > L.

Choose { = 6/3 and fix u > 0 such that (49) holds for every L sufficiently large. If 2K = u4/logL
(and therefore we can make ¢x small enough by choosing L large), we get that

EP. (Fy<K) < EP.[F,—E.[F]< —K]+P(E.[F]<2K) (50)

1.
< EE. [(F1 —E.[F,])?] +5/3. (51)

Putting this together with (48) and with our choice of K, we have

4
—EE [(F1 —E.[F])?] (52)

EE,[g,(Y)] <256/3+ —
u“log

for L > L,. Then we just have to prove that EE_ [(Fl -E, [Fl])z] = o(log L). Indeed,
Lemma 4.3. For every € > 0 there exists some constant ¢ = c(¢) > 0 such that

EE, [(F, —E.[F])*] <c(logL)** (53)
forevery L > 1and a,b € By such that b —a > €L.

We finally get that
EE.[81(Y)] < 25/3+c(log L)%, (54)

and there exists a constant L; > 0 such that for L > L,

EE.[g,(Y)] <5. (55)
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4.2 Proof of Lemma 4.2

Up to now, the proof of Theorem (2.8 is quite similar to the proof of the main result in [10]. Starting
from the present section, instead, new ideas and technical results are needed.

Let us fix a realization of T such that a,b € 7 (so that it has a non-zero probability under ﬁ) and
let us note T N {a,...b} = {tg, = a,Tg 41,--.,Tg, = b} (recall that R, = |t N {1,...,n}[). We
observe (just go back to the definition of IP.) that, if f is a function of the increments of Y in
{Th-1+1,...,7,}, g of the increments in {7,,_;+1,...,7,} withR, <n# m <Rp,and if his a
function of the increments of Y notin {a+1,..., b} then

ET [f ({Ai}ie{fn_l+1,...,'rn})g({Ai}ie{'rm_1+1 ,,,,, Tm})h({Ai}i¢{a+1,...,b}):| (56)

ET [f ({Ai}ie{rn,1+1 ,,,,, Tn}):l = EXEY [f ({Ai}ie{fn,ﬁ-l ..... Tn}) |XT,1,1 = Y’rn,l;Xrn = YTH:|
= EXEY [f ({Ai_rn—l }ie{Tn—1+1 Tn}) |XTn_Tn—1 = Yq'-n_Tn—l:| . (57)

.....

We want to estimate [E_[F; ]: since the increments A; fori € B;\{a+1,..., b} are i.i.d. and centered
(like under PY), we have

b
E.[F]= Y MjE[-A;-Al (58)
i,j=a+1
Via a time translation, one can always assume that a = 0 and we do so from now on.

The key point is the following

Lemma 4.4. 1. If there exists 1 <n <Ry such thati,j€{t,_1+1,...,7,}, then

e C
Bo[-A 4] =A() X7 = (59)

where r = T, — T,_; (in particular, note that the expectation depends only on r) and Cx y is a
positive constant which depends on PX,PY;
2. otherwise, E.[-A;-A;]=0.

Proof of Lemma 4.4 Case (2). Assume that 7,,_; <i <7, and 7,,_; < j < 7, with n # m. Thanks
to (56)-(57) we have that

=Y, X, =Y. 1 (60)

1 m-1>""Tm

E.[A; -0 =EE'[AlX, =Y, X, =Y. 1-EXEV[AjX,

and both factors are immediately seen to be zero, since the laws of X and Y are assumed to be
symmetric.

Case (1). Without loss of generality, assume that n = 1, so we only have to compute

EYEX [A;- A%, =Y, ]. (61)
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where r = 7. Let us fix x € Z?, and denote E] [-] =E"[- |Yr =x].

EY[A;- 4|, =x] = EY, [Ai-EZX [Aj\Ai]]
— A 1
= o ] = 5 e - g [l

1 (P
- (B 1a0]).

where we used the fact that under ]P’fx the law of the increments {A;};<, is exchangeable. Then, we
get
B [A A =EE [A Ajly,—xy | P (Y, =X,)
= EX[EY A%, =X, ] PV (Y, = X,) [PV (v, = X,) ]

. -
- ! (EX @PYQ@:X,) PXY (Y, =X,)"!

r—1

_EXEY [|\A1||2 l{Yr=Xr}:| P, :Xr)_l)

r—1

_ ) -
1 X B B 2

= (EX MIP’Y(Yr =X.)| PX7Y (v, =x,)" —EXE" [||A1|| v, =Xr]) .
Next, we study the asymptotic behavior of A(r) and we prove (59) with Cxy = tr(Zy) —
tr ((2;1 + Z;l)_l). Note that tr(Zy) = EY(||V1]*) = o2. The fact that Cyy > 0 is just a conse-
quence of the fact that, if A and B are two positive-definite matrices, one has that A — B is positive
definite if and only if B™' —A™1 is [11, Cor. 7.7.4(a)].

To prove (59), it is enough to show that

E¥E [||a ||y =x, ] ZURE [|a]f] =02, (62)
and that ,
EX [@PY@ =Xr)} )
B(r) = — v =73 S (3. (63)
To prove (62), write
EXEY [HAlHZ v, :Xr] - EY [HAlHZIP’X(Xr - Yr)] PXY (X, =v.)"!
B PV = )P (X, =y +2)
= Zd IV IPPY (0 =) — X =7 =) 64)
Y,2€Z

PX(X,=y+2)
PX-Y(X,-Y,=0)
bounded from above, and so there exists a constant ¢ > 0 such that for all y € Z4

PY(Yr—l =Z)PX(Xr =y +32)
Z PX=Y(X, —Y,=0)

We know from the Local Limit Theorem (Proposition|2.10) that the term is uniformly

<c. (65)

ze74

668



If we can show that for every y fixed Z¢ the left-hand side of (65) goes to 1 as r goes to infinity,
then from (64) and a dominated convergence argument we get that

EEY [ |v =%, ] =3 3T 1P (= ) = 02, (66)
yezd

We use the Local Limit Theorem to get

D Yy =P (X, =y +2)= 3, St o O st (05) 4 o

r
ze74 ze74

= (1+0(1) Y, e s+ (e (5'9) 4 o(r-012) 67)

z€74

where ¢y = (21)"%/?(det=x)"'/? and similarly for ¢y (the constants are different in the case of
simple random walks: see Remark|[2.11), and where we used that y is fixed to neglect y/+/T.

Using the same reasoning, we also have (with the same constants cyx and cy)

P, =Y) = Y PY(Y, =2)P*(X, =2)

ze74

Y Y e ()3 () 4 o402, (©8)

r
z€Zd

Putting this together with (67) (and considering that ]PX_Y(Xr =Y,)~ cxyr_d/ 2), we have, for
every y € Z¢4

Z PY(Y,_; =2)PX(X, = y +2) r—oo

- (69)
A P, -1, =0)
To deal with the term B(r) in (63), we apply the Local Limit Theorem as in (68) to get
2
{ oy, - x )] o S e )3 () 4 o). o)
r
ze74

Together with (68), we finally get

oy el - 2Ty 455 1)2) —d/2
d 74 e z2r —|—O(r
B(r)= rcycx = - — (= +zhe) —d/2 =1 +0(1)E [”‘/VHZJ ’ (71)
- Zzezd e 2 vomx +o(r )

where A& ~ K& (0, =y 1y 2)}1)_1) is a centered Gaussian vector of covariance matrix
(z;'+ 251 Therefore, E [IL/VIIz] =tr ((2;1 + 2;1)_1) and (63) is proven.

O
Remark 4.5. For later purposes, we remark that with the same method one can prove that, for any

given k, > 0 and polynomials U and V of order four (so that EY [|U ({||AkH}k<k0) |] < oo and
EX[V(IIX,]|/+/T)] < 0), we have

X,
e [0 thahecs) v () .-

]“°°u«:Y[u(ﬂ|Ak||}k<ko)]E[V(Mu)] (72)
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where ./ is as in (71).
Let us quickly sketch the proof: as in (64), we can write

X,
E*E" [U (UAkl <k, ) V (”ﬁ”)

PY(Ypp, =2 = Y1 — - = Yi,)
> U (yllies,) 2V (” ”)PX( ,=%) Pi_y(; — — =

V1seees kaGZd ze74
Y _ .
xXP*(A; =y, 1 < ko).

E=&}= (73)

Using the Local Limit Theorem the same way as in (68) and (71), one can show that for any
Yiseos yko

”Z” IPY(erk =Z2—Y1— — Yk ) r—>oo
PX(X, = - - E[V 74
S (P = vaanl.  ow
b4V
The proof of (72) is concluded via a domination argument (as for (62)), which is provided by
uniform bounds on P¥(Y,_y =2 — y; —... — ¥x,) and P*"V (X, — Y, = 0) and by the fact that the

increments of X and Y have finite fourth moments.

Given Lemma 4.4, we can resume the proof of Lemma and lower bound the average E_[F;].
Recalling and the fact that we reduced to the case a = 0, we get

Ry

E. [F] = Z Z M;; | A(AT,), (75)

n=1 \ 7,.1<i,j<7,

where A1, := 7, — T,_;. Using the definition (29) of M, we see that there exists a constant ¢ > 0
such thatfor1<m<1L

Z M m3/2. (76)

\/LlogL

On the other hand, thanks to Lemmam 4] there exists some ry > 0 and two constants ¢ and ¢’ such
that A(r) = < for r > ry, and A(r) > —c’ for every r. Plugging this into (75), one gets

Rp
VLI0gLE [Fi]=c Y /AT a2 — Z(Ar) Liac <rg) 2 Z\/m ~c'Ry. (77
n=1

Therefore, we get for any positive B > 0 (independent of L)

) <8 (i (57 om ) o)

(m( ;\/F—C’WB) <u\/@)+f>(1{b>3ﬁ)

Ry

P (ET [Fil<g

-~

< P

~

\/ nS(1+o(1)) \/_logL +P(R, > BVL). (78)

N
ﬂﬁ
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Now we show that for B large enough, and L > Ly(B),
P(R, >BVL)<{/2, (79)

where ( is the constant which appears in the statement of Lemma We start with getting rid of
the conditioning in P (recall P(-) = P(:|b € 1) since we reduced to the case a = 0). If R, > B+VL,
then either |[TN{1,...,b/2} or |[tTN{b/2+1,...,b}| exceeds gx/f. Since both random variables

have the same law under P, we have
~ ~ B B
P(R, > BVL) < 2P (Rb/2>§\/f) <2cP (Rb/2>§\/f), (80)

where in the second inequality we applied Lemma |A.1. Now, we can use the Lemma [A.3]in the
Appendix, to get that (recall b < L)

B B L—o0 |g| CK
P(Rb/2>§ﬁ) SP(RL/2>§‘/I) - P(E ZBE), (81)

with & a standard Gaussian random variable and cg the constant such that K(n) ~ cKn_3/ 2. The
inequality (79) then follows for B sufficiently large, and L > Ly(B).

We are left to prove that for L large enough and u small enough

Ryp/2

P Z«/Arnggx/flogL <L/2. 82)

n=1

The conditioning in P can be eliminated again via Lemma [A.1. Next, one notes that for any given
A> 0 (independent of L)

Ry

AVL
P Z\/Arnggx/flogL <P Z\/mnggﬁlogL +P (Ry, <AVL). (83)
n=1 n=1

Thanks to the Lemma A.3 in Appendix and to b > ¢L, we have

limsupP(M<A)<P E<Ac \/?
L—00 VL B ox:: Ve )

which can be arbitrarily small if A = A(¢) is small enough, for L large. We now deal with the other
term in (83), using the exponential Bienaymé-Chebyshev inequality (and the fact that the A7, are
ii.d.):

LlogL

1 AL u T AVL
P \/: Z AT, < —/logL | <eW/VIoglE |:exp (— ! )i| . (84)
LlogL 7= ¢

To estimate this expression, we remark that, for L large enough,

o
T, _VEZZ:)
E]_— - — K 1_ LloglL
[ eXp( LlogLﬂ ;(n)( ‘
© ] — ¢V Thoel , [logL
— 2c

C/Z n3/2 L’

n=1

A%

(85)
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where the last inequality follows from keeping only the terms with n < L in the sum, and noting
that in this range 1 —e Vsl > c4/n/(LlogL). Therefore,

A\/I A\/I
El|lexp| — 1 <|1- c”“ log L < e ¢'AviogL (86)
LlogL L -

and, plugging this bound in the inequality (84), we get

< E\/logL < e[(u/c)—c”A]w/logL, 87)
C

1 AVL
P| —— A
+/LlogL ;\/ o

that goes to 0 if . — oo, provided that u is small enough. This concludes the proof of Lemmal4.2. [

4.3 Proof of Lemma 4.3

We can write

b /
_Fl +]ET[F1] :Sl +52 = Z Ml]Dl]+ZMl]DlJ (88)
i#j=a+1 i#]
where we denoted
Dij=A;-Aj—E [A;-Af] (89)

/
and ) stands for the sum over all 1 < i # j < L such that either i or j (or both) do not fall into

{a+1,...,b}. This way, we have to estimate

E.[(F, — E.[F;])?] < 2E,.[S?] + 2E.[52] (90)
b b / /
= 2 Z Z M;;MyE.[D;;Dy] + 2ZZMU‘M}<1ET [D;jDy]-
i#j=at+1kel=at1 iZ) kAl

Remark 4.6. We easily deal with the part of the sum where {i, j} = {k,[}. In fact, we trivially bound
E. [(Ai . Aj)z] <E, [HAi“z ||AJ-“2]. Suppose for instance that 7,,_; <1 < 7, for some R, <n <

Ry: in this case, Remark [4.5/tells that E [HAin ”AJHZ] converges to IEY[||A1||2 HAZHZ] = 0{4, as
T, — Tp—1 — 00. If, on the other hand, i ¢ {a +1,...,b}, we know that E, [”Ai”z HA]-HZ] equals

exactly EY [”Al ||2] E. [“A]”z] which is also bounded. As a consequence, we have the following
inequality, valid for every 1 <1i,j < L:

E. [(A;-48))7] <c (o1
and then
L L
Z Z M;jMyE-[D;i;Dy] < c Z M2 < (92)
i#j=1{k,1}={i,j} i#j=1

since the Hilbert-Schmidt norm of M was choosen to be finite.
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Upper bound on E [S%]. This is the easy part, and this term will be shown to be bounded even

without taking the average over P.
/

We have to compute Z#Jzkﬂ M;;MyE.[D;;Dy]. Again, thanks to (56)-(57), we have
E;[D;jDi;] # 0 only in the followmg case (recall that thanks to Remark 4.6 we can disregard
the case {i, j} = {k,[}):

i=k¢{a+1,...,b}and 7,1 <j#l <7, forsome R, <n<R,. (93)

One should also consider the cases where i is interchanged with j and/or k with [. Since we are
not following constants, we do not keep track of the associated combinatorial factors. Under the
assumption (93), E.[A; - A;]=E [A;-A;] =0 (cf. (56)) and we will show that

E.[DyDy]) = E<[(Ai (A AD] < = 94)

where r =1, — 7,_1 =: AT,. Indeed, using (56)-(57), we get

3
E.[(A-A)A-A)] = Y E[APAMIEE AV AW x. =Y o]

l_Tnfl
v,u=1

3

_ VU X Y ) (u) —

= > SEE {A]._TnilAl_Tn_ler—Yr]. (95)
v,u=1

In the remaining expectation, we can assume without loss of generality that 7,,_; =0, 7, = r. Like
for instance in the proof of (59), one writes

X[ [Py, =X, JP' (Y, =X,)]

(X, = Y,) (96)

]EX]EY [AgV)A§M)|Xr — Yr] —
and

1 1
EY[ AMA®|y, X} — XWX _ 1EY[A§.”A§“)|Yr= X, 1. (97)
_

r(r—1) 7
An application of the Local Limit Theorem like in (62), (63) then leads to (94).

We are now able to bound

Ry
E, [Sg] =c Z Z Z M;;MyE. [D;;Dy]

i¢{a+1,...,b}n=R,+1 71, 1<j#l <71,

c 1 1 1
LloglL ﬁz Z Z — |i—l|ATn' (98)

b} n=Rot+11, 1<l <z, VL= Jl

.....

Assume for instance that i > b (the case i < a can be treated similarly):

1 1 1
LlogLZ Z Z \/iTjMATn

i>bn=R,+17,_1<jl<7,

1
LlogLZZ 2 (—t)ar, = TlogL )Z_<C

i>bn=R,+171, 1<jl<T,
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Upper bound on E_ [S%]. Thanks to time translation invariance, one can reduce to the case a = 0.
We have to distinguish various cases (recall Remark |4.6; we assume that {i, j} # {k,[}).

1. Assume that 7, < 1,j < T,, Typo1 < kK, 1 < 7, with 1 < n # m < Ry. Then, thanks to
(56), we get E. [D;;Dy;] = E;[D;;]E;[Dy;] = 0, because E;[D;;] = 0. For similar reasons,
one has that E;[D;;Dy;] = 0 if one of the indexes, say i, belongs to one of the intervals
{t,.1+1,...,7,}, and the other three do not.

2. Assume that 7,,_; <1,j,k,I < 71, for some n < Ry. Using (57), we have

E.[D;jDy] =E"E* |:DijDkl X =Y X = YTH} ,
and with a time translation we can reduce to the case n = 1 (we call T; = r). Thanks to the
computation of E;[A; - A;] in Section|4.2, we see that E_[A; - A;] =E [A - A;] = —A(r) so
that

E.[D;iDi] =E [(A; - A)(Ar - AD] —Ar)* S E [(A; - A)(Ag - AD]. (99)

(@ Ifi=k,j#1 (and 7,,_; <1,j,l < 7, for some n <Ry), then

E [(A;-A)(A;-AD] < (100)

AT

n

The computations are similar to those we did in Section [4.2 for the computation of
E.[A;-A;]. See Appendix|A.1/for details.

(b) If {i,j}n{k,l} =0 (and 7,_; <1i,j,k,l < 7, for some n <R;), one gets

E [(A;-A)(Ar-4A)] < . 101
T[( i ])( k l)] — (A’L'n)z ( )
See Appendix|A.2 for a (sketch of) the proof, which is analogous to that of (100).
3. The only remaining case is that where i € {t,,_; +1,...,7,}, j € {T,n.1 +1,..., 7T} with

m # n < R, and each of these two intervals contains two indexes in i, j, k,[. Let us suppose
for definiteness n <m and k € {t,,_; +1,...,7,}. Then E [A;-A;] =E [Ar-A;] =0 (cf.
Lemma4.4), and E;[D;;D;] = E;[(A; - Aj)(Ay - Ap)]. We will prove in Appendix|A.3 that

c
E [(A;-A)(Ak-A)D] < At A, (102)

and that

c
E [(A;-4;)(A;-AD] < A (103)

m

We are now able to compute E_ [Sf]. We consider first the contribution of the terms whose indexes
i,j,k,l are all in the same interval {t,_; +1,...,7,}, i.e. case (2) above. Recall that we drop the
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terms {i, j} = {k, 1} (see Remark|4.6):

c

c
M;;ME.[D;;Dyq] < N Z MMy + N M;iMjy
Tho1<i,j,k,l < T, M 1efi,j} or keii,j} n o {i,jin{k,1}=0
{i,j}#{k, 1} Tpo1<t,j,kl <1y Tpo1<ij,kl<T,
2
¢’ 1 1 1 1 1
S LlogL | AT Z [i_ 1./ ‘+A’L'2 Z i
g n1<i<j<k<Az, VJ 1 k—j n \ 1<i<j<ar, VJ —1
C//
< AT, 104
LlogL " (104)
Altogether, we see that
b b
Z Z M;iMigE[D;;Diq]1@n<r, i jefr, 1+1,...7,}}
i#j=1 k=1
{i,j}Ak 1}
D) e
= M;iMiyE.[D;;Dy] < AT, < . (105)
n=1rt,_,<ijkl<t, LloglL +~ log L

{i,j}#4k 1}

Finally, we consider the contribution to E. [Sf] coming from the terms of point (3). We have (recall
that n < m)

c 1 1

2 MM DDl < I LI
Tn-1<bkST, LlogL At ATy, Tpo1<i#k<7T, \/: Vi—k
Tne1<J,l<T TorsiAkET

{i,j}A{k,1}
C 1 1 1

_+_

LlogL AT, Tn_l;:kﬁn /j—i /j—k

Timn-1<J<Tn

+ c 1 Z 1 1
Llogl AT, S /_j—i —

Tm-1 <j7él§Tm

Butasj> 1,1

1 1
— < —gc( To1— Tho1 — T_—’L'), (107)
T,Il;grn \/j_i T“;grn Tm—l_i+1 \/ " " \/ " "

andas k < 71,

Z \/%g Z \/%_Tgc(\/rm—rn—\/’rm_l—rn), (108)

T <l < Ty Tpa<l <ty
so that
C
Z MiijlET [DijDkl] < m (\/Tnm + ATn - \/Tnm) (\/Tnm + A’L-m - \/Tnm) 5

Tho1<L,k<T,
Tm71<j:157m

{i.j3A{k, 1}

(109)
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where we noted T,,,,, = T,,—1 — T, Recalling (105) and the definition (90) of S;, we can finally write

Ry—1

E[E.[S}]] <c|1+E Z Z Z MM E[D;;Dy]

n=1 n<m<Ry 7, ;<i,k<T,
Tm-1 <j’l§Tm

C ~
< o+ El > (\/Tnm—errn—\/Tnm)(\/Tnm—errm—\/Tnm)

L logL 1<n<m=<R,

The remaining average can be estimated via the following Lemma.

Lemma 4.7. There exists a constant ¢ > 0 depending only on K(-), such that

E| > (\/Tnm AT, — \/Tnm) (\/Tnm AT, — \/Tnm) <cL(ogL)*.  (110)

1<n<m=R,

Of course this implies that EE, [S%] < c¢(logL)*/4, which together with (98) implies the claim of
Lemma|(4.3| O

Proof of Lemma 4.7. One has the inequality

(\/Tm+mn - \/Tnm) (\/Tnm—i—Arm - \/Tnm) IV (111)

which is a good approximation when T,,, is not that large compared with A7, and At,,, and

AT, AT,

(\/Tnm Y AT, — \/Tnm) (\/Tnm Y AT, — \/Tnm) <e——", (112)

nm

which is accurate when T, is large. We use these bounds to cut the expectation (110) into two
parts, a term where m —n < H; and one where m —n > H;, with H; to be chosen later:

E {i i (\/Tnm+ATn—\/Tnm) (\/Tnm+ATm_\/Tnm):|

n=1m=n+1
. Ry (n+HL)/\Rb R Ry Ry AT AT
< E Z Z VAT W/ AT, | +cE Z % . (113)
n=1 m=n+1 n=1m=n+H;+1 nm

We claim that there exists a constant ¢ such that for every [ > 1,

Ry—1
E |:Z \/ATH\/ATH+Z:| < C\/f(logL)ZJr% (114)
n=1

(the proof is given later). Then the first term in the right-hand side of (113) is

Rb (n+HL)/\Rb Rb—l

Hy,
E Z Z VAT AT, =;E [Z\/A’rn\/Arn+l:| < cHyvVL(log L)*t1/12,

n=1 m=n+1 n=1
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If we choose H; = v/L(logL)™'/3, we get from (113)

E [i i (\/Tnm—erTn—\/Tnm) (\/Tnm—l—Arm—\/Tnm)] (115)

n=1m=n+1

Ry

AT, A
< cL(logL)7/4+cE[Z > M}

n=1m=n+H;+1 Tom

As for the second term in (113), recall that T,,, = 7,1 — T,, and decompose the sum in two parts,
according to whether T, is larger or smaller than a certain K; > 1 to be fixed:

n=1m=n+H;+1 Tam

X, AT,AT,
Z > 7 ek | T Z Z AT AT r,, <K}

n=1m=n+H;+1 nm n=1m=n+H;+1

Rb 2 Rb Rb
< (Zmn) +L7E {Z > 1{TH+HL—n<KL}}
n=1 n=1m=n+H+1
112
- 4
< < +1 P(TH gKL) (116)

L

We now set K; = L(log L)~ 7/4, so that we get in the previous inequality

Ry
AT, AT ~
[Z > M] < L(logL)"*+ L*P (7, <K; ), (117)
n=1m=n+H;+1 nm

and we are done if we prove for instance that P (THL <K L) =o(L™*). Indeed,
P(ty, <K;) = P(Rg, =H;) <cP(Rg, 2H;) (118)

where we used Lemma A.1 to take the conditioning off from P := P(:|b € 7) (in fact, K; < b/2
since b > ¢L). Recalling the choices of H; and K;, we get that H; /+/K; = (log L)'*/>* and, combin-
ing (118) with LemmaA.2, we get

yi3/12

P (TH < KL) < ¢ emcUog )™ — (7% (119)

which is what we needed.

To conclude the proof of Lemma 4.7, we still have to prove (114). Note that

Ry—1
Z VAT, ATn+ll{Rb>l}:| = |:1{Rb>l} Z VAT ATy |Rb:|
n=1

[I{Rb>1}(Rb —-DE [\/T_lv T2— T |Rb ] ]
[Rb\/T_l\/ Ty —Tll{szz}] (120
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where we used the fact that, under ﬁ(-IRb = p) for a fixed p, the law of the jumps {A7,},<, is
exchangeable. We first bound (120) when R, is large:

_ i
E [Rb,/_T1 Tz—Tll{szKm}] < L P(R,, zm/LlogL)
< I*P(ber)'P (Rb > i4/L 1ogL) . (12D)

In view of (14), we have P(b € 7)~! = O(vL). Thanks to Lemma A.2 in the Appendix, and choosing
k large enough, we get

P (Rb > ky/Llog L) < e~x’logLtollogl) — (7 =5/2) (122)
and therefore
3 [RbEl Tz—rll{szkm}] = o(1). (123)

As a consequence,
/E\ [RbW/Tl\/ Ty — Tll{szz}] = E |:Rb1/ Tq Ty — Tll{ZSRb<K\/m}:| +O(1)
< ﬁ(lOgL)l/lzﬁ |:1/ T1y T2 —T1 I{szz}]
+k+/L1ogLE [,/T“/ Ty — T I{RPﬁ(logml/lz}] +o0(1). (124)

Let us deal with the second term:

[ {Rb>f(1ogL)1/12}«/_v Ty~ 71]

1 b b—
= P(ber);] \/_\/_P(Tl—l Ty—T;=j,beT, Rb>\/_(logL)1/12)
1 b b—i
= mz ViV jK@K()P (b—i—j€T,Ry ;> VL(ogL)/1?=2). (125)
i=1 j=1

But we have
P(Ry_;_;> VI(logL)/?—2|b—i—jet) <2P (R(b_i_j)/z > %\/f(logL)l/lz —1jp-i-je T)
< P (R(b_i_j)/z > %\/f(logL)l/lz —~ 1)
< P (RL > %\/f(logL)l/lz — 1) < ¢/ eclos )" (196)

where we first used LemmalA.1 to take the conditioning off, and then Lemma Putting (125)
and (126) together, we get

E [1{Rb>ﬁ(1ogL)1/12}vT1 VT2~ Tl]

< C/e—c(logL)l/s P(b = ZZ \/_\/—K(l)K(])P (b —i—j€ T)

i=1 j=

—  (lecUog)V°g [\/_ml{sz}] (127)
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So, recalling (124), we have

E |:Rb1/ T1y To — T l{szz}] § 2ﬁ(10gL)1/12E |:1/ T1y/ T2 — T l{szz}] + O(].) (128)

and we only have to estimate (recall (14))

b—1b—p
- P(b—p-qer)
E [\/ﬁ\/ Tz_Tll{szz}] = Z\/_ﬁK(P)K(Q) Pb <)
p=1qg=1
b—1b—p 1
< C\/Z Z —_—— . (129)
p=1¢=1P94/b+1-p—q
Using twice the elementary estimate
M-1 1 1

| —

; kR FlogM

we get
- &1 1 1 )
E |:1/T1 Tz—Tll{szz}] <C\/;Z——log(b—p+l)<C\/;—(10gL) . (130)
=iPyb—p+1 vb

Together with (128), this proves the desired estimate (114).

4.4 Dimension d = 4 (a sketch)

As we mentioned just after Theorem [2.8] it is possible to adapt the change-of-measure argument to
prove non-coincidence of quenched and annealed critical points in dimension d > 4 for the general
walks of Assumption 2.1, while the method of Birkner and Sun [3] does not seem to adapt easily
much beyond the simple random walk case. In this section, we only deal with the case d = 4, since
the Theorem 2.8 is obtained for d > 5 in [2], with more general condition than Assumption 2.1, We
will not give details, but for the interested reader we hint at the “right” change of measure which
works in this case.

The “change of measure function” g ,(Y) is still of the form (27), factorized over the blocks which
belong to .#, but this time M is a matrix with a finite bandwidth:

kL—pq

> A Ay, (131)

F(Y)=—
‘/_z =L(k—1)+1

where p, is an integer. The role of the normalization L™'/2 is to guarantee that |[M|| < co. The

integer p, is to be chosen such that A(p,) > 0, where A(-) is the function defined in Lemma|[4.4] The
existence of such p is guaranteed by the asymptotics (59), whose proof for d = 4 is the same as for
d=3.

For the rest, the scheme of the proof of . # ™" (in particular, the coarse-graining procedure) is
analogous to that we presented for d = 3, and the computations involved are considerably simpler.
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A Some technical estimates

Lemma A.1. (Lemma A.2 in [9]) Let P be the law of a recurrent renewal whose inter-arrival law
satisfies K(n) "~ cxn>/? for some cx > 0. There exists a constant ¢ > 0, that depends only on K(-),
such that for any non-negative function fy(7) which depends only on TN {1,...,N}, one has

E[fy(7)I2N € 7]

sup (132)
N>0 E[fy(7)]
Lemma A.2. Under the same assumptions as in Lemma A.1, and with Ry := |t N {1,...,N}|, there

exists a constant ¢ > 0, such that for any positive function a(N) which diverges at infinity and such
that a(N) = o(v/N), we have

P(Ry = VNa(N)) < e e +o(elr), (133)
Proof. For every A >0
T
P(Ry > vVNa)) = P(t gy <N)=P (Aa(N)Z% < Aa(N)z) (134)
< MNP [e_ka(x)z TWa(N)} — ra(N)*g [e_’la(N)ZTN_l] ma(N).
The asymptotic behavior of E [e*la(N )2%] is easily obtained:
1-E [e‘la(N)NN_l} = ZK(n) (1 —e_"Aa(N)Z/N)
neN
Nooo  VAa(N) 1 —e ¥
~ (——>,c=c dx, (135)
VN K o x3/2

where the condition a(N)?/N — 0 was used to transform the sum into an integral. Therefore, we
get

E[e—;\a(N)Zjv—l]m“(N) _ (1_Cﬁa(N)+o(a(N)))ma(N)

VN VN
= e~ V2a(NY+o(a(N)?). (136)
Then, for any A > 0,
P(Ry = VNa(N)) < ele/Ray+o(avy) (137)
and taking A = c¢2/4 we get the desired bound. O

We need also the following standard result (cf. for instance [10, Section 5]):

Lemma A.3. Under the same hypothesis as in Lemma A.1} we have the following convergence in law:

o0 1
—R — | Z ~ H(0,1)). 138
Vi ml | ( (0,1) (138)
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A.1 Proof of (100)

We wish to show that for distinct i, j,[ smaller than r,

c
EXE [(A; - A))(A; - ADIX, =Y, ] < -

(139)

We use the same method as in Section we fix x € Z%, and we use the notation Efx[-] =

EY

Y, = x]. Then,

B, [(a 854 -A))]

N

; [(AA-AJ') (Ai'sz [AZ{A“A"D]

—ZEZX (a2 (8 0, Aﬂ)]
i

(o1 o, o )
mm[(um )]

RN NN

2 gy
D2

and we can take by symmetry i = 1. Therefore,

EXEY [ (A;-A)(A;

EX[EY [(A;-A)(A;- A

P (Y =X)]

IA

r

where

At this point, one can apply directly the result of Remark|4.5.

A.2 Proof of (101)

We wish to prove that, for distinct i, j, k,I <r,

ANX,. =Y. | = 140
l)\ r r] ]P)X_Y(Yr:Xr) ( 4 )
2
B [ (LR a2y, =X, ]+ LE (1A, 4y, =X,)) PV (Y, = X,)]
PXY(Y, =X,)
c [1X
= -E'EY —, a0 )| Y =X
- |: (‘/— ” 1”) r r];
Xl %4 ||2 1A%
QA Al ) = Frn AP+ 22 (141)
O
c
E. [(A;-A))(Ak-AD] < 7 (142)
The proof is very similar to that of (139), so we skip details. What one gets is that
Xr
_EX [EY [Q' (L i s ) | =Xr} PY(Y, =Xr)}
(143)

E. [(Ai “AG)(A - AZ)J < =)

PXY(Y, =X,) ’
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where Q' is a polynomial of degree four. Again, like after (140), one uses the Remark|4.5/to get the
desired result.

A.3 Proof of (102)-(103)

In view of (56), in order to prove (102) it suffices to prove that for0<i#k<r,0<j#l<s
3 c
> EE AV APX, = v IEE (AN AP X = v < —. (144)

] rs

Both factors in the left-hand side have already been computed in (96)-(97). Using these two ex-
pressions and once more the Local Limit Theorem, one arrives easily to (144). The proof of (103) is
essentially identical.
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