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Abstract

We consider reflecting random walks on the nonnegative integers with drift of order 1/x
at height x. We establish explicit asymptotics for various probabilities associated to such
walks, including the distribution of the hitting time of 0 and first return time to O, and the
probability of being at a given height k at time n (uniformly in a large range of k.) In
particular, for drift of form —6/2x +0(1/x) with & > —1, we show that the probability of a
first return to O at time n is asymptotically n~“¢(n), where ¢ = (3 + §)/2 and ¢ is a slowly
varying function given in terms of the o(1/x) terms.
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1 Introduction

We consider random walks on Z, = {0,1,2,...}, reflecting at 0, with steps 1 and transition
probabilities of the form

ple,x+1)=p, = 1 (1 — i—ko (1)) asx —» oo, plx,x—-1)=q,=1-p,, (1.1)
2 2x X

for x > 1. We call such processes Bessel-like walks, as their drift is asymptotically the same as
that of a Bessel process of (possibly negative) dimension 1 — &. We call § the drift parameter.
Bessel-like walks are a special case of what is called the Lamperti problem—random walks with
asymptotically zero drift. A Bessel-like walk is recurrent if 6 > —1, positive recurrent if 6 > 1,
and transient if 6 < —1; for & = —1 recurrence or transience depends on the o(1/x) terms.
Here we consider the recurrent case, with primary focus on 6 > —1, as the case 6 = —1 has
additional complexities which weaken our results. Bessel-like walks arise for example when
(reflecting) symmetric simple random walk (SSRW) is modified by a potential proportional to
log x.

Bessel-like walks have been extensively studied since the 1950’s. Hodges and Rosenblatt [25]]
gave conditions for finiteness of moments of certain passage times, and Lamperti [|32] estab-
lished a functional central limit theorem (with non-normal limit marginals) for 6 < 1; for
—1 < 6 < 1 our Theorem below is a local version of his CLT. In [33]] Lamperti related
the first and second moments of the step distribution to finiteness of integer moments of first-
return-time distributions. He worked with a wider class of Markov chains with drift of order
1/x, showing in particular that for return times of Bessel-like walks, moments of order less
than k = (1 + 6)/2 are finite while those of order greater than «k are infinite. Lamperti’s results
were generalized and extended to noninteger moments in [3]], [5], and to expected values of
more general functions of return times in [4]]. “Upper and lower” local limit theorems were
established in [34] for certain positive recurrent processes which include our 6 > 1. Bounds
for the growth rate of processes with drift of order 1/x were given in [35]], and the domain of
attraction of the excursion length distribution was examined in [[18].

Karlin and McGregor ([28]], [29], [30]) showed that, for general birth-death processes, many
quantities of interest could be expressed in terms of a family of polynomials orthogonal with
respect to a measure on [—1,1]. This measure can in principle be calculated (see Section 8
of [29]) but not concretely enough, apparently, for some computations we will do here. An
exception is the case of p, = %(1 — 2;16) considered in [[13]] (for § = 1) and [[11]]; we will call
this the rational-form case. Birth-death processes dual to the rational form case were considered

in [I37]. Further results for birth-death processes via the Karlin-McGregor representation are in
(81, [17].

Our interest in Bessel-like walks originates in statistical physics. These walks were used in [[12]
in a model of wetting. Additionally, in polymer pinning models of the type studied in [20] and
the references therein, there is an underlying Markov chain which interacts with a potential at
times of returns to 0. The location of the ith monomer is given by the state of the chain at
time i. There may be quenched disorder, in the form of random variation in the potential as




a function of the time of the return. Let 7, denote the return time to O for the Markov chain
started at 0. For many models of interest, e.g. SSRW on Z¢, the distribution of 7, for the
underlying Markov chain has a power-law tail:

P(tg=n)=n"‘p(n) (1.2)

for some ¢ > 1 and slowly varying ¢. Considering even n, for d = 1 one has ¢ = 3/2 and ¢(n)
converging to 1/2/m; for d = 2 one has ¢ = 1 and (n) proportional to (logn)~2 [27]; for
d > 3 one has ¢ = d/2 and ¢(n) asymptotically constant. In general the value of c is central
to the critical behavior of the polymer with the presence of the disorder altering the critical
behavior for ¢ > 3/2 but not for ¢ < 3/2 ([[11],[2]],[22].) In the “marginal” case ¢ = 3/2, the
slowly varying function ¢ determines whether the disorder has such an effect [21]]. As we will
see, for Bessel-like walks, holds in the approximate sense that

P(tg=n)~n"‘p(n) asn— oo, (1.3)

with ¢ = (34 6)/2 and ¢(n) determined explicitly by the o(1/x) terms. Here ~ means the
ratio converges to 1. Thus Bessel-like walks provide a single family of Markov chains in (1+1)-
dimensional space-time in which (1.2)) can be realized (at least asymptotically) for arbitrary c
and o.

A related model is the directed polymer in a random medium (DPRM), in which the underlying
Markov chain is generally taken to be SSRW on Z? and the polymer encounters a random
potential at every site, not just the special site 0. The DPRM has been studied in both the physics
literature (see the survey [24]) and the mathematics literature (see e.g. [7], [9], [31].) In place
of SSRW, one could use a Markov chain on Z¢ in which each coordinate is an independent
Bessel-like walk. In this manner one could study the effect on the DPRM of the behavior (1.3)),
or more broadly, study the effect of the drift present in the Bessel-like walk. As with the pinning
model, via Bessel-like walks, all drifts and all tail exponents ¢ (not just the half-integer values
occurring for SSRW) can be studied using the same space of trajectories. This will be pursued
in future work.

For the DPRM, an essential feature is the overlap, that is, the value

N
Z O ix,=X!}>
i=1

where {X;},{X/} are two independent copies of the Markov chain; see ([7], [9], [31].) To
determine the typical behavior of the overlap one should know the probabilities P(X; = y),y €
7.4, as precisely as possible, with as much uniformity in y as possible..

For this paper we thus have two goals: given the transition probabilities p,, g, of a Bessel-like
walk, determine

(i) the value ¢ and slowly varying function ¢ for which (1.3) holds, and

(ii) the probabilities P(X; = y), y € Z, asymptotically as i — oo, as uniformly in y as possible.



We will not make use of the methods of Karlin and McGregor ([28], [29], [30]) due to the
difficulty of calculating the measure explicitly enough, and obtaining the desired uniformity in
y. Instead we take a more probabilistic approach, comparing the Bessel-like walk to a Bessel
process with the same drift, while the walk is at high enough heights. This leads to estimates of
probabilities of form P(t € [a, b]) when a/b is bounded away from 1. Then to obtain we
use special coupling properties of birth-death processes which force regularity on the sequence
{P(to = n),n > 1}. These properties, given in Lemma and Corollary [6.2] may be of some
independent interest.

2 Main Results

Consider a Bessel-like random walk {X,} on the nonnegative integers with drift parameter
6 > —1, with transition probabilities p, = p(x,x +1),q, = p(x,x —1) =1 — p,. The walk is
reflecting, i.e. po = 1. We assume uniform ellipticity: there exists € > 0 for which

Dyx,qx € [€,1—€] forall x > 1. (2.1)
Define R, by
Y PP (2.2)
P=o T2 ) '

where R, = 0(1/x). Note that in the rational-form case we have

52 1
Rx:ﬁ-l_o F .

The drift at x is

6 R,
Px =qx =2px —1=——+—
Let Ap=1,My =0 and for x > 1,
x x—1
szl_[q—k, My=>» A L(x)=exp(Ri+---+R,).
k=1 Pk k=0

M, is the scale function. Note M; = 1, and My ., is a martingale. It is easily checked that
the assumption R, = o(1/x) ensures L is slowly varying. By linearly interpolating between
integers, we can extend L to a function on [1,00) which is still slowly varying. Let 7; be the
hitting time of j € Z,, let P; denote probability for the walk started from height j and let

H=max{X;:i < 74} (2.3)

be the height of an excursion from 0. From the martingale property we have

M
Po(H > h) = Py(7), < 7¢) = — (2.4)
My



so since M; =1,

M, M, An
Po(H=h)=— — = :
My  Mpyw MpMpgq

In place of &, a more convenient parameter is often

1+6
k=——20
2
We have 5 .
o).
dx x x
and hence
Ay ~ KoxZ 1L (x)™1 as x — oo, for some K, > 0, (2.5)
so for k > 0,
& 2K -1
M, ~ —x**L(x)"". (2.6)
2K

Our assumption of recurrence is equivalent to M, — oo.

Define the slowly varying function

1
vin)= Z IL(VD)

[<n, | even

Throughout the paper, Ky, K, ... are constants which depend only on {p,,x > 1}, except as
noted; for example, K;(8, y) means that K; depends on some previously-specified 8 and y.
Further, to avoid the notational clutter of pervasive integer-part symbols, we tacitly assume
that all indices which appear are integers, as may be arranged by slightly modifying various
arbitrarily-chosen constants, or more simply by mentally inserting the integer-part symbol as
needed.

Theorem 2.1. Assume (2.2)) and (2.1). For 6 > —1,

1-x
Py(ty=>n) ~ KT () n *L(v/n) asn— oo, (2.7)
and for n even,

Z—KK (41)
P =n)~ YL . 2.8
o(To =n) KOF(K)n (vn) (2.8)

For 6 = —1, assuming recurrence (i.e. M, — 00 as x — 00),
Po(Fo2 )~ — 29)

olTopZn Kolv(n). .



For the case of SSRW, in contrast to (2.8)), the excursion length distribution is easily given
exactly [[19]: for n even,

Py(tg=n)= ! " 27~ n=3/2,
n—1\n/2 2/
By we have for fixed n € (0, 1) that
2—xK
Po((L=mn < 7o < (14+mn) ~ fmmran T(mn " L{vn), (2.10)
where 1
T(n)= o ((1 - -1+ n)_") — Kk asn— 0. (2.11)
n

Heuristically, one expects that conditionally on the event on the left side of (2.10), 7 should
be approximately uniform over even numbers in the interval [(1 — n)n, (1 + n)n], leading to
(2.8). The precise statement we use is Lemma

It follows from (2.4), and Theorem that 7, and H2 have asymptotically the same tail,
to within a constant:

Py(H? > n) ~ 2°kT(k)Py(To = n) ~ P, (Z(KF(K))UKTO > n) as n — oo. (2.12)

This says roughly that the typical height of an excursion becomes a large multiple of the square
root of its length (i.e. duration), as k grows, meaning the downward drift becomes stronger. In
this sense the random walk climbs higher to avoid the strong drift.

By reversing paths we see that
P.(X,, = 0) = pi A Po(X,, = k). (2.13)

Hence to obtain an approximation for Py(X,, = k), we need an approximation for P (X, = 0),
and for that we first need an approximation for P,(t, = m). In this context, keeping in mind
the similarity between 7, and H?, for a given constant y < 1 we say that a starting (or ending)

height k is low if k < ./xym, midrange if ,/my <k < +1/m/y and high if k > \/m/y.

Theorem 2.2. Suppose 6 > —1. Given 6 > 0, for y > 0 sufficiently small, there exists my(0, x)
as follows. For all m > my and 1 < k < /ym (low starting heights) with m — k even,

K'

(1—9)K e )m_(HK)L(\/—)Mk < P(to=m) (2.14)
0
2—1<
m— (1K)
_(1+6)K0F() TIL(Vm)M.

For all \y/my < k < y/m/y (midrange starting heights) with m — k even,

a2 (BN o pir, = 2 (L) cemn (215
I'(k)m \ 2m ¢ =l To =1 = I'(k)m \ 2m ¢ ’ ’




For all k > v/ m/ y (high starting heights) with m — k even,
1 -k?/8
P (to=m)< —e m. (2.16)
m

In general, for high starting heights, as in (2.16) we accept upper bounds, rather than sharp
approximations as in (2.14) and (2.15).

Note that by (2.6)), when k is large (2.14) and (2.15) differ only in the factor e K/ 2m which is
near 1 for low starting heights. (Here “large” does not depend on m.) Further, by (2.8]), one
can replace (2.14) with

(1 - Q)Po(’ro = m)Mk < Pk(TO = m) < (1 + Q)Po(’fo = m)Mk (217)

We will see below that the left and right sides of represent approximately the proba-
bilities for a Bessel process, with the same drift parameter 6 and starting height k, to hit 0 in
[m — 1,m + 1]. But the Bessel approximation is not necessarily valid for low starting heights,
where holds, because the analog of M, for the Bessel process may be quite different
from its value for the Bessel-like RW, and because L(/m)/L(k) need not be near 1, whereas
the analog of L(-) for the Bessel process is a constant. Even if a RW has asymptotically constant
L(+), the constant K, may be different from the related Bessel case.

From (2.15), for midrange starting heights the distribution of 7, is nearly the same as for the
approximating Bessel process. For low starting heights, this is not true in general—the Bessel-
like RW in this case will typically climb to a height of order /m for paths with 7, = m, and
this climb is what is affected by the dissimilarity between the two processes, as reflected in the
errors R,..

If6>1(i.e. k >1),orif § =1 and Ey(7() < 0o, then

PO(Xn :O)_)

asn—oo (neven), (2.18)
Eo(To)
and of course when it is finite, E,(7,) can be expressed explicitly in terms of the transition
probabilities p, and q,., by using reversibility. If -1 < 6 < 1 (i.e. 0 < k¥ < 1), then by (2.8)) and
a result of Doney [15]],

K

28K,
— 0 4 0-®py/n)! (n even), (2.19)

PO(Xn =0)~ r(1—x)

and if 6 =1 (i.e. k = 1) with Ey(7,) = 00, then by (2.8) and a result of Erickson [[16],

Py(X,=0)~ (n even), (2.20)

2
o(n)
where ug(n) is the truncated mean:

i 2 L(V1)
Mo(n)Z;lpo(Tozl)NK— Z T,

0 1<n, [ even



which is a slowly varying function.

The next theorem, approximating the left side of (2.13)), is based on Theorem and (2.18)—
(2.20), together with the fact that

Pe(X, =0)= > _Pi(to=n—j)Py(X; =0). (2.21)
j=0

Theorem 2.3. Given 6 > 0, for y sufficiently small there exists ny(0, y) such that for all n > ny,
the following hold.

(i) For k < /xn (low starting heights) with n — k even,
(1-0)Py(X7 =0) < P(X,, =0) < (14 0)Py(Xz =0), (2.22)

wherei=nifniseven, i=n+4+1if nis odd.

(i) If Ey(to) < oo (which is always true for & > 1), then for /iy < k < y/n/y (midrange
starting heights) with n — k even,

2260 (7 1 e ~U dy < Py(X, = 0) (2.23)
u* e u< = .
Eo(70) Jy2 /30 T(K) K

246 [ 1
< il ——u* e du,
Eo(70) Jyz/p, T(K)

and for k > y/n/ y (high starting heights) with n — k even,
8
Eo(7o)

P(X, =0) < e~k*/8n, (2.24)

(iii)) If =1 < 6 < 1, then for /ny <k < y/n/y (midrange starting heights) with n — k even,

1—60)2K
ﬁn‘“—%(\/ﬁ)—le—kz/zn < P.(X,=0) (2.25)
_ (14 0)2°K,

-(1-x)p -1 _—k2/2n
S o Ly e

and there exists K;(x) such that for k > 1/n/y (high starting heights) with n — k even,

Pu(X, =0) < Kye K/8np=(=x)p (/)1 (2.26)

(iv) If 6 =1 and Ey(7() = oo, then for /iy <k < m (midrange starting heights) with n —k
even,

220 (% 1 ~U dy < P(X, = 0) (2.27)
—u e u< = .
1o(1) i T() o

o0
< 2+0 Lu"_le_“ du,
nu‘O(n) k2/2n F(K)




and for k > \/n/y (high starting heights) with n — k even,

8
Pk(Xn = 0) < me_kz/&l. (2.28)
0

From [23]], the integral that appears in (2.23) and (2.27) is the probability that the approxi-
mating Bessel process started at k hits O by time n.

We may of course replace Py(X, = 0) with the appropriate approximation from (2.18)—(2.20)),
in (2.22).

We now combine (2:13) with Theorem [2.3]to approximate the left side of (2.13).

Theorem 2.4. Given 6 > 0, for y > 0 sufficiently small, there exists ny(6, y) such that for all
n > ny, the following hold.

(i) For 1 <k < ,/yxn (low ending heights) with n — k even,

1-6 1+6
Py(X, = 0) < Py(X, = k) < Py(X,, = 0). (2.29)
AkPk AkPk

(i) If Ey(7to) < oo (which is always true for 6 > 1), then for /iy < k < 4/n/y (midrange ending
heights) with n — k even,

4 o0
(1-—0)———k'™2*L(k) u*le ¥ du (2.30)
KoEo(7o) k2 /on LK)
<PX,=k)<(1+ G)Lkl_ZKL(k) N Lu'(_le_” du
=roEn == KoEo(%o) @ /on T ’
and for k > y/n/y (high ending heights) with n — k even,
32
Po(X, =k) < ——— k12K [ (k)e K'/8n, (2.31)

KoEo(79)

(iii)) If =1 < 6 < 1, then for /ny < k < y/n/y (midrange ending heights) with n — k even,

2K+1 k 1-2x 2/ 12
1-0)—/—— | — B 2.32
( )l"(l—:c)(ﬁ) ¢ (2:32)
Kk+1 k 1-2x 2/ 12
< Py(X, k)_(1+9)1"(1—1<) (\/ﬁ) e n—=,

and for k > 1/n/y (high ending heights) with n — k even, for K; of (2.26),

4K
Po(X,=k) < K—le—kz/gnn—l/Z. (2.33)
0



(iv) If 6 =1 and Ey(t() = 00, then for /iy < k < y/n/y (midrange ending heights) with n — k

even,

4 LK) 1
_ 4 MR ——u" et du (2.34)
Kouo(n) k= Jyasp, T'(x)

4 Lk 1

Koto() Kk Ja o T()

(1-6)

SP(X,=k)<(1+6) u*lte7U du,

and for k > \/n/y (high ending heights) with n — k even,

44 L(k)e_kZ/sn‘

Py(X,=k) < ————2
° Kopo(n) k

(2.35)

A version of (2.32) for the RW dual to the rational-form case, with & = —1, was proved in [37]],
with the statement that the proof works for general 6 < 1.

For large k we can use the approximation (2.5) in (2.29). For example, in the case —1 <6 <1,
there exists k;(0) such that for n > ny and k; < k < ,/yn we have

227K s LK)
—)— =)= 27
(1 e)r(l_K)n k G (2.36)
227K L(k
< PO(Xn = k) < (1 + Q)HH_(I_K)k_gﬁ.

We can use Theorem to approximately describe the distribution of X, only because its
statement gives uniformity in k. This requires uniformity in k in Theorems [2.2| and [2.3] which
points us toward our probabilistic approach.

The factors 8 in the exponent in (2.31)), (2.33) and (2.35) is not sharp. For —2 < § < 0, bounds
on tail (not point) probabilities with sharper exponents are established in [6].

We are unable to extend our results to random walks with drift which is asymptotically 0 but
not of order 1/x, because we rely on known properties of the Bessel process.

3 Coupling

Let us consider the random walk with steps =1 imbedded in a Bessel process Y, > 0 with drift
—-6/2Y,:

o
e t B
dy; th +dB,,

where B, is Brownian motion. (We need only consider this process until the time, if any, that
it hits 0, which avoids certain technical complications.) The imbedded walk is defined in the
standard way: we start both the RW and the Bessel process at the same integer height k. The
first step of the RW is to k £ 1, whichever the Bessel process hits first, at some time S;. The

10



second step is to Yg + 1, whichever the Bessel process hits first starting from time S;, and so
on.

Let g(x) = x'*9; then g(Y,) is a martingale, in fact a time change of Brownian motion (see
[36]].) Write PB¢ for probability for the Bessel process, PP! for the imbedded RW and P$™ for
symmetric simple random walk (not reflecting at 0.) For the imbedded RW, for x > 1, the
downward transition probability is

gx+)—glx) _1( & 8(-68) (1
BI _ pBe - =S|\ 1t t+t—57— 4
qx X (Tx—l < Tx—i—l) g(x T 1) — g(x — 1) 5 + 2 + 12.)('3 +0 (X4)

so the corresponding value of R, is

5%(1-196)
BI _
R +o(x4)

We write {X,}, {X BI} and {X 2M1 for the Bessel-like RW, imbedded RW, and symmetric simple

RW, respectively, and 7, 7B J T y for the corresponding hitting times.

Here is a special construction of {X,} that couples it to {X;)™}, when p, < q, for all x. (A
similar construction works in case p, > q, for all x.) Let §,,&4,... be i.i.d. uniform in [0,1].
For each i > 0 we have an alarm independent of &;. If X; = x, the alarm sounds with probability
Gy —Dx = % — %. If there isno alarm, X; . ; =x+1if &; >1/2,and X;;; =x —1if §; < 1/2.
If the alarm sounds, then X;,; = x — 1, regardless of £;. {X, "'} ignores the alarm and always
takes its step according to &;.

A second special construction, coupling {X,} to {X 5’1}, is as follows; a related coupling appears
in [10]. If X; = x, the alarm sounds independently with probability a(x) given by

Px— Px _ Ry 5%(1— 6%(1-6) R, |

a(x)z qX BI B + 12 +O( X +x4) lfpx_px’
dx =4, __ Rx 6°(1-6 R .
p—EI——? 1(23)+O(|x|+x4) lfpx<px.

Whenever the alarm sounds, {X;} takes a step up in the case p, > pEI, and down in the case
px < pol. If there is no alarm, {X,} goes up if &; > ¢' and down if &; < ¢>'. By contrast, {X>'}
ignores the alarm and always takes its step according to &;. Under this construction, if p, > pfl,
the probability of an up step for {X;} from x is

(1—a(x))p} +a(x)-1=p,,
and if p, < p2!, the probability of a down step for {X;} is
(1—a(x)g +a(x)-1=gq,,

which shows that this second construction does indeed couple {X,} to {X>'}. Note that in the
second construction, unlike the first, the frequency of alarms is o(1/x). The coupling to {XS’I}
is more complicated because the transition probabilities for {XSI} depend on location. Even

11



when no alarm sounds, the two walks may take opposite steps if X; = x, XIBI =y and ¢&; falls
between qEI and qf,l. When (i) there is no alarm, (ii) X; = x,Xl?31 = y for some x, y, and (iii)
g; falls between ¢°' and q?l, we say a discrepancy occurs at time i. A misstep means either an

alarm or a discrepancy. For h sufficiently large, for x > h, y > h, conditioned on X; = x,X IBI =y
and no alarm, the probability of a discrepancy is

o

2hzlx =l (3.1

BI BI
gy —q, 1 <

We let N(k) denote the number of missteps which occur up to time k.

Note that if & = 0, the imbedded RW is symmetric and there are no discrepancies.

When we couple {X,} and {X S’I} in the above manner, with both processes starting at k, we
denote the corresponding measure by P;. Where confusion seems possible, for hitting times we

then use a superscript to designate the process that the hitting time refers to, e.g. Tge and T]gl
for the Bessel process and its imbedded RW, respectively.

4 Proof of the tail approximation (2.7

Recall that for we have § > —1. Let 6 > 0,0 < p <1/8,0<¢€; <€, < ,/p and
h; = €;v/m. Let 0 < m < €;/4 and hyy = (e; £ 2n)y/m. To prove (2.7) we will show that
provided p, 6 are sufficiently small, one can choose the other parameters so that the following
sequence of six inequalities holds, for large m:

1-36
Mj,

P}?;(TO > (1+2p)m) (4.1)

1-6

BI
th (Th1+ =m)

Puy(Th, = (1-2p)m)
2

1+26
<
M,
1+406
M,

P}ZI(Thl_ > (1-2p)m)

< PPe(wo = (1-3p)m).

These may be viewed as three “sandwich” bounds on Py(7, > m), with the outermost sandwich
readily yielding the desired result, as we will show. The innermost sandwich (the 3rd and
4th inequalities) may be interpreted as follows. For convenience we assume the h; are even
integers. Recall H from (2.3); when H > h,, we let T denote the first hitting time of h; after

12



Th,- We can decompose an excursion of height at least h, and length at least m into 3 parts:
0 to Tp,, Th, to T, and T to the end. The idea is that for a typical excursion of length at
least m, most of the length 7 of the full excursion will be in the middle interval [Thz, TT;
the first and last intervals will have length at most pm. The middle sandwich (2nd and 5th
inequalities) comes from approximating the original RW by the imbedded RW from a Bessel
process, during the interval [7,,, T]. Then the outermost sandwich (1st and 6th inequalities)
comes from approximating the imbedded RW by the actual Bessel process, and from showing
that the third interval, from T to excursion end, is typically relatively short.

A useful inequality is as follows: forh >k >0and m > 1,
1
Py(to=m,H>h)> Py (1, < 7o) Pyt =m) = ﬁph(rk > m). (4.2)
h
As a special case we have

1
Py(Tg =m) = Py(to =2 m,H = hy) > M—th(Th1 > m), (4.3)

hy
which establishes the 3rd inequality in (4.1).
By (2.6) there exists [; > 1 such that for all x >[4,

2k M, e 79 2k(M,, — M,) e 79
KoxL(x)! 88)7 Ky(22% —1)x*L(x)™? 88)’

Ryl < -
X )
=2

If 6 # 0, enlarging [; if necessary, we also have

(2 1+ 0 ol
- — < —.
Y 4Px 21= 4
We turn to the 4th inequality in (4.1). We have
Py(tg=m)=Py(tg=m,H > hy)+ Py(tyg = m,H < h,). 4.4)

The main contribution should come from the first probability on the right. To show this, we
first need two lemmas. We begin with the following bound on strip-confinement probabilities.

Lemma 4.1. Assume (2.1) and (2.2)). There exists K5(e,1;) as follows. For all h > 1,m > 2h?
and 0 <q <h,
Py(X, € (0,h) for all n < m) < o—Kam/h?

Proof. Consider first 6 # 0, h > 1;. We claim that
P (X, € (ly,h) forall n < h* — 1)

is bounded away from 1 uniformly in g, h with [; < q < h. In fact, from the definition of [;, the
drift p, — q, has constant sign for x > ;. Suppose the drift is positive; then {X,} and {X, "}
can be coupled so that X, > X;’™ for all n up to the first exit time of {X,,} from (I;,h). Therefore

P,(X, € (ly,h) foralln <h*—1;) < P (1, > R —1)<1-P)"(t, <h*—1)).

13



Since X;'™ is a non-reflecting symmetric RW, for Z a standard normal r.v. we have

Py (T B = 1) 2 PP (T S H2/2) 2 P X, 2 B) — P(Z > V2)

as h — 0o, so ngm(rh < h? — 1) is bounded away from 0 uniformly in h > I;, and the claim
follows. Similarly if the drift is negative, we can couple so that X, < X>™ until the time that
{X,} hits [;, and therefore

Py(X, € (I4,h) for all n < h?—1;)< P;ym(rll >h?-1;)<1- P;ym(ro <h?-1),
and the claim again follows straightforwardly. Then since q, > € for all x <[, we have
P,(X,, ¢ (0,h) for some n < h?) > ellpq(Xn ¢ (11,h) for some n < h? —1;), (4.5)

which together with the claim shows that there exists v = y(l1,€) such that for all [, < g <h
we have
Py(X,, ¢ (0,h) for some n < h?)>7. (4.6)

Therefore by straightforward induction, since m > 2h?,
P,(X, €(0,h) for all n < m) < (1 —y)lm/H*] < g=Kom/h*) 4.7)

completing the proof for & #0, h > [;.
For § # 0,h < 5, the left side of (@.5) is bounded below by €', and (@.7) follows similarly.
For § = 0, it seems simplest to proceed by comparison. Instead, in place of (4.5) we have

P,(X,, ¢ (0,h) for some n < h?) > Py(to < P +1). (4.8)

We can change the value of the (downward) drift parameter from & = 0 to 6 € (—1,0) by
subtracting & /4x from p, for each x > 1. By an obvious coupling, this reduces the probability
on the right side of (4.8). But by Proposition below, this reduced probability is bounded
away from 0 in ¢ > 1. Thus and then hold in this case as well. O

It should be pointed out that the proof of Proposition makes use of Theorem which in
turn makes use of Lemma Since the application of Proposition in the proof of Lemma
is only for & # 0, and since this application is only used to prove the lemma in the case
6 = 0, this is not circular—all proofs can be done for nonzero drift parameter first, and then
this can be applied to obtain the result for 0 drift parameter.

If we start the RW at 0, we can strengthen the bound in Lemma as follows. Let Q, =
maXo<x<n Xk, SO H=Q,.

Lemma 4.2. Assume 6 > —1. There exist K3(e,l;),K4(€,1;) as follows. For all h > 1, and
m > 4h?,

K
Py(X, € (0,h) forall1<n<m)< M?’e—lﬁm/hz.
h

14



Proof. Let k; = min{k : 2572 > [;} and k, = max{k : 2”1 < h}. Then for some constants
Ki(e7 ll):

Py(X,€(0,h) forall1 <n<m)
k
<Py (X,€(0,29 N foralll<n<m)+ Z Py (Qn € [2K71,25), 7 > m)
k:kl

e Ksm 4 Z [Po(Qm 2k 1 2k) To> M, Tok—2 < _)
m
+Po(Qu € [Zk_lazk)ﬂ'o > M, Tok-2 > E)}

<o Kom Z o (7aes < 250 > 7y ) Pycs (X, € 0,2 forall n< 7))
2’ -2

k=k;
m
+ Py (TO > Tok-1 > Tok—2 > E) }
ka
<e KMy Z [Pl (Tg > Ty ) e Kem/2
k=K,
1 m
+ szk—l (To < Tok-1,Tg — Tok-2 > E) i|
ko 1
< e Ksm 4 Z [ o —Kam/27K41
e Mok
1 m
+ ———— Py (Tyr2 < Tgie1) Py (Xn € (0,25 Y foralln < —) }
Dok—1Agk-1 2
- e_Ksm N kz |: sz/22k+1 n 1 qzk—l(Mzk—l - Mzk_l_l)e—sz/22k_l] (49)
i Mok 1 Dok—1Agk—1 Mok-1 — Mok—2

k

—Ksm - 1 1 -K m/22k+1

<e KM E + e K
k_k Mzk—l Mzk—l - Mzk—Z

e Ksm + K¢ Z L(2 k) —Kym/22k+1
22kK

< e—KSm +K7h_2KL(h)€_KZm/8h2
< Kgh 2L (R)e Xom/M*,

and the lemma follows from this and (2.6). Here in the 2nd inequality we used the ellipticity
condition (2.I)), in the 4th inequality we used Lemma and reversal of the path from time
0 to time T,x-1, in the 5th inequality we used (2.3)), in the 6th inequality we used Lemma
in the 8th inequality we used (2.5), and in the last three inequalities we used the fact that L is
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slowly varying. O
We return to the proof of the 4th inequality in (4.I)). We have for m sufficiently large that

Py(To =m,H = hy) (4.10)
< Py (4, < 7o) Ph,(Th, = (1= 2p)m)
+ Py (pm < Tp, < To) + Py (Th2 < TO) Py, (t9 > pm)
1
< M—th(frhl >(1—-2p)m)+ P, (pm < 7Tp, < TO)

2

1

+ — [Py, (71, < 7o)+ Py, (pm < 7o < 7,) ]

M,
1

< T h,(Th, = (1—=2p)m) + Py (X, € (0,hy) forall 1 <n < pm)
h

2

P T (X, € (0,h,) for all n < pm)
1\4-}‘[2 Mh2 hl n > 1t2 ora n—pm

1 K3 2 2 €1 2K 1 2
< —P, (th, > (1 —2p)m) + ——e KeP/2 4 — (—) + ——eKep/e
My, 2 My, My, \ € hy

=D+ UD+UIN+UV).

2

The 4th inequality in (4.10) uses (2.5) and Lemmas and We want to show that
(IT),(IIT),(IV) are much smaller than (I). We will show that if ¢; < €, the probability in
(I) is of the same order as

2

Mp, — My,

Py, (T jm < Th,) = ~ 2", (4.11)

M. /m — Mp,
This means that (I11) < (I) provided e; < e%.
To complement (4.10) we have the following bound from Lemma [4.2};

Kj —K,/€?
PO(TO 2 m,H<h2)SP0 (Xne(o,hz) for all 1 Sn<m) S M_e 4152, (4.12)
hy

We will later prove the following lower bound for (I).

Claim 1. There exists K;4(6) such that provided €; < €,/2 and m is sufficiently large, we have
Py, (T, = (1—2p)m) = Py, (T4, = m) = Ky€3" (4.13)

and
Pty = (1-2p)m) = P! (Th, =m) = Kyo€3". (4.14)

Assuming Claim 1, given 6 > 0, provided €, and €/ e% are sufficiently small (depending on

0,p,0), the 4th inequality in (4.1) follows from (4.10) and (4.12).
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Our next task is to use the coupling of {X,,} to {XEI}, from Section (3| to prove the 2nd and 5th
inequaltites in (4.I). Here h,. should be viewed as substitutes for h; which allow an error of
n+/m in the coupling construction. Fix m/2 <[ < m. We begin with the 5th inequality. From
the coupling construction we have

Py, (th, 1) < P}?;(Tgi_ >1)+ P;;(N(TE_) > ny/m, rﬁi_ <IATH). (4.15)

We need to bound the last probability. Consider first 6 # 0. Let A(x) = sup,,a(y), so
A(x) = o(1/x), and let dy = h%_A(hl_)/|5|. Suppose that for some time i and some even
integers dy < d < n+/m, the gap |X; — X'| < d and X' > h;_. Provided h;_ is large, by
the misstep probability for the next step is then at most

I51d  2|5|d
<

Al )+ 5= = :
h:_ T 2

Let G4, Ggy425- - -» Gayym—2 De independent geometric random variables, with G4 having pa-
rameter 2|5|d/h3_, and S = Gy, + Gy 42 + -+ + Gapym—2. The gap |X; — XP'| can change

(always by 2) only at times of missteps. Therefore if we start from the time (if any) before T%L

when the gap first reaches d, the time until the next misstep (if any) before Tfi is stochas-

BI

tically larger than G4, and then the time until the misstep after that (if any) before Thy is

stochastically larger than G4 4, and so on. It follows that
P;Z(N(TEL) > ny/m, 751_ <IATR)SP(S<I)<P(S<m). (4.16)

Note that for h;_ large (depending on n/€;),

hZ h2 2
E(S) _ Z 1— > 1— logn\/ﬁ > €7 log 0] ’
206dm — 45|m ° dy — 3216] °hy_A(hL)

m dg<d<2nvm,
d—dg even
which grows to infinity as m — oo; thus E(S) > m. In fact by standard computations using
exponential moments, we obtain that for some K;1(n, 5, €;) we have

P(S <m) < e Kuvm 4.17)

for all sufficiently large m, and hence by Claim 1,
0

In the case 6 =0, {XE’I} is a symmetric simple RW so there are no discrepancies, only alarms,
which have probability at most A(h, ) when the original RW is above height h;. Hence in place of
we have the left side of bounded above by the probability that a Binomial(l,A(h;))
exceeds m4/m, and this probability is also bounded by e Xuv™ and then the same argument
applies. Now (4.13), (4.15), (4.16) and (4.18) show that provided m is large, the 5th inequality
in holds.
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Turning to the 2nd inequality in (4.1)), the analog of (4.16)) is still valid, so from the coupling
construction, (4.17) and (4.14) (trivially modified to allow hq, in place of h;), we have

Py, (th, 2 m) > P%I(TEL >m)— P;Z(N(Thl) >nVm, T, <mA TEL) (4.19)
> P,]le(’rhpr >m)— e Kuvm

> (1= 60)P, (Tp,, = m),

proving the desired inequality.

The next step is to prove the first and last inequalities in (4.1)), by relating the probabilities
for {XE'I} to probabilities for the continuous-time Bessel process Y;. We need to establish the
following.

Claim 2. Given 0 < €; < €,,0 < p < 1/3 and 6 > 0, for sufficiently large m,

P,?zl(rhl_ >(1-2p)m) <(1+ Q)P}ie(rhl_ > (1-3p)m), (4.20)

and
P (th,, Z2m) = (1= 0)P¢ (th,, = (1+pIm). (4.21)

Suppose Claim 2 is proved. For the Bessel process we have the obvious inequality
Ppé(th,_ = (1=3p)m) < Ppe(7o = (1-3p)m), (4.22)

while
Ppe(Thy, = (1+pIm) = Ppe (7o = (1 +2p)m) = Pp* (70 = pm). (4.23)

It follows from (15) in [[23]] that for 6 > —1 and € > 0,

€%/2
1
Pf\eﬁ(ro >t)= J r—uK_le_“ du~Kj,e** ase—0, (4.24)
0 (x)

where K, = (2°kT'(x))~!. (Strictly speaking this seems to be stated in [23]] only for Bessel
processes with dimension in (0,2), i.e. 6 € (—1,1), but the same proof works for nonpositive
dimension, i.e. 6 > 1. The key is the 3 lines after (57) in Appendix B of [23]].) Applying this to
each probability on the right side of we see that for p and then €;/¢, taken sufficiently
small and then m large, we have

Pe (1o = pm) < OP¢ (1o = (1+2p)m),
and therefore by (4.23)),
Ppe(hy, = (1+pIm) = (1= 0)Pp¢ (19 = (1 +2p)m). (4.25)

Combining (4.21) and (4.25) we obtain the first inequality in (4.1]), while the last inequality in
(4.1) is a consequence of (4.20) and (4.22). This completes the proof of (4.1). Since p, 8 can
be taken arbitrarily small, (4.1) together with and (4.24) proves (2.7).
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Proof of Claim 2. Let T, = 0 and let T}, T,,... be the stopping times when the Bessel process
reaches an integer different from the last integer it has visited, so that XEI = Yy . Denote the
hitting times of h;_ in the two processes by T}%i_ and Tff_ andlet o; = min{t : Y, € {i—1,i+1}}.
Given k and xq,x5,..., X, with x; > h,_, let

A= {rgl =k}n{Xg =hy, XY =xp,.., X2 = x, ).

Conditionally on A, the random variables T; —T;_;, i < k, are independent, with the distribution
of T; — T;_; being
PJ]Z:(O'XHE'ly :Xi).

Oxi_1

The mean of this distribution is

E)}?ie_l (Uxi—l 5{Yo'xl._1 :Xi})

PJ]?il(Yoxi_l = xi)

Eps(T; =Ty | A) = (4.26)

We need estimates for the quantities
EP(0,6 EPe d PX(y, =x-1
x (Ox {YOX:x—l}): x (O-x) an x ( Oy =X )

Let

xI*0if 5 #£ 1,
s(x) = .
logx ifé6=-1

be the scale function for the Bessel process and let £ f given by

1 1/ 5 /
(Zf)0) =S f () = 5 f (%)

be its infinitesmal generator. For fixed x and z € [x — 1,x + 1] the functions f = f,,g =
g, hE = hf given by

h*(2)
s(x+1)—s(x—-1)

f@)=PF(Y,, =x—1), g(z)=E"(0,), = E;%(0,5y, —xs1})

satisfy
2f=0, f(x—-1)=1, f(x+1)=0;
Zeg=-1, gx—-1)=glx+1)=0;
(Zh)) =s(x—1)=s(z), h'(x—1)=h"(x+1)=0;
(Zh7)(z)=s(z)—s(x+1), h(x—1)=h(x+1)=0.
These can be solved explicitly, yielding that for 6 > —1,

s(x+1)—s(2)

fz)= s(x+1)—s(x—-1)
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1 4. 1 .
55t 10 e E T A if 5 #1,

1-6
2 —(v—1)2 _
_Zz logz + (x+1) log(x+1)4x(x 1)“log(x 1)22 +A/x if 5 = 1,

g(z)=

1-6 3+06

h () = D2 1345 +B 24D, if5#1,
(x —1)?22%logz — izd' +Bz*+D  if5=1,

1-6 346

h() _GHD 2y 1346 L Byl L DY if S £,
z)=
—(x +1)*2%logz + %24 +B/z*+D” ifs=1.

Note the formulas here for 6 = 1 are determined by the formulas for & # 1, by continuity in 6.
Here B, is given by

1-6)B, = dxlx DT L0 ey [ 2
(1- )x__(x+1)1+5_(x_1)1—5+1+5(x_ )wl(x_l)

with
146 (14+u)*? -1

1) = =1tut 2 2C
Mo s arioo1 "

w?+0@w®) asu—0,
B; is given by

(x —1)2(x+1)? |
B 4x

B'=1(x2+1) 0 1+i —(x —1)*log(x — 1)
) A 8 :

and B and B!/ are given by

y 4x(x + 1)+ 1-6 5 2
(1-6)B, = IO (D0 1+5(x—1) Py (—x_l)

and

X

1 —1)*(x+1)° 2
B = _E(XZ +1)+ (x )4(X ) log (1 + —) + (x + 1)*log(x + 1).
X x—1

Finally, A,,A’. and D,,D’ and D?,D!" are determined by g(x —1) = 0,h"(x — 1) = 0 and
h™(x + 1) = 0, respectively, but we do not need these values because we can use for example
g(x) = g(x)—g(x—1), and A, or A, cancels in the latter expression. From these computations
we readily obtain

h*(x)

1 1
f(x)—>§, g(x)—1, s(x+1)—s(x—1)_>§ as x — 0o, 4.27)

and then also

EX(o,|Y, =x—1)—1, EX(0,|Y, =x+1)—1 asx— oo.
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Therefore, uniformly in those A with all x; > h;_, as m — oo we have
Ep(Ti =Ty [A) - 1. (4.28)

It is easily seen by comparison to “Brownian motion plus small constant” that PZBe(ax > 1) is
bounded away from 1 uniformly in (large) x and in z € [x — 1,x 4+ 1]. Hence by the Markov
property Pfe (o, > t) decays exponentially in ¢, uniformly in large x. By (4.27), this means
there exist K3, Kq4 such that

B
f(x) 1= ()

for all t > 0 and all (large) x. Therefore for m sufficiently large, for all A and ¢,

P¥(o,>t|Y, =x*1)<max ( ) PP (o, > t) < Kjze M4,

PBe(T T;_1 >t |A) < Kyze Kt (4.29)

By standard methods, it follows from (4.28) and (4.29) that for some K;5(p),K;¢(p) not de-
pending on A,

Be Be
th ( T

h — Thy

>pTp |A) = PP (T — k| > pk | A) < Kyse ek, (4.30)
Therefore the same bound holds unconditionally, so

P};I(rﬁi_ >(1-2p)m) (4.31)

Be BI

< P,]fze (TEi >(1-3p)m) +P}]f‘2e ( Bl > (1 —2p)m, |78 — Thy

> pfg;)
= P}ie (Tgf, > (1 -3p)m) +Kyge” (1 72PKaem
<1+ Q)P}ie(’rfi >(1-3p)m),

where the last inequality follows from (4.23) and (4.24), for large m. Thus (4.20) is proved.
We have similarly from (4.30) (with 7}, trivially replaced by 7} ,) that

Pre(the = (1+p)m) (4.32)

<Py(th, =m)+Pr(r

h1+ - pTh1+)
< PBI (TBI > m) +K156_K16m

BI(,-BI
=75 (T, 2m),

so (4.21)), and thus Claim 2, are also proved.
Proof of Claim 1. From (4.21)), (4.25) and then(4.24)), we have
PBI(Th >m)>(1- 9)1913‘*(7,11+ > (1+p)m)
Be
>(1- 29)Ph2 (19 = (1+4+2p)m)

2K
2 K1762 B
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and it is straightforward to replace 7y, here by 7j, , proving the second inequality in (4.14).
The first inequality there is trivial.

The first inequality in (4.13) is also trivial, so we prove the second one. Using (4.14) and slight
variants of (4.16) and (4.17) we get that for large m,

Py, (Th, 2 m) = Py (i > m,N(m) < nv/m)
=P, (vh, =m) Py (T4, =m,N(m)>nv/m)
> Kype3* — e Kav'm

= 1K1062K,
5 2

completing the proof of Claim 1.
This also completes the proof of (2.7)), as noted after Claim 2.

5 Proof of (2.8) and (2.9)

For even numbers 0 < m < n, let

2

n
=Py(T9 =m), Apn=—"" i
fm 0( 0 ) m,n n—m+2;fj

A, is the average of the even-index f;’s with j € [m,n]. We use (2.10) and the following
convexity property of {f,,}.

Lemma 5.1. For all even numbers 0 < k < m,

+ fn—
fm < fm+k fm k (51)
2
and
fm SAm—k,m+k' (5.2)
Proof. Letx = {xg,...,Xxn,} be the trajectory of an excursion of length m starting at time 0, and

x' = {x,...,x] .} the trajectory of an excursion of length m starting at time k. (Necessarily,

_ — /7 __ / _ / PR . .
then, xo = x, = x; = x, ., = 0 and all other x; and x ; are positive.) Since k is even,
there must be an s € (k,m) with x; = x/; let T = T(x,x’) denote the least such s and D, =
{(x,x) : T(x,x’) = t}. For x,x’ € D,, by switching the two trajectories after time t, we obtain
an excursion y = y(x,x) = {xq,..., X, X 1,...,X, ., } of length m + k and an excursion y =
Y (%,x)={x],...,X},X11,...,Xp} of length m — k. The map (x,x") — (y,y’) is one to one and
satisfies

Po(x)P(x' | X} = 0) = Po(y)P(y' | X = 0).
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It follows that

f2= 3> D PP | X, =0)

t:k<t<m (x,x")eD,

= Z Z Py(y(x,x))P(y'(x,x") | X, = 0)

t:k<t<m (x,x')eD,

< (Z PO(Y)) D P 1 X, =0)
y y
= fm-‘rkfm—k
< fm+k +fm—k > .
o 2
Equation (5.2)) is an immediate consequence of (5.1). O

Let 6 > 0. Provided 7 is sufficiently small (depending on 6), we have from (2.10)), and
Lemma [5.1] that for n large and even and k = 2|nn/2],

Py(to=n)=fy (5.3)
< Ankntk
= k+1P0 ((1 —mn< 7y <(1+n)n)
—(K+1)
_(1+9)K01"( ) L(vV/n).

In the reverse direction, suppose f,, < (1 —0)A,_x ,_, for some 0 < k < n/2, with k,n even. By
Lemma [5.1]we have

k/2 k/2
2fes S <X an 4 (5.4)
j=1

k/2 k/2 f +f

n—4j+2 n—4j—

an 2j + - an 4j + — Z

k/2 k/2 k/2 (k+2)/2

an 2]+ an 4)+ an 4]+2+ Z fn 4j+2

1 k/2

— an 2]+ an 2m+ fn 2+ fn 2k—2>

and therefore
k)2

1+6
an 2] an 2]+ fn 2k—2> (5.5)
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which in the case k = 2|nn/2] gives
1+6)P(1-mn<t9<n-2) (5.6)
1 1 nn
< EPO ((1—2n)n5705n—2)+ZP0 (To=n—4 {7J —2).

For small n and large n, this contradicts (2.7), showing that we cannot have f, < (1 —
0)A,_k n—o- Therefore for large n, using (2.7) we have

Py(to=n)=f, (5.7)
> (1 - G)An—k,n—Z
= —2(1k_ Q)Po (A-mn<to<n-2)
2—K
>(1- 29)%n—<’<+%(ﬁ).

This and (5.3) prove (2.8).
We now prove (2.9). Let P denote the distribution of the Bessel-like RW dual to P, that is, the
walk with transition probabilities p, = q,,q, = p, for x > 1. In [14] it is proved that for n
even,

P(ty>n)=P(X,=0). (5.8)

For 6 = —1, the dual walk has drift parameter & = 1, so ([2.9) follows by applying (2.8) and
(2.20) to the dual walk.

6 Proof of Theorem 2.2

We want to use ([2.13) so we need to approximate
fn(k) =P (to=n) and P (X,=0).

We sometimes omit the superscript (k) when it is equal to 0. We start with the following relative
of Lemma[5.1]

Lemma 6.1. Let 0 <p <qg<r <s<ooand 0 <k <. Then for | — k even,
P(to € [p,qDPr(7¢ € [1,5]) < Pi(7¢ € [1r,s])Pe(7o € [P, q]), (6.1)
and for | — k odd,
P(to€[p.qDP (1o rs]) < P(to€r+1,s+1])P(to€[p—1,g—1]. (6.2)

Proof. Suppose first that [ — k is even. Consider a lattice path x starting at (0, k) in space-time
which first hits the horizontal axis at a time in [r,s], and a lattice path x’ starting at (0, 1) which
first hits the axis at a time in [p, q]. Since [ —k is even, there must be a t € (0,q] with x, = x.
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Switching the two trajectories after the first such ¢t and proceeding as in Lemma [5.1] we obtain
(6.1).

For [ — k odd we repeat this argument but with the path x shifted one unit to the right, that is,
started from (1, k). O

Here are some special cases of interest for Lemma particularly when comparing point
versus interval probabilities for 7.

Corollary 6.2. (i) Forall0<k<l<nandj>O0withn—1landn+j—k even,

00
el < el if | — k is even, (6.3)
® =0
and (k) Q)]
NN
L i ks odd. (6.4)
(k) f(l)
n—1 n
(i) Forall 0 <1 <m,
P(tg=m) < M;Py(to=m) ifliseven, (6.5)
and
pI(TO = m) < MIPO(TO =m-—- 1) lfl is odd. (6.6)

(ii)) Forall L >0and 0<p <qg<m,

Py(to— 11 € [P,qD)

Pi(tg =m) > M;Py(ty =m) Py(to € [p,q])

if L is even, (6.7)

and
Py(to— 71 € [P,q])

Po(to€[p—1,9—1])
By Corollary to show that P;(ty = m) can be well approximated by M;P,(t, = m) (or

M;Py(t, = m — 1), depending on parity), it is sufficient to find, given m, values p < q < m for
which the fraction in (6.7)) or is almost 1. We will see that this can be done for m > 2.

P(to=m) = M;Py(to=m—1)

if L is odd. (6.8)

Proof of Corollary[6.2} (i) Take p =q =nand r =s = n+ j in Lemma to get f(V f,g?] <

D £ ; ..
fi i fn( ) in the case of even | — k, and similarly for odd [ — k.
(ii) Consider even [. We may assume m is also even, for otherwise the left side of is 0.

Applying Lemma|[6.I|with k =0, p =q = r = m and s = oo we get

P(tg=m)
P(to=m) < Po(to > m)Po(To =m), (6.9)
while by (4.2)),
1
MPZ(TO Z m) S PO(TO Z m). (6.10)
l
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Together these prove (6.5). For odd [ we may assume m is odd, and in place of we get

PZ(TO >m+ 1)

P(ty= <
0= = ez m

PO(TO =m-— 1), (6.11)
and the rest of the proof is essentially unchanged, since P;(ty > m+ 1) < P;(t¢ > m).

(iii) Consider even [. We may assume m is even, for otherwise the right side of is 0.
Applying Lemma 6.1 with k = 0, [r,s] = {m} we obtain

PI(TO € [pa q])

o =m = e tpa])

Po(to =m), (6.12)
while by (2.3)),

MLZPI(TO € [p,q]) = Po(t; < 10)Pi(7o € [P,q]) = Po(To — 71 € [P, q]), (6.13)
and together these prove (6.7). For odd | we may again assume m is odd and take [r,s] =

{m — 1}, so that in place of (6.12)), using (6.13)) we get

P(to € [p,q])
Py(toelp—1,9q—1])
Py(to— 71 € [P,q])
"Po(toep-1,q—1])

P(tg=m)> Py(tg=m—1) (6.14)

PO(TO =m-— 1).
O

Note that if we take k = 0 and j < n in (6.3)), we see from (2.8) that the left side of is
close to 1, so the right side cannot be much less than 1 for any [ > 0.

For the Bessel process we have by (4.24) that for 0 < a < b, recalling x = (1+ 6)/2,

k%/2a
Pfe(’ro €[a,b]) = J uleTU du. (6.15)

k2/2b F(K)

As a step toward approximating Py (X,, = 0) we have the following “interval” version of Theorem
for midrange starting heights (k of order /m); for these we apparently cannot get sharp
results from Corollary[6.2)(ii) and (iii).

Proposition 6.3. Let 6 > 0,y >0, 0 < A, < Apax and 0 < a < b. Provided y is sufficiently
small (depending on 6), A,y is sufficiently small (depending on 6, y),

b € [Amin, Amax]’ (616)
the starting height k is midrange, that is,
Jay <k <+/a/y, (6.17)
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and a is sufficiently large (depending on 0, y, Apin, Amax), We have

(1—6)PP(7g € [a,b]) < Pe(tg € [a,b]) < (14 0)P*(7¢ € [a, b]) (6.18)
and
L-0b=a (RN jepe_p b 6.19

2 K
<1+9b_a k_ e_kZ/za
“I'(x) b 2a '
Proof. Let 0 < p < Apin/8 and ¢ > 23 > 0. We always select our constants in the following
manner: 0 is given; we choose y then A .., and then A_;;, < A, is arbitrary, then we choose
p and then ¢ and 8 (which appear in (6.20)) below.) Finally we choose [a, b] as specified. Each

choice may depend only on the preceding choices, and when we say a parameter is “sufficiently
large” (or small), the required size may depend on the previous choices.

The general outline is similar to the proof of (2.7). Analogously to (4.1)), we will establish the
following sequence of ten inequalities:

(1-60)PPe(7g¢ € [a, b]) (6.20)

<(1-50)P* (7 € [(1+2p)a,(1—3p)b])

<(1- 40)P,?e(r‘§; € [(1+4p)a,(1—-3p)b])

<(1- 39)P§I(r‘§}( € [a,(1-2p)b])

< (1= 0)P(7z—2px € [a,(1 - p)b])

< Pi(to € [a,b])

<1+ 0P (128 € [(1 - p)a,b])

<1+ 49)P]?I(T?}< e[(1-pla,(1+p)b])

<1+ 50)P]fe(T?i e [(1-2p)a,(1+2p)b])

<1+ 70)Pfe(Tge e[(1-2p)a,(1+3p)b])

<1+ 89)P]]<3€(Tge € [a,b]).
As with (4.1)), this should be viewed as five “sandwich” bounds on Pi(7, € [a, b]), with the
outermost sandwich yielding the desired result.

Provided A,,,./0y is sufficiently small and the second inequality in (6.17) holds, the gamma
density

f(w)= LuK_le_” u>0
T I(K) ’ -
satisfies
k2 k? k% k2
(1-06)f, (%) < fi(w) < (1+0)f, (Z) forallu e [%’Z} .
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Then by (6.15),

1-0b—a [(K*\"
P>*(7o € [a,b]) > T b (%) e7K/2a (6.21)
and, using also the second inequality in (6.17),
1+6b—a (k*\"
PEE(TO S [a, b]) < WT (Z) e—k2/2a. (6.22)

Therefore (6.19) follows from (6.18). The inequalities (6.21) and (6.22), with minor modifi-
cations made to 6,a and b, also prove the first and last inequalities in (6.20), provided p is
suficiently small (depending on 6, A, ¥.)

Turning to the 2nd and 9th inequalities in (6.20), provided {?/p y is sufficiently small (depend-
ing on 8), using (6.15) we have

PX(to € [(1—2p)a,(143p)b]) = P (g € [(1—2p)a, (1 + 2p)b:|)P?ke (1o < pb) (6.23)

— pBe _ OO L k=1 ,—u
=P (1 € [(1—2p)a,(1+2p)b]) u* e " du
Csz/Zpb F(K)

>(1-0)P*(t € [(1—2p)a,(1+2p)b]).
This proves the 9th inequality in (6.20). In the other direction,

PX(to € [(142p)a,(1-3p)b]) < P (g € [(1+p)a, (1 —-3p)b]) + P?f(ro > pa).

(6.24)
From (6.16), (6.17) and (6.21)),
K
PX*(to € [(1+2p)a,(1-3p)b]) > % (g) e 122, (6.25)
and hence by (4.24), provided {?/p is sufficiently small (depending on 8, A ., x),
%k%/2pa
P?,f(ro >pa) = L ﬁu’(_le_“ du (6.26)

1 (gzkz)"
<
~ kI'(x) \ 2pa
< OP*(tg € [(1+2p)a,(1—3p)b]).

With (6.24) this shows that

1
PRe(Ty € [(1+2p)a,(1-3p)b]) < T PP (s € [(1+p)a,(1-3p)0]),  (627)
which proves the 2nd inequality in (6.20).
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Next we consider the 3rd and 8th inequalities in (6.20), in which Bessel-process probabilities
are compared to similar probabilities for the imbedded RW. First, for the 8th inequality, analo-
gously to (4.31) we have for some K; = K;(p) that

PBI(T €[(1-pla,(1+p)b]) (6.28)
< PE(v5 € [(1-2p)a,(1+2p)b])
+PBe(’L’ € [(1—p)a,(1+ p)b], |T§k—T k|>pa)
< Pp*(v5; € [(1-2p)a,(1+2p)b]) + Kyge .

By (6.17), (6.27) and (6.25)), there exist K5y = Ky0(0, Amin, ¥) and Ky = Ky1(0, Apin, X, 0)
such that for a > Ky,

Be K 1 —-K a
P; (T €[(1—-2p)a,(1+2p)b]) = Kyga™* > 5¢ 19 (6.29)

which with (6.28)) and (6.23) shows that

PBI(’L’ €[(1-pla,(1+p)b]) < (1+9)PBe(T € [(1-2p)a,(1+2p)b]), (6.30)

so the 8th inequality in (6.20) is proved. For the 3rd inequality, similarly to (6.28) and (6.30)
we get

PBe(T €[(1+pla,(1-3p)b]) <PBI(T € [a,(1—2p)b]) +e K9, (6.31)
which together with a slight modification of (6.29) gives
(1- O)PBe(T €[(1+p)a,(1-3p)b]) < PBI(T € [a,(1-2p)b]), (6.32)

yielding the desired result.

Now we consider the 4th through 7th inequalities in (6.20), comparing probabilities for the
imbedded RW to similar probabilities for the original RW, and comparing the hitting times of
(£ — 2B)k and 0; for this we use the coupling of {X,} and {XEI}. First, for the 4th inequality,
observe that for walks starting at k, if TBI € [a,(1 —2p)b] and the number of missteps by time

Ck is less than Sk, then at time TBI the stopping time T(;_,gy for the RW {X,} has not yet
occurred and this RW is located in ((C 2B)k, (¢ + 2B)k). Therefore

pBI(r € [a,(1—-2p)b]) (6.33)
< pf (T(g zﬁ)k<Tl§;{/\(1—2p)b N(T(Z_,’ 2[3’)k)>ﬁk)
+ P (T [a,(1=2p)b], Tr—apy > Tgk,X s € ((—2B)k, (L +2B)k)).

Let
D= {v}; € [a,(1~2p)b], Tg-apy > T Xant € (L~ 26Dk, (£ +26)k)}

denote the last event in (6.33). When D occurs, the RW {XEI} reaches height {k at some
time [, and when it does, the RW {X,} is at some height j close to {k, so {X,} has a high
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probability to reach height ({ — 23)k within an additional time pb. More precisely, for j €
((Z=2B)k, (¢ +2B)k) and I € [a,(1 —2p)b], provided {?/py is sufficiently small (depending
on 0), using [2.6), (2.7), @.2) and our assumption a > yk? we have
P{(7(¢-2p € [a,(1—p)b] | DN {T?;{ =1,X;=j}) (6.34)
=Pi(tc2pn <1 =p)b=1)
2 Pi(t(c-apk < PD)
> 1—M;Py(tg = pb)
>1-6.
Since [, j are arbitrary, the same bound holds if we just condition on D. From this and (6.33)
we get
P,?I(’L'?}( € [a,(1—2p)b]) (6.35)
< Py (T(g—2pyk < Tgi A1 = 2p)b, N(T(gzpy) 2 BK)

+

1
= ka(f(z;—zmk € [a,(1 - p)b]).

Reasoning similarly to (4.17) using (6.17)), and then using (6.21]) and (6.32]), we get that for
some Ky,({, 8) and K»3(L, B, 0, Apin, x), for a > Ko,

P;: (T(C—Z[J’)k < T?;{ A} (1 - Zp)b,N(T@_z/j)k) > ﬁk) (636)
< ¢ Kanva

< GPI?I(T?%( € [a,(1-2p)b]).
With (6.35)) this shows that
(1- 0)2P,?I(r‘§}< € [a,(1-2p)b]) < P(t(r—2py € [a,(1 - p)b]), (6.37)

which yields the 4th inequality in (6.20).
For the 5th inequality in (6.20), from (2.6), (2.7), (@.2) and (6.17), provided {2/py is suffi-

ciently small (depending on 8), we have
P—2py(To > pb) < Mz opuPo(To = pb) < 6.
Hence

(1 — Q)Pk (T(C—Zﬁ)k S [a, (1 — p)b]) (6.38)
< P (T(¢—2p0k € [a,(1 = p)b]) Pr—spy (70 < pD)
< P (7o € [a,bl),

which proves the 5th inequality.
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Next, to prove the 7th inequality in (6.20), we can repeat (6.33)—(6.37) with {X,} and {XEI}
interchanged, and with {k, ({ —2f3)k replaced by ({ +2f)k, {k, respectively, to obtain first the
following analog of (6.35) and (6.36)):

Py (T(§+2[3’)k e[(1- p)a, b]) (6.39)

1
< P{ (78 < Tiraapy AbN(TE) 2 BK) + 2 Pe((w8 € [(1 = pa, (1 -+ p)b])

_ o _
< 0P (T(z42pk € [(1—pla, b]) + = GPk ((r7 € [(1=pla, (1 +p)b]),

and from this the analog of (6.37):

Pe(T(zsop € [(1—pla,b]) < (1 + 39)p,?1(¢’§}< €[(1-pla,(1+p)b]), (6.40)

so the 7th inequality is proved. Here for the second inequality in (6.39)), analogously to (6.36),
we require a lower bound for Py (7(r42p)x € [(1 — p)a,b]), and this follows from (6.21) and
the inequality

Pk(T@—Zﬁ)k €la,(1—-p)b]) = —>

which is contained in the first four inequalities of (6.20]), with trivial modification to replace
¢ —2p with {4+ 2 and [a,(1 — p)b] with [(1 — p)a, b].

For the 6th inequality, we have
P (7o € [a,b]) < Pr(7 (128 € [(1 - p)a, b]) (6.41)
+ P, (T(C+2ﬁ)k < (1 — p)a, To € [a, b])

Let us show that the last probability in (6.41)) is much smaller than the first one. The Markov

property at T i), together with (2.6), (2.7), (4.2) and (6.17), yields that for some Ky,
provided a is sufficiently large,

P,f’e(’ro € [a,b])

Pe(T(grop < (1= p)a, 7o € [a,b]) < Piapy (70 = pa) (6.42)
< M¢12pPo(To = pa)

Czkz K
§K24( oad |

From (6.17), (6.21) and the first half of (6.20) we have that for some Kjs,

23\ K
Pe(7o € [, b]) = (1 — 60)PEE( o € [0, b]) = KpsAmme /22 [ <
k(TO a, )—( )k (TO a, = KosApine " .

From this and (6.42) we obtain that provided {?/p is sufficiently small (depending on
Apnin, 0, ), the ratio of the last to the first probability in (6.41) is at most 6, which with
(6.41) shows that

(1-0)P (7o € [a,b]) < Pr(T(r42p € [(1 — p)a,b]),
proving the 6th inequality in (6.20]), which completes the full proof of (6.20). Statement (6.18])
is then immediate, and then, as we have noted, (6.19) follows. O
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Let us now prove Theorem for low starting heights—suppose that

1<k</ym.

Let a € [m/2,m). We will use Corollary[6.2)(ii) and (iii), with [p,q] = [a/2, a], together with
(2.8). By (2.8), provided p is sufficiently small (depending on 6) and then a is sufficiently
large, we have

P, (ro—rke[%,aD) 1 (6.43)
n(szrame | (Lep)ad])
=P0(T0€|:(%+p)a,a:|)|:1—P0(Tk>pa TOE[(%—Fp)a,a})}

> -0 (e [5.]) [1- (707 pa| roe [ (3] ] )|

We need an upper bound for the conditional probability on the right side of (6.43)). For some
Ky6, K57 we have from (2.6)), (2.7), (6.17) and Lemma that provided y is sufficiently small

(depending on 9, p),
1
P, (Tk>pa Tg € [(E—i—p) a,a}) (6.44)
Py(ti ATo > pa)

"R (e [Gro)ed))

—Kypa/k?

e
<Kjg—o
=" Ma*L(va)

L(k) i K —K, a/k?
5K27L(¢a)(k2) e

<0.
Now (6.43), (6.44), and show that
Py (TO — T € [%,a:| )) >(1-28)P, (TO S [g,a}) (6.45)
>(1-360)P, (TO S [% —-1,a— 1])
which with Corollary [6.2](ii), (iii) shows that
(1-30)MPy(tg =m) < P (tg=m) < M Py(ty=m), m even, (6.46)
(1-30)MPy(tg=m—1)< P (tg=m) < My Py(tg=m—1), modd. (6.47)

This and (2.8) prove (2.14).
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Next we prove Theorem for midrange starting heights—suppose

Jz<k< |2
5

Let 6 > 0 and let 0 < A, < Ap.x be as in Proposition For the first inequality in (2.15])
we use Corollary [6.2|(i) and Proposition From Corollary [6.2)(i) and Theorem for m
large with m — k even, and 0 < j < A_,;,m with m — j even, provided A, is small enough
(depending on ), we have

©
£ > ]f:(o) fO.= (1= 0)fY, if kis even, (6.48)
m—j
FO )
[Pz > -0, ifkisodd, (6.49)
m—j—2

so that, averaging over j and applying Proposition[6.3] provided A ;, is small enough (depend-
ing on y,0),

P(to=m) > (1—26) Po((1 = Apy)m < 7o < m) (6.50)

min

K
2 k_z e—k2/2m
r'(k)m \ 2m '

For the second inequality in (2.15) the proof is similar: in place of (6.48) and (6.49) we have
that for m + j even,

>(1-30)

fu = Jf«» fugy S L+0)f; if kis even, (6.5
m+j
£ o )
k m e
£ < O foiin SA+0)f0,, ifkisodd. (6.52)
m+j
and then as with (6.50)),

Pi(to=m)<(1+6)

Pk (TO € [m; (1 + Amin)m])

min

2 K\" .,
— | e7K/2m 6.53
I'(k)m (Zm) ¢ ’ (6.53)

completing the proof of (2.15).

Last, we prove Theorem for high starting heights. We may assume k < m. From the first
inequalities in (6.51) and (6.52) and from Theorem [2.1] averaging over j € [0, m/8] we obtain
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that for m large and 0 < h < k/3 we have

91" 32
P(tg=m) < (—) —P; (TOE [m, m})
8 m
< (2) 2, (<2 654
_(8) m k(’rh_8m). .54)

To bound the last probability we couple our Bessel-like RW to a symmetric simple RW. Recall
that N(t) denotes the number of alarms by time t, and let

®| O

N* =

9
{i < gm 1 X; > h,Xl.Sym > h,and an alarm occurs at time i

Analogously to (4.15) we have
9 * sym 9 * sym 2
Py Thfgm =P | 73, >Th,ThS§m +P | Ty STp=cm

9
<P{(N*>h)+P" (r;f“ < gm) . (6.55)

(0]

We now take h = k/8; we assume for convenience that h is an integer. If m, (and hence k) is
large enough, then sup, /g [Py — %I < 2(1+16|)/k. Then N* is stochastically smaller than a
Binomial(9m/8,2(1 + |6])/k) random variable. We apply Bennett’s Inequality (see Hoeffding
[26]), which states that for a Binomial(n, p) random variable Y and A > np,

P(Y > 2) < e M(p(-p)/2),
where 1) is the decreasing function
1
Y(x)=(14+x)log (1 + ;) —1.

For x < 1/4 we have ¢(x) > 1 and hence ¢(x) > %(1 + x)log (1 + %) >
for A > 4np,

%log%. Therefore
P(Yy>A)< e—(l/Z)log(l/np)’
and in particular, provided y is sufficiently small we have
P (N* - g) < ¢~ (/16)10g(k2/1801+5)m) < o—k/4 < o=k/4m. (6.56)
Also, again provided y is small, by Hoeffding’s inequality [26]],

P (rsym < gm) <2p™ (Xsym > Ek) < eK/Am,
8 4

k/4 = 9m/8
which with (6.54), (6.55) and (6.56)) yields
9\ " 64 1
Plto=m) < (—) —ek/Aam < Z pK?/8m (6.57)
8 m m

completing the proof of (2.16]).
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7 Proof of Theorems 2.3/ and 2.4

Theorem [2.4] is a straightforward consequence of Theorem and (2.5)), so we prove
Theorem We use (2.21)), applying Theorem and (2.18)—(2.20) to approximate the
products on the right side.

We consider first part (i), for low starting heights, i.e. 1 <k < /yn. By (2.7), and
and Theorem [2.2] given 6 > 0, taking p and then y sufficiently small, for n large, we have the
following sandwich bound for P,(X,, = 0):

(1 —260)Py(X; =0) 7D
<(1-6) min PyX;=0)
(1-p)n<j<n
<P(tg<pn) min_ Py(X;=0)
(1-p)n<j<n

<P(X,=0)
<  max  Py(X;=0)+ Z Pi(to=n—j)Py(X;=0)

(1=p)n=j=n 0<j<(1-p)n
<(1+4+6)P(Xz=0)+ max P(to=n—1) Z Po(X;=0)

0<i<(1-p)n 0<j<(1—p)n
< (1+ 0)Py(X; = 0) + Kag(pn) “*VL(VIM 7 Y. Py(X; =0).
0<j<(1-p)n

We need to show that the second term on the right side of is small compared to the first
term on the right side. From (2.18)—(2.20) we see that for some K,o, in all three cases, the
sum in that second term is bounded by Ky9nPy(X; = 0). Therefore, using and (2.8), if y
is sufficiently small (depending on 6, p) then for large n, the second term is bounded above by

K

X
2K28K29FP0(XF1 =0) < OPy(X; = 0).
With (7.1) this gives
(1—26)Py(X; = 0) < Pi(X,, = 0) < (1 +26)Py(X;; = 0), 7.2)

as desired.

Next we consider part (ii), for Ey(7,) < oo and midrange starting heights, .,/ny <k < 4/n/yx.
By (2.18) there exists n; such that

— <P (X, =0)< 240
Eo(to) ~ 0¥t ~ Ey(7o)

Let 0 < ¥ < yx. Then using (2.21) and Theorem (with 7 in place of y), provided ¥ is

for all even n > n;.
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sufficiently small, and then n (and hence k) is sufficiently large,

n—yk?
P, =0)> Y Pi(tg=n—j)Py(X;=0) (7.3)

j=m
2—-0

= Z Pi(to=m)
Eo(7o) m: 7 k?<m<n-n;,m—k even

2 K

_2-36 T 2 (k_) Y

Eo(7o) m: 7k2<m<n-n;,m—k even P()m \ 2m

n—n 2 K
, 246 [rm g (k_) K2 g
EO(TO) Jka F(K)X 2x

2-46 [V 1

EO(TO) Jk2/2(n—n1) F(K)

2-50 ([ 1
>

Eo(70) Jy2 /2 T

u e U du

U et du.

In the other direction, we have similarly

n 2k 2450 ([© 1
P(to=n—j)Py(X;=0)< u" e du. (7.4)
J;nl Ko 0 EO(TO) k2/2n F(K)

Also similarly to (7.3)), given a > 0 we have for sufficiently small 7 that provided n is large,

1/27
1
P(gk: <ty <Kk} /7)>(1—a) uleTt du>1-2a, (7.5)
g2 1)
so in particular, for small 7,
o0
~1.2 1 k—1_—u
Pty < 7k*) <6 —u"" e ! du.
1725 LK)
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Wwith (2.18), (2.21), (7.4) and Theorem [2.2]this gives

2450 [ 1
u
EO(TO) k2/2n F(K)

+P(n—n; <79 <n)+P1y< 7k?) max Py(X;=0)
n—jyk%/2<j<n

P(X,=0)< K=le7U duy (7.6)

2+50 (1
<
EO(TO) k2/2n F(K)
+ Ksomy k—2 Ke_kz/zn + —39 N —1 U leTt du
n 2n Eo(Tp) 1/24 I'(x)
2+96 [ 1
<
EO(TO) k2/2n F(K)

u* e U du

ule™" du,

which with (7.3) proves Theorem [2.3|(ii) for midrange starting heights.

Now consider part (ii) for high starting heights, k > y/n/y. We may assume 6 < 1. Analogously
to (7.4) we have using (2.21)) and Theorem [2.2) that

n—k 1

. _ 12
Z Pk(Tozn—J)Po(XjIO)SE( ) o k?/8m
j=ni+1 ol%o m:k<m<n—n;—1,m—k even
n—n,
< 3 kif le—kz/Sx dx
Eo(To) k k X
3 k+1 f ke »
== e “du
EO(TO) k k2/8(n—n1)
< (7.7)
Ey(7o)
Further, as in (7.1)), using Theorem [2.2]
n n;—1
ZPk(To =n—j)P(X;=0) < (I])lz;ka(ro =n-— j)) Z Py(X; =0)
j=0 - j=0

S nl + 1e_k2/8n.
n

(7.8)

Now (2.21)), (7.7) and (7.8) prove (2.24).
We turn now to part (iii), for —1 < 6 < 1 and midrange starting heights ,/ny < k < +/n/y.
We use the fact that

1
1
L —(1 SRR e~ /(-1 gy = I'(xk)a ™ e™® foralla,x >0, (7.9)
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as can easily be seen via the change of variable v = (1 —u)~!. By (2.19) there exists n, = n,(6)
such that

(1-6)2Ko _1_y. — 1 o (1+6)2°K,
Taog "IV SR =0 S o

for all even n > n,. Analogously to (7.3)), provided j/y is sufficiently small, using (2.21)), (7.9)
and (7.10) we then obtain that for large n,

n~ = L(yn)! (7.10)

P.(X,=0) (7.11)

n—jyk?
> Z Pi(to=n—j)Py(X;=0)

j=ny

K 2 K
. (2-0)27K Z 1 k e k2= =R (7)1
T rra-x) e n—j 2=
Jj even

- (1-0)2"K, L) n=zke 1 k? § —k2/2(n—x) 1 d
“Teora-o Y ) n—x\2i-0) © i

_ « 2\ kK pr1-7k%/n
_ (1 9)2 Ko n_(l_K)L(\/ﬁ)_l k_ 1 e—kz/zn(l—u) du
['(x)I'(1 - k) 2n s (1 —u)ttryl-x

(1—26)2%K, )
>~ On-U=8pym) ek 2,
= r(1-x) (V)™

In the other direction, analogously to (7.4), from a calculation similar to (7.11) we get

n—jk? K
1+ 26)2%K,
E Pi(to=n—j)Py(X; =0) < Qn—(l—%(\/n)—le—kzﬂ”. (7.12)
= r'1—-«)
With (2.21), (2.19) and Theorem this gives the analog of (7.6): provided y is taken suffi-
ciently small and then n sufficiently large,

(X, =0) (7.13)
(14 20)2°K, 2
< —(1—K)L —-1_-k*/2n
=TTa-x0 (V)
+n, max P (tg=n—j)+P(t, < 7k?) max Py(X;=0)
0<j<n, n—jk2<j<n

(1+260)2K, )
< (=K ( /)~ 1e—k2/2n
= TTa-w (vn)

1+ 26)2FK,
(42002 K -1y

-1
+K31(X)n ‘I’Q r(l—K)

(14 40)2°K,

-(1-K)p -1 —k2/2n_
= TTa-x) (Vm)~e
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Here the second inequality uses the fact that by (7.5), we can make P,(t, < 7k?) as small as

desired by taking 7 small. Together (7.11) and (7.13) prove Theorem [2.3[(iii) for midrange
starting heights.

We turn next to part (iii) for high starting heights, k > 1/n/y. There exists K3, such that for

2
0<a<K3,

ie_“j; < EOL_KL (i)_l. (7.14)
= jl_KL(\/}) K va

Then analogously to (7.3) and (7.11), when k < K3,n, using ([2.21), (7.10) and Theorem [2.2]

we have for large n,

n—k
Zpk(fo =n— j)Py(X; =0)

J=n3
1+ —k
2K nZ Ve
F(l — K) =y -] jl—KL(\/;)
2+
< 277K, |:%e—k2/8n Z e—kzj/gn2 1
FA-=x)Ln nySi=n/2 JTRLGY)
1 2 . 1
T N /8(n—])—}
n/2<j§n—kn_J jl_KL(\/})
24K L 4K 2 -1 n
S 2 KO 4.4 e—k2/8n (E) KL (E) +%e_k2/4n2 1
'Ni—«)| xn k k n j:]__jl_KL(\/})
227 Ko [4-4° ojgn (MY (71 4 e
< —k*/8n (—) L (—) + —e K/AnprE -1, 7.15
- 1—'(1—1(')|: Kn ¢ k k Kne L) ( )

Here in the third inequality we used the fact that (n — j )_1e_k2/ 8(n=J) is a decreasing function
of j, and the fact that L is slowly varying. Provided y is sufficiently small, the second term
inside the brackets on the right side of is smaller than the first term; using this,
and Theorem [2.2] we obtain that for some Ks3(x), provided y is small enough,

24K Kay o n\2< rny-l
P(X,=0 <——’</8”(—) L(—) E P(to=n—j
k(Xn =0) < KF(l—K)ne X ) K (To=n—J)

0<j<n,

4+3 —
< 2 KKOK?’Ze—kz/Sn (E)ZK L (n) 1 N @e—kz/Bn
n

~ xkI'(1 —x)n k k

< Kgge K180~ (/n)~L, (7.16)

Here n, = ny(1). This proves (2.26) when k < K3,n. If K3on < k < n, in place of (7.15) and
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(7.16) we have using (2.16) that

n—k
Pi(X, =0)= > Py(to=n—j)Py(X; = 0)
j=0

S Lo
="
S K34e_k2/8n, (7.17)

from which (2.26) follows.

Next we consider part (iv), in which 6 = 1, Ey(7,) = 00, in the case of midrange starting heights
JTx <k < 4/n/y. In this case u, is slowly varying, and by (2.20) there exists n; = n3(6) such
that

2+6
<Py(X,=0)< for all even n > n,. (7.18)

po(n) — ~ uo(n)
Then analogously to (7-3)), using Theorem [2.2] (2:21)) and (7.18), for large n,

n—jk?
P(X,=0)> > Py(tg=n—j)Py(X; =0) (7.19)

j=n3

K
_4—36 S 1(K Rjam 1
~ (k) m \ 2m to(n —m)

;ZszmSn—n3

n—m even

2-20 (% 1
> — —u*" e " du,
o(n) Jiz /g, T(K)

and similarly

n—jk? 00

. 2420 1,
D Pt =n—j)Py(X;=0) < u*le " du. (7.20)
& o) Jye 3 TC)

Using (2.21), (7.18), (7.20) and Theorem and taking j sufficiently small, we obtain the
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analog of (7.13):

2420 [ 1
<

Mo(n) k2/2n F(K)

+n3 max P(to=n—j)+P(to<fk?) max PyX;=0)

0<j<ns n—jk?<j<n
2420 [ 1
<
bo(n) Jy2/3, T(R)
-1 6 > I -
+ Kss(y)n "+ u“ et du
A‘J"O(n) 1/2)( F(K)
2440 [ 1

<
N .U'O(n) k2/2n F(K)

u*le ¥ du

u et du

u e du.

Together (7.19) and (7.21)) prove Theorem [2.3|(iv) for midrange starting heights.

Last we consider part (iv) for high starting heights, k > /n/y. We may assume 6 < 1. When
k < K3yn and k is sufficiently large, we have analogously to (7.15), using (7.14) and Theorem
2.2,

n—k
Zpk(’fo =n—j)Po(Xj =0)

j=n3

o—k2/8n—j) 3

<275 o)

< ge—kz/Bn Z e—kzj/Sn2 1 + 6(:‘ k% /4n 1

n ns<j<n/2 Ho(j)  m n/2<j<n—k Ho(7)

2 23\ 1
< 9_6e—k2/8nn_‘u0 n_z +e—k2/4nL
n k? k Uo(n)

< e—k2/8n 7

. 7.22
=M (7.22)

In the last inequality we have bounded (n?/k?)ug(n?/k?)~! by n/96ug(n), valid for y suffi-
ciently small because n?/k? < y2n and yy is slowly varying. Then using (2.21)) and (2.16),

7

2
P(X,=0)<e F/8n— 4 P(to=n~j)
" o (1) 1;,13
< e—k2/8n 7 Ee—kz/Sn
B uo(n)  n
<o S (7.23)
uo(n)
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If instead K3on < k < n, then (7.17) is valid. In fact, a look at (6.57) shows that, by reducing
x if necessary, we can replace 8 on the right side of (7.17) with any constant greater than 4.
Therefore in place of (7.23) we have for large n that

1
Pu(X, =0) < Kgqe K/6n < ——_~K/8n, (7.24)
o(n)
Thus (2.28) holds in both cases.
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