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1 Introduction

Let (2, %,IP) be a complete probability space, equipped with a right-continuous filtration (%,);>¢
such that Z, contains all the events of probability 0. Let X = (X,);>0, Y = (¥;);>¢ be two adapted
martingales, which have right-continuous paths, with limits from the left. We assume that these
processes take values in a separable Hilbert space 5# with scalar product (-,-) and the norm |- |.
With no loss of generality we may assume that . = (2.

The martingales X and Y are said to be orthogonal, if for any i, j > 1 we have [X!,Y/] = 0. Here
X!, Y/ stand for the i-th and j-th coordinates of X and Y, and for any real martingales M, N, the
symbol [M, N] denotes their quadratic covariance process (see e.g. [10] for details). The martingale
Y is said to be differentially subordinate to X if the process ([X,X], — [Y,Y],);>o is nondecreasing
and nonnegative as a function of t (here [X,X], = ZE;[X ", X™].). This notion was originally
introduced by Burkholder [5] in the discrete-time setting and the above generalization is due to
Wang [[16]] and Bafiuelos and Wang [3]]. It is well known that differential subordination implies
many interesting martingale inequalities, which have numerous applications in various areas of
mathematics. An excellent source of information in the discrete-time setting is the survey [8]] by
Burkholder. One can also find there a detailed description of the method which enables to obtain
sharp versions of such estimates. By approximation and careful use of It6’s formula, these results can
be extended to the continuous-time setting: see the paper by Wang [[16]]. For applications, consult
e.g. [2], [3], [4], [6] and [[12].

We shall only mention here the following famous result of Burkholder (see [[5] for the discrete and
[16] for the continuous-time version). For 1 < p < oo, we use the notation ||X||, = sup,>q [[XIl,
for the p-th moment of a martingale X and we write p* for the maximum of p and its harmonic

conjugate p/(p — 1).

Theorem 1.1. Assume that X and Y are 5¢-valued martingales such that Y is differentially subordinate
to X. Then
IYll, < ("= DIXIl,, 1<p<oo, (1.1

and the inequality is sharp. In addition, the inequality is strict provided p # 2 and 0 < ||X|[, < oc.

If p # 2 and we impose the orthogonality of X and Y, the constant above is no longer optimal.
Bafiuelos and Wang determined in [3]] the best value under some additional assumptions on the
dimension of the range of X and Y. Then the constant turns out to be the Pichorides-Cole constant
cot(rt/(2p*)) appearing in the sharp LP-estimate for conjugate harmonic functions on the unit disc
(cf. [11]] and [[14]). To be more specific, we have the following (cf. [3]], [[4]).

Theorem 1.2. Let X, Y be two orthogonal martingales such that Y is differentially subordinate to X.

(D If Y is real valued (to be more precise, takes values in a one-dimensional subspace of 5¢), then

T
IY]], < tan (E)HXHP, I<p=2

and the constant is the best possible. It is already the best possible if X is assumed to be real valued.
(ii) If X is real valued, then

TT
17 1], < cot (5) Xll,, 2<p<oo,
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and the constant is the best possible. It is already the best possible if Y is assumed to be real valued.

The inequalities are strict if p # 2 and 0 < |[X||,, < oo.

The motivation of the present paper comes from the question about the optimal constants in the
estimates above in the case when there are no restrictions for the ranges of X and Y. Before we
formulate the precise statement, let us first mention here a seemingly unrelated result, due to Davis
[9]. Let w, be the smallest positive zero of the confluent hypergeometric function of parameter
p and let z,, be the largest positive zero of the parabolic cylinder function of parameter p (for the
definitions of these objects, see [[1]] or Section 3 below).

Theorem 1.3. Let B be a standard one-dimensional Brownian motion and let T be an adapted stopping
time. Then the following inequalities are sharp.

(i) For 1 < p < o0 and ||T1/2||p < 00,
1/2
177711, < apliBellp, (1.2)

where a,

(ii) For 0 < p < o0,

:zglforl<p§2andap=w;1for2§p<oo.
1/2
Bl < ApllT=ll,, (1.3)
where A, =w, for 0 <p <2 and A, =z, for 2 < p < 0.

The main result of the present paper can be stated as follows.

Theorem 1.4. Let X, Y be two orthogonal martingales taking values in 3¢ such that Y is differentially
subordinate to X. Then

Y[l < GpllX|l,, 1<p<oo, 1.4
where
N ifl<p<2,
C,=1% if2<p<3,

cot (%) ifp>3.

The constant C,, is the best possible. Furthermore, the inequality is strict if p # 2 and 0 < [|X||,, < oo.

Therefore we see that the constants C, have quite surprising behavior. For 1 < p < 3 they are the
same as those in appropriate Davis’ estimates (a, for 1 < p <2and A, for 2 < p < 3), while for p > 3
they are equal to Pichorides-Cole constants. In other words, comparing the above with Theorem|[1.2]
we see that the passage from real to #-valued martingales affects the optimal constants if and only
ifl<p<3.

A few words about the proof and the organization of the paper. Our argumentation is based on
Burkholder’s technique, which reduces the problem of proving a given martingale inequality into
that of finding an appropriate special function. This transference is described in the next section.
The special function is constructed by means of confluent hypergeometric and parabolic cylinder
functions, which are introduced and studied in Section 3. Then, in Section 4, we present the proof
of our main result, Theorem The final section of the paper is devoted to some applications to
stochastic integrals.
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2 On the method of proof

We start with describing the main tool which will be exploited to establish our result. We shall use
the following notation: if U : ¢ x ## — R and x, y, h € 5, then

o0 o0
(hU (6, ), h) = D 0> Uy o (6, Y )hgh,

n=1m=1
provided the partial derivatives exist. The term (hU,,(x, y),h) is defined in a similar manner.

Theorem 2.1. Let U be a continuous function on # x #, bounded on bounded sets, of class C' on
E = x 5\ ({|x] = 0} U {|y| = 0}) and such that its first order derivative is bounded on bounded
subsets of E not containing a neighborhood of (0,0). Assume that U satisfies

Ulx+hy)—U(,y)—(U(x,y),h) <0 2.1

for all (x,y) € E and h € #. Moreover, assume that U is C2 on S;, i > 1, where S; is a sequence
of open connected subsets of E such that the union of the closure of S; is # X . Suppose for each
i > 1, there exists a nonnegative measurable function c; defined on S; such that for all (x,y) € S; and
h, k € #,

(WU (6, ), 1) + (KU, (6, ¥), k) < =i, y )R = [K[). @2.2)

Assume further that there exists a nondecreasing sequence (M,,),>1 such that
supci(x,y) <M, < o0, 2.3)

where the supremum is taken over all (x,y) € S; such that 1/n%? < |x|>+ |y|? < n? and dall i > 1.
Let X and Y be #-valued orthogonal martingales such that Y is differentially subordinate to X. If
sup; |U(X;, Y;)| is integrable, then for any 0 < s < t we have

E[UX.,Y)Z] <UX,,Y,) almost surely. 2.4

This is a slight modification of Proposition 1 from [4]. Essentially, the difference is that the inequality
(2.1) is replaced there by a more restrictive condition.

The proof of Theorem is based on approximation and It&’s formula. To be more specific, one
reduces the problem to the finite-dimensional case # = R" and convolves U with a C* function
to get a smooth U on R" x R". Then one applies Itd’s formula to U(X,,Y,), takes conditional
expectation of both sides and uses the conditions and to control the finite-variation
terms. Since similar argumentation appears in so many places (see e.g. Proposition 1 in [4]], Lemma
1.1 in [3], Theorem 2.1 in [[13]], Lemma 3 in [[16] ...), we have decided not to include the details
here.

Fix p € (1,00) and let us now sketch the proof of (1.4). Obviously, we may and do assume that
[IX||, < oo; otherwise there is nothing to prove. By Burkholder’s inequality (1.1), we obtain that
||Y'[l,, is also finite. In consequence, all we need is to show that

E|Y, [P < CgElthp for all t > 0.
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Here the inequality (2.4) comes into play: if we manage to find a function U, as in Theorem ,
satisfying the majorization
Up(x,y) = |ylP — Cglxlp forall x, y € 2, (2.5)
and the condition
Up(x,y) <0 for all x, y € 5 satisfying |y| < |x|, (2.6)

then we will be done. Indeed, we have |Y,| < |X,| by the differential subordination, so the properties
of U, imply
E(lytlp - C5|Xt|p) < EUp(Xt: Yt) < EUp(X07 YO) <0.

We search for Up in the class of functions of the form

Uy (x, y) =V, (Ixl, 1y ], 2.7)
where V, : [0,00) X [0,00) — R satisfies
[V, (%, )l < cp(xP + yP) (2.8)

for all x, y > 0 and some ¢, depending only on p. The latter condition immediately implies the
integrability of sup, |U,(X;,Y;)|, by means of Doob’s inequality. Let us rephrase the requirements
@.1), 2.2), and in terms of the function V,,. We start from the latter condition: the
inequality reads

Vo(x,¥)<0 forallx >y > 0. (2.9)
The majorization (2.5) takes the form
V,(x,y) = yP — ngp for all x, y > 0. (2.10)

The condition (2.1I)) can be rewritten as follows: for all (x, y) € Ui S;and h € 72,

Vox (x 1, 1y1) Vox(lxl, 1y D)
S |
|x] |x]
where x’ = x/|x| for x # 0 and x” = 0 for x = 0. To see this, observe first that by continuity, we may

restrict ourselves to linearly independent vectors x and h: x 4+ th # O for all t € R. The estimate
(2.1) is equivalent to saying that for any fixed x, y, h € 5, the function G, , , : R — R given by

G,y n(t) =Up(x + th,y) =V, (Ix + thl,y])

is concave. Thus, since this function is of class C!, will follow if we check that G;"y’h(t) <0
for all those t, for which (x + th,y) € [ J; S;. By the translation property G, , 5(t +5) = Gyipy n()
valid for all s, t € R, we see that it suffices to check the latter inequality for t = 0 only. By (2.7),
this is precisely (2.11)).

Finally, the formula transforms into the following: for (x,y) € S; with |x||y| # 0 and
any h, k € 22,

[Vpxx(lxl, lyD)— |h|? <0, (2.11)

Vox(Ix1, 1y D)

:| (x’, h)?
|x|

|:Vpxx(|x|: |.V|) -

Vo (xLIYDT
+ [pry(lxl,lyl)— ”W—l} (y',k)? (2.12)
Vil [y DIV, (i, Ly DIkP?
B P < o (R~ kP,
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Summarizing, in order to establish (1.4), we need to construct a sufficiently smooth function Vy

[0,00) X [0,00) — R, which satisfies (2.8), (2.9), (2.10), (2.11) and (2.12) and for which the
corresponding functions c; enjoy the bound (2.3).

3 Parabolic cylinder functions and their properties

In this section we introduce a family of special functions and present some of their properties,
needed in our further considerations. Much more information on this subject can be found in [T]].

We start with the definition of the Kummer confluent hypergeometric function M(a,b,z). Itis a
solution of the differential equation

2y"(2)+(b—2)y'(z) —ay(z)=0
and its explicit form is given by

M(a,b,z) =1+ — +a(a+1)22+
GO T E T b+ )2t

The confluent hypergeometric function M, is defined by the formula
M,(x) =M(-p/2,1/2,x*/2), x €R.

If p is an even positive integer: p = 2n, then M,, is a constant multiple of the Hermite polynomial of
order 2n (where the constant depends on n).

The parabolic cylinder functions (also known as Whittaker’s functions) are closely related to the
confluent hypergeometric functions. They are solutions of the differential equation

¥ (x)+ (ax?®+ bx +c)y(x) =0.

We will be particularly interested in the special case

)= (2xt=p=1)y) =0 3.1)
¥ (x (4)( p 2)yx =0. )

There are two linearly independent solutions of this equation, given by
2
) p1lx
X)= * /4M T A’ A’ A~
yilx)=e ( 23 )
and

2 p 13 x?
x)=xe XM —=+=,2,— .
Yo(x) ( 535 2)

The parabolic cylinder function D, is defined by
Dy(x) =A1y,(x) +Ax ya(x),

where
op/2 o(1+p)/2

A= ﬁ cos(pm/2)I'((1+p)/2) and A, = NG
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Throughout the paper we will use the notation

$p(s) = e 74D, (s)

and z, will stand for the largest positive root of D,. If D,, has no positive roots, we set z, = 0.

Later on, we will need the following properties of ¢,,.

Lemma 3.1. Let p be a fixed number.
(i) For all s € R we have

Po,(s)—sd,(s)+,(s)=0 3.3)
and
¢,()=pPp-1(5). (3.4
(ii) We have the asymptotics
-1 -D(p—-2)p—-3
pp0)=s (1-PE 2 A EEEDEEBP D 4 o69) wss—oe. ()
(iii) If p < 1, then ¢, is strictly positive on (0, 00).
(iv) We have z, =0 for p <1 and 2z, > z,_ forp > 1.
(v) For p > 1 we have
¢p(s) >0, (,i);(s) >0 and ¢;’(s) >0 on [z,,00). (3.6)

Furthermore, if 1 < p <2, then ¢;”(s) < 0on [z,,00), while for p > 2 we have ¢;”(s) >0 on [z,,00);
the inequalities are strict unless p = 2.

Proof. (i) This follows immediately from (3.1) and the definition of ¢ b

(ii) See 19.6.1 and 19.8.1 in [[1]].

(iii) If p = 1, then the assertion is clear, since h;(s) =s. If p < 1 then, by (i) and 19.5.3 in [[1]], we
have

93(5) = Pdp-1() = r(%p)f uP exp(—su — u?/2)du > 0.
0

It suffices to use ¢p(0) =A; > 0 (see (3.2)) to obtain the claim.
(iv) The first part is an immediate consequence of (iii). To prove the second, we use induction on
[p]. When 1 < p <2, we have ¢,(0) =A; <0 (see (3.2)) and, by (ii), ¢,(s) — oo as s — 00, so
the claim follows from the Darboux property. To carry out the induction step, take p > 2 and write
(3.3) in the form

¢p(zp—1) = Pzp—1¢p—1(zp—1) - P¢;_1(Zp—1)-
But, by the hypothesis, z,_; > 0: this implies that z,_; is the largest root of ¢,_;. Therefore, by
asymptotics (3.5), we obtain qb;_l(zp_l) > 0. Plugging this above yields ¢,(z,_1) <0, so, again by
(3.5), we have z,_; < z,. However, the inequality is strict, since otherwise, by (i), we would have
®p—n(2,) = 0 for all integers n. This would contradict (iii).
(v) This follows immediately from (iii), (iv) and the equalities qbl/) =pdp—1, qb;’ =plp—1)¢,_, and
¢, =p(p—1(p—2)$, 3. O
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The further property of ¢, is described in the following.

Lemma 3.2. For p > 1, let F, : [0,00) — R be given by
Fp(s) = p(p = 2),(s) = (2p = 3)s,, (s) +5% ¢, (5). 3.7)

(1) If 0 < p < 1, then F, is nonpositive.
(i) If 1 < p < 2, then F), is nonnegative.
(i) If 2 < p < 3, then F, is nonpositive.

Proof. (i) By (3.3), we have
Fp(s):p(p—2—52)¢p(s)+(52—2p+3)s¢);(s). (3.8)
A little calculation gives that for s > 0,
FI(s) = =2ps¢,(s) + (p> — 4p +3 — (p — 3)s2),(5) + (° = (2p — 3)5)$/(s),
which, by (3.3), can be rephrased in the form
Fi(s)= ps(—=s*+2p —5)¢,(s) +(s* —3(p — 2)s* + p*> —4p + 3)¢,(s). (3.9)

After lengthy but simple manipulations, this can be written as

s*—3(p—-2)s2+p>—4p+3 plp—1(p—2)3—p)p,(s)

FP(S):FP(S) 5(52_2p+3) 5(52—2p+3)

(3.10)

The second term above is nonnegative for 0 < p <1 (see Lemma (iii)). Furthermore,

s*—3(p—2)s®+p*>—4p+3 (3—p)(52—p+1)>
— s =
s(s?—2p+3) s(s>—2p+3)

Now suppose that F,(sy) > 0 for some s, > 0. Then, by (3.10) and the above estimates, F;(s) >
F,(s)s for s > sy, which yields F,(s) > F,(so) exp((s? — sg)/z) for s > s,. However, by (3.5), the
function F, has polynomial growth. A contradiction, which finishes the proof of (i).

(ii) It can be easily verified that we have Fl’,(s) = pF,_4(s) for all p and s. In consequence, by the
previous part, we have that F, is nonincreasing and it suffices to prove that lim;_,, F,(s) > 0. In
fact, the limit is equal to 0, which can be justified using (3.8) and (3.5): F, is of order at most sPT2
as s — 0o, and one easily checks that the coefficients at s? and s*2 vanish.

(iii) We proceed in the same manner as in the proof of (ii). The function F, is nondecreasing and
limg_,, F,,(s) = 0, by means of (3.8) and (3.5) (this time one also has to check that the coefficient
at sP~2 is equal to 0). O

Before we proceed to the contruction of the special functions V), let us mention here that the ar-

guments presented in the proof of the above lemma (equations (3.8) and (3.9)) lead to some in-
teresting bounds for the roots 2y, 1 < p < 3. For example, if 1 < p < 2, then, as we have shown,
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the function F), is nonnegative: thus, putting s = z,, in (3.8) and exploting (3.6) yields z2>2p—3

(which is nontrivial for p > 3/2). Furthermore, F), is nonincreasing, so taking s = z,, in (3.9) gives

z;—S(p—Z)z§+p2—4p+3§0,

which can be rewritten in the more explicit form

2 3=+ -2P -4 - 1D -3)
P 2 )

Note that the bound is quite tight: we have equality for p € {1,2}. Similarly, in the case when
2 < p < 3 we obtain the following estimates:

p— - 2_ B _
3(p —2)+v/9(p 22) L 3)525521’_3

and we have the (double) equality for p € {2, 3}.

In particular, the above inequalities yield

Corollary 3.3. Wehavezﬁﬁp—lforl<p§2andz§2p—1for2§p§3.

Furthermore, we get the following bound, which, clearly is also valid for p > 3.

Corollary 3.4. We have C, > 1 for p # 2.

4 Proof of Theorem

We turn to the proof of our main result. For the sake of convenience, we have decided to split it into
five parts: the proof of (1.4) in the cases 1 < p < 2,2 < p < 3, p > 3, the strictness and, finally, the
sharpness of the estimate.

4.1 Thecasel<p <2

Let V, : [0,00) x [0,00) — R be given by

a,yP¢ (x if y <z lx,
V) = {42 eIV Y =2,
yP—z,"xP 1fy22p X,
where
ap = —(z,¢p-1(z,)) " (4.1)

Furthermore, let
S1=1{(x,y) € # x # : |y| >z, x| > 0}

and
Sy ={(x,y)e X x#:0<|y| <z;1|x|}.

We will check below in seven steps that the function V, has all the properties described in Section 2.
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1° Regularity. It is easy to see that V, is continuous, of class C 1 on the set (0,00) x (0,00) and of
class C? on the set (0,00) x (0,00) \ {(x,y):y = zp_lx}. In consequence, the function U, defined
by has the required smoothness. It can also be verified readily that the first order derivative of
U, is bounded on bounded sets not containing 0 € J# x .

2° The growth condition (2.8). This follows immediately from the asymptotics (3.5).

3° The inequality (2.9). Note that ¢, is increasing (by Lemma (v)) and z, < 1 (by Corollary
B.3). Thus, for 0 < y <x,

VP(X,y) = ap.yp¢p(x/.)/) < apyp¢p(1) <0.

4° The inequality (2.10). This is obvious for y > z; 1x, so we focus on the case y < z; 1x. Then the
majorization is equivalent to

a,¢,(s) <1 —zp_Psp fors > z,.

Both sides are equal when s = z,, so it suffices to establish an appropriate estimate for the deriva-

pJ
tives: aqul’)(s) < —pzp_psp_1 for s > z,. We see that again both sides are equal when s = z,,; thus
we will be done if we show that the function s — qbl’)(s) /sP~1 is nondecreasing on (2p,00). After
differentiation, this is equivalent to

$/()s—(p—1)P,(s)>0  on (z,,00),

or, by Lemma @, ¢ 1/7/ '(s) <0 fors > 2,,. This is shown in the part (v) of that lemma.

Before we proceed, let us mention here a fact which will be exploited during the proof of the
strictness. Namely, if p # 2, then the above reasoning gives that the majorization is strict on {(x, y) :

y < z;lx}. Indeed, we have that ¢ ;’ " is negative on [z,,00) (see Lemma ).

5° The condition ([2.11)). If z,|y| > |x| > 0, then we have

Vox (x5 1y1) T
[VpxX(lxl, lyl)— pT {x",)? = p(2 = p)z, P|x[P72(x", b)? 42)
< p(2 — p)z; P|x[P~2[hP
and Vye(ll, 1y
X,
T TR = —pa P2 “3)
|x| P
so (2.11) is valid. When |x| > z,|y| > 0, we compute that
Vox (Ixl, 1y D _ _
Ve (1], [y D) = 220 | (2= a, ly P2 [ o () = 17y ()] (', B2
x| g g 4.4)
< aylylP=2 [ ¢y () =17 ¢} (1) ] Inl2,
where we have used the notation r = |x|/|y|. Furthermore,
Vox(xl, 1y D) oy
WTW = a,lyP72r7 1! (r) hf2. (4.5)
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Adding this to (4.4) yields (2.11]), since ¢z/)/ (r)>0: see Lemma ).
6° The condition (2.12). If z,|y| > x| > 0, then

V,, (Ix],1y1) B
Vo (], Iy = 22— L (v, k)2 = p(p — 2)ly P2y, k)2 < 0
|y
and v, (x], 1)
X[,y _
= k= plylP k.

Therefore, combining this with (4.2) and (4.3)) we see that the left-hand side of (2.12) is not larger
than

= plyP2(In* = k) = p[(p — D)z, P |x =2 = |y P~21IR|* < —plyP2(Ih* — [K[*), (4.6)

as needed. Here in the last passage we have used the estimates zp_1|x| < |y| and zﬁ <p-—1 (see
Corollary 3.3). On the other hand, if 0 < z,|y| < |x|, then recall the function F, given by (3.7). A
little calculation yields

Vo (lxl, 1y D
Iyl

which is nonpositive by means of Lemma 3.2 (here r = |x|/|y/, as before). Furthermore, by (3:3),

vy, (lxl, 1y D
: IJ;I Y = apl.ylp_2 |:p¢p(r) - T¢;(T‘):| |k|2 = —ap|y|P—2¢;/(r)|k|2’

which, combined with (4.4) and (4.5) implies that the left-hand side of (2.12]) does not exceed

aply P2y (r)(IRI* — [Kk[?).

[pry(|x|; D= } (', k) = aply 2R, (r)(y ', k)2,

7° The bound (2.3). In view of the above reasoning, we have to take c;(x,y) = ply|P~2 and
co(x,y) = —aplylp_qul’)’(r). It is evident that the estimate (2.3)) is valid for this choice of ¢;, i = 1, 2.

4.2 Thecase2<p<3
Let V,, : [0,00) X [0,00) — R be given by

o, xP x) ify>gx,
Vey)={ ¥ L) Y=g,
yP—zpx if y <z,x,

where
a, = (zp¢p_1(zp))_1. 4.7)
Let
S1=1{(x,y) € H# x H# :0 <|y| <z,|x|}
and

Sy ={(x,y) € # x # :|y| > z,|x| > 0}.
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As in the previous case, we will verify that V,, enjoys the requirements listed in Section 2.

1° Regularity. Clearly, we have that V,, is continuous, of class C 1 on (0,00) x (0,00) and of class C?
on (0,00) x (0,00) \ {(x,y) : y = 2,x}. Hence U, given by (2.7) has the necessary smoothness. In
addition, it is easy to see that the first order derivative of U, is bounded on bounded sets.

2° The growth condition (2.8). This is guaranteed by the asymptotics (3.5]).
3° The inequality (2.9) This is obvious: V,(x,y) < xP(1— 25) <0ifx>y>0.

4° The majorization (2.10). This can be established exactly in the same manner as in the previous
case. In fact one can show that the majorization is strict provided y > z,x. The details are left to
the reader.

5° The condition (2.11). Note that if 0 < |y| < z,|x|, then

V,(Ixl, yD) .
Vorx (X1, 1y 1) = "T {x",n)? = —p(p — 2)zh|Ix|P~*(x",h)* < 0 (4.8)
and Vyulx, Iy1)
X,
A = = paflxl2lh < “.9)
X

so (2.11)) follows. Suppose then, that |y| > z,[x| > 0 and recall F, introduced in Lemma By
means of this lemma, after some straightforward computations, one gets

Vo (Ix], 1y1)
|x|

where we have set r = |y|/|x|. Moreover, by (3.3)),

Vox (Ix1, 1)
|x|

[Vpxx(lxl, Iy - } (x',h)* = a,|x[P~2F, (r) (x’,h)* < 0, (4.10)

B2 = a, [p, (1) = ey ()] IxlP =2 AP

= —a, ! (1) x|l

(4.11)

is nonpositive; this completes the proof of (2.11)).
6° The condition (2.12)). If 0 < |y| < 2,|x|, then

Voy (x5 1y D)

N ] (y',k)>=p(p — Iy P~2(y",k)* < p(p — 2)|y [P ?|k[?

[pry(lxly |}’|) -

and

Vo (x1, 1y D
|y

Therefore, combining this with (4.8) and (4.9) we see that the left-hand side of (2.12)) can be
bounded from above by

k|* = plyP~2|k|>.

p(p = DIy P72Ik* = pzblx[P~2|RI* < p(p — Db 2IxP72[kI? — psb |x[P~2|h|?

P (4.12)
< —pzB|x[P72(|hf* — |k[?).
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Here in the latter passage we have used Corollary If |y| > z,|x| > 0O, then, again using the
notation r = |y|/|x|,

V >
|:VPJ’y(|x|, lyl) - W] (', k) = aplx P~ [¢;/(r) —rl¢y (r)] (', k)?
< a,lxP72 [ @y (1) =17 ¢y (1) ] kP2
e ,, (L Iy
O D e — a2 g )P
bl ’

Combining this with (4.10) and (4.11)), we get that the left-hand side of (2.12)) does not exceed
—a, |x[P~2¢/(r)(IAP? — [KP2).

7° The bound (2.3). By the above considerations, we are forced to take c¢;(x,y) = pzﬁlxIp_2 and
Colx,y) = ap|x|p_2q’>;’ (r) and it is clear that the condition is satisfied. This establishes (1.4]) for
2<p<3.

4.3 Thecasep >3

Let V, : [0,00) X [0,00) — R be defined as follows. First, set

V,(x,y) = a,RP cos (p (g — 0)) ,

if t/2—m/(2p) < 0 < /2. Here

p—1(
cos ( 2 )
: T
Sin 2

ap=

and we have used polar coordinates: x = Rcos6, y = Rsin6, with 8 € [0,7/2]. For remaining
values of 0, take

T
V,(x,y) = yP —cot? (g) xP.

In addition, let
Si={(x,y)es#x#:1/2—71/(2p) <O < 1/2}

and
So={(x,y)es#x#:0<0 <n/2—m/(2p)},

with the similar convention as above: |x| =Rcos 8 and |y| =Rsin 0 for 6 € [0, t/2].

In the proof of (1.4) we will need the following auxiliary fact.

Lemma 4.1. If § € (0, ©/(2p)], then

ﬂ > cot? (i) ; (4.13)
cot((p — 1)B) 2p

Furthermore, the inequality is strict if 8 # 7 /(2p).
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Proof. Both sides are equal for = t/(2p), so it suffices to show that the left-hand side is decreasing
as a function of § € (0, w/(2p)). If we calculate the derivative, we see that this is equivalent to the
inequality sin(2) < sin(2(p — 1)$). But this follows immediately from the bounds 0 < 28 <
20p—1)p <m—26. O

Furthermore, due to the complexity of the calculations, it is convenient to gather the bounds for the
partial derivatives of V,, in a separate lemma.

Lemma 4.2. (i) For any x, y > 0 with y > cot(nt/(2p))x we have
Vpxx(x: Y)x = Vpx(x’ y) (4.14)

and
Vioyy (6, )y =V, (x, ¥) (4.15)

(ii) For any x, y > 0 with y < cot(7t/(2p))x we have

Vox (6, ¥)x < Vi (X, ¥), (4.16)
Voyy (6, )y 2V, (%, ¥) (4.17)

and
XV (6, ¥) + Vi (x,¥) < 0. (4.18)

Proof. (i) We derive that

Vo (X, y) = ocppRp_1 sin ((p -1) (g - 9))

and
Vpex (6, ¥) = —a,p(p — 1)RP~2 cos ((p -2) (g - 9)) , (4.19)

so (4.14) is equivalent to

—(p—1)cos ((p—Z) (g—@)) sin (g—@) + sin ((p—l) (g —9)) >0,
—(p —2)cos ((p—Z) (g — 9)) sin (g - 9) + sin ((p—2) (g —9)) cos (g —9) >0

for 0 € (n/2 — w/(2p), /2). This holds true, since both sides are equal for 6 = 7/2 and the
derivative of the left-hand side equals

(3—p)(p — 1)sin ((p—Z)(g—Q))sin (g—e) <o.

To prove (4.15), we carry out similar calculations and transform the estimate into the equivalent
form

(p —2)cos ((p —-2) (g — 9)) cos (g — 9) + sin ((p -2) (g — 9)) sin (% — 9) >0,
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for 6 € (/2 — m/(2p), ©/2). Denoting the left-hand side by F(6), we easily check that

FlZ-Z)=(p-3)cos|(p-2)— " teos((p-3)—]>0
2 )" p cos | (p 2 cos 2 cos | (p )=
and .
F'(6) = (p — 1)(p — 3)sin ((p —92) (E _ 9)) sin6 > 0.
This yields the claim.
(i) If y < cot(m/(2p))x, then

T
XVpxx(x: y) - Vpx(X: .Y) = _p(p - 2) cot? (5) xP~! <0

and
YVyy (6, ¥) =V (x,¥) = p(p — 2)y?~! > 0.

Furthermore,

_ T _
Xpry(X,)’)‘i‘ Vpx(X,}') =px |:(p - 1)yp — cot? (5) xP 2i|

-2
. p—2 2 T p—2 T
<pxy p—1—cot E =pxy p— smg ,

so it suffices to show that the expression in the square brackets is nonpositive. This follows immedi-

ately from
2

g T (ﬂ)z 1 =« 1

sin“ —<|[—| =——<-—

2p 2p p 4p p

and we are done. O

Now we.are reefdy for the proof of (1.4). As in the previous cases, we verify that V), has the properties
studied in Section 2.

1° Regularity. Tt is easily checked that V,, is continuous, of class ¢! on (0,00) x (0,00) and of class
C? outside {(x,y): 8 = /2 —n/(2p)}. This guarantees the appropriate smoothness of U, given by
(2.7). Furthermore, it is clear that the first order derivative of U, is bounded on bounded sets.

2° The growth condition (2.8). This is clear from the very formula for the function V;,.
3° The condition (2.9). This is obvious: for x > y > 0 we have

i T
V,(x,y)=yP —cot? | — |xP <xP|{1—cot’ | — || =<0.
2p 2p

4° The majorization (2.10). Clearly, it suffices to show this inequality on the set {(x,y) : 6 >
/2 — m/(2p)}, where it can be rewritten in the form

cosP7 [ &
sin? 6 — cot? (Zi) cos? 0 < Mcos (p (g - 9))

sin —

T
D 2
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or, after substitution § = /2 — 6 € [0, t/(2p)),

cos? 3 — cot? (7t /(2p)) sin? B - cosP ™! (%)

cos(pp) ~  sin %

Since both sides become equal when we let f — 7t/(2p), it suffices to show that the left-hand side,
as a function of f3, is nondecreasing on (0, 7/(2p)). Differentiating, we see that this is equivalent to
(4.13). In fact, we have that the majorization is strict on {(x,y): 6 > /2 — 7/(2p)} (since
is strict for § < m/(2p)).

5° The condition [2.11). If (x,y) € 5 x # satisfies |y| > cot(7t/(2p))|x| > 0, then by and
we have that

vpx(lxl,lyl)} (' H)2 Ve (Ix1, 1y])
| x| |x|

On the other hand, if 0 < |y| < cot(7w/(2p))|x|, then, by (4.16),

Vi (1x], Iyl)} (R 4 Vox (X1, [y D)

|:Vpxx(|x|’ lyD - 81> < Vi (Ix1, ly DIRI* < O

|h|2 < Vpx(|xl,|.)’|)
|x| - |x|

= —pClIx[P7?hI> <0,

|n|?

|:Vpxx(|x|,|y|)_ |X|

as needed.

6° The condition (2.12). If |y| > cot(nt/(2p))|x| > 0, then by (4.14) and (4.15), the left-hand side
of (2.12) does not exceed

Visex (1 [y DI + Vo (], [y DIKI? < Ve (], Ly DARIZ = K1), (4.20)

since V,,,,(|x],|y]) < 0 and V, is harmonic on {(x, y) : y > cot(rr/(2p)x > 0}. If we have 0 < |y| <

cot(rt/(2p))|x|, then by (4.16), (4.17) and (4.18) the left-hand side is not larger than

Vo (x5 1y
|x|
7° The bound (2.3). By (4.20) and (4.21), we take c,(x,y) = =V, (Ix],|y]) and cy(x,y) =

Voyy(Ix],y). By (4.19) and the equality V,,,,(|x[,|y]) = p(p — 1)|y|P~2 it is clear that the esti-
mate (2.3) is satisfied.

The proof of (1.4) is complete.

A1 + Vyyy (Ix, Ly DIKI? < =V (el 1y DCRIP = 1K) (4.21)

4.4 Strictness

Suppose that p # 2 and that X, Y are orthogonal s -valued martingales such that 0 < [|X]|, < o0, Y
is differentially subordinate to X and we have equality in (1.4). These conditions imply in particular
that both martingales converge almost surely and in LP. Denoting the corresponding limits by X,
and Y,,,, we may write || Yo |15 — Cp [|X ool = 0 and EU, (X, Y,,) < O: to get the second estimate, we
use (2.8), Doob’s inequality and Lebesgue’s dominated convergence theorem. Therefore, by (2.10),
we have

¥ooll} = CE1IX ool = EU, (X, Yoo) = 0. (4.22)
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This implies

[Yoo| = Cp [ X oo | with probability 1. (4.23)
To see this, assume first that 1 < p < 2. For this range of parameters p, the inequality (2.10) is strict
if |y| < Cplx|. This, by (4.22)), implies P(|Y| = C,|X|) =1 and, again by (4.22), yields (4.23). In
the case p > 2 the reasoning is the same.
The condition (4.23) gives U,(Xy,Y,) = 0. Furthermore, by (2.4) and (2.8) we see that
(Up(X¢,Y))=0 is a uniformly integrable supermartingale satisfying U,(X,,Yy) < 0. This gives
P(U,(X,,Y;) = 0 for all t = 0) = 1. However, using the formulas for V), in the cases 1 < p < 2,
2 < p <3 and p > 3, we see that this is equivalent to

P(|Y,| = C,|X,| for all t > 0) =1. (4.24)
For any t > 0 we have that
2n-1
n—o0
X2 + D Kegngon — Koo [* = [X,X],
k=0

in probability (see e.g. [[10] for the proof in the real case; the reasoning presented there can be easily

extended to the Hilbert-space setting). Using a similar statement for Y and combining this with

(@29 yields C2[X,X], = [Y,Y],, which contradicts the differential subordination unless C, = 1 or
P P

[X,X] = 0. However, the first possibility occurs only for p = 2 (Corollary [3.4) and the second one

implies ||X|[, = 0; we have excluded both these possibilities at the beginning.

This completes the proof of the strictness.

4.5 Optimality of the constants

Clearly, it suffices to consider only the case 1 < p < 3, since for p > 3 the constant C, is the
best possible even for real-valued processes (cf. [I3]], see also Section 5 below). Suppose first that
l<p<2andletB= (B, B@)) be a standard two-dimensional Brownian motion. Fix a positive
integer n, a stopping time 7 of B satisfying T € LP/? and consider the martingales X, Y given by
X, = (Bgl,\)t,O, 0,...)and

(n) _ p(2) (2) _n@2) (2) _n@
Yf _(B'r/\t/\Z‘”’BT/\t/\(Z-Z‘”) BT/\t/\Z‘"’BT/\t/\(B-Z‘”) rAt/\(Z«z—”)"")

for t > 0. That is, the k-th coordinate of Yt(") is equal to the increment

(2) _g®
TAtA(k-27T) TAtA((k—1)-271)°

for k =1,2,.... Obviously, X and Y™ are orthogonal, since BM and B@ are independent. In
addition, Y™ is differentially subordinate to X, because [X,X], = [Y(™, Y], =7 At forall t > 0.
Therefore, we infer from the inequality (1.4) that for any t > 0,

1Y, < Gl (4.25)

On the other hand, it is well known (see e.g. proof of Theorem 1.3 in [[15]]) that for any t > 0,

o0

(M2 _ ) _g®@ 2 70 rp(2) g2) -

e "= Z |BT/\t/\(k-2‘”) Br/\t/\((k—l)~2‘”)| —— BB e = TAL
k=1
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in L2. Therefore, letting n — oo in (4.25) yields
1

1tz A Y211, < GBS, < G lIBXI,.
It suffices to take t — oo and apply Davis’ inequality (1.2)) to get C, = z, ! Thecase 2 < p < 3is
dealt with exactly in the same manner.
The proof of the Theorem [1.4]is complete.
Remark 4.3. Referee asked a very interesting question whether the constant C,, 1 < p <2, is still
the best possible when we restrict ourselves to Y taking values in R2. The answer is affirmative and
can be obtained by a modification of the above example. Let B = (B}, B®)) be a two-dimensional

Brownian motion, let T be an arbitrary stopping time of B with 7 € LP/? and define X, = Bgl/\)t for
t > 0. For a fixed positive integer n we introduce Y™ using the following inductive procedure:

@ v =(0,0),
() fork=0,1,2,...andte(k-27",(k+1)-27"], let

(n) _ (2) (2)
Yf Y= YT7\k~2’” + gk ) (BTM - BT/\k‘Z’” )’

where &, is a norm-one vector in R?, orthogonal to y®™ not depending on t.

TAk-271?

In other words, for t € (k-27",(k+1)-27"], the increment Yt(n) — Yk(z),n is orthogonal to Y.o-n: this
guarantees the equality

o0

()2 _ (2 _p@ 2
;"= ; |BT/\t/\(€-2’”) BT/\t/\((Z—l)-Z’”)| :
=1

The remainder of the proof is the same as above: we easily check that X and Y are orthogonal
and that [X,X], = [Y®, Y], = 7 A t. Letting n — 0o we obtain that Cp, = z;l due to Davis’
inequality (1.2)).

A similar reasoning can be carried out to show that the constant C,, 2 < p < 3, is the best possible
if we restrict ourselves to X taking values in R2.

5 Inequalities for stochastic integrals

We will apply the results from the previous section and obtain some sharp inequalities for stochastic
integrals. Let M = (M,),>( be an adapted martingale and let H = (H,);>o and K = (K,);>o be two
predictable processes. Let X = H-M, Y = K - M denote the stochastic integrals of H and K with
respect to M. The following result is due to Burkholder (see Theorem 5.1 in [7]).
Theorem 5.1. Suppose that one of the following two conditions is satisfied:
(i) M is #¢-valued, but H and K are scalar valued,
(i) M is scalar valued, but H and K are F¢-valued.
If [K;| < |H,| for every t > 0, then for 1 < p < o0,

Y1, < (" = DIIXII,

and the constant p* — 1 is the best possible.
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In the case where M = B, a d-dimensional Brownian motion, one needs H and K to be real valued
in order to apply the theorem above. Theorem 1 in [[16] (which is the inequality under
continuous-time differential subordination) allows to strengthen this result to the following fact (cf.
[3]] and [[16]]). It is essential for the applications to Riesz and Beurling transforms, see e.g. [2]], [3]],
[4] and [12].

Theorem 5.2. Suppose that for every t > 0, H, : R? — # and K, : R — # are (random) linear
operators satisfying
K llzs < [1Hllms, 6.1

where ||+ ||ys stands for the Hilbert Schmidt norm. Let B be a Brownian motion in R¢ and let X = H-B
andY =K - B. Then for 1 < p < oo,

Y1, < (" = DIXIl,
and the constant p* — 1 is the best possible.
Our contribution is the following version of the above theorem for orthogonal H and K. It may

be regarded as a generalization the statement used by Bafiuelos and Wang in their study of Riesz
transforms (see Corollary 4.3 and Corollary 4.6 in [3]]).

Theorem 5.3. Let B be a Brownian motion in RY, d > 2, andlet X =H-Band Y =K - B for some
predictable H and K, with H, : RY — # and K, : RY — # for all t > 0. Suppose that for any t > 0
the linear operators H, and K, satisfy the domination (5.1)) and the further orthogonality property

Hth =0 as an operator on €.

Then for 1 < p < oo,
1Yll, < GlIXll, (5.2)

and the constant is the best possible, even for d = 2.

Proof of Theorem By standard localization, we may assume that X and Y are martingales. We
have

t
(X, X1, - [V, Y], :f |H 1175 = 11K 1[75ds,
0

so, by (5.1), Y is differentially subordinate to X. In addition, for any i, j > 1 we have, by the
orthogonality of H and K,

t
X', Y], = J H{(K])"ds =0,
0

where H, = (H},HSZ,...) and K, = (Ksl,KSZ,...). Thus, by (1.4), the estimate follows. It is
clear that C, is optimal for 1 < p < 3 and d = 2: the example considered in Subsection 4.5 can be
rewritten in the above language of stochastic integrals. For p > 3, take two-dimensional Brownian
motion B and an analytic function f = u + iv on the unit disc D, satisfying f(0) = 0. Consider the
stopping time 7 = inf{t : B, ¢ D} and the martingales X = (u(Bx;))>0, Y = (V(B;p¢))e>0 Which,
by It6’s formula, admit the representation

t t
Xt = f 1{T25}Vu(Bs)st, and Yt = J 1{TZS}VV(BS)dBS
0 0
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for all t > 0. By Cauchy-Riemann equations, the integrands satisfy the domination (5.1)) as well as
the orthogonality. It suffices to note that (5.2) reduces to Pichorides’ inequality

TT
VI, < cot (5) lull,.

which is known to be sharp (see [[14]). This completes the proof. O]
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