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Abstract

Self-interacting diffusions are processes living on a compact Riemannian manifold defined by a
stochastic differential equation with a drift term depending on the past empirical measure u, of
the process. The asymptotics of u, is governed by a deterministic dynamical system and under
certain conditions (u,) converges almost surely towards a deterministic measure u* (see Benaim,
Ledoux, Raimond (2002) and Benaim, Raimond (2005)). We are interested here in the rate of
convergence of u, towards u*. A central limit theorem is proved. In particular, this shows that
greater is the interaction repelling faster is the convergence.
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1 Introduction

Self-interacting diffusions

Let M be a smooth compact Riemannian manifold and V : M x M — R a sufficiently smooth
mappingﬂ For all finite Borel measure u, let Vu : M — R be the smooth function defined by

Vu(x)= f V(x, y)u(dy).
M

Let (e,) be a finite family of vector fields on M such that Y e, (e, f)(x) = Af(x), where A is the
Laplace operator on M and e, (f) stands for the Lie derivative of f along e,. Let (B*) be a family of
independent Brownian motions.

A self-interacting diffusion on M associated to V can be defined as the solution to the stochastic
differential equation (SDE)

dX, =) eq(X) 0 dBY — V(Vu )X )dt

a

t . . .
where u, = %fo 6x,ds is the empirical occupation measure of (X,).

In absence of drift (i.e V = 0), (X,) is just a Brownian motion on M but in general it defines a
non Markovian process whose behavior at time ¢t depends on its past trajectory through u,. This
type of process was introduced in Benaim, Ledoux and Raimond (2002) ([3]]) and further analyzed
in a series of papers by Benaim and Raimond (2003, 2005, 2007) ([4], [5] and [6]). We refer
the reader to these papers for more details and especially to [3]] for a detailed construction of the
process and its elementary properties. For a general overview of processes with reinforcement we
refer the reader to the recent survey paper by Pemantle (2007) ([16]]).

Notation and Background

We let .# (M) denote the space of finite Borel measures on M, #(M) C .# (M) the space of proba-
bility measures. If I is a metric space (typically, I = M, Rt x M or [0, T]x M) we let C(I) denote the
space of real valued continuous functions on I equipped with the topology of uniform convergence
on compact sets. The normalized Riemann measure on M will be denoted by A.
Let u € (M) and f : M — R a nonnegative or u—integrable Borel function. We write uf for
f fdu, and fu for the measure defined as fu(A) = fA fdu. We let L?(u) denote the space of
functions for which u|f|?> < oo, equipped with the inner product ( f:8)y = u(fg) and the norm
£ 1l = v/ uuf 2. We simply write L? for L*(2).
Of fundamental importance in the analysis of the asymptotics of (u,) is the mapping IT: .#Z (M) —
P (M) defined by

M(u) =&WVuA €))

!The mapping V, : M — R defined by V,(y) = V(x, y) is C? and its derivatives are continuous in (x, y).
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where £ : C(M) — C(M) is the function defined by
e_f(x)

. 2
fM e fOA(dy) 2)

E(f)x) =

In [3], it is shown that the asymptotics of u, can be precisely related to the long term behavior of a
certain semiflow on & (M) induced by the ordinary differential equation (ODE) on .# (M) :

po=—p+ (W) 3

Depending on the nature of V, the dynamics of (3)) can either be convergent or nonconvergent lead-
ing to similar behaviors for {u,} (see [3]]). When V is symmetric, happens to be a quasigradient
and the following convergence result holds.

Theorem 1.1 ([5]]). Assume that V is symmetric, i.e. V(x,y) = V(y,x). Then the limit set of {u,}
(for the topology of weak* convergence) is almost surely a compact connected subset of

Fix(T1) = {u € (M) : u = T(u)}.

In particular, if Fix(IT) is finite then (u,) converges almost surely toward a fixed point of II. This
holds for a generic function V (see [5]]). Sufficient conditions ensuring that Fix(IT) has cardinal one
are as follows:

Theorem 1.2 ([[5]], [6]). Assume that V is symmetric and that one of the two following conditions hold

(1) Up to an additive constant V is a Mercer kernel: For some constant C, V(x,y) = K(x,y)+C,
and for all f € L?,

JK(X,y)f(X)f(y)MdX)/\(dy) >0.
(i) ForallxeM,y € M,ue T,M,veT M

Ric, (u,u) + Ric, (v,v) + Hess, , V((u,v), (u,v)) = K([lull* + [Iv]|*)

where K is some positive constant. Here Ric, stands for the Ricci tensor at x and Hess, , is the
Hessian of V at (x,y).

Then Fix(IT) reduces to a singleton {u*} and u, — u* with probability one.

As observed in [6] the condition (i) in Theorem seems well suited to describe self-repelling
diffusions. On the other hand, it is not clearly related to the geometry of M. Condition (ii) has a
more geometrical flavor and is robust to smooth perturbations (of M and V). It can be seen as a
Bakry-Emery type condition for self interacting diffusions.

In [[5], it is also proved that every stable (for the ODE (3))) fixed point of IT has a positive probability
to be a limit point for u,; and any unstable fixed point cannot be a limit point for u,.
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Organisation of the paper

Let u* € Fix(IT). We will assume that

Hypothesis 1.3. u, converges a.s. towards u*.

In this paper we intend to study the rate of this convergence. Let
Ay = e (uy — p).

It will be shown that, under some conditions to be specified later, for all g = (g4,...,&,) € C(M)"
the process [Agq,...,A8n VA ~, converges in law, as t — oo, toward a certain stationary
Ornstein-Uhlenbeck process (Z¢,Z) on R" x C(M). This process is defined in Section 2| The main
result is stated in section [3| and some examples are developed. It is in particular observed that a
strong repelling interaction gives a faster convergence. The section[4]is a proof section.

In the following K (respectively C) denotes a positive constant (respectively a positive random
constant). These constants may change from line to line.

2 The Ornstein-Uhlenbeck process (Z¢, 7).

For a more precise definition of Ornstein-Uhlenbeck processes on C(M) and their basic properties,
we refer the reader to the appendix (section [5). Throughout all this section we let u € 2 (M) and
g=10(g1,.-,8,) € C(M)". For x € M we set V,. : M — R defined by V,.(y) =V (x, y).

2.1 The operator G,
Lethe€ C(M) and let G, , : R x C(M) — R be the linear operator defined by
Gun(u, f)=u/2+ Covy(h, f), @
where Cov,, is the covariance on L?(u), that is the bilinear form acting on L? x L? defined by
Covy,(f, h) = u(fh) — (uf )(uh).
We define the linear operator G, : C(M) — C(M) by
Guf (x) =Gy, (f(x), f) = f(x)/2 4 Cov,(Vy, f). (5)

It is easily seen that ||G,f [l < (2[[Vloo + 1/2)IIf |leo- In particular, G, is a bounded operator. Let
{e~Gu} denote the semigroup acting on C(M) with generator —G,,. From now on we will assume
the following:

Hypothesis 2.1. There exists k > 0 such that y << A with ||Z—;||C>o < oo, and such that for all

f S LZ(A); (G‘uf)f>7t Z K“f“i

Let
log(lle~*Cx|I)

M6 = Jim =

This limit exists by subadditivity. Then
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Lemma 2.2. Hypothesis [2.1|implies that A(—G,,) < —x <O.

Proof : For all f € L?(Q),

d
Elle_tc“flli = —2(Gue O f,e7t0uf); < —2xlle” Cn f ;.

This implies that [le" (% f||, < e™*||f]|,. Denote by g, the solution of the differential equation
d
agt(x) = COVM(VX5 gt)

with go = f € C(M). Note that e tCuf = e~t/2g,. It is straightforward to check that (using the

fact that ”%“00 < 00) %Ilgtlll < K||g¢|l; with K a constant depending only on V and u. Thus
supefo] I8¢l < KIIf|l5- Now, since for all x € M and t € [0,1]

<Kllgllx =KlIfllz,

d

Egt(x)
we have [|g1 [l < KI|fIl;. This implies that [le” 5% f|o < K|If 3.
Now forall t > 1, and f € C(M),

leCuflly = lle™Ore CDEuf|l, < Klle EDGup ),
< Ke " DNfln < Ke ™ If lloo
This implies that ||e ™t || < Ke !, which proves the lemma. QED
The adjoint of G, is the operator on .# (M) defined by the relation
m(G.f) = (Gim)f

forallme .#(M) and f € C(M). It is not hard to verify that

1
Gym = Jm+(Vm) ~ (u(Vm))p. ©)

2.2 The generator A, and its inverse Q,
Let H? be the Sobolev space of real valued functions on M, associated with the norm || f ||124 =||f ||§L +
||V f ||i. Since T(u) and A are equivalent measures with continuous Radon-Nykodim derivative,
L?(T1(w)) = L?(2). We denote by K, the projection operator, acting on L?(T1(w)), defined by

K,u,f = f - H(‘U’)f
We denote by A, the operator acting on H 2 defined by

1
Auf = 5F = (VVp, ).
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Note that for f and h in H? (denoting (-,-) the Riemannian inner product on M)

1
Auf, gy =—3 f (Vf, V) () (u)(dx).

For all f € C(M) there exists Q,f € H* such that TI(u)(Q,.f) = 0 and
f=TWf =K. f =-A,Quf. @)

It is shown in [3] that Q,,f is C ! and that there exists a constant K such that for all f € C(M) and
ue (M),

1Quf lloe + IVQuf lloo < KIIf lloo- 8)
Finally, note that for f and h in L2,

J (VQuf, VQ R (C)T(u)(dx) = =2(A,Quf, Quh) gy = 2(f, Quidn(w)- C)

2.3 The covariance Cﬁ

We let C ., denote the bilinear continuous form C 1 C(M) x C(M) — R defined by

6M(f, h) = 2<f: Quh)ﬂ(u)'
This form is symmetric (see its expression given by (9)). Note also that for some constant K depend-
ing on w, |C,(f, Wl < K||f lleo X lIAllso-

We let C,, denote the mapping C, : M x M — R defined by C,(x,y) = EM(VX,V ). Let M =
{1,...,n}UM and C§ : M x M — R be the function defined by

Eu(gx,gy) for x,yef{l,...,n},
Cix,y)={ Cux.y) for xyeM,
Cu(Vy,gy) for xeM, yedl,...,n}

g . . . . .
Then Cu and C;; are covariance functions (as defined in subsection .

In the following, when n = 0, M = M and Cﬁ = C,. Whenn > 1, C(M) can be identified with
R™ x C(M).

Lemma 2.3. There exists a Brownian motion on R" x C(M) with covariance C 5 .

Proof : Since the argument are the same for n > 1, we just do it for n = 0. Let

dCM(X,.)’) = \/CM(XaX)—ZCM(X’}’)+CM(%}’)
= ”qu(Vx _Vy)Hl'[(,u,) < K“Vx _V_y”oo

where the last inequality follows from @ Then d¢ (x,y) < Kd(x, y). Thus d¢, satisfies and
we can apply Theorem [5.4] of the appendix (section[5). QED
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2.4 The process (Z8,7)

Let Gﬁ :R" x C(M) — R™ x C(M) be the operator defined by
1./2 A
g— [ 'n u
GM ( 0 G, ) (10)
where I, is the identity matrix on R" and Aﬁ : C(M) — R" is the linear map defined by Aﬁ( f)=

(Covu(f, g1),...,Cov,(f, gn)).

Since Gﬁ is a bounded operator, for any law v on R" x C(M), there exists Z = (Z¢, Z) an Ornstein-
Uhlenbeck process of covariance Cﬁ and drift —Gﬁ, with initial distribution given by v (using Theo-
rem [5.6)). More precisely, Z is the unique solution of

{dZt = dW,-G,Zdt an

dzf = dwf —(zf'/2+ Covy(Z,8))dt,i=1,...,n

where Z, is a R" x C(M)-valued random variable of law v and W = (W8, W) is a R" x C(M)-valued
Brownian motion of covariance Cﬁ independent of Z. In particular, Z is an Ornstein-Uhlenbeck
process of covariance C,, and drift —G,,. Denote by P%# the semigroup associated to Z. Then

Proposition 2.4. Assume hypothesis Then there exists 18" the law of a centered Gaussian variable
in R™ x C(M), with variance Var(7é*) where for (u,m) € R" x .# (M),

Var(n®")(u,m) = E((mZy+(u,28))*) = J Cu(fe, f)dt
0

with f, = e t/? Y. U;g& +Vm,, and where m, is defined by

n t
m.f =mg(e O f)+ Z u; J e */2Cov,,(g;, e 7% f )ds. (12)
i1 Jo

Moerover,

(i) m&*" is the unique invariant probability measure of P,.

(ii) For all bounded continuous function ¢ on R"™ x C(M) and all (u,f) € R" x C(M),
lim oo PE™ 0 (u, f) = mHep.

Proof : This is a consequence of Theorem To apply it one can remark that Gﬁ is an operator
like the ones given in example

The variance Var(nt&*) is given by Var(n&*)(v) = f;o(v, esGi Cﬁes(Gﬁ)*v)ds forv=(u,m) e R" x

AM(M) = C(M)*. Thus Var(n®*)(u,m) = f(;)o Eu(ft,ft)dt with f, = >, u,(i)g; + Vm, and where

(u;, m,) = e~ G) (4, m). Now
. (12 o
(G = ( ) (G )
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and (A% u= >, u;(g; — ug;)u. Thus u, = e~t2u and m, is the solution with mq = m of

d
Tt 2 (Z ui(gi — ugi)) p—(G)'m,. (13)

dt

1

Note that (13)) is equivalent to

d
E(mrf) = —e_t/ZCOVM (Z uigiJf) —m(G,f)

1

for all f € C(M), and my = m. From which we deduce that

t
m, = e "Simy — J em/2e (75 (Z u;(gi — U«&')M) ds
0

1

which implies the formula for m, given by (12). QED

An Ornstein-Uhlenbeck process of covariance Cﬁ and drift —Gﬁ will be called stationary when its
initial distribution is 8.

3 A central limit theorem for u,
We state here the main results of this article. We assume u* € Fix(II) satisfies hypotheses and
2.1} Set A, = e'/?(uy — u*), D, = VA, and D, = (D, )s>0- Then

Theorem 3.1. D,,. converges in law, as t — oo, towards a stationary Ornstein-Uhlenbeck process of

covariance Cy and drift —G,;:.

For g € C(M)", we set Df = (A,g,D,) and D¥, = (D%, );>0. Then

Theorem 3.2. Df 4. converges in law towards a stationary Ornstein-Uhlenbeck process of covariance
Cﬁ* and drift —Gi*.

Define C : C(M) x C(M) — R the symmetric bilinear form defined by

o0

a(fa h) = f é\,u*(ft: ht)dtJ (14)
0
with (h, is defined by the same formula, with h in place of f)
t
fi(x)= e_t/zf(x) — f e_s/ZCovH*(f, e (=5)Gyr V,)ds. (15)
0

Corollary 3.3. A,g converges in law towards a centered Gaussian variable Z$, of covariance
.58 -
ElZ%Z]=C(gi, g))-

Proof : Follows from theorem [3.2] and the calculus of Var(78*)(u,0). QED
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3.1 Examples
3.1.1 Diffusions

Suppose V(x,y) = V(x), so that (X,) is just a standard diffusion on M with invariant measure
% _ exp(=V)A

T Qexp(=V)°
Let f € C(M). Since %1 = ¢~t/21, f, defined by is equal to e~t/2f. Thus
C(f,8) =2u"(f Qug)- (16)
Corollary [3.3]says that

Theorem 3.4. For all g € C(M)", A% converges in law toward a centered Gaussian variable
(z&,...,Z5M), with covariance given by

E(Z529) = 2u"(g:Qu-&))-

Remark 3.5. This central limit theorem for Brownian motions on compact manifolds has already been
considered by Baxter and Brosamler in [1l] and [2l]; and by Bhattacharya in [7] for ergodic diffusions.

3.1.2 The case u* = A and V symmetric.

Suppose here that u* = A and that V is symmetric. We assume (without loss of generality since
I1I(A) = A implies that VA is a constant function) that VA = 0.

Since V is compact and symmetric, there exists an orthonormal basis (eq),>0 in L?(1) and a se-
quence of reals (A,),>0 such that ej is a constant function and

V= Z?Laea®ea.

a>1
Assume that for all a, 1/2 + A, > 0. Then hypothesis is satisfied, and the convergence of u,
towards A holds with positive probability (see [|6]).

Let f € C(M) and f, defined by , denoting f* = (f,e,); and f* = (f;,e4),, we have ft0 =
e 2f0% and for a > 1,

ehat —1

fta — e—t/2foc _)Lae—(l/2+7ka)t (T) fa

= /22t pa

Using the fact that E;L( f,8) =2A(f Q, g), this implies that

~ 1
C(f,g)= 22 Z m(ﬂ eq) (8 ep)ar(eaQuep).

a>1p>1

This, with corollary[3.3] proves
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Theorem 3.6. Assume hypothesis and that 1/2+ A, > 0 for all a. Then for all g € C(M)",
A% converges in law toward a centered Gaussian variable (z%,...,Z8), with covariance given by

i 78j A
E(Z%Zs) = C(8:,8))-
In particular,

E(Z8z$) = AMeaQuep)-

1+ 24+ Ap

When all A, are positive, which corresponds to what is named a self-repelling interaction in [6], the
rate of convergence of u, towards A is bigger than when there is no interaction, and the bigger is
the interaction (that is larger A,’s) faster is the convergence.

4 Proof of the main results

We assume hypothesis and u* satisfies hypothesis For convenience, we choose for the
constant x in hypothesis a constant less than 1/2. In all this section, we fix g = (g1,...,&,) €
c(M)".

4.1 A lemma satisfied by QM

We denote by & (M) the space of continuous vector fields on M, and equip the spaces £ (M) and
Z (M) respectively with the weak convergence topology and with the uniform convergence topology.

Lemma 4.1. For all f € C(M), the mapping u — VQ,f is a continuous mapping from (M) in
X (M).

Proof : Let u and v be in .# (M), and f € C(M). Set h=Q,f. Then f = —A,h+TI(u)f and

IVQuf =VQflle = [I=VQAh+VQA R
= |IVh+ vQ«/A,u,h”oo
=< ||v(h+QvAvh)||oo+”vQV(A,U,_Av)h”oo

Since V(h +Q,A,h) =0 and (A, —A,)h = (VV,_,, Vh), we get
IVQuf = VQy flloo KIKVV,—y, VAl - (17)

Using the fact that (x,y) — VV,(y) is uniformly continuous, the right hand term of con-
verges towards 0, when d(u,v) converges towards 0, d being a distance compatible with the weak
convergence. QED

4.2 The process A

Set h, = Vu, and h* = Vu*. Recall A, = e'/?(u,e — u*) and D,(x) = VA,(x) = A,V,. Then (D,) is
a continuous process taking its values in C(M) and D, = e'/?(h,« — h*).
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To simplify the notation, we set Ky =K, , Q; = Q, and A, = A, . Let (M{ )¢>1 be the martingale

defined by M { =) f 1t eq(Qsf )(X;)dB. The quadratic covariation of M f and M" (with f and hin

C(M)) is given by
t

(M7, M, = f (VQ.f, VQ.h)(X,)ds.

1

Then for all t > 1 (with Q, = £Q,)

Qtf(Xt)_Qlf(Xl):M{+J st(Xs)dS—f K f(Xs)ds.
1 1

Thus

1 Jf 1 Jt 1 Jl
:u’tf - K f(X )dS + - H(.us)fds + - f(Xs)ds

= ( S X)) —Quf (X7) — J Q f X )ds)

f t
M f(i(h)f/xds‘i‘ ff(X)ds

For f € C(M) (using the fact that u*f = (§(h*), f)2), Af = 21‘5:1 Aitf with

Alf = e t? (—Qetf(Xet)+Q1f(X1)+ f st(xs)ds)
1

2 . —t/2a,f
AL f —et/MEt

AYf = e_t/zf (E(hy) — E(M") — DE(R")(hs — h"), f),ds
1

A?f = e—t/Zf (Dg(h*)(hs - h*)7f>7tds
1

1
A = et U f(Xs)ds—u*f).
0

Then D, = 21.5:1 Di, where Di = VAit. Finally, note that

(DE(R")(h—h"), ), = —Cov«(h— 1", f). (18)

4.3 First estimates

We recall the following estimate from [3]]: There exists a constant K such that for all f € C(M) and
t>0,

. K
1QFlloo < 1fl
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This estimate, combined with (8), implies that for f and h in C(M),
(MS —M"), <K|If —hllo x t

and that
Lemma 4.2. There exists a constant K depending on ||V ||, such that forall t > 1, and all f € C(M)

1A} Flloo + 123 Flloo < K X (14 e/ f [, (19
which implies that ((A' + A°), 1) and (D + D), 1)>0 both converge towards O (respectively in
M (M) and in C(RT x M)).
We also have

Lemma 4.3. There exists a constant K such that for all t > 0 and all f € C(M),
E[(AZf)] < KIfIZ,

t

A1 < Kllfllaxe_t/zf D413 ds,
0
t

|Afl < Kllfllaxe_t/zf ¢/2 1Dyl ds.
0

A

Proof : The first estimate follows from
E[(A7f)*) = e LM )] = e 'E[(M/)er] < KIfIZ.
The second estimate follows from the fact that
1€(R) — E(h*) = DE(R*)(h — k)|, = O(llh — h*|I3).
The last estimate follows easily after having remarked that
(DE(R)(hs = h"), )] = |Covye(hy — 1, I < KIIf Il % [Ihy — h¥ |l

This proves this lemma. QED

4.4 The processes A’ and D’
Set A’ = A%+ A%+ A% and D’ = D? 4+ D3 + D*. For f € C(M), set

el = et/2(E(h) — E(R*) — DE(RH)(het — B, £);.

Then T
A

anif ==

where for all f € C(M), N/ is a martingale. Moreover, for f and h in C(M),

dt +dN/ + €/ dt + (DE(R)(D,), f),dt

(N/,NMy, = f (VQu f (Xos), VQh(X ) ds.
0
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Then, for all x,

dD/(x) = —Dfix)

dt +dM,(x) + e, (x)dt + (DER)D,), V)1 dt

where M is the martingale in C(M) defined by M(x) = N" and €,(x) = e‘t/x. We also have

Dj(x)
2

Denoting L+ = L_g . (defined by equation in the appendix (section ),

G (D), (x) =

— (DE(R")(DY), Vie) .-

dL,-(D")(x) = dDj(x)+G,(D").(x)dt

and we have .

Ly+(D)(x) = M (x) + f e’ (x)ds

0
with €/(x) = €’;V, where for all f € C(M),

eLf = +(DERI(D! +D%),), ;.

Using lemma

t
D] = L;}(M)t + f e ()% ¢/ ds. (20)
0

Denote A,g = (Ag1,...,A.8,), Alg = (Alg1,...,A78,) , N8 = (N&,...,N8) and €;g =
(€/81,---,€,g,). Then, denoting Lﬁ* = L_Gi* (with Gi* defined by li we have

t
Li*(A'g,D')t =(N&, M)+ J (€'s8,€)ds
0

so that (using lemma [5.5|and integrating by parts)

t

(Alg,D}) = (L8) I (N¢, M), +J e 7% (e g, €))ds. (21)
0
Moreover
(LTI NE M), = (R, NEL LA, ),
where -
ﬁtgi =N§ —f ( ; + éu*(L;,}(M)S,gi)) ds.
0
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4.5 Estimation of €’
4.5.1 Estimation of ||L;,}(M)t||l
Lemma 4.4. (i) For all a > 2, there exists a constant K, such that for all t > 0,
E[IILI}l(M)fIIi]”“ < K,.
(i) a.s. there exists C with E[C] < oo such that for all t > 0,
1L (M)l < C(L+0).

Proof : We have
dL;}(M)t =dM, — GH*L;*l(M)tdt.

Let N be the martingale defined by

t /[ L7HM),
N, = f —_“1 ,dM, ) .
o \ L2l ,

We have (N), <Kt for some constant K. Then

dllL D = 20 D lIndNe — 261 (M), Gy L (M) d e

+ d U(M(x)m(dx)) .

Note that there exists a constant K such that
d
R (j (M(x))tl(dx)) <K

(L (M), G L (M) )5 2 KIL (M

and that (see hypothesis

This implies that

iE[IIL_l(M) 131 < —2«E[IIL (M), I3]+ K
de - ow e = e el

which implies (i) for a = 2. For a > 2, we find that

d
EE[IIL‘}I(MMI% < —arE[lIL (M) 5] +KELIIL (M), 1572

IA

— — a=2
—akE[IL (M) N3]+ KELIL, (M), ]I5]

which implies that E[||L;*1(M )¢l15] is bounded.

We now prove (ii). Fix a > 1. Then there exists a constant K such that

||L *1(]m)t”2 ‘ ”L *1(1M) ”l
u A 1 2 u S
— <|IL (M +2 ———dN; +
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Then Biirkholder-Davies-Gundy inequality (BDG inequality in the following) inequality implies that

[ IrendE) ¢ kds )"
sup—mmmm— su e
s (+ne | TR, e

which is finite. This implies the lemma by taking a =2. QED

4.5.2 Estimation of ||D,]|;

Note that for all f € C(M), Ie{I < Ke_t/2||Dt||§L X ||f lloo- Thus
& f1 <Ke 21+t + D) X |If [l oo
This implies (using lemma and the fact that 0 < k < 1/2)

Lemma 4.5. There exists K such that

t
f e (t=5)Gyx elds
0

This lemma with lemma [4.4r(ii) implies the following

t
< Ke <t (1 + J e—(l/Z—K)SnDsnids) . (22)
0

o0

Lemma 4.6. a.s. there exists C with E[C] < oo such that
t
1Dl < C x [1 +t +J e_s/2||D5||ids:| : (23)
0

Proof : First note that
DIl < D5 + K1+ t)e™ 2,

Using the expression of D; given by ll , we get
t
f e (t=5)Gyx elds
0 (0.0]

t
C(1+t)+Ke ** (1 +J e‘“/z‘")sllellidS)
0

A

ID{l < LMDl +

IA

(with E[C] < 00) which implies the lemma. QED

Lemma 4.7. Let x and € be real functions, and a a real constant. Assume that for all t > 0, we have
X <a+ fot €,X,ds. Then x; < aexp (fot esds) .

Proof : Similarly to the proof of Gronwall’s lemma, we set y, = f Ot €,x,ds and take A, =
Y. €Xp (—fot esds). Then A, < ae, exp (— fot esds) and

t t t
Ye = af €, €Xp (J eudu) ds =< aexp (J eudu) —a.
0 s 0

This implies the lemma. QED
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Lemma 4.8. a.s., there exists C such that for all ¢, ||D.||; < C(1+t).

Proof : Lemmas [4.6/and [4.7]imply that

t

IDll; < C(1+ ) x exp (c J 6_3/2||Ds||zd5) .
0

Since hypothesis implies that lim,_,, e ~>/2||D,||; = 0, then a.s. for all € > 0, there exists C, such
that ||D,||; < C.e". Taking € < 1/4, we get

o0
J e™/2||D,|12ds < C,.
0

This proves the lemma. QED

4.5.3 Estimation of €|
Lemma 4.9. a.s. there exists C such that for all f € C(M),
l€'ofl < CA+02e||fllu
Proof : We have |¢/,f]| < Ie{I +K(1+t)e™?||f|l and
ell < Klfllaxe 2D 2 < Cllfllo x (1+1£)% /2
by lemma[4.8] QED
4.6 Estimation of ||D, — L;}(M)tH00
Lemma 4.10. (i) ||D, — L;,}(M)tlloo < Ce "t
(i) (A8, D) — (L5 (NS, M) lloo < C(L + lIglloo)e ™"

Proof : Note that (i) is implied by (ii). We prove (ii). We have ||(A,g,D,) — (A}g, D)l <
K(1+]lgll)(1 4 t)e™*t. So to prove this lemma, using , it suffices to show that

<K(1+Iglloo)e™™" (24)

[ee]

t
_(f_ g
f et S)GM*(e’Sg,e;)ds
0

g
Using hypothesis and the definition of Gﬁ*, we have that for all positive t, |le £ loo < Ke "L,

_(+_ g
This implies ||e (¢ S)Gu*(e’sg, €loo < Ke_K(t_S)He;Hoo X (14]/glls)- Thus the term Il is dominated

by .
K(1+ ”g“oo)f e (9| el | o ds,
0

from which we prove like in the previous lemma. QED
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4.7 Tightness results
We refer the reader to section in the appendix (section [5), where tightness criteria for families

of C(M)-valued random variables are given. They will be used in this section.

4.7.1 Tightness of (L;}(M)t)tzo

In this section we prove the following lemma which in particular implies the tightness of (D,);>
and of (D});>o-

Lemma 4.11. (L;:*l (M))>0 is tight.
Proof : We have the relation (that defines L;} (M)

dLl}l(M)t(x) = —GM*L;*l(M)t(x)dt +dM,(x).

Thus, using the expression of G«

dL;}(M)t(x) = —%L;}(M)t(x)dt + A, (x)dt +dM,(x),
with R
A () =C (Ve L;}(M)t).

Since u* is absolutely continuous with respect to A, we have that (with Lip(A,) the Lipschitz constant

of A, see (36)).
1A lloo +Lip(A,) < KIIL (M), I3

Therefore (using lemma (i) for a = 2), sup, E[||At||go] < 00.
To prove this tightness result, we first prove that for all x, (L;}(M )¢(x)); is tight. Setting Z¥ =
L;} (M),(x) we have

d d
EE[(ZEC)ZJ < —E[(Zf)2]+2E[|Z§‘|xlAt(x)l]+aE[<M(x)>t]
< —E[(Z)1+KE[(Z¥))*]V?+K

which implies that (L;*1 (M),(x)), is bounded in L2(P) and thus tight.

We now estimate E[|Z — z;) |11/ for a greater than 2 and the dimension of M. Setting 7 =
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Zr — Zf’ , we have (using lemma (i) for the last inequality)

d
—E[(Z:)"]

y < _gE[(zf’y)“]+aE[(Zf’y)“‘1|At(x)—At(y)ll
@E [(zg‘v)a*%wm - M(y»t}

< —SELZ) )+ Kd e YELZ ) LT ), 1)
+Kd(x, yE[(Z2")* %]

< —gE[(zz"y)a]+Kd(x,y)E[(z:"y)“J“T”E[HL*(M)AI%J”“
+Kd(x, y)2E[(Z5)*] %

< —SEIE)+Kdlx, EIZ YT
+Kd(x, y)2E[(Z57)2] 7.

Thus, if x, = E[(Z,)*]/d(x, y)%,

dx, a 1 2
ES_Ext—i_th +Kx,“ .

It is now an exercise to show that x, < K and so that E[(Z,*”)*]"* < Kd(x, y). Using proposition
this completes the proof for the tightness of (L;*1 (M););- QED

Remark 4.12. Kolmogorov’s theorem (see theorem 1.4.1 and its proof in Kunita (1990)), with the
estimates given in the proof of this lemma, implies that

sup E[IIL, (M)llo0] < 00.

4.7.2 Tightness of (L)™' (N®,M).)i>o

Let Ag be defined by the relation
(Ag, L (M) = (L5 (NS, M).

SetA,g =(A,g1,...,A,g,) withA,g; = E“*(gl-,L;}(M)t). Then
Etg

dA,g = dN§ — 5

dt+A,gdt.
Thus,

t t
&tg:e—t/ZJ eS/Zstg+e—t/2f es/zAsgdS.
0 0

Using this expression it is easy to prove that (Etg)tzo is bounded in L2(P). This implies, using also

lemma
Lemma 4.13. ((Lﬁ*)_l(Ng,M)t)tZO is tight.
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4.8 Convergence in law of (N8, M),,. — (N&, M),
In this section, we denote by E, the conditional expectation with respect to Z,:. We also set Q = Q;+
and C = 6#*'
4.8.1 Preliminary lemmas.
it _af S
For f €eC(M)and t >0,set N;” =N;, . —N; .

Lemma 4.14. For all f and h in C(M), lim,_, ., (N5t N®t). =5 x C(f, h).

Proof : For z € M and u > 0, set

G(z) (VQf,VQh)(z) — C(f, h);
Gu(z) = (VQu.f,VQh)(z)—C(f,h).

We have

(NS1, NPt —s x C(f, h)

Il
N —
D
-
®
=
—
B
oy

Integrating by parts, we get that

t+s

e du s
J G(Xu)j = (Met+sG — Uet G) +J (Met+uG)du.
et 0

t+s
Since u*G = 0, this converges towards 0 on the event {u, — u*}. The term f:t (G, — G)(Xu)‘i—”
converges towards 0 because (u,z) — VQ,,f (2) is continuous. This proves the lemma. QED

Let f;,...,f, be in C(M). Let (t;) be an increasing sequence converging to oo such that the con-
ditional law of M™k = (N/vtk ... Nfwt) given Z,, converges in law towards a R"-valued process
W =(Wy,...,W,).

Lemma 4.15. W" is a centered Gaussian process such that for all i and j,
E[W (W ()] = (s AC(fi, )

Proof : We first prove that W" is a martingale. For all k, M™* is a martingale. For all u < v, BDG
inequality implies that (M™*(v) — M™k(u)), is bounded in L.

Let ] >1, p € C(RY), 0<s; <--- <5, <uand (iy,...,i;) € {1,...,n}. Then for all k and
i €{l1,...,n}, the martingale property implies that

E, [(MM () = MM w)z, ] =0
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where Z; is of the form
k k
Zp = (p(MZ’ (sl),...,M{;’ (s1)). (25)

Using the convergence of the conditional law of M™k given Z, towards the law of W™ and since
(M i”’k(v)—M i"’k(u))k is uniformly integrable (because it is bounded in L?), we prove that E[(W(v)—
W/ (u))Z] = 0 where Z is of the form

Z = (W (s1), ..., W(s)). (26)
This implies that W" is a martingale.
We now prove that for (i, j) € {1,...,n} (with C = Cj»),
WL W), =5 x C(fi, ).
By definition of (Min’k,M;’k) (in the following (-,)? = (-,-), — {,).)
B, [ (700 = MM )M 0) = M) = (P MY ) 7, ] =0 27)

where Z; is of the form . Using the convergence in law and the fact that (M™*(v) — M "’k(u))i
is bounded in L? (still using BDG inequality), we prove that as k — 0o,

Ee, [(M] (V) = MM )M () = M ())Z;]
converges towards E[(W"(v) — Wi"(u))(Wj"(v) — Wj”(u))Z] with Z of the form . Now,
Eo, [(MM, M), 2] — v x E[Z] X C(x;, X))
= E [(MM MM, v x CUi fi)z] + v x (E,[2] - E[Z2]) x C(f.. f;)

The convergence in L? of (Ml.n’k,M]Tl’k)v towards v x C(f;, f;) shows that the first term converges

towards 0. The convergence of the conditional law of M™ with respect to £, towards W™ shows
that the second term converges towards 0. Thus

E [ (W20) = W @)W () = W) — (v = wC (i, ) 2] =o.

This shows that (W, an>s =s X C(f;, f;j). We conclude using Lévy’s theorem. QED

4.8.2 Convergence in law of M,,. — M,

In this section, we denote by %, the conditional law of M,,. — M, knowing Z%,.. Then %, is a
probability measure on C(R* x M).

Proposition 4.16. When t — oo, %, converges weakly towards the law of a C(M)-valued Brownian
motion of covariance Cys.

Proof : In the following, we will denote M,,. — M, by M". We first prove that

Lemma 4.17. {¥, : t > 0} is tight.
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Proof : Forall x e M, t and uin R™,

t+u

E.[(M,;(x))*] =E, U d(M(X))s} < Ku.

This implies that for all u € R* and x € M, (M} (x)),> is tight.
Let a > 0. We fix T > 0. Then for (u,x) and (v, y) in [0, T] x M, using BDG inequality,

E[IMI(x)— Mi(y)*]e < E[IMi(x) — MI()|*] + E, [IML(y) — Mi(y)|*]
K, x (VTd(x,y) +/|v —ul)

where K|, is a positive constant depending only on a, ||V||,, and Lip(V) the Lipschitz constant of V.
We now let Dy be the distance on [0, T] x M defined by

Dy ((u,x), (v, ¥)) = Ko X (VTd(x, ) + /v — ul).

—d-1/2

IA

The covering number N([0, T] x M, D, €) is of order €
conclude using proposition[5.2l QED

as € — 0. Taking a > d +1/2, we

Let (t;) be an increasing sequence converging to co and N a C(M)-valued random process (or a
C(R* x M) random variable) such that %, converges in law towards N.

Lemma 4.18. N is a C(M)-valued Brownian motion of covariance C,».

Proof : Let W be a C(M)-valued Brownian motion of covariance C,:. Using lemma [4.15} we prove
that for all (xq,...,x,) € M", (N(xy),...,N(x,)) has the same distribution as (W (x;),...,X(x,)).
This implies the lemma. QED

Since {<¥,} is tight, this lemma implies that £, converges weakly towards the law of a C(M)-valued
Brownian motion of covariance Cy- QED

4.8.3 Convergence in law of (N&,M),,. — (N&, M),

Let 8 denote the conditional law of (N¢,M),,. — (N¢, M), knowing Z,:. Then ¢ is a probability
measure on C(RT x M U {1,...,n}). Let (N&*, M") denote the process (N&,M),,. — (N&,M),.
Let (Wtf )(t.f)er+xcovu) be a Z'(M)-valued Brownian motion of covariance Eu*' Denoting W,(x) =

WtVX, then W = (W, (x))(¢,x)er+xm is @ C(M)-valued Brownian motion of covariance C,:. Let W&
denote (W#1,...,W#r), and let (W8, W) denote the process (WS, (W (x))xem)eo-

Proposition 4.19. As t goes to 0o, £F converges weakly towards the law of (W&, W).

Proof : We first prove that {£? : t > 0} is tight. This is a straightforward consequence of the
tightness of {%,} and of the fact that for all @ > 0, there exists K, such that for all nonnegative u
8t &:ta 1

and v, E. [N — Ny |*]e <K 4/ |v —ul.

Let (t;) be an increasing sequence converging to co and (N¢,M) a R" x C(M)-valued random
process (or a C(R™ x M U {1,...,n}) random variable) such that Zti converges in law towards
(N8, M). Then lemmas and imply that (N8, M) has the same law as (W&, W). Since {28}
is tight, £¢ convergences towards the law of (W&, W). QED
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4.9 Convergence in law of D
4.9.1 Convergence in law of (D, — e *%"D,);>

We have

N

D, —e%D, = L;}(Mt)s +J e WG el du.

0
. . s —(S—U)G* /
Since (using lemma | Hfo e W, du Ny
—S *

proves that (D, —e ¥ D, — L;}(MH, — M, ),)s>0 converges towards 0. Since L;} is continuous,

< Ke ! and ||D, — D}|loc < K(1+ t)e~"/2, this

this proves that the law of L;*l (M. — M,) converges weakly towards L;}(W). Since L;,}(W) is an
Ornstein-Uhlenbeck process of covariance C,: and drift —G,;- started from 0, we have

Theorem 4.20. The conditional law of (D, — e_SGM*Dt)szo given Z,: converges weakly towards an
Ornstein-Uhlenbeck process of covariance C,+ and drift —G,;« started from O.

4.9.2 Convergence in law of D, .

We can now prove theorem We here denote by P, the semigroup of an Ornstein-Uhlenbeck
process of covariance C,+ and drift —G,;+, and we denote by 7 its invariant probability measure.

Since (D,),> is tight, there exists v € #(C(M)) and an increasing sequence t,, converging towards
oo such that D, converges in law towards v. Then D, ,. converges in law towards (L;,}(W)S +
e 56 7,), with Z, independent of W and distributed like v. This proves that D, 4. converges in law
towards an Ornstein-Uhlenbeck process of covariance C,+ and drift —G.
We now fix t > 0. Let s, be a subsequence of t,, such that Dy _,,. converges in law. Then D _, con-
verges towards a law we denote by v, and D; _,,. converges in law towards an Ornstein-Uhlenbeck
process of covariance C,+ and drift —G,+. Since D; =D, _,,,, D; converges in law towards vP;.
On the other hand D converges in law towards v. Thus v,P, = v.

Let ¢ be a Lipschitz bounded function on C(M). Then
viPrp—mp| = U(th(f)— W)vf(df)‘
< fIPtSO(f)—th(O)lvt(deIPtso(O)—WI (28)
where the second term converges towards O (using proposition (ii) or theorem (ii)) and the

first term is dominated by (using lemma Ke ™™t f ILf lsoVe(dSf ).
It is easy to check that

Jl|f|lmvt(df) = I}Lngof(llflloo/\k)vf(df)

= lim lim E[[|Ds ([loo Akl < supE[|ID[lc].
k—o00 N—00 t
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Since

IDillee < 1ID; + D lloo + 1L (M) lloo +

)

t
J e(t=5)Gyx egds
0 o0

using the estimates (19), the proof of lemma and remark[4.12] we get that
Sup E[lID¢llo0] < 00.

t>

Taking the limit in (28]), we prove v = my for all Lipschitz bounded function ¢ on C(M). This
implies v = 7, which proves the theorem. QED

4.9.3 Convergence in law of D¢

Set D% = (Alg,D}). Since ||IDf —D"¥||,, < K(1+ t)e/2, instead of studying D¢, we can only study
D/%. Then

N
_(s_u)Gg*

—sG&, _
D8,  —e wD¥ = (Lﬁ*) Lnet MY, —I—f e v (€)1, 8> €rpy U
0

The norm of the second term of the right hand side (using the proof of lemma [4.10)) is dominated
by

S S
K(1+ ||g||oo)f e_K(S_“)He/HuHoodu < KJ e N1 + £ 4 u)?e”(TFW2qy
0 0

whcih is less than Ke™*f. Like in section , since (Li*)_l(Wg,W) is an Ornstein-Uhlenbeck
process of covariance Cﬁ* and drift —Gj* started from O,

—sG®

Theorem 4.21. The conditional law of ((A$,D), s —e ~ #(A%,D))s>0 given F,: converges weakly
towards an Ornstein-Uhlenbeck process of covariance Cﬁ* and drift —Gﬁ* started from 0.

From this theorem, like in section 4.9.2] we prove theorem QED

5 Appendix : Ornstein-Uhlenbeck processes on C(M)

5.1 Tighness in & (C(M))

Let (M, d) be a compact metric space. Denote by & (C(M)) the space of Borel probability measures
on C(M). Since C(M) is separable and complete, Prohorov theorem (see [8]]) asserts that & C
P(C(M)) is tight if and only if it is relatively compact.
The next proposition gives a useful criterium for a class of random variables to be tight. It follows
directly from [[15] (Corollary 11.7 p. 307 and the remark following Theorem 11.2). A function
Y : R, — R, is a Young function if it is convex, increasing and (0) = 0. If Z is a real valued
random variable, we let

1Z]ly = inffc >0 : E(y(1Z]/c)) <1}.
For € > 0, we denote by N(M, d; €) the covering number of E by balls of radius less than € (i.e. the
minimal number of balls of radius less than e that cover E), and by D the diameter of M.
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Proposition 5.1. Let (F,),c; be a family of C(M)-valued random variables and 1 a Young function.
Assume that

(i) There exists x € E such that (F.(x)).¢; is tight;
@ |IF (x) = F(Ylly <Kd(x,y);
i) [ (N(M, d; €))de < co.

Then (F,):> is tight.

Proposition 5.2. Suppose M is a compact finite dimensional manifold of dimension r, d is the Rieman-
nian distance, and
[EIF(x) = F.(y)I*]Y* < Kd(x, y)

for some a > r. Then conditions (ii) and (iii) of Proposition [5.1| hold true.

Proof : One has N(E, d; €) of order €™"; and for y(x) = x%,|| - ||, is the L% norm. Hence the result.
QED

5.2 Brownian motions on C(M).

Let C : M x M — R be a covariance function, that is a continuous symmetric function such that

i 4ia;C(x;, x;) = 0 for every finite sequence (a;, x;) with a; € R and x; € M.

A Brownian motion on C(M) with covariance C is a continuous C(M )-valued stochastic process
W = {W,},5¢ such that W,, = 0 and for every finite subset S € R x M, {W,(x)}(; )es is a centered
Gaussian random vector with

EIW;(0)W,(y)] = (s A)C(x, y).
For d’ a pseudo-distance on M and for € > 0, let
w(e)=sup{n>0:d(x,y)<n=>d'(x,y) <e}. (29)

Then N(M,d; wc(€)) > N(M,d’; €). We will consider the following hypothsis that d’ may or may
not satisfy:

1
J log(N(M,d; w(e)) de < oo. (30)
0

Let d. be the pseudo-distance on M defined by

dc(x,y) = v/ C(x,x) = 2C(x, ¥) +C(y, ).
When d’ = d, the function w defined by will be denoted by w..

Remark 5.3. Assume that M is a compact finite dimensional manifold and that d-(x,y) < Kd(x,y)*
for some a > 0. Then w(€) < (%)1/“ and N(M, d; n) = O(n~4mM)): 5o that d. satisfies [30).

Theorem 5.4. Assume d satisfies (30). Then there exists a Brownian motion on C(M ) with covariance
C.
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Proof : By Mercer Theorem (see e.g [11]]) there exists a countable family of function ¥; € C(M),
i € N, such that C(x,y) = Zi W,(x)¥;(y), and the convergence is uniform. Let B',i € N, be a
family of independent standard Brownian motions. Set W/'(x) = Zign Bi\l!i(x), n > 0. Then, for
each (t,x) € R* x M, the sequence (W/'(x))n>1 is a martingale. It is furthermore bounded in L?
since

ELW/(x))?] =t ) ;(x)? < tC(x, x).

i<n

Hence by Doob’s convergence theorem one may define W,(x) = Zizo Bi\IJi(x). Letnow S C Rt xM
be a countable and dense set. It is easily checked that the family (W, (x))(,,x)es is a centered Gaussian
family with covariance given by

EIW;(0)W, ()] = (s A)C(x, y),

In particular, for t > s

E[(W,(x) =W, (y)*] = sC(x,x)—2sC(x,y)+tC(y,y)
K(t—s) +sdc(x,y)2

IA

This later bound combined with classical results on Gaussian processes (see e.g Theorem 11.17 in
[15]) implies that (t,x) — W,(x) admits a version uniformly continuous over Sy = {(t,x) € S :
t < T}. By density it can be extended to a continuous (in (t, x)) process W = (W,(x)){(¢ x)eR* xM}-
QED

5.3 Ornstein-Ulhenbeck processes

LetA: C(M) — C(M) be a bounded operator and C a covariance satisfying hypothesis Let W be
C(M)-valued Brownian motion with covariance C.

An Ornstein-Ulhenbeck process with drift A, covariance C and initial condition F, = f € C(M) is
defined to be a continuous C(M )-valued stochastic process such that

t
F,—f =f AFds + W,. (31)
0

We let (e*1),cr denote the linear flow induced by A. For each t, e* is a bounded operator on C(M).
Let Ly: C(R™ x M) — C(R" x M) be defined by

t

LA(f)tzft_fO_f Af.ds, t>0. (32)

0

Lemma 5.5. The restriction of L to Co(R*™ x M) = {f € C(R* x M) : f, = 0} is bijective with inverse
(L,)~?! defined by

t

L) =g+ f e~ MAg ds. (33)
0
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Proof : Observe that L,(f) = O implies that f, = e*Af,. Hence L, restricted to Co(R" x M) is
injective. Let g € Co(R* x M) and let f, be given by the right hand side of . Then

t t

elt=MAg ds — f Af.ds.
0

ht:LA(f)t_gt:f

0

It is easily seen that h is differentiable and that diht = 0. This proves that h, =hy =0. QED
t

This lemma implies for all f € C(M), g € Co(R* x M) the solution to L,(f) = g, with f, = f is
given by f, = e"*f + L;'(g),. This implies

Theorem 5.6. Let A be a bounded operator acting on C(M). Let C be a covariance function satisfying
hypothesis [30] Then there exists a unique solution to (31)), given by

Fo=e"f + L' (W),.

Note that L;l(W)t is Gaussian and its variance Varg (u) := E[{u, F,)?] (with u € .#(M)) is given
by

t

Varg, (u) = J (W, eSACeSA*,u)ds. (34)
0

where C : A (M) — C(M) is the operator defined by Cu(x) = fM C(x, y)u(dy). *** We refer to
[10] for the calculation of Varg . Note that the results given in Theorem are not included in
[[10].

5.3.1 Asymptotic Behaviour

Let A(A) = lim,_, w. Denote by P, the semigroup associated to an Ornstein-Uhlenbeck pro-
cess of covariance C and drift A. Then for all bounded measurable ¢ : C(M) — R and f € C(M),

Peo(f)=E[e(F)], (35)
where F, is the solution to (31)), with Fy = f.

Theorem 5.7. Assume that A(A) < 0. Then there exists a centered Gaussian variable in C(M), with
variance V given by

V(u) = J (u, e Ce*u)ds.
0

Let 7 denote the law of this Gaussian variable. Let dy be the pseudo-distance defined by dy/(x,y) =

V(8. —6,). Assume furthermore that d¢ and dy, satisfy (30). Then

(i) 7 is the unique invariant probability measure of P,.

(i) For all bounded continuous function p on C(M) and all f € C(M),

lim Poo(f) = mep.
—00
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Proof : The fact that A(A) < 0 implies that lim,_,, Varg (u) = V(u) < co. Let v, denote the law
of F,;, where F, is the solution to (31), with F; = f. Since F, is Gaussian, every limit point of
{v} (for the weak* topology) is the law of a C(M)-valued Gaussian variable with variance V. The
proof then reduces to show that (v,) is relatively compact or equivalently that {F,} is tight. We
use Proposition The first condition is clearly satisfied. Let ¢(x) = e — 1. It is easily verified

that for any real valued Gaussian random variable Z with variance o2, ||Z|| = o4/8/3. Hence
IFe(x) = F ()l < 2dy(x,y) so that condition (ii) holds with dy. Denoting « (defined by (29)) by

wy when d’ = dy, N(M,d; wy(e)) > N(M,dy;€) and since v~ (u) = 1/log(u — 1) condition (iii)
is verified. QED

Even thought we don’t have the speed of convergence in (ii), we have

Lemma 5.8. Assume that A(A) < 0. For all bounded Lipschitz continuous ¢ : C(M) — R, all f and g
in C(M),
IPeo(f) = Prp(@)l < Ke*™If — gl

Proof : We have P,p(f) = E[go(L;l(W)t + e4f)]. So, using the fact that ¢ is Lipschitz,
IPeo(f)—Peo(g)l < Klle"™(f = &)lloe < Ke*™'|If —glloo. QED

To conclude this section we give a set of simple sufficient conditions ensuring that dy, satisfies (30)).

For f € C(M) we let
: If G = fFY)I
Lip(f) = sup ——~——
xX#£y (X: _Y)
A map f is said to be Lipschitz provided Lip(f) < oo.

eR* U{oo}. (36)

Proposition 5.9. Assume that
(i) N(d,M;e)=0(e™") for some r > 0;
(ii) C is Lipschitz;
(iii) There exists K > 0 such that Lip(Af ) < K(Lip(f )+ If lso);
(iv) A(A) <O.
Then d and dy satisfy (30).

Note that (i) holds when M is a finite dimensional manifold. We first prove

Lemma 5.10. Under hypotheses (iii) and (iv) of proposition there exist constants K and a such
that

Lip(ef) < e®(Lip(f) +KIIf lloo)-

Proof : For all x, y

lef () —ef I = J [Ae™f (x) — Ae*'f ()]ds + f (x) = f(¥)
0

< KU [Lip(e”F) + e f lloo ] dHLip(f)) d(x,y).
0
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Since A(A) = —A < 0, there exists K’ > 0 such that ||e*4|| < K’e™**. Thus

t /

- tA . SA KK .
Lip(ef) <K | Lip(e)ds + 5~ Ifllg + Lip(F)
0

and the result follows from Gronwall’s lemma. QED

Proof of proposition :Setu=6,—-06,and f;=C e u so that

(u, eACe™ p) = e f,(x) — e (y).

It follows from (ii) and (iv) that Lip(f,) + ||f;lle < Ke™**. Therefore, by the preceding lemma,
Lip(e**f,) < Ke® and we have

T 00
dy(x,y)* < d(x,y)f Lip(e™f,)ds + f | (x) — e f ()| ds
0 T

IA

T 00
d(x,y)J Ke‘“ds+2f ||eSAfS||oods
0

T

< K(d(x,y)eaT+J e_SAds)
T

< K(d(x,y)e“T+e_”).

Let y = %, € >0,and T = —In(e)/A. Then d\z/(x,y) < K(e7"d(x,y) + €). Therefore d(x,y) <
€1 = d2(x,y) < Ke, so that N(d, M; wy(e)) = 0 (72" and dy satisfies (30). QED

Example 5.11. Let
Af (x) = J £ ko(t, Yuldy) + Y ai(x)f (b;(x))
i=1

where u is a bounded measure on M, kq(x, y) is bounded and uniformly Lipschitz in x, a; : M — R
and b; : M — M are Lipschitz. Then hypothesis (iii) of proposition[5.9]is verified.
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