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Abstract

An approach to analyse the properties of a particle system is to compare it with different pro-
cesses to understand when one of them is larger than other ones. The main technique for that is
coupling, which may not be easy to construct.

We give a characterization of stochastic order between different interacting particle systems in a
large class of processes with births, deaths and jumps of many particles per time depending on
the configuration in a general way: it consists in checking inequalities involving the transition
rates. We construct explicitly the coupling that characterizes the stochastic order. As a corollary
we get necessary and sufficient conditions for attractiveness. As an application, we first give the
conditions on examples including reaction-diffusion processes, multitype contact process and
conservative dynamics and then we improve an ergodicity result for an epidemic model .
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1 Introduction

The use of interacting particle systems to study biological models is becoming more and more fruit-
ful. In many biological applications a particle represents an individual from a species which interacts
with others in many different ways; the empty configuration is often an absorbing state and corre-
sponds to the extinction of that species. An important problem is to find conditions which give either
the survival of the species, or the almost sure extinction. When the population in a system is always
larger (or smaller) than the number of individuals of another one there is a stochastic order between
the two processes and one can get information on the larger population starting from the smaller
one and vice-versa.

Attractiveness is a property concerning the distribution at time t of two processes with the same
generator: if a process is attractive the stochastic order between two processes starting from different
configurations is preserved in the time evolution (see Section [2.1)).

The main technique to check if there is stochastic order between two systems is coupling: if
the transitions are intricate an increasing coupling may be hard to construct. The main result
of the paper (Theorem Section gives a characterization of the stochastic order (resp.
attractiveness) in a large class of interacting particle systems: in order to verify if two particle
systems are stochastically ordered (resp. one particle system is attractive), we are reduced to check
inequalities involving the transition rates.

A first motivation is a general understanding of the ordering conditions between two processes. The
analysis of interacting particle systems began with Spin Systems, that are processes with state space
{0, 1}Zd. We refer to [11]] and [12] for construction and main results. The most famous examples
are Ising model, contact process and voter model. These processes have been largely investigated,
in particular their attractiveness (see [[11, Chapter III, Section 2]). Many other models taking place
onX Zd, where X = {0,1,... M} € N, that is with more than one particle per site, have been studied.
Reaction-diffusion processes, for example, are processes with state space NZ* (hence non compact),
used to model chemical reactions. We refer to [4, Chapter 13] for a general introduction and
construction. In such particle systems a birth, death or jump of at most one particle per time is
allowed. But sometimes the model requires births or deaths of more than one particle per time.
This is the case of biological systems with mass extinction ([[17], [18]), or multitype contact process
(6], [ 71, (147, [16]]). A partial understanding of attractiveness properties can be found in [[20] for
the multitype contact process. A system with jumps of many particles per time has been investigated
in [8] Theorem 2.21], where the authors found necessary and sufficient conditions for attractiveness
for a conservative particle system with multiple jumps on NZ* with misanthrope type rates.

Those examples and the need for more realistic models for metapopulation dynamics systems ([[9]])
has led us to consider systems ruled by births, deaths and migrations of more than one individual
per time with general transition rates to get an exhaustive analysis of the stochastic order behaviour
and attractiveness. Our method relies on [[8]], that it generalizes.

The main applications allow to investigate the ergodic properties of a process. A process is
ergodic if there exists a unique invariant measure to which it converges starting from any
initial configuration: if the process is attractive, it is enough to check the convergence of the
largest and the smallest initial configurations. This is a first application of Theorem [2.4] In
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Section we combine attractiveness and a technique called u—criterion (see [[4]) to get ergodic-
ity conditions on a model for spread of epidemics, either if there is a trivial invariant measure or not.

For many biological models the empty configuration 0 is an absorbing state and the main question
is if the particle system may survive, that is if there is a positive probability that the process does not
converge to the Dirac measure §, concentrated on 0, which is a trivial invariant measure. In order
to prove that a metapopulation dynamics model (see [3]) survives, we largely use comparison
(therefore stochastic order) with auxiliary processes: this is a second application of the result.
Instead of constructing a different coupling for each comparison, we just check that inequalities
of Theorem are satisfied on the transition rates. Moreover the main technique we use to get
survival is a comparison with oriented percolation (see [6]), and attractiveness is a key tool in
many steps of the proofs.

The survival of a process does not imply the existence of a non trivial invariant measure: one can
have the presence of particles in the system for all times but no invariant measures. If the process is
attractive and the state space is compact, a standard approach allows to construct such a measure
starting from the largest initial configuration: this is the third application. Once we get survival, we
use this argument to construct non trivial invariant measures for metapopulation dynamics models.
In Section we introduce a metapopulation dynamics model with mass migration and Allee
effect investigated in [[3]].

The transition rates of the particle systems we analyse in this paper depend on two sites x, ¥,
on the number of particles at x and y and on the number of particles k involved in a transition:
they are of the form b(k,a, f)p(x,y), where a and f3 are respectively the number of particles on
x and y and p(x,y) is a probability distribution on Z¢ given by a bistochastic matrix (we require
neither symmetry nor translation invariance). Moreover we allow birth and death rates on a site x
depending only on the configuration state on x.

In other words we work with three different types of transition rates: given a configuration 7,
on each site y we can have a birth (death) of k individuals depending on the configuration state

1n(y) on the same site y with rate Pn(y) (P (y)) and depending also on the number of particles

on the other sites x # y with rate ), n(X)n(y)p(x y) QR n(y) n(x)p(y,x)). We consider a

death rate R (y)n(x)p(y,x) instead of the more natural Rn(yg’n(x)p(x, y) to simplify the proofs
and since we are interested in applications given by a symmetric probability distribution p(-,-).
This represents a possible different interaction rule between individuals of the same population
and individuals from different populations. We can have a jump of k particles from x to y with
rate F’;(x)m(y)p(x, ¥), which represents a migration of a flock of individuals (see Section [2.1)).
We require that the birth/death and jump rates differ only on the term b(k,a,f3), that is the
conservative and non-conservative rates depend on the same probability distribution p(x, y).

In Section [2.1] we recall some classical definitions and propositions needed in the sequel, we intro-
duce the particle system with more details and we state the main result, Theorem In Section
[2.2]we derive the conditions on several examples (multitype contact processes, conservative dynam-
ics and reaction-diffusion processes); we also detail the conditions on models with transitions of at
most one particle per time. In Section[2.2.5 we apply the attractiveness conditions and the so-called
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u-criterion technique to improve an ergodicity result for a model of spread of epidemics. Others ap-
plications to the construction of non-trivial invariant measures in metapopulation dynamics models
will be presented in a subsequent paper (see [3]]). In Section [3|we prove Theorem[2.4} the coupling
is constructed explicitly through a downwards recursive formula in Section where a detailed
analysis of the coupling mechanisms is presented. We have to mix births, jumps and deaths in a non
trivial way by following a preferential direction. Section |4]is devoted to the proofs needed for the
application to the epidemic model. Finally we propose some possible extensions to more general
systems.

2 Main result and applications

2.1 Stochastic order an attractiveness

Denote by S = Z? the set of sites and let X € N be the set of possible states on each site of an
interacting particle system (7),),>o on the state space Q2 = X°, with semi-group T(t) and infinitesimal
generator £ given, for a local function f, by

2fm= > > xepmpCey) Y (T8 4F (5755 - Fm)+

X, y€S a,feX k>0

+ (RS + PR (SEm) = F(m) + RS+ PLY(F (575 — £ () 2.1)

where X;/}; is the indicator of configurations with values (a, 8) on (x, y), that is

1 ifn(x)=aandn(y)=p
X,y _
Xop (n) = { 0 otherwise

and S_kk Si, S, k. where k > 0, are local operators performing the transformations whenever

X,y ’
possible
nx)—k ifz=xandn(x)—keX,n(y)+keX
(s;j;kn)(z) ={ n(y)+k ifz=yandn(x)—keX,n(y)+kex (2.2)
n(z) otherwise;

k ) n(+k ifz=yandn(y)+keX

(Symz) = { n(z) otherwise; 2.3)
k ) nly)—k ifz=yandn(y)—keX

(8, n)(=) _{ 1(2) otherwise. 2.4)

The transition rates have the following meaning:

- p(x,y) is a bistochastic probability distribution on Z<;

- Fﬁ’ﬁp(x,y) is the jump rate of k particles from x, where n(x) = a, to y, where n(y) = f;
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- g’;j p(x,y) is the part of the birth rate of k particles in y such that n(y) = 8 which depends
on the value of 1 in x (that is a);

- R;]EO p(x, y) is the part of the death rate of k particles in x such that n(x) = a which depends
on the value of 1 in y (that is 3);

- Pﬁik is the birth/death rate of k particles in (y) = § which depends only on the value of 7 in
y: we call it an independent birth/death rate.

We call addition on y (subtraction from x) of k particles the birth on y (death on x) or jump from
x to y of k particles. By convention we take births on the right subscript and deaths on the left one:
formula (2.1]) involves births upon f3, deaths from a and a fixed direction, from a to f3, for jumps of
particles. We define, for notational convenience
0k ._ pOk k. k0 ._ p—kO0 | p—k

Mo =Ryg + P T =R +PF (2.5)
We refer to [[11]] for the classical construction in a compact state space. Since we are interested also
in non compact cases, we assume that (1,).>¢ is a well defined Markov process on a subset O C 2,
and for any bounded local function f on £,

T(t)f(n)—f(n)
t

Vn e Q, }ir% =%2f(n) < . (2.6)

We will be more precise on the induced conditions on transition rates in the examples. We state
here only a common necessary condition on the rates.

Hypothesis 2.1. We assume that for each (a, ) € X?

— . 0o,n —n,0
N(a,pB) :=supin: Fg’ﬁ +p+1, 5 > 0} < o0,
k 0,k —k,0
>o(rk 2k +m k) < oo,
k>0

In other words, for each a, 8 there exists a maximal number of particles involved in birth, death and
jump rates. Notice that N(a, 8) is not necessarily equal to N(f, a), which involves deaths from 3,
births upon a and jumps from f3 to a.

The particle system admits an invariant measure u if u is such that P,(n, € A) = u(A) for each
t > 0,AC Q, where P, is the law of the process starting from the initial distribution u. An invariant
measure is trivial if it is concentrated on an absorbing state when there exists any. The process
is ergodic if there is a unique invariant measure to which the process converges starting from any
initial distribution (see [[11}, Definition 1.9]).

Given two processes (&;),>o and ({;),>o, a coupled process (§;,{,),>o is Markovian with state space
Qg X €, and such that each marginal is a copy of the original process.

We define a partial order on the state space:

VE, (e, £l (Vxes, &(x) < {(x)). 2.7

A set V C Qs increasing (resp. decreasing) if for all £ € V, ) € Q such that £ < n (resp. £ > 1) then
1 € V. Forinstance if £ € , thenI; = {n € 2 : & < n}is anincreasing set,and Dy = {n € Q: £ > n}

110



a decreasing one.
A function f : Q — R is monotone if

VE,neq, E<n=>f(&)=f(n).

We denote by . the set of all bounded, monotone continuous functions on 2. The partial order
on () induces a stochastic order on the set & of probability measures on 2 endowed with the weak
topology:

Vv,v' € 2, v<v & Nfed,v(f) <v'(f)). (2.8)

The following theorem is a key result to compare distributions of processes with different generators
starting with different initial distributions.

Theorem 2.2. Let (£,);>¢ and ({,);>o be two processes with generators < and & and semi-groups
T(t) and T(t) respectively. The following two statements are equivalent:

(@) f e and Eg <, implies T(t)f (Eg) < T(t)f (L) forall t > 0.

(b) Forv,v' € @ v <v'implies vT(t) <v'T(t) forall t > 0.

The proof is a slight modification of [11], proof of Theorem 11.2.2].

Definition 2.3. A process ({.);>o is stochastically larger than a process (&,);>¢ if the equivalent
conditions of Theorem are satisfied. In this case the process (£,),>¢ is stochastically smaller than
($¢)e>0 and the pair (&, )¢>0 is stochastically ordered.

Attractiveness is a property concerning the distribution at time t of two processes with the same
generator which start with different initial distributions. By taking T = T, Theorem reduces to
[11, Theorem I1.2.2] and Definition [2.3] is equivalent to the definition of an attractive process (see
[[11] Definition I1.2.3]). If an attractive process in a compact state space starts from the larger initial
configuration, it converges to an invariant measure.

The main result gives necessary and sufficient conditions on the transition rates that yield stochastic
order or attractiveness of the class of interacting particle systems defined by (2.1). It extends [8,
Theorem 2.21].
0k p—k0

We denote by & = #(I',R,B.p) = {T's 5.Ry 5, R, ¢ P P(, YD} a,pex k>0,(x.y)es?y» the set of pa-
rameters that characterize the generator (2.1) of process (1,);>o. We call the latter an & particle
system and we write n, ~ &. Given (a, ), (y,5) € X? x X2, we write (a, ) < (y,6) if a < y and
p<é.

Let & = (I',R,P,p) and & = &(I',R,P,p) be two processes with different transition rates (but
the same p). For all (a,8) € X2, let N(a, ) be defined as N(a,8) in Hypothesis using the

transition rates of <.

Theorem 2.4. Given K €N, j := {j;};<x, m := {m;};<g, h := {h;};<x, three non-decreasing K-uples
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inN, and a, f3,y,6 in X such that a <y, B < 0, we define

K

o= IKGm)= [JtkeX:m>k>5-F+j} 2.9)
i=1
K

= IfGm)= | JikeX:y—a+m>k>j} (2.10)
i=1
K

= IK(hm)= | JtkeX:m>k>y—a+h} 211
i=1
K

lg= Ijm)= (JtkeX:5-F+m>k>n} 2.12)

i=1

An & particle system (1,),> is stochastically larger than an & particle system (& )e>o if and only if

D, MA+Y TR < > mp+> T (2.13)

keX:k>6—F+j; kel, leX:1>j; lerl,
PIER AT V= SR | B ) (2.14)
keX:k>h, kel leX:I>y—a+h lel,

for all choices of K < N(a,f)VN(y,8), hj m a<y, B <6.

Remark 2.5. The restriction K < N(a, ) v N(y, &) avoids that an infinite number of K, I, I, I,
1, result in the same rate inequality. Since T'X wf = = 0 for each k > N(a,B), if K > N(a, B) no terms
are being added to the left hand side of (2.13] (- and adding more terms on the right hand side does
not give any new restrictions. A similar statement holds for (2.14), with the corresponding condition
K <N(y,0).

Remark 2.6. If & = &, Theorem states necessary and sufficient conditions for attractiveness of <.
We follow the approach in [8]]: in order to characterize the stochastic ordering of two processes, first

of all we find necessary conditions on the transition rates. Then we construct a Markovian increasing
coupling, that is a coupled process (&, {,)>o which has the property that &, < {,, implies

p(io,Co){gt <=1,

for all t > 0. Here P(0:%0) denotes the distribution of (& t>$¢)e>0 with initial state (&g, {g).

2.2 Applications

We propose several applications to understand the meaning of Conditions (2.13)-(2.14). We think
of (a, ) < (y,6) as the configuration state of two processes 1, < &, on a fixed pair of sites x and

y:namely n,(x)=a,n.(y)=8,&(x)=7,&()=0
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2.2.1 No multiple births, deaths or jumps

Let N= sup N(a,p):
(a,p)ex?

Proposition 2.7. If N = 1 then a change of at most one particle per time is allowed and Conditions

2.13) and (2.14) become

Mgy + T, SIG+T0 5 if=5andy>a, (2.15)
Mgy < ifp=5andy=a, (2.16)

~_1,0 , =1 -1,0 1 S

Mg tlgp2Il 5 +T 5 ify=aand 6 = f3, (2.17)
1:[;1/;0 ZH;}S’O ify=aand 6 = f. (2.18)

Proof. . 1ff3 <6,then6—f+j;=6—f+j, >1forallK>0,1<i<Ksothatl¢]I, by definition
ll Since N =1 the left hand side of ll is null; if B = 6 the only case for which the left hand
side of (2.13)) is not null is j; = 0, which gives

DG+ Thp <D M+ s

k>0 kel, >0 lerl,

Since N = 1, the value K = 1 covers all possible sets I, and I, namely I, = {k : m; > k > 0} and

Iy ={y—a+m; >1>0}. If m;y >0, we get (2.15). If y = @ and m; = 0 we get (2.16). One can
prove (2.17)) in a similar way. O

If 8 =06 and y > a, Formula (2.15) expresses that the sum of the addition rates of the smaller
process on y in state 3 must be smaller than the corresponding addition rates on y of the larger
process on y in the same state. If f§ = & and y = a we also need that the birth rate of the smaller

process on y is smaller than the one of the larger process, that is (2.16]). Conditions (2.17)-(2.18]
have a symmetric meaning with respect to subtraction of particles from x.

Remark 2.8. If & = &, when a =y and 8 = & conditions , P are trivially satisfied, and
we only have to check (2.15) when a <y and when 8 < 6.

Proposition will be used in a companion paper for metapopulation models, see [3]. If R%,I;s =
0 for all a, 3, k, the model is the reaction diffusion process studied by Chen (see [4]) and the
attractiveness Conditions (2.15)), (2.17) (the only ones by Remark [2.8) reduce to

Fog<Tig ifr>a I

wp = if &6 >f5.

B
In other words we need Fi’ﬁ to be non decreasing with respect to a for each fixed 8, and non
increasing with respect to 8 for each fixed a. In [4], the author introduces several couplings in
order to find ergodicity conditions of reaction diffusion processes. All these couplings are identical
to the coupling 5 introduced in Section (and detailed in Appendix@if N = 1), on configurations
where an addition or a subtraction of particles may break the partial order, but differ from ¢ on
configurations where it cannot happen.
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2.2.2 Multitype contact processes

If F’; p= f’é p= 0, for all (a,3) € X2,k > 0, that is when no jumps of particles are present, all
rates are contact-type interactions. Such a process is called multitype contact process. Conditions

(2.13)-(2.14) reduce to: for all (a, ) € X2, (v,8) € X2, (a, ) < (y,5), h; >0, j; >0,
; ~0,k ol . .. ~_k,0 ~_1,0
i)Y, fgp <> md Y A= Y I (2.19)
k>6—p+j; [>]; k>h,y [>y—a+h,
Many different multitype contact processes have been used to study biological models. We propose

. . . . d
some examples with the corresponding conditions. Since the state space Q = {0,1,..., M}* (where
M < o0) is compact, we refer to the construction in [[1T]].

Spread of tubercolosis model ([17]). Here M represents the number of individuals in a population
at a site x € Z4. The transitions are:

P,; = ¢Pljo<p<m-1}; Rg’}j =2dAallg_q;,

1
_[5 _ .
Pg" =Tp<p<my p0x,y) = o llnyy.

where y ~ x is one of the 2d nearest neighbours of site x.
Given two systems with parameters (A, ¢, M) and (A, ¢, M), the proof of [17, Proposition 1] reduces
to check Conditions (2.19):

¢ Blljo<p<m—13 +2dAallp_op <S5 7 1y +2d Ay 50y, if=5,j;=0

which are satisfied if A <2, ¢ < ¢ and M < M.

In the following examples we suppose ¥ = &, that is we consider necessary and sufficient
conditions for attractiveness.

2-type contact process ([[14]). In this model M = 2. Since a value on a given site does not
represent the number of particles on that site, we write the state space {A,B,C }Zd. The value B
represents the presence of a type-B species, C the presence of a type-C species and A an empty site.
IfA=0, B=1, C =2 then the transitions are

0,1 0,2
Ra,ﬁ =2dA ]l{a:1,f5:0}, Ra,ﬁ =2d2, ﬂ{a:2,f3:0}’

_ 1
Pﬁﬁ - ]1{15[352}, p(x).y): ﬁ]l{x'\fy}'
By taking h; = 0, Condition (2.19) is

Z (Mgge=132d A Tygoy oy + k=0 2d Ay Ugy—p g—o})
k>6—p
< 2dAq Ugymy 5—0p +2d Ao gy —p 5—03;
By taking § =0, 6 =1, a = y = 2 we get 2d A, < 0, which is not satisfied since A, > 0. As already
observed, see [20] Section 5.1], one can get an attractive process by changing the order between
species: namely by taking A= 1, B =0 and C = 2 the process is attractive.
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2.2.3 Conservative dynamics

If HO’,; = 0, for all (a,8) € X2,k € N, we get a particular case of the model introduced in [8]],

for which neither particles b1rths nor deaths are allowed, and the particle system is conservative.

Suppose that in this model the rate Fﬁ’ﬁ (¥ —x) has the form Fﬁ’ﬁp(y x) for each k, a, B. Necessary
and sufficient conditions for attractiveness are given by [8, Theorem 2.21]:

Z rk ﬁp(y—x)<21" sP(y —x) foreach j >0 (2.20)
k>6—f+j 1>j
ZFaﬁp(y—x)> Z rt b-p(y x) foreachh>0 (2.21)
k>h [>y—a+h

while (2.13]) — (2.14)) become

Dk p(y —x) <Y T p(y —x) (2.22)
kel, lely,
DTk ey =x)= D T p(y —x) (2.23)
kel lel.

for all I, I, I, and I; given by Theorem
Proposition 2.9. Conditions - and Conditions (2.22)—-(2.23) are equivalent.

Proof. . By choosing j; = j, h; = h and m; = m > N(a, ) V N(y, ) for each i in Theorem [2.4]

Conditions (2.22)—-(2.23) imply (2.20)—(2.21I). For the opposite direction, by subtracting (2.21)
with h=m; > 6 — 8 + j; to (2.20) with j = j;

Z Fﬁ,/sp(y —x)< Z Flyl,gp(y —Xx) (2.24)

m;>k>6—[F+j; y—a+m;=l'>j;

and we get (2.22) by summing K times (2.24) with different values of j;, m;, 1 < i < K. Condition
(2.23) follows in a similar way. O

2.2.4 Metapopulation model with Allee effect and mass migration

The third model investigated in [3]] is a metapopulation dynamics model where migrations of many
individuals per time are allowed to avoid the biological phenomenon of the Allee effect (see [[1I],
[19]). The state space is compact and on each site x € Z¢ there is a local population of at most M
individuals. Given M > M, > 0, M > N > 0, ¢, ¢4, A positive real numbers, the transitions are

Pg = Bllig<p—1; Pﬁ_l =B (Pallip<pr,; + b Ujpr,<py)

- { A a—k>M—-Nand+k<M,
af | 0 otherwise.

for each a, € X, and p(x,y) = ﬁ]l{yw}. In other words each individual reproduces with rate 1,
but dies with different rates: either ¢, if the local population size is smaller than M, (Allee effect)
or ¢ if it is larger. When a local population has more than M — N individuals a migration of more
than one individual per time is allowed. Such a process is attractive by [[3, Proposition 5.1, where

N and M play opposite roles], which is an application of Theorem [2.4]
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2.2.5 Individual recovery epidemic model

We apply Theorem [2.4{to get new ergodicity conditions for a model of spread of epidemics.
The most investigated interacting particle system that models the spread of epidemics is the contact
process, introduced by Harris [[10]. It is a spin system (7););>¢ on {0, 1}Zd ruled by the transitions

n(x)=0—1atrate ) n,(y)

y~x

n.(x)=1—0atrate 1

See [11]] and [[12] for an exhaustive analysis of this model.

In order to understand the role of social clusters in the spread of epidemics, Schinazi [[17] intro-
duced a generalization of the contact process. Then, Belhadji [2] investigated some generalizations
of this model: on each site in Z? there is a cluster of M < oo individuals, where each individual can
be healthy or infected. A cluster is infected if there is at least one infected individual, otherwise it is
healthy. The illness moves from an infected individual to a healthy one with rate ¢ if they are in the
same cluster. The infection rate between different clusters is different: the epidemics moves from
an infected individual in a cluster y to an individual in a neighboring cluster x with rate A if x is
healthy, and with rate 3 if x is infected.

We focus on one of those models, the individual recovery epidemic model in a compact state space:
each sick individual recovers after an exponential time and each cluster contains at most M individ-
uals. The non-null transition rates are

0,k ] 2dAn(x) k=1landn(y)=0 (2.25)
e | 2dBn(x) k=land1<n(y)<M-1, )
Y k=1andn(y)=0
Pi,y=1 ¢n(y) k=land1<n(y)<M-1 (2.26)
n(y) k=-land1=<n(y)<M,
1
p(x,y) :ﬁ]l{ywx} for each (x, y) € S2. (2.27)
and I’ = 0 for all k € N. The rate y represents a positive “pure birth” of the illness: by setting

nGny)
y = 0, we get the epidemic model in [2]], where the author analyses the system with M < oo and

M = oo and shows [2] Theorem 14] that different phase transitions occur with respect to A and ¢.
Moreover ([2, Theorem 15]), if
1
AV < 2 (2.28)
the disease dies out for each cluster size M.
By using the attractiveness of the model we improve this ergodicity condition. Notice that a depen-
dence on the cluster size M appears.

Theorem 2.10. Suppose

1-¢
2d(1 - oMy’
with ¢ <1 and either i)y =0, orii) y>0and f — A <vy/(2d).
Then the system is ergodic.

AV < (2.29)
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Notice that if y > 0 and § < A hypothesis ii) is trivially satisfied.

If M =1 and y = 0 the process reduces to the contact process and the result is a well known (and
already improved) ergodic result (see for instance [[11, Corollary 4.4, Chapter VI]); as a corollary
we get the ergodicity result in the non compact case as M goes to infinity.

In order to prove Theorem [2.10] we use a technique called u-criterion. It gives sufficient conditions
on transition rates which yield ergodicity of an attractive translation invariant process. It has been
used by several authors (see [4], [[5]], [13]]) for reaction-diffusion processes.

First of all we observe that

Proposition 2.11. The process is attractive for all A, B, v, ¢, M.

Proof. . Since M = 1, then N = 1 and Conditions — reduce to , . Namely,

given two configurations 1 € Q, £ € Q with & < 7, necessary and sufficient conditions for attrac-
tiveness are

0,1 1 0,1 1
) R; +P; <R +P
if £(x) < n(x)and E(y) =n(y), { PE_({CLi(y}))_l €) n(nly) © " nly)
) = " aly)
IfE(y)=m(y)=1,2dBE(x) <2dPn(x);if E(y) =n(y) =0, 2dA&(x) < 2dAn(x). In all cases the
condition holds since £ < 7. O
The key point for attractiveness is that R?]’(lx))n(y) is increasing in 1(x).

Given € > 0 and {u;(€)};ex such that u;(e) >0 foralll € X, let F, : X x X — R" be defined by

ly=x|-1

Fe(x,y) =Ty Z u;(e) (2.30)
j=0
for all x, y € X. When not necessary we omit the dependence on ¢ and we simply write F(x,y) =
ly—x|-1
Tgyezyy Z u;. Since u;(€) > 0, this is a metric on X and it induces in a natural way a metric on
j=0
Q. Namely, for each 1 and & in Q we define

Pa(n, &)=Y F(n(x),E(x))alx) (2.31)

xezd

where {a(x)}, <y is a sequence such that a(x) € R, a(x) > 0 for each x € 7% and

D alx) < oo. (2.32)

xezd

Denote by Q™ := {n € Q : n(x) = m for each x € Z} and let n}¥ € @ and 1) € Q° (which is
not an absorbing state if y > 0). The key idea consists in taking a “good sequence" {u;};cx and in
looking for conditions on the rates under which the expected value E(-) (with respect to a coupled
measure P) of the distance between n]tV[ and n? converges to zero as t goes to infinity, uniformly
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with respect to x € S. We will use the generator properties and Gronwall’s Lemma to prove that if
there exists € > 0 and a sequence {u;(€)};cx, u;(€) > 0 for all | € X such that the metric F satisfies

B( 2P0, 0¥ (x))) < =€ (F(n20x), ¥ (x)) (2.33)
for each x € 74, then
i ( Jim F(n(x), ! (x))) =0 (2.34)

uniformly with respect to x € S so that the distance p,(:,-) between the larger and the smaller
process converges to zero, and ergodicity follows.

Condition (2.33) leads to
Proposition 2.12 (u-criterion). If there exists € > 0 and a sequence {u;(€)};cx such that for any | € X

-1

plug(e) = luy_y(e) < —e Y _u;(e) —a(e)(A v B)2dl

= (2.35)

u;(e)>0

where u(e€) := max u;(€), u_; = 0 by convention and uy = U > 0, then the system is ergodic.
ex

Hence we are left with checking the existence of € > 0 and positive {u;(€)};cx which satisfy (2.35)).
Such a choice is not unique.

Remark 2.13. Given U =1 > 0, if uj(€) = 1 for each | € X then Condition reduces to the
existence of € > 0 such that ¢l —1 < —el —(AV B)2dl foralll € X, thatise <1—¢ — (A V )2d,
thus Condition (|2.28)). Notice that in this case

ly—=x|-1

Flx,y)= Y. 1=|y—-x|

j=0
Another possible choice is

Definition 2.14. Given € > 0 and U > 0, we set ug(e) = U and we define (u;(€));ex recursively
through

-1

1
u(e) = a(—eZuj(e)— U(AV/j')Zdl—l—lul_l(e)) foreachl e X, #0. (2.36)
7=0

Definition gives a better choice of {u;(€)};ex, indeed the u-criterion is satisfied under the more
general assumption (2.29). Proofs of Theorems and are detailed in Section

3 Coupling construction and proof of Theorem 2.4

In this section we prove the main result: we begin with the necessary condition, based on [8]
Proposition 2.24].
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3.1 Necessary condition

Proposition 3.1. If the particle system (n,).>o is stochastically larger than (5 )t>0, then for all
(a, B),(y,8) € X? x X2 with (a, B) < (v,8), for all (x,y) € S?, Conditions - hold.

Proof. . Let (§,1) € Q2 x Q be two configurations such that £ < n. Let V C Q be an increasing
cylinder set. f E eV orn ¢V,

1y (&) = 1y (n). (3.1)

Since 7, is stochastically larger than &, for all t > 0, by Theorem (or [T, Theorem I1.2.2] if we
are interested in attractiveness)

(T(O)1)(E) < (T(6)Ty)(n)

since v < v’ is equivalent to v(V) < +/(V) for all increasing sets. Combining this with ({3.1)),

e HI(T(OW)(E) = Wy(E)] < ¢ (T )(n) = Ty ()],

which gives, by Assumption (2.6),

(Z1,)(E) < (£L1y)(n). (3.2)

We have, by using (2.1)),

(Z1)E) =Y ple,y) > 2@ (T (558 - 1y(8))

x,y€S a,fex k>0

FOK 1y (948) - 1y (£)) + 1, 5 (1 (57408) - 1,(£) )
=—1,(8) > p(6y) Y xp @D (Fh plan(s750)

x,y€S a,feXx k>0

Ok Ty (8% 8)+ 1,5 Ty (57506
+]ln\v(§) Z p(x,y) Z Xa:ﬁ(g)z (rﬁ,ﬁﬂv(s;ﬁ,’kg)
X,Y€S a,fex k>0

+ 0% 1, (825 8) + 11,501y (s 408) ). (3.3)

We write (£ 11,)(n) by using the corresponding rates of &.
We fix y €S, (a,,7,,B,5) € X* with (a,, ) < (y,,86) forall z €S, z # y, and two configurations

(&,m) €2 x Qsuch that £(z) = a,, n(z) =7, forallz €S,z # y, E(y) =B, n(y) =6. Thus § <.
We define the set C;f of sites which interact with y with an increase of the configuration on y,

cf = {zes p(zy)>0and Y (T% ,+1% (+T0%, + H(;;’f5)>o}. 3.4)
k>0

Denote by x = (xq,...,Xxy) the coordinates of each x € S. We define, for each n € N, C;(n) =
C;r Nn{zes: Z?:l |z; — y;| < n}. We may suppose C;r # (), since otherwise ([2.13)-(2.14)) would be
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trivially satisfied. qiven K €N, we ﬁx {p;i;}iSK,zec;r such that for each i, z, p; € X and p;, < &(2).
Moreover we fix {p;/}iSK such that pfv > §, for each i. Forn €N, let

K

Lm=|J{¢e: ¢ > p' and {(z) > p., forall z € C;/(n)}.
i=1

The union of increasing cylinder sets I,,(n) is an increasing set, to which neither & nor n belong. We
compute, using (3.3)),

(-ff]lly(n))(g) = Z p(z, }’)Z (]1 UK {a,—k=pi, /5+k>py} /5 + ]lU 1{/3+k>py} oy, /5)

zeC*(n) k>0
+ D, p J’)ZH < ipienty (T + o)
zéC*‘(n)

[
(LU= Y, PG, Y)Z(]l U tra-tzp5+2p i 16 T AU aizpi Ly s)

zeC‘*’(n) [>0
1 0,1
+ D PEI DT o (T 5 +T15).
z¢CH(n) >0

So, by setting

K
J(psra,b) :=J({plhi<ioa,b) = J{l :a—1=pl,b+12pi},
i=1

and by Il ifp}l, = mini{p;}, we get

2 pENC D5 Top+ 24 W)+ D pey) 3 (R +TC )

z€Cf(n) keJ(p;,a;.f) k>pl—p 2¢C;f(n) k=pl—p
l 0, 0,1
< 2 pEN0 Dy Tat DL M)+ D) pey) D) (M+T )
z€Cy(n) 1€J(pz.72,6) 2p} -6 2¢C; () [>pl -5

Taking the monotone limit n — oo gives

PNED IR W HALCHOE) HED IR TPEID MR

2€5 ked(prtsif) k=pl-p 2€S 1€ (Pt ) 12pl -5

By choosing the values a, = a, v, =y, p. =p., since Y, p(z,y) =1,

D Thpt 25 o< D T+ > om 3.5)

k€I (pq,a.6) k=p,—p €I (pa>7,6) 2p}—6

A similar argument with

~ ={z€S:p(z,y)>0and Z(F Y(Z)_H" s, +1i- /3 H;,];;O)>O}
k>0
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subsets C_(n),n € N, {Pz}zec i<k € X, {pL}i<k € X with pl < a, for each i, p. > §,, for all
ze€C; (n) i <K, decreasing cylinder sets

K
D.(n)= U {¢eq:¢(x)<pl and {(z) <p], forallz € C;(n)}
i=1

to the complement of which £ and 7 belong, and the application of inequality (3.2) to &, 1, Q2\D,(n)
(which is an increasing set since it is the complement of an increasing one) leads to

> T+ DL 50> DT+ D] m (3.6)

keJ = (py,a.p) a—k<p, leJ=(py.7,6) y—1<pl
where p}( = max; {p;},

K

J_(py:aa b) ::J_({p)i/}iSKaaa b) = U{l ra—1 =< p;(:b +1 Sp;/}
i=1

Finally, taking pi, =6+ +1, sz =a—m;in ll p; =a—h; -1, p)i/ =06+ m;in li gives
(12.13)-(2.14). O

3.2 Coupling construction

The (harder) sufficient condition of Theorem is obtained by showing (in this subsection) the
existence of a Markovian coupling, which appears to be increasing under Conditions (2.13)-(2.14)
(see Subsection . Our method is inspired by [8 Propositions 2.25, 2.39, 2.44], but it is much
more intricate since we are dealing with jumps, births and deaths.

Let £, ~ & and 1, ~ & such that £, < 7,. The first step consists in proving that instead of
taking all possible sites, it is enough to consider an ordered pair of sites (x,y) and to construct
an increasing coupling concerning some of the rates depending on 7,(x),n.(y) and &,(x),&.(y)
(remember that we choose to take births on y, deaths on x and jumps from x to y) and a small
part of the independent rates (by this, we mean deaths from x with a rate depending only on 1,(x)
and &,(x) and births upon y with a rate depending only on 1,(y) and £,(y)). We do not have to
combine any “dependent reaction” R or jumps rate [; on y with any rate R

Ee(x),E:(y) &e(x),8:(y) (), (¥)
orI” if z is different from x.
N:(2),m:(y)
Definition 3.2. For fixed (x,y) €S2, foralln € Qand k € N let
k —
h(pk )= Pl p(,y) 2=V, n(p-k) = n(x)p(x y) z=x,
n(z) 0 otherwise; n(z) otherwise.
and

_ | p(x,y) ifz=xandw=y,
q(zw) = { 0 otherwise.

An ordered pair of sites (x,y) is an attractive pair for (&, ) if there exists an increasing coupling
for (&¢,M¢)es0 where &, ~ #(T',R,h(P),q), n, ~ & (I',R,h(P),q). For notational convenience we call
these new systems S ) and Sy ).
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Notice that A, ) # Sy x), because we take into account births on the second site, deaths on the
first one, and only particles’ jumps from the first site to the second one. The same remark holds for
%’y). In other words in order to see if a pair is attractive, we reduce ourselves to a system with only
part of the rates depending on the pair, and a part of the independent rates depending on p(x, y)

PX P, y) and P_( p(x, y)).

Proposition 3.3. The process 1, ~ & is stochastically larger than &, ~ & if all its pairs are attractive
pairs for (&, ).

Proof. . If for each pair (x, y) we are able to construct an increasing coupling for (%,y), Hx,y))> We
define an increasing coupling for (&, &) by superposition of all these couplings for pairs. Indeed: it
is a coupling since by Definition the sum of all marginals gives the original rates; it is increasing
since each coupling for a pair is increasing. O

From now on, we work on a fixed pair of sites (x,y) € S with p(x,y) > 0 and on two ordered
configurations (1,,£,) € Q% forafixed t >0, n, ~ &, &, ~ &, &, <1, and

E)=a, &W)=B, nl)=y, n(y)=6. (3.7)
We denote by N :=N(a,8) VN(y,6) and by p := p(x,y).

Remark 3.4. With a slight abuse of notation, since rates on (a, 3) involve & and rates on (y,6) involve
&, we omit the superscript ~ on the lower system rates: we denote by
mn r

a,ﬁ:H;;ﬁ; ;X,ﬁzl“;x,ﬁ; & =(, ).

The rest of this section is devoted to the construction of an increasing coupling for (x,y) and

(a,8) = (7,6).

Deﬁn1t10n 3.5. There is a lower attractiveness problem on f3 if there exists k such that f+k > 6 and

mn ,3 + Fk wf > 0; B is k-bad and k is a bad value (with respect to 3). There is a higher attractiveness

problem on y if there exists [ such that y — < a and HY 04 Fl s > 0; v is[-bad and [ is a bad value
(with respect to y). Otherwise 3 is k-good (resp. y is l-good). There is an attractiveness problem on
(a, B),(y, 6) if there exists at least one bad value.

In other words we distinguish bad situations, where an addition of particles allows lower states to
go over upper ones (or upper ones to go under lower ones) from good ones, where it cannot happen.
Notice that Definition involves addition of particles upon 3 and subtraction of particles from y.
If we are interested in attractiveness problems coming from addition upon a and subtraction from
6 we refer to (8,a),(6,7).

We choose to define a coupling rate that moves both processes only if we are dealing with an
attractiveness problem, otherwise we let the two processes evolve independently through uncoupled
rates. Conditions - do not involve configurations without an attractiveness problem, so
a different construction for them does not change the result. Since N is finite, we can construct the
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coupling by a downwards recursion on the number of particles involved in a transition.

Our purpose now is to describe a coupling for (57&,},), Hx,y))> that we denote by 5(x, y) (or simply
#¢), which will be increasing under Conditions (2.13]) — ([2.14)).

First of all we detail the construction on terms involving the larger number N of particles and we prove
that under Conditions —(2.14)) none of these coupling terms breaks the partial order: this is the

claim of Proposition
ON N0 N0 N and FIYV 518

Remark 3.6. By Hypothesis 2.1} at least one of the terms H ﬁ, HY 50 1, g o 1L 5 > Top
not null. We assume all these terms (and the smaller ones) positive. Otherwise the construction works
in a similar way with some null terms.

Definition 3.7. Let
Nt:=N-6+§; N :=N-y+a. (3.8)

If there is a lower attractiveness problem on S8, then § +N > & (N* > 0) and an addition of N
particles upon f breaks the partial order. Such a problem comes both from birth (HO’% p) and from

jump (FNﬁp) rates. fK=1,j;=N—-6+8—-1=N*—1and m; =N then Condition (2 writes

My < >, (M +T ) (3.9)

I>N+

Notice that if | > N, then B4+N < §+1, and additions of N particles upon 8 and of [ particles upon
6 do not break the partial order on y. The construction consists in coupling the terms on the left
hand side (which involve N particles and break the partial order) to the ones on the right hand side
(in such a way that the final configuration preserves the partial order on y and on x) by following a
basic coupling idea. We couple jumps on the lower configuration with jumps on the upper one and
births on the lower configuration with births on the upper one. Only if this is not enough to solve
the attractiveness problem, we mix births with jumps.

If there is a higher attractiveness problem on y, then y =N < a (N~ > 0) and a subtraction of N
particles from y breaks the partial order. In this case the problem comes from H p and 'Y 5 p; we

use a symmetric construction starting from Condition || withK=1,h; = N )/+a 1= -1
and m; =N:
k,0 k
H ris < Z(H +T% ). (3.10)
k>N~
We denote by H z;y s (resp. H, ﬁl ly s) the coupling terms which involve jumps of k (resp. 1) particles

from x to y on the lower (resp. upper) configuration; H 5 (resp. H” ﬁ " 5) are the coupling
terms concernmg b1rths of k (resp. ) particles on y on the lower (resp. upper) configuration and
H ZO 5 (resp. H /5 ‘ 5) are the symmetric ones for death rates.

kOl

For instance H’ wfy6 combines the jump of k particles from x to y on the lower configuration and

the birth of [ part1cles on y on the upper one.

The coupling construction takes place in three main steps.
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Step 1) Suppose both 8 and y are N—bad; if this is not the case one of them is good and the
construction works in an easier way:.

We begin with jump rates. We couple the lower configuration N—jump rate l"f;” P with jumps on
the upper configuration. We first couple it with 1“1;” sD, because a <y, a =N <y — N and the final
pairs of values are (a — N, +N) <(y—N,5 + N). Let

NNNN ._ (N N
Hoprg = Tag ATy 5P (3.11)
Then if the lower attractiveness problem is not solved, that is Hg [;v ;/NE’N = I‘IYV sD, we have a remainder

of the lower configuration jump rate that we couple with the upper configuration jump rate with
the largest change of particles left, N — 1. We go on by coupling the new remainder of 1"10\[ P> if

positive, with Flmp at ['" step. The final pairs of values we reach are (a — N, +N),(y = 1,8 + 1),
which always preserve the partial order on x since a — N <y —[ when | < N. The partial order on
y is preserved only if f +N < & 41, that is if | > N ™. For this reason we stop the coupling between
jumps at step N*: this is the meaning of formula (3.9).

More precisely, when FIO\Z’ p> FIYV’ sand N —1> N*, we get the second coupling rate

NN.N-LN-1 N,N,N,N N-1. _ (N N N—
Ha/a’yé (F _Ha,/s’,y,é )/\FY,5 p—(l—'a’ -T 5)p/\r
Then either Hg[i,v 7’,]?[5_1’]\[ ! (Fa B F?” 5)p, and with the two steps I =N and [ = N — 1 we have no

remaining part of I'N p, or S A l"N 1p and we are left with a remainder (FN -V —
a.p a.B.y,6 7.6

FN 1)p, togoonwithl =N —2,. Therefore we can define recursively starting from ( l

N,N,LL . N NNl N,I+1 1
Hy gy i=(T op = Y Hy A Y ATL sp =g AT op (3.12)
>l
where J(Ijé is the remainder of the jump (hence notation J) rate F’O\i P left over after the [!" step of the
coupling construction; (3.12) means that we couple the remainder from the (I + 1) step, J JN ZH,

with Fly 5P at the [t step.

We proceed this way until either we have no remainder of F’: b, or we have reached N* with the
remainder .
NAN* _ N N,N,LI _ N l
Ty =T gp— D HM A =T gp— D> T p>0 (3.13)
I>N* >N+

Note that, since § +N < 6 + 1 for [ > N*, none of the coupled transitions until this point have
broken the partial ordering. Proceeding untll N* — 1 would break the partial ordermg Therefore

we stop at NT the construction in Step 1 and we will couple the remainder Ja B " with upper birth
rates at Step 3a.

Step 1 is detailed in Tables I and [2| where N4+ corresponds to the first [ (going downwards from
N) such that the minimum in (3.12) is Jgpfﬂ

We have to distinguish between two situations:

e if the minimum given by Hfév Yl ’é is always the second term, we do not reach N4+ at N yet.

Since we have decided to stop the coupling construction at step N7, we need to couple with birth
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Table 1: N jump rate, N4+ > N+ (J(;\”/D{\’+ =0)

N,I+1 I _ N,N,L,
l Ja’ﬁ A Fmp = Ha,ﬁ,y,5
N X
: rt p
Y,0
Nt 41 X
i l/>1\]dvL
N¢T —1 X
: 0
Nt X

Table 2: N jump rate, N =N+ —1 ¥V > 0)

a’ﬁ
N,l+1 [ _ N,N,L
[ J a.B A rrﬁp — Ha,ﬁ,rﬁ
N X
: l
- FY’(Sp
Nt X

rates (Step 3a) in order to solve the attractiveness problem (Table |2 when Jiv ,;V S 0) and we put
N =N+t 1.

~ d+_ d+_ . .
e if N9t > N* then Hgév ;'N5 LN — 9 by (3.12). Therefore there is no need to continue a

coupling involving T’V _p, since the attractiveness problem is solved. In this case gYVNLL = o for
a.B a,B,y,0

N7 <1 < N by definition, we do not need Step 3a and we define

Hgévyogl =0 for each [ > 0. (3.149)
In both cases, we define
Hygs:=0  for0<l<N*. (3.15)
since these terms could break the partial ordering. Moreover, since 3 is N—bad, we define
Hg”g’y’_él’o :=0 foreachl>0. (3.16)
Notice that such terms are not a priori null. Indeed if y is [—bad and 8 is N—good one can use this

coupling term to solve the attractiveness problem of H;lgop.
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If there is a higher attractiveness problem, we repeat the same construction for the coupling terms
involving the jump rate I"IY\{ sD starting from Il and we define a value N¢~ analogous to the

previous N 4+ The recursive formula symmetric to |i if 1"1;]’ 5> rg’ s is
k,k,N.N | _ K’k NN N,k+1
Ha,ﬁ,y,ﬁ T p/\(r 5p ZHa[j’yﬁ pAJ (3.17)
k'>k

kN , : N th :
where JY’ 5 represents the remainder of the jump rate [ sp left over after the k'" step of the coupling
construction. We need to couple the remainder of 1“1;’ sP with the lower death rates in Step 3a if

N- k,k,N,N _
I =TV p— D HeNY =N p— > Tk p>0. (3.18)
k=N~ k=N~

In this case we put N9~ = N~ — 1. By symmetry we define Hslfjl;lg =0 foreach0 < k < N™,

H;%O’Ig’N =0 for each k > 0 if N9~ > N~ and H**NN = 0 for each k > 0 if y is N—bad.
BT a.B.1,6

Remark 3.8. By (3.11), either N4* = N or N9~ =N, that is either the lower or the higher attractive-
ness problem given by the jump of N particles is solved by the first coupling term.

If there is no lower (higher) attractiveness problem we put N+ =N +1 (N~ =N +1).
If either 8 or y is N—good, we use only one of the previous constructions. Suppose for instance
that y is N—good: then the construction involving FN P works in the same way, but the symmetric

one is not required and we use the coupling terms H /év ’YNB only to solve the lower attractiveness

problems induced by either 'Y apP p (at Step 1) or by H af p (at Step 3b). Therefore H; 0. N A N (defined
at Step 3a) might be non null but we define

—lONN

Haﬁ%

=0 foreachl > 0. (3.19)

If § is N—good a symmetric remark holds.

Step 2) Suppose 3 is N—bad. The birth rate Hg’%} p could break the partial order on 3. We work as
in Step 1 and we begin with the coupling term

O,N,O,N ,__ O,N oO,N
Hypys =g g AL 5 )p. (3.20)

If the attractiveness problem is not solved we couple the remainder of H p with the birth rate of

the upper configuration with the largest change of particles, HY,];] p and going down we couple it

with H(Y)’g p at ["-step, until I = N*. We define recursively starting from (3.20) the terms

O,N,0,l . ,+ON 0,N,0,l 0l _ _ . pN,+1 0,1
HoR% .—(Ha’ﬁp—ZHa’ﬁ,Y’ﬁ)/\HWSp = By AT p (3.21)
U'>1

where BY ﬁ is the remainder of the birth (hence notation B) rate mn® wf p left over after the ™" step of the
couplmg construction.
We proceed as in Step 1 for transitions involving births: while the minimum in (3.21)) is the second
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term We go on downwards in [. As soon as the minimum is the first term, we have no remainder
of H o f p, so the lower attractiveness problem is solved and we define N2 to be this first such I.

Otherwise we have reached Nt with the remainder
NN* 0,N,0,l
Yy =Tk - Z Hoy ot =TIohp — Z m° 5p >0 (3.22)
>N+ >N+

We have to distinguish between two situations:

e if the minimum given by H01[\5/ Ol 5 i always the second term, we do not reach N® at N* yet.

Since we stop the coupling construction at step N*, we need to couple the remainder with jump
rates (Step 3b) in order to solve the attractiveness problem (Tablewhen Bg’ /év ! > 0) and we put
NE=N*-1; )

o if NB > N then BN’;SV T=0 (see Table ' Therefore there is no need to continue a coupling
involving 11 ap Np, since the attractiveness problem is solved. In this case H" 1,\31;)(15 =0forN* <I <N
by deﬁnmon we do not need Step 3b and we define

ON,I ._
Ha,ﬁ,y,a =0 for each [ > 0, (3.23)
In both cases, we define
Hop?s:=0  for0O<l<N*. (3.24)

Table 3: N birth rate, N® > N* (Bi\t]’;f+ =0)

N,I+1 _ 0,N,0,!1

l Ba’ﬁ A Hy,ép = wfy.5
N X
- - 7o
NB 41 X

B 0,l
N x mosp— . Mp >0

s I’>NB
N 1 X
: 0
Nt X

The attractiveness problem coming from either birth or death rates is solved. Indeed
Lemma 3.9. Under Condition (2.13),

NB VNIt >Nt
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Table 4: N birth rate, N® = -1 (B > 0)

NI+1 0, _ 0,N,0,1
U | Bap AN Tsp | = High's
N X
: 0,1
. HY,SP
NT X

Proof. . If this is not the case, by (3.17), Table|1|and definition of N4*

ﬁp— Z r’ 5P = Jivév +1>FN5p (3.25)
>N+
By , Table [3|and definition of N2
m0p— > My =B s 0y, (3.26)
>N+
The sum of (3.25) and (3.26) contradicts (3.9). O

If 3 is N—good, thenHa 5—0andwedeﬁneNB:Nd+:N+1.

By

Remark 3.10. If v is N—bad, the construction involving death rates works in a similar way with
symmetric definitions of NP and of a remainder Dl;’g. As in Lemma under Condition (2.14),

NPVNI->N". (3.27)

If y is N—good, then H " —OandwedeﬁneND—Nd_—N+1

a[a’y5

Step 3a) Suppose 3 is N—bad and N+ = N* — 1. We come back to Step 1, where even if the
remaining part of Fg pP was still positive at step N™, we decided to stop. We refer to Table

By Lemma NB > N*. We use the upper configuration birth rate remaining from Step 2 in
order to solve the attractiveness problem: we couple the remainder from Step 1 of Fg P with the

remainder from Step 2 of n® 5 p,

N,N,ON . NNT
Ha,ﬁ,},ﬁ .—Ja,ﬁ A[II Y5p m° ap/\l'[aﬁp]

Then, if the minimum is the second term we proceed downwards in ! with terms

N,N,0,1 o N,N,0 l/ N,l[+1
Hyprs =l ZHa/sya [P~ T175p A By
'>1
. NJ+1 0, 0, N,I+1
= g A 0L — %L p ABY . (3.28)
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where j [3, is the remainder of the jump (_¢) rate FN o,6P left over after 1" step. Notice that j NN+

N,N*

afB
We proceed with (3.28) until the minimum is the first term, in which case there is no remainder of
1"1;] D> 80 the attractiveness problem is solved, and we define N¢% to be the first such I. In other

words when [ > N8 the coupling term is the remainder of the upper configuration [-birth rate,
when [ = N9B it is the remainder of the lower configuration N—jump rate, and when I < N8 the
coupling terms are null.

Remark 3.11. Ifl > N9 then the mlnlmum of (3.28) is the second term, which depends on Step 1:

-if > N5, byTable—IBNlJrl p—Hy5p and by (3.28), Hg/i,vy(’)l 0;
. N,N,0,1 Ol Nl 1 ot

-if L=N", by (3.28), Hy s =IL"sp — B, =30 e sp— I ﬁp,

. B NJI+1 , 0,1 N,I+1 NN.OL _ ol

-if | < N*” then B,g AL ’sp=B,% —O dHa/sy5 I 5p-

N,N,0,1

a,B.r,5’
. . 0,1 .. . .

lower attractiveness problem left no remainder of I 5p. It means that positive coupling terms begin

below NB.

In other words even if the minimum is the second term in H it could be null, when solving the

If J(Ilv’,éw = 0, that is if N¥* > N*, we put N¥¥ = N + 1. We give it the same value if 8 is N—good:

N.NOL _ g for each 1 > 0.

in these cases H
a,B,y,6

Table 5: Third step, N4+ = N+ —1 ¥V > 0)

a.B

N,I+1 N 1+1 _ N,N,0,
l fa,/s A [ 5p m° 5p /\B 11 = s
N ><

0, 0, N,I+1
: : HY’Ep—HWSp/\Ba’ﬁ
N9B 1 X
dB N,I+1

NdB X Fop =0
N —1 X
jgg-’_l =0
0 X

If y is N—bad and N9+ = N* — 1 then N9~ =N by Rernark and we do not need Step 3a for the
upper jump rate. If N9~ = N~ — 1 (in this case Nt = N), the construction works in a symmetric

way, by coupling the remainder of the upper configuration jump rate jﬁ; N defined in a similar

way with the remainder of the death rate from Step 2. If y is N—good we put N¢? = N 4+ 1: in

these cases H;%?;%N =0 for each k > 0.

Step 3b) Suppose 3 is N—bad and N® = N* —1. We come back to Step 2, where even if the
remainder of Hg’];; p was still positive at step N, we decided to stop. We refer to Table @ By Lemma
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3.9, N9t > N*. We cannot couple Bgév " with the upper configuration jump rates remaining from
Step 2 with [ > y — a, because the final states we would reach are (a, 8 + N),(y — 1,6 + 1), which
break the partial order. Therefore we put

ONLL ._
Ha,ﬁ’y,g :=0foreachl>y—a (3.29)

Then we couple the remainder BN Nt from Step 2 of n® af p with the upper configuration jump rates
remaining from Step 1 that do not break the partial order in a to solve the attractiveness problem,
that is l“il spwithl <y —a,

N NNt
2k Ll .— gl

oprs=Byg AL sp—Ji AT p] with 1=y —a, (3.30)

a’ﬁ

if the minimum is the second term we proceed downwards in [ with Fly spwithl<y—a

ON,LI ._ O,N,lI’ l i N,I+1 i
Hopys =l — D Hop s IAIT sp—J g AT op]
y—a=>l'>l1
N,l+1 N,l+1
=B, N V5P —Jap AT! ! 5P (3.31)

where %N’/é is the remainder of the birth (%) rate Hg’% p left over after step [ in Step 3b. Notice

that 8" 2! _Bgﬁ+.

We proceed with ( until the minimum is the first term, in which case there is no remainder of
Ha’ﬁ p, so the attractiveness problem is solved, and we define N3¢ to be the first such I. In other
words when [ > NB9 the coupling term is the remainder of the upper configuration [-jump rate,
when [ = N5 it is the remainder of the lower configuration N-birth rate, and when [ < N3¢ the
coupling terms are null.

Remark 3.12. If | > NB9 then the minimum in is the second term, which depends on Step 2:

oifl >NIF thenJéV’/éH/\Fl sP= I V6P by Table|1 d
ONLL _ .
Hygys =0 (3.32)
o if =N > N7 (see Table 1), then JN,éJr1 Fly sD= J(va};ﬂ and
ON,LI _ l g l+1
Hopyrs =T, D Thsp—T0 gp; (3.33)
/>Nd+

o if | < N9t then Jg’bl,ﬂ A Fl sP = Jg[gl,ﬂ =0by Tablel hence

O,N,I,l _ il . d+
Ha’ﬁ’m_rmp ifO<I <N,

In other words if there is no remainder of I'! v5P after Step 2, the coupling term H > ﬁ’l’% is null even if

the attractiveness problem is not solved yet. It means that positive coupling terms begin below N97.
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Table 6: Third step, N B — -1 (B > 0)

Bup'l A (T ep—Jyp" AT ] | = Hyp s
y—oa X
NBd 41 x FisP up N Tva?
Nz x By 20
- =
0 X

If Bg”é\ﬁ =0, that is if N® > N*, we put N?¢ = N + 1. We give it the same value if 8 is N—good: in
these cases Hg’lg’l’lé =0 for each [ > 0. We refer to Table@

B.Ys
Remark 3.13. In Step 3 we do not impose any restriction as in previous steps, the pairs of values
(a—N,B+N),(y, 6+ or(a,f+N),(y—1,6 +1) breaking the partial order on f3 (that is such that
B+ N > &+ 1) that we could reach a priori will be avoided by attractiveness (see Proposition [3.18).

If y is N—bad and N? = N~ — 1 then the symmetric construction allows to define the index NP9 of
the last positive coupling term and the remainder @k’N of the death rate H_I;’O p after Step 1 and k

recursmns 1n Step 3b. Remarknworks ina symmetnc way. If y is N—good we put N’ =N +1
andH % =0 for each k > 0.

Remark 3.14. In the indexes we have defined, the superscript B means birth, D death, d* diffusion
(jump) on the lower configuration, d~ diffusion (jump) on the upper configuration, Bd birth and
diffusion, dB diffusion and birth, Dd death and diffusion, dD diffusion and death.

Once we constructed the coupling rates involving FN o f p, 11, [5 p, p and H p we move to rates
involving less than N particles. If 8 is (N — 1)-bad (and/or y 1s (N —1)- bad) in order to solve
the lower (higher) attractiveness problems given by I'Y ﬁl p and HO% 1p (FN !p and H (N 1)Op)
(or their remainders from previous steps) we repeat Step 1, Step 2 and Step 3 for such terrns We
proceed this way with the remainders of Fk 6P and 1% wf p (Fl 5P and IT, 5 p) going downwards

with respect to k (1) until 8 is k-good (y is l-good).

We couple an upper configuration jump rate Fl sP with a lower configuration birth rate H o f p if
B+k>1and a < y—1in order to solve a lower attractlveness problem, and with a lower conﬁguratlon
death rate T1 ];3, if a > y — L in order to solve a higher attractiveness problem: we cannot couple the
same higher jump rate both with lower birth and death rates. A symmetric remark holds for lower
jump rates.
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Coupling rates are given below by downwards recursive relations

Definition 3.15. Given k < N and l < N, the possible non null coupling terms are given by

oStep 1
up = Tlgp = DM~ D Ml
Jys =Ty ap Z T W
Hszlfj’fy’fﬁ:Jilﬁﬂ/\JH“ if?a>k>}f—lor[5+k>5) and

B+k<é6+Dand(a—k<y-1)
oStep 2 (births)

k, l+1 0,k,0,1’
By ' =Tlygp - ZHa B.y.6

K1l 0K01 K k0.1
By g =T)5p Z Hopos = D Ha %
kK'>k

0,k,0,l _Bk,l+1/\Bk+1l fS+1>B+k>5

aB,y,6 ~ Ta,pB
e Step 2 (deaths)
kl+1 —k,0 ko,
Dyg =MgpP— ZHaﬁy, ZHa/sy,
k+1, -1,0 —k',0,~1,0
DY,E = HY s P~ Z H, By,
H, g0 Dﬁlﬁﬂ/\DkHl fa>y—l>a-k
oStep 3a) (births)
kl+1 k Kk k,k,0,l
S =Thpp— D, Higs— ZHa,ﬁ,r,«s
I'>k—5+8 >1
kkol _ _kl+1 k+1 [ _ Okl .
H(X,ﬁ,)/,ﬁ - ja,ﬁ A [BY’§ (Z ﬁ Y, 6] lfﬁ + k > l

oStep 3a) (deaths)
k+1l _ K KL —K,0,L,1
Spa ' =Tsp = X Hyfrs— D Hopls

k'>l— +a kK'>k
—k,0,1,1 kI+1 k,0,—1,0 k+1,1 .
0,60 _ > >y —
Hoprs =WDgp ~Hyp s 1NSps fa>y-1

oStep 3b) (births)
k1+1 _ OkOl/ 0,k,1,l'
Beg =logp— D, Hoghs— > Hopls

U'>k—6+p y—a>l'>1
0,k,1,1 k, z+1 k+1,1 Kkl . .
Hyghls=Byg AL —HgY 1 ff+k>8anda<y—1;
oStep 3b) (deaths)
k+1,1 k/ k/
D5 _HY5P_ Z Haﬂy, Z Ha[a’y,
k/Zl—YJ,-a 5— ﬁ>k/>k
k,k,~1,0 k,l+1 ko, L1 k+1,1 :
Hoprs =Uap ~Hugrsl N5 fa>y—land B+k=<6
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e The uncoupled terms are

k,1 . 1,1 .
o ifp+k>0, ify—IL<a,
0 HEE0O = {aiﬁ fP+k i) HOOM = /1 K fr=t (3.34)
P>Ys Ja’ﬁ otherwise; @By, JY s otherwise;
k1 .
B> if B+k>0,
i) HYO0 ={ “af P i) HYO%L =BL (3.35)
06,/3,7’, Ba’ﬁ Othem/lse; a,ﬁ,% Y
i ify—Il<a
: 0,0,-1,0 _ 7,6 > —k,0,0,0 k,1
) Ha’ﬁ’ws - { Dl{s otherwise; i) H“ﬁ% _Da,ﬁ (3.36)
e ’

Remark 3.16. The uncoupled terms are given by the remainders of the original rates: this ensures that
we actually get a coupling. For instance, if § +k > &, then by (3.34) (i), (3.15) and (3.15) we get

k,k,L,1 k,k,0,1 kk,*lO k,k,L,1 k,k,0,l N _ k
;(Haﬁy5+Haﬁy,5+Ha/3,y,5 faﬁ+;(Ha[5y5+Haﬁ,y,6)_r
> >

K.k,
a,B,7,6

k,k,L,1 k,k,0,1 lO _ k1 k,k,L,1
;(Hw’m +HEROL +Haﬁy,5 =Jb +;):(Ha,ﬁy5 +H
= >

since H =0foreachl <k—-06+B. IfB+k =<0, by (3.34) (i) and (3.15

aﬁyS)

k,k,0,1

since by (3.15] Ha/3 5

in a similar way.

=0 for each I > 0. One gets all the marginals by summing the coupling terms

Remark 3.17. Coupling rates involving the largest change of N particles constructed above can be ob-
tained by an explicit calculation starting from Definition[3.15] For mstance Formula (3.12) corresponds
to (3.15) with k = N. Indeed if 8 is N-bad the coupling terms H [3 =0by (3.15), and if k =N

then Zk/>N(H§ ﬁkylal +H22 £l5) = 0. Formulas (3.17), (3.21), (3.28 and 13.31]) can be obtained in a
similar way.

The easier formulation of coupling 7 when N = 1 is derived in Appendix [Al

We explicitly constructed the coupling rates such that the largest change of N particles breaks the
partial order: the following proposition proves that coupling 5 is increasing for such rates, under
Conditions and if B or/and y are bad values. Indeed it states that all coupling terms
that would break the order of configurations are equal to O.

Proposition 3.18. i) If 8 is N-bad and [ < N* then under Condition (2.13)

NNl _ ;0N,00 _ 7;ONLL _ NN, _
Ha,[o’,y,é - Ha,ﬁ,yﬁ - Ha,[i,y,E - Ha,[jyy,ﬁ =0. (3.37)
ii) If y is N-bad and k < ﬁ_, then under Condition (2.14)
k,k,N,N _ ;7—k0,-N,0 _ ;7kk,~N,0 _ ;;—kONN _
Ha,ﬁ,}/,5 - Ha,ﬁ,y,é - Ha,[a’,y,5 =Hapys 0. (3.38)
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Proof. i) Suppose | < N*. Then Hg’g’g’g = Hgévylé =0 by (3.15) and (3.24).

e Suppose N9* =N* —1, then N® > N* by Lemmaand Hg’lg’i’lb. = 0 for each [ by (3.23). Since
Hgév ’0’51 is null for each | < N8 by Table , we prove that N4 > N7,
By,

Assume by contradiction that N® < N*. By Definition of N¢?, (3.28), Table [3|and Remark |3.11]|

N,N,0,N* o,N*t N,Nt+1
Hyg s :HM p—Baﬁ + /\(HM )
o,N* NN 1
I'>NB
N,I+1

if 1 > N8, By (3.28), (3.13) and Remark|3.11

N,l+1 N NN,O,I/
Sug =TGP D Thsp— D Hap s

We compute ¢, B

I'>N+ I'>1
N N,N,0,NB
= gp— > Thsp— Z{]l{l/dvs}l_[ygp-i-]l{l/ e Hy g}
I'>N+ U'>1
N o,/
=Tipp— D, Tygp— D, Thgp
I'>N+ NB>[1'>1
— Tgyosyy (07 "p— (mkp - > > ) (3.40)
I'>NB
Hence by (3.39)),
N,Nit41 o,N*
g >TY p — gy (TP — > > Up).
I'>NB
This implies that if either N® = N* or N® > N*
O,N o,/
M ep+Toip> > T p— > m%p (3.41)
I'>N* U>N*

which contradicts (3.9)).

e Suppose N2 =N+ —1, that is BY

[ by (3.14).

Notice that Condition (2.13) with K =1, m; =0 and j; = N* — 1 reduces to

0N v
Ha’ﬁp_ Z HY’ap Z I, sP (3.42)

I'>N+ y—a=>l'>N"*

"> 0. Then N9+ > N* by Lemma and HY'N-%I = 0 for each

/5 a,B,7,0

which contradicts BY /3 "> 0if Nt > y — a. Therefore we assume N* <y — a.
Since H>Y'LL s null for each 1 < NBd by Table a we prove that N®¢ > N+. Suppose by contradiction

a,f,y,6
1)), Table|l)and Remark

that N4 < N* <y — a. By Definition of N9, (3.3
21;)1/\1 Nt _FN+p _JN,éV*H /\(FN5 )
=TV p— Ui myary (M gp = Y TV p) < BN, (3.43)

> Nd+
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N l+1

We compute 2, if 1 > NB4, By (3.31), (3.22) and Remark|3.12

N,l+1 . ON, Il
By =Tapp— D, Msp— Y. Hypis
I'>N+ y—a=l'>l1
O,N, Nd+ Nd+
=I,kp — Z I - Z {Tgyoe sy T 5p + T neHy g s 7}
I'>N+ y—a>l'>l1
__ ON o,/ U
=Mygp— > Tsp— 2. T 6P
>N+ N A(y—a+1)>1'>1
=y, a>Nd+>l}(ry5 p- (F’Z,sp— Z r} 5P)) (3.44)
> Nd+
Hence by (3.43),

N*T+1
Bap >FN6P Uggeoyan Ty gp = D T 5p).

I'>Nd+
Ify —a >N > N7 this is equivalent to (3.41), hence a contradiction. If N%* > y — a we get
l/
p> Z Hy(sp— Z I, sP
I'>N+ y—a>l'>N"*
which contradicts (3.42).
Claim (ii) is proved by symmetric arguments. O

Remark 3.19. As a consequence, Tables[5|and|[6] (and the symmetric ones) do not contain any coupling
term breaking the partial order between configurations.

3.3 Sufficient condition

We complete the proof of Theorem 2.4 by
Proposition 3.20. Under Conditions (2.13)-(2.14), 5 is increasing.

(9: #) by Remark|3.4), depending on & and ., whose rates are those of % to whom we subtract
the coupled rates of 5# involving changes of N particles.

In order to prove Proposition , we define a new system . (in fact a new pair of systems & :=
59

Definition 3.21. Given ., & has the transition rates

oy f(k=N,f+N>35) 25 f(=N,y-N<a),
=k A =l ’
Fa’ﬂp = J;g if k <N or FY’5p = J}I,Y(’Sl if l<N or
N1 .
—ok | B, k=N, —ol
Ha’ﬁp —{ Hg’lfjp if k <N HY sP =B 5for each [;
LN .
—k,N ——1,0 7 ’5 lfl:
=D h k; I ={ T
aﬁ p wf for eac 7.6 P { 1_[)/,lg,op ifl <N.
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Our plan consists in working by induction on the largest change of particles n(<”) which causes
either a lower or a higher attractiveness problem: given the particle system ., it is defined by

W:=f{k:(k>6—-Bork>y— a)and(l“kﬁ+l“ +Ha —|—H k0>0)}

B
supW if W #£0;

(6 —B)A(y—a) otherwise. (3.45)

n(&)=n(,a,pB,v,6) = {

Remark 3.22. If y (resp. ) is N-good, then n(<) = supi{k : (k > 6 — f5) and (Fﬁﬁ + Hg’l;s > 0)}
(resp. n(&) =supik : (k >y —a) and (F’;,é + HY_’];’O > 0)}).

By Remark[3.6] n(&) = N. Let i = n(&).

We prove that if & satisfies Conditions (2.13)-(2.14) and n(¥) = N, then ¥ = #(¥) is
increasing. The induction hypothesis is: if a particle system &* satisfies Conditions (2.13)-(2.14)
and n(<*) < N — 1, then s£(&7) is increasing.

We give an outline of the proof: suppose that the induction hypothesis is satisfied. We defined a
new system . By Proposition E, n <N -1 and by Proposmon it satisfies Conditions
- - Therefore we can use the induction hypothesis and # = %(5” ) is increasing. This
implies, by Proposition that 5£(%) is increasing.

Proposition 3.23. If either 3 or y (or both) are N-bad, then n < N — 1.

Proof. . If 3 is N-bad, we prove that FZ’ p=0= ﬁ(;];; By Definition [3.21{and (3.34)) i)

=N N1 _ ;;NNJ00,
PopP=Fop =Hojp 55

and by Definition [3.21]and (3.35) i)

=ON N1 __ ;,0,N,0,0
II apP =%

a,f Ha,[i,y,5'

Since B+ N > 6 +0, by Proposition 3.18| 1), Hg”g;%o =0, ngl\sr;)g = 0 and we are done. In a

symmetric way I 5= HY = O 1f y is N-bad.
If both 3 and Y areN -bad, by (3.45), n < N—1.If 8 1sN bad but Y 1sN good, then n = sup{k : (k >

6 — f3) and (F +1I I;J.) > 0}. Agaln n <N — 1 since F and Ha’ﬁ are null. The same conclusion
holds if y is N- bad and f3 is good. O

The harder part is:
Proposition 3.24. If & satisfies Conditions |||i then so does &.

Proof. . We prove that for all K, h, j,m, I, I, I, I; in Theorem [2.4]

SOmE+ Y T <> W+ DT (3.46)

k>6—p+j; kel, I>j; lelb
——k,0 —=k
ILWIED SIPERD PR 4 3 @47
k>h, kel [>y—a+h, lel,

We prove ([3.46)). Since, by symmetry, the proof of (3.47]) is similar, we skip it.
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Remark 3.25. Let A={a € X :a <K, j, > NT}, then for each k > & — 8 + j; > N such that j; > j,
we have F’;,ﬁ = 0 by Definitions of N and|3.21| Therefore ﬂ{mi2k>6—/3+ji}F’;,/3 =0. Let

K, — minA ifAF#0D
AT ) K+1 otherwise.

Ky—1 Ky—1
o= J{m=k>5-B+j}, = Jlr—a+m>1>j;} (3.48)
i=1 i=1
then condition
2 Tapt 2 Tap= Zﬂys 2T
k>6—f4+]; keI > leI

implies (3.46) and we can suppose without loss of generality
N* > jg. (3.49)

If y is N-bad a similar remark involving N~ and variables N4~, NP, NP4 and NP holds by symmetry.

If 8 is N-good then Condition (3.46) is trivially satisfied. We suppose that both 8 and y are N-bad.

If y is N-good the proof is similar but easier, then we skip it. Hence we suppose N* > 0and N~ > 0.

By Proposition [3.23| I1 o /5 = 0 and by Definition [3.21} Hglﬁ = HO L for each | < N. Therefore

—Ok
D, Tegp= D, Tygp—Tygp (3.50)

k>6—-pB+j; k>6—-pB+j1

By Proposition (3.23} FN[D, = 0. Moreover Hk’/;, N0~ foreach k > 6 — B+j;=06—p by (3.15).

Then by Definition[3.21] (3.15) and (3.49) we have
k FRNN
D Tapp= 2o (Thgp—HIGL) (3.51)

kel, kel \{N}

where I, \ {N} is the shorthand for I, Wgng¢; 3 + (I, \ {NPgyey -

The right hand side of (3.46)) is given by Definition [3.21} (3.15]) and (3.15)). Notice that FIYV s =0by
ONLL — 0if1 >y — a by (3.29):

Proposition [3.23|since y is N-bad; moreover H

a,B,y,6
—=0,! =l . 0,1 O,N,0, N,N,0,l
Z Hrﬁp + Z Fmp - Z (Hr,ﬁp N Ha,ﬁ,rﬁ N Ha,ﬁ#ﬁ)
[>j; lel I>j;
N,N,L,1 O,N,1,1
+ 30 (Thep—Hapys —Hapys): (3.52)
lel, \{N}

By Remark 3.9 either N® > N+ or N%* > N*. We detail the case N%* > N*, which contains all the
technical difficulties of the proof. The other proof (for N d+ = N+ — 1) is similar.
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Since N9* > N7 then Hg,’év,yog = 0 for each [ by (3.14). Moreover Hg”,;[’i’lé = 0 for each
[ >y —aby(3.15). Since N~ > 0and {y —a >1 > j;} C I, then Hglgilg =
{lel,}n{l#N}
Tynp_f+—13 H ggilﬁ Moreover using Tables 3| and |4
y—a=l>j; Y
0, FONOL FON0L
Z(Hy,ﬁp_ aﬁM) - Z (H N al3Y5) (3.53)
1>, NB>I>j

The first term on the right hand side (3.52) that we consider is

0,N,0,1 ON.LI
Z (HY 5P~ Haﬁ )/6) H{NB=IV+—1} Z Ha’ﬁ’y’g- (3.54)
NB>Z>]1 Y_C(Zl>j1

o If N% > N*, since N* > ji > j; by (3.49), we have N > j: by using Table [3|and (3.21), (3.54)

is equal to
ol _ pN N +1
>, M- = n%p—nkp. (3.55)
NBZl>j1 l>]1

e If N® = N* — 1, since in proof of Proposition we obtained that N®¢ > N+, again by (3.49 -

we have N3¢ > j: by Tablel6} (3.31) and (3.22), l-l is equal to
O,N 1l By _
Z HY 5p B Z Ha,];a’],r,ﬁ NN ’ Z H

Nt-1>1>j y—a>[>NBd I>N+-1

=D p —T%p. (3.56)

[>];

that is (3.54) has the same value in both cases. The second sum on the right hand side of (3.52) is

Ll
Z (F 5P~ Hg/évya): Z rly,(sp— Z Fly,gpﬂ{bzvdﬂ

l€l,\(N} lel,\{N} lel,\{N}
- Z aﬁp Z rt 5P)]1{1—Nd+}
lel,\{N} SNa+
1
Z I Z [ 6P s vy
lel,\ (N} lel,\{N}
— (N .p— rl.p)1 (3.57)
a,6P r.6P ) indrer,\(n13- .
[>Nd+

Therefore using (3.53)), (3.55), (3.56) and (3.57))
ZH sP+ ZFY sP = Z Hy 5P Ha pP T Z rly,ﬁp - Z rly,5p]1{z>zvd+}

> lely [>j; lel,\{N} lel,\{N}

N (ra B8P~ Z Fly,ap)]l{wd+ez,,\{1v}}- (3.58)

[>Nd+

We use (3.50), (3.51), (3.58) and Condition (2.13)) to check that Condition (3.46) is satisfied.
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Case A: Suppose N4~ = N. In this case FNﬁ > FN5 (by (3.11)) and HkkNN

Therefore by (3.51))
k
D Tas= 2o Ths

kel, kel \{N}

e Suppose N9t ¢ I,. Since N4+ > N* > j, by (3.49), we must have N** >y —a+m
IL\{{NJU{N >1> Nd+}} = Ip. It implies that 5/ \ (v ry 5 Lsni+; = 0, and by qs 50

and (3.58) Condition ([3.46]) becomes
2 Mapt D) Tap< MG+,

k>6—pB+j; kel \{N} [>]; lel,

which holds by Condition ([2.13]).
e If N €1, \ {N}, then
y—a+mg >N >NT > j,

hence (see Table[1)) by (3.50), and Condition ([3.46)) is
D, Mapt X, Tep=2 s+ D) Tio= D Tsliwe

k>6—B+j; kel \{N} [>j; lel, \{N} lel, \{N}
N [
—Tapt Z rm
[>Nd+
_ Il _pN
Z HY 51 Z FY Iy B
>, le{\{N} }Ufl>N*}

Notice that
{I, \{N}}U{l>N¥} =1, u{l > N}

e If N €1, (3.61)) becomes

D, Mt TapS Mt D, T

k>6—f+j1 kel, [>j lel,U{l>Na+}
which holds by ([2.13)).
o If N &1,, (3.61) writes
k 0, l
D, M+ D, Top< M+ D T
k>6—f+j keI, U{N} [>j, lel,U{I>N+}
Denote by

IL,=I,U{N>1>6-B+(N-6+p)}=I,U{N>1>N}
I,=I,U{N+y—a>1>N—-5+p}

then by Condition (2.13]) applied to Ta, T,

> m +Zraﬁ_ZH°l+Zr

k>6—f+j, kel, [>j LT,

By (3.60), T, = I, U{N + 7 — a > [ > N9*} and (3.63) implies (3.62).
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x, hence
, (3.51)
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(3.61)

(3.62)
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Remark 3.26. This is the key passage where a Definition of I,,...1; as a single set instead of a union
of several sets does not work.

NNLL 0 for each | < N, the left hand side of (3.57|

a.B,7,6
is equal to Zlelb\{N} F; 5D, Formula (3.51) still holds but terms H k. ’;5];”5\] are not null. One works

as in Case A, when N9~ = N, by using the symmetric construction of H k, Z,Né\[ and by checking the

condition in different cases. O

Case B: Suppose N = N9, In this case H,

Proposition 3.27. If # = # (%) is increasing, then 7 = #() is increasing.

Proof. . We show that all coupling rates of > breaking the partial order between configurations
are null. By Proposition the ones involving N particles are null and if both  and y are
(N — 1)-good then 2 is increasing. Therefore we suppose that either 8 or y is (N — 1)-bad.

We prove that . and . differ only on rates where a change of N particles causes an attractiveness
problem. By Proposition such terms are null for .

Step 1: by Definition (3.15) on & and Definition [3.21} if N > k > k — & + 8, we get

Fokbl —k kU —=kk,~1',0 —k K LI =0,k L]
Hops =Tagp = 2, Hopys tHaps YA 50— D (Hops s+ Hapys)]
>l k'>k
kN —k kI —=kk,~1',0 —k K LI =0,k L]
— D g s Haprs NALY = (Hyp s +Hy g )] (3.64)
>l K'>k
k kNN | 7rkk,—N,0 N, _ 0,1 N,NLL _ 1;0,N,11 .
Note that since J* ﬁ =T pP—H g, s TH g 5 and Jos =T sp—H, 5 5—H/ s 5 by definition
when0<k l<N—1
kLl kN ke, ke, ~1',0 KK L1 0,K,1,1
HEb s =L = Y (Hes s+ Heg LA LS = D (Hy 3o+ Hyg )] (3.65)
>l k' >k
By (3.64) and (3.65), Hi”;j’l)’,la and HI; 1;5’1’15 have the same recursive definition when 0 <k <N —1,
O<[<N-1.
—0,k,0,1 0.k.0.1 . ..
Step 2: If B is k-bad (otherwise H apirs = Ha’ﬁ’y’(g = 0 for each [ > 0), by Definition (3.15[ (3.15
and Definition [3.21]
—0,k,0 =0k —0,k,0, l’ —0,k’,0,1 —k’ K,0,1
Hopos =Mapp = D Hap 5] A5 = > (Hop s+ Hyjp )]
>l k'>k
—0,k,0,l' —0,k’,0,l —k’k’ot
=[1gpp = D Hopy s A By = D (Hygs +Helg )] (3.66)
>l k'>k
As in previous case, since BN’Z = Hg’gp — Hg’g’g’l — Hgé\’ ’Yog, by definition (3.15), Hg”[;’?/’l and

—0,k,0,1
H’ w5 have the same recursive definition when 0 < k <N —1,0 <1 <N. Notice that in this case

they coincide even if | = N, since we may have H p > 0. By similar arguments and (3.15) we
prove the symmetric result with respect to death rates
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kk 5+B

Step 3a: Suppose that f is k-bad and J, > 0, that is Step 1 was not enough to solve the

attractiveness problem induced by ™ apP for . By Definitions |3.15[ (3.15)—(3.15) and [3.21

—k,k,0,1 —k —k, kU —k,k,0,l’ —0,k’,0,1 —k’,k’,0,1
Hepro =agp = D, Heg =D Hap,s) A[Hyép D Haprs— 2 Haprs)l

U'>k—6+f >l K'>k k'>k
—k k11 —k,k,0,1' N —0,k’,0,1 —k'K',0,1
= 2 Hipys— D Hipps) NBLG— D Hogls— D Hapos)l. (3.67)
I'>k—5+f >l k'>k k'>k
k o kNN kkON NI _ 0l  7;0N0l _ ;NN k,k,0,1
Since J =T a,6P Ha,ﬁ,}',é Ha,ﬁ,rﬁ and Br,5 - H}',ﬁp Ha,/ﬁ’,y,ﬁ Ha,ﬁ,yﬁ’ again Hal3 7,6 and
—k,k,0,1 . .
H, B have the same recursive definition when 0 < k < N —1, 0 < [ < N. The equality of

recursive formulas corresponding to Step 3b is proved in a similar way.

Since all terms are defined by the same downwards induction formula, we just need to check that
they coincide for the initial coupling rates. The one involving FN 1p and FN p is given by (3
with [ = N — 1, that is

—N-1LN-1N-1IN-1 __N-1N NN 1 N— N-1,N—1,N,N N-1,N—1,—N,0
Heopys =Jup " N5 =[Tag'P—Hyp s tHoprs ]
N—1 N,NN-1N-1 _ ;ONN-1N-17 _ ;N-1N-1N-1,N-1
A [F P Ha ,B51,6 Ha,ﬁ,r,é 1= Ha,ﬁ,)f,ii

and we are done. The one involving Hg’%_l p is given by (3.66) with [ = N, that is

—0,N-1,0,N O,N—1 0,N—1 O,N,0,N NNON
Hoprs =Hap PABY =Ty  p AU —Hyps —Hyp ']
__/ON-1,0,N
_Ha,/o’,y,ﬁ
We prove that H;%E;N -0 _ H;%:S:Q(N_l)’o for death rates by symmetric arguments.

Therefore 5 and # are identical for all coupling rates involving a change of less than N particles
which cause an attractiveness problem: the conclusion includes uncoupled rates. The claim follows
since ¢ is increasing and by Proposition O

3.3.1 Proof of Proposition [3.20]

We do an induction in two steps. First of all we suppose that 8 is N-bad and y is N-good, that is

B+ N >0 and y — N > a. We skip the similar symmetric case.

Let & := % and suppose that Propositionholds for each system &#* such that n(%**) <N —1.

Notice that since y is N-good, then y is n(*)-good for each &#* and, by Remark 3.22] definition of

n(&*) involves for each &* only rates that cause a lower attractiveness problem.

Remember that Definition of & depends on the original system, that is & = (). We define
5”(3’ 1) and n; —n(,S” JforjeN,j<N-—1.

If [3’ is (N — 1) bad, by Proposmon | ny_; <N —1,and &;_, satisfies Conditions (2.13)-(2.14)

by Proposition u We define a coupling sy _; for &#;_; as in Definition |3£‘, and by induction

hypothesis it is increasing. By Proposition [3.27] if #y_; is increasing then so is .

We have to check the induction basis: we proceed downwards with definitions of the new systems

3}* until f+j < 6. If B < §, then " with j = 6 — 8 is attractive, since § + j < 6 and there are no
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attractiveness problems. If B = &, then the attractiveness of a system with n; = 1 under Condition

([2.13) is proved in Appendix[Al

We proved that all systems such that there is only a lower (or only a higher) attractiveness problem
are attractive under Conditions (2.13)-(2.14). Now we prove that this holds also for a system
where both  and y are N-bad.

If B+ N > 6 and vy — N < a, the definition of n() is given by but everything works in a
similar way: we define &y = &, 3}* = ?(y}’;l) and n; = n(Yj*) forj<N-—1.

If both 8 and y are (N — 1)-bad, by Proposition ny_1 <N —1and ¥ _, satisfies Conditions
(2.13)—(2.14) by Proposition We define a coupling #4,_; for #;_, as in Definition by
induction hypothesis it is increasing. By Proposition if A4, _; is increasing then so is .

We have to check the induction basis: we proceed downwards with the definition of a new system
,Sﬂj* until either  or y are j-good, that is until j = (6 — ) V (y — a).

If 6 — B # v — a, then only one attractiveness problem is present and the claim follows from the first
part of the proof.

fj=06—-pf=y—a>0, then 5’3* is attractive since there are no attractiveness problems; if
j =0 —pB =y —a=0, then the attractiveness of a system with n; =1, f§ = § and y = a under

Conditions (2.13)-(2.14) is proved in Appendix [A] O

3.4 Sufficient conditions on more general systems

In order to show the sufficient conditions of Theorem we restricted ourselves to transi-
tion rates on a given pair of sites (x,y): if Conditions (2.13)-(2.14) are satisfied we can
construct an increasing coupling for the system #, ,) and the final increasing coupling is
given by superposition of couplings for all pairs of sites (see Section and Proposition
. We use neither the translation invariance of ij(];), nor the fact that the smaller and
the larger systems share the same p(x,y). Therefore we can state the result for a more gen-

; 0,4k or a more
eral pair of systems ¢ = {R ‘") - \(x,¥), F’;(x),n(y)(x,y),P:(’)‘C)(x),p(x,y))} and 4 = (R
Tk Btk ~ )
FW(X),n(y)’ Pn(x)(x): p(x: y)}

Corollary 3.28. A particle system 1, ~ ¥ is stochastically larger than &, ~ ¥ if for each (x,y) € §2,
(a,8) < (1,6), (a,f) €X? (y,6) € X? with p = p(x,y) and p = p(x,y)

(D) MG+ D T o yNB< (D Mo+ ) T 506 y)p,

k>6—pB+j; kel, [>j; lely,
N—k,O I = _170
(DL T+ Th o= (Y, M0+ ) T 50, 0)p,
k>hy kely [>y—a+h,; lel,

for all choices of K < N(a, )V N(y, 8), k j, m in Theorem

Such conditions are not necessary. We use Corollary with the comparison technique with
oriented percolation in [3]] to prove survival of species in metapopulation models.
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4 Proof of Theorem|2.10

Since F(x,y)=F(0,y —x) = F(y — x,0), with a slight abuse of notation we write F(y — x) instead
of F(x, y).

Proof. of Proposition

We treat separately the cases y =0 and y > 0.
i) If y = O then the Dirac measure & is invariant. We denote by P(-) the independent coupling

measure and by E(+) its expected value. We fix x € S and we compute the generator on F (n’t” (x))in
Definition || where {u;(€)};ex satisfies Hypothesis ID Let t > 0, we denote by nItV[ (x)=1L1
By (2.35)

LFM () =LF1) = lg—gy [ 2 Y 0 )(FQ) = F(0))]

=
+ <<y [(ﬁnyni” () +1$IF+1) = FA)+I(F( —1) = F(1)
+ gy [M(F(M —1)- F(M))] — g, [A; nlt”(y)uo]
+ p<izw—; | (B ;n’tw(y) 19y = Ly |+ gy | — Mgy |
<l [(A;ny(y) 1)y — Ly |
+ i< [(ﬁyzxni” () +1¢ )y — Ly |
S(Avﬂ)ayzx A CORRICITESTIY
S(AVﬁ)ﬁZn’t”(y)—eiuj—(AV[J’)Zdal. 4.1)
= =
Let n) € QM. By translation invariance and Definition (2.30)
d ' (x)-1
TE(F(n}! (x)) =E(LF(n} () <E((AV ﬁ)ﬂ;n’f’ ()—e JZO] u;— (A v p2din (x))

= — eE(F(nY (x))).

By Gronwall’s Lemma we get the result.

ii) If y > 0 then §, is not any more an invariant measure. Let (§,,7,);>o9 be a coupled process

through the basic coupling probability measure P such that &, € Q° and 1, € QM. We fix x € Z.
We denote by k = &,(x), l = {(x) :=n.(x) — £,(x) and k + 1 = n,.(x). First of all we prove
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Lemma 4.1.

LF(ek+1) <A Y (0:(y) = &y +1(puy —up_1). 4.2)

y~x

Proof. . By Definition (2.30)),

LF(E(x),n(x)) =Tjg=i=0} [A Z Ct(}’)ul] + Lgr—0,0<1<m-13 [(l Z &)

y~x y~x

+ (=) + G+ D) + (8 Y 1) +1¢)u |

yrx

+ Mgogany | (A D £+ 1) (=) + M(—ty 1)

y~x

 Mgsoertzni—y | (B 2 Ce(y) + 1Dy +1(=uyp) |

y~x
+ Wyt eriom | (B DL ED +RON—u )+ 1w )] @3)

y~x

We prove that

LF(k,k+1) <Tyr—o,0<i<m—1} [ -1 Z E)+ 7wy —ly_,+(B Z n:(y)+ Z¢)ul:|

y~x y~x

+ Uigooetzn—tiey [ (AV B) Y Ce iy + 1wy —luy, |. 44)

y~x

Notice that if k =0 then n,(x) =k + [ =1.
If k >0 and k + 1 = M, then the last term in the right hand side of (4.3) is smaller or equal to

B Ly + 1wy —luy_y.
y~x

The same inequality holds when [ = 0 and k = M, that is £,(x) = n,(x) = M, since the last term in
the right hand side of (4.3)) is null and [¢u; — lu;_; =0. If k=0and [ =0,

AD ey =2 3y + Ly —Tuy_y.
y~x y~x

Therefore (4.4)) holds.
Since u; is non increasing in [,

~(A D ED) + U S (A ) E (D) + 1y
y~x y~x
If B <2,
—(A D &)+ P~y + (B ) () +1d)y

y~x y~x

<l —luy+2 ) ¢y

y~x
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and by (4.4]) the claim follows; if § > A

lpuy —Tu_y +B D m (V) =2 D &y = yupy

y~x y~x

= lgu —lu 1 +2 3 0+ ((B=2 D 0 =7 )ur (4.5)

y~x y~x

Since B — A < y/(2dM), then (8 — 1) .
(4.5).

yoox 1n:(y) —7 < 0 and the claim follows from ti and
O

By Lemma (2.35) and translation invariance

E(2Ftok+D) <E(1¢u - luy +2 Y ¢y

y~X
B -1
< E( —e> uj—AU2dL+A Y {t(y)U) - —eE(F(k, k+ 1)).
j=0 y~x
and the claim follows by Gronwall’s Lemma. O

Now we prove that Definition [2.14]satisfies the hypothesis of the u-criterion under (2.29). We begin
with a technical proposition.

Proposition 4.2. Let (u;(€));ex be given by Definition If ¢ <1and
1—¢ 1-¢

2da “MVP < aa e

then there exists € > 0 such that u;(€) is positive, decreasing in | for each | € X and in € for each
O<e<e

We prove Proposition by induction on [. We need the following lemma to use the induction
hypothesis:

Lemma 4.3. Ifforl € X,

1-¢
AVB< ————
2d(1 - ¢")
and there exists € such that u;(e) > 0 for each k <1 — 1, 0 < € < €; then there exists 0 < €* < € such
that (")
Uur_1\€
< —0. .6
2d(A vV B) (4.6)
Proof. . We prove by a downwards induction on 0 < k <[ — 1 that:
if there exists 0 < €* < € such that
J(k,e") :=—(AVL)2dUA + ¢ + ...+ ¢F) +1y_x_1(e) >0 (4.7)

145



thenJ(k — 1,€*) > 0.
Indeed, if k =1 — 1 then (4.7) is the assumption (A V 8)2d(1 — ¢') <1 — ¢.
Suppose there exists 0 < €* < € such that J(k, €*) > 0. By Definition [2.14] (4.7) is equivalent to

ok l.—k—Z ok | —k— _uia q r
—OV 24U+ ...+ ¢F) + — 2j=o uj(e)+( D(= UV B2d + uy_g_s(€")) ¥

¢l —k—2)

that is
[—k—2
—(AVBRAUI—k—D[(A+...+ ¢ +1] =€ D u(e)+ (1 — k- Duy_g_s(e”) > 0.

j=0

Therefore
e* [—k—2
J(k—1,6)>-(AVE2dU(L+¢ +...+ ¢ ) +u_s_o(e") > — ; u;(e").

Since by hypothesis u;(€) > 0 for each 0 < € < ¢, then J(k — 1,€") > 0 and by induction (4.7) holds
foreach 0 <k <1 —1. By taking k = 0 we get

—(AV B)2dU +u;_1(e") >0

which is the claim. O

Proof. of Proposition [4.2]
We prove by induction on [ € X that there exists €; such that for each 0 < € < €; and for each

u;(e)
0 <j <1, u;(e) is positive, decreasing in j, U < m and
d .
0> —u;(e) = —Cy(j) (4.8)
de
with Cy(j) the solution of
U . CuG—1)+U
Cy(1) = >’ Cy(j) = — 9 (4.9)
This gives
()= 21 +¢+¢2+ +¢j_1)=U1_—¢j (4.10)
Y $1(1- )
hence u;(e) > 0 is also decreasing in €.
We prove the induction basis when [ = 1. By Definition [2.14]
—eug— ULV B)2d +u, —e—(AVvp)2d+1
up(e)= " =1uy " .

Since (A V 8)2d > 1 — ¢ we can take € < €; small enough to have 1 — (A V )2d — € < ¢, that is
u;(€) <ug=U;since (AV f3)2d < 1then U < U/(2d(A V 8)) and, by taking € < €] small enough,
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u;(e) is positive; moreover notice that u;(€) is decreasing in €, and Cf—eul(f) = —% = —Cy(1) for
each e. Hence the induction basis as well as the hypothesis of Lemma [4.3| are satisfied for [ = 1:
there exists €, = e; A €] such that if € < & then U > u;(€) > 0, u;(¢€) is decreasing in €, and (4.6)
holds.

Suppose there exists €;_; > 0 such that for each 0 < € < €;_;, then 0 > 6f—euj(e) > —Cy(j), uj(e) is

u;(e)
decreasing in j foreach j <1 —1, U < —~——— and uj(e) >0 foreach j <I1—1.

2d(AV )
First of all we prove that there exists €; > 0 such that if 0 < € < ¢; then y;(€¢) < u;_;(€e). By

Definition

—e X Thuie) ~ ULV p2dl + 1“1—1(6)) (4.11)

Plu;_1(€)

By induction hypothesis, if € < €_; then U > u;(e) > 0 for each j <[ — 1 and we get

w(e) =u_y(e)(

—e X ou ()~ UV PI2dl +1u1(€)  —U(Av B)2dl +luy_y(e)

$lu_1(e) = $lu_1(e)
1 (Avp)2d
s o

that is u;(€) < u;_;(€) by (4.11) and we set €; = €;_;.
By (4.10), Cy(j) is always positive and increasing in j. We prove that (4.8) holds for j = . By
Definition [2.14]

d 1 d -1 -1 d
gul(e) = a ( — eaguj(e) — ]Z(:)uj(e) + laul_l(e)). (4.12)

We begin with the right inequality involving the derivative of u;(¢€) in (4.8). By induction hypothesis,
if 0 <e < €é,_; by (4.9), (4.10) and (4.12)) on the one hand

qbl%ul(e) >—1U - 1Cy(l - 1) = —Cy(Dl.

and on the other hand

pl—u(e) <e ) Cy(j)— ) uj(e)+l-—uy_(e)<e ) U————— > uj(e).
de = = de = ¢’(1—¢) =

Since 0 < € < €;_; and u;(e) is positive and decreasing in €, as € approaches 0 the first sum on
the right hand side goes to 0, while the second sum is positive and increasing: therefore for each
j <1 —1, we can take &; small enough so that %ul(e) <O0Oforeach0<e <¢.
Now we prove that there exists €; > 0 such that u;(€) > 0 for each 0 < € < ¢;. By Definition [2.14]
u;(e) > 0if

-1

—UAVB)2dL +1u;_4(€) > eZuj(e). (4.13)

j=0
By the induction hypothesis, assumptions of Lemma are satisfied, hence there exists 0 < ¢* <
€;—1 such that (4.6) is satisfied. Thus —~U(AV B)2dl+1u;_,(e*) > 0 and we can choose €; < " such
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that
—U(AV B)2dl +lu;_1(€7) > €/1U (4.14)
Ife <e/(<€-1)

—UAVB)2dl +luj_1(e) > = UAV B)2dl + lu;_1(€%)
-1 -1
>e/lU > e;‘Zuj(e) > eZuj(e)
j=0 j=0
which is (4.13)). By taking 0 < e <&y A...€_1 A€ A€}, y(e) >0 and is decreasing in [ and €, and
the claim follows. O

Proof. of Theorem[2.10]
Let {u;(€)};ex be given by Definition (2.36]). By Proposition [4.2] we can choose 0 < € < € such that
u;(e) > 0 for each I € X and ergodicity follows from Proposition O
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A Appendix: Explicit coupling construction if N =1

We detail the coupling when N = 1 to understand the simplest construction. Note that we have to
mix birth with jump rates also in this case.

There is a lower attractiveness problem (3 +1 > 6) only if 8 = 6, and a higher one (y —1 < a) only
if y = a. Definition [3.15| becomes
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Definition A.1. The non zero coupling rates of 3¢ are given by:

1,1,1,1 = . '
Ha,ﬁ,)’ﬁ = (ré,/;’ A r)lf’g)p ifB=0ory=aqa;

=~0,1 0,1
1 (Ha’ﬂ " HY’(S)p 0,1 0,1 0,1
— 1 1 1 E 70, B . _
Ha’ﬁ’{’g - [Fa,ﬁp - (Faﬁ A FY,(;)P] A [HY’5P - (Ha’ﬁ A Hy’g)p] lfﬁ =0

01,11 ~0.1 ~0,1 0,1 = .
Hyp s= [Mygp— I, g ATLOIPIALLL sp— (T s ATS p] ify >«

H—1,0,—1,0 _ (ﬁ—l,O A H—l,O)p

a’{j’gigl B a’{so "2 1,0 1,0
“1,01,1 _ =-10 0 =l ~1,0y 7+ 1 . (71 1 o
afrd = (Mg p— (5 AL 5)p] ’;EFy,ap (llz)a,/o’ A Ero,é)l’] fa=y;
10 0 rm o oml 1 -1,0 ' =1, -1, .
Hyg,s = [Lapp=Top AT SPIATIL 5°p = (I, g ATL )l if f <&
01,00 _ =01 101,01 _ ;01,11 1,100 _ =1 11,11 11,10 ;;1,1,01,
Hygys=Wagp—Hyg s —Hyg ss  Hyg s =TopP—Hyg s —H g s —Hipyss
0001 _ 01 ;0101 _ ;1,101 0011 _ 1 . 11,11 _ 0111  ,—1011,
Ha,ﬁ,%ﬁ - HY 6 Ha,/o’,r,ﬁ Ha,ﬁ,)/ﬁ’ Ha,ﬁ,%ﬁ - FY o Ha,ﬁ,m Ha,ﬁ,%é Ha,ﬁ,m ’
-1,0,0,0 _ =-1,0 _ -1,0,—1,0 _ -1,0,1,1, 0,0,-1,0 _ ~4—-1,0 _ -1,0,—1,0 _ 1,1,—-1,0
Hogrs =WagP—Hyg s —Hypgrss Higys =1 sP—Hyg s —Hyg, 5"

Proposition A.2. Definition [A.1|gives an increasing coupling.

Proof. . The definition of uncoupled terms ensures this is a coupling. We have to prove attractive-
ness.

-1,0,1,1 _ £;-1,0,-1,0 _ ;1,1,-1,0 _

- wpirf ~Papyp =Hagpp =0

e Suppose Fi’ﬁ > F;’s. By Condition ([2.15) we must have Ha”ﬁp < Hyz5p, then H
Moreover

Suppose 8 = 6 and y > a. Therefore H

0,1,0,0 _
a,B,y,6 0.

1,1,1,1 _ 1 0,1,0,1 _ 0,1 0,1,1,1 __
Hygys =T, 5P Higys=Ugep,  Hjg/ 5=0

1,1,0,1 _ /71 1 0,1 ~0,1 _ 1 1
Ha,ﬁ,)/,5 - [(Fa,ﬁ - ry,g)p] A [(HY’g - Ha’ﬁ)P] - (ra,/j - Fy,g)p

. 1,1,00 _ = ~
by Condition (2.15). Therefore H, ;5 = Fé’ﬁp — F;ﬁp — Fé’ﬁp + r‘;’ap =0.

71 1 1,111 _ 71 11,01 _ ;71,100 _
e Suppose Fa,ﬁ < FY,S. Then Ha’ﬁ’wS = Fa’ﬁp and we get Ha’ﬁ’m = Ha’ﬁ%é = 0. We have to prove
that H>3%9 = 0.
a,B,y,6

0,1,0,0 1

If y = a, by Condition (2.16) then Ha,ﬁ,y,B = Hg’,lﬁ,p — Hg’,lﬁp A ngép = 0 and we are done.

Suppose vy > a:

0,1,0,0 _ 0,1 =0,1 0,1 ~0,1 ~0,1 0,1 1 =1
Ha,ﬁ’),’g - Ha’/jp - Ha’ﬁp A Hy’gp - [Ha’ﬁp - Ha’ﬁp A HY’5P:| A [Fy,gp - Fa,/jp]
By using the relation

aA(c—cAb)=(a+b)Ac—bAc fora,b,c >0
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: _rl =1 _ 0,1 _ 01 .
with a = Fmp — l"a)ﬁp, b= Hy,gp and ¢ = Ha’ﬁp, we get by Condition (2.15)),

0,1,0,0 _ 0,1 ~0,1 0,1 1 ~1 0,1 ~0,1 ~0,1 0,1
Ha,ﬁ,y,5 —Ha’ﬁp - Ha,ﬁp A HY’Sp - [Fy’gp - Fa’ﬁp + HY’Sp] A Ha,ﬁp + Ha’ﬁp A Hy’ap
=01 ~0,1_
—Ha,[jp — Ha,ﬂp =0.

If a =v and 6 > 8 we check that the coupling is increasing in the same way.
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