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Abstract

Consider a deterministic self-adjoint matrix X, with spectral measure converging to a compactly
supported probability measure, the largest and smallest eigenvalues converging to the edges
of the limiting measure. We perturb this matrix by adding a random finite rank matrix with
delocalised eigenvectors and study the extreme eigenvalues of the deformed model. We give
necessary conditions on the deterministic matrix X,, so that the eigenvalues converging out of
the bulk exhibit Gaussian fluctuations, whereas the eigenvalues sticking to the edges are very
close to the eigenvalues of the non-perturbed model and fluctuate in the same scale.

We generalize these results to the case when X,, is random and get similar behavior when we
deform some classical models such as Wigner or Wishart matrices with rather general entries or
the so-called matrix models.
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1 Introduction

Most of the spectrum of a large matrix is not much altered if one adds a finite rank perturbation
to the matrix, simply because of Weyl’s interlacement properties of the eigenvalues. But the
extreme eigenvalues, depending on the strength of the perturbation, can either stick to the extreme
eigenvalues of the non-perturbed matrix or deviate to some larger values. This phenomenon was
made precise in [[9]], where a sharp phase transition, known as the BBP transition [34} 27 38 29]],
was exhibited for finite rank perturbations of a complex Gaussian Wishart matrix. In this case, it
was shown that if the strength of the perturbation is above a threshold, the largest eigenvalue of
the perturbed matrix deviates away from the bulk and has then Gaussian fluctuations, otherwise it
sticks to the bulk and fluctuates according to the Tracy-Widom law. The fluctuations of the extreme
eigenvalues which deviate from the bulk were studied as well when the non-perturbed matrix is
a Wishart (or Wigner) matrix with non-Gaussian entries; they were shown to be Gaussian if the
perturbation is chosen randomly with i.i.d. entries in [[7], or with completely delocalised eigenvec-
tors [[18, [19]], whereas in [12]], a non-Gaussian behaviour was exhibited when the perturbation has
localised eigenvectors. The influence of the localisation of the eigenvectors of the perturbation was
studied more precisely in [13]].

In this paper, we also focus on the behaviour of the extreme eigenvalues of a finite rank perturbation
of a large matrix, this time in the framework where the large matrix is deterministic whereas the
perturbation has delocalised random eigenvectors. We show that the eigenvalues which deviate
away from the bulk have Gaussian fluctuations, whereas those which stick to the bulk are extremely
close to the extreme eigenvalues of the non-perturbed matrix. In a one-dimensional perturbation
situation, we can as well study the fluctuations of the next eigenvalues, for instance showing
that if the first eigenvalue deviates from the bulk, the second eigenvalue will stick to the first
eigenvalue of the non-perturbed matrix, whereas if the first eigenvalue sticks to the bulk, the
second eigenvalue will be very close to the second eigenvalue of the non-perturbed matrix. Hence,
for a one dimensional perturbation, the eigenvalues which stick to the bulk will fluctuate as the
eigenvalues of the non-perturbed matrix. We can also extend these results beyond the case when
the non-perturbed matrix is deterministic. In particular, if the non-perturbed matrix is a Wishart
(or Wigner) matrix with rather general entries, or a matrix model, we can use the universality of
the fluctuations of the extreme eigenvalues of these random matrices to show that the pth extreme
eigenvalue which sticks to the bulk fluctuates according to the pth dimensional Tracy-Widom law.
This proves the universality of the BBP transition at the fluctuation level, provided the perturbation
is delocalised and random.

The reader should notice however that we do not deal with the asymptotics of eigenvalues
corresponding to critical deformations. This probably requires a case-by-case analysis and may
depend on the model under consideration.

Let us now describe more precisely the models we will be dealing with. We consider a deterministic
self-adjoint matrix X, with eigenvalues A7 < --- < A" satisfying the following hypothesis.

Hypothesis 1.1. The spectral measure p, := n~! Zlnzl o an of X,, converges towards a deterministic
probability measure uy with compact support. Moreover, the smallest and largest eigenvalues of X,,
converge respectively to a and b, the lower and upper bounds of the support of ux.
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We study the eigenvalues Z’f <...< Iﬁ of a perturbation X, := X, + R, obtained from X, by
adding a finite rank matrix R,, = 2:21 Qiu?u?*. We shall assume r and the 8,’s to be deterministic
and independent of n, but the column vectors (u}');<;<, chosen randomly as follows. Let v be a
probability measure on IR or C satisfying

Assumption 1.2. The probability measure v satisfies a logarithmic Sobolev inequality, is centred and
has variance one. If v is not supported on R, we assume moreover that its real part and its imaginary
part are independent and identically distributed.

We consider now a random vector v" = %(xl, <o x,)T with (x;)1<j<p i.i.d. real or complex random
variables with law v. Then

1. Either the u}”s (i =1,...,r) are independent copies of v"

2. Or (u}');<;<, are obtained by the Gram-Schmidt orthonormalisation of r independent copies
of a vector v".

We shall refer to the model (1) as the i.i.d. model and to the model (2) as the orthonormalised model.

Before giving a rough statement of our results, let us make a few remarks.
We first recall that a probability measure v is said to satisfy a logarithmic Sobolev inequality with
constant c if, for any differentiable funtion f in L2(v),

f2
szlogmdv < 2CJ If/1dv.

It is well known that a logarithmic Sobolev inequality implies sub-gaussian tails and concentration
estimates. The concentration properties of the measure v that will be useful in the proofs are de-
tailed in Section of the Appendix.

In the orthonormalised model, if v is the standard real (resp. complex) Gaussian law, (u}');<;<,
follows the uniform law on the set of orthogonal random vectors on the unit sphere of R" (resp.
C™) and by invariance by conjugation, the model coincides with the one studied in [10].

For a general probability measure v, the r i.i.d. random vectors obtained are not necessarily lin-
early independent almost surely, so that the orthonormal vectors described in (2) are not always
almost surely well defined. However, as the dimension goes to infinity, they are well defined with
overwhelming probability when v satisfies Assumption[1.2]. This means the following: we shall say
that a sequence of events (E,),>; occurs with overwhelming probabilityﬂ if there exist two constants
C,n > 0 independent of n such that

P(E,)>1—Ce ™.

Consequently, in the sequel, we shall restrict ourselves to the event when the model (2) is well
defined without mentioning it explicitly.

In this work, we study the asymptotics of the eigenvalues of X, outside the spectrum of X,,.

!Note that this is a bit different from what is called overwhelming probability by Tao and Vu but will be sufficient for
our purpose.
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It has already been observed in similar situations, see [9]], that these eigenvalues converge to the
boundary of the support of X, if the 6,’s are small enough, whereas for sufficiently large values of
the 6;’s, they stay away from the bulk of X,,. More precisely, if we let G, be the Cauchy-Stieltjes
transform of uy, defined, for z < a or z > b, by the formula

1
G, (2)= f Z_—xdux(x),

then the eigenvalues of X, outside the bulk converge to the solutions of G, (z) = 0;1 if they exist.

Indeed, if we let

=— >0 =— <0
limzlb GHX(Z) - - lisza GUX (Z) -
and —
Gljxl(l/Q) if 0 € (—00,0)U (8, +00),
Po:=1a if 0 €[6,0),
b if 6 € (0,01,
then we have the following theorem. Let r € {0, ..., r} be such that

0,<--<6, <0<, 4y <-<0,.

Theorem 1.3. Assume that Hypothesis[1.1|and Assumption[1.2|are satisfied. For alli € {1,...,rq}, we
have

and foralli € {ro+1,...,r},

n
An—r-‘:—i — Peo;-

Moreover; for all i > ry (resp. for all i > r — ry) independent of n,
X? 2 a (resp. %Z_i 25, b).

The uniform case was proved in [[10, Theorem 2.1] and we will follow a similar strategy to prove
Theorem under our assumptions in Section

The main object of this paper is to study the fluctuations of the extreme eigenvalues of X,,. Precise

statements will be given in Theorems and[4.5] For any x such that x < a or x > b,
we denote by I, the set of indices i such that pg = x. The results roughly state as follows.

Theorem 1.4. Under additional hypotheses,

1. Let a; <+-- < aq be the different values of the ;s such that pg ¢ {a, b} and denote, for each j,
k;=1I, |and qq the largest index so that a, < 0. Then, the law of the random vector
J

(VG - po ey, )

converges to the law of the eigenvalues of (caj M;)1<j<q with the M;’s being independent matrices
following the law of a k; x k; matrix from the GUE or the GOE, depending whether v is sup-
ported on the complex plane or the real line. The constant Cq, is explicitly defined in Equation (4).

U (‘/ﬁ(iz—rﬁ-i - paj)’i € IPaj)

1<j<qq got+1<j<q
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2. If none of the 0;’s are critical (i.e. equal to @ or 0), with overwhelming probability, the extreme
eigenvalues converging to a or b are at distance at most n~ "¢ of the extreme eigenvalues of X,
for some € > 0.

3. Ifr =1and 6; = 6 > 0, we have the following more precise picture about the extreme
eigenvalues:

o If pg > b, ﬁ(ig — pg) converges towards a Gaussian variable, whereas
nl_e(iz_i — An_iy1) vanishes in probability as n goes to infinity for any fixed i > 1
and some € > 0.

eIfpg=>band O # 6, nl_e(iz_i — A,_;) vanishes in probability as n goes to infinity for
any fixed i > 1 and some € > 0.

e For any fixed j > 1, nl—f(iy — A;) vanishes in probability as n goes to infinity for some
€ > 0.

These different behaviours are illustrated in Figure 1 below.

(a) Case where 6 =0.5 (b) Case where 6 = 1.5

Figure 1. Comparison between the largest eigenvalues of a GUE matrix and those of the same
matrix perturbed: the abscises of the vertical segments correspond to the largest eigenvalues of X,
a GUE matrix with size 2.10% (under the dotted line) or to those of X =X +diag(9,0,...,0) (above
the dotted line). In the left picture, 6 = 0.5 < 6 = 1 and as predlcted Al A~ b=2, whereas in the
right one, 6 = 1.5 > 6, which indeed implies that Al N pg =10 + = =2.17 and 7L2 b. Moreover,

in the left picture, we have, for all i, ll A;, with some dev1at10ns
|2; — A;| < deviation of A; from its limit 2.
In the same way, in the right picture, i, %iﬂ ~ A;, with some deviations

|Zi+1 — ;| < deviation of A; from its limit 2.
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At last, here, in the right picture, we have 11 ~ 2.167, which gives @ ~ 0.040, reasonable
value for a standard Gaussian variable.

The first part of this theorem will be proved in Section 3, whereas Section [4| will be devoted to the
study of the eigenvalues sticking to the bulk, i.e. to the proof of the second and third parts of the
theorem.

Moreover, our results can be easily generalised to non-deterministic self-adjoint matrices X, that
satisfy our hypotheses with probability tending to one. This will allow us to study in Section [5| the
deformations of various classical models. This will include the study of the Gaussian fluctuations
away from the bulk for rather general Wigner and Wishart matrices, hence providing a new proof
of the first part of [[18, Theorem 1.1] and of [|5, Theorem 3.1] but also a new generalisation to non-
white ensembles. The study of the eigenvalues that stick to the bulk requires a finer control on the
eigenvalues of X, in the vicinity of the edges of the bulk, which we prove for random matrices such
as Wigner and Wishart matrices with entries having a sub-exponential tail. This result complements
[18, Theorem 1.1], where the fluctuations of the largest eigenvalue of a non-Gaussian Wishart
matrix perturbed by a delocalised but deterministic rank one perturbation was studied. One should
remark that our result depends very little on the law v (only through its fourth moment in fact).

Our approach is based upon a determinant computation (see Lemma [6.1), which shows that the
eigenvalues of X, we are interested in are the solutions of the equation

£,(2) = det ( [61,)] _ -~ diagce;?, .., 9f1)) _o, )
with
Gl (2) = (ul,(z = X,)"'u}), (2)

where (-, -) denotes the usual scalar product in C".
By the law of large numbers for i.i.d. vectors, by [[10, Proposition 9.3] for uniformly distributed
vectors or by applying Theorem (with A" = (z — X,,)™1), it is easy to see that for any z outside
the bulk,

nlglgo Gsn’t(z) = HsztG,uX (2)
and hence it is clear that one should expect the eigenvalues of)?n outside of the bulk to converge to
the solutions of G, () = Gi_l if they exist. Studying the fluctuations of these eigenvalues amounts
to analyse the behavior of the solutions of around their limit. Such an approach was already de-
veloped in several papers (see e.g [[7] or [[12]]). However, to our knowledge, the model we consider,
with a fixed deterministic matrix X,, was not yet studied and the fluctuations of the eigenvalues
which stick to the bulk of X,, was never achieved in such a generality.

For the sake of clarity, throughout the paper, we will call “hypothesis” any hypothesis we need to
make on the deterministic part of the model X,, and “assumption” any hypothesis we need to make
on the deformation R,,.

Moreover, because of concentration considerations that are developed in the Appendix of the paper,
the proofs will be quite similar in the i.i.d. and orthonormalised models. Therefore, we will detail
each proof in the i.i.d. model, which is simpler and then check that the argument is the same in the
orthonormalised model or detail the slight changes to make in the proofs.

Notations. For the sake of clarity, we recall here the main notations of the paper:
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oA < e < A} are the eigenvalues of the deterministic matrix X,

° X’f < e < XZ are the eigenvalues of the perturbed matrix X, = X, + Zirzl Giu?u?*,

where r and the 6;’s are independent of n and deterministic and the column vectors u}' are random
and defined above,

erg€{0,...,r}issuch that 6; <--- <6, <0<0, 1 <=0,
o for z out of the spectrum of X,,, Gs”,t(z) =(ul,(z —Xn)_lu’g),
e for z out of the support of u, G, (z) = f édux(x),

e=—7>~L __>0andf=—=~-—<0,

lim, GMX (z) — lim,4, GMX(Z) -

e for any non null 6,
G,1(1/6) if 6 € (—00,0)U(8,+00),
po=1a if 6 €[6,0),
b if 6 €(0,0],
e p, is the number of i’s such that pyg > b, p_ is the number of i’s such that pg < a and

a; < -+ < a4 are the different values of the 6;’s such that pg, ¢ {a, b} (so that ¢ < p_ + p,, with
equality in the particular case where the 6,’s are pairwise distinct),

oyl . Y;f 4+p, are the rescaled differences between the eigenvalues with limit out of [a, b] and

their limits: _
VAT~ pg) if1<i<p.,
Yi =

VAL 4py4i — P ) if p_<i<p_+p,,

r=(p—+p4)+i

e for any x such that x <a or x > b, I, is the set of indices i such that pg, = x,

e for any j =1,...,q, k; is the number of indices i such that 6, = a;, i.e. k; = |Ipaj l.

2 Almost sure convergence of the extreme eigenvalues

For the sake of completeness, in this section, we prove Theorem In fact, we shall even prove
the more general following result.

Theorem 2.1. Assume that Hypothesis[1.1|and Assumption [1.2] are satisfied.

Let us fix, independently of n, an integer i = 1 and V, a neighborhood of pg, if i <1y and of a if i > r,.
Then i? € V with overwhelming probability.

The analogue result exists for largest eigenvalues: for any fixed integer i > 0 and V, a neighborhood of
po,_ ifi<r—rgandof bifi>r—ry, A, _; €V with overwhelming probability.
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By Lemma the eigenvalues of 5(71 which are not in the spectrum of X, are the solutions of the
equation
det(M,(2)) =0

with .
M, (z) = [G;ft(z)]s _ —diag(67,...,67),

the functions G{,(-) being defined in (). For z out of the support of uy, let us introduce the r X r
matrix
M(z) := diag(G, () — 01_1, ...... Gy, (2) — 9;1).

The key point, to prove Theorem is the following lemma. For A = [A, ;]} j=1 and r X r matrix,

we set |Al, :=sup; ; |A; ;.

Lemma 2.2. Assume that Hypothesis and Assumption are satisfied. For any &, > 0, with
overwhelming probability,

sup  |M(z) — M;(2)lo < €.
z,d(z,[a,b])>6

In the case where the 6;’s are pairwise distinct, Theorem [2.1] follows directly from this lemma
because the 2’s such that det(M(z)) = 0 are precisely the z’s such that for some i, G, (z) = and
because close continuous functions on an interval have close zeros. The case where the 0;’s are not
pairwise distinct can then be deduced by an approximation procedure similar to the one of Section
6.2.3 of [10].

Proof of Lemma The i.i.d. model. Fix R such that for all x € [a — 6/2,b+ §/2] and z € C with
2| >R,
1

z—X

5"

Then since the support of uy is contained in [a, b] and for n large enough, the eigenvalues of X,
are all in [a — 6/2, b+ 6/2], it suffices to prove that with overwhelming probability,

sup  IM(2) = My(3)loo <.
|z|<R,d(z,[a,b])>6

Now, fix some z such that |z| <R, d(z,[a,b]) > &, and n large enough. By Proposition with
= (z — X,,)"!, whose operator norm is bounded by 25!, we find that for any e > 0, there exists

¢ > 0 such that )
5_ _ 26
P ( = nl/Ze) <4 3

It follows that there are ¢, > 0 such that for all z such that |z| <R, d(z, [a, b]) > 6,

1
Gy, (z) — 1s=tHTr((z ~ X))

P(IM(2) — My(2)|o > £/2) < e

As a consequence, since the number of 2’s such that |z| <R and nz have integer real and imaginary
parts has order n?, there is a constant C such that

]P(SUPIM(Z) M,(2)lo > £/2) < Cn®e™ ",
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where the supremum is taken over complex numbers z = = k4 l; with k,l € Z, such that |g] <
R, d(z,[a,b]) > 6. Now, note that for n large enough so that the eigenvalues of X, are all in
[a — &/2,b+ 6/2], the Lipschitz norm for | - |, on the set of 2’s such that d(z, [a, b]) > & of the
function z — M,,(2) is less than iz max; ., |[ul'l||luf|l. Therefore, by Propositionagain with

overwhelming probability z — M, (z) is —‘F-L1psch1tz on this set. The function g — M(%) is

E-Llpschltz on this set, so, with overwhelming probability,

sup |M(2) = M(2)]o < max M, (2) — M(2)| oo + 8520712,
|z2|<R,d(z,[a,b])>5 lz|<R.d(z,[a,b])>5
nz€Z+i7

which insures that for n large enough,

P ( sup IM(2) — M,(2)|s > 8) < Cn%e"".
|z|<R,d(z,[a,b])>6

This concludes the proof for the i.i.d. model.

The orthonormalised model can be treated similarly, by writing U,, = W"G,, with /nW" a matrix
converging almost surely to the identity by Proposition O

3 Fluctuations of the eigenvalues away from the bulk

3.1 Statement of the results

Let p, be the number of i’s such that pg, > b and p_ be the number of i’s such that pg, < a. In

this section we study the fluctuations of the eigenvalues of X,, with limit out of the bulk, that is
(A" .., A AQ Cpat1r A). We shall assume throughout this section that the spectral measure of

X, converges to uy faster than 1/+/n. More precisely,
Hypothesis 3.1. For all z € {p,, ... P, }, vn(G,, (2) — G, (2)) converges to 0.

Our theorem deals with the limiting joint distribution of the variables y7, ... the rescaled

differences between the eigenvalues with limit out of [a, b] and their limits:

V(A = pg) if 1<i<p_

n
2 Yp_+p,

i =
NS tpyti PO pyn) fP-<I=<p_+p,
Let us recall that for k > 1, GOE(k) (resp. GUE(k)) is the distribution of a k x k symmetric (resp.
Hermitian) random matrix [gi’j]i.‘ j=1 such that the random variables {%gi’i ;1<i<kju{g;;;1=

i<j<k}(esp. {g;;;1<i<klU{v2R(g;;);1<i<j<k}u{v23(g;;);1<i<j<k}) are
independent standard Gaussian variables.

The limiting behaviour of the eigenvalues with limit outside the bulk will depend on the law v
through the following quantity, called the fourth cumulant of v

) f x*dv(x)—3 in the real case,
K =
4 f |z|*dv(z) — 2 in the complex case.
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Note that if v is Gaussian standard, then x4(v) =0

The definitions of the a;’s and of the k;’s have been given in Theorem and recalled in the
Notations gathered at the end of the introduction above.

Theorem 3.2. Suppose that Assumption [1.2|holds with k4(v) = 0, as well as Hypotheses[1.1|and
Then the law of

(Ynz:j—lk Lo 1SS kigj<q

converges to the law of (4;;,1 < i < kj)1<j<q, With A, ; the ith largest eigenvalue of c, M; with
(My, ..., M) being independent matrices, M; following the GUE(k;) (resp. GOE(k;)) dzstrlbutlon ifv
is supported on the complex plane (resp. the real line). The constant c, is given by

1
J (pa—x)"2dpx (x)

2
¢t = 4
a f dux(x) 1 “4)
(Pa*X)z a?

(J () 2dpx ()

in the i.i.d. model,

in the orthonormalised model.

When k4(v) # 0, we need a bit more than Hypothesis namely

Hypothesis 3.3. For all z € R\[a, b], there is a finite number 1(z) such that

i (E =X — () in the i.i.d. model,
%Z?zl(((z X)) Vi — %Tr((z -X,)™H)? - [(z) in the orthonormalised model.

We then have a similar result.

Theorem 3.4. In the case when Assumption [1.2|holds with k4(v) # 0, under Hypotheses[1.1] [3.1]and

3| Theorem ﬂstays true, replacing the matrices c, M by matrices c, M+ D; where the D;’s are
ependent diagonal random matrices, independent of the Mj’s, and such that for all j, the dlagonal

entries of D; are independent centred real Gaussian variables, Wlth variance —l(paj)K4(V) / Gux (paj)

3.2 Proof of Theorems and

We prove hereafter Theorem and we will indicate briefly at the end of this section the minor
changes to make to get Theorem The main ingredient will be a central limit theorem for
quadratic forms, stated in Theorem in the appendix.

Forie {1,...q} and x € R, we denote by M"(i, x) the r x r (but no longer symmetric) matrix with
entries given by

[M"(i, x)];, =



We set pl(x) := pg, + ‘/iﬁ

The first step of the proof will be to get the asymptotic behavior of M"(i, x).

Lemma 3.5. Let i € {1,...q} and x € R be fixed. Under the hypotheses of Theorem M™(i,x)
converges weakly, as n goes to infinity, to the matrix .# (i, x) with entries

G;X(pai)(xILS:t —Cp, ng.), ifse Ip, >
(l_els) Ty, ifs¢lpai,

i

(1, x)]s,t = { (5)

with (ng )s (=1, a family of independent Gaussian variables with ng; ~ 4(0,2) and n, , ~ A(0,1)
when s # t in the real case (resp. ng ~ A(0,1) and R(n;,), 3(n, ) ~ A(0,1/2) and independent in
the complex case).

Proof. From (3)), we know that fors ¢ 1, ,

1 1 1
nh—pgo [M"(i, x)]s,t = (G,U,X(pai) - 9_) Loy = (a_ - 5) Liey. (6)

Lets €1, . We write the decomposition

L

. ; 1 . . .
M! (i, x) = vn (G;up;(x)) — ;nszt) = MU (%) + MU () + M (i, x)

1

where

M) = VA (o500~ X))~ L (R0 X)) ),
MIFG) = Lo (ST X)) = 2Ty, =X )

: 1 _
M) = Lo T, = X))~ G (0a)).
The asymptotics of the first term is given by Theorem [6.4] with a variance given by
.1 ; _
lim ~Tr((p},(x) —X,)"2) = ~G/, (pa,). 7
n—oo n

As p,, is at distance of order one from the support of X, we can expand x//n in Ms’?’tz(i,x) to
deduce that
lim M (i,x) = xG], (pg) st (8)
n—o0 ’ X !

Finally, by Hypothesis we have
lim M™*(i, x) = 0. 9
n—oo ’

Equations (6)), (7), (8) and (9) prove the lemma (using the fact that the distribution of the Gaussian
variables n, ; and n; , are symmetric). O
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The next step is to study the behaviour of (M"(i, x)) g as a process on R. We will show in particular
that the dependence in the parameter x is very simple. Let (n,);,=1 ., be a family of Gaussian
random variables as in Lemma and define the random process . (i,-) from R to .#,(C) with

.....

we have

Lemma 3.6. Leti € {1,...q} be fixed. The random process (M"(i,x)),cr converges weakly, as n—o0,
to M (i,-) in the sense of finite dimensional marginals.

Proof. This is a direct application of Rernark as it is easy to check that for any x,x’ € R,
1 x -1 x’ N ?
nh—{Eo;Tr (pai"'ﬁ_xn) - (pai +ﬁ—Xn) =0

The last point to check is a result of asymptotic independence, from which the in-
dependence of the matrices My, ..., M, will be inherited. In fact, the matrices
(M"(1,x1),...,M"(q,x4)) won’t be asymptotically independent but their determinants will.

O

Lemma 3.7. For any (x1,...,x,) € R4, the random variables
det[M"(1,x7)],...,det[M"(q, x,)]
are asymptotically independent.

Proof. The key point is to show that,

det (M0 = det (MG )eer,, ) [ (i - 1) +o(1), 10)

a, 6
S¢Ipa- L N
1
where the remaining term is uniformly small as x varies in any compact of R.

Then, as the set of indices I Payr s I, are disjoint, the submatrices involved in the main terms are
q

independent in the i.i.d case and asymptotically independent in the orthonormalised case.

Let us now show ((10). Firstly, note that by the convergence of M, (i, x) obtained in the proof of the
Lemma we have for all s, t € {1,...,r} such thats #t ors €1, ,forallx <1/2,

. 1
n* (Gs’ft(p;l(x)) — ]lszte—) - 0 (convergence in probability). (1D
S
By the formula

k; r . 1
der (i, =n¥ Y- sl ] 61, LD~ Lot ).
s=1 S

OES,
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it suffices to prove that for any o € S, such that for some iy € {1,...,r}\I, , o (i) # io,

r

k; . 1
nz l_[ (GS’ZU(S)(p;(x)) - ﬂszg(s)g) - 0 (convergence in probability). 12)
s=1 S

It follows immediately from (11) since for any k < 1/2, in the above product, all the terms with
index in I, are of order at most n™*, giving a contribution n~k*_and i, is not in I o, and satisfies
aj aj

o(iy) # iy, yielding another term of order at most n~*. Hence, the other terms being bounded

because p,iq(x) stays bounded away from [a, b], the above product is at most of order n~*%i+1) and
so taking k € (ﬁ, %) proves (12)). O

Now as we have that, fori € {1,...,q} and x € R,

ki
nz,

det[M"(i,x)] = f, (pai + %)

we can deduce from the lemmata above the following

Proposition 3.8. Under the hypothesis of Theorem the random process

(GG I G )
T ) e TR ) e

converges weakly, as n goes to infinity to the random process

1 1
/ k; _ . -
G/, (P, )idet(xI caiMl)Sll_[ (ai 95)
Pai xeR/ 1<i<q

in the sense of finite dimensional marginals, with the constants c, and the joint distribution of
(My, ..., M) as in the statement of Theorem
From there, the proof of Theorem [3.2]is straightforward.

Proof. Let

x1(1) < y1(0) <xp(D) < yo(D) <--- <y, (1) (A =<i=<q),
be fixed. Since, by Theorem for all € > 0, for n large enough, f, vanishes exactly at p_ +p,
points in R\[a — ¢, b + ], we have that

P [xg(i)<}fzin__11km+lZ <y, (1), Ve=1,...,k;, Vi=1,...q}
Ye(@) x(1) )
=P _ — o,Ve=1,...,k;,Vi=1,...
|:fn (pai+ \/ﬁ)fﬂ (pai+ ﬁ < > 5 > ™MD i > an
— [det (yg(i)l _Ca,-Mi) det (Xg(i)] — cal_Mi) <0,Vl=1,...,k;, Vi= 1,...,q,]

=P [x,(i) <Ae <y, VE=1,..,k, Vi=1,...,q, ]

O
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To prove Theorem 3.4] the only substantial change to make is in the definition (5)), in the case when
s€l, ,we have to put

[ (1,305 = Gy (P X Tyt = G, ) = Ka WP, ).

The convergence of [M" (i, x)]; , to [.# (i, x)];, is again obtained by applying Theorem

4 The sticking eigenvalues

4.1 Statement of the results

To study the fluctuations of the eigenvalues which stick to the bulk, we need a more precise infor-
mation on the eigenvalues of X,, in the vicinity of their extremes. More explicitly, we shall need the
following additional hypothesis, which depends on a positive integer p and a real number a € (0, 1).
Note that this hypothesis has two versions: Hypothesis |4.1|[p, a,a] is adapted to the study of the
smallest eigenvalues (it is the version detailed below) and Hypothesis[4.1][p, a, b] is adapted to the
study of the largest eigenvalues (this version is only outlined below).

Hypothesis 4.1. [p, a,a] There exists a sequence m,, of positive integers tending to infinity such that
m, =0(n%),

li 'fl Zn: 1 >1 (13)
[ n e Ay A A

and there exist 15 > 0 and n4 > 0, so that for n large enough

n
; < 2 M2 (14)
2 — 5
i=m,+1 ()LZ o A’?)
< 1
and — <p*, (15)
iy (A5 = A
Hypothesis [p,a, b] is the same hypothesis where we replace kg — A} by Az_p 41— A_iyp and

becomes

1 < 1 1
lim sup — Z - o Sg.

n—oo M, 4= Anpr1 T Mnitl

For many matrix models, the behaviors of largest and smallest eigenvalues are similar, and Hypoth-
esis [p,a,a] is satisfied if and only if Hypothesis [p,a, b] is satisfied. In such cases, we shall
simply say that Hypothesis [p, a] is satisfied.

For rank one perturbations and in the i.i.d. model, we will only require the two first conditions
and whereas for higher rank perturbations, we will need in addition (15) to control the
off-diagonal terms of the determinant.

Moreover, we shall not study the critical case where for some i, 6; € {6, 5}.
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Assumption 4.2. For all i, 6; # 6 and 6; # 6.

In fact, Assumption can be weakened into: for all i, 6; # 6 (resp. 9; # 6) if we only study the
smallest (resp. largest) eigenvalues.

The fact that the eigenvalues of the non-perturbed matrix are sufficiently spread at the edges to
insure the above hypothesis allow the eigenvalues of the perturbed matrix to be very close to them,
as stated in the following theorem.

Theorem 4.3. Let I, = {i € [1,r] : pg, = a} = [p— +1,10] (resp. I, = {i € [1,r] : py, = b} =
[ro+ 1,7 — p,]) be the set of indices corresponding to the eigenvalues i? (resp. Xz_r ) converging
to the lower (resp. upper) bound of the support of ux. Let us suppose Hypothesis Hypothesis
[r,a,a] (resp. Hypothesis [r,a, b]) and Assumptions[1.2]and to hold. Then for any o’ > a, we
have, for alli € I, (resp. i € Ip),

min  [AT - A <7

1<k<i+r-ry

~ /
resp. min A=Al <nTlte
(resp n—r+i—r0§k§n| n-rtt k| o )

with overwhelming probability.

Moreover, in the case where the perturbation has rank one, we can locate exactly in the neighbor-
hood of which eigenvalues of the non-perturbed matrix the eigenvalues of the perturbed matrix
lie.

We state hereafter the result for the smallest eigenvalues, but of course a similar statement holds for
the largest ones.

Theorem 4.4. Let (i?)izl be the eigenvalues of X, + Oujuj, with 6 < 0. Then, under Assumption

and Hypothesis[1.1} if and in Hypothesis[4.1|[p, a, a] hold for some a € (0, 1) and a positive
integer p, then for any a’ > a, we have

@ ifo<0, i'll converges to pg < a whereas nl_“/(ifﬂ

goes to infinity,

— A)1<i<p—1 vanishes in probability as n

(i) if 6 €(6,0), nl_“/(%? — A )1<i<p vanishes in probability as n goes to infinity,

(iii) Enstead of and in Hypothesis[4.1] [p, a, a], one supposes and in Hypothesis
4.1

[p,a,b] to hold, then nl_“l(kz_i — An_i)o<i<p vanishes in probability as n goes to infinity.

Theorem 4.5. Consider the i.i.d. model and let (11’.‘)121 be the eigenvalues of X,, + 2:21 O;u;u;. Let
p_ (resp. p,) be the number of indices i so that pg, < a (resp. pg, > b). We assume that Assumptions

and Hypothesis and and in Hypotheses [p,a,a] and [q,a,b] hold for
some a € (0,1) and integers p,q. Then, for all @’ > a, for all fixed 1 < i < p—(p_+r) and

0<j<p—(ps+r),
1—d' /% 1—a' /%
n¢ (A;_H - A and n—¢ (AZ_(MJFJ.) - Ag_j)
both vanish in probability as n goes to infinity.

Note that if p — (p_ +1) < 0 (resp. if p — (p, + 1) < 0), then the statement of the theorem is empty
as far as i’s (resp. j’s) are concerned. The same convention is made throughout the proof.

1635



4.2 Proofs

Let us first prove Theorem|4.3| Let us choose iy € I, and study the behaviour of XZ) (the case of the
largest eigenvalues can be treated similarly). We assume throughout the section that Hypotheses

[r,a,a] and Assumptions and are satisfied. We also fix a’ > a.

We know, by Lernrna that the eigenvalues of X,, which are not eigenvalues of X,, are the z’s such
that
det(M,(2)) =0, (16)

where .
M) =[GI ()] _ —diag(6,....67") (17)
and for all s, t,
Gl (2) = (ul,(z = X,) " 'uf).
Recall that by Weyl’s interlacing inequalities (see [[1, Th. A.7])
AZJ = A?O+r—ro'

Let ¢ be a fixed constant such that max;<;<, pg, < <a. By Theorem we know that

Lemma 4.6. With overwhelming probability, XZ) > (.

We want to show that is not possible on

1Sk5i0+r—r0

. _ /
Q, = {z € [{,kgﬁr_ro]; min [z —A;|>n I+a }

The following lemma deals with the asymptotic behaviour of the off-diagonal terms of the matrix

M, () of (17).

Lemma 4.7. For s # t and k > 0 small enough,

sup |G2t(z)| <n*® (18)

2€0,

with overwhelming probability.

The following lemma deals with the asymptotic behaviour of the diagonal terms of the matrix M,,(z)

of (17).
Lemma 4.8. Foralls=1,...,r, forall 6 >0, any 6 > 0,

sup <é (19)

z2€Q,

N 1
Gs,s(z) - 5

with overwhelming probability.
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Let us assume these lemmas proven for a while and complete the proof of Theorem By these
two lemmas, for z € Q,,, we find by expanding the determinant that with overwhelming probability,

det(M, (=) =] | (Ggs(z) - 91) +o(n™™), (20)

s=1 t

where the O(n™*) is uniform on z € ,,. Indeed, in the second term of the right hand side of

r 1 r
det(M(2)) =] | (G;;(z) - 5) + 2 sign(@)] [(61, @ — Lo,
s=1

s=1 i oeS,\{Id}

each diagonal term is bounded and each non diagonal term is O(n™*).

Since for all i, 6; # 0, and Lemma allow to assert that with overwhelming probability, for
all z € Q,, det(M,(2)) # 0. It completes the proof of the theorem. O

We finally prove the two last lemmas.

Proof of Lemma Let us consider z € 2, (z might depend on n, but for notational brevity, we
omit to denote it by z,). We treat simultaneously the orthonormalised model and the i.i.d. model
(in the i.i.d. model, one just takes W™ = I and replaces ||(G*(W™)T)||, by 4/ in the proof below).
Observe that if we write X;, = 0*D, 0 with D, = (A],..., A7) and O a unitary or orthogonal matrix,

Gl() = (,(z-X) up)
B Z": (Ouf);(Ouy),
— z — A?

The first step is to show that for any € > 0, with overwhelming probability,

1
max |[(Ou™),| <n”2%e, (21)
I<ns<r s

Indeed, with O; the lth row vector of O and using the notations of Section [6.2]
1 r

(Oug), = (O, 1) = IKGrwmT,ll, &

W' (0, g2).

But g — (0O, g") is Lipschitz for the Euclidean norm with constant one. Hence, by concentration
inequality due to the log-Sobolev hypothesis (see e.g. [[I, section 4.4]), there exists ¢ > 0 such that
forall 6 > 0,

P ({01, ") > 6) < 4e"

so that
P ( max [(Op, gl")| > nf) < 4nte~n”,

I<n,s<r

From Proposition we know that with overwhelming probability, [[(G"(W™)T);]|, is bounded
below by v/nn~¢ and the entries of W™ are of order one. This gives therefore (21).
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We now make the following decomposition

6.z = ?:(Ou?)z(olt?)ur 2”: (OU?)z(OU?)l.

_ n — n
=1 z )Ll I=m,+1 z Al
=A,(2) :=B,(z)

1

Note that as |(Ou');|,1 < < m,, are smaller than n~ 2t by (21)), for any €’ > 0, with overwhelming
probability, we have, uniformly on z € Q,,
\AH(Z){ < mnnl—a’n—1+2e’ — O(na—a’+26’)
We choose 0 < €’ < (o’ — a)/4 and now study B, (z) which can be written
By(2) = (u, P(z — X,) ™' Pu})

with P the orthogonal projection onto the linear span of the eigenvectors of X, corresponding to the

eigenvalues A7 . ,,..., ;. By the second point in Proposition with z € Q,,, for all s # ¢,

P (|<g:,P(z —X,)"'Pgl)| = W Tr(P(z — X)) + kv Tr(P(z —Xn)—“))
< 4e—c52 +4e—cmin(r<,1<2)'
Moreover, by Hypothesis for n large enough, for all z € Q,,,
Tr(P(z — X,,) %) < n®>™" and Tr(P(z — X,,)~%) < n*" ",

We deduce that there is C,n > 0 such that for all z € Q,,,

1
P O;(gs”,P(z —X,) 'Pgh

> n—"ZQ”“) < Ce ™ (22)

A similar control is verified for s = t since we have, by Proposition

1 1 .
g (‘mgs,P(z —X)'Pg) = T (P - X)) | 2 5) = )

whereas Hypothesis insures that the term %Tr(P(z —X,)™1) is bounded uniformly on ©,. Thus,
up to a change of the constants C and 7, there is a constant M such that for all z € Q,,,

1
r (’_<gs;P(Z_Xn)_1Pgs> > M) < Ce—n”.
n

Therefore, with Proposition and developing the vectors u’s as the normalised column vectors of
G*(W™T, we conclude that, up to a change of the constants C and 7, for all z € Q,,,

P (|Bn(z)| > n—Lsm‘) <ce . (24)
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Hence, we have proved that there exists k > 0,C and 7 > 0 so that for all z € Q,,,

P

We finally obtain this control uniformly on z € Q,, by noticing that z—G?' () is Lipschitz on £, with

n

G ()] zn) < ce

constant bounded by (min |z — A;])72 < n2-2¢ Thus, if we take a grid (2 )o<k<cn2 Of 2, with mesh
< n~2t2¢'=¥ (there are about n? such z;’s) we have

+nx.

GS”’t(z)‘ < max
1<k<cn?

2€Q,

Since there are at most cn? such k and n? possible i, j, we conclude that
P (sup IGZt(z)I > 2n_K) <c?n*ce™
2€Q,
which completes the proof. O
Proof of Lemma We shall use the decomposition
_ -1 -1
G7(2) = (ul, P(z — X,) ' Pul) + (uf, (1 - P)(z — X,)"'(1 - P)u), (25)

with P as above the orthogonal projection onto the linear span of the eigenvectors of X,, correspond-

ing to the eigenvalues A" M1 ., A", and then prove that for z € Q,,,

_1 ~
(uy,P(z —X,) Puy) ~

D] =

whereas

W, (1-P)(z —X,)"'(1—P))

. 11— P)ufl3
ming <<y, |2 — A7 N

~~ ~n~1rank(1-P)
Snl_a/

~ n_"‘/mn = O(n“_“/) =o(1).

Let us now give a formal proof. Again, we first prove the estimate for a fixed z € Q,,, the uniform
estimate on z being obtained by a grid argument as in the previous proof (a key point being that
the constants C and 7 of the definition of overwhelming probability are independent of the choice of
z2€Q,).

First, observe that (13) implies that for any sequence ¢, tending to zero,

1 & 1 1
lim  sup - Z ——(=0. (26)

n
n—>ooa£<z<kn n1m+1z_li Q

Indeed, for all € > 0, for n such that A2 and a — ¢, are both > a — €, we have, for all z € [a —¢,,, A;],

1 I 1 1 L 1
- < _ -
A“ A”_ Z z—?t”_n Z a—e—k?’

l m,+1 i i=m,+1
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so that and

n

limli ! Z ! lim G, (a —¢€)
m iimsup — —— = 11Im a—e€)=
€elo n_mpni:m Ha—e—k? elo M

D]~

imply (26).

So let us consider z € Q, (z might depend on n, but for notational brevity, we omit to denote it by
z,). By the inequality |z — A}| > n~'** for all 1 <k <m, and (25), we have

Gl (2) = (ul, P(z —X,) 'Pul)

<n' T = Pl

(27)
But as in the previous proof, we have

S
n
(uy,P(z —Xn)_lPu?) = "

1
=—————— % W'W'—(gl,P(z—X,) 'Pg"
(G (W™)T),|I2 Zzl svistp et n v

with, by @2), the off diagonal terms t # v of order n~"2""4/8 with overwhelming probability,

whereas the diagonal terms are close to %Tr(P(z —X,)™!) with overwhelming probability by (23).
Hence, we deduce with Proposition [6.2] that for any 6 > 0,

1
(!, Pz = X)) Pug) = —Tr(P((z = X)) <&
with overwhelming probability. Hence, by (26)), for any 6 > 0
n -1 n 1
(ug,P(z —X,) "Pug) — ] <6 (28)
with overwhelming probability. On the other hand
1 ! N
1 =P} = s > WIW (1= P)gl, (1 - P)g))
2 G wmT) 2 t,vzzll S ‘

By Proposition|[6.3] the denominator is of order n with overwhelming probability, whereas by Propo-

sition the numerator is of order m, + n®,/m,, (since Tr(1 — P) = m,,) with overwhelming prob-
ability. As W" is bounded by Proposition [6.3| we conclude that

m

I = Pyl <2—= (29)
with overwhelming probability. Putting together Equations (27)), and (29), we have proved
that for any z € ,,, any 6 > 0,

<6

n 1
Gs,s(z)_ 5

with overwhelming probability, the constants C and 7) of the definition of overwhelming probability
being independent of the choice of z € Q,, We do not detail the grid argument used to get a control
uniform on z because this argument is similar to what we did in the proof of the previous lemma.

O
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Proof of Theorem In the one dimensional case, the eigenvalues of X,, which do not belong to the
spectrum of X, are the zeroes of

1 1
fn(z) = E(g: (Z _Xn)_lg) - gn(g)g (30)

with ¢,(g) =1 or || gll% /n according to the model we are considering. A straightforward study of
the function f,, tells us that the eigenvalues of X,, are distinct from those of X, as soon as X,, has no
multiple eigenvalue and

(matrix of the eigenvectors of X,,)* X g

has no null entry, which we can always assume up to modify X,, and g so slightly that the fluctuations
of the eigenvalues are not affected. We do not detail these arguments but the reader can refer to
Lemmas 9.3, 9.4 and 11.2 of [[I1]] for a full proof in the finite rank case.
Therefore, characterises all the eigenvalues of X,,. Moreover, by Weyl’s interlacing properties,
for 6 <0, N _ _

A <AT<AT <A << AT <AL
Theorems and E thus already settle the study of 7NL’11 which either goes to pg or is at distance
O(n‘”"‘/) of A} depending on the strength of 6. We consider a’ > a and i € {2,...,p} and define

A, = ]A?_l +n 1t Al — n e [

Note first that if A, is empty, then the eigenvalue of X,, which lies between Al and A is within
n~1+% to both A, and A}, so we have nothing to prove. Now, we want to prove that f,, does not
vanish on A,, and that according to the sign of % - %, it vanishes on one side or the other of A,
in JA! ;, A7[. This will prove (i) and (ii) of the theorem. Part (iii) can be proved in the same way,
+ n—1+a" A’Z—i _ n—1+a’ I:
The proof of this fact will follow the same lines as the proof of Lemma |4.8| and we recall that
P was defined above as the orthogonal projection onto the linear span of the eigenvectors of X,

proving that with overwhelming probability, f,, does not vanish in J An_iq

corresponding to the eigenvalues A7 . ,,...,A}. Then, exactly as for (28), we can show that for all
0>0,
1 i 1
sup |—(g,P(z—X,) " Pg)—4|<0
ze[aln] |1 (%
with overwhelming probability. Moreover, for any z € A, for any j =1,...,m,, we have

. -1 /
|z = A} = min{z — A7 ,Af —z} >n tao

so that

sup <n~%(g,(1-P)g).

Z€EN,

By Proposition we deduce that for any € > 0,

1
;@Al—m&—XJ*G—Pk>

_ /
sup <n‘n"%m,

2€EA,

1
;@Al—ﬂ@—xgﬂu—Pm>
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with overwhelming probability. We choose € in such a way that the latter right hand side goes to
zero. Therefore, we know that uniformly on A,,,

1 1
falz) = ) +0(1)
with overwhelming probability. Since for all n, f,, is decreasing, going to 400 (resp. —00) as z goes
1

to any A!; on the right (resp. A} on the left), it follows that according to the sign of i é, the zero

of f, in JAT |, A[ is either in JA? |, AT | + =t orin JAl - n‘”“l,)L?[. O

Proof of Theorem For each £ =0,...,r, let us define

14
—0 "
Xn( ) =X, + E Ouj'u?
i=1

and denote its eigenvalues by i(ll) nSREREEY < X%). We also define
¢ .
p(_) = #H{i=1,...,¢; pg, <a},
¢ .
pi) = #{i=1,...,¢; pg > b}.

—(
pg) and pg) are respectively the numbers of eigenvalues of Xn( ) with limit < a and > b. We also
set

n S (=1\-1 n
O = ),z - X, )1ue>—6—£.

Of course, as before, the eigenvalues of Xvn(g) are the zeros of fn(“.

Let us also choose {, < a and {}, > b such that
{q > max{pg ; pg. <a} and {p <min{pg ; pg, > b}.

First, as in the proof of Theorem up to small perturbations, one can suppose that for all £ =
“ are pairwise distinct and for all £ = 1,...,r, the eigenvalues of
— (0 —(—

Xn( ) are distinct from those of Xn( 1).

0,...,r, the eigenvalues of )?n

Now, let us state a few facts:

(a) For all ¢, there is a constant M such that the extreme eigenvalues of Xvn(z) are in [—M, M ] with
overwhelming probability (this follows from Theorem [2.1).

(b) Moreover, for each £, for each i < k, by Weyl’s interlacing inequalities,

1

0 5(0) S"’(é—l) F-1)°
_)Lk—l Ai _Ak

=20
A'i+1

which implies, by induction over ¢, that 5(71(8) satisfies the first part Hypothesis and and
(14) in Hypotheses|4.1|[p — ¢, a,a] and [q — ¢, a, b].

We only consider the i.i.d. model, so each )’(Vn“) can be deduced from )’(Vn(lil) by adding an indepen-
dent rank one perturbation.
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In the case where all the 6,’s are in [0, 8], also the extreme eigenvalues of 5{;(” stick to the bulk and
therefore the full hypothesis holds at each step. In this case we can simply apply Theorem
inductively to prove the theorem. The appearance of spikes is in fact not a problem as Theorem
insures that for all £, the eigenvalues of X ,(f) are close to the eigenvalues of X,, simultaneously with
overwhelming probability, whereas Weyl’s interlacing properties and as in the previous proof discus-
sions on the sign of the functions f,, allows to localise in the neighborhood of which eigenvalues of
X, the eigenvalues of X,(f) lie.

Let us detail a bit this argument. By using (a) and (b) above and following the proof of Lemma {4.8]
)] )]

one can easily prove that forall{ =1,...,r,foranyi=p>’,...,p—{ (resp. j=p,’,...,q — 1), for
any 6 > 0, for

Q, =] max{kl@_)l ,{ b +n e AEZ) | (31)

(resp. Q, ::]I&f_)j + n_HO‘/,min{%&f_)],rl L Cpl—nT ), (32)

with overwhelming probability,

OIS G I P 33
sup (ug:(z_ n ) ue>_5 = (33)
2€0Q, Z
n T U= _1 n 1
(resp. sup [(uy,(z — X, ) uy) —=|<6). (34)
2€Q, 0
— (0 —(—
Let us now fix £ € {1,...,r} and compare the eigenvalues oan( ) to the ones oan( 1).
We suppose for example that 6, > 0.
Then by Weyl’s inequalities, we have
AU LFO LFED L FO oL FED GO Fen S FO,

e Let us first consider the smallest eigenvalues. Under the overwhelming event (33), fn(” <0
on any interval 2, as defined in (31)). So, since fn“) is decreasing and vanishes exactly once

on ]il@__ll), Zl@_l)[, its zero igz_)l is within n=1*¢ from Xfe__ll)

e Let us now consider the largest eigenvalues. Under the overwhelming event (34)), fn(e) has the

same sign as % - el on any interval ,, as defined in (32)), so Xff_)j is within n~ % from zg——jl)
L

if 6, < 0 and sz_) j is within n~ 1 from igf__]lfl if 6, > 6.

—1+a’

To conclude, up to n errors, each perturbation by a positive rank one matrix 9[11?11?* does

move the smallest eigenvalues and translates each largest one to the following eigenvalue if 6; > 0
and does not move the largest eigenvalues if 6, < 0. Of course, the analogue result holds for
perturbations by negative rank one matrices.

The theorem follows. O
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5 Application to classical models of matrices

Our goal in this section is to show that if X,, belongs to some classical ensembles of matrices, the
extreme eigenvalues of perturbations of such matrices have their asymptotics obeying to Theorems
and For that, a crucial step will be the following statement. If (X,,) is a sequence of
random matrices, we say that it satisfies an hypothesis H in probability if the probability that X,
satisfies H converges to one as n goes to infinity (for example, if H states a convergence to a limit £,
“H in probability" is the convergence in probability to £).

Theorem 5.1. Let (X,,) be a sequence of random matrices independent of the u'’s. Under Assumption

1.2
1. If Hypothesis[1.1| holds in probability, Theorem [2.1] holds.

2. If k4(v) = 0 and Hypotheses [1.1| and [3.1] hold in probability, Theorem holds. If k4(v) # 0
and Hypotheses[1.1]and [3.3| hold in probability, Theorem [3.4| holds.

3. Under Assumption if Hypotheses and [4.1] hold in probability, Theorem holds “with
probability converging to one” instead of “with overwhelming probability”; Theorems and

Corollary [4.5| hold.

This result follows from the results with deterministic sequences of matrices X,,. Indeed, to prove
that a sequence converges to a limit ¢ in a metric space, it suffices to prove that any of its
subsequences has a subsequence converging to £. If the convergences of the hypotheses hold in
probability, then from any subsequence, one can extract a subsequence for which they hold almost
surely. Then up to a conditioning by the o-algebra generated by the X,’s, the hypotheses of the
various theorems hold.

The remaining of this section is devoted to showing that such results hold if X,,, independent of
(u}')1<i<,» is @ Wigner or a Wishart matrix or a random matrix which law has density proportional
to e~V for a certain potential V. In each case, we have to check that the hypotheses hold in
probability.

5.1 Wigner matrices

Let u, be a centred distribution on R (respectively on C) and u, be a centred distribution on R, both
having a finite fourth moment (in the case where u; is not supported on the real line, we assume
that the real and imaginary part are independent). We define o2 = f e lz|2du, (2).

Let (x;;);j>1 be an infinite Hermitian random matrix which entries are independent up to the

condition x;; = X;; such that the x;;’s are distributed according to u, and the x; ;’s (i # j) are

Jii i,j

distributed according to u;. We take X, = which is said to be a Wigner matrix. For

1 n
7 X ]
certain results, we will also need an additional hypothesis, which we present here:

Hypothesis 5.2. The probability measures w; and u, have a sub-exponential decay, that is there exists
positive constants C,C’ such that if X is distributed according to uq or s, for all t > C’,

P(|X|>t¢) <e.

Moreover, uq and u, are symmetric.
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The following Proposition generalises some results of [|36} [18] 12| [13]] which study the effect of a
finite rank perturbation on a non-Gaussian Wigner matrix. In particular, it includes the study of the
eigenvalues which stick to the bulk.

Proposition 5.3. Let X, be a Wigner matrix. Assume that Assumption holds. The limits of the
extreme eigenvalues of X, are given by Theorem and the fluctuations of the ones which limits are
out of [—20,20] are given by Theorem where the parameters a, b, pg, c, are given by the following

formulas : b=—a =20,
2

0+Z if|0]>o0,

P =1 20 ’ if0<6 <o,
—20 if —o0 <6 <0,
and
a?— o2 intheiid. model,
Cq =
ova?—o?

” in the orthonormalized model.

Assume moreover that, for all i, 6; & {—o, 0} and Hypothesis holds. If the perturbation has rank
one, we have the following precise description of the fluctuations of the sticking eigenvalues :

e If0 >0 (resp. 0 < —0), forall p > 2, HZ/S(XZ_IJH — 20) (resp. nzm@; + 20)) converges in
law to the p — 1th Tracy Widom law.
e [f0< O <0 (resp. —0<60=<0), forallp > 1, n2/3(7tg_p+1 — 20) (resp. n2/3(7NLg +20))

converges in law to the pth Tracy Widom law.

If the perturbation is rank more than one and Assumption holds, the extreme eigenvalues of X,, are
at distance less than n~'*¢ for any € > 0 to the extreme eigenvalues of X,, which have Tracy-Widom
fluctuations. We can localize exactly near which eigenvalue of X,, they lie by using Theorem in the
i.i.d model.

Remark 5.4. All the Tracy-Widom laws involved in the statement of the proposition above, are the ones
corresponding respectively to the GOE if u, is supported on R and to the GUE if u, is supported on C.

According to Theorem it suffices to verify that the hypotheses hold in probability for (X,,),>1-
We study separately the eigenvalues which stick to the bulk and those which deviate from the bulk.
eDeviating eigenvalues.

If X,, is a Wigner matrix (that is, with our terminology, with entries having a finite fourth moment),
the fact that X,, satisfies Hypothesis in probability is a well known result (see for example [[4]
Th. 5.2]) for uy the semicircle law with support [—20,20]. The formulas for py and c, can be
checked with the well known formula [[I, Sect. 2.4]:

Vz e R\[-20,20], G, (z)=

(35)

z —sgn(z)V 2% — 402
202 '

Moreover, [|5, Th. 1.1] shows that Tr(f(X,)) — nf f(x)do(x) converges in law to a Gaussian
distribution for any function f which is analytic in a neighborhood of [—-20,20]. For any fixed
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2 ¢ [—20,20], applied for f(t) = i, we get that n(G,, (2)—G,,, () converges in law to a Gaussian
distribution, hence ‘/H(Gun (z) — G, (2)) converges in probability to zero, so that Hypothesis
holds in probability.

eSticking Eigenvalues.

We now assume moreover that the laws of the entries satisfy Hypothesis In order to lighten
the notation, we shall now suppose that o = 1. Let us first recall that by [41], 39], the extreme
eigenvalues of the non-perturbed matrix X,, once re-centred and renormalised by n?/3, converge
to the Tracy-Widom law (which depends on whether the entries are complex or real). We need to
verify that Hypothesis [4.1[p,a] for any finite p and an a < 1/3 is fulfilled in probability. By [41]],
the spacing between the two smallest eigenvalues of X, is of order greater than n~" for y > 2/3
with probability going to one and therefore, by the inequality

a 1 & 1

1—k —
> Go )k_(zpﬂ Atk Y T (k=2 or4),

i=m,+1 i=m,+1

it is sufficient to prove the first point of Hypothesis [4.1]p,a]. We shall prove it by replacing first
the smallest eigenvalue by the edge —2 thanks to a lemma that Benjamin Schlein [40] kindly com-
municated to us. We will then prove that the sum of the inverse of the distance of the eigenvalues
to the edge indeed converges to the announced limit, thanks to both Soshnikov paper [41] (for
sub-Gaussian tails) or [39] (for finite moments), and Tao and Vu article [42].

Lemma 5.5 (B. Schlein). Suppose the entries of X,, have a uniform sub-exponential tail. Then for all
6 > 0, for all integer number p,

1 1 1
im P | = > — n—— ——|>5 | =0.
n—00 j_p+1k =25 n; p+1k +2
Proof. We write
S Aj—AL n p+17un+2 n p+1(7un Ap)(A7 +2)

Hence for any K; > 0,

< ]P(|Ag +2| > Kyn??)

1
> & and |27 +2| <Kjn 23 | 36
+P 5/3 ;”(A" AT+ 2)] and AT + 2| < Kin (36)
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Now, for any K, > K;, on the event {I)L; + 2| < Kyn~%/3}, for any « > 0, we have

K, 2”: 1 Z N [2Kon ™23 407", 2Kon ™23 + (0 + 1)n™]
ns/3 A |(}L" A;)OL?*‘ZN = n5/3 (Kzn_2/3 +Kn_’<)2
1, j+2<2K,n~2/3
n5/3 Z ’ (37)
= 108 = AT +2)

where A, [a, b] :={{i; =2+ a < A < -2+ b}. Note that, from the upper bound on the density of
eigenvalues in microscopic intervals, due to [[I5, Theorem 4.6], we know that for any k < 1, there
is a constant M independent of n so that for all £ > 1

E(AN, [2Kon ™23 + 407", 2K,n ™22 + (L + 1D)n*]) < Mn' %, (38)

Letus fixk € (%, 1). It follows that the first term of the r.h.s. of can be estimated by

Ry 3 A [2Hon 25+t 2on 25+ (¢ Do) 6
n5/3 = (Kzn—2/3 +£n—;<)2 - 2

2K, f E(A,[2Kon~2/3 +4n7%, 2Kon ™23 + (L + 1)n ™))

~ &nd3 = (Kyn=2/3 4+ 4n=")2

o 2MK _+ZOO: 1

= &n?Pn 4 (Kyn —2/3 4 gn=x)2

- 2MK, 1 N 2MK1f dt

T 6n?B nN(KnT2BY 0 sni o (t —I—Kzn_%)2

2MK; 2MK;

< . 3
T 8KIn<2/3 * 6K, (39)

Let us now estimate the second term of the r.h.s. of (37). For any positive integer K3, we have

15n

|A7+2|<2K. 2/3 o)

P 5/3 Z |( )L”)()i:+2)| ZE
j=p+1 p/

IA

P (Ap(—00,2Kon 2] > K;3) + P Kiks ! -2
n E] 2 = I3 n5/3 minp+1§j§K3 |(l;l - AZ)(A;I + 2)' -2

N/2K1K3n—5/6)

IA

P (Al’g < —2+2K2n_2/3) +P ( min IA” +2| <

p<j<Ky V6
\/2K;Kyn=>/®
P (m; — Al S ——=—— (40)
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From (36)), (37), and (40), we conclude that

E — >5
n n n -
_p+1k — Al n]pH?L +2

2MK;
6Ky

/2K K;n—5/® MK /2K K.n"5/®
+IP( = )+5 Lip - Y

min AT+ 2| <
i Arals —= K 73

< P(A}+2] 2 Kin2P)+ —— + P (A, < —2+2K,n %)

for arbitrary 0 < K; < K5 and K3 > 1. Taking the limit n — oo, the last two terms disappear,
because by [42] Th. 1.16], the distribution of the smallest K5 eigenvalues lives on scales of order
n=2/3 > n=5/6_ Therefore,

- 12”: 1 12”: 1|,
oo | [n&d AT AT n AT+ 2|
j=2"] j=2"]

K
S+ lim P (A, < —2+2K,n "%,

n—o0
2

. n _2/3 2M
< lim P(|AT +2| > Kyn /7)) +
n—o0

still for any 0 < K; < K3 and K3 > 1. Now, note that for K; large enough, the first term can be made
as small as we want. Then, keeping K; fixed, K, can be chosen in such a way to make the second
term as small as we want too. At last, keeping K, fixed, one can choose K5 large enough to make
the third term as small as we want (as can be computed since the limit is given by the K5 correlation
function of the Airy kernel). O

To complete the proof of Hypothesis we therefore need to show that

Lemma 5.6. Assume that the entries of X, satisfy Hypothesis Then, for any 6 > 0, any finite
integer number p,

1S 1
im P ||~ > o =1/>6 | =0
im Z e

n—o0
]—p+1

Proof. Notice that by [[41], [39] we know that the p smallest eigenvalues of X, converge in law
towards the Tracy-Widom law, so that

lim lim P ( min |7L”+2| <en 2/3) =0.

€l0 n—o0 1<j<p

Thus, for any finite p, with large probability,

- <pe ‘n s
n o4 AT+ 2]
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and therefore it is enough to prove the lemma for any particular p. As in the previous proof, we
2
choose p large enough so that A" > —2+n" 3 with probability greater than 1 —&(p) with 6(p) going

1 [yn] 1
<0. (41)

to zero as p goes to infinity. We shall prove that with high probability

lim lim —
yl0 n—00 Tl An +2

This is enough to prove the statement as for any y > 0, 2 + A7 | converges to 6(y) > 0 so that

ux([6(7),2]) =1 —y, see [43, Theorem 1.3]
nooo S|
J —dnu’X(x),

1

lim — L

im - > M+ 2 2+ x
ny] 1

nmeen i=[ o(r)

which converges as y goes to zero to f(2 +x) 'duy(x) = 1 (by e.g. @B5)). To prove (#I), we
_2 _ .

+1

choose p €(2/3,4/2/3) and write, on the event A7 +2>A"4+2>n"3 >n"* for j > p,
1 bnl [yn] 1/1,1> 9in-pK
pk-1 —p* _—p*t i —.
< Z nfP A [P, n —|—Z "+ 2) =:A, +B,.

. Z ;
A 1<k<K
For the first term, we use Sinai-Soshnikov bound, which under the weakest hypothesis are given
It implies that with probability going to one with M going to infinity, for

in [39, Theorem 2.1].
s, = o(n??) going to infinity,
nAT n
2 - 3
i=1 Sr%
=n*""" that

Ar

1

_3
<eMn'"2P

This implies, by Tchebychev’s inequality and taking s, = n
n

>1-—nF" } <(@-n?T)y

i=1

A[n =P, nP"] <u{

Consequently we deduce that
A, <eM Z nP 2™ <

which goes to zero as p > 2/3. For the second term B,,, note that by [42, Theorem 1.10], for any

n e+ 1)] —nux([—2+n"%, -2+ n (L + 1)])| < n' 0@

€ > 0 small enough,
| A e, n” -
with 6(¢) = 26181. “4,—2+n"cUL+1)])~ n V1, we deduce for e small
enough that forall £ > 1,
A nl,n (L +1)] < o3 \/Z

This allows to bound B,, by
[yn®

B<2

1.
_n_ 2

£<2f —=dx =247

which goes to zero as n goes to 1nﬁn1ty and then y goes to zero
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5.2 Coulomb Gases

We can also consider random matrices X,, which law is invariant under the action of the unitary or
the orthogonal group and with eigenvalues with law given by

1 n L
dP,(Ars- oo 2n) = — A Pe PR VOO T Td 2, (42)
Z” i=1

with a polynomial function V of even degree and positive leading coefficient and # = 1,2 or 4.
We assume moreover that V is such that the limiting spectral measure u, of (X,,) is connected and
compact and that its smallest and largest eigenvalues converge to the boundaries of the support.
This set of hypotheses is often referred to as the “one-cut assumption”. It holds in particular if V is
strictly convex and this includes the classical Gaussian ensembles GOE and GUE (with V(x) = x2/4
and 8 =1,2).

Proposition 5.7. Under the above hypothesis on V, the extreme eigenvalues of X, converge to the
boundary of the support. The convergence of the extreme eigenvalues of Xvn is given by Theorem
These eigenvalues have Gaussian fluctuations as stated in Theorem if they deviate away from the
bulk.

Suppose moreover that Assumption holds.

If the perturbation is of rank one and is strong enough so that the largest eigenvalues deviates from the

bulk, for all k > 2, the rescaled kth largest eigenvalue ni(I;_k +1 — by) converges weakly towards the
k — 1-th Tracy Widom law. If the perturbation is of rank one and is weak enough, for all k > 1, the
rescaled kth largest eigenvalue ni(ig_k +1 — by) converges weakly towards the k-th Tracy Widom law.
If the perturbation is of rank more than one, the extreme eigenvalues of X, sticking to the bulk are at
distance less than n~ ¢ for any € > 0 from the eigenvalues of X,. In the i.i.d model, Theorem

prescribes exactly in the neighborhood of which eigenvalues of X,, each of them lie.

Proof. As explained above, it suffices to verify that the hypotheses hold in probability for (X,,),>1.

Note that the convergence of the spectral measure, of the edges and the fluctuations of the extreme
eigenvalues were obtained in [47]. The fact that /n(G, (2) — Gi(2)) converges in probability to
zero is a consequence of [28] so that Hypothesis|3.1| holds.

We next check Hypothesis [4.1 p,a] for the matrix model P,. We shall prove it for any a > 1/3 and
any integer p. We first show that

1 1
lim | —Z . = —V'(ay). (43)
wmeo | e 2T =28
Indeed, the joint distribution of (AY,...,A") is
1 n
_ﬁe—n2i=1 V() l_[ (A — lj)ﬁﬂAndM'“dlm
Zy 1<i<j<n

with f =1,20r 4, Zf is the normalising constant and A, = {A; <--- <A, }.
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Therefore,

1 " i L
E|B = | BV _—_ (A; — A)PdA,---dA,,
;ln ln Zf A, 3}\47 15!:][511 l ’ "
1f 0 n L
= — | 2 (e mBXiLVQ) (A, —A)PdA, ---dA
e 1 B
zp Anakp( )151;[9 s "
= —npE[v'(AD)],

by integration by parts. Equation (43) follows, since A’P} converges almost surely to a;, (and concen-
tration inequalities insures V' (A;‘) is uniformly integrable). But, for any € > 0,

_an An —_Zeww AR

i#p

with, by convergence of the spectral measure and of )LZ, the right hand side converging to

—G,, (—ay — €) which converges as e decreases to zero to —G, (—ay) = —V’(ay). Hence,

%Zi £p ﬁ is bounded below by —V’(ay) with large probability for large n, and converges in
i

expectation to —V’(ay ), and therefore converges in probability to —V’(ay ).

Moreover, by [47] (see [45]] in the Gaussian case), the joint law of
(nz/s(k'll —ay), nz/g(lg —ay),..., nz/s(kg - av))

converges weakly towards a probability measure which is absolutely continuous with respect to
Lebesgue measure. As a consequence, we also deduce from the first point that n™% (kg —k?)_l

vanishes as n goes to infinity in probability for m,, < n'/® and therefore proves the lacking point
of Hypothesis

For the two other points, observe that [47] implies that for any € > 0, P(|A5 — A7| < nse ) — 0.

n—o00

i<m,

On the event {|A] — A7| > n_g_e}, we have [A! — A]| > n"3 € forallie [2,n — 1], so that

ilgh 1
_Z(An e = Hzxg—/xq

i=2

1 1
-1+3
H4Z(Zn An)4—n GHZA’?_ATII

=2 "1

so that by and Markov’s inequality, Hypothesis 4.1/ holds in probability for any n < 1/3, n4 <1
and a > 1/3. O

5.3 Wishart matrices

Let G, be an n X m real (or complex) matrix with i.i.d. centred entries with law u such that
fzdu(z) =0, f |z|2du(z) = 1 and f |z|*du(z) < co. Let X, = G,G,/m.
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Proposition 5.8. Let n,m tend to infinity in such a way that n/m — ¢ € (0,1). The limits of the
extreme eigenvalues of )’(vn are given by Theorem and the fluctuations of those which limits are out of
[a, b] are given by Theorem where the parameters a, b, pg, ¢, are given by the following formulas:
a=(1-c) b=+ c)

0+52 if16—cl> Ve,
Pg:=1Db if |6 —c| <+/cand 6 >0,
a if|0 —c| < cand 6 <0,

and
a? (1 — (a_cc)z) in the i.i.d. model,
2=
(aa_zcc)z (1 - (a—cc)Z) in the orthonormalised model.

Assume now that the law of the entries satisfy Hypothesis If the perturbation has rank one, we have
the following precise description of the fluctuations of the extreme eigenvalues of X, :

e If 0 >c+ 4/c (resp. 6 <c—+/c), forall p > 2, nz/?’(ig_pﬂ — 20) (resp. nz/S(ZS —20))
converges in law to the p — 1th Tracy Widom law.
e If0< 6O <c++/c(resp. c—+/c <6 <0),forallp>1, n2/3(iz_p+1—20') (resp. n2/3(z;—20))

converges in law to the pth Tracy Widom law.

If the perturbation has rank more than one and for all i, 6; ¢ {c + +/c,c — 4/c}, the extreme eigenvalues
of X, are at distance less than n~ '€ for any e > 0 to the extreme eigenvalues of X,,, which have
Tracy-Widom fluctuations.

Before getting into the proof, let us make a remark. The Proposition above generalizes some results
first appeared in [[9},[19]. In these papers, the authors consider models with multiplicative perturba-
tions (in the sense that the population covariance ¥ matrix is assumed to be a perturbation of the
identity). Here, we consider additive perturbations but the two models are in fact similar, since a
Wishart matrix can be written as a sum of rank one matrices Z:n:l 0,Y;Y, with o; the eigenvalues
of ¥ and Y; n-dimensional vectors with i.i.d. entries. So, adding our perturbation 2;1 6;U;U; boils
down to change m into m + r (the limit of m/n is not changed) and to extend ¥ with some new
eigenvalues 64, ..., 0,.

Proof. Again, it suffices to verify that the hypotheses hold in probability for (X,,),>1-

It is known, [[32]], that the spectral measure of X,, converges to the so-called Mar¢enko-Pastur distri-

bution 1
duy(x) := mv (b—x)(x— a)]l[a,b](x)dx:

where a = (1 — 4/c)? and b = (1 + /¢)?. It is known, [4, Th. 5.11], that the extreme eigenvalues
converge to the bounds of this support. The formula

I — —r—1)2 —
GMX(Z)=Z+C 1 —sgn(z 22\/(2 c—1)*—4c (z € R\[a, b])
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allows to compute py and c,. Moreover, by [3, Th. 1.1] or [4, Th. 9.10], we also know that a
central limit theorem holds for the linear statistics of Wishart matrices, giving Hypothesis as in
the Wigner case.

For Hypothesis[4.1] the proof is similar to the Wigner case. The convergence to the Tracy-Widom law
of the non-perturbed matrix is due to S. Péché [[37] (see [33]] and [20] for the Gaussian case). The
approximation of the eigenvalues by the quantiles of the limiting law can be found in [[17, Theorem
9.1] whereas the absolute continuity property needed to prove Lemma is derived in [[17, Lemma
8.1]. This allows to prove Hypothesis in this setting as in the Wigner case, we omit the details.]

5.4 Non-white ensembles

In the case of non-white matrices, we can only study the fluctuations away from the bulk (since we
do not have the appropriate information about the top eigenvalues to prove Hypothesis [4.1). We
illustrate this generalisation in a few cases, but it is rather clear that Theorem applies in a much
wider generality.

5.4.1 Non-white Wishart matrices

The first statement of Proposition can be generalised to matrices X, of the type X, =
iTnl/ 2G,G*TY? or iGnTnG:, where G,is an n x m real (or complex) matrix with i.i.d. centred
entries with law u such that fzdu(z) =0, f lz|2du(z) = 1 and f |z|*du(z) < oo and T, is a positive
non random Hermitian n x n matrix with bounded operator norm, with a converging empirical spec-
tral law and with no eigenvalues outside any neighborhood of the support of the limiting measure
for sufficiently large n. Indeed, in this case, everything, in the proof, stays true (use [[2, Th.1.1] and
[4] Th. 5.11]). However, when the limiting empirical distribution of T, is not a Dirac mass, the
computation of the pgy’s and the c,’s is not easy.

5.4.2 Non-white Wigner matrices

There are less results in the literature about the central limit theorem for band matrices (with
centring with respect to the limit) and the convergence of the spectrum. We therefore concentrate
on a special case, namely a Hermitian matrix X, with independent Gaussian centred entries so that
E[lXi]-IZ] =n"'o(i/n,j/n) with a stepwise constant function

In [31]], matrices of the form S,, = Z;{(:klﬂ) a; ®X](.n) with some independent matrices X\ from the

GUE and self-adjoint matrices a; were studied. Taking a; = (€, +€; )0, or i(€, ¢ — € )0, o With
€p,¢ the matrix with null entries except at (p,£) and 1 < p < £ < k, we find that X;, = S,. Then it
was proved [31} (3.8)] that there exists a, €,y > 0 so that for z with imaginary part greater than
n~ " for some y > 0,

1
'E [;Tr(z —Xn)_l} - G()| < (32)%n 1€ (44)
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which entails the convergence of the spectrum of X,, towards the support of the limiting measure
(31}, Proposition 11] with exponential speed by [[31], Proof of Lemma 14]. Thus X,, satisfies Hypoth-
esis Hypothesis can be checked by modifying slightly the proof of which is based on an
integration by parts to be able to take z on the real line but away from the limiting support. Indeed,
as in [23] Section 3.3], we can add a smooth cut-off function in the expectation which vanishes
outside of the event A, that X, has all its eigenvalues within a small neighborhood of the limiting
support. This additional cut-off will only give a small error in the integration by parts due to the
previous point. Then, (44)), but with an expectation restricted to this event, is proved exactly in the
same way, except that 3z can be replaced by the distance of z to the neighborhood of the limiting
support where the eigenvalues of X,, lives. Finally, concentration inequalities, in the local version
[22] Lemma 5.9 and Part II], insure that on A,,,

1 » 1 .
—Tr(z —X,)"" —E |14 —Tr(z — X,,)
n "n

is at most of order n~!

GBI

*¢ with overwhelming probability. This completes the proof of Hypothesis

5.5 Some models for which our hypothesis are not satisfied

We gather hereafter a few remarks about some models for which the hypothesis we made on X,, are
not satisfied. For sake of simplicity, we present hereafter only the case of i.i.d. perturbations (1).

5.5.1 I.i.d. eigenvalues with compact support

We assume that X, is diagonal with i.i.d. entries which law u is compactly supported. As in the core
of the paper, we denote by a (resp. b) the left (resp. right) edge of the support of u. We also denote
by F, its cumulative distribution function and assume that there is k > 0 such that for all ¢ > 0,

. 1-F,(b—cx)
lim =

K
R A 5
NS c (45)

In this situation, it is easy to check that Hypothesis holds in probability with uy = u. But
Hypothesis is not satisfied. Indeed, by classical CLT, we have, for p, ¢ [a, b],

WCT: = \/H(G/J,n(pa) - G,u(pa))

converges in law, as n goes to infinity to a Gaussian variable W, with variance —G;(pa) — Gu(pa)z.
Moreovet,

1
E[WaWa’] :J (Pa _ A)(Pa' _ ﬂ.) d‘UJ(A) - Gu(pa)Gu(Pa’)-

Nevertheless, Theorem holds for this model. Indeed, the whole proof of this theorem goes
through in this context, except the proof of Lemma where we have to make the following
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decomposition M, (i,x) = Ms'f’tl(i,x) + M:’tz(i,x) + Msrf’ts(i,x) with the difference that this time

Ms"’f does not go to zero but converges towards W, . Hence, the eigenvalues fluctuate according to

the distribution of the eigenvalues of (¢;M; + Wy, Iy, )1<j<q, With ¢; and M; as in the statement of
Theorem and I denotes the k; X k; identity matrix.

Let us now consider the fluctuations near the bulk. We first detail the fluctuations of the extreme
eigenvalues of X,. According to [126]], the fluctuations of the largest eigenvalues of X,, are determined

by the parameter x defined in (45), that is, if v, = F,(b — 1/n), then the law of Z:/vlﬁ

weakly to the law with density proportional to e ™" on R*. Otherwise stated, the fluctuations of Ay
-1/

converges

are of order n with asymptotic distribution the Gumbel distribution of type 2. One can check
that if k < 1, then 6 = 0.

One can show that, for any fixed p, for Hypothesis [p, a] to hold, we need a > % — % and we then
obtain that the distance of the extreme eigenvalues of the deformed matrix is at distance less that
n~1* for any a’ > a. Therefore if k > 4/3, this theorem allows us to deduce that the fluctuations of
the extreme eigenvalues of the deformed matrix are the same as those of the non-deformed matrix.

5.5.2 Coulomb gases with non-convex potentials

In [35], Pastur showed that for a Coulomb gas law with a potential V so that the equilibrium
measure has a disconnected support, the central limit theorem does not hold in the sense that
the variance may have different limits according to subsequences (see [I35, (3.4)]. Moreover the
asymptotics of /n(Tr(X,) — u(x)) can be computed sometimes and do not lead to a Gaussian limit.
We might expect then that also ‘/ﬁ(Gun (x)—G(x)) converges to a non-Gaussian limit, which would
then result with non-Gaussian fluctuations for the eigenvalues outside of the bulk.

6 Appendix

6.1 Determinant formula

We here state formula (I]), which can be deduced from the well known formula det ( Ié g ) =

det(D)det(A— BD1C).

Lemma 6.1. Let z € C\{A],..., A} and 0y,...,0, # 0. Set D = diag(6,,...,0,) and let V be any
n X r matrix. Then

det (z — X, — VDV*) = det(z — X,) det(D)det (D™} = V*(z —X,)'V)

6.2 Concentration estimates

Proposition 6.2. Under Assumption there exists a constant ¢ > 0 so that for any matrix A :=
(ajx)1<j k<n With complex entries, for any 6 > 0, for any g =(g1,---, g,)" with i.i.d. entries (g;)1<i<n
with law v,

—cmin{é ﬁ}
P (I(g,A) — E[(g,A8)]| > §) < 4e ™" e
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if C? = Tr(AA*) and if § is an independent copy of g, for any §,x > 0,

P (| (g,A8)| > & \/ Tr(AA*) + K/ Tr((AA*)z)) < 479" 4 ge—cmin{in’}

Proof. The first point is due to Hanson-Wright Theorem [24]], see also [[15, Proposition 4.5]. For
the second, we use concentration inequalities, see e.g. [[1, Lemma 2.3.3], based on the remark that
for any fixed g, g — (g,Ag) is Lipschitz with constant 4/ (g,AA*g) and therefore, conditionally to g,

for any 6 > 0,
~ ~ Py 82
P (1(g,42)| > 51/(2,40°8) ) < 4e™°

On the other hand, the previous estimate shows that

P (1(z,44%8) — Tr(AA")] > k/ TH(AA"? ) < gecmintin’t,

As a consequence, we deduce the second point of the proposition. O

Let G" = [g? e gﬂ be an n x r matrix which columns g7,..., g, are independent copies of an
n x 1 matrix with i.i.d. entries with law v and define

1
nz_(g?:g?); 1SiJerJ
n

and, for j <i—1, if det[V] ]kl 170,

»jqi-1 n . .
det[Yk kl 1 .hyn,jz{ Ver  HL#],

= - N
det[V"; ] kl 1 -V, ifl=].

On det[V] ]kl , =0, we give to Wlnj an arbitrary value, say one. Putting W} =1 and Wl’; =0 for
j=i+1, 1t is a standard linear algebra exercise to check that the column vectors

.
v = Z Wl”]gJ” = ith column of G*(W™)T

are orthogonal in C". Let us introduce, for M an r X r matrix, [|[M ||, = sup,<; j<, [M; j|. We next

prove

ijl-

Proposition 6.3. For any y > 0, there exists finite positive constants c, C (depending on r) so that for
Zt"=V"or Wh,
1 —
P (llZ” Il = n_i)/) <C [6_4 er® +e_c‘/ﬁ] .

Moreover;, with ||v||§ = Z?:l [v:|2, for any y € (0, v/n(2™" — €) for some € > 0,

r

1 “1ger
P | max _||Z g1 >n"ay Sc[e—“ 102 yz+4e—cﬁ]

1<i<r
A ]—1
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Proof. We first consider the case Z" = V™. The maximum of IVIS1 — 6;;| is controlled by the previous

proposition with A = n™!I, and the result follows from TrAA* = n~! and Tr((4AA*)?) = n~3, and
1

choosing 6 = y/v2, k = y/n. The result for W" follows as on ||[V* —1I||,, <yn"2 <1

| etV ]k, — 1] <27yn73,

k, z 1
whereas

|detlyyiligt ]l <27yn” 2,

For the last point, we just notice that since —|| Z] 121385 |2 =(ZVZ*);;, we have

1<i<r

max —||Zzugj||2—1<c:(r) max 120, max 12"~ Il

for a finite constant C(r) which only depends on r. Thus the result follows from the previous point.
O

6.3 Central Limit Theorem for quadratic forms

Theorem 6.4. Let us fix r > 1 and let, for each n, A™(s,t) (1 <s,t <r) be a family of n x n real (resp.
complex) matrices such that for all s, t, A"(t,s) =A"(s, t)* and such that for all s,t =1,...,r

2

e in the i.i.d. model,
1 * 2 1 En 2
—Tr[An(s, t)An(s) t) ] 0'5 to - |An(S,S)l' il g, (46)
n n—o0 > n = 4 n—o0

e in the orthonormalised model,

n 2

— w,.  (47)
n—oo

1 1 1
—Tr[|A"(s, t) — — TrA"(s, O)*] — o2, A(s,s); ; — — TrA"(s, t)
n n n—oo ’ ’ n

i=1
for some finite numbers o, w; (in the case where x4(v) = O, the part of the hypothesis related to w;
can be removed). For each n, let us define the r X r random matrix

1 r
6= | Vi (A, ) = 1o ST, )|

n s, t=1
Then the distribution of G,, converges weakly to the distribution of a real symmetric (resp. Hermitian)
random matrix G = [g; .17 ,_, such that the random variables

{gs,t; 1<s<t<r}
(resp. {85551 <s <r}U{R(g,(); 1 <s<t=<r}u{3(g,);1<s<t=<r}

are independent and for all s, g, ~ (0, 2052’5 + Kk4(V)w;) (resp. g ~ (0, 052’5 + k4(v)wy)) and
foralls #t, g, ~ N0, oit) (resp. R(g.1), 3(gs,c) ~ (O, ait/z)).

1657



Remark 6.5. Note that if the matrices A"(s, t) depend on a real parameter x in such a way that for all
s,t, forall x,x’ €R,

%Tr(A”(S, £)(x) = A"(s, )(x"))? Al

then it follows directly from Theorem and from a second moment computation that each finite
dimensional marginal of the process

/(000005 00, ) = B T G,5)0) )|

1ss,t<r, X €R, x5 =X,

converges weakly to the law of a limit process [g; ]1<st<r, x, ,eR, x, =x,, Where there is no dependence
in the variables x;, (1 <s,t <r).

Proof. e Let us first consider the model where the (v/nul');<<, are i.i.d. vectors with ii.d. en-
tries with law v satisfying Assumption Note that for all s,t = 1,...,r, by (46)), the sequence
%Z? j=1 A" (s, t)i j is bounded. Hence up to the extraction of a subsequence, one can suppose that it
converges to a limit 7, , € C. Since the conclusion of the theorem does not depend on the numbers
7, and the weak convergence is metrisable, one can ignore the fact that these convergences are
only along a subsequence. In the case where k4(v) = 0, we can in the same way add the part of the
hypothesis related to w;.

We have to prove that for any real symmetric (resp. Hermitian) matrix B := [b ] the distribu-

tion of Tr(BG,,) converges weakly to the distribution of Tr(BG). Note that

r
s, t=1°

1
Tr(BG,) = ﬁ(U:l‘C”Un—TrC”),

where C" is the rn X rn matrix and U, is the rn x 1 random vector defined by

b11A"(1,1) -+ by AYL,r) uy
: : » Up=+vn
br,lAn(r:]-) br,rAn(r: T') u;

r

ch=

In the real (resp. complex) case, let us now apply Theorem 7.1 of [[7] in the case K = 1. It follows
that the distribution of

Te(BG,) = D byGugs+ D, 28(b IR(Gy) +23(b )3(Gr )

s=1 1<s<t<r

converges weakly to a centred real Gaussian law with variance

> b2 (2052,5 + Kk4(V)wg) + D1 <, (2b VP02 in the real case,

s=1 "s,s s,t
2 2
st st

Z;zl bis(ais +x,(V)w,) + ZlSKtSr(Ziﬁ(bs,t))z > T (23(175,[))2 5 in the complex case.

It completes the proof in the i.i.d. model.
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e In the orthonormalised model, we can write u = m Z;_l WS’JI gj, where the matrix W" is
ill2 -

i=1""si

the one introduced in this section. It follows that, with
1

Bn(sa t) :An(sa t) - —Tr(An(S, t)):
n

by orthonormalization of the u’s

N (<u§,A"(s, Ou?) — S=treangs, t)))

n
vn(ul,B"(s, t)u})

.
S n . t n Z Vvsrith’?ji(gi,Bn(sat)gj)-
||Zi:1 Wsigillzllzl-:l W“-gi”z ji=1 vn

But, by the previous result, if i # j,

1
ﬁ(gi,B(S, t)g;)

converges in distribution to a Gaussian law, whereas if i = j,

1
= {80805, 0g)

1

Tr(A(s,
=Tn ((81,A(s, 0)g;) — E[(g;,A(s, £)gi)]) + % ((gi,&) —E[{g;, 8:)])

where both terms converge to a Gaussian. Thus this term is also bounded as n goes to infinity.

Hence, by Proposition [6.3], we may and shall replace W" by the identity (since the error term would
be of order at most n~2"¢), which yields

V(B (s, ) ~ v (g, B(s, t)g.)

so that we are back to the previous setting with B instead of A. O

Acknowledgments: We are very grateful to B. Schlein for communicating us Lemma We also
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