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Abstract

In this paper we investigate three types of convergence for geometrically ergodic Markov chains
(MCs) with countable state space, which in general lead to different ‘rates of convergence’. For
reversible Markov chains it is shown that these rates coincide. For general MCs we show some
connections between their rates and those of the associated reversed MCs. Moreover, we study
the relations between these rates and a certain family of isoperimetric constants. This sheds
new light on the connection of geometric ergodicity and the so-called spectral gap property, in
particular for non-reversible MCs, and makes it possible to derive sharp upper and lower bounds
for the spectral radius of certain non-reversible chains.
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1 Introduction

For positive recurrent Markov chains (MCs) one of the central questions is the convergence of their
transition kernels to the invariant distribution. The ‘geometrically ergodic’ case when this conver-
gence takes place at a geometric rate is of particular importance. A profound analysis of this subject
can be found in the monographs by Meyn and Tweedie [[7] and by Nummelin [8].

In this paper we are concerned with three different kinds of rates of geometric convergence. In
Section 2 we present an example to illustrate the differences between the definitions; in Section 3
several connections between these rates for a MC and the corresponding rates for the reversed chain
are proved. In Section 4 we show that for reversible Markov chains (under a mild condition) the dif-
ferent types of rates of convergence actually coincide. In Section 5 we analyze geometrically ergodic
MCs by applying the concept of isoperimetric constants, which has been used in [14] to establish
necessary and sufficient conditions for the spectral gap property. We show that this property and
geometric ergodicity are equivalent for normal Markov chains, generalizing the results of Roberts
and Tweedie [[11]] and Roberts and Rosenthal [[12]]. Moreover, it is shown how a certain sequence
of isoperimetric constants can be used to obtain bounds for the rates of geometric convergence, and
prove that these bounds are sharp in some cases. In Section 6 we present an example which shows
that geometric ergodicity (GE) does not imply the spectral gap property (SGP) and calculate exact
rates of geometric convergence applying the method of isoperimetric constants.

Throughout this paper let £1, &5, ... be a positive recurrent MC with countable state space 2, transi-
tion kernel p(-,-) and invariant probability measure 7. Let

e~ (PG,
p (LJ)—W, L]

be the transition probabilities of the reversed MC (a realization of which we denote by &7, 5;, R
We need the standard MC operators P, P* and II defined by

en 1

PF@) = f(Ip(i ), 2)
JjEQ

PF(i) =D F(Ip*(i, ), 3)
jen

IOEDWIOLIO] )
jeN

for all real-valued functions f on Q for which the corresponding series converge. In particular, for
all f € L?(n) it easily follows from Jensen’s inequality and the stationarity of 7t that the sums in
, and converge and that Pf,P*f and IIf are in L?(7). Note that we consider II as the
operator that maps every f € L2(7) to the function constantly equal to the 7-expected value of f.
The scalar product on L?(7) is of course

(f,8)r = D F(DE().

JEQ

It is easy to show that
(Pf,8)n=(f,P"g)n,
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so P* is the adjoint operator of P on L?(7). We say that P has the spectral gap property (SGP) on
L%(n) if

1
p= ,}ggofengﬁﬂ) P fll 2y < 1o (5)
where
L (m)={f € L*(m) : [If llpacmy = O, 1f 2y = 13,
and

Wl = SFDD, Wl = (S £GP0)

JEQ JEQ
Note that the limit in always exists (see e.g. [[10]). The total variation distance of two probability
measures y and v on £ is defined by

dw, ) =llu=vliry = sup > (w(G)—v(GNE).
¢:l19llo=1jer

If wesetA={jeQ:u(j)>v(j)}, then clearly

d(u,v) = 2|u(A) — v(A)|.
A Markov chain £4,&,,... is called geometrically ergodic (GE) if for some 6 < 1

i, )—m
K5(i):sup”p ( )n llrv <00 Vieq. (6)
nelN o
From [[7] (Chapter 15) and [|8] (Theorem 6.14 (iii)) it follows that the GE property is equivalent to

the seemingly more restrictive condition

K511y = D K5(i)m(i) < oo 7)
i=1

for some & < 1, where Kj is defined as in (6). Note that the § in (7) may differ from the & in (6).

Obviously, (7) implies that for some 6 < 1

. "(i,) — w||py (i
() = sup iea 1P =7y D) _
nelN o

8

It is certainly of interest to find the best rate of ‘geometric convergence’. However, considering
(6)-(8) there are three possibilities to define an optimal lower bound for this rate: Let

8, =1inf{6 : 0 < & <1 and (6) is satisfied} 9
6, =inf{6:0< & <1and is satisfied} (10)
6, =inf{6 :0< 6 <1 and is satisfied}. (11)

Definition 1. Regarding the geometric rate of convergence we call &, the optimal lower bound (OLB)
in the weak sense, 6, the OLB in the strong sense and 6, the OLB in the LY() sense.

It follows from the definitions that
61 >85> 6.

Are these inequalities in general strict, and under which conditions do they become equalities?
Moreover, are these OLBs attained? We start with an example.
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2 Introductory example: the reversed winning streak

Let us consider the MC with state space IN and transition matrix

11 1 1
2 4 8 16
1 0 0 O
01 0 O (12)
0 01 O

Its invariant measure 7 is given by
1\
n(i)=|(=], i€N.
0=(3)

p(1,i) = (i) Vi € N,

The crucial observation now is that

which immediately generalizes to
||Pl(l,) - TC”TV =0 VI € IN.

It follows that _
IIp'G, )= 7llpy =0 Vj>i, ieN.

For arbitrary & > 0 we conclude that
Ip"(i,-) = mllpy <2(1/6)7'6" VneN, ieNN.

Since this holds true for all § > 0, we see that K5(i) < 2(1/5)""! and that the OLB in the weak
sense is zero, i.e.,
50 - 0

But of course the MC is not GE at rate zero (this rate of geometric ergodicity only occurs for MCs
induced by a sequence of i.i.d. random variables); thus the infimum in (9) is not attained.

Next let us determine &,. Check that
s .
p'(i+1,1)—=(1)| = > VieN.
Now consider an arbitrary § < 1 satisfying (10). Then

<|lp'(i+1,-) — 7lly <Ks(i+1)5",

N| —

so that
~_6/2
K5(l) > ? Vi e N.
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So (7) holds for & only if
S (1) 1)
i2(3) (5) <=
which is of course equivalent to § > 1/2. Hence,

012 ~. (13)

N| -

On the other hand, if we choose 6 = %-I-G, we see that for any € € (0, %) we have that K5(i) < (2—¢)".
Moreover, a simple calculation shows that is satisfied. This together with implies that

5 1
1= 35
The above reasoning implies that this MC is not GE with rate % in the strong sense.

Regarding 65, so far we only know that 6, < % Its exact value will be derived in the next section,
where we will also see how the different rates of convergence occur in a natural way when trying to
bound &, the OLB of the reversed chain in the weak sense, by the OLBs of the original MC.

3 The reversed chain

Assuming that a MC &1, &5,... is GE, what can we say about the reversed MC &£7,&7,...7 We show
that the GE property is preserved under time-reversion, but the behavior of the OLBs is more com-
plicated.

Theorem 1. If a MC is GE, then the reversed MC is also GE.

Proof: Let BE”) ={jeQ:p"(i,j) > n(j)} and 6 € (6,,1). Then we have

Ip*" (6, )~ llyy = 21p*"(i,B™) - n(B™)]

= 2] =9 (G, i) — (i)

(i
jeB?”) (@

2 Z n(j)Hpn(j, ;n— ||y sn

IA

2 Zjeﬂn(j)“pn(j,')_7T||Tv5n
(i) on
_ 2€(%) _,
= 0 ) (14

IA

and C(6) < oo since § > §,.

Actually, we have just shown
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Corollary 1. If&,&,,... is GE, then 55 < §,.

Theorem 2. If £,,&,,... is GE, then
5,=125,, (15)

where &7 denotes the OLB of the reversed MC in the LY () sense.
Proof: We have

Dlp" ) = wllpyn@ = 2> 1p7 (@ BM) - n(B{M)|n(i)

ieQ ieQ

= 23 Y D60 -70) =)

i€ JGB*(")

= 23 > 1) (P"G.0 - (D)

ieQ JeB*(")
< 23 m()|p"G,1) - =)
jenien

= 2> 1Ip"(i,) — mllpy (). (16)

i€Q
For every & > &, there is a constant C such that the right-hand side of is at most Co" for all n.

It follows that 6, > 67. Using the fact that p*(-,-) = p(-,-) and carrying out the same calculations
as in (16 with p**(-,-) instead of p*(:,-), we obtain &, < &3.

O

Let us apply Theorem |2| to the example in Section 2. The transition matrix of the reversed MC is
given by

O ON=
oni- O

(17)

¢ NN N [
NIk O O

This MC has a remarkable feature: there is a central state in the sense that this state can be reached
from any other one in a single step with probability 1/2. This property immediately implies that

1
sup [p*(i,A) —p*(j,A)| < ;. (18)
i,jeQACQ 2

It is interesting that (18]) implies the classical condition which was used by Dé6blin [2] in order to
establish uniform geometric convergence to the invariant measure (with respect to total-variation)
for certain Markov chains, i.e.,

"i,)—m
16 <1: supsup IpC )n llry =supKs(i) < oo.
n>1 ieQ o i€

Note that this is a stronger property than (6).
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In [6] it is shown that implies that
n \"
I )= llry <2 3 19)

(the constant 2 does not appear in [|6]] due to a different definition of the total variation norm). The
proof is based on a coupling argument in which is used to bound the expected coupling time,
which in turn leads to the estimate for the total variation (see [[6]]). The factor % in is optimal
in the sense that it is as small as possible. In fact,

ph 4 Ip*(i,) = 7ellgy 2 Ip* (1,n) = ()| =277,
1€

0 O = % From ll it now follows immediately that

1
bp=061=06,=7. (20)

The situation is completely different from what we have seen for the original chain, for which it has

been shown that 1
0:6055255125

Let us determine &,, which had been left open at the end of Section [2] From Theorem [2]and it
follows that

L 1
52:5225.

A closer look at the proof of Theorem [2|yields even more. We obtain
1 n
ZHPn(i,')—ﬂ”Tvﬂ(i)SAr(E) ,
[ISY)

so the OLB in the L!(7) sense, 5, is in fact attained. Recall that this was not the case for 5, and &;.

4 Reversible Markov chains

In this section we show that for reversible MCs 6, 6; and 6, coincide under the (rather weak) condi-
tion that the invariant distribution 7t has a finite (1+¢)-moment (¢ > 0), i.e., if M = Zfil iten(i) <
0.

Theorem 3. If a MC is reversible, GE and its invariant distribution 7 has a finite (1 4+ €)-moment for
some € > 0, then
60:51:52, (21)

and all these OLBs are attained.

Proof: Without loss of generalization we can assume that Q = IN and

n(i)>n(i+1) VieN.
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Define §; : N — R by

1 : i=k
5i(k)—{o itk
and
. n 6; 1
pi=llgs£pll(P —H);Ilzzm, (22)

with [|f || ;27 = [Zjenf(j)zrc(j)]]l/z. Now we apply the spectral representation theorem (see e.g.
[[10]) with spectral measure

6;/m 6;/m >
MN&/ Al 2 116:/ 7l 120

associated to P — IT and (6;/7)/[|6;/ || 2(x), E; denoting the corresponding projection operator.
We obtain

vi(A) = <E

1

0; 1 o6; O;\ =
P =M=y, = <(P“—H)2—‘,—‘>
LA T 2

1
. 1
5_ 5 2n
= APYAE, —, —
(J1 (dE, - TL_)LZ(TL'))

1

5; 1 ! o

_ Litn 2n

= IIFIILZ(,T) (J_ll Vi(d/l))
( 1 s P

_ A2(dA) (23)
\/ﬂ(i)) (J—l )

From and it follows that

p; = max[— infsupp(v;(1)), sup supp(v;(1))]. 24)
We have
Ip"G )= wllry = sup D (p"( 1) — 7)) ()
¢:llolleo=1jen

6:(k
= sup ZZ i )(p“(k,j)—N(j))qﬁ(j)n(k)

¢:l1¢lle =150 ken n(k)

5;
= sup <—,(P"—H)¢>> -
L% (m

¢:llpllo=1 \ T
n 0
= sup (P"—1I)—, ¢
¢:ll¢llo=1 T L2(n)
n 5i
< |I(P —H);IILzm
1
< (25)

pi
v/ 1(i)
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< supp” (26)
jeQ " A/ m(i)
1
< " (27)

where the first two inequalities follow from Cauchy-Schwarz and the identities (23)-(24), respec-
tively. The last inequality follows from the definition of p. From the equivalence of (i) and (iii) in
Theorem 2.1 of [[12] it follows that the upper bound p; for the rate in is optimal in the sense
that .
p 127G =l _
n>1 o"

oo Vo < p; Vieq.

This implies that

6o =supp;.
jEQ

From (26) it follows that &, is attained, i.e., that (6} holds for § = &,.
Now let us prove (2I). By (26), it is enough to show that

1 o0
I = > V(D) < o0. 28)
Ja ;

Let K =Y~ i~(7€). We obtain

0 1te 1
n@) = Y.it a4

i=1 i=1 12

IA
3
<
A
8

(29)

From the last proof we immediately obtain

Corollary 2. For a reversible MC the following two statements are equivalent:

1. p =supjcqp;j.
2. 50 =pP.
1

A/ (1)

radius. For Markov chains with finite state space this can be found in [[13]].

The estimate in (27) is the well-known -bound for the total variation in terms of the spectral
5 Geometric ergodicity and spectral theory

The following theorem due to [11]] and [[12]] shows the close connection between geometric ergod-
icity and the spectral gap property.

Theorem 4. For a reversible MC &£, &, ... the following two statements are equivalent:
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1. £,,&,,...1is GE.

2. P satisfies the SGP
Moreover,
P = 50.

The original proof of this result can be found in [[12]. A very short derivation of the first part was
given in [[14]]. The key observation there was that the spectral radius of a MC can be expressed by a
rescaled function of a sequence of isoperimetric constants (see Theorem below). It turns out that
these rescaled constants are a suitable tool for studying geometric ergodicity in the sense that they
can be related to the different notions of geometric speed of convergence.

The isoperimetric constants in question are
k, :Agff2 k,(A), kppn Zﬁgsfz kpinpn(A), n€ N
where

ka(A) = ) Zp“(l A)m(i)

(A) (A

kpopn(A) = s A)ﬂ( e 2 2ap PG AR(D.

i€A jeQ

The following theorem from [14] relates spectral properties to the rescaled limits of isoperimetric
constants.

Theorem 5. Assume that the operator P is normal. Then the spectral radius p is given by

1
p=lim (V1= kpopn)". (30)
In particular, for reversible Markov chains this yields
1
p = tim, (V1 —kan)"

Moreover, if P is in addition positive, we have

p = lim (1—k)

n—oo
Based on this result, we can show

Theorem 6. If the underlying MC is GE, then
suplimsup(1l — kp*npn(A))% <4/ 0,.
AC) n—oo

If P is in addition normal, then the MC satisfies SGP and the spectral radius p can be estimated by
59 <p <1/6,. (31)
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Proof: An easy calculation shows that

1 — ko pn(A) = )Z(p (i,A%) — (A7 (). (32)

7'c(A)7'c(AC e
Hence, for every € € (0,1 — &),

limsup(1 — kp*npn(A))ﬁ
n—oo
1

= limsup ( ) Z(pn(l A°) ﬂ(AC))Zn(l))

n—oo

€N
. 2 7 Yica P, ) = wllpy (@) z
<4 €e+6, llglsogp (n(A)TE(AC)) ( (e+6)" )

S VvV €+ 52. (33)

This proves the first assertion of the theorem.

The first inequality in follows from the second part of Theorem 4 Let us prove the second
inequality. It was shown in [[14] that for [ < n we have

1 1
(1= Ky (AN < (1= Kot pu ()5 (34
Thus, by (34) and (32),

1

5 2 (P4~ n(AC))Zn(l))

(1—kp*lpl(A))ﬂ = (H(A)TC(AC =)

1

2 o o RE
(o) (an (z,-)—nnwnm) S e

ien
Now first letting n — oo, then taking the supremum over all A C Q, thereafter letting [ — oo and
applying Theoremyields P <14/03.

From this theorem we immediately obtain

Corollary 3. If P is normal, then the following statements are equivalent:
1. gl,gz,.. . is GE.

2. &1,&,,... satisfies SGP .

Next we want to prove the equivalence in Corollary (3| for certain non-reversible MCs. Note that
normality of the operator P is only needed to ensure that (34) holds. So it seems natural to start
with a modified version of (34). Define

a(n,A) = (1 = kper pu(A)) 1. (36)
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Corollary 4. Assume that for every A C Q the sequence (a(n,A)),en has a nondecreasing subsequence
(a(ng,A))ken with n; = 1. Then the GE property and SGP are equivalent and

psy1-5(1-52), 37)

where k > 1 is a constant which does not depend on the underlying MC.

Note that the subsequence (n);> is allowed to depend on A. The fact that x > 1 has been estab-
lished in [5]], from which the following definition of x is taken: Let 2 denote the set of all possible
distributions of pairs (X, Y) of i.i.d random variables each having variance 1. Then

‘ E(I(X +c)* = (Y +¢)?)

Kk = infsup 5

7 ceR E((X +¢)%)
Proof:  The implication SGP = GE can be derived in a similar way as (25). More precisely,
in the derivation of (25) we have to take the adjoint in the inner product, i.e. to replace

P" —1I by P*™ — II. The result follows by applying Cauchy-Schwarz in and the fact that
IP™ = TTl| 2() = [IP™ = Tl 12y

(38)

GE = SGP follows immediately from (37), since 6, < 1 implies p < 1. So let us show (37). Since
(a(n,A))ren is nondecreasing, we can carry out the same calculation as in the proof of Theorem [6]
with n replaced by n. By assumption, we have n; =1 for all A € Q. This yields

(1~ kpp(A)7 < 55, (39)
which implies that
(1—kpp)? < 55,
Now follows from Proposition 1 of [16].

O

Because of its generality, the upper bound in (37) is not sharp in most cases. In order to improve
this upper bound for certain MCs we show the following generalization of Theorem

We need the Hilbert space Lg(rt) ={f €eL?n): Zjeﬂf(j)n'(j) =0}.
Theorem 7. For a positive recurrent MC the spectral radius p = p(P) of the associated Markov operator
P on Lg(ﬂ) is given by 1
— Tim T R Il
p = nh_)né.l0 lll)r& 1 k(P* Pn)l) 2 . (40)
Proof: Since P*"P" is positive and selfadjoint, Theorernyields
0 1
T pny __ 1: _ " I
p(P"'P") = lim (1—Kgporpny )"
By the Rayleigh-Ritz principle (see e.g. [5]]) it follows that

1
sup (P P"f,f)=lim (1—kgpopny) ' (41)
feL2 (m) (=00
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Since the left-hand side in equals ||P"|]? we obtain

L3(n)’
1 1
n

n —1; _ n 2nl
P15y = Him (1= kgpenpry )™

Now n — oo leads to the assertion.

O
Corollary 5. Assume that there exists an ny € IN such that
PP = (P*P)" Vn>n,. (42)
Then .
p(P)=+/p(P*P) = lim (1= Kporpn)
and
09 < p(P)< /0. (43)
Proof: From Theorem/[7|it follows that
1
p(P) = nh_)rgollircr}o 1-— k(P*nPn)z)Z”l
1
—  lim T _ 2nl
= nh_)ngO lll)n;) (1 k(P*P)nl) 2
= Vp(P*P)
1
— 3 . £DY1 2n
= Jlim (1-kepy)
1
j— 3 _ n 2n
= lim (1=kgpopn)™. (44)
The inequalities can be shown in the same way as in the proof of Theorem [6]
O

The upper bound in is better than that in (37). To show this, note that since we do not know
the exact value of k, the estimate (37) can only be applied with k = 1. Therefore we have to prove

that
\/5—25\/1—%(1—55)2,

which is equivalent to

1

31— 55)2(1+6,)*<1-5,.
Actually, 4/ 6, is smaller than the right-hand side of whenever

maxsepo,17(1 —6)(1+ 5)? < 8/x. This is the case as long as k < 27/4.

Observe that normality of a MC implies condition (42). Let us again consider the example of Sec-
tion 2 to show that this implication cannot be reversed. Let P and P* be given by and (17),
respectively. It can be readily seen that for i > 2 and j € IN we have

(P*P); ;i = ln- + 15~ ;
39) 2 J 2 39)
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and
. 1 1
(PP7)ij =500+ 504

This implies that P*P # PP*, so the MC is not normal. However, a short calculation shows that
3 1 2
(P*PY);; = 27 + ZSi,j =(P*P?),. (45)

By (45),

P*3P3

P*(P* P2)P = P*(P*P)P = P* PP*p2
— P*2P2(P—1P*‘1)P*2P2 — (P*P)Z(P*P)—l(P*P)Z
(P*P)3. (46)

By complete induction, it is now seen that (42) is satisfied with ny = 2.

The spectral gap in this example has already been determined in [[14]]. We give a very short alterna-
tive derivation. From Corollary 5]it follows that

p(P) =+ p(P*P).

But
P*P—lH—lH 47)
T2 277

where I denotes the identity operator, i.e., I f = f. Since P*P is selfadjoint, we obtain

p(P) = Vp(PP)= [IIPPllzr
1 1
= ||§I + EH“LS(TE)
1

Note that the inequality p < /65 = \/g, which has been derived in Corollary is in fact sharp!
We can use this in order to obtain an estimate for k. Insert p = \/g into li we obtain that

64
K< —.
9

The computations in the proof of Theorem [3|lead to the following modification of Corollary 5}

Corollary 6. If the operator P of a geometrically ergodic MC satisfies (42) and the invariant distribution
7 has a finite (1 + €)-moment for some € > 0, then

5, < p < /6,

The following result provides lower bounds for &, and §,.
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Theorem 8. If the MC is GE,
1
65 > suplimsup |1 — ko, (A)|2n. (49)

ACQ) n—oo

6o > sup limsup|1 — sz(A)lﬁ. (50)

ACQ:min(|A],|A°|)<oc0 Nn—00
1
If for every A C Q) the sequence (|1 — ko, (A)|27 ), is nondecreasing, we even have
1
65> lim |1 — ky,,|2n. (51)
n—o0
1

Moreover, for every sequence (Agp,) e With lim,,_, ( m) > — 1 we have

6, > limsup|1 — kzn(Az,l)lﬁ. (52)

n—oo

Proof: = We only show the third inequality of Theorem [8| because the proofs of the others are
similar. We have by assumption that, for arbitrary 6 > 6,

1 . 1
1~k I8 < lim |1~ k(A

1

— 1 1_ 2n AC
A, n(A)n(AC)Zp (LA
1 En =
. . 2n - .
= JE&(W) hg}gp gllp "(1,-) — mllpy (@)
1
2n
< limsup (ZIIPZ”(I) Tf||Tv7T(l))
n—00 e
< limsupC(é')ﬁé':c?. (53)
n—oo

Now & — &, and ny — oo yields the result.

O

Let us apply this result to our example. A good choice of the set A is of key importance in order to
obtain a non-trivial lower bound. We try A= {2,4,6,8,...}. Then

— 2n c
CHONE n(A)ﬂ-(Ac)ZP (i,A%)e(i)

/4_(1/4)11-}-1 . (1)71

3/4 4

_ —)Zn(AC)n(z i)=3 Z

T(A)Tt(AC
(54)
This implies that

11
(1 = kyy(A))2n = 3
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for all n. Applying Theorem [8|yields

5>1
225

By what has been shown before, this bound is again sharp. One can prove that the above choice of
A is optimal in the sense that
kon(A) = kop.

So we have just seen that in our example we have
(1—ky)n =8, Vn. (55)

It would be nice to have this relation in general, at least asymptotically, but this result fails to be
true. In the next section we consider an example (originally due to Haggstrom [3]]) of a MC that is
GE and satisfies k,,, = O for all n € IN. In this example the left-hand side in is equal to one for
every n, but by geometric ergodicity the right-hand side in is less than one.

6 Example [GE = SGP]

Consider the MC with state space
Q={0}u{(a,b):a>1,be{1,2,...,a}}
and transition kernel
p((a,b),(a,b—-1))=1, forb=>2, p((a,1),0)=1,

p(0,0) = % and

27t . g=p
p(0,(a, b)) = { 0 : otherwise °
The invariant distribution 7 can be calculated to be
1 ~(a+2)
n(0) = > and 7((a,b))=2"" " for b€ {1,2,...,a}. (56)
Haggstrom [[3] has shown that this MC is GE with 6, = % In order to prove that k,, = 0O for all

n € N, it suffices to show that k; = 0 (see [[15]]). This can be seen as follows: Define
Apn=1{(n,n),(n,n—1),...,(n, 1)} and A, ; = {(n, }.

Then we have

1
> plLA )n()

< =
kl s k(An,n) n- 2_(n+2) 1—n- 2—(n+2) =

n,n

2 2
ieAn,l

Letting n — oo yields k; = 0.
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Kontoyiannis and Meyn [4] have proved that geometric ergodicity and SGP are not equivalent using
the same example, but a different argument based on an Lyapunov function approach.

Héaggstrom [J3]] originally used the example in order to present a sequence of random variables
connected to a geometrically ergodic MC with finite second moments but not following the central
limit theorem. In fact, this result implies that the MC cannot satisfy SGB since by a theorem due to
Cogburn [[1]] for every sequence of random variable connected to a Markov chain satisfying SGP and
having finite second moments the central limit theorem holds.

We now show that

0p=01=09= 1
0=01=02=73-
We start from the observation 1
p"(0,0) = 5 VneNN. (58)
Define
d(0,(a,b))=a—-b+1 V(a,b):a>1,be{l,2,...,a}
and

d((a,b),0)=b V(a,b):a>1,be{l,2,...,a}.
Using equality it is not difficult to see that for all n > d(0, (a, b)) we have
p"(0,(a,b)) = n((a, b)). (59

But this implies that for n > d((a, b),0) = b

Ilp"((a,b),) — wllyy < 1p"°(0,) — =llgy
< n({(a,b):d(0,(a,b))>n—-Db,a>1,be{l,2,...,a}})
1 n
< c2b (E) for some C > 0. (60)

This yields that % is an upper bound for 6. To see that % is also a lower bound, note that

1 n
100, = elzy > 570, (n-+ 1, 1) = G+ 1, )] = i+ 1,1) =2 5 )

Next we show that 6, < % Similar calculations as in yield for all € € (0,%] and n >
d((a,b),0)=b

1 n
llp"((a,b),") — 7tl|py < C(2—¢€)® (5 +e) for some C > 0.

Since f defined by f((a, b)) = (2 — €)? is in € L!(n), the desired inequality follows.
To see that % is also a lower bound for 6,, we calculate 1 — k,,,(A,,,) for

Ay, ={0}U{(a,a):ae{1,2,...,2n}}, n>2.

It is not difficult to show that
p*(0,(j, 1)) = n((j, /) Vj € N.
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This implies
p (0, ) = n((j, ) Vi € N, Vk > 2. (61)

Applying and we obtain
1 1

kon(Azn) = n(A‘én) B TC(AZH)TC(ACZ

) Z pzn(iaAZH)Tc(i)
n- €Ay,

1 1 1 &
2n—i .
= - p (O)AZ )ﬂ:(l)
n(AS,)  m(AS,) m(Ay,) ; "
1 1 1

n(A,) (A, n(Ag)

+7(2n — Dp(0,Ay,) + n(zn))

2n—2
= (32 rasn
i=0

— 1 1 2
= D Ay A — A (w21 = D+ (2n)

+n(2n —1)p(0,A,,) + m(2n)]
—1(Ay,)(m(2n — 1) + w(2n)) + n(2n — 1)p(0,A,,) + ©(2n)
(A5, )m(Ag,)
1+ zp(O;AZn) - 3n(A2n)

=1 Ay (62

Now it can be easily deduced that

= 1—

. 11
nlggo |1 - k2n(A2n)|2" = 5

Apply inequality of Theorem [8|to conclude that 6, > % Altogether we have now shown that
0pg=01=0,= % Note that the infima &, and §, are not attained but the infimum &, is.
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