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Abstract

We investigate the interaction of one-dimensional asymmetric exclusion processes of opposite
speeds, where the exchange dynamics is combined with a creation-annihilation mechanism, and
this asymmetric law is regularized by a nearest neighbor stirring of large intensity. The model
admits hyperbolic (Euler) scaling, and we are interested in the hydrodynamic behavior of the
system in a regime of shocks on the infinite line. This work is a continuation of a previous
paper by Fritz and Nagy [FNO6], where this question has been left open because of the lack
of a suitable logarithmic Sobolev inequality. The problem is solved by extending the method
of relaxation schemes to this stochastic model, the resulting a priory bound allows us to verify
compensated compactness.
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1 Introduction and Main Result

A rigorous treatment of hyperbolic (Euler) scaling problems requires specific conditions because
a direct compactness argument is not available; the celebrated Two Blocks Lemma, see Theorem
4.6 and Theorem 4.7 of [GPV88], can not be extended to macroscopic block averages. Just as
in the case of parabolic energy inequalities, the diffusive (elliptic) component of the microscopic
evolution does vanish in a hyperbolic scaling limit, thus we can not control spatial fluctuations. This
problem is closely related to the formation of shock waves resulting in a breakdown of existence of
classical solutions to the macroscopic equations. Assuming smoothness of the macroscopic solution,
this difficulty can be avoided by means of the relative entropy method of [Yau91], hydrodynamic
limit (HDL) for a large class of models can be derived in this way. In the case of attractive systems
coupling and other specific techniques can be applied even in a regime of shocks, therefore advanced
methods of PDE theory, as the entropy condition of S. Kruzkov play a crucial role in the proofs, see
e.g. [Rez91], [KL99] and [Bah04] with some further references. Since the models of [FT04] and
[FNO6] are not attractive, a new tool, the stochastic theory of compensated compactness is used
there to pass to the hydrodynamic limit; the microscopic entropy flux is evaluated by means of a
logarithmic Sobolev inequality (LSI). Our present model is more difficult, these techniques alone are
not sufficient to control the mechanism of creation and annihilation. The main purpose of this paper
is to extend the PDE method of relaxation schemes to microscopic systems with a hyperbolic scaling,
we are going to expose several versions of the argument.

1.1. Relaxation schemes: In case of non - attractive systems with general initial conditions the
method of compensated compactness, cf. [Tar79] or [Ser00] and [Daf05] is an effective tool, its
applications to microscopic systems are discussed in the papers [Fri01], [Fri04], [FT04], [FNO6]
and [Fri09]. However, compensated compactness alone is not sufficient in the present situation,
it should be supplemented by another tool called the method of relaxation schemes in the PDE
literature, see [Liu87], [CL93] and [CLL94] for the first results, [GT00] or [Daf05] for explanation
and further discussions. The basic idea is not difficult: the single conservation law d,u+ J,.f (u) =0
in one space dimension can be obtained as the zero relaxation limit of the linear system

ou,+90,v., =0, 0ov,+ou,= 8’1B(u€, v )(f (u,) —v,) (1.1

with a nonlinear source (relaxation) term on its right hand side. We have B > 0, so unless (f (u,) —
v,) — 0, this term might explode if 0 < ¢ — 0; but the negative sign of v,/¢ is encouraging.
To see a successful relaxation, we have to find a clever Liapunov function h = h(u,v) such that
R (w, v)B(u, v)(f (W) —v) < =b(f (u) — v)? with some b > 0. Then for classical solutionsEI

Oih(ug, ve) + R, (g, Ve )0y v, + K (g, Ve )Oytty < —(b/e)(f () — ve)?,

whence under suitable conditions on f and the initial data

g f f (f (we(t,x)) = ve(t,x))* dx dt < Cy
0 —00

follows, where C, does not depend on ¢ . Let us remark that the equation above is easily controlled if
we have a function J = J(u, v) such that b/ (u, v)d,v+h,,(u,v)d,u = d,J , that is h is a Lax entropy for

! Differentiation with respect to space and time is usually denoted by J, and 0,, while k), and I/, are the partial
derivatives of h with respect to the state variables u and v .
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if B =0, but there are other possibilities, too. Therefore it is reasonable to expect v, ~ f(u,)
in a mean square sense as ¢ — 0, consequently the limit u of u, satisfies ,u+ 9, f (u) = 0 in a weak
sense, see e.g. Sections 6.7 and 16.5 of [Daf05] for complete proofs which are technically much
more complex than the presentation here.

The hyperbolic scaling limit of our model of interacting exclusions with creation and annihilation
shall be understood as a microscopic version of the zero relaxation limit for the LeRoux system

atus + ax(ps - u?) =0,

. (1.2)
atpa + ax(us - usps) =€ B(u£> pa)(F(ue) - ps):

where x e R,ue [-1,1], p € [0,1], F(u) := (1/3)(4—(4—3u>)"/? and B > 1/2, consequently the
limiting equation for u reads as d,u + 8, (F(u) — u®) = 0. The first proof uses h = (1/2)(F(u) — p)?
as our Liapunov function, the result obtained in this way can be improved by choosing h as a Lax
entropy of the Leroux system.

1.2. The model: In view of our naive physical picture of electrophoresis, we consider £1 charges
moving in an electric field on Z such that positive charges are jumping to the right at rate 1 if
allowed (i.e. there is no particle on the next site), negative charges are jumping to the left at unit
rates. The exclusion rule is in force: two or more particles (charges) can not coexist at the same
site. However, when two opposite charges meet, then they either jump over each other at rate 2, or
they are both annihilated at rate 8 > 0. To compensate annihilation, charges of opposite sign can
be created at neighboring empty sites, again at rate . Because of technical reasons, the process is
regularized by a nearest neighbor stirring of intensity o > 0, all elementary actions are independent
of each other. The mathematical formulation of the model is summarized as follows.

The configuration space, Q of our system is the set of sequences w := (w; € {0,1,—-1}: k € Z), i.e.
wy is interpreted as the charge of the particle at site k € Z, w; = 0 indicates an empty site, and
Ny i= wi denotes the occupation number. The process is composed of the following local operations.
If b= (k,k+1)is a bond of Z, i.e. b € Z*, then stirring w «—
exchanged, the rest of the configuration is not altered. The action w « w
particles on the bond b := (k, k + 1) if it is empty:

means that w; and w;; are
b+ creates a couple of

(@ =41 and ("1 =-1 if wp=wp=0,

b

other coordinates are not changed. Annihilation of a couple, w «— w”* means that

(0P = (0P Ny1 =0 if wp =41, w41 =—1 ;(a)bx)j = w;

otherwise. The stochastic dynamics is then defined by the following formal generators, see [Lig85]
on the construction of interacting particle systems. These operators are certainly defined for finite
functions, i.e. for ¢ : Q — R depending only on a finite number of variables, and the set of finite
functions is a core of the full generator. The totally asymmetric process of interacting exclusions
(INTASEP) is generated by

Z,p(w) =Y (@) (pleh) - p(w)), (1.3)

bezZ*

where ¢, (w) = (1/2)(M + Nig1 + O — wiyq) if b = (k,k + 1). This generator lets @ particles
jump to the right, © particles jump to the left at rate 1, if allowed, while a collision ®6 — &
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occurs at rate 2. Both particle number Y7, and total charge Y. w; are preserved by INTASEP. The
two-parameter family, {4, ,:0 < p < 1,0 < |u| < p} of translation invariant stationary product
measures is characterized by A, ,(n,) = p and A, ,(w;) = u; here and later on we use the short

hand notation A(¢) = f ¢ dA. The degenerated stationary states A, , withp =0, p=1or [u[=p
play no role in our calculations. The study of interacting exclusions and some related models goes
back to the paper [TV03] by B. Téth and B. Valké, where HDL of INTASEP with hyperbolic scaling is
derived in a smooth regime with periodic boundary conditions.

The creation - annihilation process (CRANNI) is generated by %, := %, + %, , where 8 > 0 and

G.0(w) = ) cf (@) (pl0") = p(w)) + Y e (@)p(0”) = p(w), (1.4)
bez* bez*
where
¢y (@) :=1[n = 0,141 = 0] = (1 =0 )1 — Mes1)
clj(a)) = 1w =1, g = =11 = (/D + 0 ) (Niey1 — @iey1)
if b= (k,k+1), and 1[A] denotes the indicator function of the event A C Q. For any bond (k, k+1) =
b € Z* the elementary action w <« w?* is defined by w?* := w?* if (wy, wry1) =(0,0), Wb = b
if (wy, wiy1) = (+1,—1), while P = w otherwise. Since c; + c; =1 if wb* # w, we can rewrite
9, as
G.0(@)= " (el - p(w)).
bez*

Only total charge Y. wy is preserved by CRANNI, and within the class Apu 0= |u| < p its stationary
measures are characterized by the principle of microscopic balance: A, [wi = 1, Wiy = —1] =
Apulwr = wigq = 0] . This means that C(p,u) = 0, where

Clp,u):=(1-p) = (1/A)(p* —u®) = (1/4) (30>~ 8p +u’ +4)
=3/4) (p ~ FW) (p ~ F.w) ,

F(u):= % (4— V4- SuZ) , F.(u):= % (4+ 4— 3u2) . (1.6)

The smaller root, F(u) is between 2/3 and 1, while the second one is not allowed because F,(u) >
5/3 for allu € [-1,1]. Consequently A := Ap,, is a stationary measure of the process generated
by &, if lu| <1, and A} (wy) = u, while A7 (n;) = p = F(u) . Note that these measures are reversible
with respect to ¥, , this fact shall be exploited several times in our computations.

(1.5)

Since we want to pass to HDL in a regime of shocks by means of the theory of compensated com-
pactness, our process has to be regularized, e.g. by an overall stirring of large intensity, cf. [FT04]
and [FNO6]. The generator of the stirring process reads as

Fo(w) =Y (ple?) - ¢(w)). (1.7)

beZ*

This process is reversible with respect to any 4, ,, and both > ni and Y. wy are preserved. HDL of
the process generated by %, := ¥, + 0 in a regime of shocks was determined in [FT04], here
we are interested in the hyperbolic scaling limit of the creation - annihilation process generated
by & =%, + Y% +0F, see (1.3), and for definitions, where 8 and o are positive
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parameters to be specified later. The main goal of our paper is to develop a microscopic theory
of relaxation schemes, by means of which the macroscopic behavior of this creation - annihilation
process can be described.

Let us remark that in the paper [FNO6] HDL of the process generated by ¥, := ¥, +a%,+ 0% was
investigated. The spin - flip generator 9, reads as

Gep(w) =Y (i — k) (k) - p(w)) (1.8)

kez

where k € (—1,1) is a constant, and w <« w* means that (wX), = —w, while (a)k)j = wj other-

wise. Since ¥, violates conservation of total charge, and
(1 =r)Apulewp =11 =1 +x)A, y[wr = —1]

in equilibrium, i.e. (1 —x)(p +u)/2 =(1+«)(p —u)/2, we have u = kp . Therefore the family
of stationary product measures is just {)L’; = Apxp : 0 < p < 1} such that A;‘;(nk) = p and
AZ(wk) = kp . Although we can not improve results of [FNO6] in that way, it might be interesting
to see that this model also exhibits relaxation.

1.3. Currents: To understand the microscopic structure of our model, let us summarize some more
information on the generators; j™’ below denotes the current of a conservative quantity 7, which
is induced by a generator %, . By direct computations we get £, w; =j;>°; —j’°, where

() = 5 (Mg + M1 — 204 Wpq1 + OFMis1 — M Wpe1 + Ok = Ops) 5 (1.9)

whence 3“(p,u) := 24, ,(iP°) =p — u? and An(7°) = f(u) :=F(u) - u?.
Similarly, £, m; = jZfl — j;{'o , where

1
i (w) = > (wp + wp1 — OpEMir1 — Q1M1 + M — Nir1) (1.10)

whence J°°(p,u) := Ap’u(jzo) =u—up and AZ(jZO) =k(p—p?).
The case of & is trivial: S wy = Ajwy and N = A1my, where A&y 1= Eryq + &g — 2&; for
any sequence, £ indexed by Z, thus j;”*(w) = wj — w41 and jzs(w) = 1) — Niy1 are the associated
currents. The spin - flip dynamics does not induce any current of 1 because ¥,.m; = 0. Moreover,
the identity ¥, wi = Y (wr — kNi) = 2(kM; — wy) indicates relaxation in the sense that w; &~ k1
in the scaling limit, see the heuristic explanation in Section 1.4 below.
The action of the creation - annihilation process is less transparent. We have ¥, =i, —i",
where

i = (@) —¢f (), b=(k,k+1), (1.11)

thus 3**(p,u) := A, ,(G") = —C(p,u), cf. (1.5). Since A is reversible with respect to ¥,, the effect
of j* vanishes in the hydrodynamic limit; A’ (jz*) = 0. On the other hand,

Gy = cp () = ¢ (@) + ¢ _(w) = (w), (1.12)

where b = (k,k +1) and b— := (k — 1,k), whence 24, ,(%4.m) = 2C(p,u) = (3/2)(p — F(w))(p —
F.(u)). Observe now that the second factor is negative because F,.(u) > 5/3, thus we have a good
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reason to suspect that the terms ¥,n, give rise to relaxation: p ~ F(u) in the scaling limit. This
problem, however, is more difficult than the previous one because ¥,1 is not a linear function of w
and 7, see the end of Section 1.4, and also Section 1.5 for some hints.

1.4. Macroscopic equations: Under hyperbolic scaling of space and time, at a level ¢ € (0,1] of
scaling the scaled densities read as p,(t,x) := 1, (t/¢) and u,(t,x) := wi(t/e) if |x — k| < £/2;
later on we shall redefine these empirical processes in terms of block averages. A formal application
of the principle of local equilibrium suggests that in the case of interacting exclusions p, and u,
converge in some sense to weak solutions of the following VersionE] of the LeRoux system:

d,p+0,(u—up)=0 and Ju+3d.(p—u?)=0, (1.13)

for a correct derivation see [TV03] or [FT04] concerning %, or ¥, = ¥, + 0, respectively. In
the second case we had to assume that o = o/(¢) — +oo such that ec(¢) — 0 and e02(e) — +00 as
¢ — 0; the uniqueness of the limit is not known in a regime of shocks. Under the same assumptions
on o, in the paper [FNO6] it was shown that HDL of the spin - flip dynamics generated by .%,. results
in a Burgers equation:

op +x0,(p—p*)=0, (1.14)

and the limit is unique even in the regime of shocks. As we suggest in the next subsection, and
demonstrate at the end of the paper, (1.14) can also be derived as the zero relaxation limit of the
modified LeRoux system

0P + 0y (fiy — i.f.) =0, O, + 3(p, — U2) = (2a/e)(xp, — i) (1.15)

allowing us to do the replacement i, ~ kp,. Since 4.m; = 0 and Y, w; = 2(kn; — wy), this
heuristic picture reveals quite well the microscopic structure of the spin - flip dynamics, note that
the vanishing terms, eo(¢) axz p. and eo(e) axzas have been omitted.

In view of the previous subsection, see (1.9), (1.11)) and (1.12) in particular, a formal calculation
yields

u=2, (u> - F(u)) =0, (uz +31V4- SuZ) (1.16)

as the macroscopic equation for the creation - annihilation process generated by ¥ := ¥, + f¥%..
Assuming smoothness of the macroscopic solution, it would not be difficult to formulate and prove
the statement in a rigorous manner. Let us remark that the flux F(u) — u? is neither convex nor
concave, thus the structure of shocks developed by this equation is rather complex. It is important
that the graph of F(u) — u? does not contain any linear segment, thus the uniqueness theorem of
[CROO] applies. The relaxation scheme for is less convincing than that of (I.15)), it can be
written as

atﬁe + ax(ﬁe - ﬁg) + ﬁ 8x3u*(p~s: ﬁs) =0,
atﬁb‘ + 8)((&6‘ - aeﬁe) = (2/5/8) C(ﬁeaae):
where C(p,u) = B(u, p)(F(u) — p) with B(u,p) = (3/4)(F.(u) — p) > 1/2, see (1.5). As it has

been stressed already in Section 1.1, in order to demonstrate relaxation p, ~ F(ii,), we have to
find an effective Liapunov function, possibly a Lax entropy for (1.13]). Since (p — F(u))C(p,u) <

(1.17)

2 The standard form, ,v + 9,(nv) = 0 and 8,7 + J,(v + ©2) = 0 of the LeRoux system is obtained by substituting
v=1—p and © = —u into (1.13), cf. [Ser00].
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—(1/2)(p — F(u))?, even H := (1/2)(p — F(u))? seems to be an effective Liapunov function, see
Section 1.1, and ([1.2)) in particular.

1.5. Thermodynamic entropy: Conservation laws play a fundamental role in the study of nonlinear
hyperbolic systems, see [Ser00] or [Daf05] with references on the original work by Peter D. Lax.
The function S = S(p,u) of the state variables p,u € R is a Lax entropy with flux ® = ®(p, u) for
a system of two conservation laws, as the LeRoux system, if ,S 4+ 9, ® = 0 along classical solutions.
Such a couple (S, ®) is called a Lax entropy - flux pair; in case of these are characterized by

/ _ o/ _ /
<I>p(P,u)—Su(P,u) USP(P’U):

’ B ) ) (1.18)
®,(p,w) =1 —=p)S,(p,u) —2uS,(p,u).
Differentiating the right hand sides above with respect to u and v, a linear wave equation
S;fu(u,v) =(1- p)S;)’,p(u,v) - us;fp(u,v) (1.19)
is obtained for S, which admits a rich class of solutions, cf. [Ser00].
An interesting example, the relative entropy of 4, , and A, , at one site is defined as
A, [ =5]
S(p,u):= Z Apulw =s] log% (1.20)
s=0,%1 Av,rt [wk =s]
ptu ptu p—u p—u 1-
= 1 + 1 +(1-p)l
2 Ogv—l-ﬂ: 2 Ogv—n ( p)Ogl—v
By a direct computation
1 +u 1 —u 1-
S;(p,u)zzlogp —|—§logp —log1 p,
v+ V—T -V (1.21)

1 p+u 1 p—u
S (p,u)==1o 0 ,
NCRY 2 gv+7r 2 gv—rc
therefore the thermodynamic entropy satisfies (1.19)), consequently it is really a Lax entropy for
(1.13).

Let us demonstrate at an intuitive level that thermodynamic entropy might be an effective Liapunov

function for our relaxation schemes. For this purpose the parameters v and 7 should be specified
/ _ . . . . / _ . Le .

such that S/ (p,xp) = 0 in case of spin - flips, while S o (F(u),u) = 0 for creation and annihilation.

Choosing v =1/2 and 7 = k/2 in the definition of S, we see that
Si(p,W)(xp —u) < —2(u—xp)*,

consequently the spin - flip dynamics exhibits relaxation to the Burgers equation. Although this
problem has been solved already in [FNO6] with another method, some remarks on this approach
are added at the end of the paper.

To understand relaxation of creation and annihilation, set e.g. m = 0 and v = F(0) = 2/3 in the

definition of S, then

02 —u?
4

S’ ( )—11 11 (1-p)?
Pp’u_zog zog P,
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whence by a direct computation

S, (p,u)C(p,u) < —(1/4)C?(p,u) < —(1/16)(p — F(w))?,
which is the necessary bound for relaxation to (1.16).

Unfortunately, our probabilistic calculations presuppose that the underlying entropy has bounded
first and second derivatives, therefore we have to look for something else. In Section 3 we show
that, although it is not a Lax entropy, H(p,u) :=(1/2) (p — F (u))2 is an effective Liapunov function
even for the microscopic system of creation and annihilation, while H,.(p,u) := (1/2)(u — xp)?
applies in the case of spin flips. Computations are quite simple in both cases, but the results are not
as good as possible. In case of the creation - annihilation process generated by ¥ = ¥, + 0%, this
statement can be improved a bit by means of a clever Lax entropy - flux pair, see Sections 1.6 and
5.6. The optimal result on the spin - flip dynamics is that of [FNO6], cf. Section 5.7.

1.6. Main result: It is well known that (I.16) develops shocks in a finite time, and uniqueness
of its weak solutions breaks down at the same time, thus we must be careful with definitions. A
measurable u : Ri — [—1,1] is a weak solution to (1.16) with initial value uy(x) = u(0, x) if

f J (P (t, xu(t, x) + P’ (¢, x)(F(u(t, x)) — u?(t, x))) dx dt
0 7 (1.22)

+ J Y0, x)ug(x)dx =0

for all ¢y € C; 1(R?). Here and below a subscript “c“ refers to compactly supported functions, R, :=
[0, +00), Rz =R, xR, and Cclo(IR2 ) is the space of continuously differentiable v : R? — R with
compact support in the interior of Ri. The notion of Lax entropy plays a fundamental role in the
study of weak solutions. A couple (h,J), h,J € C}(R) is a Lax entropy - flux pair for if
J'(u) = (F'(u) — 2u)l'(u), that is 8,h(u) + 8,J(u) = 0 along classical solutions; (h,J) is a convex
entropy - flux pair if h is convex. A locally integrable u(t, x) is a weak entropy solution to (1.16]) with
initial data uy if (T:22) holds true for ¢ € C}(R?), and

f J (916, )h(w) + ', (t, x)J () dxdt >0 (1.23)

for all convex entropy - flux pairs (h,J) and compactly supported 0 < ¢ € 61 (R ). The scaled
density field of charge w is defined as

Ug(zp,w)::f f WY(t,x)u(t,x)dxdt (1.24)
0 -0

for 1 € C.(R?), where u,(t,x) = w(t/e) if |ek — x| < £/2.

The initial conditions are specified in terms of a family u, o of probability measures, we are assuming
that

o0 o0

lirrtl) f PO )u(0,x)dx = J e(x)up(x)dx (1.25)

£—>
—00 —0Q

in probability for all ¢ € C.(R), where —1 < uy < 1 is a given measurable function. We are

considering the process generated by ¥ = £, + (€)%, + o(e), in its simplest form our main

result can be stated as follows.
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Theorem 1.1. Suppose (1.25) and specify o = o(e) and B = B(¢) such that eo(e) — 0 while
£0%(g) > +ooas 0 < e — 0, finally eo?(e)B~*(¢) — +o00 and e0%(¢)B%(¢) — +o00 as € — 0. Then

lir%Ue(w)ZJ J Y(t,x)u(t,x)dxdt
& 0 —00

in probability for all 1 € C.(R?); this u(t,x) is the uniquely specified weak entropy solution to (I1.16)
with initial value uy .

Some remarks: The empirical process u, shall be redefined in terms of block averages, in that case
we get convergence in the strong local topology of L!(R), see Theorem 5.1.

It is quite natural to fix the value of § > 0 because it is a parameter of the basic model, our
conditions mean that (¢) can not be too small or too large. We can not improve the upper bound
(growth condition) of /3, it is needed to control 3j;°*, and 8%, 7 in particular. However, the lower
asymptotic bound £023? — 0o of 3 can be relaxed to o(¢)B(g) — +oo by using a Lax entropy of
(T.13) instead of the trivial Liapunov function H = (1/2)(p — F(u))?, see Theorem 5.2 in the last
section.

The relaxation of the spin - flip dynamics to the Burgers equation is discussed in Sections 5.4. In
this case H, = (1/2)(u — kp)? is a nice Liapunov function, but the result is weaker that that of
[FNO6]. We are sorry to tell that entropy is not really helpful here because, unless k = 0, we can
not construct the required Lax entropy - flux pair of the LeRoux system.

2 An Outline of the Proof

As far as possible we follow the argument of [FNO6], which is based on the stochastic theory of
compensated compactness, while the necessary a priori bounds follow from the logarithmic Sobolev
inequalities we do have for & and ¥, . In fact, in [FNO6] the second LSI is used to replace block av-
erages of w; with those of k1) ; in the present case this second step should consist in a replacement
of block averages 1), ; of ) with F(w, ), where &;; denotes the corresponding block average of w .
However, we do not have any effective LSI involving ¥, ; the required replacement will be carried
out by exploiting relaxation of the microscopic system.

2.1. Block averages: As it is more or less obligatory in the microscopic theory of hydrodynamics,
first we rewrite the empirical process in terms of block averages. For [ € N and for any sequence
£ indexed by Z we define two sequences of moving averages, namely &, = (£ 1k - k € Z) and
£ = (El’k : k € Z) such that

) = ) 14
E1i = ngkﬂ and &y := 2 Z 1] =1 Ej - (2.1)
j=0 j

j==1

The usual arithmetic mean éz,k is preferred in computing canonical expectations, the reason for
using the "more smooth" averages & ; is rather technical. [| For convenience the size [ = [(¢) of

3 Qur a priori bounds are formulated in terms of block averages of type &, when [ is large. However, on the right
hand side of the evolution equation we see discrete gradients as below, and in contrast to l(cfl’kﬂ - El,k) . l(él,kJrl — él,k) =
£ L+l — g 1k—1+1 is still a difference of large block averages if [ is large. This simple fact is most relevant when we have to
evaluate a Lax entropy, it was exploited in our earlier papers, too.
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these blocks is chosen as the integer part of (62/¢)'/#, then our conditions on o = o (&) imply

(e) .. o(e) . el’le) . ole) . o)
o0 o(e) ) 12(¢) ~ e o(g) e el3(e) ~ o0 Be)

(2.2)

while g1%(¢) — +o00 as € — 0. Because of technical reasons we have to assume that I(¢) exceeds a
certain threshold I, € N. For convenience we may, and do assume that £13(¢) > o(g) > I1(g) > I, >
1.

Concerning 8 = (&) we need

Bl | efAe)_ o) .1

=0 o(e) =0  o(e) o [a’(s)lz(e):al—r}% B(e)o(e) -

0 (2.3)

and €fB(e)l%(e) — +o00 as € — 0; the first and last relations are responsible for the conditions of
Theorem 1.1. From now on the block size | = I(¢) is specified as above, and these relations will
frequently be used in the next coming computations, sometimes without any reference.

Our first statements on HDL will be formulated in terms of a modified empirical process i, . It is
defined as @1.(t,x) := @ (t/¢e) if [x — ek| < £/2, and P, denotes the distribution of i, ; several
topologies can be introduced to study limit distributions of P, as ¢ — 0. The usual LP norm of a
measurable 1) : R? is denoted by [|¢||,, and (p,4) is the scalar product in L*(R2). In general
||, |l; = +o0, therefore we have to localize convergence by multiplying with a test function ¢ €
C.(R%), say. The local strong convergence of v, to v in LP means that ||¢p3p, — p1||, = O forall ¢,
while the local weak convergence 1, — 1 is defined by (¢, ,) — {(¢p,y) whenever ¢ € C(}O(Ri).
The allowed class of test functions ¢ can be enlarged by means of the Banach - Steinhaus theorem.
Since |i1.(t,x)| < 1 for all (t,x) € R?, the set % of all realizations of the empirical process is
relative compact in the local weak topology of Lz(Ri) , therefore % is a separable metric space, and
the family {P, : ¢ > 0} is tight in this sense.

2.2. Measure - valued solutions: The notion of Young measure is a most convenient tool for the
description of all limit distributions of our empirical process i, , cf. [Tar79], [Daf05] or [Ser00].
Let © denote the set of measurable families, 6 of probability measures 6 = {0, ,(du) : (t,x) € Ri}
such that 0, , is a probability measure on [—1,1] for each (t,x) € R? , and 0, x(h) is a measurable
function of (t, x) whenever h : [-1,1] — R is measurable and bounded; 6, ,.(h) denotes expectation
of h with respect to 6, , . We say that 6 € © is a measure - valued solution to the macroscopic equation
d:u + 0, f (u) = 0 with initial value uy if

f f (Yi(t, )0, (W) + (£, x)0,  (f () dx dt
0 Jmeo (2.4)

+J Y0, x)ug(x)dx =0

for all ¢ € C CI(RZ). A measurable function u : Ri — [—1,1] is represented by a family § € ©
of Dirac measures such that 6, , is concentrated on the actual value u(t,x) of u; this 6 is called
the Young representation of u. Therefore any weak solution is a measure - solution. On the other
hand, any 6 € © can be identified as a locally finite measure my by dmgy := dtdx 6, ,(du) on
X := ]Ri x [—1,1]; let My(X) denote the set of such measures my equipped with the associated
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local weak topology. In view of the Young representation, our empirical process i, can be considered
as a random element ri1y . of My(X); let If’g’@ denote its distribution. The family {If’a’e 1€ > 0}is
obviously tight because the configuration space, 2 is compact; here and also later on %, denotes the
set of weak limits Py := lim,,_, Pg(n),e obtainable as ¢(n) — 0. In Section 4 we prove the following
preliminary result.

Proposition 2.1. Any limit distribution Py € %, of the Young representation of il, is concentrated on
a set of measure - valued solutions.

This is easy, but uniqueness of measure - valued solutions is rather problematic, see e.g. [Rez91]
with further references. By means of the stochastic theory of compensated compactness, first we
prove the Dirac property of the limiting Young measure, which means that limit distributions P, €
Py of I5€’9 are sitting on a set of measurable functions. Therefore we have convergence to a set of
weak solutions, and uniqueness of weak solutions to a single conservation law is a well settled issue.

2.3. Entropy production: The microscopic version of entropy production X, = d,h + 9, J is defined
as a distribution: for 1 € CC1 (R?) and entropy - flux pairs (h,J) of (I.16) we introduce

Xg(ilj,h)::—J f (yi(t, 0)h(@a,) + 97 (t,x)J(a,)) dxdt. (2.5)
0 —00

This follows by a formal integration by parts if ¢ € Ccl(]RfL) and ¢ (0,x) = 0 Vx € R. Calculating
the stochastic differential of

o0
He(tﬂ,b,h):f P (¢, x)h(a,(t,x))dx
we get a martingale M,(t,,h), see (4.2)), such that
dH, = f Y (t,x)h(a,)dxdt + e ' LH, dt + dM,,
—00

whence
X(p,h) =H.(0,¢,h) + L .(¢,h) +J (¢, h) + M (00,,h) + N.(¢,h), (2.6)

where L, , J, and M, are defined as follows. Since & = %£,+B%,+0% ,wehave L, = LI+BL+0L]
such that

Li(y,h) = %f J Y(t,x) e h(@(t,x))dxdt,
0 —00
qeio,*stand o, =%,, o, =9Y9,, o, = . Finally,
J.(Y,h) = %J f Y(t,x) (J(@(t,x))—J(@(t,x—¢))) dxdt, 2.7)
0 —00

while N, (1, h) is a numerical error due to the lattice approximation of the space derivative, see
(4.1).

Calculation of X, is quite easy when h(u) = u because £ wy is a difference of currents along adjacent
bonds, thus rearranging sums by performing discrete integration by parts, the test function nicely
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absorbs the factor £ 7! of & . This is the way of proving convergence to the set of measure - valued
solutions, see the proof of Proposition [2.1]in Section 4.5. Compensated compactness is applied then
to show the Dirac property of these measure - valued solutions, it is based on a delicate evaluation
of entropy production for some couples of entropy - flux pairs.

2.4. Compensated compactness: In view of the stochastic version of the Tartar - Murat theory
of compensated compactness, cf. [Fri01], [Fri04] or [FT04], we have to find a decomposition
X, =Y, + Z, with the following properties. Y, = Y.(3,h) and Z, = Z.(3, h) are linear functionals
of ¢ € C}(R?) such that

Y(@. ) SALP)pll1 and  limEA,(¢) =0, 2.8)
Z.($9. M| SB.($)pll and limsupEB,(¢) < +oo 2.9)

for each ¢ € Cfo(Ri), where || || denotes the uniform norm, and ||1||,; is the H™! norm of 1), i.e.
||1,b||_2H = ||1,b||% + ||1,b’t||% + ||1,b;||§ . ASA((,b) and B,(¢) are random Variabl?s de];A)endiAng only on ¢ and
h. We say that a random functional X (v, h) is correctly decomposed if X, = Y, + Z, as summarized
above, i.e. Y, satisfies (2.8)), while Z, satisfies (2.9). The stochastic version of the celebrated Div-
Curl Lemma reads as follows.

Proposition 2.2. Let (hq,J;) and (h,,J5) denote a couple of continuously differentiable entropy -
flux pairs of (1.16), and suppose that both X_.(v,h;) and X_.(3, hy) are correctly decomposed. With
probability one with respect to any limit distribution, Py € P, of the Young representation of i, we
have

O¢ x(h1J2) — O,y (had1) = 6, (h1)6; (J3) — O, x (h2) O, (1) (2.10)

2
for almost every (t,x) €R .

Our main task now is the verification of conditions and above. Most terms on the right
hand side of will be split into further ones, and we shall show in Section 4 that each of them
satisfies either or (2.9). The martingale component and the numerical error both vanish, but
in a regime of shocks o(¢)L; + 0 as ¢ — 0. The crucial part of the proof is to show that L? and
J, cancel each other, while L} disappears when ¢ — 0. The logarithmic Sobolev inequality for &,
and the relaxation mechanism induced by creation and annihilation are applied at these steps. The
slightly sophisticated construction of the empirical process, i, is also relevant.

A slightly simplified version of the proof yields limsup,_,, X, (¢, h) < 0 in probability if h is convex
and ¢ > 0, whence by tightness of the family {P, 4 : £ > 0} we get the Lax inequality in terms of
the Young measure. With probability one with respect to any limit distribution Py € &, of I59’,9 we
have

J J (0 (M, ) + 0 (WP (£, X)) dxdt =0 (2.11)
0 —00

whenever (h,J) is a convex entropy - flux pair and 0 < € Cclo(Ri).

The Dirac property of the Young measure follows from in several situations. Since we are
considering a single conservation law, to prove convergence of the empirical process ii, to a set
of weak solutions, it is sufficient to apply to two entropy - flux pairs only. Let h;(u) :=u,
J1(w) := F(u)—u?, and h,(u) := F(u) — u? with the associated flux J, ; it is defined by J,(0) = 0 and
Jo(u) = J{z(u). In view of Theorem 16.4.1 and Theorem 16.4.2 in [Daf05], the following statement
holds true.
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Proposition 2.3. Suppose that the above couple of entropy - flux pairs satisfies (2.10), then any limit
distribution Py € @, of the Young measure is Dirac, i.e. it is concentrated on a set of measurable
functions.

As a direct consequence we obtain (1.22) from Proposition while (2.11) turns into the weak
entropy condition (1.23]), which imply uniqueness of the limit by Main Theorem of [CR00].

The verification of the conditions of Proposition [2.2]is mainly based on inequalities involving relative
entropy and the associated Dirichlet form; the basic ideas go back to [GPV88], see also [Var94] and
[Yau97] with further references. These computations are supplemented with an extension of the
method of relaxation schemes to microscopic systems, see Lemma and Sections 5.4 and 5.6.
Since we are going to treat hydrodynamic limit in infinite volume, we have to control entropy flux
by means of its rate of production, cf. [Fri90], [Fri01] and [FNO6] for some earlier results in this
direction. This a priori bound allows us to apply the robust LSI and the relaxation scheme of the
microscopic process, see Lemma Lemma and Lemma Most technical details of this
estimation procedure have been elaborated in [Fri01], [Fri04] and [FT04]; [FNO6] is our basic
reference. First we substitute the microscopic time derivative %, h(ii,) with the spatial gradient of
a mesoscopic flux depending on the block averages 7, and @ ;. The replacement of 7 ; with its
empirical estimator F(c ) is based on the microscopic relaxation scheme, see Lemma below,
and also Section 5.6.

3 Entropy, Dirichlet Form, LSI and Relaxation

In this section we derive some fundamental estimates based on entropy and the associated Dirichlet
forms. The parameters 3, o and [ are almost arbitrary here, their dependence on the scaling pa-
rameter £ > 0 is not important. We only need f > 0, 0 > 1 and [ € N. We follow calculations of
[FNO6] with slight modifications.

3.1. Entropy and its temporal derivative: If u and A are probability measures on the same space,
then entropy of u relative to A is defined by S[u|A] := u(logf) if y < A and f := du/dA. A
frequently used entropy inequality, u(y) < S[u|A] + log A(e¥) follows by convexity, and we have
another definition of relative entropy:

S[ulA] :=sup {u(p) —logA(e¥) : A(e¥) < +o0} ; 3.1
¢

¢ =log f is the condition of equality. Note that
2
flog(g/f)=2flog/g/f <2/gf —2f =g —f - (VE—VF) , (3.2)

whence another useful inequality, El(\/? —1)? < S[u|A] follows immediately.
Given a Markov generator .«f , the Donsker - Varadhan rate function of large deviations is defined as
4
Dlul.«] :=—inf{ de,u :0<1/)€Dom(42i)} ; 3.3)

Dlule] = —A(\/?sz\/?) if .o/ is self-adjoint in L?(1) and f = du/dA. Of course, A(@.«/p) =
AMpYy) if ¢4 denotes the symmetric part of .ef . In view of their variational characterizations (3.1))
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and (3.3), both S and D are lower semi - continuous, convex functionals of u, and the definitions
and relations above extend to conditional distributions and densities, too.

As a reference measure we can choose any of the equilibrium product measures A = A} with —1 <
u < 1 fixed, say u = 0. At a level ¢ > 0 of scaling, u,, denotes the evolved measure, u, ,, is
the distribution of the variables {wy : |k| < n}, and f, = f, ,, := du,,/dA. Entropy in the box
A" :=[—n,n] N Z is defined as

Sn(t) = S[.ue,t,n|k:| = J logfg,t,n dnu's,t .

Local versions of the Dirichlet forms for %,, & and ¥, at ¢ = ,/f ., can easily be computed; in
the first line below ¢, (w) := (1/2)(Mi + Ny1) if b = (k, k+1).

Dp(t) = Jcb(w) \/f“n(w — Ve rn(@) ) AMdw),
bcA"
D?l(t) :: f V fetn(w -V fstn(w ) A(dw)

bcA”

D (t) f sttn((")b>k Y/ fstn(w) A(d(f‘))

bcA”
respectively. By convexity, S,, and any of D}, q € {o, *,s} are nondecreasing sequences.

The Kolmogorov equation yields
0,S,(t) = f(at + z)Ingg,t,n(w) Us,t(dw)
= f fs,t,n-i—l(w) < Ings,t,n(w) k(dw)

_ f8 t, n( b*)
=B Y | foenn(@)log = A(dw)
bez* f&‘ t n( )

J(Cb(w) +0)feenr1(w)lo gJ;f . "(( )) Aldw).

beZ*

Taking into account inequality (3.2)), it is easy to recover the local Dirichlet forms from the segments
—n < k < n of the corresponding sums, the rest gives the so called boundary terms.

3.2. Entropy flux: Our basic a priori bound on local entropy and Dirichlet forms is the content of

Lemma 3.1. If 0 > 1 and 8 < o then we have a universal constant C, such that

t
D,(1)dt <C, (t +vn?+ at)

for any initial distribution y, o, n€Nand t >0.

S,(t)+ b’f Di(t)dt + O'f
0

0
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Proof. We have to estimate the boundary terms of J,S, by means of S,, and its associated Dirichlet
forms Dy . Following the lines of the proof of Lemma 3.1 in [FN06], we arrive at a system

3,5,(t) +2BD%(£) + 20D, (1) < Ky (Spyr(£) — Su(t))
+ BKy/Sns1(6) = Sp(6) /D%, () = DE(0) (3.4)
+ 0K /S i1 (6) = Su(0) /Dy (£) = Dy (1),

of differential inequalities with some universal constant K; . The cases of boundary term induced by
%, and & are the same as in [FNO6], the asymmetric %, yields the flux S, ; — S, on the right hand
side. When we estimate boundary terms induced by %, we are exploiting its following properties.
The jump rates are constant, and the elementary actions, w — «? all preserve A in a reversible way.
Since ¥, possesses all of these features, replacing w” with w?* in the computations concerning the
boundary terms induced by ¥, , we get (3.4). This system can explicitly be solved by means of the
following lemma, which is a simple generalization of Lemma 3 in [Fri90].

Lemma 3.2. Suppose that s, 1(t) = s,(t) =0, upy1(t) > u,(t) =0, v, 1(t) = v,(t)=0fort >0
and n € N, moreover

dsn/dt + Zﬁun + 2O.Vn = C(5n+1 - Sn) + ﬁK\/(sn+1 - Sn)(un+1 - un)
+ K (n1 = 52) (Va1 = Vi),

where 0 < 8 = 0(o), C,K > 0 and sy = uy = vy = 0. Then we have a constant, M depending on C
and K such that for all t > 0, n € N we have

400

t t M m
sp(t)+ ﬁL u,(s)ds + GJO va(s)ds < =z mz:;sm(o)exp (_E) ,

where R := M (t +(n?+ O't)l/2) .

Proof. Just as in [Fri90], a clever cutoff function g, (r) can be defined by

g(r)= J g(x/r)g(n —x)dx

forn € Z, and r > 0, where g(x) = 1if |x| <1, g'(x) = —g(x)signx if |x| > 3 and g'(x) =
—(1/2)g(x)(x — signx) otherwise. It is easy to check that 0 < g,(r) — gn1(r) < (2/1)gns1 (1)
if r > 1, moreover g,(r) — g,+1(r) < 2min{g/(r), g,’1+1(r)}. Introduce now s(t,r) := &(t,r) if
Ea()=s,(), u(t,r):=&(t,r)if £,(t) =u,(t) and v(t,r) :=&(t,r) if £,(t) = v, (t), where

+00 too
E6,1) =D (8a(r) = a1 (M) Ea(t) = D €ria (1) (Enia () = Eu(0) -
n=0 n=0

Using fu,, and ov, to estimate the corresponding square roots on the right hand side, we get

as(t,r)
ot

os(t,r)
ar

o
+ Bu(t,r)+ov(t,r) <M, (1 + ?)
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because § = ¢(o), consequently

t t
s(t,r(t)+p J u(s,r(s))ds+o J v(s,r(s))ds <s(0,r(0)),
0 0
provided that the decay of r(t) is fast enough. More precisely, let r solve rdr/dt + Myr + Mo =0
with terminal condition r(t) = n. Since r(0) = 0(t + (n% + ot)/?) in this case, and g,(r) > e /T
if r > 1, this completes the proof by a direct calculation. O

Now we are in a position to complete the proof of Lemma Since our reference measure A is the
uniform distribution on {0, 1, —1}*"*!, S, (0) < (2n+ 1)log 3. Therefore choosing s, = S,,, u, = D
and v, = D, we see that (3.4) really implies Lemma O

This lemma is the fundamental a priori bound we need to materialize hydrodynamic limit in infinite
volume. Since e0 — 0, t ~ 7/¢ and n ~ r/¢ in its following consequences, (r + 7)/¢ is the order
of the bound, and r + 7 < rt if r,7 > 1. To simplify formulae, from now on we are assuming that
go<landel®*>oc>1>1.

3.3. One block and two blocks estimates: The first replacement lemma for microscopic currents
is based on the logarithmic Sobolev inequality for stirring . Given w;, =u and 7;; = p, let Al k
denote the conditional distributions of wy, w41, ..., Wri;_1 With respect to A. In view of Propos1t1on
4 of [FT04], we have a universal constant, X such that

StalAbk1<wiz - f \/f(wb)—\/f(w)) ALk (dw) (3.5)

be[k,k+1)

whenever 0 < Ai)k is a probability measure and f := dj/ dkl k . It is very important that X does
not depend on p,u,l and f. This LSI allows us to estimate canonlcal expectations via the basic
entropy inequality. The moment generating part is also a conditional expectation, consequently its
bound should be independent of the conditions. Let us remark that Lemmas and are
consequences of the local entropy bound Lemma (3.1}, therefore methods of [FN06] work also in case
of the creation - annihilation process, and the results are valid for the spin - flip dynamics, too.

Lemma 3.3. Let j(wq, w;) denote a given function, J(p,u) := A, ,(j) and ji(w) := j(wy, wiqq) . We
have a threshold |, € N and a universal constant C; depending only on Cy and j such that

ertl?

J J (51— 1k—d(7)1k,wzk)) dpte, dt < Cy
|k|<r/s 0

whenever r,t > 1and el®* >0 >1>1,.

Proof. In view of Lemma [3.1]the statement is more or less a direct consequence of the first inequality
of Proposition 1 in [FT04], where notation is slightly different from ours. Lemma 3.2 of [FNO6]
treats the case of j;, = jzo , our problem is essentially the same. O

This is a sharp form of the so called One Block Lemma of [GPV88], the explicit rate due to LSI is
needed for the evaluation of microscopic currents in the expression of the Lax entropy production
X, . The following comparison of block averages of type & and & follows also via LSI in much the
same way as the previous lemma did.
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Lemma 3.4. We have a threshold |, € N and a universal constant C, such that if r,7 > 1 and

el3>0>12>1,, then
T/e

& > | Ehduedt<G
|k|<r/e 0

where &)1 = @1 — Op i, 0 1 = Nk — N> OF E1k = O 1 — D -

rrel?®

The statement on block averages of 7 is a direct consequence of Lemma 3.3 in [FN06], the bound for
&1k = @1 x — @k can be proven in the same way. The argument works even if & j = &} j4m — @1 k>
or & x = Mik+m — M1k > but an integration by parts trick yields better results in these cases when
m is large. By means of the Cauchy inequality the deviation of blocks of different size can also be
estimated.

Lemma 3.5. We have universal constants [, € N and C5 < +oo such that ifly <l < mbut el* > o >

andr,7 > 1, then
2

T/e
_ _ rrem
& Z J J(Em,k — &) dpe, dt < C
0

IK|<r/e o
withE=woré=n.

For block averages of 1) the statement is proven in [FN06], see Lemma 3.4 and Section 6 there, the
case of w is the same. To estimate the deviation of consecutive block averages, set m = 21. We see

that m = 6+/0/¢e, 8 — 0 is the maximal size of the bigger block, but o — 0, thus large microscopic
block averages can not be replaced with small macroscopic ones: a strong compactness argument in
not available.

3.4. The first relaxation inequality: To complete the evaluation of entropy production, we have to
replace 17); ; with its empirical estimator F(a; ;).

Lemma 3.6. For all r, v = 1 we have universal constants l, € N and C4 < +00 such that

T/e 2
_ _ 2 rto  rrel
e >, L f (i = F(@10) " dise dt < C, (—ﬁlz +— )

|k|<r/e

whenever T,r > land el®> o >1>1,.

Proof. Let us consider the evolution of

H(t,w):=J P (t, x)H(V(t,x))dx

along the modified empirical process
Po(t,) = (Pe(t, %), @ (t, %)) = (y(t/€), drult/e))  if |x —ek| </2,

where 0 < ¢ € CC1 (R?), and H(p,u) :=(1/2) (p— F(u))2 is our Liapunov function. Of course, the
evolution of v, is governed by ¢, thus the Kolmogorov equation yields

H(t, ) =P_I(0,'L/J)+I_(t,1/)§)+éj LH(s,p)ds + M (t,9),
0
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where M,(t,1)) is a martingale and I(t, ) := fot H(s,4})ds, whence

EH(00,%) =0=EH(0,v) + EI(c0,}) + %J E2H(t,y)dt. (3.6)
0

Here, and also later on, most calculations are done at the microscopic level. Since v, is a step
function, the integral mean,

1 ek+e/2
Yr(t) = —f P(et,x)dx
€ ek—e/2
of ¢ appears in such expressions. We write Vi(t) := V(9 x(t), @ ;(t)) whenever V is a function

of the empirical process; for instance Hl’l NG Hl’l(ﬁg(st,ek)). In the forthcoming calculations
notation and facts from Sections 1.2 and 1.3 may be used without any reference.

The first and second terms, EH(0, 1) and EI(oo,!) on the right hand side of (3:6) are bounded;
to evaluate the third one, let us consider its decomposition:

1 _ i} i} _
;J LH(t,)dt = LI(Y)+oLi(y)+ BL.(Y),
0

cf =%,+P%.+0, where
o0
L) =6 | Yu(DLH ((0), d(0)) dt,
kezJ0O
L3(+) and L}(+) are defined analogously: we have to replace £, by & or %, , respectively.
LoH(My g, O1p) = Z cp(w) (H(ﬁzb,k,c_olb,k) — H (g C‘_)l,k)) ;
bezZ*

lbk and nl ;. are block averages of the sequences (wb)l and (nb)] =(w
expand SH by means of the Lagrange theorem. From

b )12., respectively. Next we

H( o &3) = HClgo &1i) = HY ()07 = i) + Hy (067, — 1)
+ Bi(y e = Tt @i — i)
where By is a quadratic form with bounded coefficients, we get L =R} + Q2
o0
R)=ecY o) (WA 4+ H (0816 ) de,
kez

and Q} (1) is a quadratic form of the differences ﬁlb « — Mk and a')lb « — @1 - Remember now that

G H(ilo @10 = . (HOE 62 = Hio 1))
bez*

and H(m k, 0 b*) H(Ny e, @) = H(T)l o © b*) H(m o 601 k) +H(771 o @) —H(Myk, @1 1), where
. and 7) * are again block averages, those of w?* and n®*, respectively. Moreover,

H(ﬁf,}i, @11 )—H (0 ks CDI,k)ZH;)(T_Iz,k, @z,k)(ﬁf,}i — M)+ (1/2)(7_)1}’1—7_)1,02
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and H; (p,u) = p — F(u), finally from (1.12)

1
Goie= Y Wi =7 Y, () -@)+e (0) - ().

bezZ* bc[k,k+1]

Having in mind also Lemma we now decompose L* as L* = GY + QF + T +R{ , where

HOEDIDY wk(t)(H(nlk,caf;i) H(if% 610

kezZ bez*JO

re)=e Y. | () (e — Fla) Cllw)dt,

kez Y0
% > (@)= (@),

be[kk+0)

Cl"jk(a)) =

RP(y) := EZ Yi(t) (ﬁz,k - F(@l,k)) (%fn,k - Cfik(w)) dt,

kezJ0
finally Q¥ (+)) is the contribution of the squared differences (1/ 2)(7’)11”11 —-N l’k)z .

I'?(4p) is the critical term here, it looks much larger than the others: its order seems to be 1/¢.
However, due to some cancelations we have

—Erp(w)_K(w)( ;f /‘;2) K(w)( 2[;;) 3.7)

where K(1)) < +00 is a constant depending only on v . To prove this, observe first that
-b - _ b o mbx o~
Opje = Opke = My — Mk = Opge = G =0

unless b=(k—1,k)orb=(k+1—1 k+l) while any of Io')lbk — okl |ﬁlbk — Nkl |‘51b>£ — @]
and I"r)lk 71 x| is bounded by 2/, finally n — Mg =0if b C (—o00,k) or b C [k +1[,+00). The
derivation of (3.7) reduces to these determ1n1st1c bounds by simple computations.

Indeed, HE(O,IP) and Hg(oo,t,bt) are uniformly bounded, while Lg(l,l)) = 0(1/el), G;(¢) =
o0(1/el), Q.(yY) = 0(e71172), QP (y) = 0(1/el) and RE(y) = @(1/¢el). In the case of R} we
do discrete integration by parts to get

R():=—e ). J (V1M () V(D) de
0

kez

- SZJ (V1(¢k(t)H:,,k(t))) Vio(t)dt,
0

keZ

where V&, = &1 — &, whence R.(y) = 0(1/ el?). Summarizing these computations we get
(3-7) because l <o and B <o

Remember now again that

Zpu(Cl}) =2C(p,u) = (3/2)(p — F.(W)(p — F(w),
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and p — F,(u) < —2/3. That is why we set

WP):= Z ¢k(f) (7l = Ful@ri) (TIZk_F(wlk)) dt

kezJO

<-e) q/Jk(lf) TIZk—F(wzk)) de,

kezJ0
and consider 2I'Y — W’ =21 — 2w + Wf . From
o0
are —2wP =26 Y | y(t) (A — F(@y)) De()dt,
kezJ0
where Dy := C/, (w) — 2C(0) x, @1 x) we obtain

[e9]

ar? —wf <ed | Y(DXt)dt.

kezJ0

Now we are in a position to apply Lemma to conclude 2ET? () — EWF () < K'(¢)(1%/0),
whence by (3.7)

20 12 ) 12
—EWL W) SKW) |+t o | SR o+ o)

where K’(1)) and K(1) depend only on ) in a simple way. Choosing v such that 1(t,x) = 1 if
0<t<rtand|x|<1+r,while y(t,x)=0ift > 7+ 1 and |x| > 2+ r, we obtain the statement
of the lemma by a direct computation. O

The full power of our tools has not been exploited in the proof of (3.7)), it is possible to improve
Lemma thus also Theorem 1.1 a bit. Namely, the lower bound e0%(¢)B%(¢) — 400 can be
replaced with e0%(¢)33(g) — 400 as ¢ — 0. We do not go into details because by means of a clever
Lax entropy - flux pair a much better condition, o(¢)B(¢) — 400 can be proven, see Sections 5.5
and 5.6.

4 Estimation of Entropy Production

The main part of this section is devoted to the verification of the conditions of Proposition first
of all the components L., M,, J, and N, of entropy production X, have to be evaluated. We are
assuming that h,J € C?(R) with bounded first and second derivatives; J'(u) = (F’(u) — 2u)R’(u)
is the relation of h and J. Our calculations are based on the a priori bounds of Section 3, the
argument follows [FNO6] with some modifications. Although h and J here are now functions of
@&, considerable differences are coming only from the replacement of a%, with %, . Spin - flips
are simple because ¥,.n; = 0, and the linear expression, %,.w; = —2(kn; — wy) is also easily
controlled; ¥,1m; and ¥%,w; are more complicated, cf. Section 1.3. Nevertheless, the main lines of
our computations are essentially the same as in [FNO6], just Lemma 3.6 of this paper is used instead
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of Lemma 3.5 of [FNO6] at the final evaluation of entropy production. Among others, we have to
show that due to reversibility of ¥, , the microscopic current j* vanishes in the limit.

The a priori bounds (2.8) and (2.9) we need for compensated compactness are localized by a smooth
function ¢ € Cfo(Ri) of compact support, thus H,(0, p2p,h) = 0, see (2.6) also for the basic
decomposition of X, (v, h). Since ii,.(t, x) is a step function of x € R, the integral mean,

1 ek+e/2
i) = ;f plet,x)dx
€

k—e/2

of p(t,x) := ¢(t,x(t,x) appears quite frequently in our equations. Finally, V, p(x) :=
e 1 (p(x +&)— ¢(x)) for functions, while in the case of sequences we write V;&; := 1" (&1 —&x),
Vg = 11 (Ey — &k), and A&y == —V;V,&;. Note that V; is the adjoint of V,; in (*(Z),
V]él,k = Vlél’kﬂ_l and V’{El’k = V;"El’k . For Vld)k we have an identity:

V() = %J (e — |xDy)(et, ek +x +¢/2)dx,

where ¢ = ¢, whence by the Schwarz inequality

ek+3¢/2

(Vir(6))? < %J @?(et,x)dx.

ek—e/2
A similar bound of (V;4;)? follows easily because V2, = V) 1k, thus

k+1-1

1
(Vepk()* < 7 D (¥ @ = 45(0)"

j=k

Such estimates are frequently used in the following calculations to obtain bounds in terms of ||}|| ; .
From now on we are assuming that the parameters o(¢), 5(¢) and I(¢) of our problem are specified
as in Theorem 1.1 and before (2.2)).

4.1. The numerical error: This is the easiest case, by a direct calculation

N(pyp,h)=e> | (Viyy(t) = eV,p(et, ek — /2)) Ji(t)dt. 4.1)

kezJ0

Since J’ is bounded, without any modification of the argument of the proof of Lemma 4.1 of [FN06],
we obtain that the numerical error, N, satisfies (2.8 with a vanishing bound.

4.2. The martingale: We estimate the H~! norm of M,(00,),h) as follows. The stochastic dif-
ferential dh(ii,) = e ' %h(i1,) + dm, defines a martingale m, = m,(t,x) for each x € R such that
m.(t,x) =m,(t,ek) if |x — ek| < &/2 and

Mg(t,dn/),h)zf fi/)(s,x)qb(s,x)mg(ds,x)dx. 4.2)
—00JO0
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The martingale m, is identified by the intensity q, of its quadratic variation:
1 o R R
qe(t, %) : = — (Lh*(8,) — 2h(2,)Lh(.))
1 b ~ 2
=~ D (@) +0(e) (h@f) k@)

bez*
+ P (wapp -a)”
bez*

if |x — ek| < /2, where c?){”,; denotes the block average of «w?*.

Lemma 4.1. M,(oo, ¢, h) satisfies (2.8) with a vanishing bound.

Proof. Let m,(t,x) denote the time derivative of m, in the H™! sense, we have to show that
Ellp m,||>; = 0as e — 0. Since ¢, = 8,(¢pm,) — ¢p;m, in H*, we have

M| < Il llpiell—y < lpller (lpmells + lIp7mell2)

consequently we have to estimate

t

Emg(t,x) = f Eq.(7,x)drt.
0

However, I(I)lbk -0kl < 2/1% and Ic“olb*]; —h(d | < 1/12, thus independently of the configuration

we have q,(t,x) = @((o + 8)/el>(¢)), which completes the proof. O

4.3. The microscopic current: The starting point of the estimation of L, is an identity,

1
Lh(@y) = (@) Loy +5 D h(@2)(ep(w) + o)), — )
2 bezZ* |

pB(e) by R
+— E h”(wz*)(wf}i — @), (4.3)
2 ] ;
beZ
where cb,’z and J)Ilz* are intermediate values. The contribution of the quadratic remainders vanishes in

the space of measures in an obvious way, cf. (2.9), because @(1~2) is the order of both differences,
and o/el® = 0.

Therefore we are facing with the resultant of
Lo = Vi +BEV]i +o(e)Vid,

see Section 1.3 for the definition of currents. Let us consider first the easy case of

[0.0]

L (@, h) :=e0(e) )| | Pr(OR(OA @ (t)dt, (4.4)

kezJO0
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it is the contribution of o . We have L* =Y + Z** , where

YO (i, h) i=—£0(e) ), | (Viu(h(OV1 6yt dt,

kezJ0

25,0 i=—e0(e) D | P (D(ViH(O)IV1o(0) de
kezJ0
Since the entropic Dirichlet form of & also has a factor o(¢) in our fundamental a priori bound,
Lemma [3.1] we have

Lemma 4.2. Y** satisfies (2.8) with a vanishing bound, while Z>* satisfies (2.9). The bound of Z;*
does not vanish, and Z;** < 0 if h is convex and ¢ = 0.

Proof. It is exactly the same as that of the second part of Lemma 4.2 in [FNO6]. First we separate the
factors by means of the Cauchy - Schwarz inequality to let Lemma work. For example, suppose
that ¢ is supported in the rectangle [0, 7] x [—r —1,r41], then |[Y**| < (o /¢)||h’||/¥1Q; , where

) T/e
U, = 322 (Vﬁ/)k(t))z dt, Qp:= g2 Z f (V1°31,k)2 dt.
0

kez 0 |k|<r/e

It is plain that ¥; < &?(|¢||*[l¢||2, , while Q; = (¢/0) follows by Lemma [3.5| because V;d;; =

V@ i - This trick will be used several times in the next coming computations. O

By means of the one and two blocks estimates the contributions of the microscopic currents j*° and
j®* can be reduced as follows. Let

L2°(pp,h) = 82 YOOV} () dt, (4.5)
kezJ0
L (P2, h) == 6/5(8)2 YOOV} (w()dt, (4.6)
kezJ0

and introduce their mesoscopic counterparts:

vellpy,h)i=e Y | rlOR(OV]I°(M(t), da()de, 4.7)
kezJ0
Ve (P, h)i=eB(e) D | Pr(DR(OV]I (D), @pi(t)dt, 4.8)
kezJ0O

where 3“°(p,u) = A,,(°) and 3“(p,u) = 4, ,(;*), see Section 1.3. Now we split the corre-
sponding differences by doing discrete integration by parts such that L’° — V*° =Y’ + Z° and
LP* =V =Y+ Z2*, where

Ye(pp,h) =Y | (Vi (O)GE — 3% (g, @) dt

kez v 0

252



Z(p,h) = Y | i (O(VRIGE = 3 (i @)

kezJ0

Y (@, h) = 8/5(8)2 (Vi h (67 = 3 (e @) dt,

kezJ0

Z&(p. )= eBO) Y | Win(OVHGE — 3 (e By dt

kezJ0

The following bounds are more or less direct consequences of Lemma [3.3|and Lemma [3.4] or [3.5} 8
can not be too large here.

Lemma 4.3. Y*° and Y,** satisfy (2.8) while Z?° and Z2* satisfy (2.9); all bounds vanish as € — 0.
Proof. It follows the argument of the first part of Lemma 4.2 in [FNO6]. First we separate 5;*’]? -
I (N, @1 k) and 5;“;‘ — 3**(M1k> @1 ) by means of the Cauchy inequality from their factors, then

we can use Lemmam and Lemma [3.4]or Lemma [3.5]in both cases. The procedure is terminated by
the elementary computation of V;1; . We get

BNV = 4l 0 (1Ve/o) . BV =l 0, (BLVe/o)

and E|[Z2°| = ||l 64(l/o), while E|ZZ*| = ||| 0,(Bl/c), which complete the proof as
Bly/e/oc—0and fl/oc - 0ase—0,cf. (2.3). O

So far we have replaced the dominant parts of the microscopic currents of @ ; with their canonical
expectations, when 7 ; and @, are given. The crucial step of the whole proof follows right now, it
is the replacement of 7; ; with F(w; ;).

4.4. Relaxation in action: As we have indicated above, the last step of the evaluation of entropy
production consists in a comparison of J, and V*°, see and (4.7). Indeed, as total charge is
preserved by the creation - annihilation mechanism, we expect that V** vanishes in the limit, while
J. and V*° cancel each other. By a direct calculation we get

e}

J(pp, ) ==Y | Pu(OViA(D)dt, (4.9)

kez v 0

where Ji(t) = J (@ (1)), b} = h'(&;x(t)) and J'(u) = K'(u)f'(w) with f (u) := F(u) - u?, see (1.6)
for the definition of F . We are going to replace Jy_; — Ji with h} V| f (& ;). We have
Jie1 =k =WV f (@) = i f V[ O — R f (&1 ) V] Dy i
= f (&) (@ — L)V D i
with some intermediate values &, ; and &/, such that the quadratic remainders on the right hand

side can be neglected. More precisely, the contribution of these remainders to J, satisfies (2.9) with
a vanishing bound; this follows by Lemma [3.4]and Lemma [3.5in the usual way.

Therefore

TPy, h) == > | YOOV f(@(0)dt, (4.10)

kezJ0
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is the essential component of J, , we split J/° — V.* into two parts:

Y/°(pap,h) := EZJ (Viprh (1) (Juo(f)z,k, @1 1) —f(ﬂ_)z,k)) dt,
0

keZ

o0

ZP(py. ) =Y | (TR (3% o) — f(@0) dt,

kezJO0

ie. JI°—V®0 = Y/° 4+ 7/° . Similarly, V©* = Y/* + 22", where

Y7 (@, h):=eB(e) D, | (Vivhidh (3" (M By dt
kezJ0
ZF@Y,R) =eBE) Y | Pt (VT (i @pi) e

kezJ0

Since 3“°(p,u) — f(u) = p — F(u) and 3" (p,u) = —(3/4)(p — F(w))(p — F.(u)), see Section 1.3,
we are now in a position to apply Lemma

Lemma 4.4. ng ° and Y'* satisfy (2.8)), while Z go and Z7* satisfy (2.9); all bounds do vanish.

Proof. In much the same way as in the proof of Lemma by means of Lemma [3.6|we get

BN/l = 1lls1 05 (Vo /B2 +e2/)

and

BNV = I lli1 05 (VBo /2 + 270 ) .
Finally, as in the case of Z{’, Lemma 3.4/ and Lemma 3.6]imply

E122% =111l 05 (V/(eB12) T +12/02)

and

17| = 11l 0, (VB /el + 2/0?) .

Therefore we need

. eB212 272
lim —hmﬁ = lim p = lim —lmﬁ =1 ﬁ——O,
£—0 [512 e—0 [2 e—0 O £—0 8/512 £e—0 g2 e—0 o2

which complete the proof as I? ~ o/ /¢, see also ([2.2) and (2.3). O

The results of this section can be summarized as follows. We have decomposed entropy production
X (4, h) in a correct way, therefore Proposition applies. Apart from Z;, all terms of the decom-
position vanish, while Z}(vy,h) < 0 if h is convex and v > 0, thus limsup X, (+), h) < 0 in probability
as € — 0 holds true in this case.
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Proof of Theorem 1.1: First we prove Proposition In fact we have to evaluate X, (v, h) when
h(u) = u, which is easy. Non - gradient analysis is not needed at all, and Z; is missing from the
decomposition of X, . For ¢ € C 1(R2) by Kolmogorov

hm f Y(t,x)ia(t,x)dx = j Y (0, x)i, (t,x)dx + M,(oc0,)

+J f w’t(t,x)ﬂg(t,x)dxdt+J f (Vi p(t,x))je(t,x)dxdt,

where M, is the terminal value of a martingale, and j, is a block average, j.(t,x) := ] L (t/e) +
[3’(8)]1 “(t/e)+ o(s)J”S(t/s) if |[x — ek| < €/2, see Section 1.3. In view of Lemma EM2 -0
as € — 0, and the replacement of j, with f(ii,) is a consequence of Lem 3|and Lemma
remember that f(u) = F(u) — u? is just the flux of (1.16). Finally, Lemma implies that @, — i,
also vanish in the limit, thus we have E|X_(v,u)| — 0 as ¢ — 0, which completes the proof because
the distributions FA’E’Q of the Young measures form a tight family.

Now we are in a position to finish the proof of Theorem 1.1. Proposition and Proposition
imply that any limit distribution, Py of the Young measures is concentrated on a set of weak
solutions. On the other hand, limsup X, (3, h) < 0 in probability if 1) > 0 and h is convex, thus first
we get (2.11)), whence Propositionyields almost surely with respect to any P, . Therefore
the uniqueness of the limiting solution follows by the Main Theorem of [CR0O0] on uniqueness of
entropy solutions. Since the limit is deterministic, for 1) € C.(R?) we have

lir%ff w(t,x)ﬁg(t,x)dxdt=Jf Y(t, xu(t,x)dxdt
= 0 J—oo 0 J—o0

in probability. The space integral on the left hand side is actually a sum, thus the block average can
be transposed on 1, which completes the proof of Theorem 1.1 because ) is uniformly continuous.

5 Concluding Remarks
Here we summarize some improvements and explanations of our main result including further re-
marks on the method of relaxation schemes.

5.1. Strong convergence: The last step of the argument yields a stronger form of Theorem 1.1, cf.
[FTO4]. Let @i, denote the empirical process of Section 3.4, i, (t,x) = @ x(t/¢e) if [x — ek| < £/2,
[ = [(¢) as in (2.2). This version is certainly more natural than i, , which has been introduced
because of technical reasons: [V7j 7©° is a difference of block averages, and j*° is well controlled by
Lemma ; V7 ¢ is more smgular The second statement of the following theorem is a consequence
of Lemma -

Theorem 5.1. Under conditions of Theorem 1.1, for T,r > 0 we have

hm EJ J lu(t,x) —a.(t,x)|dxdt

= hm EJ f lu(t,x) —a.(t,x)|dxdt =
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where u denotes the unique entropy solution to (1.16]) with initial value uy.

5.2. Microscopic block averages: By means of Lemma we can fill in the gap between large
microscopic and small macroscopic block averages of the evolved configuration, see [FNO6]. Let
i, (t,x) =@ x(t/e) if |x — ek| < £/2, where | € N does not depend on ¢, then for all 7,r > 0 we
have

hm lim sup EJ f |t (t,x) =i, (t,x)|dxdt =

e—0

whence

hm lim sup EJ f lu(t,x) =i, (t,x)|dxdt =

e—0

5.3. Measure - valued solutions: Convergence of the empirical process i, ; to a set of measure-
valued solutions holds true under fairly general conditions. Let us consider CRANNI, that is the
process generated by £* = £, + 8 9, with a fixed value of § > 0. Let ¢ € C!(R?), then following
the proof of Proposition [2.1 we write

tli)ngo J PY(t,x)i, (t,x)dx =0= f Y(0, x)i, ;(t,x)dx + M, (00,1))

—I-J J w’t(t,x)ﬂg’l(t,x)dxdt—l—f J (Vop(t,x))je (e, x)dxdt,
0 —00 0 —00

where M, is the terminal value of a martingale, and Jsl is a block average, ]8 (t,x) = ] L (t/e) +
[3’(5)]1 *(t/e) if |x — ek| < £/2; remember that [ € N does not depend on ¢ > 0. It is easy to show

that EM 82 — 0 as & — 0, and the replacement of j ¢ with f (i, ;) follows by the standard One - Block
Lemma of [GPV88]. For 7,r > 0 we have

[—o0 50

lim hmsupf f E|j_8,l(t,x) — f(ug (t,x))[dxdt =0
—-r

because the usual entropy argument shows that every translation invariant stationary measure is
a superposition of product measures of type A . Therefore all limit distributions of the Young rep-
resentation of ii,; are concentrated on a set of measure - valued solutions, cf. (1.22); these limit
distributions are obtained by sending € — O first, and [ — 400 next. The weak Lax inequality
can not be proven in this easy way, we are facing with a non - gradient problem there.

5.4. Relaxation of the spin flip model: Let H,(p,u) := (1/2)(u — xp)*, 0 < ¢ € C}(R?), and
consider the evolution of

Hx(f,il)):f Y(t, x)H, (v:(t,x))dx,

where the empirical process 7, is the same as in Section 3.4, but it is now generated by &, =
%, +a(e)¥9.+o(e)s . We follow the lines of the derivation of (3.7)), the only difference consists in
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the evaluation of the effect of ¥,.. Due to ¥, n;, = 0, these computations are considerably simpler
than those of Section 3.4. Denote 03{ . the block average of the sequence «’, then

_ 1 _j _ _ _
GH( o Or) = 5 D ) —xw)) ((a){’k — K7 ) = (@ — Knl,k)z)
JEZ
1 k=

=7 Z (kmj — wj)(@ik + @ — 2K7 1)
=k

= —2(&p — kT)* + (2/D( — kD 1)

is an identity, whence by a direct calculation we obtain the final a priori bound:

T/e
_ rt rto
82 E J J(@l’k - K”I’_)l’k)z d.U,E’t dt < C4 (T + _) .
0

2
IK|<r/e al

Let us remark that the second LSI in [FNO6] yields a considerably better order, 0(1/l + ¢/a), see
Lemma 3.5 there. Our present bound is effective if a(e) > 0 is not too small, namely

o(e)

si—I>I(l) m =0 and ;1_1)1;1) sa(s)lz(s) =+00.

This means ea(e)o?(e) — 400 as € — 0; the condition a(e)o(e) — 400 of Theorem 1.1 in [FNO6]
has not been improved in this way.

5.5. Entropy - flux pairs of the LeRoux system: Regular entropy - flux pairs of can easily
be constructed because besides the trivial S,(p,u) := 1 — p + au —a? and ®,(p,u) := —(a +u)S,,
also |S,(p,u)|+ and —(a +u)|S,(p,u)|, are convex entropy - flux pairs for all a € R, where |S|, :=
max{S, 0} . Observe that S,(p,u) > 0 means w < a < z, where z and w are the Riemann invariants
of the LeRoux system:

—1<w:i=4-lyul+4-4p<0<i+ly/ul+4-4p=:2<1;

notice that u =z +w and p = 1+ zw, moreover S,(p,u) =S,,(p,u) =0 in this case. Therefore

z

Sv(p,u) = ISa(P,u)|+V(da)=J Sa(p,u)v(da)

w

is again an entropy with flux

<I>V(p’u) == f (a + U)Sa(P’u)V(da)

whenever v is a finite signed measure on [—1,1]. Suppose that v is absolutely continuous on the
set [—1,0)uU(0,1], then

z

9pSy(p,u) = — f v(da)= - (v({ON+G*(2)+ G (w)) ,

w
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where GT(a) =v((0,a)) ifa >0, and G (a) =v((a,0)) ifa < 0.
To demonstrate relaxation to (1.16]), we need
3,5,(p,w)C(p,u) < —b (p — F(w)? (5.1)

with some universal constant b > 0, which implies J,,S,(p,u) = 0 if p = F(u). In terms of the
Riemann invariants this means

0=C(p,u) =(1/4)(z> +w? +322w? - 1),

whence z2 = (1 — w?)/(1 + 3w?). Therefore setting G (z) = 22, v({0}) = —1 and G~ (w) =
1—(1-w?)/(1+ 3w?), we obtain

1—22 —w? —322w? _ 4C(p,u)

1+ 3w?2 T 14 3w2

apsv(p> u)= (5.2)

by a direct computation. However, w? < 1 and |C(p,u)| > (1/2)|p — F(u)|, consequently the above
choice of v yields (5.1) with b =1/4.

5.6. The second relaxation inequality: Using S, instead of the trivial Liapunov function H =
(1/2)(F(u) — p)?, we can improve Lemma as follows.

Lemma 5.1. There exist two universal constants l, € N and Cs < 400 such that

T/e 2
_ _ 2 rte rrel
g2 Z JO J(nz,k—F(wl,k)) dpte r dt < Cs (—[5 +— )

|k|<r/e

whenever r,t > 1land el® >0 >1>1,.

Proof. Let us consider
XY () :=— J J (W06, %), (9) + 1 (t,x)@, (%, ) dxdt (5.3)
0 —00

for 0 <) € C}(R?), where

Ve (t, %) = (Pe(t,x),1.(t,x)) := (ﬁl,k(t/g):(bl,k(t/e)) if |x —ek| < €/2;

the process is generated by £ = £, + f3(¢)%. + o(¢).# . The evaluation of X follows the lines of
the proof of Lemma in Section 3.4; considerably better bounds are obtained in the first part
of the argument. Concerning the decomposition of entropy production and estimation techniques
we refer to Section 2.3 and Section 4. However, just as in case of Lemma it suffices to control
expectations only, which simplifies the argument. The main steps are outlined below with a concrete
emphasis on nontrivial differences. It is not really problematic that our empirical process ¥, consists
of two components, cf. [FT04], the crucial issue is to control the effect of ¥, .

Due to formal conservation of entropy, the contribution of %, is compensated by the mesoscopic
flux &, (v,), the vanishing £12/c is the order of this difference. Indeed, apart from some quadratic
remainders we have

gOSv(f}a) ~ apsv(ﬁs)zOﬁs + ausv(ﬁg)zoas s
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where %0, = V}"]lni , Loll, = Vﬁl“’f ,and @(¢7'172) — 0 is the total contribution of the remainders.
The microscopic currents are replaced by their canonical expectations via Lemma [3.3] at a total cost
of 0(1/0), that is Jl"j N O — G and P A g - (&;4)*. In a similar way, by means of
Lemma [3.4]we get

@y (M1, k-1, D1 k—1) = P (Dp e, M1 1)

~ (0,Sy — N1 k9pSy — 201 k3, Sy )V @ + (3,Sy — D1 xSy )V M5
again 0(l/o) is the total order of our error terms. By Lemma 4.1 the numerical error coming from
the substitution of 1)’ by e~ (yp(t, x + &) —(t,£)) also vanishes, thus implies the desired
cancelation. Finally, again by Lemma [3.4]the contribution of 0 S,, is bounded, see also Lemma 4.2,

while the martingale component in the evolution equation of S, has zero expectation, consequently
0(1) is the total order of those terms of X} which have been considered so far.

Therefore, just as in case of Lemma (3.6, we have to concentrate on the effect of ¥, . Apart from the
usual quadratic remainders
9GSy (N> D11c) X 05 Sy (M1 D) %N ke + FuSy (N1 > D1 k) % D1 i »

and ¥,@,  is a difference of mesoscopic block averages, therefore

Fp)i=e Y | Yi(t)3,S, (g @) Calw)de

kezJ0

is the critical term, where

-1
. 2
Gi@=5—=2 2, (G@-c@);
m=1 bc[k—m,k+m]
remember that C’IV /2 is a mean value of arithmetic averages with weights (2m — 1)/ (12 =1). Since
19,01k — C{:(w)l = 0(1/1), moreover |c‘olb’;( — Nkl = o(172) while |f)§’:"; — N1kl = @(1/1), we obtain

CEM() <Ky () (1 4 1) 5.4)
B el

by a direct computation, see the derivation of (3.7). Note that o/B¢el? ~ ¢~ /2/8 is much bigger
then the corresponding 1/f8 above.

Now we are in a position to continue the argument of Section 3.4. Having in mind (5.2)), let us
introduce

o0

W) =2 | Yi(t)3pS, (1 @) C(AL k. Gr ) dt
kezJ0

o0
€
<=5 2| eROE@) - de
kezJ0
and Dy (t) := CZV,Z(Q)) —2C(N > @1 k), Wwhence

o8}
& -
2, —W) =2, —2W) + W) < 2 E J Yr(O)D2(t)dt.
kezJ0
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In order to estimate the right hand side via Lemma first of all we have to get rid of the block
averages of type & 1k ; note that we have to control squared differences. Lemma allows us
to replace C(7);x, @) by Cx := C(Mgy k—1+1> Da1 k—1+1) » While C,, ~ C; follows by Lemma if
lo <m < 1. On the other hand, due to Cauchy

-1
2m—1
= 2
Dk54n;lz—_l(cm_cm) ,

where

~ 1
— + ~
Cn=g— 2, (q@)- @)~y
bc[k—m,k+m]

is a consequence of Lemmaif m > |y, therefore 2I', — W) = 0(12 /o) ; the constant does depend
on [, too.

Since —W} = 2T') — W) — 2I';, (5.4) implies a preliminary version of Lemma instead of
(F(oopx)— ﬁl’k)z we have (F(@;x) — ﬁl’k)z in the sum on the left hand side of the second relaxation

inequality. The required substitution is immediate, Lemma [3.4] completes the proof of this lemma.
O

The second relaxation inequality allows us to improve the previous lower bound on § = (¢).

Theorem 5.2. The conclusion of Theorem 1.1 holds true even if its condition eo?(g)B?(e) — 400 is
replaced with B(¢)o(e) - +ooas e — 0.

Proof. Applying the above bound instead of Lemma and following the proof of Lemma we
see that

e B 1 B
lim — = lim =lim— =1lim —— =0
e—>0[5 e—~0 O e—0 [50‘ e—0 0'2
are the requirements of an effective relaxation, which completes the proof as [> ~ o /+/€ . O

Of course, Theorem 5.1 also holds true under the above condition on 8 = (&) of Theorem 5.2.

5.7. Entropy for the spin - flip model: In view of Section 5.5, in case of the spin - flip dynamics

z

8,Su(p,u) = f av(da) = M(z) — M(w)

w

is the relevant derivative; dM = av(da). The condition u = xp of equilibrium means z +w =
Kk + kzw , consequently it is tempting to set M(a) := a? if a > 0 and M(a) := (k — a)* (1 — ka)~2 if

a <0, then
_(u—xp)yuP+4-4p

uSy(p, 1) = 1 —2kw + K2w?2

whence an extremely strong bound,

T/€e
_ _ } - rTe
g E J J(l — M) (@ — k) de  dt < C ("TE + —)
0

|k|<r/e a
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would follow, see Lemma 4.3 in [FNO6] and Section 5.4 here, provided that v and S, are well
defined. The bound above is effective if a(e)o(e) — +o0o as € — 0; this condition on « is the very
same as that of [FNO6]. Unfortunately, unless k = 0, no version of our construction is correct:
the underlying measure v can not be defined because the map z = (x — w)/(1 — kw) does not
interchange the ranges of z and w if k # 0. The case of k = 0 is trivial at the level of hyperbolic
scaling, nevertheless it is interesting to note that relaxation via entropy may be just as strong as LSI.
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