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1 Introduction and Main Result

Consider the following stochastic differential equation (SDE) in RY:
dX, =b,(X,)dt + o,(X,)dW,, (1.1

where b : Ry x RY —» R and 0 : R, x R —» R? x R? are two Borel measurable functions, and
{W¢};>0 is a d-dimensional standard Brownian motion defined on some complete filtered probability
space (2, Z,P;(Z,):>0)- When o is Lipschitz continuous in x uniformly with respect to t and b
is bounded measurable, Veretennikov [[14] first proved the existence of a unique strong solution
for SDE (1.1). Recently, Krylov and Réckner [[10] proved the existence and uniqueness of strong
solutions for SDE with o =1;,4 and

T q
p
J (J |bt(x)|pdx) dt <400, VT >0, (1.2)
0 R4
provided that
d 2
E + a <1 (1.3)

More recently, following [10], Fedrizzi and Flandoli [4] proved the a-Hdlder continuity of x —
X.(x) for any a € (0,1) basing on Girsanov’s theorem and Khasminskii’s estimate. In the case of
non-constant and non-degenerate diffusion coefficient, the present author [[15]] proved the pathwise
uniqueness for SDE under stronger integrability assumptions on b and o (see also [6] for
Lipschitz o and unbounded b). Moreover, there are many works recently devoted to the study
of stochastic homeomorphism (or diffeomorphism) flow property of SDE under various non-
Lipschitz assumptions on coefficients (see [3}[16} [5] and references therein).

We first introduce the class of local strong solutions for SDE (1.1). Let T be any (%,)-stopping time
and £ any Z,-measurable R¢-valued random variable. Let &, (&) be the class of all R?-valued
(Z,)-adapted continuous stochastic process X, on [0, T) satisfying

0

T T
p {w : f |b(X;(w))|ds +J |US(XS(co))|2ds < +00,VT € [O,T(w))} =1,
0
and such that . .
X, =& +J b(X)ds +J o(X,)dw,, Vte[0,7), a.s.
0 0

We now state our main result as follows:

Theorem 1.1. In addition to (|1.2) with p,q € (1, 00) satisfying (1.3), we also assume that

(HY) o.(x) is uniformly continuous in x € R? locally uniformly with respect to t € R,, and there
exist positive constants K and 6 such that for all (t,x) € R, x R4,

SIAR < ok ()A2 <K[A]?, YA €RY;
ik
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(H7) |Vo,|e LY (Ry;LP(RY)) with the same p,q as required on b, where V denotes the generalized

loc
gradient with respect to x.

Then for any (Z,)-stopping time T (possibly being infinity) and x € RY, there exists a unique strong
solution X (x) € #_(x) to SDE , which means that for any X,(x),Y,(x) € #"_(x),

P{w : X (w,x) =Y (w,x),Vt €[0,T(w))} =1.
Moreover, for almost all w and all t = 0,
x — X,(w, x) is a homeomorphism on R9,
and for any t > 0 and bounded measurable function ¢, x,y € R,
B¢ X, (x)) —Ep X (y)I < Cllgplloolx = ¥1,
where C, > 0 satisfies lim,_,5 C, = +00.

Remark 1.2. The uniqueness proven in this theorem means local uniqueness. We want to emphasize
that global uniqueness can not imply local uniqueness since local solution can not in general be extended
to a global solution.

By localization technique (cf. [15]), as a corollary of Theorem [1.1] we have the following existence
and uniqueness of local strong solutions.

Theorem 1.3. Assume that for any n € IN and some p,,q, € (1, 00) satisfying (1.3),

@ b, IVo,| € L5 (Ry; LP*(B,)), where B, := {x € R! : x| < n};

loc

(ii) G’;k(x) is uniformly continuous in x € B,, uniformly with respect to t € [0,n], and there exist
positive constants &, such that for all (t,x) € [0,n] X B,

D oA = 5,042, YA e R
ik

Then for any x € RY, there exist an (Z,)-stopping time {(x) (called explosion time) and a unique
strong solution X,(x) € ybggx)(x) to SDE D such that on {w : {(w, x) < +o00},

lim X,(x) =400, a.s. 1.9
t1¢(x)
Proof. For each n € IN, let y,(t,x) € [0,1] be a nonnegative smooth function in R, x R¢ with
xn(t,x)=1forall (t,x) € [0,n] x B, and y,(t,x)=0 for all (t,x) ¢ [0,n+ 1] X B,,;. Let

bi(x) := xn(t,x)b,(x)
and

o (x) := g1 (6, x)o () + (1 = xn(t, x)) (1+ sup Iat(X)I) Tgxq-
(t,x)€[0,n+2]xB, 12
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By Theorem for each x € RY, there exists a unique strong solution X f(x) € #X 2(x) to SDE
(1.1) with coefficients b™ and ™. For n = k, define

Tok(x, @) :=inf{t = 0: [X[(w,x)| = k} An.

It is easy to see that

k()
XP(x), X[ (x) € 57 ().

By the local uniqueness proven in Theorem we have
P{w : XMw,x) =X (w,x),Vt € [0, T, (x, 0} =1,
which implies that for n = k,
Trk(X) S Tpp(x) < 7,0(x), as.

Hence, if we let {}(x) := 74 x(x), then {;(x) is an increasing sequence of (%,)-stopping times and
forn >k,
P{w: XMx,w) =X (x,w), Vte[0,{(x,w)}=1.

Now, for each k € IN, we can define X,(x, w) =Xf(x, w) for t < £ (x,w)and {(x) = limy_, Ci(x).
It is clear that X,(x) € ybCéX) (x) and lb holds. O

The aim of this paper is now to prove Theorem We organize it as follows: In Section 2,
we prove two new estimates of Krylov’s type, which is the key point for our proof and has some
independent interest. In Section 3, we prove Theorem in the case of b = 0. For the stochastic
homeomorphism flow, we adopt Kunita’s simple argument (cf. [11]]). For the strong Feller property,
we use Bismut-Elworthy-Li’s formula (cf. [2]]). In Section 4, we use Zvonkin’s transformation to
fully prove Theorem In Appendix, we recall some well known facts used in the present paper.

2 Two estimates of Krylov’s type

We first introduce some spaces and notations. For p,q € [1,00) and 0 £ S < T < 0o, we denote by
]Lg (S, T) the space of all real Borel measurable functions on [S, T] x RY with the norm

ST

r 2
£ leags,ry == J ( f(t,x)pdx) < +o00.
S R4

FormelNandp > 1, let HI’)“ be the usual Sobolev space over R? with the norm

m
1 Nz = D IVE e < oo,

k=0

where V denotes the gradient operator, and || - ||;» is the usual L?-norm. We also introduce for
0<S<T<o0,
H24(S, T) = LI(S, T; H),
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and the space %;,z’q (S, T) consisting of function u = u(t) defined on [S, T] with values in the space
of distributions on R? such that u € ]le,’q (S,T)and d,u ILg (S, T). For simplicity, we write

LI(T)=11(0,T), HIUT)=H2(0,T), #>T)=2%0,T)
and
Lou(x):= %oik(x)o{k(x)aiaju(x) + bi(x)@iu(x). 2.1

Here and below, we use the convention that the repeated indices in a product will be summed
automatically. Moreover, the letter C will denote an unimportant constant, whose dependence on
the functions or parameters can be traced from the context.

We first prove the following estimate of Krylov’s type (cf. |8, p.54, Theorem 4]).

Theorem 2.1. Suppose that o satisfies (H]) and b is bounded measurable. Fix an (Z.)-stopping
time T and an Z,-measurable R -valued random variable £ and let X, € (&), Given Ty > 0 and
p,q € (1, 00) with

d 2
—+Z<2, (2.2)
P q

there exists a positive constant C = C(K,6,d, p,q, Ty, ||bll«) such that for all f € ]Lg(TO) and 0 < S <
T<T,

TAT
E J f(s,X,)ds
s

AT

< Clif lheacs,ry- 2.3)

s
Proof. Let r =d + 1. Since IL}.(Tp) N ]L?,(TO) is dense in ]Lg(TO), it suffices to prove Ii for
feLi(Ty)Nn ]LZ(TO)-

Fix T € [0, Ty]. By Theorem in appendix, there exists a unique solution u € ,%”rz’r(T) N %z’q(T)
for the following backward PDE on [0, T]:

Ju(t,x)+ Lu(t,x)=f(t,x), u(T,x)=0.
Moreover, for some constant C = C(K,6,d,p,q, To, ||blls),
0cullny(s,ry + lullgr s ry < Cllf llres,my, VS €10,T] (2.9

and
||8tu||ILg(S,T) + ||u”]H§’q(S,T) S C”f”ILg(S,T)) VS € [0) T]

In particular, by (2.2)) and [[10, Lemma 10.2],

sup  [u(t, )| < Clif llpggs r- (2.5)
(t,x)€[S,T]xR4

1100



Let p be a nonnegative smooth function in R¢*! with support in {x € R : |x| < 1} and
f]Rd'H p(t,x)dtdx = 1. Set p,(t,x) :=n?*1p(nt,nx) and extend u(s) to R by setting u(s,-) = 0 for
s> T and u(s,-) = u(0, ) for s < 0. Define

un(t,X) = f U(S:J’)Pn(f =S8 X = .y)de.y (26)
RA+1

and
fa(t,x) :=0,u,(t,x)+ Lu,(t,x).

Then by (2.4) and the property of convolutions, we have

U = Fllezcry < 10t — il + 158ty — Wil + K188t — Wl
18t — Wil r) + 1o IV (2t = Wy + Kl — llygze

< |19, (u, — u)||L;(T) + Cllu, — u||]H3,r(T) — 0 asn— oo.

<
<

So, by the classical Krylov’s estimate (cf. 9, Lemma 5.1] or [6, Lemma 3.1]), we have
TAT
lim E (J |fn(s,X,) —f(s,XS)Ids) < lim [|f, = fllpr¢ry = 0. 2.7)
n—00 0 n—00 r
Now using It6’s formula for u,(t, x), we have

t t
un(t,X) = u,(0,X0) + f fn(s,Xs)ds+J Biuy(s, X))o (X)AW), Vi<,
0 0

In view of
sup [Jiun(s, x)| < Cp,
$,X

by Doob’s optional theorem, we have

TAT
E J ity (s, X, )o R (X )dwrk =0.
SAT gs
Hence,
TAT
E f fals, X;)ds =E [(un(T AT, X7ar) = Un(S AT, Xsp7)) } 2.8)
SAT g—s ﬂ's
<2 swp u(6x)[<2 swp u(tx0)| < Clifllgss .
(t,x)e[S,T]xR4 (t,x)e[S,T]xR4
The proof is thus completed by (2.7) and letting n — oo. O

Next, we want to relax the boundedness assumption on b. The price to pay is that a stronger
integrability assumption is required.
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Theorem 2.2. Suppose that o satisfies (H]) and b € LY(R, LP (RY)) provided with

d 2
—+-<1. (2.9)
P q

Fix an (Z,)-stopping time T and an %y-measurable R¢-valued random variable £ and let X, € (&)
Given Ty > 0, there exists a positive constant C = C(K,6,d,p,q, Ty, ||b||Eq(T )) such that for all fe

LI(Ty) and 0 < S < T < Ty,

TAT
S

AT

Ts
Proof. Following the proof of Theorem [2.1} we let r = d + 1 and assume that
feli(Ty)Nn ]LZ(TO)-
Below, for N > 0, we write
LItVu(x) = %oik(x)o{k(x)é’iaju(x) + 1{|bt(x)|$N}bi(x)8iu(x).

Fix T € [0,T,]. By Theorem there exists a unique solution u € %Z’r(T) N %opz’q(T) for the
following backward PDE on [0, T]:

Jeu(t,x)+ Lf]u(t,x) =f(t,x), u(T,x)=0
Moreover, for some constant C; = C;(K, 6,d,p,q, Ty,N),
18l s,y + Ml e s vy < Cill Fllegcsmy VS € 0,71, 2.11)
and for some constant C, = Cy(K, 8,d, p,q, Ty, ||b||]Lg(T)),
||atu||]Lg(S’T) + ||U||]H127vq(S,T) < C2||f||]Lg(s,T), vse[0,T].
In particular, by and [[10, Lemma 10.2],

sup  u(t, )+ sup [Vu(t, )| < Gl llgcs ro- (2.12)
(t,x)€[S,T]xR4 (t,x)e[S,T]xR4

t
TR = inf{t €[0,7): J |bs(X;)|ds ?R}-
0

Let u,, be defined by (2.6). As in the proof of Theorem [2.1] (see (2.8)), by (2.12), we have

For R > 0, define

TATR
E f (Gu,, + Lou,)(s,X,)ds
S

ATR

< Gollf llpas,ry- (2.13)

Fs
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Now if we set
F(t,x) := Bun(t, %) + LY u,(t, x),

then

TATR
E J frfv(s,Xs)ds
s

ATg

TATR
=K J (Gyup, + Liu, )(s, X )ds
Fs S

ATg

Fs

TATg
-k J Lgb,x,)1>N3 Dy (X5 0;un (s, X )ds
3

/\TR

Fs

Hence, by (2.12) and (2.13),

TATg

SATR

TATR
E J fN(s,X,)ds ,  (2.14)
s

AT

Fs Fs

where C = C(K, 6,d,p,q, Ty, ||b||]Lg(TO)) is independent of n and R, N. Observe that for fixed N > 0,
by (2.11),

. N _
nlggo Ilf, —f||1L;(T) =0,
and for fixed R > 0, by the dominated convergence theorem,

TATg
lim IE (J 1{|b5(X5)|>N}|bs(Xs)|ds) =0.
S

N—o0
/\TR

Taking limits for both sides of (2.14) in order: n — co, N — 0o and R — oo, we obtain (2.10). [

3 SDE with Sobolev diffusion coefficient and zero drift

In this section we consider the following SDE without drift:

t

Xt(x)=x+f o (X, (x))dw,. (3.1)
0

We first prove that:

Theorem 3.1. Under (H{) and (H3), the local pathwise uniqueness holds for SDE (3.1). More pre-
cisely, for any (Z,)-stopping time T (possibly being infinity) and x € RY, let X,,Y, € S (x), then

,0

P{w: X, (w) =Y, (w),Vt €[0,7(w))}=1.
In particular, there exists a unique strong solution for SDE (3.1)).

Proof. Set Z, := X, — Y,. By Itd’s formula, we have

tAT

tAT
|Zt/\’c|2 :zj (Zs: [Us(Xs)—Us(Ys)]dWs) +J ||O-S(Xs)_o-s(Y;s)”2d5'
0 0
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If we set
M, =2 f (2o [o,X) — 0, (1)]dW)
0

VAR
and . )
o.(X,)—o.(Y;
A f [LACSELACATN
0 |Zs|
then

tAT
|Zt/\’r|2 = J |Zs|2d(Ms +As)-

0
Here and below, we use the convention that % = 0. Thus, if we can show that t — M. + A iS
a continuous semimartingale, then the uniqueness follows. For this, it suffices to prove that for any

t=0,
E|Mt/\'r|2 <400, EA;\; < +o0.

Set
o (x) =0, *py(x),

where p,, is a mollifier in R? as used in Theorem By Fatou’s lemma, we have

tAT 2
o.(X,)—o.(Y,
FEAp- $h_mIEf | S( S)|Z |25( S)” '1|Zs|>sd5
€l0 0 s
tAT n n 2
ol(Xs) — o(Y;)
< 3| limsupE o %, 480l 1z 5ds
EHE]N 0 |Zs|2 :
tAT n 2
oM"X,)—o,(X
+lim lim £ o X, () 1z 5¢ds
w0 Jo 1Z[> S
tAT n 2
o'(Y,) — o,(Y,
+lim lim EJ o (v,) 25( oL '1|zs|>gds)
el0 n—0oo 0 |Zs|

=:3(I1(8) + Ip(t) + I3(1)).
By estimate (2.3, we have

1 tAT
I(t) <lim — lim E o2 (X,) — o,(X,)*ds
£10 £4 n—00 0

1 1
<l — i n__ 2 =1 — i n_ 2 et
< lim — hngo|||a ol ||]L%(t) lslln; = nlglgoﬂo a||]Lg(t) 0,

el0 €

and also,

For I,(t), we have

" tAT 2
Il(t)?CsupEJ [//tlef|(Xs)+//t|vU§|(Ys)] ds
0

nelN
< nn2 — n2
< Cilelngll(%lva ) IIL%(O Crs11€l]11:\)1 RANCH =0
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5.3

E3)
CsuleVa”IIzq <ClIVol?q, .
el 10! L,(t)

Combining the above calculations, we obtain that for all t > 0,

< 2
]EAt/\T =~ C”vo-”]Lg(t). (32)

Similarly, we can prove that

o |[Us(Xs) - as(Ys)]*Zslz

70 ds < C||Vo.|]?
S

Li(e)

ElMt/\le = 4EJ
0

where the star denotes the transpose of a matrix. The existence of a unique strong solution now
follows from the classical Yamada-Watanabe theorem (cf. [[7]]). O

Below, we prove better regularities of solutions with respect to the initial values.

Lemma 3.2. Under (HY) and (HY), let X,(x) be the unique strong solution of SDE . For any
T >0, )/E]Randallx;éyele, we have

sup B (1X.(x) =X, (y)I") < Clx -y,
te[0,T]

where C =C(K,6,p,q,d,y,T).
Proof. For x # y and ¢ € (0, |x — y|), define
T, :=inf{t = 0:|X,(x) - X, (y)| < e}

Set Z; :=Xpr,(x) = X¢pr,(¥). For any y € R, by Itd’s formula, we have

tAT,

ZEPT = e — y 7 + ZYJ |ZEPTD(zE, [04(X,(x)) — oy(X(y)]dW,)
0

+ ZYJ g |ZEPU Do (X,(x)) = o5 (X(y))I[Pds
0
+2y(r - 1)f |ZE PO [0y(X,(x)) — 0, (X, (y )] ZE *ds
0

tAT,
=[xy +J 122 (als)aw, + B(s)ds ),
0

where
_ 2y[o(X;(x)) — o (Y (¥y N]*Z

a(s):
|Z¢ 1>

and
_ 27llos(Xs(x) — o (Y;(y)II? N 2y(y — DI[os(X(x)) — o (Y, (y NI ZE 1

B(s):
|Z£|? |Ze|*
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By the Doléans-Dade’s exponential (cf. [13]), we have

tAT tAT tAT
€ 1 € €
12877 = x = y T exp U a(s)dW, - 3 J ja(s)Pds + J /s(s)ds} .
0

0 0

Fix T > 0 below. Using (2.3)) and as in the proof of (3.2)), we have forany 0 <s <t < T,

g CHVO-HZ]LS(SJ)J

E f |B(r AT,)|dr

Zs

where C = C(K,8,p,q,d,y, T). Thus, by Lemma 5.3 we get for any A > 0,

TAT, T
Eexp (AJ Ib’(s)lds) < Eexp (AJ |B(s A Tg)lds) < +00.
0 0

Similarly, we have
TAT,
Eexp (AJ |a(s)|2ds) <400, YA>0.
0

In particular, by Novikov’s criterion,

tAT, tAT,
tHeXp{ZJ a(s)dWs—ZJ |a(s)|2ds} =: M;
0

0

is a continuous exponential martingale. Hence, by Holder’s inequality, we have

N =

tAT,

tAT,
EIZE < |x — y[T(EME)? (Eexp{ J |a(s)|?ds +2 J ﬁ(s)ds}) <Clx—yl?,
0

0

where C is independent of € and x, y.

Noting that
lifgwe =t :=inf{t > 0:X,.(x) =X,(y)},
€

by Fatou’s lemma, we obtain

E[X p-(x) —Xm(y)lzy = thIE”ZﬂZY <Clx _)’|2Y-

e—0

Letting y = —1 yields that
T=t, as.

The proof is thus complete.

Since o is bounded, the following lemma is standard, and we omit the details.
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Lemma 3.3. Under (HY), let X,(x) solve SDE . Forany T >0, v € R and all x € R%, we have

JE( sup (1+ IXt(x)Iz)Y) <G (1 + XY,
te[0,T]

where C; = C,(K,y,T), and forany y =2 1and t,s = 0,

sup BIX,(x) = X,()I" < Gt =",
xeR4
where Cy = Co(K, Y).

Basing on Lemmas [3.2] and it is by now standard to prove the following theorem (cf. [11}
Theorem 4.5.1]). For the reader’s convenience, we sketch the proof here.

Theorem 3.4. Under (HY) and (HY), let X (x) € 7 (x) be the unique strong solution of SDE ,
then for almost all w and all t € R, x — X,(w, x) is a homeomorphism on RA.

Proof. For x #y € R%, define
Re(x,¥) = X () =X (I
For any x,y,x’,y’ € R? with x # y, x’ # y’ and s # t, it is easy to see that
|2, (x, ) = (X', Yy < R, (x, y) - (X', ') - [1X () = X, (D + X () = X ()]
By Lemmas|[3.2/and [3.3] for any y > 1 and s, t € [0, T], we have
B2, (x,y) — R(x’, y )T < Clx = y[7T|x" = ¥/ 77 (Jt = s[4+ |x = x| + 1y = y'I").

Choosing y > 4(d + 1), by Kolmogorov’s continuity criterion, there exists a continuous version to
the mapping (t,x,y) — %,(x,y) on {(t,x,y) € Ry x RY x RY : x # y}. In particular, this proves
that for almost all w, the mapping x — X,(w, x) is one-to-one for all ¢t = 0.

As for the onto property, let us define

—-2y\-1
jt(x):{él+|xt(x|x| NN x#0,

As above, using Lemmas|[3.2|and [3.3] one can show that (t,x) — _¢,(x) admits a continuous version.
Thus, (t,x) — X;(w,x) can be extended to a continuous map from R, x R4 to RY, where R? =
R? U {00} is the one-point compactification of RY. Hence, X,(w,-) : RY — R? is homotopic to the
identity mapping X,(+) so that it is an onto map by the well known fact in homotopic theory. In
particular, for almost all w, x — X,(w,x) is a homeomorphism on R¢ for all t > 0. Clearly, the
restriction of X,(w,-) to R4 is still a homeomorphism since X, (w, 00) = co. O

Now we turn to the proof of the strong Feller property.

Theorem 3.5. Under (H7) and (HY), let X (x) € 7 (x) be the unique strong solution of SDE ,
then for any bounded measurable function ¢, T >0 and x,y € RY,
Cr

IE(p (X, (x))) — E(¢ (X, (¥ < 7

@lloolx — yl, Vt€(0,T]. (3.3)
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Proof. Define o{(x) := o, * p,(x), where p, is a mollifier in R4. By (HY), it is easy to see that for
all (t,x) e Ry x RY,

SIAR < Lot ()] * A2 < K[AI%, VA eR?. (3.4)
ik

Let X['(x) € S 0q(x) be the unique strong solution of SDE ll corresponding to o". By the

0,0M
monotone class theorem, it suffices to prove (3.3)) for any bounded Lipschitz continuous function ¢.

First of all, by Bismut-Elworthy-Li’s formula (cf. [2]]), for any h € R?, we have

1 t
Villgp(X{ ()= B [¢(X?(X))J [a;’(Xs”(x))]_lths”(x)dWs} , (3.5)
0

where for a smooth function f, we denote V,f := (Vf,h). Noting that

t
ViX{(x)=h+ f Vol(X!(x)) - VX (x)dW,,
0

by It&’s formula, we have

VX () = |h* + 2f (ViX™(x), Vo (X (x)) - VX (x)dW,)
0

- f IVom (X (x)) - VX2 ds
0

=: |h|? +J IVRX2 ()] (aZ(S)dWs + ﬁﬁ(S)ds),
0

where
ey e (TTC' - YOI - VX7 )
T VX COP
and - n 2
fr(s) o IV ILEIC) - VX Gl

[VRX2 ()]
By the Doléans-Dade’s exponential again, we have

t

VX0 = |l exp {J ay(s)dw; — lj | (s)[Pds +J /9’[}(5)615} :
0 2 0 0

Fix T > 0. By (2.3), we have forany0 <s <t < T,

<CIVoligy, . < ClVolls,

2
LiGs,t) 25,6

E f By (r)ldr

Zs

where C = C(K,6,p,q,d,T) is independent of n,x and h. Thus, by Lemma we get for any
A>0,

n pheRd

T
sup sup [Eexp (AJ |[5}’l‘(s)|ds) < 4o00.
0
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Similarly,

T
sup sup Eexp (AJ |aZ(s)|2ds) < 4o00.
0

n peRd
Hence,
sup sup sup ]EIVhX?(x)I2 < C|h®, VheRY,
n te[0,T] xeRd
and by (3.4) and (3.5),
. 1
1o _ 2
IViES (X[ ()l < " E | [[ofXI(e)] ' VRX(x)[*ds
0
1
Crll¢lloo f 2. )2 _ Crliglnlhl
<—— | E v, X" d < —,
: MCHORE 7
which implies that for all t € (0, T] and x, y € R?,
Crlill
(PG (N ~ E( OGO € —==Ix =y, (3.6)

where C; is independent of n.

Now for completing the proof, it only needs to take limits for (3.6) by proving that for any x € RY,

nli_)rgOIE)|Xf(x) —-X.(x)|=0. 3.7)
Set
Z(x) = XP(0) — X, (x)
and

2

0"(s) = (VO (X)) + 1907 (X,(x)))

For any A > 0, by It&’s formula, we have
t t g
ElZ?(x)lZe_lfo n"(s)ds _ EJ ||O;1(Xsn(x)) _ US(XS(X))HZC_AIO nn(r)drds
0
t S
—MEJ fr]”(s)IZs”(x)|2e_Afon"(r)drds
0
t S
< ]Ef ||0?(Xsn(x)) — O':(XS(X))”Ze—AfO n”(r)drds
0
‘ S
“Ef 07X, () — 0, (Do fo 0 g
0
t S
—AEJ 7’,"(5)|an(x)|ze_lfo?1"(1‘)drdS
0

) t .
0
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t
+ EJ lo7(X;(x)) — o (Xs(x))I*ds.
0
Thus, by (2.3), we obtain that for any A > C,
lim B|Z"(x)2e o "0 < lim [lo" - 0|2, .. =0.
n—o0 n—o0 D

Moreover, as above, by (2.3)), (5.3) and Lemma[5.3] we also have

T
sup E exp (AJ In”(s)lds) <400, VA, T > 0.
n 0
Hence, by Holder’s inequality,
t 1 t 1
lim E|Z"(x)| < lim [(Eexfo nn(s)ds)z (E| zp(x)|2e‘*f° T)"(s)ds)zi| _o,
n—o0 n—o0

which then gives (3.7). The proof is complete. O

4 Zvonkin’s transformation and Proof of Theorem 1.1

In this section we prove Theorem by using Zvonkin’s transformation to kill the drift (cf. [17]).
Below, we assume that o satisfies (H]) and b € LY(R, LP(RY)) provided with

d 2
-+-<1 4.1)
b q

Fix Ty > 0. Forany T € [0, Ty] and £ = 1,--- ,d, let u’(t, x) solve the following PDE:
dul(t,x)+ Lul(t,x)+b'(t,x)=0, u*(T,x)=0,
where L, is given by (2.1)). Set
u(t, x) := (u'(t,x), - ,ul(t,x)) e RY.

By Theorem [5.1], we have

Co:= sup (Il&‘tuHLq(T) + ||u||le,q(T)) < +00. (4.2)
T€[0,T,] P P

Thanks to (4.1) and (4.2), by [10, Lemma 10.2],
(t,x)— Vu(t,x) is Holder continuous,

and for fixed 6 € (0,% - % - 5), there exists constant C; > 0 depending only on p,q, d such that
forany S € [0, T],

sup  |Vu(t,x)] < Cy(T —8)° (||atu||mg(m +llull o T)) < CoCy(T = 8)°, (4.3)
(t,x)€[S, T]1x R4 Lo
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where C, is defined by (4.2).
Let u,, be the mollifying approximation of u defined as in (2.6]). Define

O, (x):=x+u(t,x), @F(x):=x+u,(t,x).
It is easy to see that ® solves the following PDE:
0,9, (x)+ L;®(x)=0, &5(x)=x.
Moreover, letting T,S € [0, T, ] satisfy that

1

0ST-S<—" |
2(CoCV®

~

then by (4.3)), we have for all t € [S, T],
Sl =yl <87 (0) = @7 < Ex -y

and
Lx — y| < 18,06) = &, ()l < 3x — ¥,

which implies that ®, and & are diffeomorphisms on RY. So, if we set
W (x) =271, W) = 9p (%),

then

N w

Ve, () VIVEeL(x)] <

We first prove two lemmas.

Lemma 4.1. For each (t,x) €[S, T] x R4, we have
lim @7(x) = &(x), lim ¥(x) = ¥, (x)
and

lim [V (y)— V¥ (y)|=0.
n—oo

VTGOl VIVEE(x)] < 2.

4.4

(4.5)

(4.6)

4.7)

(4.8)

Proof. The first limit is immediate from the property of convolution. The second limit follows from

|3 () = W, ()] < 20 — (P, ()] = 2|2, (¥, (x)) — @7 (¥, (x))],

and the first limit. As for the third limit, noting that
[V = Verowi(y),

by (4.6), we have

IVE(y) = VU = VI - IV o W (y) = VO, 00, ()] - [V, (y)l

SAIVE o Wi(y) = Ve, oW (y)l.

The third limit follows from the continuity of x — V&, (x).
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Lemma 4.2. We have
lim (6,97 - ;U - (8,0 @ 0 W) - U — 8,97 - 3% - (94 9y @5 0 ¥s) - ¥, llya(s,ry = O
and
. n ny . n__ A —
nh_)rglo||(8t<1> oP"). VU — (0,90 W) V‘I’“]Lf,(s,T) 0.
Proof. We only prove the first limit, the second limit can be proved similarly. For proving the first

limit, it suffices to prove the following two limits:

. ’., ’., I ,k ./ -/ 1 k _
lim (|0 - W - GOy ® 0 Wy - U — W - By - Gy 0@ 0 W - G Ipas ) = 0,

. R -/ R </ ,l ,k X </ ) s/ l ,k _
lim (15,930 - 5, - 5Oy @ 0 U GWET — Gt - U - G0y g oW - W Iy s,y = O-

The first limit follows by (4.2)), (4.6), (4.8) and the dominated convergence theorem. For the second
limit, by (4.6), we have

||3i‘11;1’i/ . 6']\1/?’]/ . ai/ 8j/<1>§"l o ‘I’Sn : 31 \I/?’k - ai\I/g’i/ : 31\112’1/ . 8i/8j/<1>£ o \I/s : 81 \Ij?’k”]Lg(S,T)
<8||V2e" o Ut — V2o Ullpaes,r = 8||V2u,, o ¥" — V2uo Ullpaes,m <
< 8]V, 0 ¥" — VZuo U lgacs,ry + 8||V2uo ¥" — V2uo Ullpaes,m
< C||V?u, - VZUIth(s,T) +8||V2uo ¥" — V2uo Ullpas,r)-
where in the last step, we have used the change of variables and

sup sup det(V®}(x)) < C.
n(t,x)€[S,T]xR4

It is clear that by (4.2)),
. 2 2 _

On the other hand, let u, be a family of smooth functions on [0, T] x R¢ with compact supports
such that
. 2 2 —
ll_lf(l) IVu, = VZullyges 1y = 0.

Then as above, we have
lim sup || V*u, o ¥" — V?uo W"||pag 1y =0,
e—0 g p\>
and for fixed ¢, by (4.7) and the dominated convergence theorem,
. 2 2 _
lim [[V7u, 0 W™ = V74, 0 ¥llpe(s ) = 0.

Hence,
: 2 n_ w2 —
nlggloHV uov¥"—v uo\I/||]Lg(S’T) 0.

The proof is thus complete. O

Now we are in a position to prove the following Zvonkin’s transformation to kill the drift.
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Lemma 4.3. Let T be any (Z,)-stopping time. Let X, be a R¥-valued (Z,)-adapted and continuous
stochastic process satisfying

P {w : J (lbs(Xs(co))l + |05(Xs(a>))|2)ds < +oo,Vt € [o,f(w))} —1.
0

Then X, solves the following SDE on [SAT, T AT),
dX, = b,(X,)dt + o.(X,)dW,,
if and only if Y, := ®.(X,) solves the following SDE on [SAT,T A T)
dy, = %, (Y,)dw,,
where Eik(y) = (3Z<I>it 'O'ltk) oW, (y).

Proof. We first prove the “only if” part. Let X' := W}(Y;). By It&’s formula, we have for all t €
[SAT, TAT),

t t

Xt =0 (Ysne) +j [asxpg + %(zszj)ifaiaj\pg} (v,)ds +J (VO 5 (Y,)dW,.  (4.9)
S

AT SAT

Noticing that
G- (VO oWl ) + ;@ o W! =0

and
o, 9w (3,0, @™ o W) + 3,0, 0™ - (@M o W) =0,
we have
U = —(5,®" o W) - VI
and

k i’ i’ l k
0,0; U™ = —ai‘l/;l’l . 3]\11?’] . (ai/aj/q)?’ o ‘I-’?) . 31\11?’ .

Y] %s

Let X, = W,(Y,). Taking limits for both sides of (4.9), and by Lemmas and (2.3), (4.4), one

finds thatforallt € [SAT,T AT),

t t

b(X,)ds +f (X, )dW;.

SAT

X = \IJS(YS/\T) +J

SAT
The “if” part is similar by (2.10) and in fact easier. We omit the details. O

Basing on the above Zvonkin’s transformation, we can give

Proof of Theorem Using the standard time shift technique (cf. [[16]), by Lemma and The-
orems it only needs to check that thk(y) = (9,9 - O'ltk) o W, (y) satisfies (H%) and (HE).
First of all, (HY) is clear. For (HE), we have

. . ‘k . ‘k 7/
T (y) = [(6r ;8. - o7 + ;9 - dpot ) oW (¥)]- ¥ (¥).
By (4.2), (4.6) and (HY), it is easy to see that

”alzik”]Lg(TO) < 400.
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5 Appendix

The following result is a combination of [[I0, Theorem 10.3 and Remark 10.4].

Theorem 5.1. Let p,q € (1, 00) satisfy . Assume (HY) and b € Lq(]R+,Lp(IRd)). Forany T >0
and f € ]LZ(T), there exists a unique solution u € %Z’q(T) for the following PDE:

Jeu(t,x)+ Lou(t,x)+ f(t,x)=0, u(T,x)=0. (5.1
Moreover; this solution satisfies that for any S € [0, T],
locullgsgs,ry + llgzaqs vy < CIF legs.oy

where C = C(T,K: 5;p> q, ||b||]Lg(T))

The following result can be proved along the same lines as in [[10, Theorem 10.3, Remark 10.4]. We
omit the details.

Theorem 5.2. Assume (HJ) and we consider the following two cases about b:

(1°) Let p,q €(1,00) be fixed and let b be a bounded measurable function.
(2°) Let p,q €(1,00) satisfy D and let b € LI(R., LP(RY) N L®(R, x RY).
Forany T > 0, r € (1,00) and f € L (T)N ILg(T), there exists a unique solution u € Jfrz’r(T) N
ftf’q(T) for PDE . Moreover; this solution satisfies that for any S € [0, T],
||5'tu||1L;(s,T) + ||u||1H§"(s,r) < C1||f||IL;(s,T)
and
||3tu||]Lg(s,T) + ||u||]H§’q(S’T) < C2||f||]Lg(s,T),
where C; = C1(T,K,8,p,q,Iblls) and, in case (1°), C, = C5(T,K,0,p,q,1bll), and in case (2°),
CZ = CZ(TJ K) 57 p,q, ”b“]LZ(T))
The following lemma is taken from [12] p. 1, Lemma 1.1].

Lemma 5.3. Let {(t)}.c[o 1] be a nonnegative measurable (Z,)-adapted process. Assume that for all
O0ss<t<T,

I J B(r)dr < p(s,t),

I
where p(s, t) is a nonrandom interval function satisfying the following conditions:
(D p(ty, tz) < p(ts, ty) if (1, £2) C (L3, t4);

(iD) limy o SUPo<s<i<T,|t—s|<h P (S, ) = K, Kk = 0.
Then for any arbitrary real A < k! (if k = 0, then k! = +00),

T
Eexp {kf fo’(r)dr} <C=CA,p,T) < +o0.
0
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Let ¢ be a locally integrable function on R¢. The Hardy-Littlewood maximal function is defined by

1

Mp(x):= sup

0<r<oo IBr|

f e(x +y)dy,
B,

where B, := {x € R? : |x| < r}. The following result can be found in [, Appendix A].

Lemma 5.4. (i) There exists a constant C4 > 0 such that for all ¢ € C*®(RY) and x,y € RY,
lp(xX) =W < Cq-|lx —y|- (AIV|(x)+ AV |(¥)). (5.2)

(ii) For any p > 1, there exists a constant Cgq , such that for all ¢ € LP (RY),

1/p 1/p
( (/ﬂcp(X))de) < Cqp U |<P(X)|pdx) . (5.3)
R4 R4
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