0
n b
Electr® Abiljty

Vol. 16 (2011), Paper no. 42, pages 1193-1213.

Journal URL
http://www.math.washington.edu/ ejpecp/

Attractors and Expansion for Brownian Flows

G. Dimitroff! M. Scheutzow?

Abstract

We show that a stochastic flow which is generated by a stochastic differential equation on R¢
with bounded volatility has a random attractor provided that the drift component in the direction
towards the origin is larger than a certain strictly positive constant 3 outside a large ball. Using
a similar approach, we provide a lower bound for the linear growth rate of the inner radius of
the image of a large ball under a stochastic flow in case the drift component in the direction
away from the origin is larger than a certain strictly positive constant 8 outside a large ball. To
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of subsets of the state space under the flow.
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1 Introduction

It has been suggested that stochastic flows can be used as a model for studying the spread of passive
tracers within a turbulent fluid. The individual particles (one-point motions) perform diffusions
while the motions of adjacent particles are correlated in order to form a stochastic flow of homeo-
morphisms. Infinitesimally the flow is governed by a stochastic field of continuous semimartingales
F(t,x) via a stochastic differential equation (SDE) of Kunita-type

t

¢s,t(x) =x+ J F(du, ¢s,u(x))-

S

We will be interested in questions concerning the asymptotics of these flows. We aim at conditions
for the existence of a random (pullback) attractor.

One might expect that an SDE with bounded and Lipschitz diffusion coefficient and Lipschitz con-
tinuous drift b whose component in the direction of the origin is positive and bounded away from
zero outside a large ball should have a random attractor, i.e. large balls should contract under the
solution (semi-)flow generated by the SDE and converge (in an appropriate sense) towards a sta-
tionary process taking values in the space of compact subsets of the state space R? of the SDE.
Interestingly, this need not be the case when d > 2 ([[15]] contains a counterexample). It is clear that
under the conditions above, the drift is sufficiently strong to push individual trajectories towards
the origin when they are far away but it may happen that the drift is not sufficiently strong to push
all trajectories starting far away towards the origin. In fact it may happen that a non-empty set of
initial conditions (depending on the future of the driving noise process) will move towards infinity
against the drift (with linear speed). Our main result will show however that there exists a number
Bo which is strictly positive in case d > 2 and zero for d = 1 and which depends on the parameters
of the SDE such that if the component of the drift b in the direction of the origin is larger than f3,
outside a large ball, then all trajectories are attracted towards the origin and a random attractor (in
the pullback sense) exists.

Our main result, Theorem 3.1} contains a second statement which is in some sense dual to the first:
if the component 8 of the drift b in the direction away from the origin is larger than S, then large
balls are very likely to expand in the sense that each compact set will eventually be contained in (or
swallowed by) the image of the ball under the flow meaning that the probability that this does not
happen decreases to zero as the radius of the initial ball goes to infinity. In fact the results are even
stronger: the speed of expansion is (at least) linear with rate at least 8 — 3. Similarly, we show that
the speed of attraction in the first result is also at least linear.

To prove the results, we provide bounds on the one-point motion of the solutions (these are fairly
standard) and also estimates for the two-point motion (which are not as standard) which are needed
to apply chaining methods in order to control the growth of sets (often small balls) under the action
of the solution flow. We will be more explicit about our strategy in Section [4]

The paper is organized as follows: in the next section we provide the set-up and some basic defi-
nitions. In Section [3| we state the main result. Section [4{ contains the proof. In the Appendix, we
collect some auxiliary results.

Let us briefly comment on how our results are related to those in the existing mathematical liter-
ature. The concept of a random pullback attractor was introduced by Crauel and Flandoli in [8].
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Since then numerous papers appeared in which the existence and properties of attractors for vari-
ous random dynamical systems (RDS) were shown (for example for the RDS generated by certain
SPDE:s like the Navier-Stokes equation with random forcing, [I8 3], 9]). Typically, the existence of an
attractor is proved by showing the existence of a random compact absorbing set and then applying
the criterion of Crauel and Flandoli [[§], Theorem 3.11. In our case this criterion does not seem to be
of much help. In some sense, our equations are simpler than most of those studied in the literature
because our state space is RY rather than an infinite dimensional function space. This allows us, on
the other hand, to provide sufficient criteria on the coefficients of the equation which are not far
from being optimal within the class of equations we are investigating. We are not aware of other
work using similar ideas to prove the existence of a random attractor (and the speed of attraction).
Concerning expansion properties, we are not aware of related prior results in the literature. We
will comment on the relation to previous work by the authors on questions like the evolution of the
diameter of the image of a ball after stating our main result in Section

2 Set-up and Preliminaries

Let (22, Z,(Z;)>0,P) be a filtered probability space satisfying the usual conditions. On this proba-
bility space we define a jointly continuous martingale field M(t, x, ) : R, x R xQ — R, satisfying
M(0,x) =0 for all x € RY. We assume that its joint quadratic variation is of the form

(M(',X),M(‘,J’))t =t 'a(X,)’)

for a (deterministic) function a : RY x RY — R%*4. Note that this implies that (t,x) — M(t,x) is
a Gaussian field and t — M(t, x) is a Brownian motion (up to a linear transformation) for each x.
Further, we let b : R — R be a (drift) vector field. We consider a stochastic flow generated via a
stochastic differential equation (SDE) of Kunita type, see [10]

t t

b( ¢, (x))du +f M(du, ¢;,(x)), 0 <s <t < oo. (2.1)

S

bs,e(x) = x +J

N

We abbreviate .«/(x, y) :=a(x,x)—a(x,y)—a(y,x)+ a(y,y). Observe that

d
A (6, y) = T AM(, %) = M, y))e-

We impose the following Lipschitz-type condition:
Condition (A1) There are constants A > 0 and o; > 0 such that for all x,y € R? we have
O [0S0t lx =yl
(ii) b satisfies a local Lipschitz condition and (x — y) - (b(x) — b(y)) + dz;l 0% lx—yl? <Alx—y|%
Here | - | denotes the Euclidean norm in R? and || - || the operator norm for d x d matrices.
It is essentially well-known, that under assumptions (A1), the SDE (2.1)) has a unique solution for

each x and s. Indeed this follows from a straightforward modification of Theorem 3.4.6 in [[10]
(this theorem requires a linear growth condition of the form |b(x) - x| < ¢(1 + |x|?) but really only
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uses an estimate of the form b(x)-x < c(1 + |x|?) which is an easy consequence of Condition
(A1)). Further, Theorem 4.7.1 in [10] shows that equation (2.1I]) generates a stochastic flow of local
homeomorphisms (defined in [10], p.177). Theorem together with Lemma shows that (a
modification of) this flow is actually strongly complete (or strictly complete) i.e. ¢ : {0 <s <t < 00} X
RY x Q — RY satisfies for each w € 0

(i) ¢ss(w)=idge, s =0,
(i) (s,t,x)— ¢ .(x,w) is continuous,
(iii) for eachs,t, the map x — ¢; ,(x, w) is one-to-one,

(V) ¢su(w) = ¢ y(w)o ¢ (w), u=2t>s>0.

Additionally, ¢ has stationary and independent increments and is therefore called a (time-
homogeneous) Brownian flow. ¢ can be uniquely (in law) extended to —oco < s <t < oo in such a
way that stationarity, independent increments and properties (i), (ii), (iii) and (iv) are preserved.
In this case we will call ¢ the flow generated by the SDE (2.1I). Note that — in general — ¢; (w)
is not onto (not even in the deterministic case). Assumption (Al) allows for example for a drift
b(x) = —|x|? x whose solution flow is not onto.

Observe that flows generated via SDEs driven by finitely many independent Brownian motions
t m t
$e ()= x + f Vo(dgu(e)) du+ f Vi () dWi (),
N i=1Vs

where V; : RY — RY are globally Lipschitz vector fields, satisfy Assumption (A1) by taking
b(x) = Vo(x) and M(t,x) = 331, V;(x)W;(t).

We will now formulate additional conditions which we will use in our main result.

Condition (A2) The diffusion coefficient is uniformly bounded, i.e. there exists og > 0 such that
[la(ax, x)|| < agfor all x € R4.

For a given value of f € R, the following conditions require that the component of the drift in the
radial direction is asymptotically bounded from above respectively below by f3.

Condition (A3?)

x
limsup — - b(x) < 6.
|x|]—00 |X|

Condition (A3 /5)
1|irT1infi -b(x) = .

X|—00 |X|
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2.1 Attractors

In this section we give a brief introduction to the concept of a random attractor. Let (E,d) be a
Polish (i.e. a separable complete metric) space and let & be its Borel o-algebra.

Definition 2.1. (a) (Q, FO. P, (Ot)teR) is called a metric dynamical system (MDS), if (Q, 0, ]P)
is a probability space and the family of mappings {6,: 2 — Q| t € R} satisfies

(i) the mapping (w,t) — 0,(w) is (F° ® B(R), F°)- measurable,
(i) 6o =idg,
(iii) (flow-property) 6,,, = 6,00, foralls,t € R,
(iv) for each t € R, 6, preserves the measure P.

(b) A random dynamical system (RDS)on the space (E, &) over the MDS (Q, FO.P, (Qt)teR) with
time R" is a mapping

@:[0,00)XEXQ—E, (t,x,w)— ¢(t,x,w)
with the following properties:

(i) Measurability: ¢ is (%([O, 0)®ERFO, g)-measurable.
(ii) (Perfect) Cocycle property:

(0, w) =idg forall weQ,
p(t+s,0)=p(t,0,w)op(s,w) forall we Qandalls,t>0.
The RDS ¢ is called (jointly) continuous if additionally
(iii) the mapping (t,x) — @(t,x, w) is continuous for all w € Q.
The following definition is due to Crauel and Flandoli, see [8]].

Definition 2.2. Let ¢ be an RDS on E over the MDS (Q, Z°, P, (0,),cg)- The random set A(w) is
called an attractor for ¢ if

(a) A(w) is a random element in the metric space of nonempty compact subsets of E equipped with
the Hausdorff distance.

(b) A s strictly p-invariant, that is, for each t > 0, there exists a set Q, of full measure such that
p(t, w)(A(w)) =A(0,w) for all w € Q.

(©) lim;_, o sup,ep d(@(t, 0_;w)(x),A(w)) = 0 almost surely for all bounded closed sets B C E.

Remark. Attractors as in the previous definition are often called pullback attractors. If almost
sure convergence in part (c) of the definition is replaced by convergence in probability, then A is
called a weak attractor, see [[13]]. For a comparison of different concepts of a random attractor for
one-dimensional diffusions, see [[14].

We will need the following criterion for the existence of an attractor (a much more general result
can be found in [[7]). For simplicity we formulate it only in case E = R? equipped with the Euclidean
metric. Let B, be the closed ball with center O and radius r.
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Proposition 2.3. Let ¢ : [0,00) x R x © — RY be an RDS over the metric dynamical system
(Q, Z°,P,(0,)er)- Then the following are equivalent:

(i) ¢ has an attractor.
(ii) For everyR>0

lim P{Bg € U2 Nz 07 (¢,B,,0_ )} = 1.

Proof. If ¢ has an attractor A, then for each ¢ > 0 there exists r > 1 such that A is contained in B,_;
with probability at least 1 — e. Part (c) of Definition [2.2] therefore implies

]P{BR c Usoio mtzs (P_l(t: Br’ G—tw)} >1—¢

and therefore (ii) follows.

Conversely, (ii) implies the existence of a random absorbing set which in turn is sufficient for the
existence of an attractor (for details, see [[8] or [7]]). O

We will show the existence of an attractor for a class of flows ¢ satisfying conditions (A1) and
(A2). Since attractors are defined for RDS rather than flows, we have to make sure that ¢p generates
an RDS in an appropriate sense. This is done in the following proposition which is proved in [1]].
Strictly speaking, the set—up in [1]] is formulated using slightly stronger smoothness assumptions
on the coefficients of the SDE than in our set—up due to the fact that the authors of [[1]] use the
Stratonovich rather than Itd’s integral. It is easy to see however that in the It6 set—up no additional
smoothness is required for the following proposition to hold.

Proposition 2.4. Let ¢ be the stochastic flow generated via SDE satisfying condition (Al). Then
there is an RY —valued continuous cocycle ¢ over some MDS (2, Z,1P,(6,),er) such that the distribu-
tions of {¢s(.,.): —oo <s <t < oo} and {¢(t—s,.,6,(.)): —00o <s < t < oo} coincide.

From now on we shall identify the flow ¢ with the associated RDS ¢ in view of the previous
proposition. In particular, we will check condition (ii) in Proposition with ¢~1(¢,B,,0_,w)
replaced by d):tl’o(Bra w) and therefore there will be no need to refer to random dynamical systems
in the rest of the paper.

3 Main Result

In the following we denote a closed ball in RY with center x and radius r by B(x,r) and define
B, :=B(0, r) as before.

Theorem 3.1. Assume that (A1) and (A2) are satisfied, and define

1/2
Bo = V2o (A(d — 1)+ 0(d — 1)+ fod(d — 1) +2202(d - 1)3) .

Let ¢ be the flow associated to (2.1)).
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a) Ifbin satisfies (A3F) for some B < —,, then for each 0 <y < —f3 — B,, we have

lim PP {Byt C¢=Lo(B,) forall t > o} =1.

r—00

In particular, ¢ has a random attractor.

b) If b in (2.1)) satisfies (A3p) for some 8 > B, then for each 0 <y < f8 — 3y, we have

lim P {B,. C ¢ (B,) forall t >0} =1.

r—00

Remark.

The same number f as in the Theorem also appears in upper bounds for the linear growth rate of
the diameter of the image of a bounded set under a flow: assume (for simplicity) that ¢ is a flow
with b = 0 satisfying (A1) and (A2). Then Theorem 2.3 together with Corollary 2.7 and Proposition
2.8 in [16]] show that
lim sup ( sup sup l|¢;Ot(x)|) < By, a.s.
T—oo \te[0,T]x€B; I

It seems plausible that adding a drift b to the flow ¢ which satisfies (A3#) for some negative f3
will reduce the linear expansion rate from f3; to 3y + . In particular, one may expect that linear
expansion stops completely as soon as f3; + 8 is negative. Part a) of Theorem shows that this is
indeed true: in fact we get linear contraction of large balls with rate at least —f; — 3. For further
results concerning upper and lower bounds for the growth rate of the image of a bounded set under
a flow we refer the reader to [[5] 6] 1T} [4] 17, 12]]. [I5] contains an example of a flow in the plane
which satisfies (A1), (A2) and (A3#) for some B < 0 for which no attractor exists (not even a weak
one) which shows that Theorem [3.1|becomes wrong if f is replaced by 0 when d > 2.

Let us briefly consider the case d = 1. In this case, part a) of Theorem says that an attractor
exists whenever (A3#) holds for some 8 < 0. In fact, one can say more: if the Markov process
generated by the SDE admits an invariant probability measure which is ergodic in the sense that all
transition probabilities converge to it weakly (and for this to be true condition (A3#) does not need
to hold), then the associated RDS automatically admits a weak attractor (for this and more general
results on monotone RDS, see [3]]).

Note that if ¢ is a flow which satisfies the conclusion of part a) of the theorem, then the inverse flow
(i.e. the flow run backwards in time) satisfies the conclusion of b) and vice versa (at least if ¢ is
onto). Therefore, one could just prove one of the two statements and then prove the remaining one
via time reversal. Unfortunately, the assumptions in both parts do not transform accordingly due
to the Stratonovich correction term except for cases in which the correction term vanishes (which
happens for example in case the driving field M is isotropic).

4 Proofs

Let us briefly explain the idea of the proof of part b) of Theorem (we will explain the necessary
changes for part a) later): we will divide the positive time axis into increasingly long intervals
[T;, T;11] (To = 0) and let R; be an increasing sequence of positive reals. We will provide an upper
bound for the probability g; that the image of Bg under ¢r, 1., does not contain B . We will
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show that the g; are summable in case the R; and T; are chosen appropriately and then apply a
Borel-Cantelli argument. This is not quite enough to prove the result: we have to make sure that
we can choose the R; to grow sufficiently quickly and we have to ensure that in between successive
Ty’s, the image of B, contains a slightly smaller ball for all t € [T;, T;1] with high probability.

In order to estimate the probability that the image of Bp, under ¢, 1, , does not contain By, , we
will cover the boundary of B, with a large number N of small balls with the same radius. We first
provide an upper bound for the probability that a single point x with norm R; will be mapped to a
point with norm at most R;; +1 under ¢, 1, , . This probability will typically be very small because
the drift tends to push the trajectory away from the origin. We tune N (and the radii of the balls)
such that both the probability that at least one of the centers of the N balls moves away too slowly
and the probability that any of the small balls attains a diameter of size 1 before time T;,; are small
(i.e. summable over 7). The required estimates for the growth of the diameter of a small ball under
a flow are provided in the appendix.

We start with a well-known lemma and then proceed with estimates on the one-point motion. We
will often write ¢, instead of ¢ ,.

Lemma 4.1. Let (Wf)tZO be a standard Brownian motion. Let W/ := sup,, W; be its running maxi-
mum. Then for arbitrary ¢ > 0 and t > 0 the following bounds hold:
2

1 CZ C
P{W, >c} < Ee_zT and P{W/>c}<e 2.

Proposition 4.2. Let ¢ be a stochastic flow satisfying conditions (A1) and (A2). Let 1 <R <R, S >R,
T>0and B €R.

a) If ¢ satisfies (A3P), then for each |x| = R, we have

IP{|¢0,T(X)| >, inf o, ()] = R} < exp{ _ %(( _ :B:/; _ /5:;(5) ﬁ)+)2},

where B*(R) := supy,>z{y - b(¥)/I¥ [} +(d = 1o} /(2R).

b) If ¢ satisfies (A3g), then for each |x| =S, we have

P{lgor (Ol SR, inf |60, (0| =R} <exp{ - %((ﬁ;(f)ﬁ_ :_\/STY)Z}’
st= B

where B,(R) := inf|, 1>z {y - b(¥)/|y[}.
Proof. We first show a). Let h be a smooth function from [0, c0) to [0, 00) such that h(y) = y for

y>1,0<Hh(y)<1forall y> 0 and h’(0) = 0 and define p,(x) = h(|¢.(x)|). Applying It6’s
formula, we get

dp.(x) = dN, + f(¢(x))dt,

1200



where

SIT $ix) _
Ne = Do | KD Mi(ds, $(x)) and, on {|x| >R},
< EXE3]

() = b))+ ——Tra(e, ) T4, 0x < b+ S 02
flx) = ] b'e 3] ra(x,x 2|x|3x alx,x)x < ] X 3] oy
y d—-1 , o
< sup - b(y)+——=—0;=B"R).
=& 1Y 2R

For the quadratic variation of N, we have the following bound:

t
1
(N) < J 50 (X)a(¢s(x), ps(x))¢s(x)ds < ot
[oNE9]
0
The continuous local martingale N can be represented (possibly on an enriched probability space)
in the form N, = o3Wy(,), where W is a standard Brownian motion and the family of stopping times

{(s) satisfies {(s) := (LN)S <s. Let 7 :=inf{t > 0 : p,(x) < R}. For |x| = R, we get (using an

OB
upper index * to denote the running maximum as before)

IP({PT(X) >Sin{r 2 T}) <P{|x|+N;+B*(R)T =S} =P{N;: >S5S —R— B*(R)T}

) _ VT . — VT . _
SIP{W1 2_53\/;—0—:[3 (R)} Sexp{—%((— :B\/ST_O'_:[D) (R))+)2},

where we used Lemma [4.T]in the last step. This proves part a).

The proof of part b) is analogous to that of a): just interchange R and S and estimate f from below
by B.(R) on the set {|x| > R}. O

We continue with the proof of part b) of Theorem which is slightly easier than that of part a).

Proposition 4.3. Let ¢ be a stochastic flow satisfying conditions (A1), (A2) and (A3g) for some 8 € R.
Let 1 <R < S, and let B,(R) be defined as in Proposition Then for each |x| =S, we have

_ 1
P {tigglfbo,t(X)I < R} < eXP{ —-2(8 —R)ﬁ*(R)O—}Zg}.

Proof. It suffices to prove the statement in case f3,(R) > 0. Using the same notation as in the proof
of Proposition 4.2} we get for |x| = S:

p(x)=S5 +J f(¢os(x))ds +N, =S+ B.(R)t +N, on{t <t}
0

Therefore, using a well-known formula for the law of the supremum of a Wiener process with drift
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(e.g. [2], p.197), we obtain for T > 0

P{t<T} < P inlequ’t(x)|SR}

ot
< P {Ogntl;{s + B.(R)t +N,} < R}
. e _ k T~ _
< P {OsugT{[B*(R)t oW/} <R S}
R S—R
< P sup{ - Fil )t—I—Wt} >
>0 OB Op
_S—-R
= ep{-26.R07 |,
Op
so the assertion in the proposition follows. O

The following proposition is a rather easy consequence of the preceding two propositions and the
results in the appendix.

¥(S)

Proposition 4.4. Let 1 : [1,00) — [1,00) be strictly increasing such that limg_,, - =0and
limg_, o, % = 0. Let ¢ be a flow satisfying (A1), (A2) and (A3g) for some 3 > [y, where f3, is as

in Theorem [3.1] Let ¢ € (0,1/2) and y > O satisfy y + & < f8 — fBy. For S > 2 define T := )(S),
R:=(1—¢)S and R :=S + y(S). Denote

ps:=P {{BR g ¢o,T(Bs)} UUp<e<r {BR ¢ ¢0J(B5)}}'

Then limsupg_, ﬁ log ps < 0.

Proof. We can and will assume that S > ¢!, For each & € (0,S], we can cover dBg by N = Ny <

d-1
cq (%) balls with radius & centered on JdBg, where ¢ is a universal constant which only depends

on the dimension d. Specifically, we will let £ = exp{—T"y)(S)}, for some I" > 0. Denote the balls by
My, ..., My and their centers by x1, ..., xy. Using the flow property and Propositions [4.2| and we
get

Ps S leaX{IP(|¢O,T(X1)| SR+ 1,05112£T|¢0,t(xl)| >R+ 1)+]P(0§1?£T|¢O’t(xl)| §R+ 1)
+P( sup diam ¢, (M;) = 1)}
0<t<T
< N(S,T)(A1(S) +A5(S) +45(S,T),
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where

- + 2
A(S) = exp{_%((ﬁ*(IS:l)ﬁ_R;-i/TS) ) }
B
P(S)

i} 1 \)?
= eXP{— 202 ((ﬁ*(R-H)—Y—m) ) }

_ S—R-1 _ eS—1
AYS) = exp{—Z[o’*(R+1)O_—§}:exp{—Zlo’*(R+1) = }
A3(S,T) = maxP{ sup diam¢,,(M;)> 1}

0<t<T

N(S,T) = c;8%  exp{(d — DIy (S)}.

Clearly, limg_, @ log(N(S,T)A,(S)) = —oo. Further, Theorern the remark following the proof
of Theorem 5.1} and Lemma [5.3] show that

1 1
limsu logA;(S,I) < ———(I' = 1),
OB 207
provided thatd > 2and I' > A + O'%d ord =1andI" > A. Therefore,
1 1
limsu log(N(S,T)A3(S,T)) < (d — I — —(I' = )%, (4.2)
RTTE) I 3 202

which is negative if I" exceeds the larger of the two roots of the right-hand side of (4.2)), i.e.

[>Ty i= A+02(d - 1)+ (2202(d = 1)+ o*(d - 1)2) 2.

2
Finally, observing that (d — 1)’y = Po e get

E)
1 1
lim sup S log(N(S,1A(S)) < (d—1)r- @(ﬁ —7)?
1
< (d — 1)T — F(ﬁo +8)2 < 0,

B

provided that ' — Ty > 0 is sufficiently small. Therefore, we can find some I' > T’ satisfying all of
these conditions and the proof is complete. O

Now, we can easily complete the proof of part b) of Theorem 3.1

Proof of Theorem [3.1]b). Let 0 <y < 8 — 8, and choose ¢ € (0,1/2) such that y + & < § — 8. Let
Sp = 2 and define recursively S;;; = S; + Y3 (S;). Define pg as in the previous proposition. By the
previous proposition, we know that Zi ps, converges provided that Zi exp{—c(S;)} converges for
every ¢ > 0, which is easily seen to be true if we take 1(x) = x* for some a € (0, 1), and part b) of
Theorem then follows from the first Borel-Cantelli Lemma and the time-homogeneity of ¢. O

We now provide the proof of part a) of Theorem It is partly analogous to the previous one with
the exception that it does not seem to be obvious how to prove the analog of Proposition The
following two propositions provide additional estimates for the one-point motion.

1203



Proposition 4.5. Let ¢ be a flow satisfying conditions (A1), (A2) and (A3P) for some B < 0 and let
V > 1 satisfy B*(V) < 0. Then, foreachS >R>V, x € RY, we have

. 1 /S—Ry2
P{¢o,r(x) =S, 051?£T|¢0,t(x)|SR}SzeXp{_S_T( op ) }

Proof. Define p, N, and W as in the proof of Proposition 4.2] Then

> i <
P{l¢or(x) =S, oA |0, ()| <R}
<P{30<s<t=T:p(x)=R, p,(x)=5, inf p,(x)=R}
sSsus

<P{30<s<t<T:ozW(t)—ogW(s)+ B*(V)(t —s)>S —R}

<]p{3o<s<t<1:(W(t)—W(s))> S_R}
- - - _O'Bﬁ

<2IP{ w(r)> -5 }
> su =
05t21 205VT

szexp{—SiT(S(;R)z}

and the proof of the proposition is complete. O

We remark that the statement in the previous proposition can be sharpened if we do not drop the
drift term in the proof (see [[16]], Proposition 2.8) but the statement above meets our demands
perfectly. We will also need the following result.

Proposition 4.6. Let ¢ be a flow satisfying conditions (A1), (A2) and (A3P) such that 8 < 0. Let
V > 1 be such that f*(V) <0 and R > V. Then for each |x| =R, 6 > 0, and h > 0, we have

P{ sup |¢pos(x)|=R+6} < 3exp{ - 15—22}
0<s<h 8osh
Proof. Let
Ty :=inf{s > 0:|po(x)| =R+ 65}, Ty :=inf{s > 0: [Pg(x)| <V}
Then

P{ sup [¢g,(x)|>R+6} <P{t; <h, 15> 11} +P{r; <h, 17, <7}

0<s<h

Arguing like in the proof of Proposition we get

_ _ 1 62
P{T; <h, 75> T} =P{ sup o ()| ZR+5, inf o, ()| >V <exp{—-——1}
0<s<h 0<s<7, 2 O'Bh
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and, arguing like in the proof of Proposition |4.5),

P{ey <h 7> <71} =P{sup [9o,(x) ZR+5, inf |¢hos(x)| <V}
=5=T1

0<s<h

<P{I0Ss<t<h:p(x)=V,p(x)=R+35, inf p,(x)=V}

<]P{30< <t<1:W(t)=W(s) R+5_V}
= S = . — S) = —m—m———
O'B\/E
R+6-V
<2P{ sup W(s)> ———
{OSsIs)l (s) ZUBﬁ}
1 &2
<2 S
- exp{ 24012;h}’

where we used Lemma and the fact that R >V, so the assertion of the proposition follows. [

Proof of Theorem a). For the reader’s convenience, we start by stating all assumptions and
notation in the proof.

Lete €(0,1/2) and y > O satisfy y +& < —f8 — By, ae(O,%), % >k>v>1Y(x)=x% S :=TY,
R:=S+7yT,R:=(1—¢)S,c:= %, gj = c/j2(GeN),§:=63,T):=T"? (%)J/z.

Further, V > 1 is a fixed number (not depending on T) such that f*(V) < 0. Since we are only
interested in asymptotic statements as T — co we can and will assume that R > V. Let

ps = P{Br¥Z ¢g1(Bs) or Bz & ¢, 1(Bs) for some s € [0, T]}
< Py U ({'qboz(x)' Zs}ﬂ{oé?&"i’om(x)l ER}) +P{sup sup [y ()| zs}

|x|=R |x|=Rs€[0,T]

= A]_ +A2

Once we know that limsupg_, ﬁ log ps < 0, then Theorem a) will follow just like part b).

To estimate A;, we cover By by N < ¢;RI~1el@=DT balls of radius e™'" centered on 8By and we

obtain
lim sup ! logA; < I'(d—1)- L(—[5 o L(l“ —2)? <0
Sooo P(S) T T 202 202

for an appropriate choice of I' > 0 as in the proof of Proposition (using part a) of Proposition
instead of part b)).

To finish the proof of Theorem (3.1} it suffices to prove that

1 1
limsup?logAz = limsup—log]P{ sup sup [¢;r(x)| = Tl/“} = —00.

T—o0 T—o00 |x|=Rs€[0,T]
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, =+ 5\+
Define Y; := (supjy=r [¢s 1) —R) ", Zs := (SUP|y =gy r1/ag s [$s,r(X)| —=R) ", 0 <5 < T. We have

. 1 1/
hmsup?log]P{ sup sup |¢sr(x)| =T “}

T—o0 |x|=Rs€[0,T]

—hmsup—log]P{ sup Y, > TV}
T—o00 s€[0,T]

<]1msup—10g((T+1) m_aTxllP{ sup YtZeTl/a})

T—o00 s<t<s+1

1
_11msup—log max IP{ sup YtZe‘Tl/“}

T—o00 0=s=<T-1 s<t<s+1

<11msup?log max (IP{ sup sup |¢,(x)| >R+ %Tl/a} —I—IP{ZS > sTl/“}).

T—00 1<s<T s—1<t<s|x|=R

We treat the two terms in the last sum separately. We start with the second one. We want to show
that

1
limsup?log ( sup P{Z; > ng/a}) = —00. (4.3)

T—o0 0<s<T

To show this, fix 0 < s < T, abbreviate R := R + T'/%/2 and cover the boundary dBg by N <
cgRI1el@=DT balls of radius e'T centered on 0Bp for some I' > 0 (the constant c; can be chosen
to depend on d only). Number the balls by By, ..., By and their centers by x, ..., x;. Then

P{z, > sTl/a} =1P{ sup |¢s 7 ()| = R+ sTl/a}

|x|=R
< N( sup P{|¢, r(x)| >R+ eTY* -1} + max_ P{diam ¢ +(B;) > 1})
|x|=R
1/a _ :
<N (ET_% P{lgyr(x)| 2 R+eT" ~1, inf |¢ (0 2V}
+ sup P{|¢; r(x)| =R+ eTVe—1, 1nf s, ) <V}+ max, P{diam ¢; r(B;) > 1})

|X|_R .....

Estimating the three summands using Propositions [4.2h), and Theorem respectively, we
obtain (4.3)) by letting I' — oo (after taking the limsup over T).

It remains to show that

1 _ €
lim sup — log max IP{ sup sup |, (x)| =R+ ETl/a} = —00. (4.4)

T—o00 IsssT  Ys—1<t<s|x|=R

Proving this is not entirely straightforward. One might try to proceed as (by now) usual by covering
0B X [s — 1,s] by small balls and controlling the diameter of their images at time s and the norm
of the images of their centers at time s. One of the obstructions to this approach is that we have
no uniform control of the component of the drift b towards the origin, i.e. the norm of the solution
process can drop considerably within a very short time (resulting in an uncontrollable increase of
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the diameter of a small space-time ball within a short time). What we can control is the speed away
from the origin thanks to assumption (A3#). Therefore we proceed as follows: define

X, = sup (I¢.1(x)|-R)", te[0,1].
|x|=R

Applying Lemmawith gj = c/j%, j € N (with ¢ = 6/m2), we obtain

_ €
IP{ sup sup |¢,(x)| >R+ ETl/"‘}

s—1<t<s|x|=R

- £
=P{ sup sup ¢ (x)| 2R+ 5T/}

0<t<1 |x|:R

To estimate the probabilities in the last sum, we cover the boundary 0Bz by N = N; < ¢4 (R27eT")d—1
balls of radius 2 7e~T" centered on dBj, where v € (1,2) (the constant c; can be chosen to depend
on d only). Number the balls by My, ..., My and their centers by x, ..., x. For fixed j, t and |x| =R,

let X be the projection of ¢, ,-i(x) on dBg (there will be no need to worry about the possible
non-uniqueness of ). For u > 0 we get

) u
P{X, ~ X130 2 u} <N( max Pidiam, (M) > 7}

_ = u i} (4.5)
+ 50 Pl (VR 1,051 (DI VR| 2 5, 16,4000 2 RY)

|x|=R
There are two terms to estimate. We start with the second one. Recalling that § = T*/ 2(§)j /2 and
assuming that |x| = R, we have

P[l¢aCOIVR= 19 s 11D VR| 2 5, 90021(0)| 2 R

- _ ., u (4.6)
S]P{M)t,wzﬂ'(xﬂ ZR+5}+ sup ]P{||¢t+2’i,1(}’)|\/R_|¢t+2*j,1(z)|VR| > _}-
yI=R,ly—z|<5 2

Again, we have two terms to estimate. By Proposition |4.6, we have

_ _ 17%(3)
P{l¢02(x)| = R+ 6} = P{|go- () 2 R+5} <3exp{ — o3~
B
and therefore
o0

D 2TINP{| pipi () Z R+ 5}
j=1
3 . o 1 4 j
2 ; 17802 \3
3 1 4 1 4,4 -1
< SeaRITleT @ ol exp { - — o H (1-2texp{ - T2 (2 -1)})
2 8oz 3 8oy 3\3
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where we estimated the infinite sum of the form Z;’il p; from above by the geometric series

D1 Z;’io ([’;—j)] . Since k > v > 1, the term converges to zero superexponentially in T.

Next, we estimate the second term in (4.6). Lemma and Lemma show that for y,z € RY
such that |y — z| < § we have

Plldsa 1 OIVR=[dez s, @I VR| 2 5}

SP{l$pri2i1(Y) = riai1(2) = %}

4.7)

<P{Sexp{o W) + A} > E}

1 2
oo (s -) "))
and for |y| =R, |y —z| < &, we have
_ . u
P{[I¢e+21 I VR= 191 VR 2 0}

(4.8)

<2 sup P{(l¢10-11(x) =R >~ }
|x|<R+6

We use (4.7) for j > T and (4.8) for j < T and assume that T > 1 is so large that (j logg)/4 >
—log(5 7% —£2) holds for all j > T. Applying Propos1t10n , we obtain, for T sufficiently large

ZZJ IN  sup sup IP{“d)Hz Jl(y)IVR | io-i 1(z)|vR| 4T1/a}
0<t<1-277 |y|=R,|y—2|<&

< cqRI7leT - 1)(221‘1 sup sup P{l¢, o- ]1(x)|>R+——T1/“}
=1 0<t<1-277 |x|<R+6& j*4

n Z ojd-1 exp{ _ %((log 4;2861 llogg + (1 - —) logT)+)2})
L

J=IT1

< Cde—leTv(d—l)(glzﬂ:zjd exp{ _ 1 ((iTl/a _5)+)2}
- 802 \\ 4j2

j=1

+ Z ojd— lexp{ 2 16(10g§)2 )

J=IT1

e L 1 ce 2
Scde 1eT7(d 1)(3;21dexp{—@(ﬁﬂ/a) }
+ Z 2Jd= 1exp{ 2 ;(1 gg)z}).

J=IT1

Evaluating the geometric series and estimating the sum by T times the largest (namely the last)
summand, we see that the whole expression decays superexponentially in T.
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Finally, we estimate the first term in (4.5). Applying Theorem[5.1jp) with ¢ = d + 1 and Lemma 5.3}
we get

SN ce

> 27 INP{diam ¢, (M;) > ,—zle/a}
— j

j=1

[&8]
< hde—leTV(d—l)e—T\'(d+1)e(l+%(d+1)a%)(d+1)T T—(d+1)/a Z j2(d+1)2—j(d+1)2jd—1’

j=1

which decays to zero superexponentially as T — oo (here hy; depends on the parameters of the SDE
and on ¢ but not on T). Therefore, (4.4) follows and the proof of Theorem is complete. O

5 Appendix

To prove Theorem [3.1, we need the following result. Part b) of the following theorem is also
contained in [[16]].

Theorem 5.1. Let (t,x) — ¢,(x) be a continuous random field, (t,x) € [0,00) x R? taking values
in a separable complete metric space (E, p). Assume that there exist numbers A >0, c >0and ¢ >0
such that for each x,y € RY, T >0, and q > 1, we have

1/q
1
(EoittlgT(p(%(X), ¢t(y)))q) <cl|x— ylexp{(A+ quz)T}- (5.9)

a) For each cube & with side length &, T > 0, u> 0, and k € (0,1 — d/q) we have

2d )q cdd2ax—a+d

1
P{ sup sup p(,(x), ¢ ()= u} < expl(A+ 5q0)qTHEN ™.

X, yEX O<t<T 1—27% 1— 2qK—q+d
b) Fory > 0, define
— ify > A+ 02d
I():=1 diy—A-1Lo2d) ifA+Llo2d<y<A+o2d
0 ify <A+ 20%d.

Then, for each u > 0, we have

1
limsup — suplogIP{ sup sup p(¢.(x),¢.(y)) =u} <-I(y),
Too 1 2 X,yEXy 0<t<T

where sup,. means that we take the supremum over all cubes Xy in R? with side length
exp{—yT}

The proof of Theorem relies on the following (quantitative) version of Kolmogorov’s continuity
theorem which is proved in [[16]].
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Lemma 5.2. Let Z,, x € [0,1]9 be a process taking values in a separable complete metric space (E, p).
Assume that there exist a, b, ¢ > 0 such that, for all x,y € [0, 1]d, we have

E((p(Z:,2,))") < clx = yI{*P.

Then Z has a continuous modification (which we denote by the same symbol). For each x € (0,b/a),

< Cdzak—b

< e and

there exists a random variable S such that E(S%)

sup {(Zu(), Z,(@)) 1,y €[0,1]%, Ix = yloo S 1} < T S(w)r™
for each r € [0,1]. In particular, for all u > 0, we have
P 5(Z,,Z) > ub < ( 2d )a 02" (5.10)
su , >u;p < u ‘. .

Proof of Theorem Let T > 0. Without loss of generality, we assume that Z := 27 = [0, £]9.
Define Z,(t) := ¢,(£x), x €RL. For ¢ > 1, (5.9) implies

1/q
(E sup p(Z(t),Z (r_))q) < EE|x — ylet3a0MT

0<t<T

i.e. the assumptions of Lemma are satisfied with a = g, ¢ = c?exp{(A + %qaz)qT}Eq and
b =q —d for any q > d. Therefore we get for x € (0,b/a):

2d )q cdd29x—a+d

1
Zgo? 49
T ae—qra SXPUA+ 5907)qTHEu™,

P{ sup_sup p(g, ()b ()2 u} < (=
X, yEX 0<t<T N

so part a) follows. Inserting & = e~ 7T, taking logs, dividing by T, letting T — oo and optimizing

over q > d yields part b) of Theorem 5.1 O

Remark. If, in addition to the assumptions in Theorem[5.1] the map x — ¢,(x) is one-to-one for all
t and w, then part b) of Theorem holds with d — 1 replaced by d in the definition of I(y) since
we can apply Lemma to each of the faces of & and the supremum over x,y € Xy is attained
for x, y on the boundary of Zr.

The following lemma is almost identical to Lemma 4.1 in [[16]] and Lemma 5.1 in [J6]]. We provide
its proof, since our assumption (Al) is slightly weaker (in some respect) than in those references.

Lemma 5.3. Let (A1) be satisfied. Then, for each x,y € RY, there exists a Wiener process W, such that

sup |¢.(x) — ¢ (¥)| < |x — y|eTtWrHAT (5.11)

0<t<T

forall T > 0. In particular, the assumptions of Theorem hold withE=RY, p=|,oc=0, A=A
and ¢ = 2.
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Proof. Fix x, y € RY, x # y and define

1
= o) = be(y), Z,:= Elog(IDtlz)-

Therefore, Z, = f(D,) where f(2) := %log(IZIZ). Note that D, # 0 for all t > 0 by the one-to-one
property. Using Itd’s formula, we get

D+ (M(dt, ¢(x)) — M(dt, ¢, (y))) D¢+ (b(¢(x)) — b9, (y)))
ID[? ID[?
i j

(ID | )2

dz, =

P2 T (e (), 0 (3)) d —Z

21D, ; j(¢(x), ¢, (y))dt.

We define the local martingale N,, t > 0 by

N, —j D, |2 - (M(ds, ¢5(x)) — M(ds, ¢5(¥)))
0

and obtain ,

Z,=Zy+N;+ f a(s, w)ds,

0

where

sup supesssup,,|a(s, w)| < A

x,y s
and

Z D |2)2¢](¢ ((x), .(y))dt < o dt. (5.12)

Since N is a continuous local martmgale with Ny = 0, there exists a standard Brownian motion
W (possibly on an enlarged probability space) such that N, = o W), t = 0 and (5.12)) implies
7(t) <t forall t > 0. Hence

Z, <log|lx —y|+o; sup W,+ At. (5.13)
0<s<t
Exponentiating the last inequality completes the proof of the lemma. O

In the proof of part a) of Theorem we need the following one-sided Chaining Lemma (without
absolute values).

Lemma 5.4. Let T > 0 and let X,, 0 < t < T be a real-valued process with right-continuous paths. Let
¢j, J € IN be positive and satisfy Zj’;l ¢j=1. Then
P{ sup X, —X;>u}< ZZJ ! sup P{X;—X, >eu},u>0.

0<t=<T =1 0<s<t<T,t—s=27IT
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Proof. For t € (0,T] and j € IN define a(j,t) := [2/7't/T]277*'T. Then, by right-continuity,
o0
X —Xr= Z Kag+1,0 = Xa(i,0)
=1

for t > 0, and therefore

o0

i—1

P{ sup X, —X;>u} < ZZJ max;lIP{X(k_;)zfjHT — Xpo-ivip = €U}
0<t<T = k=1,...,2/ 2

proving the lemma. O
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