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DIFFUSION APPROXIMATION OF A MULTILOCUS MODEL

WITH ASSORTATIVE MATING

A. M. Etheridge* S. Lemaire’

Abstract

To understand the effect of assortative mating on the genetic evolution of a population, we con-
sider a finite population in which each individual has a type, determined by a sequence of n
diallelic loci. We assume that the population evolves according to a Moran model with weak
assortative mating, strong recombination and low mutation rates. With an appropriate rescaling
of time, we obtain that the evolution of the genotypic frequencies in a large population can be
approximated by the evolution of the product of the allelic frequencies at each locus, and the
vector of the allelic frequencies is approximately governed by a diffusion. The same diffusion
limit can be obtained for a multilocus model of a diploid population subject to selection. We
present some features of the limiting diffusions (in particular their boundary behaviour and con-
ditions under which the allelic frequencies at different loci evolve independently). If mutation
rates are strictly positive then the limiting diffusion is reversible and, under some assumptions,

the critical points of the stationary density can be characterised .
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1 Introduction

There is now a huge mathematical literature devoted to modelling the evolution of frequencies
of different genetic types in large biological populations. In a range of situations one can show
that over suitable timescales (determined by the population size), the genotypic frequencies can be
approximated by a diffusion process. The power of this approximation procedure is that it is ‘robust’
in that many different discrete ‘individual-based’ models for the way that the composition of the
population changes with time lead to the same diffusion limit. In this way the diffusion captures key
features of the dynamics of the population while remaining insensitive to detailed local mechanisms.
Moreover, whereas most discrete models are mathematically intractable, often quantities of interest
can be computed for the diffusion. Our aim in this paper is to identify and analyse the diffusion
approximation for a population in which mating preferences are influenced by genetic type. The
multi-dimensional diffusion that we obtain can also be used to approximate the genetic makeup of

a (diploid) population subject to a certain form of viability selection.

The diffusion approach can be traced to the work of Kimura in the 1950s who used it to explore
the effects of ‘genetic drift’, that is the randomness due to reproduction in a finite population. In
the ‘neutral’ setting, all individuals are assumed to be equally likely to reproduce and all experience
identical conditions. In the simplest case, we assume that the population is haploid (meaning that
each cell has one copy of each chromosome) and genotype is identified with the type (allele) car-
ried at a single genetic locus. In order to derive a diffusion limit, one typically adopts one of two
individual-based models. The first, the Wright-Fisher model, assumes that the population evolves in
discrete generations and each offspring selects its parent uniformly at random (with replacement)
from the previous generation. The second, the Moran model, evolves in continuous time and gen-
erations overlap. More precisely, reproduction events occur at the points of a homogeneous Poisson
process. During such an event a pair of individuals is chosen uniformly at random from the cur-
rent population, one dies and the other reproduces. The Wright-Fisher model is more popular with
biologists, but, from the mathematical perspective, the fact that under the Moran model allele fre-
quencies follow a birth-death process is a considerable advantage. For either model, it is elementary
to show that (on appropriate timescales), as the population size tends to infinity, the allele frequen-
cies are determined by the Wright-Fisher diffusion. We refer to Ewens (2004) and Etheridge (2011)

for introductions to mathematical models in population genetics.

In the half century since Kimura’s pioneering work, diffusion models have been adapted and ex-
tended to take account of many more realistic biological scenarios. In particular, the assumption of
purely random reproduction in the neutral model can be replaced by one in which not all individu-

als have the same chance of reproductive success. For example, suppose that carrying a particular
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allele increases the fitness (measured by the number of offspring that survive to maturity) of an
individual. Provided this selective advantage is not too great, one can approximate allele frequencies
using a simple diffusion model of genic selection. For diploid populations such as our own, in which
chromosomes are carried in pairs and each individual has two parents, it may be the combination of
alleles carried on the two chromosomes that determines fitness. This form of selection in a diploid
population is often recast as frequency dependent selection in a haploid population, in which an al-
lele’s selective advantage depends in a nonlinear way upon its current frequency in the population
(c.f. Remark 3.1 and §4.4). Equally, fitness can depend upon the combination of alleles carried at
multiple genetic loci. Although an individual inherits one chromosome from each of its parents,
because of recombination each of its chromosomes is a ‘mosaic’ of the two chromosomes carried by
the corresponding parent. As a result fitness can be a complicated function of the parental geno-
types (see, for example, Muirhead & Wakeley 2009 for discussion of modelling multiallelic selection
on diploid genotypes). Diffusion approximations for different selection-mutation models have been
studied extensively in the one-locus case (see, for example, Ethier & Kurtz 1986, Chapter 10). Ethier
& Nagylaki (1989) study two-locus Wright-Fisher models for a panmictic!, monoecious?, diploid
population of constant size under various assumptions on selection and recombination. Depending
on the strength of the linkage (that is the probability of recombination) between the two loci, they
obtain different types of diffusion approximation: limiting diffusions for gametic® frequencies if the
recombination fraction multiplied by the population size tends to a constant as the size tends to +o0
(so-called tight linkage) and limiting diffusions for allelic frequencies if the recombination fraction
multiplied by the population size tends to +00 (so-called loose linkage), in which case gametic fre-
quencies are determined by the product of the corresponding allele frequencies, a situation we see

mirrored in our work here.

Implicit in most of the work described above is that mates are chosen uniformly at random from the
population and natural selection then acts by moderating their reproductive success. However, in
many natural populations, mate choice is not purely random. Our aim in this paper is to understand
the effect on the genetic evolution of a large population of assortative mating, in which mate choice
is influenced by a character which is controlled by several genetic loci. More precisely, we construct
and analyse a diffusion approximation for a diallelic multilocus reproduction model with assortative

mating, recombination and mutation.

To our knowledge, the body of work described above has not been extended to more general multi-

!Every individual is equally likely to mate with every other.
2Every individual has both male and female sexual organs.
3Gametes are produced during reproduction. A gamete contains a single copy of each chromosome, composed of

segments of the two chromosomes in the corresponding parent. Two gametes, one from each parent, fuse to produce an

offspring.
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locus models with recombination and assortative mating. Nevertheless, there is a large body of work
on multilocus genetic systems. Most theoretical investigations assume that the size of the population
is infinite, so that the random genetic drift can be ignored; the evolution of genotypic frequencies
is then described by recursive equations or by differential equations (see Christiansen 2000 and ref-
erences within). A comparison between infinite and finite population models with random mating
is presented in Baake & Herms (2008). A review of several simulation studies can be found in the
introduction of Devaux & Lande (2008). Among these, the ‘species formation model’, introduced
by Higgs & Derrida (1992), inspired our work. In their model, mating is only possible between
individuals with sufficiently similar genotypes, so that from the point of view of reproduction the
population is split into isolated subgroups. Their simulations display a succession of divisions and
extinctions of subgroups. In this paper we generalise their assortative mating criterion and provide

a general theoretical treatment.

Our starting point is a variant of the Moran model. We suppose that the population is monoecious,
haploid and of constant size N. This will be an overlapping generation model, but, in contrast to the
usual Moran framework, we suppose that reproduction takes place at discrete times 1, 2, .... In each
time step, a mating event occurs between two individuals I; and I,; I; is replaced by an offspring,
so that the size of the population is kept constant. The genotype of the offspring is obtained from
those of I; and I, through a process of recombination followed by mutation which we make precise
in §2. In the classical Moran model, the two individuals I; and I, are chosen at random from the
population. Here, to study the effects of assortative mating, we assume that the first individual, I,
is still chosen at random, but the second individual, I,, is sampled with a probability that depends
on its genotype and on the genotype of the first selected individual. The genotype of an individual is
composed of a finite number, n, of loci with two alleles per locus denoted by 0 and 1. To characterise
the assortative mating, we introduce a real parameter s; ; for every pair of genotypes (i, j). If I; has
genotype i, then, in the draw of I,, an individual with genotype j has a probability proportional to

1+ %si’j of being selected.

Before presenting an overview of our results, we make some important remarks about our model.

Remark 1.1 (Dioecious populations). In Ethier & Nagylaki (1980), the authors established diffusion
approximations for several one-locus models with mutation and selection. They studied both non-
overlapping and overlapping generation models for monoecious and dioecious diploid populations

of finite size and concluded:

Results for a monoecious population obtained from a diffusion approximation can be
applied at once to the dioecious cases by using the appropriate effective population size and

averaging allelic frequencies, selection intensities, and mutation rates, weighting each sex
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by the number of genes carried by an individual at the locus under consideration.

It turns out that the same conclusion holds if we modify our assortative mating model to a dioecious
population. More precisely, suppose that we have a haploid population, of total size N, which is
subdivided into N; males and N, females. At each successive timestep one individual, I, chosen
at random, dies and is replaced by a new individual of the same sex. The new individual is an
offspring of I; and of an individual I, of the opposite sex: if I; is of genotype i then each individual
of the opposite sex with genotype j has a probability proportional to (1 + SI(I—’) of being selected
as I,. The genotype of the offspring is the result of recombination followed b}ef mutation as in the
monoecious model. In a dioecious population, the effective size is N, = 21\;]& Provided that N;
and N, converge to 400 in such a way that % converges to a constant p; € [0,1], and mutation
rates scale with N,, then under the same assumptions on recombination and assortment parameters
as we take below for the monoecious model (c.f. §2), measuring time in units of NN,, we arrive at
the same diffusion approximation as for the monoecious model. (We omit details of this calculation

which will be presented elsewhere.)

Remark 1.2 (Assortative mating or viability selection). Since particular pairs of genotypes will
mate preferentially with one another, it is natural to try to recast assortative mating in a haploid
population as a form of natural selection in a diploid* population. Had we taken a Wright-Fisher
formulation of our model, this would be straightforward (c.f. Remark 3.1 and §4.4), but its current
form does not lend itself to such an interpretation. However, suppose we modify our model in a
Moran model for diploid selection as follows: in each time step, a pair of haploids is chosen so
that their genotypes have a probability proportional to (1 + S’F’) of being (i, j). They produce an
offspring (through recombination followed by mutation) which displaces a randomly chosen haploid

in the population. If the parameters s; ;, the recombination distribution and mutation probabilities

NE
satisfy the same conditions as those in our assortative mating model (c.f. §2), then under the same
rescaling of time we will arrive at the same diffusion approximation. This is most easily checked by

mimicking the calculations of infinitesimal drift and variance of §7.1.

Remark 1.3 (Other models). As we already remarked, diffusion approximations are generally in-
sensitive to the detailed dynamics of the underlying individual-based model. Thus we would expect
to obtain the diffusion of Theorem 4.1 as an approximation to allele frequencies under Wright-Fisher
or other Moran variants of our model. Moreover, as illustrated by Remark 1.2, one can obtain the
same diffusion approximation for a model with a quite different biological interpretation. This is

not a new phenomenon. Denniston & Crow (1990) show that under a Wright-Fisher reproduction

*A diploid population of size M is identified with a haploid population of size 2M in which diploids are formed by

fusing the haploids into pairs at random.
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model, for any set of one- or two-locus genotypic fitnesses there are alternative sets, often with quite
different biological meanings, that give rise to the same equation for change of allelic or gametic

frequencies.

Rather than stating our results in their full generality at this point, we now provide an overview by
considering a particular pattern of assortative mating. Let us assume that the frequency of matings
between two individuals of genotypes i and j depends only on the number of loci at which their
allelic types differ (and not on the positions of those loci along the genome). We then have a model
with n+1 assortment parameters, denoted by s, ... ,s,, obtained by setting s; ; = s; if the genotypes
i, j are different at exactly k loci (regardless of their positions). This mating criterion will be called
the Hamming criterion in what follows. A decreasing sequence sy > s; > ... > s, will describe a
positive assortative mating (individuals mate preferentially with individuals that are similar). An

increasing sequence sy <s; <.

.. <s, will describe a negative assortative mating (individuals mate

preferentially with individuals that are dissimilar).

We establish a weak convergence of the Markov chain describing the genetic evolution of the
population as its size tends to +oo, under a hypothesis on the recombination distribution that
corresponds to loose linkage (during each reproduction event, recombination between any pair of
loci occurs with a positive probability) and under the assumption that mutations occur indepen-
dently at each locus with the same rates (at each locus, the rate of mutation of a type 0 allele to
a type 1 allele is % and the rate of mutation of a type 1 to a type O is %). In particular, while
mutation and assortment parameters are rescaled with population size, recombination is not. As a
result, we see a separation of timescales. Due to recombination, the genotypic frequencies rapidly
converge to a product distribution which is characterised by its marginals, that is by the 0-allelic
frequencies at each locus. We show that, at a slower rate, the allelic frequencies converge to a
multidimensional diffusion, whose components are coupled only through an infinitesimal drift term

(in the mathematical sense) arising from the assortative mating.

Let us describe some features of the limiting diffusion. If s; —sy =55 —5; =... =5, —s,_; then the
frequencies of the 0-allele at each locus evolve according to independent Wright-Fisher diffusions
with mutation rates u, and u; and symmetric balancing selection with strength %(sl —sp); that is

they solve the following stochastic differential equation:

dx; = yx(1—x.)dW, + (.ul(l — Xx¢) — MoXe + (51 — $o)(1/2 — x)x, (1 — xt))df,

where (W, );>¢ is a standard Brownian motion. In all other cases, the allelic frequencies at different

loci no longer evolve independently. Instead the vector of 0-allelic frequencies (x,(1),...,x,(n)) is
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governed by the stochastic differential equation:

dx, (i) = v/x,())(1 — x.())dW, (i)
+ (.U'l(l —x¢ (1)) — wox (1) + (1/2 — x.())x,()(1 — xt(i))Pi,s(xt))dt; (1.1

where (W;(1))¢>0,. .., (W;(n));>o denote n independent standard Brownian motions and P; ; is the

symmetric polynomial function of the n — 1 variables x(j)(1 — x(j)), j € {1,...,n} \ {i} given by

n—1
P =D (s—s0) ), [[exa-xn J] a-200-x0
=0 Ac{l,...n]\(i}JAl=¢ \ jeA ke(l,...nI\{AULi}}
(in the formula |A| denotes the number of elements of a set A).

For instance in the two-locus case,
P]_’s(x) =81 —95 + 2(52 — 251 +50)X2(1 — Xz) and Pz,s(x) =81 —95 + 2(52 — 251 +50)X1(1 — xl).

When the mutation rates ug and p; are strictly positive, the limiting diffusion has a reversible
stationary measure, the density of which is explicit. When the two mutation rates are equal to
u > 0, we describe the properties of the critical points of the density of the stationary measure.
In particular, we find sufficient conditions on w and s; —sg,...,s, — S, for the state where the
frequencies of the two alleles are equal to 1/2 at each locus to be a global maximum and for the
stationary measure to have 2" modes. These sufficient conditions generalise the independent case.

For example, when u > 1/2 they imply the following results:

1. if sy —sy_; = —(8u —4) for every £ € {1,...,n}, then (1/2,...,1/2) is the only mode of the

stationary measure;

2. ifs, —s,_1 <...<s; —sg < —(8u — 4) then the stationary measure has 2" modes.

These results can be extended to other patterns of assortative mating. In fact, we need only
make the following assumption on the parameters s; ;: the value of the assortment parameter s; ;
between two genotypes i and j is assumed to be the same as the value of s;; and to depend only
on the loci at which i and j differ. In particular this implies that the value of s; ; is the same for
every genotype i. This generalises the Hamming criterion and allows us to consider more realistic
situations in which the influence on mating choice differs between loci (see §2.3). It transpires that,
under these assumptions, the limiting diffusion does not depend on the whole family of assortment
parameters, but only on one coefficient per subgroup of loci L. We denote this coefficient m; (s). It
is the mean of the assortment parameters for pairs of genotypes that carry different alleles on each

locus in L and identical alleles on all other loci. The stochastic differential equation followed by the

2129



limiting diffusion can still be described by equation (1.1) if the symmetric polynomial term P(x®)
in the drift of the i-th coordinate is replaced by a non-symmetric polynomial term P;(#®) in the

coefficients of which the quantities my;;(s) —m(s) for L C {1,...,n} replace s; —sq,..., S, —Sp_1-

The rest of the paper is organized as follows. In §2, we present our multilocus Moran model. In §3,
we describe the diffusion approximation for the one-locus model and compare it with a diffusion
approximation for a population undergoing mutation and ‘balancing selection’. We recall some
well-known properties of this diffusion, in particular the boundary behaviour and the form of the
stationary measure, for later comparison with the multilocus case. In §4, we state our main result
concerning convergence to a diffusion approximation in the multilocus case (Theorem 4.1) and give
two equivalent expressions for the limiting diffusion. We then compare with the two-locus diffusion
approximation obtained in Ethier & Nagylaki (1989). The proof of Theorem 4.1 is postponed until
§7. In §5, we derive some general properties of the limiting diffusion. §6 is devoted to the study
of the density of the stationary measure. An appendix collects some technical results used in the

description of the limiting diffusion.

Acknowledgement. We should like to thank two anonymous referees and the associate editor for

their careful reading of the original version of this manuscript.

2 The discrete model

This section is devoted to a detailed presentation of the individual based model. The assumptions
on assortative mating, recombination and mutation that we will require to establish a diffusion

approximation for the allelic frequencies are discussed at the end of the section.

2.1 Description of the model

We consider a monoecious and haploid population of size N where the type of each individual is
described by a sequence of n diallelic loci. For the sake of brevity, let the set of loci be identified
with the set of integers [1;n] := {1,...,n} and let the two alleles at each locus be labelled 0 and 1.
The type of an individual is then identified by an n-tuple k := (kq, ..., k,) € {0,1}". Let .o/ = {0,1}"
be the set of possible types. The proportion of individuals of type k at time ¢t € IN will be denoted by
Z t(N)(k) so that the composition of the population is described by the set Zt(N) =1{Z t(N)(k), ke .#}.
At each unit of time the population evolves under the effect of assortative mating, recombination

and mutation as follows.
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Assortative mating: at each time t, two individuals are sampled from the population in such a

way that:
1. the first individual has probability Z EN)(i) of being of type i;

2. given that the first individual chosen is of type i, the probability that the second individual is

of type j is
1+ 20

Dike (1 +Sgc))zfm(k)
o)

i,j’

where the assortment parameters {s . ,i,j € ./} are fixed nonnegative real numbers®.

The population at time t + 1 is obtained by replacing the first chosen individual with an offspring

whose type is the result of the following process of recombination followed by mutation.

Recombination: for each subset L of [1;n], let r; denote the probability that the offspring in-
herits the genes of the first chosen parent at loci £ € L and the genes of the second parent at loci
¢ & L. The family of parameters {r;, L C [1;n]} defines a probability distribution, called the
recombination distribution, on the power set Z([[1;n]) (it was first introduced in this manner by
Geiringer (1944) to describe the recombination-segregation of gametes in a diploid population). It
is natural to assume that the two parents contribute symmetrically to the offspring genotype, that
is:
Assumption H1: for each subset L of [1;n], r;, = r; where L denotes the complementary set of loci,
[1;n]\L.
With this notation, the probability that, before mutation, the offspring of a pair of individuals of
types (i, j) is of type k is

q((i,j); k)= Z "L Lgge=(iyy 03 -

Lc[1;n]

Let us express some classical examples of recombination distributions in this notation:
Examples 2.1.

Lo rg=rpag= % (no recombination, also called absolute linkage)

2. rp=2""foreach I € Z([[1;n]) (free recombination)

3. M) = Tx+1in] = ﬁ for1<x <n-1and ry = rp,, = 1/2(1 — r) where r denotes
an element of ]0,1] (at most one exchange between the sequence of loci which occurs with

equal probability at each position).

>We are allowing a small chance of self-fertilisation.
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Finally we superpose mutation.

)

Mutation: we assume that mutations occur independently and at the same rate at each locus: u;

will denote the probability that an allele 1 at a given locus of the offspring changes into allele 0 and
,uE)N) the probability of the reverse mutation. The probability that the mutation process changes a
type k into a type £ is:

n
uM(k, €)= I_[(ulify))lfi—kil(l _ M(k]iv))l_lfi_kil'
=1

1

2.2 Expression for the transition probabilities

It is now elementary to write down an expression for the transition probabilities of our model. In
the notation above, if 2 = {z(k), k € ./} describes the proportion of individuals of each type in the
population at a given time, then the probability that, in the next time step, the number of individuals

of type j increases by one and the number of individuals of type i # j decreases by one is
fula i)=Y aalw™(z,i,k)q((, k); Ou™ (e, j)
k,le.d

where .-
1+ Sik

w™(z,i, k)= .
S, +s§fj))z(z)

2.3 Assumptions on assortative mating, recombination and mutation

In order to obtain a diffusion approximation for a large population, we assume that mutation and

assortment parameters are both O(N 1), so we set

Assumption H2: p(™) = L for € €{0,1} and sg) = S]"V—’jfor i,je.d.

Just as in the two-locus case studied by Ethier & Nagylaki (1989), we can expect diffusion approx-
imations to exist under two quite different assumptions on recombination, corresponding to tight
and loose linkage. Here we focus on loose linkage. More precisely, we assume that the recombina-
tion distribution does not depend on the size of the population and that recombination can occur

between any pair of loci:

Assumption H3: For every I € #([[1;n]), r; does not depend on N and for any distinct integers
h,k € [1;n], there exists a subset I € Z([1;n]) such thathe I, k €I and r; > 0.

This assumption is satisfied for the last two examples of recombination distribution presented in

Example 2.1, but not in the absolute linkage case. In infinite population size multilocus models with
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random mating, and without selection, this condition is known to ensure that in time the geno-
type frequencies will converge to linkage equilibrium, where they are products of their respective
marginal allelic frequencies (see Geiringer 1944 and Nagylaki 1993 for a study of the evolution of

multilocus linkage disequilibria under weak selection).

In order that the generator of the limiting diffusion has a tractable form, we shall make two further

assumptions on the family of assortment coefficients s = {s; ;, (i,j) € & 21

Assumption H4: for every (i,j) € .«/2,
1. Si,j = ‘Sj,i

2. the value of s; ; depends only on the set of loci k at which ij, = 0 and ji, = 1 and on the set of loci
¢ at which i, =1 and j, = 0.

These conditions mean that the probability of mating between two individuals at a fixed time de-
pends only on the difference between their types. In particular, two individuals of the same type
will have a probability of mating that does not depend on their common type: s;; = s; ; for every
i,j € .. In the one-locus case, this assumption means that the model distinguishes only two classes
of pairs of individuals since sy ; =79 and s =7 1.

In the two-locus case, this assumption leads to a model with five assortment parameters:

e one parameter, so 0o = $11,11 = S10,10 = 501,01, for pairs of individuals having the same geno-
type,

e one parameter Sog 19 = S10,00 = $11,01 — So1,11 for pairs of individuals whose genotypes only

differ on the first locus,

e one parameter, Sop 01 = So1,00 = $11,10 = S10,11, for pairs of individuals whose genotypes only

differ on the second locus,

e two parameters so; 19 = 510,01 and Sop 11 = S11,00 for pairs of individuals whose genotypes differ

on the two loci.

To describe positive or negative assortative mating we have to choose how to quantify similari-
ties between two types. Let us present two criteria that provide assortment parameters for which

assumption H4 is fulfilled:

1. Hamming Criterion. One simple measure to quantify similarities between two types is the

number of loci with distinct alleles: s; ; will be defined as nonnegative reals depending only
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n
on the Hamming distance between i and j denoted by d,(i,j) := Z li; — jg|. A positive

=1
assortative mating will be described by a sequence of n+1 nonnegative reals s > s; > ... > s,

by setting s; j = sq,(;,j) for every i, j € .«/. This criterion will be called Hamming criterion.

2. Additive Criterion. If we assume that the assortment is based on a phenotypic
trait which is determined by the n genes whose effects are similar and additive,
then a convenient measure of the difference between individuals of type i and j is

n
d,(i,j):= |Z(if —jo)l. A positive assortative mating will be described by a sequence of

=1
n+ 1 nonnegative reals sy = s; = ... = s, by setting s; ; = sq_(; j) for every i,j € .«/. This

criterion will be called additive criterion.

The assortative mating in the species formation model of Higgs & Derrida (1992) is a special case of
the Hamming criterion. The additive criterion is widely used in models in which assortative mating
is determined by an additive genetic trait. For example, Devaux & Lande (2008) use it to investigate
speciation in flowering plants due to assortative mating determined by flowering time. Flowers can
only be pollinated by other flowers that are open at the same time. Modelling flowering time as an
additive trait, they observe an effect that is qualitatively similar to that observed in the simulations
of Higgs & Derrida (1992) for the Hamming criterion, namely continuous creation of reproductively

isolated subgroups.

With the Hamming and additive criteria, every locus is assumed to have an identical positive or
negative influence on the assortment. As we have defined a general family of assortment parameters,
it is possible to consider more complex situations. For instance, we can take into account that some
loci have a greater influence on the mating choice than others by dividing the set of loci into two
disjoint subgroups G; and G,; we introduce two sets of assortment parameters s() and s that
satisfy assumption H4 for the subgroups of loci G; and G, respectively. If we assume that the effects
€3] + @

of the two subgroups are additive we set s; j = Sty i,0dlc
1> 1 227162

a set of assortment parameters that satisfies assumption H4. More generally, any set of assortment

for every i,j € .. This defines

parameters defined as a function of s and s() satisfies assumption H4.

3 The one-locus diffusion approximation

Before studying the multilocus case, for later comparison, in this section we record some properties

of the one-locus model.
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3.1 The generator of the one-locus diffusion

In the case of one locus (n = 1), under assumption H2, the frequency of 0-alleles satisfies:

1
E,[2{(0) 2] = — (1 =21 — 21
1
+ 52(1 —2)((s1,0 =$1,1)(1 —2) — (so1 — 50,0)2)) +0(1/N?)
E[(Z{(0) ~ 2] = 351 ~2) + O(1/N?)

E,[(z"(0) - 2)*] = 0(1/N%)

uniformly in z.
Therefore the distribution of the frequency of O-alleles at time [N2t] is approximately governed,

when N is large, by a diffusion with generator:

1 2
G5 = Ex(l - X)@ + ((1 — X)u7 — XU

d
+1/2x(1 = x)((51,0 = 51,1)(1 = ) = (501 = 50,0)%)) — @D

More precisely, if Z(()N) converges in distribution in [0,1] as N tends to +oo, then (Z[(]]\\,]z)t])tzo
converges in distribution in the Skorohod space of cadlag functions Dy 11([0, +00)) to a diffusion

with generator ¥  (see, for example, Ethier & Kurtz 1986, Chapter 10).

If we assume that s satisfies assumption H4, that is 55y =s; ; and sy ; = 57, and if we denote their
common values by s, and s; respectively, then the drift has a simpler form and we obtain
Y = 1x(l — x)d—2 + ((1 — XUy — xpo + (57 —50)(1/2 — x)x(1 — x)) i
) dx? dx

Remark 3.1. This diffusion can also be obtained as an approximation of a diploid model with
random mating, mutation and weak selection in favour of homozygosity® (when sy —s; > 0) or in
favour of heterozygosity (when sy —s; < 0). For example, let us consider a Wright-Fisher model with
viability selection and mutation. (We follow the presentation of Ethier & Kurtz (1986), Chapter 10.)
The population is identified with a haploid population of size 2N in which haploids are formed by
fusing the haploids into pairs at random. Each individual in the current population contributes to
an infinite pool of potential gametes. Let w; ; =w;; = (1 + stl-’ ;) denote the viability of a union of

two gametes with types i, j € {0, 1}, that is the relative likelihood that a union of two gametes i and

5A diploid individual is homozygous at a gene locus when its cells contain two identical alleles at the locus.
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j will survive to maturity. If y denotes the 0-allele frequency in the current population, after taking

into account the viability selection, the 0O-allele frequency in the pool of gametes is assumed to be

= wo0y? +2wg1y(1—y)
Wo0Y2+2wo1y(1—y)+wq(1—-y)?

Finally, after mutation, the O-allele frequency is assumed to be y** = (1 — ug)y™ + u;(1 — y*). The
next generation is obtained by choosing 2N gametes uniformly at random with replacement from
the pool of gametes after the steps of selection and mutation. Therefore the evolution of the 0-allele

frequency is described by a Markov chain (Yt(N))te]N which satisfies:
i 2N . .
Py = ol yM=y)= ( i )(y**)l(l —y")?-lvie{o,...,2N}.

If YO(N) converges in distribution in [0, 1] as N tends to 400, then (Y[(ZI\I[V) t])tzo converges in distribu-

tion in Dy 17([0, +00)) to a diffusion with generator ¥ ;.

3.2 Properties of the one-locus diffusion

Stationary measure. If u, and u, are strictly positive, this diffusion has a reversible stationary

measure. Its density with respect to Lebesgue measure on [0, 1] is given by Wright’s formula:

gus(x)=C, x*171(1 — x)*o~exp ( —1/2((s1,0 = 51,1)(1 = x)* + (501 —So,o)xz))

1

where the constant C, ; is chosen so that f 8us(x)dx = 1. This is plotted, for various parameter

0
values, in Fig. 1 under the assumptions u; = Uy = U, Sp0 = 1,1 = So and sp 1 =51 9 = 7.

Boundary behaviour. According to the Feller boundary classification for one-dimensional diffu-

sions (see e.g. Ethier & Kurtz 1986):

(1) if u; = 0 then 0 is an absorbing state and the diffusion exits from ]0, 1[ in a finite time almost

surely;

(ii) if w; > 1/2 then 0 is an entrance boundary (started from a point in ]0, 1[ the diffusion will

not reach 0 in finite time, but the process started from O is well-defined);

(iii) if 0 < u; < 1/2 then 0 is a regular boundary (starting from a point z, €]0, 1[ the diffusion
has a positive probability of reaching 0 before any point b €]zj, 1] in a finite time and the

diffusion started from 0 is well-defined);

with the obvious symmetric definitions at 1.
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Figure 1: Representation of the invariant density g, for the one-locus diffusion when the two
mutations rates U, = g = U, Sg0 = 11 = So and sp; =51 = 5;. In the figure on the left, u > 1/2
and matings between individuals of the same allelic type are favoured. The density is bimodal if and
only if s; —s; > 8u — 4. In the figure on the right, 0 < u < 1/2 and matings between individuals
of different allelic types are favoured. The density tends to +oo at the boundaries and has a global

minimum at 1/2 if and only if s; — sy < 4 — 8u.
4 Convergence to a diffusion in the multilocus case

In the case of several loci, under assumptions H2 and H3, a Taylor expansion shows that the drift
E[Z Efi(i) -7 t(N)(i) | Zt(N) = g] is of order # only inside the set of product distributions on {0, 1}".
This set is often called the Wright manifold or the linkage-equilibrium manifold and denoted by ¥,
(a population is said to be in linkage equilibrium if the genotype distribution z is in #/,, that is if
2(i) = z1(i1) - -2, (i) Vi = (iy, ..., 1,) € .o/ where z;(x) = Zke{o,l}"—l 2(ky, .. kg, X, kg, ky)
denotes the frequency of individuals having the allele x at the j-th locus).

Outside this manifold, the drift pushes the process towards the Wright manifold at an exponential
speed. Therefore to extend the diffusion approximation to the n-locus case, we introduce a change
of variables composed of the n 0-allelic frequencies and of 2" — n — 1 processes that measure the
deviation from the linkage equilibrium.

For a nonempty subset L of {1,...,n},

o let X EN)(L) =) jed, j=0 Zt(N)( j) denote the proportion of individuals having the allele 0 on

all loci in L at time ¢;

o let Yt(N)(L) =[] X EN)({i})—X EN)(L) for |L| > 2 describe the linkage disequilibrium between

the loci in L at time t. (This is just one of many ways to measure the linkage disequilibrium,

i€l

see for example Biirger (2000), Chapter V.4.2, for other measures.)
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The vector of 0-allelic frequencies at time t is XEN) = (XEN)({l}), ...,XEN)({n})).
The process YV) defined by Yt(N) = {Yt(N)(L), L c [1;n] such that |L| > 2} for t > 0 vanishes on

the Wright manifold.

(N)
Yley)
up by N2 then X™) converges to a diffusion as N tends to +oo.

We shall show that if ¢, tends to +oo faster than N then converges to 0 while if time is sped

Before giving a precise statement of the convergence result for the two processes X™) and Y
(Theorem 4.1), let us introduce some notation in which to express the parameters of the limiting

diffusion.

4.1 Mean assortment parameters

For a subset L of loci, consider the set of pairs of genotypes that differ at each locus £ € L and are

equal at each locus ¢ ¢ L:
Fp={G,j)e &*: iy=1-j,VueLandi,=j, Yuel}.
Let m; (s) denote the mean value of the assortment parameters for all pairs in this set F; :

my(s)=2"" Z Sij-

(i,j)eF,
Examples 4.1.
1. In the two-locus case,

1
my(s) = Z(Soo,oo + 801,01 + 510,10 +511,11)5

1
my(s) = Z(Soo,m + 510,00 + 501,11 +511,01)>

1
myy(s) = 2(500,01 + 501,00 T 511,10 T 510,11)-

In each of these expressions the four coefficients are equal by assumption H4.
My 23(s) = 2(500,11 + 511,00  So01,10 +510,01)-
In this expression the first (resp. last) two coefficients are equal by H4.

2. With the Hamming criterion, m;(s) = s|;| for every L C [1;n]], where |L| denotes the number

of loci in L.

3. With the additive criterion, my(s) = sg, my;(s) =s; V€ € [1;n] and more generally m;(s) =
_ L
21 ZLLO (lil)SIZk—ILII forevery L c [[1;n].
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4.2 Convergence to a diffusion

The following theorem provides convergence results for the two processes X™) and Y®™) as the
population size N tends to +oo. The proof, based on Theorem 3.3 of Ethier & Nagylaki (1980), is
postponed to §7.

Theorem 4.1. Assume that hypotheses H1, H2, H3 and H4 hold.

(a) Fori € [1;n] let P; (x) denote a polynomial function in the n — 1 variables x;(1 — x;) for
ke [1;n] \ {i}. Then, the operator

1< 22
Gy = 5;351'(1 - Xi)a 8

0
—l—Z((l—x),ul Xio +(1/2 —x;)x;(1 — x;)P S(x))a— 4.1)

with domain 9(9, ) = C?([0,1]™) is closable in C([0,1]™) and its closure is the generator of a

strongly continuous semigroup of contractions.

(b) IfX( ) converges in distribution in [0,1]", then (X(Nzt])f
hod space of cadlag functions D 172([0, 00)) to a diffusion process X with generator ¥, ; where

converges in distribution in the Skoro-

the polynomial function P; ;(x) has the following expression:

P)= D> (mayg(s) = ma(s))
A2 ([1;nI\{iD)
[[exa-x)  [] a-2200-x). 42

keA e[ 1;n]\{AU{i}}

(c) For every positive sequence (ty)y that converges to +00, Y[(I{[Vt)N] converges in distribution to 0.

Remark 4.1.

1. The recombination distribution (r);c1;,7 does not appear in the expression for the limiting
diffusion. Nevertheless, the proof of Theorem 4.1 will show that it has an influence on the

speed of convergence of the linkage disequilibrium to 0.

2. The limiting diffusion depends on the assortment parameters only via the quantities m,(s) for

every AC [1;n]. A set of assortment parameters for which

Mmaugip(s) —my(s) <O foreveryi€ [1;n] and Ac [1;n]\ {i}
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favours homozygous mating with respect to the genotype at the i-th locus. It is therefore no
surprise that by increasing the value of m,,;;(s) — m4(s) for a fixed subset A, we increase the
value of the i-th coordinate of the drift at a point x for which x; < 1/2 and decrease it at a

point x for which x; > 1/2.

4.3 Another expression for the polynomial term P, (x) of the drift

An expansion of the polynomial function P; ;(x) in terms of the variables x;(1—x;), k € [1;n] \ {i}

yields the following expression:

Ps)= > ay®] [x-xp) 4.3)
Lez([1;n]\{i}) el
with
oty 1 (5) = 2 Y (= )M 34(5) — ma(s)). (4.4)
ACL

The details of the proof are provided in §7.2.

The coefficients a; ;(s) can be compactly expressed using difference operators. Let us introduce
some notation: for a function f defined on the subsets of a finite set E and for an element i of E, we
denote by §;[f] the function on & (E) defined by

6;[f1A) =fAU{i}) - f(A), VAe 2 (E).

Since §;006; =6; 0 §; for every i, j € E, we can, more generally, introduce a difference operator 65
for each subset B € 2 (E) by setting 6¢ = Id, and 65 = 85 ©--- 00y if B={by,...,b,}. A proof by
induction on |B| provides the following formula for 65:
55[f1) = (-D*VIf(aus) VACE. (4.5)
JCB

Let m(s) denote the function A — my(s) defined on the subsets of [1;n]. In this notation, for every

Ac [1;n]\{i},
Maugi (s) — ma(s) = 6;[m(s)](A) and a; A(s) = 21415 5,3 [m(s)1(0). (4.6)

If, for each subset A of loci, the coefficient my(s) depends only on the number of loci in A, then
it follows from expression (4.3) that P; ((x) is a symmetric polynomial function, the coefficients of
which do not depend on i. This is the case for instance with the Hamming and additive criteria (see
Example 4.1 for the corresponding expressions for m(s)). Let us give the expanded form of P; ((x)

for the Hamming criterion:

n—1
P)=>a Y, [ [xG-x). (4.7)

(=0 Lc[1;n]\{i}, |IL|=¢ (€L
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where d(s) = 2" Zﬁzo(—l)e (’;)(Sk—eﬂ — Sk—¢)-

As in the general case, the coefficient @, (s) has a compact expression in terms of difference opera-
tors. Let 5(1) denote the forward difference operators: §M[s](i) = Siy1—s; foreveryie [0;n—17.
The forward difference operators of higher orders are defined iteratively: §U*+D[5] = () o sMW[]
for k € IN*. With this notation, d(s) = 256+ [s](0) for k € [0;n—1].

4.4 Comparison with the two-locus Wright-Fisher diffusion

Ethier & Nagylaki (1989) established convergence results for a general multiallelic two-locus Wright-
Fisher model of a panmictic, monoecious, diploid population of N individuals (identified with 2N
haploids) undergoing mutation and selection. In their model, a gamete is described by a pair i =
(i1,ip) € [1;r1] x [1;ry] where r; is the number of alleles in the first locus and r, is the number

of alleles in the second locus. The parameters of their model are:

1. the viability of a pair of gametes (i,j) denoted by wy ; ; = 1 — oy ; j with the assumption

On,ij=0njiand oy;; =0 foreveryi,j € [1;r] x [1;r,] (after viability selection the
. : o ) Wn,i,j PiPj

proportion of a pair of gametes (i, j) is assumed to be P; =

T ke W ke PiPe

the frequency of gametes k in the population Vk € [1;r] x [1;r5]1);

if P, denotes

2. the recombination fraction cy;

3. the probability (2N )_11/]@,2 that the j-th allele in the i-th locus mutates to the k-th allele.

The population at the generation t + 1 is obtained by choosing 2N gametes uniformly at random
with replacement from the pool of gametes of the generation t after the steps of viability selection,

recombination and mutation.

They studied the diffusion approximation under several assumptions on selection and recombination
coefficients. In the case of weak selection (2N oy ; ; converges to a real number denoted by o; ; for
every i,j) and loose linkage (cy converges to a finite limit and Ncy tends to +00) they obtained a
limiting diffusion for the allelic frequencies (py, ..., Py ~1,q1;---,qr,—1) of the alleles 1,...,r; — 1 in
the first locus and the alleles 1,...,r, —1 in the second locus. In the case of two alleles at each locus

(r; = ry = 2), the generator of the limiting diffusion is

1 1
£ =-n( —-p)d, , + Sn(l- 0103 4, +b1(p1,91)3,, + b2(P1,41)9,,
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with

1
b1(p1,91) V21(1 Pl)—V§2)P1

—p1(1 —p1)(1—2py) ((012,21 +01122)q1(1 = 41) + 0119145 + T1220(1 — Ch)z)
—2p1(1 = p1)q:(1 - Q1)(0'11,12P1 —O1,20(1 —P1))-

by(p1,91) Vz 1(1 —q1)— V§22)fh
—q1(1—q)(1—2q) ((012,21 +01122)P1(1 = p1) + 0111207 + 021 22(1 — Pl)z)
—2q;(1—q1)p, (1 —Pl)(011,21fh —01222(1 — ‘h))-

Accordingly, the generator £ coincides with ¥, ; if we assume

(a) that the mutation rates v( D 4o not depend on the locus i and set v§ = Ug and v(l) U1,

(b) that the coefficients of selection satisfy 01 57 = 01322 and 017 15 = 091 52 (second condition

of assumption H4)

and set 0; j = —%Si—u—p for every i, j € {1,2}? (with the notation 1= (1,...,1)).
This comparison suggests that the effect of assortative mating on the genotype evolution of a large
population in our model is similar to the effect of weak viability selection in a diploid Wright-Fisher

model with mutation.

5 Description of the limiting diffusion

This section collects some properties that can be deduced from the form of the generator, ¥, ;, of

the limiting diffusion.

5.1 The set of generators arising from the model

Lemma 5.1. Any generator on C%([0,1]") of the form

1¢ ke
— (1 — x;
2;)(1( xl)aXiaXi—i_

z": ((1 =Xty — X;o +(1/2 = x;)x; (1 — x;) Z aruii} l_[xk(l - xk)) 8i

i=1 Lez([1;n]\{i}) kel

where {a,, AC [1;n], A# @} is a family of real numbers, can be interpreted as the generator of the

diffusion approximation of an n-locus Moran model as defined in §2.
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Proof. We may, for instance, take the following set of assortment parameters {s; ;, i,j € ./}
e 5;;=0foreveryi € .o.
® 5= D seL B[>1 2B+l g, for every (i, j) € F; and for every nonempty subset L of [1;n].

Let us check that this family satisfies 2121715, [m(s)](#) = a; for every nonempty subset L of [1;n].
First, m;(s) = ZBcL’ B|>1 2_|B|+1a3. Foreveryie [1;n] and L c [1;n] \ {i}
81ugiy [m()1(@) = Y (=DM q4(5) = ma(s)) = D (=D "2 Blay, .
BcA

ACL ACL

We invert the double sum and use the formula Z (—DH-1l = T, _p; to obtain:
ACL,s. t. BCA

O rugiy[m(s)](0) = Z 27 Blag i T opy =27 Hay gy
BCL
O

In particular, the n-locus Moran model with assortative mating based on the Hamming criterion

allows us to obtain, through diffusion approximation, any generator on C2([0, 1]") of the form:
1< ok
=) x(1-x)=—=+
2 ; ' 0,0y,
n n—1

Z ((1 = xi)ug — Xio + (1/2 — x;)x;(1 — Xi)Zaf Z l_[xk(l B Xk)) 8i

i=1 ¢=0  Lc[1;n]\{i} keL
s.t.|L|=t

To see this, given any sequence ay, ..., a,_; of n reals, we have to find n + 1 real numbers sy, ...,s,
such that a, = 26+ [5](0). These are given by the inversion formula (A.3) in the Appendix, from
which we see that we may set s, = 0 and s = 2521 21-¢ (Ilf) ay_q fork e [1;n].

5.2 The generator for two groups of loci

Let us consider a partition of the set of loci into two subgroups, G; = [1;k] and
G, = [[k+1;n]), say. We introduce two sets of assortment parameters s') and s*) depending on
subgroups of loci from G; and from G, respectively and satisfying assumption H4. If we assume
that the assortment parameter between two individuals of type i and j iss; j = sgl) . sP

> 1G127 1G4 1Gy5J 16y
every i,j € .o/, then my(s) = myng, (s + mmGz(s(Z)) for every subset L of [[1;n]. This implies

for

that the first k coordinates of diffusion limit evolve independently of the last n — k coordinates and

that the generator of the diffusion limit is:

(gn,s = (gk,sl ® (gn—k,sz'
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Therefore, with these choices we can reduce our study to subgroups of loci having the same influence

on assortment.

5.3 Conditions for independent coordinates

For some patterns of assortment, the allelic frequencies at each locus in a large population evolve

approximately as independent diffusions:

Proposition 5.1. Assume that the assortment parameters s = {s;
H4.

j» 1,J € A} satisfy the assumption

1. The n coordinates of the diffusion associated with the generator ¥, ; are independent if and only

if the following condition holds:

(H5) for every i € [1;n], myg;(s) — my(s) does not depend on the choice of the subset L of
[1;n]\{i}

2. If condition (H5) holds, the i-th coordinate behaves as the one-locus diffusion with assortment
coefficients sy = s11 and s; = s, 1 where u; = (O3, 1[1,27\¢i}) denotes the genotype which differs
from the genotype 1 only on the locus i; its generator is

1 d? d
Ex(l - X)@ + ((1 — Xty — Xpho + (54,1 —$1,1)(1/2 = x)x(1 - X)) Ix

3. In particular

(a) with the Hamming criterion, %, ; is the generator of n independent one-dimensional diffu-

sions if and only if the value of s, 1 — s, does not depend on {;

(b) with the additive criterion, ¥, ; is the generator of n independent one-dimensional diffusions

if and only if there exists a constant c such that sy, —s, = c(2£+1) forevery £ € [0;n — 1].

Proof. First note that ¥,  is the generator of n independent diffusions if and only if the polynomial

term P; ((x) is a constant function for every i € [1;n].

1. According to the formula (4.2), the polynomial term P; ((x) is a constant function for every
i € [1;n] whenever condition H5 holds. Conversely, assume that the polynomial term P; ;(x)
is a constant function for every i € [1;n]. By formulae (4.3) and (4.6), 6;[m(s)](@) = 0 for
every subset L of [1;n]] having at least two elements. We derive, from the inversion formula

(A.2) stated in the Appendix, that for every subset Ac & ([[1;n]),

&;[m(s)](A) = Z pugiy[m(s)1(0) = 6;[m(s)] (D).
BCA
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Therefore, condition H5 is satisfied.
2. With the Hamming criterion, my(s) = sj4; and condition H5 is equivalent to

Ske1 — Sk =81 — g forevery k € [1;n—1].

3. With the additive criterion, for a subset L with £ elements m;(s) = 27¢ Zﬁ:o (ﬁ.)sm_“. After

some computation, we obtain for i € L,

14
_ ¢
Mg () = mu () =27 ) (1) (Sj2j-¢+1 = Sj2j-¢1)
j=0

[4

+
_

2
27 (i _)8@[s1(2) —2) if € is odd,
i— 2
_ =1 (5.1)
2
27 (2 (L)EPs12) - D+ ()EDVs1(0))  if € is even.
j=1 2 2
It follows from (5.1) that for every ¢ € R, the system defined by
mLU{i}(s) —my(s)=cforeveryie [[1;n]] and L C [1;n] \ {i}
has a unique solution which is §(M[s](k) = c(2k + 1) for every k € [0;n — 1].
O

5.4 Behaviour at the boundaries

In this section the trajectories of the coordinates of the limiting diffusion are compared with those of
one-dimensional diffusions in order to investigate whether an allele can be (instantaneously) fixed

at one of the loci.

Consider the stochastic differential equations associated with the generator ¥, ;:

dx,(i) = v/x (D — X (D)AW, (D) + by(x)dt Vi€ [1;n], (5.2)
where (W,(1));>0,. - -, (W,(n)),>0 denote n independent standard Brownian motions, and
bi(x) = (1 — x(0)) — pox (i) + (1/2 = x())x(D)(1 — x(1))P;s(x) fori € [1;n].

Theorem 1 of Yamada & Watanabe (1971) ensures pathwise uniqueness for the stochastic differen-
tial equation (5.2), since the drift is Lipschitz and the diffusion matrix is a diagonal matrix of the

form
o(x) =diag(o(x(1)),...,0,(x(n))),
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where the functions o; are 1/2-Holder continuous functions.

The following proposition shows that, just as for the one-locus case, the boundary behaviour of the

solution to (5.2) depends only on the values of the mutation rates uy and ;.

Proposition 5.2. Let (x,),>o denote a solution of the stochastic differential equation (5.2) starting

from a point x, €]0, 1[™

(D If uy = ug = 0 then the diffusion process (x,), exits from ]0,1[" in a finite time almost surely.

(i) If up = 0 and ug > 0 then each coordinate of (x,), reaches the point 0 in a finite time almost

surely.
(iii) If 0 < u; < 1/2 then 0O is attainable for each coordinate of the diffusion process:

P[3t >0, x,(i)=0]>0 Vie[1l;n].

(iv) If uy > 1/2 then 0 is inaccessible for each coordinate of the diffusion process:

P[3t >0, x,(i)=0] =0and ]P[tlir+n x,(i)=0]=0foreveryie [1;n].
—+400
Similar statements to (ii), (iii) and (iv) hold for the point 1 on exchanging the réles of u, and .

Proof. Leti€ [1;n]. On [0,1]" the polynomial function P; ; is bounded above by
MF = Z 27 max {my () — mu(s), 0}
Ac[[1;n]\{i}
and is bounded below by
M7 =— > 27Wmax{ - (muyg(s) — ma(s)), 0}
Ac[1;n]\{i}

Let b:r and b, denote the functions defined on [0, 1] by

biw) = w1 —uw)—pou+(1/2 —wu(l —w)(M;" Tgycq/op +M; Tgynq/op),
br(w) = p(1—w)—pou+(1/2 —wu(l —w)(M;" Tysq /oy +M; Tycq)op),

foreveryu € [0,1]. Foreveryi € [1;n], pathwise uniqueness holds for the following two stochastic

differential equations:
du, = Vu,(1 —u,)dwW,(i) + b:r(ut)dt (5.3)
and

du, = v/u, (1 —u,)dW,(i) + b; (u,)dt. (5.4)
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Let & j(i) and & (i) be the solution starting from x(i) of the stochastic differential equations (5.3)
and (5.4) respectively. As the i-th coordinate of the drift is bounded above by b;r and is bounded
below by b;”, the comparison theorem of Ikeda & Watanabe (1977) ensures that the following
inequalities hold with probability one:

EC() <x,())<&F(@) Ve=0, Vie[1;n]. (5.5)

The nature of the points 0 and 1 as described by the Feller classification is the same for (£ (i)), and
(& j(i))t and depends only on u; and ug. To describe their behaviours near 0, let T;t’i(a, b) denote

the first time the process (Ef(i))t, starting from z, exits (a,b) for0<a<z<b <1.

1. If u; = po =0 then O and 1 are absorbing points; (éf(i))t reaches O or 1 in a finite time with
probability one and

1 x Zbii(u)
NI [ exp (= J1 inmagdu)dx
P lgino 1 gf =0 = 1 x  2bFw) )
t—73(0,1) fo exp ( — fl/z u(1—u)du)dx

2. If u; = 0 and po > O then O is the only absorbing point and (£¥(i)), reaches 0 in a finite time
with probability one.

3. If 0 < u; <1/2 and g > 0 then O is attainable: forevery 0 <z <b <1,

P [T;t’i(O, b)<4+ocand lim if(i) = 0] > 0.

t—721(0,b)
4. If u; > 1/2 and pg > O then O is inaccessible: for every 0 <z < 1,

P,[3t >0, £(i))=0]=0and P, [tgr&o gf({)=0] =o.

Similar properties hold for the behaviour near the point 1.
The proofs of the properties 1 and 2 are detailed in proposition 10.2.8 of Ethier & Kurtz (1986) for
a Wright-Fisher diffusion with mutation and selection which is solution of the following stochastic

differential equation:

dx, =1/ x,(1—x)dW, + ((1 — X ) — PoX +x.(1— xt)h(xt))dt (5.6)

where h is a function defined on [0, 1] by h(x) = o¢px — 0,(1 — x) for two constants o, and 0.
The proof still holds for any continuous function h on [0,1]. The properties 3 and 4 are obtained

by applying the Feller classification (see Appendix A.2 for more details).
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The properties stated in 1.-4. are sufficient to prove the boundary behaviour claimed for (x,),. Since
x. (i) < gf(i) for every t > 0, if (Ej(i))t reaches O in a finite time then so must (x,(i)),. Similarly, if
0 is attainable for (Ej(i))t then 0 is also attainable for (x,(i)),. In the same way, since x,(i) > &, (i)

for every t > 0, if 0 is inaccessible for (&, (i)), then 0 is also inaccessible for (x,(i));.

It remains to prove that (x,), exits from ]0,1[ in a finite time with probability one if u; = uy = 0.
Let € > 0 be small enough that x; € [e,1 — €]". The diffusion x, exits from the compact [e,1 — €]"
in a finite time with probability one. Let x, be a point on the boundary of [e¢,1 — €]™. There exists
i € [1;n] such that x.(i) € {€,1 — €}. For z €]0,1[, set ¢>ii(z) = P, [lim,_, +i¢ 1) éf(i) = 0].
By the comparison theorem applied to the solutions of the stochastic differential equations (5.2),
(5.3) and (5.4) starting from x,., the probability that the solution of (5.2) starting at x, reaches the
boundary of [0,1]" in a finite time is greater than c/>i+(e) if x{ = € and is greater than 1 — ¢, (1 —¢)
if x{ = 1 — €. By the strong Markov property, the probability that (x,) reaches the boundary in a
finite time is greater than min{min(¢i+(e), 1—-¢,;(1—¢€)),ie [1;n]} for every e > 0. Therefore

(x;); reaches the boundary in a finite time with probability one. O

6 The stationary measure of the limiting diffusion

6.1 Existence of a stationary distribution and an expression for its density

As in the one-locus case, when the mutation rates are strictly positive, the diffusion has a reversible

stationary distribution:

Proposition 6.1. Assume that the hypothesis H4 holds and that the mutation rates g, and p; are
strictly positive. Set $; ; = s; ; — $1,1 for every pair of types i,j € .«/. The diffusion with generator
%,,s has a unique reversible stationary distribution which has the following density with respect to the

Lebesgue measure on [0,1]":
o1
Zrps () = Cpps | [271(1 = )20~  exp(H, 4(x))
i=1
where

1
c Hy()=2 > m@]Jexa-x) [] a-200-x0)

Lc[1;n], |LI>1 Lel ke[1;n]\L

o C

n,4,S

is chosen so that f s (X150, x,)dxq - -dx, = 1.
[o,1]"
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Remark 6.1. An expansion of the polynomial function H,, ; yields:

Ho()= D, 278, Ims)@] [ —xp).
LcLnl, |LI>1 tel
Proof of Proposition 6.1. Let ¥, o denote the generator of the limiting diffusion in the random mating
case (si,j = 0 for every i,j € .«f). The diffusion associated with this generator is ergodic and
has a reversible stationary distribution m,, , which is the product of Beta distributions: m, , :=
(Beta(2ug, 2u1))®". In the general case, the generator ¥, ; can be decomposed as

1 n
Gns = %ot 3 in(l — x;)0;h(x)0;
i=1

where

Re= ) 2 mOIO] [x-x).

Lc1n], |L|>1 tel
Therefore, as explained in Ethier & Nagylaki (1989), we can apply a result of Fukushima & Stroock
(1986) to deduce that the diffusion associated with ¥, ; has a unique reversible stationary distribu-
tion m,, ; given by
my,5(dx) = C exp(h(x))m,, o(dx),

where C is chosen so that m,, ; is a probability distribution. O

6.2 Description of the density of the stationary measure

We analyse the density of the stationary measure under two supplementary assumptions:

Assumption H6: The two mutation rates uy and i, are assumed to be equal to a strictly positive real

number U.

Assumption H7: For every L € #([1;n]), m;(s) depends only on |L|. We write m({) for the
common value of m;(s) for L € ([1;n]) such that |L| = £.

Assumption H7 holds if the assortment parameters satisfy the Hamming criterion or the additive

criterion.
Under the hypotheses H1, H2, H3, H4, H6 and H7, the density of the invariant measure can be

written as g, , s(x) = C exp(h,,, ;(x)) with

n,u,s

n n—1
Mo () =2u=1D G N+ Y a0 . []etx,
i=1

(=0 Lc[Lnd, |L|=€+1 kel

where p(x;) = x;(1 — x;) and a; = 26+ [m](0).
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The study of the invariant measure in the one-locus case already provides a precise image of the
graph of g, , ; when the n coordinates of the diffusion are independent, that is when the assortment

coefficients are chosen so that
forevery £ € {0,...,n— 1}, m(£ +1) — m(£) = m(1) — m(0).

There are then at least four different types of graph depending on the respective contributions to
allelic diversity of mutations (u > 1/2 or 0 < u < 1/2) and assortment parameters (m(1) — m(0)

smaller than |8u — 4| or not) as shown in Fig. 1.

Proposition 6.2 gives conditions on the assortment parameters under which (1/2,...,1/2) is the
only critical point of the density, as in the random mating case. Proposition 6.3 deals with situations

far from the random mating case (the proofs are postponed to §6.4).

Proposition 6.2. We assume that the hypotheses H1, H2, H3, H4, H6 and H7 hold. Set V,, =2u—1+
27D 3 () 8 m] (k).

1. If V, >0, then (1/2,...,1/2) is a local maximum of g, ,, ;-
2. If V, <0, then (1/2,...,1/2) is a local minimum of g, ;-

3. Ifu>1/2 and if 6M[m](¢) > —(8u —4) V¢ € [0;n— 1], then (1/2,...,1/2) is a global

maximum and is the only critical point of g, ;-

4. If0<p<1/2and if 6V [m](€) < —(8u—4) VL € [0;n— 1T, then (1/2,...,1/2) is a global

minimum and is the only critical point of gy ,, ;-

Example 6.1. Let us consider the additive criterion with the assortment sequence s, = b{ for
it PN AN . .

¢ € [0;n]. Then 6M[m](¢) = 2 e([/z)b g is even}- As 2 e(f/z) is a strictly decreasing sequence

smaller than 1, b < O implies V,, > 2u — 1+ %b. Thus, it follows from Proposition 6.2 that if

u>1/2and b = —8(2u — 1), the point (1/2,...,1/2) is a local maximum of g, ; ,. Let us note that

if we consider the same sequence s, = b{ but with the Hamming criterion, then for u > 1/2 and

b<—-4(2u—1),(1/2,...,1/2)is a local minimum of g, ,.

Remark 6.2. The statement of Proposition 6.2 can be easily extended to a family of assortment

parameters for which H7 does not hold: V,, must be replaced by

Vii=2u—1+2700 3" 5,[m(s)](B)
Bc[1;n]\{i}

for every i € [1;n]] and the conditions on & [m](£) in assertions 3 and 4 are replaced by a condition
on §;[m(s)](A) foreveryi € [1;n]] andAc Z([[1;n] \ {i}).
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The following proposition describes the properties of the critical points of the density in two cases,
(1) w > 1/2 and a condition on the assortment parameters which strongly favours mating between

individuals carrying similar types:
§Wml(n—-1)<6W[m](n-2)<... < 6W[m](0) <0 and 6V [m](n—2) <0,

and (2) 0 < u < 1/2 and a condition on the assortment parameters which strongly favours mating

between individuals with dissimilar types:
§Wml(n—1) = 6W[ml(n-2)>...>6W[m](0) > 0 and 6 [m](n - 2) > 0.

To simplify the statement, the description is limited to the hypercube [0,1/2]". The description
on the whole space [0,1]" can be deduced from this since g, , (x) is invariant if we replace any

coordinate x; with 1 — x;.

Proposition 6.3. Assume that conditions H1, H2, H3, H4, H6 and H7 hold. Set

n—1
~1
V,=2u—1+ 2—(““)2 (n )5(1)[m](k).

k=0 k

1. Case u > 1/2. Assume furthermore that:
SWImln-1)<6W[ml(n-2)<...<6W[m](0) <0and 6V [m](n—2) < 0.

(a) If V,, > O then (1/2,...,1/2) is a global maximum and is the only critical point of the
density s
(b) IfV,, <0 then
i. &nu,s has alocal minimum at (1/2,...,1/2).
ii. In[0,1/2]", g, ¢ takes its maximum value at a unique point of the form (&, ..., &o).
iii. The other critical points of g,,s in [0,1/2]" are saddle points: for every
te1;n—1], gy has (Z) saddle points of index n — £ in [0,1/2]". The saddle
points of index n — £ have { coordinates equal to 1/2 and the other coordinates have
the same value denoted by &,.
iv. The relative positions of the coordinates of the critical points in [0,1/2]" satisfy 0 <
Epog <o <Ep<1/2
v. The value of g, is the same at any saddle point of index n — £ and decreases as {

increases.

2. Case 0 < u < 1/2. Assume furthermore that:

§Wml(n-1)>6W[ml(n-2)>...>6M[m](0)>0and §P[m](n—2) > 0.
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(a) If V,, < 0O then (1/2,...,1/2) is a global minimum and is the only critical point of the
density g s
(b) If V,, > 0 then
L. &n,u,s has alocal maximum at (1/2,...,1/2).

ii. In [0,1/2]", g, takes its minimum value at a unique point of the form
(&o,---580)-

iii. The other critical points of g,,s in [0,1/2]" are saddle points: for every
e [1;n—11, gnys has (2) saddle points of index £ in [0,1/2]". The saddle points
of index £ have { coordinates equal to 1/2 and the other coordinates have the same

value denoted by &,.

iv. The relative positions of the coordinates of the critical points in [0,1/2]" satisfy 0 <
Epog <o <Ep<1/2

v. The value of g, s is the same at any saddle point of index n — { and increases as {

increases.

Remark 6.3.

1. £ =1/2—-1/24/1—4A, where A, is the unique solution in ]0, 1/4[ of the equation:
n—1 n—1 ) )
2n=1+x 3,60l ("] )i -2 =0 (60)
. i
i=0

More generally, for every £ € [0;n—1], § = 1/2—-1/24/1 —4A, where A, is the unique

solution in ]0, 1/4[ of the equation:

n—1

2= 1+x Y By(2)6D[m](i) =0 &)
i=0

min(i,f) i n—_¢ o o
and B, ¢ ;(x) = 27t Z (J) ( ,)xl_](l S i G2

j=max(0,i—n+{) t=J

.....

2. The assumption that §()[m](i) is a decreasing function of i cannot be removed since one can
find examples of assortment parameters satisfying §[m](i) < 0 for every i € [0;n — 1] and

such that:

(@ u>1/2,V,>0,but(1/2,...,1/2) is not the only local maximum,

(b) V, <0 and g, ,, has more than 2" local maxima.
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3. If x; is the proportion of the population with allele O at the i-th locus, 2x;(1 — x;) is the
probability that two individuals sampled at random from the population carry different alleles
at the ith locus. The density function of the reversible measure takes its maximum value at a

point x such that for each i € [1;n], x;(1 — x;) = Ag.

Example 6.2. Let us consider a quadratic sequence of parameters s, = s, — (b + c£2) V£ € [0;n]
and let us define the assortment with this sequence by means of the Hamming criterion. If ¢ > 0,
b+c=>0and u>1/2then g, , has 3" critical points if and only if b + nc > 8u — 4. In this case,
Ao = n‘l/z\/% +0(n™1). If h,; denotes the value of the function hy,
index n — k then h,, o — h,, , et énz and hy, o — hy 4 S n1/21/2m (see Appendix A.3

for more details).

at a critical point of

6.3 Graphs of the density and simulations of trajectories in the two and three locus

cases

Figures 2 to 4 show graphs of the density of the reversible stationary measure in the two-locus case
for u = 0.6 and for several values of s; — s, and s, — s;, the assortative mating being defined by the
Hamming distance. Figures 2 and 3 illustrate the two situations considered in Proposition 6.3 when
@ > 1/2. When s; — sy = 0, the density may have a continuum of critical points as in Fig. 4; this

corresponds to a case in which the assumption §[m](n — 2) < 0 of Proposition 6.3 is not satisfied.

To illustrate the evolution of the O-allelic frequency when u > 1/2 and the assortative mating
strongly favours pairing between similar types, simulations were run in a population of size N = 10°
with the two-locus model (Fig. 5) and with the three-locus model (Fig. 6). For these simulations,
every individual initially carries the allele O at every locus, recombination occurs independently at
each locus and the assortative mating is defined by the Hamming criterion. The trajectory is plotted
at intervals of size N between the iterations N2 and 33N2. To help to visualize the evolution,
the colour of the plot changes every %N 2 jterations. The form of the density of the stationary
measure here is highly reminiscent of that of the fitness landscapes studied in the adaptive evolution
literature in modelling additive traits under frequency dependent intraspecific competition, see e.g.
Schneider (2007) and references therein. In the deterministic setting the existence of multiple ‘long
term equilibria’ renders the behaviour of the system very sensitive to assumptions about the initial
conditions. In our setting, the presence of genetic drift is sufficient for the population to (eventually)
explore the neighbourhoods of all the maxima, irrespective of its starting point. The time spent by
the population in the neighbourhood of a maximum depends on the assortment parameters (Fig. 6a
and 6b).
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il M\m

0.6,

s1 —Sg = —0.4 and s, —s; = —0.6 so that

Figure 2: Graph of g;, when u

the point (1/2,1/2) is the only critical point
of the density g ;.

Figure 4: Graph of g, ; when u = 0.6, s; —
so = 0 and s, —s; = —12; there is a continuum

of critical points.
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Figure 3: Graph of g, when u = 0.6, s; —
so = —2 and s, —s; = —6 so that Ay ~ 0.0766.
A black dot marks the position of each ex-
tremum and a cross is plotted at each saddle

point.

Figure 5: Simulation of the evolution of the O-
allelic frequency in the two-locus model. The
population size is N = 103, u = 1, s; — sy =
—15, s, —s; = —210. A black dot marks the
position of each extremum and a cross is plot-
ted at each saddle point. In this example,

Ap >~ 0.034 and A; ~ 0.008.



5 (a)
Assortment parameters: s; —sg = —20, sy —
40 $1 = —40 and S3 — 89 = —60.
30 Characteristics of the stationary density:
Ap >~ 0.043, A; ~0.031 and A, ~ 0.025.
@ hy —h; = 7.9, hg — h, ~ 243 and
10 ho - h3 ~ 498,
60
(b)
50
Assortment parameters: s; —sg = —30, 55 —
40 s; = —60 and s3 — s, = —90.
% Characteristics of the stationary density:

Ag 22 0.030, A; ~0.021 and A, ~ 0.017.
20 hO - h1 == 12.6, ho - h2 o 38.6 and
hy —hy ~78.7.

Figure 6: Simulations of the evolution of the 0-allelic frequency with the three-locus model for
two different sets of assortment parameters. The assortative mating favours more strongly pairing
between similar types in Fig. 6b. The size of the population is N = 103 and the mutation rate is
@ = 1. A black dot marks the position of each global maximum of the stationary density, a cross the
position of each saddle point of index 2 and a diamond the position of each saddle point of index
1. Some numerical characteristics of the stationary density are presented to the right of each figure:
fori e {1,2,3}, the value of A; = &£;(1 —&;) provides the position of the critical points of index 3 —i

(see Proposition 6.3) and h; is the value of the log-density h,, , ; at a critical point of index 3 —i.
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6.4 Proofs of Propositions 6.2 and 6.3

Proof of Proposition 6.2 Let us introduce some notation in order to shorten the expressions. We

setv=2u—1, p(u) =u(l—u) forue[0,1], p(x) = (p(x1),..., p(xy)),

h(x)zvilog(xin%Zn](m(e)—m(on > TJepy JT a-2x0
i=1 (=1

Lc[1;n], |LI=L JEL ke[1;n]\L

and h(x) = h(p(x)) for x = (x1,...,x,) €]0,1[". With this notation, &nus(X) = Cp s exp(h(x)).

1. For every x €]0,1[" and i € [1;n]], d:h(x) = (1 — 2x;)3;h(p (x)) where

n—1
OR(x) = xi > s0mi©o Y e ] a-2x.
t £=0

Le[LaI\iLILI=t jEL ke[L;nI\(LU{D

First, the point u,, = (1/2,...,1/2) is a critical point of h, , ; and the Hessian matrix at this

point is the diagonal matrix —2AI,, where

n—1

n—1

A=4y+27("DY" ( _ )6(1)[m](i) = 4V,
i=0 L

This proves the first two assertions of the proposition.

2. The last two assertions follow from the fact that d;h(x) and A are increasing functions
of 8MW[m](¢) for every £. Let us prove assertion 3 to illustrate the method. First, if
M [m(s)](¢) = —(8u — 4) for every £ € [0;n— 1] then the n coordinates of the diffusion
are independent. In this case, A = 0 and the stationary density has only one critical point at
(1/2,...,1/2) which is a maximum. If {s; ;, (i,j) € .&/ 2} is a family of assortment parameters
such that d;h(x) is nonnegative for every x €]0,1/4]" and the density gn,s,u has a unique
critical point at (1/2,...,1/2) which is a maximum, then the same is true for any family of
assortment parameters {3; ;,(i,j) € 2} such that M [m(8)]() > 6P [m(s)](¢) for every
Le0o;n—1].

Proof of Proposition 6.3 We retain the notation introduced in the proof of Proposition 6.2. For
k € [1;n], we set a = 2k6%*D[m](0) and denote by e,k the elementary symmetric polynomial

function in n variables of degree k:

eno(x)=1and e, ;(x)= Z l_[Xg for ke [[1;n].

Lc[Lnd, (€L
ILl=k

2156



For instance, e, 1(x) = x; +... 4+ X, €, 5(x) = 21§i<j§n X;X;.

With this notation

n—

n 1
h(x)=v D In(x)+ Y agen e (x).

i=1 (=0
In the proof we shall use (several times) the following identity for elementary symmetric polynomial

functions:

Lemma 6.1. Let n be an integer greater than 1 and let k € [0;n—2]. For every x € R", set

2O = (xq,..., X1, Xi41, .-, x,) for i € [1;n] and

@) = 200 = (X15e a5 X1, Xig15 e+ 05 Xj15 Xjq15 - -, Xp) for i, j € [1;n] such that i < j.

Then,

Xien1 k(ED) = xjen_ 1k (£9) = (x; — x)en_g x (X,

We shall also use the following alternative expression for symmetric polynomial functions that are

similar to the polynomial term in h:

Lemma 6.2. Let n € IN* and let ay, ..., a, be real numbers. Then for every x € R",

n

Xn:2k5(k)[a](0)en’k(x)=2ai > [ ]zx] Ja-2xp.
k=0

i=0 Ic[1;n], |I|=i i€l JéI
In particular, for every y € Rand £ € [0;n],

> 2560 [a](0)e,k(1/9%, y20) = > a;B, 1 1(2y)
k=0

i=0
min(i,{) I n—>¢ o o
where B, ;(y)=2"" > ( ) ( . .)yl‘](l — yyrte D,
j=max(0,i—n+{) J t=J
Proof. See Corollary A.2. O
1. Let us assume that x = (xy,...,x,) is a critical point of g, , ; different from u,. Let £ denote

the number of coordinates equal to 1/2 (£ € [0;n — 1])). Every coordinate x; different from
1/2 has to satisfy: Jh, , ;(p(x)) =0, that is

n—1
——(®
v+ p(x) Y axe1x(p(x) ) =0.
k=0
In particular, it follows from Lemma 6.1 that if x; and x; are two coordinates of the critical

point x not equal to 1/2 then
=3 ——(i,)
p(x)) = p(x;) or D axenax(p(x) ) =0.
k=0
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By Lemma 6.2,
n—2 n—2
> apenax() = 6D [al(0)Q,(x),
k=0 (=0

where Q, denotes a polynomial function which is positive on x €]0,1/4["2 for every
¢ € [0;n—2]. Thus this sum cannot vanish in ]0,1/4["2 under the assumption that all
coefficients 57 [m](i) have the same sign and that for at least one i < n —2, 8 [m](i) is
non-zero. Therefore, such a critical point exists only if there exists a solution in the interval
10,1/4[ of

n—1

1 ,
v +}’Zaken—1,k ((Z)®e,y®(n—6—1)) =0. (&)

k=0

In order to study the solutions of (é”é ), let ¢,(y) denote the left-hand side of (é”é ):

n—1
1
D) =v+y Y e,k (P20 Y) (6.1)
k=0
By Lemma 6.2,
n—1
$e()=v+y ) Bu1:(2y)6D[m](0). (6.2)
i=0

Therefore, (é’é ) coincides with (&) of Remark 6.3. The derivative of ¢, is equal to:

n—1
$(Y) =Y Bu14:(2y)6V[m](i)
i=0

n—2
+2y(n =10 Byg(25)(EV[m] (i +1) — 6D [m] ().
i=0
If 6W[ml(n—1) < --- < 6W[m](0) <0 (respectively sV [m](n—1) > --- > §M[m](0) > 0),
¢, is a decreasing function on the interval [0,1/2] (resp. an increasing function on the
interval [0,1/2]). The value of ¢, at 0 is v and the value at 1/4 is V,,. Therefore, under the
assumptions of 1 or 2 of the proposition, for every £ € {0,...,n — 1} (é”é) has no solution in
10,1/4[ if V, and v have the same sign and has exactly one solution in ]0, 1/4[ denoted by A,
if V, and v have opposite signs. This proves assertions 1.(a) and 2.(a).
For every pair of disjoint subsets I and J of [1;n], let us introduce the following point:

ury = (xq,...,x,) with

1/2ifiel,

X;=11/2+1/2\/1—4x, ifi€J,
1/2—-1/24/T =42y ifi € [1;n] \ (1UJ).
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We have shown that if V,, and v have opposite signs, then every point u; ; is a critical point

and any critical point is one of these points u; ;.

So that we may use our conclusions above, from now on, we assume that the hypotheses stated in
point 1 of the proposition are satisfied. However, the computations that follow do not depend on

these hypotheses, and so our proof is easily modified to the setting of point 2.

2. Let us study the Hessian matrix of h at a critical point u; ; such that |I| < n — 1. For that,

1,8

set { =|I|,{T =|J|and £~ =n—{ — ¢ and let us introduce the following notations:

-1 L%
a = alh((z)w,(xe)@(“—“), be=—-(1=42) 75,
14

-1
¢ = (1= 42097, 1 h(()%, ()%,

The Hessian matrix of h at uy ; is permutation-similar to the following block matrix:

n,uU,s
A 0 0
H =10 By Cy
0 C; By

where

e A, denotes the scalar matrix —2a,I, with a, = 5‘1i_1((‘1‘)®€, (A)2=0),

by ¢ ¢
c
e B, denotes the following k-by-k matrix : By = _E ,
Ce
¢ - ¢ b

e C, denotes the {*-by-£~ matrix all the elements of which are equal to —c,.

By assumption on u, b, < 0. To complete the proof of assertions (i) and (ii) of 1-(b), we shall

B Cc
prove that a, < 0 and that by, < ¢, < 0. That will imply that the submatrix ( é’ﬁ ¢ ) is
B, -
[/ 0,0

negative definite (for more details, see Lemma A.3) hence that the Hessian matrix of h at

n,u,s
a point u; ; has |I| positive eigenvalues and n — |I| negative eigenvalues.
. . -1 _ —
First, let us study the sign of a, = 4v + Z?:o aien_l’i((%r)@?(f 1)’/12801 )). As ¢y(A) =0, an
application of Lemma 6.1 yields:
n—2

1 .
a=01- 47@2 aien—z,i((z)wl_l),)t@( 1 e)).
i=0
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4. Proof of assertion 1.(b).v: let h, denote the value of h

The right-hand side can be rewritten using Lemma 6.2:

n—2
ap = (1-440) > 6V [m](D)By g1, (27)-
i=0
The conditions on § M [m](i) imply that a, is negative.
Let us now study the coefficients b, = (1 —424,) b, and & = (1 — 44;)"'¢c;. As in the study

of a, we use that ¢y(1,) = 0 and Lemma 6.2 to write b, and &, in terms of the coefficients

5D [m](s)(0):

y 1 n—1
b= 5 2,88, 1,220,
i=0

n—2
& =2 (6W[m](i +1) = 6V [m]()B_s,e,i(24)-
i=0
As W [m(s)](i) is assumed to be a decreasing sequence, &, < 0. After some computations,
we obtain:
. n—2
Ae(E —b) == D [mI()By,,1(22)-
i=0

The conditions on 5§ [m](i) imply that & > b,.

. Let us prove that 0 < A,,_; < --+ < Ay < 1/4, which gives the relative positions of the
coordinates of the critical points.
Let £ € [0;n—2]. If we return to the expression (6.1) of ¢,, use Lemma 6.1 and then

Lemma 6.2, we obtain:

n—2
$1() = 0 =y(1/4= ) tiiren s, (1/4)%, 2 7270)
i=0

n—2

=2y(1/4—y) Y 6@ [m]()Byse;(2y).
i=0

By assumption, §@[m](i) < 0 for every i € [0;n—2] hence ¢,,1(y) < ¢,(y) for every
y € [0,1/4]. As the functions ¢, are decreasing on [0, 1/4], we deduce that A,,; < A, for
every { € [0;n—2]. As the two critical points uf,7¢ and upy,417,0 have not the same

properties, they cannot coincide and thus A,,; < A, for every £ € [0;n —2].

at a saddle point of index n — ¢:

n,u,s
pe = ((1/2)%¢,(£,)8=9). To prove that h, > h,,; for every £ € [0;n — 2], we shall use the
properties of the gradient dynamical system d’;—(tt) = —Vh(x) with h = —hy,,,s- Fix a positive

value M large enough so that Uy; = h~}([—M, M]) contains all critical points of h (such an
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M exists since h(x) tends to infinity as x tends to the boundary of [0,1]"). The function h
decreases along trajectories and a trajectory of a point x € M converges to a critical point of
h as t tends towards 400, since i has only isolated critical points. For k € {0,...,n — 1}, let

UI(VI; ) denote the subset:

U(k)—{XEUM, x;=--+=x;=1/2and x; < 1/2 Vi > k}.

Every subset Uz(v];) contains exactly one critical point, the saddle point p;. As 6l~fl(x) =0
at points x such that x; = 1/2, the subset UJ(\/’; ) is positively invariant by the gradient flow.
Therefore, to prove that h; > hy,, it is enough to show that there exists 0 < yy < 1/2 such

that for y €]y, 1/2[, h((1/2)®,y, EE7 ) < h(pye)-

As EE(1/2)®k,y, €k+1 =1y = —I_ln,u’s((l/4)®k,y(1 — y),)tfj:l_k_l), it is enough to show that
O 1hn s ((1/4)20HD), Afﬁ k=Y < 0. Using that Ak41 is solution of the equation (&), we
obtain

n—2

Ot P s (/)P 20Ky = (1= 424,1) D 6D [m] (1B (2y) < 0.
i=0

7 Proof of convergence to the diffusion

In this section, we prove convergence to the diffusion approximation in the n-locus case (Theo-

rem 4.1). We also establish the two simple expressions for the drift presented in §4.

First, the properties of the generator ¥, ; stated in assertion (a) of Theorem 4.1 can be obtained by

applying the following theorem established by Cerrai and Clément:

Theorem 7.1 (Cerrai & Clément 2004). Let &+ (IR") be the space of symmetric, non-negative definite,
n x n matrices. Let A : [0,1]" — #*(R") and b : [0,1]" — R" be mappings of class C2. For
ie{l,...,n}and € € {0,1}, let vé denote the unit inward normal vector of the hypercube Cé ={xe

[0,1]", x; = €}. Let us assume the following two conditions:
e foreveryie{l,...,n}, e€{0,1} and x € Cé, A(x)vé(x) =0 and (b(x), vé(x)) > 0;
e foreveryi,j€{l,...,n}, A; j(x) depends only on x; and x;.

Then the operator

ZZAUM +Zb (x)

i=1 j=
is closable in C([0,1]™) and its closure is the generator of a strongly continuous semigroup of contrac-

tions.
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To prove the convergence result, we use the following theorem, due to Ethier and Nagylaki, on

diffusion approximations for Markov chains with two time scales.

Theorem 7.2 (Ethier & Nagylaki 1980, Theorem 3.3). For N € IN¥, let {Z{{V, k € N} be a homo-
geneous Markov chain in a metric space Ey with Feller transition function. Let F; and F, be compact
convex subsets of R™ and R™ respectively, having non-empty interiors. Assume further that 0 € 1c~l o5 Let
®y : Ey — F; and ¥y : Ey — F, be continuous functions. Define X;' = ®x(Z)Y) and Y = ¥y(Z))
for each k € IN. Let (e )y and (O )y be two positive sequences such that 6 — 0 and €y /6y — O.
Assume that there exist continuous functions a : F; x R™ — R"®R", b : F; x R™ — R" and
c: F; xR™ — R™ such that for i,j € [1;n] and £ € [1;m] the following properties (a)-(e)
hold as N — +o0 uniformly in z € Ey where x = ®5(2) and y = ¥y(2):

(@ ey B, [XY (i) — x(D)] = b;(x, ) +o(1),
() ey' B, [(XY (1) = x(D)XY () = x(GN] = a;,;(x, ) +0(1),
(© ey’ B [(X) (1) — x(0)*] = 0(1),
(D S5 E [N (0) = y(O] = ¢,(x, y) +0(1),
(&) S5 E[(Y]'(0) = y(£))*] = o(1).
Assume further that

() cis of class C2, c(x,0) = 0 for all x € R™ and the solution of the differential equation

d
X y)=clxult,x,y)), u(0x,y)=y.
exists for all (t,x,y) € [0,4+00[ XF; x F, and satisfies

lim sup |u(t,x,y)|=0
£+ (x,y)eF, xFy

(g) The closure of the following operator

n

1
2252 a;(x, 0) +Zb(x 0) . 9(2)=C¥F),

L,j=1
generates a strongly continuous semigroup on C(F;) corresponding to a diffusion process X in F.

Then the following conclusions in which the symbol = denotes convergence in distribution, hold:

() IfXN = X(0) then {X[t/ t = 0} = X(-) in Dg ([0, +o00[) (where Dg, ([0, +oo[) is the space
of cadlag paths w : [0,00) — F1 with the Skorohod topology),
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(i) For every positive sequence (ty)y that converges to +oo, Y[IYN J6y] = 0.

Remark 7.1. We have only stated the part of Ethier and Nagylaki’s theorem that we need. The full
statement also gives a convergence result when the sequence (6, )y converges to a positive real

number.

To apply this theorem, we consider the two sequences ey = N™2 and 6y = N}, we set Ey = {z €
(N"TIN)9, Zieﬁ z(i) = 1}, and we define by (®,, ¥ ) a change of coordinates such that \1/;,1({0})

is the linkage equilibrium manifold:

dy: Ey — [0,1]" and ¥y: Ey — [-1,1]¥ 1
z = (ug,...,u,) z — (u, Ic[1l;n]s. t|I|>2)

where u; =33, _z(€) fori € [1;n] and u; = [ [, u; — Zuuzoz(@ for each I C [1;n] having

at least two elements.

First (in §7.1), we shall check that X%N) = <I>N(Z§N)) and Yl(N) = \I!N(ZgN)) satisfy the conditions
(a)-(f) of Ethier and Nagylaki’s theorem with the following expressions for the functions ai’j(x, 0)
and b;(x,0):

a; j(x,0) = x(D)(1 — x() Ty, (7.1)
bi(x,0) = (1 = x(@)pq — x(Dpto + (1/2 = x(0))x(D)(1 = x(D))P; 5(x), (7.2)

where

Pis(x)= Z Z (Ssugim = S.1)

Je[LnI\{it HC[1;n]\{i}
[TxO] [xw [T a-xGn [T a-xw),

jeJ heH jelL;n], he[[1;n],
jeIutit h¢HU{i}

and, for two subsets I and J of [1;n]), s;; denotes the assortment parameter s; ; for the types

i:(OIJ ]'I_) andj :(OJ> ]'j)

In §7.2 we shall show that P; ; has the following two equivalent expressions:

P)= D, 2M5,,ImE@)] [x@0 - x@)
Ac[1;n]\{i} leA

= Y sm@I@] [2xta-xtn [T (1-2x00-x@).
Ac[1;n]\{i} keA (2AU{i}
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7.1 Verification of the conditions (a)-(f) of Ethier and Nagylaki’s theorem

As the proportion of individuals of a given type i can only change by £1/N in one step:
e IfrelN*and i € ./, then

E [ZV0-2@)]1=N" Y (AEid+ED i) 73

jed\{i}
e if,ue N, i,j €.¢/ sothati # j, then

E, [(Z™M () - 20) (2N () - 2())"]
=N (D (a1 D+ (D (z0,D) 74

e if r>3andiW,...,i" e .o so that at least three of them are distinct, then

r

E [ []@V60) -2 ] =o. (7.5)

u=1

Condition (a). To show that condition (a) of Theorem 7.2 holds, we first examine the drift of Z ),
A Taylor expansion of the transition probabilities of the Markov chain (ZEN))EN using assumption

H2 yields the following formula:

Lemma 7.1. Foreveryi € <,
N2E, [Z%N)(i) —z(i)] = NBEO)(Z) + Bgl)(z) +O(N™Y), uniformly on z € Ey,
where

BO() = D #(a(k)q((, ks 1) —2(i)

ked jeod
BU@) = D> 200200 ( Do alU, s (1 = iy gy Dita—i, —9(0L KD Y wy, )
ked jed u=1 ~
DIDICTL OO CASHEFODIEIES
ked jeod ke
= D sinz(a(z()a((L k) i) +2G) D D | siaz(k)z(h)
ked je.d hed heo kee

Proof. By assumption H2, for two different types i, j € .&/

fu(z,1,5) = Z 2(Dz(l)w ™ (z, 1, k)q((i, ke ); Ou™(E, j).
ktleod
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where wM™M(z,i,k) =1+ Zlv(si,k — Y hew Sinz(h)) +O(N~2) and

1= Yooy, O™ if dy(€,j) =0
pM ) =1 Lo +ONT2) if d(€,j) =1and £; =1 — j;
O(N~?) if dy (€, j) = 2

To prove Lemma 7.1, it suffices to use these expansions in

E, [V - 2] =N (fulzd, 1)~ fulz 1))
J#

and to simplify. O

Let u € [1;n]. To establish an expression for the drift of X®™)(u), we must compute

Dicd i=0 Bgo)(z) and D /i o Bgl)(z). Direct computations yield:

Lemma 7.2. For every u € [1;n] and z € Ey,

> BY=)=0, (7.6)
ied, i,=0
1
Y. B =0 - x — x@po + 56, (), 7.7

icd, i,=0
where

x)= > z(i) and G,(z)= D> > 5(j)z(h)sjn(Tg,—g; —x(w)).

ied, i,=0 jeo hed

Proof. For e € {0,1} and i € .¢/, let agf)(i) denote the type i modified by setting the allele € at the

locus u. We shall use the following formula several times:

> q(( k) 0lOD)) = Tgj, -+ (W) (Tgg —ep — Iy mey) (7.8)
ied, i,=0

with 7(W) = X g\ 1 = % by assumption H1.
First, formula (7.8) with e = 0 provides

S BP)= > (Y. Y (peg ~Ty—g)— Y. z(i)=0.
i 0

i€, i,=0 jed, j,=0 jed ked ied, i,=

Let Bgl’j)(z) denote the j-th line of the expression of Bgl)(z) for j € {1,2,3}.
As > q((j, k); o5(i)) does not depend on the value of a if u # x:

ied, i,=0,iy=a

> BME) = Y00 Y (6l ke — al, k)o@, ).

ied, i,=0 ked jed ied, i,=0

2165



Applying (7.8) again, we obtain:
> BPYG) = (1 - x@)uy — x@uo.
ie.d, i,=0

Due to the symmetry of the parameters: s; sj i fori,j € .o/, we have:

J=

> B PE) =o.

ied, i,=0
Finally, computations using (7.8) yet again yield:
1
>, BY@ =56
ied, i,=0

O

To obtain condition (a), it remains to express G,(z) in the new coordinates. The following lemma

describes the inverse of the change of coordinates (@, ¥y ):

Lemma 7.3. For z € Ey and L C [1;n], set x(L) = Zi i‘Lzoz(i) with the convention x(@) = 1 and

y(L) =11, x(€) — x(L) if IL| = 2. Then for every J C [1;n],
2(0;,1) =] [x®] Ja -xGn- > (=) Vly (). (7.9)

ieJ ieJ Ic[1;n] s. t. JCI, |I|>2

Proof. First, by induction on n — |J|, we show that
20,1)= >, DIV, (7.10)
Ic[1;n] s. t. JCI

Since 2(0) = x([[1;n]), the equality (7.10) holds for J = [1;n].
Let m € [1;n]. Assume that the formula (7.10) holds for every subset J of [1;n] such that

|J| = m. Let K be a subset of [1;n] with m — 1 elements.

20, 1) =x(K)— Y. 2(0,1p)
Lc[L;n] s. t. KGL

We apply the formula (7.10) to every term in the sum and we invert the double sum we have

obtained:

2001 =x® -y x( Y (i),

Hc[1;n] s. t. KSH Lc[1;n] s. t. KSLCH

The sum between parentheses is equal to

|1LI§:I<|(—1)|H|—|K|—v ('Hl - |K|) = —(=nM7IK,
v=1 Y
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Thus the formula (7.10) is also satisfied for the subset K which completes the induction.
To complete the proof, we replace x(I) in (7.10) with ]_[ie ; x(i) — y(I) for every subset I having at

least two elements and use the following equality:

Y T xo=TT0( X o[ [x@)=[Tx» [] a-xw.

Ic[1;n], JcI iel jeJ Lc[1;n]\J Lel jeJ ie[1;n]\J

O
To shorten the notation, set
o Ay=1[1;n] \{u} forue [1;n]
o II;(v)= ]_[jej v(j) forve [0,1]" and J € Z([1;n]) with the usual convention IIy =1,
e 51y =s;; fori=(0;,1;) and j =(0,,15).
With this notation, for every J C A,

e 2(0,,15) = (1 — x@)I; (), \;(1 —x) —R,(¥),
* 2(0uqup, Lygpy) = X(WIL; ()M, (1 = %) = Ryugp(¥),

where R;(y) and R;,;(y) denote polynomial functions that vanish at y = 0. Therefore,
Gy(z) = x()(1 = x(w) D Y TG (5 (1 = 3y (1= x)
JCA, HCA,

(x(u)(sJU{u},Hu{u} = sy a0g) + (1= x50, — SJ,H)) +R,(x,y),
where R, (x, y) is a polynomial function in the variables x(1),...,x(n) and y(I) forI € [1;n] such
that |I| > 2, that vanishes in the equilibrium manifold: R,(x,0) = 0.

The expression for G,(z) can be simplified by using the two assumptions H4 on the assortment

parameters, that is s; ; = sy ; for every J,H C [1;n] and s; g pug} = Ssu for every u € [1;n]
and J,H C Ay:

Gy(2) = (1 — 2x(w))x(w)(1 — x(u))x

DGOy (1= )Ty (= X)(Sy0gu0 — S,0) + Rau(, ).
JCA,HCA,

In summary, we have established the following expansion of the drift of X():
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Lemma 7.4. Assume that hypotheses H1, H2, H3 and H4 hold. For every i € [1;n],

N2E, [X™M(i) — x(1)] = (1 = x(i))py — x (Do
+ (G~ XX~ xDPLE+R () +OWNT) (7.11)
uniformly on z € Ey where

P = D0 > TGO, (1= T\ (1= X (S50 = S2,00)
JCA,HCA,
and R;(x, y) is a polynomial function in the variables x(1),...,x(n) and y(I) for I € Z([1;n]) with

at least two elements such that R;(x,0) = 0.

Condition (b). Computations similar to those used to obtain (7.6) lead to the following expansion

of the second moments of X gN) — x, showing that condition (b) holds:

Lemma 7.5. N2E, [(X"(i) — x(0)(XM () — x(7))] = a;;(x, ) + O(N ™), with

aii(x,y) = x(D)(1 - x(@)+0(N"1)

aion=-2( X n)yUiD+ON i i#]
Ic[1;nl\{i,j}

uniformly on z € Ey;.
Proof. Leti,j e [1;n] and z € Ey. By definition of X)),

N2E, [(x{V(0) - x()X V() - x(7))]
=N Z Z E, [(ZM(k) - 2()Zz™(0) - 2(£))]

ked, k=0 Led, ;=0

Using formulae (7.3) and (7.4) and assumption H2, we obtain

N2E, [(xM(@) - x(@)XNM(G) = x())]
= D> U k) + fu(z k) T—o -0 — Tge—o,t,—0)

ked bed
ey (2 (3 (3) -1
=T+ T T = T;) +0(NTY),

where

=20 20 Y. qtt)k),

teo led ke, k;=k;=0

TP =) D 200 Y alk,0);e),

teo ke, ki=k;=0 led

=250 Y &0 Y Lk,

ted ted, ;=0 ke, k;=0
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With the convention x({i, j}) = x(i) if i = j, we have Tl.(?) = x({i, j}) and it follows from assumption
H1 (r; =rj forevery I C [1;n]) that
1 N .. N
T =x@x(N+ Y. ri(Tgerjen + Tigjeny ) (x(i, 51 = x()x()))
Ic[1;n]

=x@x(+2( D ) (xUiibH-x@x()),
Ic[Ln] N\, j}

1
1) =x(iiD+ (D ) G@x() - xUL 1) = 5 (x(Dx() +x(1i, 1)-
Ic[;n]\i}

Therefore, for every i,j € [1;n],

N2E, [(x™ (@) — x(@))E M) = x())]
:2( Z rz)(X({i,j})—X(i)x(j))+O(N—1),
Ic[1;n]\ i, j}

If i = j then x({i, j}) — x({)x(j) = x(i)(1 — x(i)) and Z =

1
Ic[L;]\ L)} 2

Condition (d). Let I be a subset of [1;n] with at least two elements. To compute the drift of
yWw )(I ), we use the following lemma and formulae (7.3), (7.4) and (7.5) describing the moments
of Z§N) — 2.

Lemma 7.6. Let J be a finite set. Consider two families of reals {a;,j € J} and {b;,j € J}. The
following identity holds:

[Ta-T1t5= D) [J@-b0]] b (7.12)

jeJ jeJ KcJ, K#0 keK teJ\K

Proof of Lemma 7.6. To simplify the notation, let 1,...,n denote the elements of J.

SetA, = l_[lr.l:1 a; and B, = ]_[:.l:l b;. Equality (7.12) can be proved by induction on n using that:
An - Bn = (An—l - Bn—l)(an - bn) + (An—l - Bn—l)bn + (an - bn)Bn—l

and applying the inductive hypothesis to A,_; — B,_1- O

Computations yield:

NEVPO-yml=Y ( []xw Y B®)

iel (el\{i} jed, j;=0

- Z B}O)(z)+O(N—1). (7.13)
jed, j;=0
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B

jedt, j=0B; (z) =0 for everyi € [1;n] (equation

uniformly on z € Ey. As we have shown that Y.

(7.6)),

NE VD -yml=- > BP@+ow™) (7.14)
jed, j;=0

uniformly on z € Ey.
Direct computations provide the following expression of the sum on the right-hand side of (7.14)

using the variables x(L) =Y, x(j)for Le 2([1;n]):

jeo, jjL, =0

> B4 = > r (x(I NLx(INL)— x(I)) (7.15)

jed, j=0 Lc[1;n] s. t. INL#D, INL#D

To obtain an expression for ]EZ[Yl(N)(I ) — y(I)] in the new coordinates, it remains to replace each
term x (L) for |L| > 2 with HZEL x(£)—y(L)in (7.15). This leads to the following lemma and shows
that condition (d) holds.

Lemma 7.7. For a subset I of [1;n] having at least two elements,
NE,[Y{(D) = y(D] = ¢y, (x, ) + ON ) (7.16)

where

o)== > n)y0 =Ty . nyUnLy(Ini)

Lc[1;n], Lc[1;n],
LOI#D, LNI#£0 INLZ2,/InL|>2
+]I{|I|23} Z (rL—l—rE)y(LﬁI) | | x(ﬁ)

Le[1n], (eInL
[INL|>2,|INL|>1

Condition (f). The following lemma shows that the condition (f) holds under the assumption H3:

Lemma 7.8. For two distinct loci k, £, let 1y, denote the probability that the offspring does not inherit
the genes at the loci k and { from the same parent,

et = Z (rr +rp),
Ic[1;n], k€l and L&1

and set r(n) = min(ry , k,h € [1;n] and h # k).
If r(n) > 0 then the following system of differential equations
dvnl
(S ) dt’ (t;xa.)’):Cn,I(x;Vn,I(t:an’))
I
' V1(0,x,y) = y(I)

Vic[1;n]s t |[I|=2
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has a unique solution v, = {v,, I C [1;n] and |I| = 2} which is of the form:

vn,l(tz X, }’) = exp(_r(n)t)fn,l(ta X,J’):

where f, | is a continuous and bounded function on R x[0,1]" x [—1, 1]%"~""1 so that the value of
fn1(t,x,y) depends on x and y only via the coordinates x(i) for i € I and y(J) for J C I such that
1| > 2.

Remark 7.2. For every subset I C [[1;n] with two elements say k and £,

anI

>

dt

(trx)y) = "Tke vn,I(tJ X, y)

Therefore if r(n) = 0 then there exists a subset I of [1;n] with two elements such that
Voi(t,x,y) = y(I). Thus the assumption r(n) > O is a necessary condition for the solution of

(S,,1) to converge to 0 as t tends to +oo for any initial values.

Proof. Let n > 2 and let I C [1;n] be such that |[I| > 2. As c,;(x,y) depends only on the
coordinates x({) for £ € I and y(L) for L C I such that |L| > 2, we shall prove by induc-
tion on the number of elements of I that for any J C I, (S,;) has a unique solution of the
form v, ;(t,x,y) = exp(—r(n)t)f, (t,x,y), where f, ; is a continuous and bounded function on
R x[0,1]" x [—1,1]% ~""! such that the value of f,, ;(t,x,y) depends on x and y only through the
values of the coordinates x(j) for j € J and y(L) for L C J such that |L| > 2.

e If I has two elements say k and £, then (S, ;) is the following differential equation:

dv,
d,;’I (t7 X,)’) = _rk,f vn,l(ta X, J’)

vn,I(OJx).y) :.y(I)

It has a unique solution v, ;(t,x,y) = y(I)e_r(z)ffn’I(t,x,y) where

fn,I(tJ X, .)’) = e_(rk’[_r(znt.y(l)'
By assumption r(k,£) > r(2) > 0, hence the result holds.

o Let 2 <m < n. Assume that the inductive hypothesis holds for any subsets J with m elements.
Let I be a subset of [1;n] with m + 1 elements. Then

dv,
dt

—tr(n)

N -
(t,X,J’):_rIVn,I(f;X,J’)+e g(t,X,}’)
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where 7; = E r; and

Lc[1;n] s. t.
LNI#0D, LNI#D

g(t,x;J’): _]I{|I|Z4} Z rLe_tr(n)fn,IﬂL(t:x:y)fn,lﬂi(t;x).y)
L2

sy D, (o) farn(6xy) [ 00,
LcLn] s. t. teInl
[INL|>2,|InL|>1
As 7; is the probability that the offspring does not inherit all the genes at loci i € I from the
same parent, r; > r(n). Therefore the differential equation (S, ;) has a unique solution:

t

Var(t,2,y) = y(De M + e_mJ g(s,x,y)el 1775 ds,
0

By our assumptions on the functions f, ; for J ¢ I, g is a bounded continuous function on
R, x[0,1]"x[—1,1]%"~""1 such that the value of g(t, x, y) depends on x and y only through
the coordinates x(i) for i € I and y(L) for L C I such that |L| > 2. Therefore, the function
far(t,x,y) = er(“)tvn’l(t,x,y) has the asserted properties.

Conditions (c) and (e). Condition (c) is easy to verify using formulae (7.3), (7.4), (7.5) describing

the moments of Z fN) — 2. This leads to:
N2E, [(XgN)(i) —x()*]=0(N"2) Vie [1;n], uniformly on z € Ey.
Similarly, using Lemma 7.6, we obtain

NE[(Y™(D) - y(M)*1=0(N"") VIc [1;na], s.t.|I| > 2, uniformly on z € Ey.

7.2 Expressions for the drift

We have shown that the i-th coordinate of the drift of the limiting diffusion is

(1 = x(D))uy — x(Dpo + (1/2 = x(0)x(D)(1 — x())P; 5(x)

where
Py()= > D Gougipm —Ssm)x
Je[LnI\{i} HC[1;n]\{i}
[[xO] Jxm T a-xGn [T a-xm),
jeJ heH jelL;n], he[1;n],
JIU{i} heHU{i}
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and, for two subsets I and J of [1;n]), s;, denotes the assortment parameter s; ; for the types
i = (0;,17) and j = (0y,15). The following lemma states that P; (x) is actually a polynomial
function in the variables x(i)(1 — x(i)) fori € [1;n] \ {u}:

Lemma 7.9. Let A be a finite subset of IN. Consider a family of reals 8 = {f3; ;, I,J C A} such that
ﬁI,J = ﬁI\J,J\I for every I,J C A Then,

DU Bu ][O [xw ] Ta-xGn [ ] a-xw)

JCAHCA jeJ heH JEAJ heA\H

=Y a@®] [xoa-x@) 717

LCA el

where

CL(B)= Z(_Z)ITI—ILI Z Ba,r\a-

TCL ACT

Proof. Let P,(f) denote the polynomial function on the right-hand side. The proof is by induction
on |A|. First, Py(8)(x) = Bgp = Co(/5).

Let n € IN. Assume that the equality (7.17) holds for every subset A of IN with at most n elements
and every family of reals 3 satisfying the assumptions of the lemma.

Let A be a subset of IN with n + 1 elements, let j be an element of A and let n = {n;;, I,J C A}
be a family of reals such that n; ; = np; 5\, for every I,J c A. We split Py(n) into a sum over the

subsets of A containing j and a sum over the subsets of A \ {j} to obtain the following expression:

P =Y, Y [[x@] [x@ ] a-xtn] ] a-xm)x

KcA\{j} LcA\{j} keK (el keA\K heA\L

(X(j)anU{j},LU{j} + (1= x())ng . +x(G)A = x(G) kg + nK,LU{j}))-

This expression can be simplified by using that ngygj; Loy = Mk 1:

PA(m)(x) = Py 5;(n)(x)
+x(N = x()(Par5 (M) + Py 5 () = 2P 3 (0 ) (),

where 71, 1 and n® are the following three families of reals indexed by the pairs of subsets of

A\

0 1 2 .
TI,(L\,]; = 1NaB> T),(LU; = Naugj},p and TLEU; = Napuyj; for every A, B C A\ {j}.

The inductive hypothesis applies to A \ {j} and the three families of reals n®, ¥ and n®:

P = Y ] [x@a-xen+ > & [x0a-xw,

LcA\{j} L€l LCA, jelL Lel
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where

¢, = Z (—2)E=1=IT] Z(nAu{j},T\A + Narugna — 2Ma,\a)-
TEMVG) AT

The double sum of the terms 1y} r\a + Na(Tugip)\a is €qual to:

Z (=2)H=IT] Z NAT\A-

TCL, jET ACT

Therefore, ¢; = C;(n) and P,(1)(x) = ZLcA Cr(m) ]_[Zd x(£)(1 —x(£)) which completes the proof
by induction. O

By Lemma 7.9, the expanded form of P; ; as a polynomial function of the n — 1 variables x(j)(1 —
x(j)), j # i is:
Py)= D, ay ()] [x@a-xw) (7.18)

Lc[1;n]\{i} LeL
where

a;(s)= Z(—2)|L|_|T| Z(SAU{I'},T\A —Sa\a)-

TCL ACT
The coefficient a; ;(s) can be rewritten in terms of the mean values of the assortment parameters

my(s) for T C L:

a1 ()= 21 Y DM mygy () = mi(s) = 2M Y (=DM [m()](T).

TCL TCL

Indeed, it follows from the assumption H4 that for everyi € [1;n] and T < [1;n] \ {i},

my(s) = 271" ZSA,T\A and myqy(s) = 271" ZSAU{i},T\A-
ACT ACT

Using formula (4.5), we obtain a; ;(s) = 2|L|5LU{1~} [m(s)](@).

The following factorised form of the polynomial function P; ; can be derived from a general identity

stated in Lemma A.1:

P)= >, &ImEI@] [2x)a-x) [] 1 -2x0a-x))).
Ac[1;n]\{i} keA LEAU{i}

A Appendix

A.1 Combinatorial formulae for difference operators

This section collects some combinatorial formulae used to study the limiting diffusion. Let E be a

finite set and t be a real. For a function f defined on & (E), we set

S, (F)A) = Z tAI=IBI £ (B) for every A € 2 (E)
BCA
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(with the usual convention a® = 1 for every a € R). Most of the combinatorial formulae used in the

paper can be deduced from this general identity:

Lemma A.1. Let U be a subset of E and let {x,,u € U} be a family of reals.

D8O [xi=Dr®] [x [T +exp. (A1)

AcU i€A BcU i€EB  jeU\B

Proof. One way to derive this equality is to interchange the sum on the right-hand side of the
equation with the sum that appears in the definition of S,(f)(A), to use the new summation index
C = A\ B and to recognize the following expansion of the product of the terms 1 + tx;:
[Ta+e= 3 d]x.
i€U\B CcU\B ieC

O

As S_1(f)(A) is nothing other than 6,4[f ](0) by (4.5), if we apply Lemma A.1 with t = —1, f(A) =
6;[m(s)](A) and the family of reals {2x(j)(1 — x(j)), j € [1;n] \ {i}}, we obtain the following
equality

> MmO ] [x@ - x@)
Ac[L;n]\{i} teA

= Y amEI@[ [2xta-x) [ (1-2000-xe)).
Ac[[1;n]\{i} keA (gAU{i}

This shows the equality between the expanded form (4.3) and factorised form (4.1) of the polyno-

mial term P; (x) appearing in the drift of the limiting diffusion.

By taking x; = —1/t for every i € U in Lemma A.1, we can deduce the inverse of the operator S;.
This gives a useful formula for inverting a relation between two sequences indexed by the subsets

of a finite set.

Corollary A.1. The inverse of the operator S, is S_,, that is

f@ = (=M PIs (f)(B) for every AC E.
BCA

From Corollary A.1 we can deduce the following identity for the finite difference operator:

FA)=""55[f1(0) for every A€ P (E). (A.2)
BCA

By considering the operator S, for a function f which is constant on subsets having the same number
of elements, we can rewrite the previous relations to obtain useful formulae relating two sequences

indexed by the integers 0, 1,...,n.
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Corollary A.2. Let t be a real number. Let n € IN*. For a function f defined on [0;n], let s,(f) be
the function defined by:

k
se(f)k) = Z (Ig) tk_ff(é)for every k€ [1;n].
£=0
Then,

1. For every x € R"

n n

Ds(Peni)=>f0) > [l [] a+exp

j=0 {=0 Lc[1;n] s. t. |[L|=L i€L jel1;n]\L

where e, ; denotes the elementary polynomial of degree j in n variables:

)= > []x

Jc[L;n] s t |J|=j i€

2. The operator s_, is the inverse of the operator s,:

k
109=3 ()0 s O for very k€ [ind.

=0 t

This corollary provides identities for the forward finite difference operators of any orders since

s_1(f)(k) = 6®[£]1(0) for every k € [0;n]. In particular, this leads to the following formula used

in the proof of Proposition 5.1:

k

Z (lg) §O[£1(0) = f(k) for every k € [1;n] (A.3)

(=0
and Lemma 6.2 used in the proof of Proposition 6.3.
A.2 On the boundary classification of a one-dimensional diffusion

In 8§83 and in §5.4, we described the boundary behaviour of a Wright-Fisher diffu-
sion solving the stochastic differential equation dz, = +/2,(1—2,)dW, + b(z,)dt, where
b(z) = (1 —2) — upz + 2(1 — 2)h(z) for two types of function h:

o h(z)=1/2((s10—51,1)(1 —2) — (50,1 —S0,0)z) in §3,

L] h(Z) = (1/2 — Z)(Ml ][{Z<1/2} +M2 ][{Z>1/2}) in §54
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In this appendix we recall Feller’s boundary classification and apply it to describe the boundary
behaviour of such a diffusion when h is only assumed to be a continuous function on [0,1]. The
case h = 0 (Wright-Fisher diffusion with mutation) is detailed in Karlin & Taylor (1981), Chapter

15, for example.

Lemma A.2. Let h be a continuous function on [0, 1] and let (z,), be a solution of

dz, = /2,(1 —2,)dW, + (u1(1 — 2) — uoz + 2(1 — 2)h(z))dt (A4

starting from a point 2, €]0, 1[. The Feller boundary classification at the boundary 0 is the following:

(1) if u, = 0 then 0 is an absorbing state and the diffusion exits from ]0,1[ in a finite time almost

surely;

(i) if uy = 1/2 then 0 is an entrance boundary (started from a point in 10, 1[ the diffusion will not
reach 0 in finite time, but the process started from 0 is well-defined);

(iii)) if 0 < uq < 1/2 then 0 is a regular boundary (starting from a point z, €]0, 1[ the diffusion has
a positive probability of reaching 0 before any point b €]z, 1] in a finite time and the diffusion
started from 0 is well-defined);

Proof. Let b denote the drift of (A.4) and let ¢y denote the following scale density of the diffusion:

pe 2b X
YP(x) =exp ( — L/Z e gll)l)du) = Cx "2 (1 —x) Mo exp ( -2 ﬁ/z h(u)du) for x € [0,1]

where C = 2240211 Let v denote the speed density:

X

v(x) = (x(1 — x)p(x)) "t = ¢~ 1x2M1(1 — x)2Ho~L exp (2f h(u)du) for x € [0,1].
1/2

The Feller classification of the boundary x, € {0, 1} depends on whether the following two integrals

are finite or infinite:

1/2 1/2 1/2 1/2
I(xo)zf (f v(2)dz ) (y)dy and J(xo) = f (f W(z)dz )v(y)dy
Xq y Xo y

(see, for example, Ethier & Kurtz (1986), Chapter 8 or Karlin & Taylor (1981), Chapter 15). The

boundary x is said to be

e attainable if I(x,) is finite,

e regular if I(x,) and J(x,) are finite,
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o exit if I(x,) is finite and J(x;) is infinite,
e entrance if I(x;) is infinite and J(x;) is finite,
e natural if I(xy) and J(x,) are infinite.

When h = 0, I(0) is finite if and only if u; < 1/2 and J(O0) is finite if and only if u; > 0. In the
general case, the only modification of the scale and speed densities introduced by the function h is
a multiplication by a positive bounded function on [0, 1]. Accordingly the classification does not
depend on h: for every continuous function h on [0, 1], I(0) is finite if and only if u; < 1/2 and
J(0) is finite if and only if u; > 0. O

A.3 Example 6.2

Under the hypotheses of the assertion 1-(b) of Proposition 6.3, the logarithm of the stationary
density h,,; , takes its maximum value in [0,1/2]" at a unique point (&o,...,&o) such that A, =

Eo(1 — &) is the unique solution in ]0, 1/4[ of the equation 8(;:

n—1
n—1
2u—1+ Z 2’<5(k+1)[m](0)( )ka =0.
k
k=0
In [0,1/2]" the saddle points of index n— 1 has one coordinate equal to 1/2 and (n— 1) coordinates

equal to £, where A; = &;(1 — &) is the unique solution in ]0, 1/4[ of the equation 6"1:

n—2 _
2m—1 +Z (n ) 2) (zk_15(k+2)[m](0) + 2k5(k+1)[m](0)) yk+1 —0.
k=0

If we denote by h,, ; the value of h at a critical point of index n — i then

n,s,

n—1
oo — i =(21 + D In(42 25 Dm0 (kT — (1/4)
10 = My =(2p+ 1nin(4 m; (M), , JO§T =/,

Ao
hyo—hy,=(2u+ 1)(n1n(—) + 1n(4xl))
) ) ll

+ ki; 24651 [m](0) ( (Z J_r D A 28 ) T oy + (“ ; 1) (ARt — 31’;)) .
If we define the assortment by means of the Hamming criterion with the quadratic sequence of
parameters: s, = sy, — (bk + ck?) Yk € [0;n] with ¢ > 0 and b +c > 0, then
§Wm](k) = —(b+c + 2ke) Yk € [0;n— 1T, §¥[m](0) = —2c and 5"/ [m](0) =0 Vr > 3.
In this case, Ay and A, are solutions of quadratic functions: 2u—1—(b+c)Ay—4c(n— 1)2»(2) =0 and

~ £n2
n—+oo 8

2u—1—(b+2c)A; —4c(n— 2)7@ = 0. After some computations, we obtain: h, o — h, ,

and hyo—hyy o~ n'21/24/c(2u - 1).
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A.4 Property of a symmetric matrix

The following lemma is used to determine the nature of the critical points of the density of the

invariant measure (Proposition 6.3).

Lemma A.3. For a real a and two integers k and n so that n > 1 and 0 < k < n, let M,, ;(a) denote

[ Ax Brnx
Mn,k -
Bo_rx An—k

the following symmetric matrix:

where
1 a DI a
a
o A, denotes the following k-by-k matrix: Ay =
a
a DEEY a 1

® By, x, denotes the ky-by-k, matrix all the elements of which are equal to —a.

If 0 < a <1 then M, ;(a) is positive definite.

Proof. Let Q. denote the quadratic form with matrix M, ;(a) in the canonical basis. For every

x €RY, Qura(x) =20 x*+2a Yl<icj<n €i€jXiXj, Where e = ... =€, =1l and €1 = ... =
€, = —1. This lemma can be established by induction on n by using the following decomposition of
Qn,k,a(x):

n—1 n—1

Qnia(x)=(x, +ae, Z €;x;)>+(1— az)(inZ +2b Z eiejxixj).

i=1 i=1 1<i<j<n-1
where bzﬁe [0,1]. O
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