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Abstract

We consider the product of a finite number of non-Hermitian random matrices with i.i.d. cen-
tered entries of growing size. We assume that the entries have a finite moment of order bigger
than two. We show that the empirical spectral distribution of the properly normalized product
converges, almost surely, to a non-random, rotationally invariant distribution with compact sup-
port in the complex plane. The limiting distribution is a power of the circular law.
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1 Introduction and Formulation of Results

Many important results in random matrix theory pertain to Hermitian random matrices. Two pow-
erful tools used in this area are the moment method and the Stieltjes transform. Unfortunately, these
two techniques are not suitable for dealing with non-Hermitian random matrices, [6].

1.1 The Circular Law

One of the fundamental results in the study of non-Hermitian random matrices is the circular law.
We begin by defining the empirical spectral distribution (ESD).

Definition 1. Let X be a matrix of order n and let A4,...,A, be the eigenvalues of X. Then the
empirical spectral distribution (ESD) uy of X is defined as

ux(z,2) = %# {k <n:Re(A;) <Re(z);Im (1) <Im(z)}.

Let & be a complex random variable with finite non-zero variance o2 and let N,, be a random matrix

of order n with entires being i.i.d. copies of £&. We say that the circular law holds for & if, with

probability 1, the ESD u_1_, of #Nn converges (uniformly) to the uniform distribution over the
oyn

unit disk as n tends to infinity.

The circular law was conjectured in the 1950’s as a non-Hermitian counterpart to Wigner’s semi-
circle law. The circular law was first shown by Mehta in 1967 [22]] when & is complex Gaussian.
Mehta relied upon the joint density of the eigenvalues which was discovered by Ginibre [10] two
years earlier.

Building on the work of Girko [[11]], Bai proved the circular law under the conditions that £ has finite
sixth moment and that the joint distribution of the real and imaginary parts of £ has bounded density,
[3]. In [6], the sixth moment assumption was weakened to IE|E|>™ for any specified ) > 0, but
the bounded density assumption still remained. Gétze and Tikhomirov ([[I5]]) proved the circular
law in the case of i.i.d. sub-Gaussian matrix entries. Pan and Zhou proved the circular law for any
distribution & with finite fourth moment [25]] by building on [[15]] and utilizing the work of Rudelson
and Vershynin in [27]. In an important development, G6tze and Tikhomirov showed in [[14] that
the expected spectral distribution Euy converges to the uniform distribution over the unit disk as n
tends to infinity assuming that sup ;. E|(N,,);[*¢ ((N,,) jx) < 00, where ¢ (x) = (In(1+[x[))"**", n >
0. In [28]], Tao and Vu proved the circular law assuming a bounded (2 + 7)™ moment, for any fixed
7 > 0. Finally, Tao and Vu have been able to remove the extra 7 in the moment condition. Namely,
they proved the circular law in [29]] assuming only that the second moment is bounded.

1.2 Main Results
In this paper, we study the ESD of the product
—_ vy
x () =x\"x;" .Xr(;l)

of m independent n X n non-Hermitian random matrices as n tends to infinity. Burda, Janik, and
Waclaw [[8] studied the mathematical expectation of the limiting ESD, lim,,_, E,ug(") , in the case
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that the entries of the matrices are Gaussian. Here we extend their results by proving the almost
sure convergence of the ESD, ,u("), for a class of non-Gaussian random matrices. Namely, we require

that the entries of Xi(n), i=1,...,m, areii.d. random variables with a finite moment of order
2+mn,n>0.

Theorem 2. Fix m > 1 and let £ be a complex random variable with variance 1 such that Re(&) and
Im(&) are independent each with mean zero and E|E|*T" < oo for some 1 > 0. Let X("), . ..,XT(:) be

independent random matrices of order n where the entries of X](.") are i.i.d. copies of aj% for some

collection of positive constants 1,...,0,, Then the ESD ;,Lg(") of X = Xgn)Xgn) XT(#) converges,
with probability 1, as n — oo to the distribution whose density is given by

1 _2 2_2

o(z,2)=4 mn? mlg|m forlz| <o, o
0 for|z] > o,

where 0 =01 0.

Remark 3. The almost sure convergence of ,ug(n) implies the convergence of ]Eu)((”) as well.

Remark 4. We refer the reader to [4] for bounds on powers of a square random matrix with i.i.d.
entries. See also [[1]], [2], [9], [5], [7], and [24] for some other results on the spectral properties
of products of random matrices.

2 Notation and Setup

The proof of Theorem [2)is divided into two parts and presented in Sections [3|and

We note that without loss of generality, we may assume 0; = 05 = -+ = 0,, = 1. Indeed, the
spectrum for arbitrary o4,...,0,, can be obtained by a trivial rescaling. Following Burda, Janik,
and Waclaw in [[8], we let Y™ be a (mn) x (mn) matrix defined as

o xm 0
o o x 0
Y™ = : )
(n)
0 o x
X(n) Om 1
m

Sectionwill be devoted to proving that the ESD of Y obeys the circular law as n tends to infinity.
This statement is presented in the following Lemma.

Lemma 5 (Y obeys the circular law). The ESD Uy of Y™ converges, with probability 1, to the
uniform distribution over the unit disk as n — oo.

3 Proof of Theorem 2

With Lemma [5| above, we are ready to prove Theorem [2]
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Proof of Theorems 2] Using the definition of Y™ in @), we can compute
Y, 0
(v)" = & ,

0 Y,

m

where Y}, = XIEH)XZEZ_)l - -X,(#)Xgn) - -X,(Ji)l for 1 < k < m. Notice that each Y} has the same eigenval-

ues as X, Let A4, ..., A, denote the eigenvalues of X and let 15, ..., n,,, denote the eigenvalues
m
of Y. Then it follows that each A, is an eigenvalue of (Y(“)) with multiplicity m.

Let f : C — C be a continuous, bounded function. Then we have

1 n 1 mn
f F@dugon(z,8) == D f(h)=— > fFni) = f FE™)dpty o (2, 2).
C n k=1 mn k=1 C

By Lemma
1
f fFE™M)duym(z,2) — —J f(g™)dzdz a.s.
C T Jp

as n — oo where DD denotes the unit disk in the complex plane. Thus, by the change of variables
z+— 2™ and z — 2™ we can write

1 _ m 1 2_o5 _ 1 2_o _
— | fEMdzdz=—| f(z)—=lzl"""dzdz=— [ f(2)Iz|n""dzdz.
T Jp T )y m mn |

where the factor of m out front of the integral corresponds to the fact that the transformation maps
the complex plane m times onto itself.

Therefore, we have shown that for all continuous, bounded functions f,

f f@)duym(z,2) — L J (&) |zl "2 dzdz a.s.
C m7 Jp

as n — oo and the proof is complete. O

4 Proof of Lemma

In order to prove that the ESD of Y obeys the circular law, we follow the work of Bai in [3]], Bai
and Silverstein in [[6], and use the results developed by Tao and Vu in [28]]. To do so, we introduce
the following notation. Let u, denoted the ESD of Y(™. That is,

1
pn(6, ¥) = —# {k < mn : Re(A0) < x;1m(%) < y'}

where A4,..., A, are the eigenvalues of Y.

An important idea in the proof is to analyze the Stieltjes transformation s,, : C — C of u, defined by

1 1 1
YL i N S S
Sn mnéd A -z Jox+iy—z e
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Since s,(2) is analytic everywhere except the poles, the real part determines the eigenvalues. Let
2z =s +it. Then we can write

1 & RE(Ak)—S
Re(s,(z))=—) —
" mnkzl: A — 2%
1 &0

_ 2
= _2mn 5‘ —In|A; — 2

10 1 d
==33 nxv,(dx,z)

where v, (-, 2) is the ESD of the Hermitian matrix H, = (Y™ —z1)*(Y(™ —zI). This reduces the task
to controlling the distributions v,,.

The main difficulties arise from the two poles of the log function, at co and 0. We will need to use
the bounds developed in [3]] and [28] to control the largest singular value and the least singular
value of YOV — z1.

A version of the following lemma was first presented by Girko, [[11]]. We present a slightly refined
version by Bai and Silverstein, [6]].

Lemma 6. For any uv # 0, we have

c,(u,v) :j J WXty (dx,dy)

+ . .
u 4 JJ [J lnxvn(dx,z)} et deds, 3)
" 4iun

We note that the singular values of Y™ are the union of the singular values of X ,((") for1 <k <n.

where z=sit.

Thus, under the assumptions of Theorem the ESD of YWY (™ converges to the Marchenko-Pastur
Law (see [20] and [[6, Theorem 3.7]). Thus by Lemma || it follows that, with probability 1, the
family of distributions u,, is tight. To prove the circular law we will show that the right-hand side of
converges to c(u,v), its counterpart generated by the circular law, for all uv # 0. Several steps
of the proof will follow closely the work of Bai in [3]] and Bai and Silverstein in [[6]. We present an
outline of the proof as follows.

1. We reduce the range of integration to a finite rectangle in Section We will show that the
proof reduces to showing that, for every large A > 0 and small € > 0O,

a o0
— Inxv (dx,z)} etV dsdt
J]15), e
o [ .
—>J J |:—J lnxv(dx,z)] etV dsdt
r L9s Jo

where T = {(s,t) : |s| < A |t] < A3 |Vs2+t2—1| > €} and v(x,z) is the limiting spectral
distribution of the sequence of matrices H, = (Y™ — zI)*(Y(™ —zI).
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2. We characterize the limiting spectrum v(-,2) of v,(-,2).
3. We establish a convergence rate of v,(-,z) to v(+,2) uniformly in every bounded region of z.

4. Finally, we show that for a suitably defined sequence €,,, with probability 1,

lim sup
n—oo

Inx(v,(dx,z) —v(dx,2))| =

and

n—o0

€n
lim J Inxv,(dx,z) =0.

4.1 Notation

In this section, we introduce some notation that we will use throughout the paper.

First, we will drop the superscript (n) from the matrices Y™, X, x gn)’ el ,XT(T?) and simply write
Y, X, X1y, X

We write R = Y — zI where I is the identity matrix and z = s + it € C. We will continue to let
H, = (Y —2I)*(Y —2I) = R*R and have v,(x,z) denote the empirical spectral distribution of H,, for
each fixed z.

For a (mn) x (mn) matrix A, there are m? blocks each consisting of a n x n matrix. We let A, denote
the n X n matrix in position a, b where 1 < a,b < m. A, ;,; ; then refers to the element (A,});; where
1<i,j<n.

Finally, C will be used as some positive constant that may change from line to line.

4.2 Integral Range Reduction

To establish Lemma [5, we need to find the limiting counterpart to
a o0
ga(s, t) = —J Inxv,(dx,z).
ds ),

We begin by presenting the following lemmas.

Lemma 7 (Bai-Silverstein [[6]]). For all uv # 0, we have

c(u V) — JJ 1ux+1vydxdy — yem J |:J g(s,t)ei“”i”dt] ds,
x24+y2<1

G r)={ w0

where

2s, otherwise
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Lemma 8 (Horn-Johnson [[17]). Let A; and n; denote the eigenvalues and singular values of an n X n
matrix A, respectively. Then for any k < n,

if n; is arranged in descending order.

Lemma 9 (Bai-Silverstein [|6]]). For any uv # 0 and A > 2, we have

o0 mn
L 41 2T A
f f 6ol e deds| < oy 2T S (mu > —)
Is124 J o0 V] n|v| 2

k=1
J J gn(s,t)eius+indtdS
[s|<A Jt>A3

where Aq,..., Ay, are the eigenvalues of Y. Furthermore, if the function g,(s, t) is replaced by g(s, t),
the two inequalities above hold without the second terms.

and

<

4TA
+—— > I(] > 4)
i

A2 —1

Now we note that under the assumptions of Theorem [2| and by Lemma |8 and the law of large
numbers we have

! iz(m 1> 4) < ——Tr(Y*Y) —

— > —Tr — — a.s.

n&d ok = nA? A
Therefore, the right-hand sides of the inequalities in Lemma [9] can be made arbitrarily small by
making A large enough. The same is true when g,(s,t) is replaced by g(s,t). Our task is then
reduced to showing

f J [ga(s, ) — g(s, t)]e™Ttdsdt — 0.
Is|<A J|t|<A3
We define the sets

T={(s,t):Is| <A |t| <A® and ||z — 1| > €}

and
T, ={(s,t) :[lz —1[ <€},

where g =s + it.

Lemma 10 (Bai-Silverstein [6]). For all fixed Aand 0 < € < 1,
f f |gn(s, t)|d8dt S 32\/E (4)
T

Furthermore, if the function g,(s, t) is replaced by g(s, t), the inequality above holds.

Since the right-hand side of can be made arbitrarily small by choosing e small, our task is
reduced to showing

f J [ga(s,t) — g(s, )]e™* M dsdt — 0 as. (5)
T
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4.3 Characterization of the Circular Law

In this section, we study the convergence of the distributions v,(x,2) to a limiting distribution
v(x,%) as well as discuss properties of the limiting distribution v(x,z). We begin with a standard
truncation argument which can be found, for example, in [|6].

4.3.1 Truncation
Let Y and Y be the (mn) x (mn) matrices with entries
Ya,b;i,j = Ya,b;i,jl(\/ﬁlya,b;i,jl =< né) - EYa,b;i,jI(\/ﬁ|Ya,b;i,j| =< né)

and

& _ Ya,b;i,j
Ya,b;i,j - 2
nlt |Y, | b3ij )

where & > 0. We denote the ESD of H, = (Y — zI)*(Y — 2I) by ¥,(-,z) and the ESD of H, =

(Y —2zD)*(Y —zI) by v,(-, 2).

We will let L(F;, F5) be the Levy distance between two distribution functions F; and F, defined by
L(F,Fy)=inf{e : F{(x —€) — € < Fy(x) < F;(x + €)+ € for all x € R}.

We then have the following Lemma.

Lemma 11. We have that
L(va(,2),7,(5,2)) = o(n~"5/*) as.

where the bound is uniform for |z| < M.

Proof. By [I6, Corollary A.42] we have that
2 —~ ~ ~
LA(v(-2),v,(-,2)) £ 5 Tr(H, — H)Tr[(Y = Y)* (Y - Y)].
n

By the law of large numbers it follows that, with probability 1,

1 m
e, —Z D WoarnilP +mla* — m(1+ |2/,

a=11<i,j<n

:

Similarly, %Tr(ﬁn) —m(1+z|%) as.
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For any L > 0, we have

non . . n%n =
TTY[(Y Y)Y (Y -Y)]=—

v 2
n (Y - Y)a,a+1;i,j|

|
a=11<i,j<n

on m
n 2
= ?Z Z {ﬁYa,a-ﬁ-l;i,jI(ﬁlya,a+1;i,j| > n6) - IE\/HYa,a+1;i,jI(\/E|Ya,a-i-1;i,j| > n6)|

a=11<i,j<n

2 m
<35> IVAY g5 2 IVl Yy g5l > L) + BIEPTI(E] > L)
N 1140 <n
and hence
non ~ ~
limsup —Tr[(Y — Y)*(Y = Y)] <4mE|E*™I(|€] > L) a.s.
n—oo n

which can be made arbitrarily small by making L large. Thus we have that
L(v(-,2),¥,(2)) = o(n~ ") as.

where the bound is uniform for |z| < M.

By [l6, Corollary A.42] we also have that

1
\/ IE|\/m?1,2;1,1|2

A similar argument shows that 1 — 4/ [ \/5171’2;1’1 2 = o(n~"%) and the proof is complete.

2 ~ ~ s
LYW (,2), V(- 2)) < 5 Te(H, + H)Tr(Y'Y) | 1-
n

O

Remark 12. For the remainder of the subsection, we will assume the conditions of Theorem [2] hold.
Also, by Lemmawe additionally assume that Y 41 j| < n’.

4.3.2 Useful tools and lemmas

We begin by denoting the Stieltjes transform of v,(-,z) by

A (az) = f Vnldx2)

X—a

where a = x + iy with y > 0. We also note that A,(a,2z) = #Tr(G) where G = (H, — aI)™! is the
resolvent matrix. For brevity, the variable z will be suppressed when there is no confusion and we
will simply write A, (a).

We first present a number of lemmas that we will need to study A, (a). We remind the reader that
R=Y —zlanda=x+1iy.
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Lemma 13. If y > 0 and x € K for some compact set K, then we have the following bounds,

m
= k = kIl >
V]I < max [IXil> <) [1X]? (6)
1<k<m py

1
Gl < —, 7)
y

1 1
IIRG|| < C 374‘;, (8
. 1 1
IGR*||<C F + ;, C))

for some constant C > 0 which depends on K. Moreover, there exists a constant C which depends only

on K such that
1 1
sup{|RG||: x €K,y > y,,2 € C} < Cy| 5 +—, (10)
Yo In
. 1 1
sup{/|GR[| : x €K,y > yp,2€C} < Cy| — + —, (11)
Yo In

Proof. The first inequality in (6] follows from the definition of the norm and the second inequality
is trivial. The resolvent bound in follows immediately because H,, is a Hermitian matrix.

for any sequence y, > 0.

To prove (8), we use polar decomposition to write R = U|R| where U is a partial isometry and
|IR| = VR*R. Then

IRG|l = IUIRI(R'R — &) "'l < lIRIRR — &)™l

1 1
< sup |Vi(t—a) | <sup|Vi(t—a) < Cyf 5+ =
teSp(R*R) t>0 Yy Y

A similar argument verifies (9)). and follow from (8)) and (9) by using that y > y,,. O

Lemma 14. We have that . .
E [—TrGaa} =K [—TrG}
n ’ mn
foranyl1<a<m
Proof. Fix1 <a<mand 1 <i<n. We will show that
EGq a0 = EGat1,a+15i-
Using the adjoint formula for the inverse of a matrix, we can write that forany 1 < b <m

_ det(R'R—an)™?
det(R'R— al)

Gb,b;i,i -

2228



where (R*R — al )(b’i) is the matrix R*R — al with the entries in the row and column that contain the
element (R'R — al); .;; replaced by zeroes except for the diagonal element which is replaced by a
1.

We will write Qj = X; X, + |2|2I — aI and then note that R*R — al has the form

[ Qu -3 O 0 —aX )
—zX!  Q -EX, 0 0
0 -—2XX Q 0 a2
. o - . Z8X,., 0
0 v 0 —2X' ) Quo —EXp_,
\ —2x,, 0  --- 0 —2X* . Qua J

where Q,,,,Q1,...,Q,,_1 appear along the diagonal.

Let o =(123...m) €S,,. We now construct two bijective maps. Let T, be the map that takes
matrices of the form (12)) into the matrix where each occurrence of X}, is replaced by X ;) and each
occurrence of Qy, is replaced by Q). Also, let

Q=C" xC% x---x "
mgrrnes
denote the probability space. Then we write w € Q as w = (X1,X,,...,X,,). We now define
T :Q—-Qby T (Xy,...,X,) = (X3,X3,...,X,;,X1). Since each Xy, ...,X,, is an independent and
identically distributed random matrix, T, is a measure preserving map.

We claim that det(R*R — al) = det(T,(R*R — al)). Indeed, if A is an eigenvalue of (R*R — al) with

eigenvector v = (v,,, Vq,...,V,,_1) where v, is an n-vector, then a simple computation reveals that
W = (Vo(m)s Vo) -+ +» Vo(m—-1))' = (V1,...,Vp)" is an eigenvector of T,(R*R — al) with eigenvalue A.
Similarly, det(R*'R— aI)(b’i) = det (TU ((R*R — al)(b’i)) ) Define f,;(w) to be

det(R*R — al )(b ) (w) for each realization w € Q. Then we have that
fari(@) = det (RR = al) ™ (w)
— det (TG ((R*R _ aI)(aH’i))) (w)
= det (T, (R'R—al))“? ()
= det (R'R — aI) 7 (T (w)) = f1(T"(w))

and
det(R'R — al)(w) = det(R'R — aI)(T.(w)).

Thus G i {(To(w)) = Ggy1,441.0,i(w) for each w € Q. Since T. is measure preserving, the proof is
complete. O

Next, we present the decoupling formula, which can be found, for example, in [[18]]. If £ is a real-
valued random variable such that E|£[P*2 < oo and if f(t) is a complex-valued function of a real
variable such that its first p + 1 derivatives are continuous and bounded, then

p
BLEF(E)] = ), ~E[FOE)] +e, (13)

a=0
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where k, are the cumulants of & and |e| < C sup, |f @+ D(¢)|E|&|PT2 where C depends only on p.

If £ is a Gaussian random variable with mean zero, then all the cumulants vanish except for k, and
the decoupling formula reduces to the exact equation

E[Ef(E)] = E[E*IELf'()].

Finally, to use (13)), we need to compute the derivatives of the resolvent matrix G with respect to
the various entries of Y. This can be done by utilizing the resolvent identity and we find

0Gq bk
— = —(GR"), ... .G o 1—G 30 (RG)e beals
aRe(Yc,c+1;q,p) ( )a,c,k,q c+1,b;p,l a,C+1,k,p( )c,b,q,l
2G, 1.
@bikl = _i(GR*)a,c;k,ch-i-l,b;p,l + iGa,c+1;k,p(RG)c,b;q,l'
0 Im(Ye e 4150,p)

4.3.3 Main Theorem

For the results below, we will consider a = x + iy where y > y, with y, = n~"°. Our goal is to
establish the following result.

Theorem 15. Under the conditions of Theorem @and the additional assumption that |Y, g1, j| < nd,

we have
3 ) a+1—|z? 1
Ar(a,z)+2A%5(a,2) + TAn(a,z) + o= r.(a,z),

where if 6 is chosen such that 6m < 1/32 and 6 < 1/32, then the remainder term r,, satisfies

sup {Iro(a,2)| : 2| M, Ix| <N,y 2 y,} =0(5,)  as.

with 6, = n_1/4yn_5r15.

Remark 16. We note that the bounds presented here and in the rest of this section are not optimal
and can be improved. The bounds given, however, are sufficient for our purposes.

In order to prove Theorem [15] we will need the following lemmas. The first lemma is McDiarmid’s
Concentration Inequality [21]].

Lemma 17 (McDiarmid’s Concentration Inequality). Let X = (X1,X5,...,X,,) be a family of indepen-
dent random variables with X, taking values in a set Ay for each k. Suppose that the real-valued f
defined on [ | A satisfies

If )= fFOXD <
whenever the vectors x and x’ differ only in the kth coordinate. Let u be the expected value of the
random variable f (X). Then for any t > 0,

P (If (X) = ul > t) < 2720/ 2,
Remark 18. McDiarmid’s Concentration Inequality also applies to complex-valued functions by ap-

plying Lemma [17]to the real part and imaginary part separately.
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Lemma 19. For y > y, and |x| < N (where a = x +1iy),
P (|An(a,2) — EA(a,2)] > t) < 4e~ct"™ (14)
for some absolute constant ¢ > 0. Moreover,
sup{|A,(a,2) —EA,(a,2) : 2] <M,|x| <N,y > y,} =0 (n_1/4yn_2) a.s.

Proof. Let Ry denote the matrix R with the k-th column replaced by zeroes. Then R*R and R Ry
differ by a matrix with rank at most two. So by the resolvent identity

1 _ 1 -1
—Tr(RR—a) ' = —Tr (R*R, —
'mn T %) mn r( KT a)

2 1 -1
< —|(RR—-a) (RiRx —R'R) (R{Rx — a) H (15)
C . , 1
< sup|(t—a) t}=C—2
nyn tZO nyn

where the constant C’ depends only on N. The mn columns of Y form an independent family of
random variables. We now apply Lemma |17|to the complex-valued function #Tr (R'R— a)~ ! with
the bound ¢, = O(n™! Yo 2) obtained in (I5). This proves the bound . Thus, for any fixed point
(a,2) in the region

{la=x+iy,z=s+it):|x| <N,y > y,,lz| <M} (16)

one has "
P (1a,(a,2) — BA,(a,2)] > n Y4y 2) <gemcm”, (17)
where we recall that y,, = n~"° and & > 0 could be chosen to be arbitrary small.

Ify=Ima> n1/4y3, then

1
|An(a,2)] < — <n Y4y 2 [EA(a,2)l <n 4y 2 (18)
Ima
Therefore, it is enough to bound the supremum of |A,(a) — EA,(a)| over the region
2={(a=x+iy,z=s+it):|x| <N, y, <y < n1/4y5, lz| < M}. (19)

To this end, we consider a finite n~¢-net of 2 where C is some sufficiently large positive constant to
be chosen later. Clearly, one can construct such a net that contains at most [4Mn*Cn'/4 yi] points
if n is sufficiently large, where [k] denotes the integer part of k. Let us denote these points by
(a;,2),1<i< [4Mn4cn1/4y3]. It follows from that one has

/2
)

P (sup{i DA (ap,2) — EA(ay,2)] > n_1/4yn_2) < 16My3n4c+1/4e_6”l (20)

where the supremum is taken over the points of the net. Appying the Borel-Cantelli lemma, we
obtain that
sup{i:|A,(a;,2) —EA(a;,2)} =0 (n_1/4yn_2) a.s. (21)
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where the supremum is again taken over the points of the n~¢-net of 9. To extend the estimate (21)
to the supremum over the whole region 2, we note that for (a,z) € 9,

oA (a,2) 1

— | < —, (22)
JRea y2

oA (a2 1

L) <, (23)
dIma y2

O, (a,2) 2(n'*% + M)

—3 Rez < constm—y’? > (24)

A (a,z 2+ M

94n(a,2) < constm—( ), (25)
dImz y2

where const,, is a constant that depends only on m.

The bounds (22(23)) are simple properties of the Stieltjes transform. Indeed, the Lh.s. of and
ll are bounded from above by m The proof of I l follows from the resolvent identitity

(Hn(zz) - aI)_l - (Hn(zl) - aI)_l = (Hn(zl) - aI)_l(Hn(ZZ) - Hn(zl))(Hn(ZZ) - aI)_l:
the formula H,(z) = (Y™ — 2I)*(Y(™ — 2I), the bound |z| < M, and the bound
Iy @) < n'*e. (26)

We note that follows from the fact that the matrix entries of Y™ are bounded by n®.

Now, choosing C in the construction of the net sufficiently large, one extends the bound to the
whole region 2 by (22}25)). This finishes the proof of the lemma. O

Lemma 20. Forany 1 <a <m,
1 -1,-2
sup{Var | =TtG,, | : |x| SN,y 2 y,,2€Cr=0(n""y,*)
n
where a =x +1iy.
Proof. Let R; denote the matrix R with the k-th column replaced by zeroes and let P, be the or-

thogonal projector such that TrG, , = Tr(P,GP,). Following the same procedure as in the proof of
Lemma [19] we have that

Tr(R'R — ), — Tr(RgR — &), 1

= ‘Tr [Pa(R;;Rk —a) '(RiR, —R'R)(R'R — a)‘lpa] (27)
C

Yn

where the constant C depends only on N.

1 1 1an
“TeGoo — B [ ~TeGoq | == Y ¥t
n ’ n ’ n =1
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where 7y is the martingale difference sequence

1 1
Yk = Ek |:_TrGa,a:| - IE)k—l |:_TrGa,ai|
n n

and IE; denotes the conditional expectation with respect to the elements in the first k columns of Y.
Then by the bound in and [|6, Lemma 2.12], we have

2 C mn
< 5 2 Ind?
k=1

C
< —

2
ny,

1 1
E '—TrGa o — E-TrG,,
n ’ n ’

where the constant C depends only on N. Since the bound holds for any |[x| <N,y > y,,and 2 € C
the proof is complete. O

Remark 21. By Lemmas and [20] for every 1 < a,b,c <m

1 1 1 4 s
E|-TtG,q | =E | —TrtG | = —TrG+0(n" """y, ) a.s.,
n ’ mn mn

1 1 1 2 14 5
E|-TrG,,—TtGyp | =E | [ —TrG +0(n "y >)
n “n ’ mn
1 2
= (—TrG) + O(n_1/4yn_5) a.s.,
mn

and
1 1 1 1 3 14 s
E | -TrG, ,—TrGy ,—TrG. . | =E | | —TrG +0(n /yn )
n “n n ’ mn

1 3
= (—TrG) + O(n‘”“yn_s) a.s.,
mn

where the bounds hold uniformly in the region |x| <N,y > y,, and |z| < M.
We are now ready to prove Theorem

Proof of Theorem Fix a = x+iy with |[x| <N,y > y, and 2z € C with |z| < M. We will show that
the remainder term r,(a,z) = O(§,,) a.s. where the constants in the term O(5,,) depend only on N
and M. In particular, the remainder term will be estimated using Lemmas 13| and 19| and Remark
where the bounds all hold uniformly in the region. In the proof presented below, will use the
notation Oy /() to represent a term which is bounded uniformly in the region x| <N,y > y,, and
|z| <M.

By applying the resolvent identity to G and replacing R and R* with Y —2I and Y* —ZI, respectively,
we obtain

1 1 1 i Z . Z 2|2
—TrG, g =——+ —Tr[GY'Y ], — —Tr[GY "], — —Tr[GY ], + —TrG,,.
n ’ a an “an “an 7 an ’
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We will let Y() be the (mn) x (mn) matrix containing the real entries of Y and Y® be the (mn)x(mn)
matrix containing the imaginary entries of Y such that Y = Y 4+ iy®. By assumption, Y and
Y® are independent random matrices. Thus,

21 1 1_1 () i w0
1-— | E-TrG, , + — = —ETr(GY*'YY’), ., + —ETr(GY*'Y'),,
a n T a an “ T an ’
b4 * iZ S
— —ETr(GY""), , + —ETr(GYD"),, (28)
an “ T an ’
Z Z1 .
- —ETr(GY"),, — —ET(GYD),,
an 4 an ’
Let 6 = Var(Re(&)). Then Var(Im(&)) =1 — 6. To compute the expectation, we fix all matrix entries
except one and integrate with respect to that entry. Thus, by applying the decoupling formula (13)

with p = 1 and using the fact that Y, .; ; = 0 whenever b # a+1, we obtain the following expansions
for the terms on the right-hand side of (28)),

1 1 -
EETT(GY*Y(r))a,a = EE Z Ga,a;j,kYa—1,0;1k RE (Ya—l,a;l,j)

1<j,k,l<n
o o _
= _]ETrGa a —2E Z Ya—l,a;l,k ((GR*)a,a—l;j,lGa,a;j,k)
an an” g <iki<n
5 n®
- (RG)qoraik) +Onmr | =
an ; a 1,a;l,k (1,(1,],)( )a 1,a,l,k) N,M ( 1/2yn)

i 5 ] ”5_
= EETrGa a aan [TrGa’aTr(RGY )a—l,a—l:l + ON,M 1/2yn

Here we use that the € error term in (13)) contains the second derivative
2
d (GY*)a,a;j,l 0 ( 1 )
2 N,M
3 Re ( a—1,a; 1 ]) yn
which consists of several terms each bounded by Lemma After summing over 1 < j,I < n and
utilizing the fact that the third moment of Re (Ya_l,a;l’j) is of order n®~3/2, we obtain an error
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bound of ON’M(né —1/2 Yo 4). By following the same procedure for the other terms, we obtain

i ) i _
_ETr(GY*Y(l))a,a =—I Z Ga,a;j,kYa—l,a;l,k Im (Ya—l,a;l,j)
an an -
1<j,kl<n
1-6 1-6

1)
n
—_— —_— * —
= —FETGyo— —5F [TrGe, TH(RGY™)y—1 4-1 | + Oy (nl 7y :),

Z * Z
EETI‘(GY(” )a,a = EE Z Ga,a;j,k Re (Ya,a+1;j,k)

1<j,k<n
. 20 * —n5
= EE [TrGaHa + 1Tr(GR )a,a] + On,m n1/2y4 ’
n
iz %k iz
EETI’(GY(I) )a,a = EE Z Ga,a+1;j,k Im (Ya,a+1;j,k)
1<j,k<n
z(1-9) x —n6
Z Z
I (r) -
anETr(GY "Naa = anlE Z Gaa-1;jk Re (Ya—l,a;k,i)
1<j,k<n
i E [TtG, ,Tr(RG) ]+o0 v
= — T r _ _ )
an2 a,a a—1,a-1 N,M n]/zy;}

and

21 . iz
aETr(GY(I))a,a = EE Z Ga,a—l;j,k Im (Ya—l,a;k,j)

1<j,k<n

_2(1-6) o
= 7]E I:TrGa,aTr(RG)a—l,a—lj| +On,m nl/zy,‘f )

Combining these terms yields,

lz|2) 1 1 1 1 i
1—— |E=TrG, o = —— + —ETrGoq — —5 B [TrGy ;Tr(RGR 1,41 |
a n i a an ’ an ’ ’

+ 2 F [TrG Tr(GR ) | +0 v
an2 a+1,a+1 a,a N,M Tll/zy:f

1 1 1
= —— + —ETrGyq — —5 B [ TrG, (Tr(RGR")g_1 41 |
a an ’ an ’ ’

Z
+ EE I:TrGa-‘rl,a-‘rlTr(GR*R)a,a:l

1 ] n°
+ @ [TCorn.an TR V] +Onar | 1777 )
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We note that by Remark [21] we have that

-1 1
EE [TrGa-i-l,a-i-lTr(GR*R)a,a:I = _aETrGa-i-l,a-H

1
— _Z]ETrGa’a]ETrG + ON,M(5H)
mn
and

1
— B [TrGe Tr(RGR 1,41 | = == B [TrGy  TH(RRG)yq |
an an

2|2

- EE [TrGa,a(TrGa,a - TrGa—l,a—l):I
1 1
=——ETrG, o — —5 ETrG, (ETrG + Oy p(6,).
an ’ mn ’ ’
Finally, we expand Y in terms of Y") and YV and again apply the decoupling formula to obtain

1 1 n®
— I [TrGa+1,a+1Tr(GR*Y)a,a] =-=k [TrGa+1,a+1TrGa,aTrGa,a] +On.m (m)
an n n'/cys

1
== (ETtG)* ETrG, o + Oy (8,),

where the last equality comes from Remark [21] Therefore, we have that

|22 1 1 1 2
1-— |E-TtG, = ——— —ETrGy 1 q41 — —ZETrGa JETrG
a n ’ a an ’ mn ’

= (ETtG)* ETrG, o + Oy 0 (8,).

By summing over a and dividing by m, we obtain

112
(EA () +2 (EA () + wEAn(a) + % = Oy m(5,).

Thus, the proof is complete by Lemma O

Consider the cubic equation

3 ) a+1-—|z|? 1
AP+ 207 + ———— A+ - =0 (29)

where a = x 4+ iy. The solution of the equation has three analytic branches when a # 0 and when
there is no multiple root. Below we show that the Stieltjes transform of v, (+,z) converges to a root
of (29). Following the argument of Bai and Silverstein in [6]], we have that there is only one of the
three analytic branches, denoted by A(a), to which the Stieltjes transforms are converging to. We
let my(a) and m3(a) denote the other two branches and note that A, m,, and ms are also functions
of |z|.

By [6, Theorem B.9], there exists a distribution function v(-,z) such that

Ala) = J ” 1 av(du,z).

Then we use the following Lemmas due to Bai and Silverstein, [6]].
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Lemma 22. The limiting distribution function v(x,z) satisfies

2
lviw +u,2) —v(w,z)| £ —max{2+/3|ul, lul}
T

for all z. Also, the limiting distribution function v(u, z) has support in the interval [x,, x,] when |z| > 1
and [0, x,] when |z| < 1, where

1
X1 =—— [—1 +20)z|* + 8Jz|* — (V1 + 8|Z|2)3] ,

~ 8P
1
=g [(\/1 +8Jz[2)° — 1+ 20]z)2 + 8|z|4] .

Lemma 23. For any given constants N > 0, A > 0, and € € (0,1) (recall that A and € are used to
define the region T), there exist positive constants €, and €, (€, may depend on €,) such that for all
large n,

(i) for|a| <N,y >0,andz €T,

max |A(a) —m;(a)| = €,
j=2,3

(i) for|a| <N,y >0, |a—xy| =€, (and |a —x1| = €1 if |2| > 1+¢€),andz € T,

min |A(a) —m;(a)| > €
min |A(a) ~ my(@)] e,

(iii) forz € T and |a — x5| < €4,

jn:gg |A(a) = mj(a)l = egv/|a — xa,
(v) for|z|>14+€,2z€T,and |a — x| <€,

min |A(a) —m;(a)] = €9/ [a — x1].

Remark 24. Lemma [23]shows that away from the real line, A is distinct from the branches m, and
ms.

Lemma 25. We have

a o0
— f Inxv(dx,z) = g(s, t).
ds ),

Remark 26. Lemma [25|shows that v(-,2) is the distribution which corresponds to the circular law.
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4.4 Rate of Convergence of v,(x,2)

For this subsection, we return to the original assumptions on the entries of Y. Before we prove
Lemma |5, we need to establish a rate of convergence of v,(x,z) to v(x,2). We remind the reader
that v,(-,2) is the ESD of H,, = (Y —2I)*(Y —2I) and ¥,(+, %) is the ESD of H,, = (Y —2I)*(Y — zI).

Lemma 27. For any My > M; = 0,

sup v (n2)—v(,2)ll = sup |vu(x,2) —v(x,2)| = O(n °78).
M; <|z|<M, X,M; <|z|<M,

Proof. We first note that it is enough to show

sup |[vy(-,2) = v(-, 2)ll = O(Vyn)- (30)

M;<|z|<M,

Indeed, by Lemma 11} we have that

L(v,(+,2),v(+,2)) < L(v,(+,2), v, (+,2)) + 1V, (-, 2) — v(-, 2)]|
< 7,05 2) = v(,2)ll + o(n 19/,

and by Lemma [22]

IVa(,2) = v (.2l < CV/ LV (2, (,2)
uniformly for |z| < M.
We now prove ([B0). Since |A,(ay)| < (Imay)~! for any fixed a, with Ima, > 0, there exists a
convergent subsequence of {A(ag)},> ;. Since A is the only branch of that defines a Stieltjes
transform, the subsequence must converge to A(a,). Hence, A, (ay) — A(ay) as n — oo for any
fixed ay with Im ag > 0. Let m; = A and m, and ms be the other two branches of the cubic equation
(129).
We remind the reader that T is a bounded set and that the supports of v(-,z) are bounded for all
z € T. So by [l6, Corollary B.15] there exists N and some absolute constant C such that

V(-5 2) — v (-, 2)|
<cC (f |An(a)—A(a)|dx+isupJ |v(x+y,z)—v(x,z)|dy)
|x|<N ly|<2y,

<C (f |Ap(a) — A(a)ldx + «/y_n) ,
|x|<N

where a = x + iy, and the last inequality follows from Lemma So, to complete the proof we
only need to estimate the integral in the last inequality above.

We first show that for @ = x + iy, |[x| SN, [x —=x3] =2 €; (x —x1| = e, if |2 < 1), ¥y = y,,

M; <|z| £ M,, and all large n,
C'e
An(@) = Ala)] < =28, (31)
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where €, and €; come from Lemma 23| and C’ is a positive constant. By Theorem consider a
realization where

4
|An(a) = Ala)[[A(a) = my(@)l|An(a) — m3(a)] < C/2_7€g5n'

for some positive constant C’. Fix ay = x¢ + iy with [xo| <N, yo > 0, and ming_1 5 [xo — xi| > €.
Fix z € T. Choose n large enough such that |A,(ag) — A(ay)| < % Then for k € {1, 2},

€0 < |A(ag) — my(ag)| < [A(ag) — Ap(ag)| + (A, (ag) — mi(ag)l

and hence
in |2, (o) — my ()] > -2
min ap) —mi(a —
k:i,z n\Qo K\ Ao 3
Thus,

|AL(ag) — Alag)| < C'epb,.

Next we show (31) is true for all y > y,, [x| <N, and miny_; 5 [x — x;| = €;. Suppose (31) is false.
By continuity there exists a subsequence n;, z; € T, and a; with |Re(a;)| <N and Im(a;) = y,, such
that

/60

C
|Ap, () = Ala))| = ——6,

e
Then
€o
1Ay (a) — Alay)] < 3

for all [ greater than some L. By a similar argument as above and Lemma [23] we have

min 1Ay, () = my(a)l > —=

for all [ > L and hence ,

C'eq
|Ay, (a) — Aloy)| < T5ny

a contradiction.

Finally, for the case where |a — x| < €; for k =1 or 2, we apply a similar argument and Lemma [23]
to obtain

1A (a) = Ala)| =0 (L) =0(8,y, )

la — x|

4.5 Least Singular Value Bound

A key part of proving Lemma [5|is to control the least singular value of Y —zI. Equivalently, we wish
to obtain control of the norm of the inverse ||(Y —zI)7}|.

We will obtain a bound using the results of Tao and Vu in [28]]. We present Tao and Vu’s bound
on the least singular value below, which only requires a finite second moment assumption on the
entries of the matrix.
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Theorem 28 (Tao-Vu; Least singular value bound). Let A, C; be positive constants, and let £ be a
complex-valued random variable with non-zero finite variance (in particular, the second moment is
finite). Then there are positive constants B and C, such that the following holds: if N, is the random
matrix of order n whose entries are i.i.d. copies of £, and M is a deterministic matrix of order n with
spectral norm at most n, then,

P (M +N,) 7! = n®) < G, (32)

Remark 29. We note that the bound in (32) is independent of the matrix M. In particular, this
bound holds for any deterministic matrix of order n with spectral norm at most n“:

We will prove an analogous version of Theorem [28| for the matrix Y. We first need the following
bounds for the norm of Y.

Lemma 30. We have the following bounds for the norm of Y.

IY|l=0(n) as.,
E|Y]l = O(n).

We also have that for any 1 < a < m,

EllX,|l = 0(n). (33)
Proof. We note that

X Xm 0
*
— X1X4
0 X5 Xm1

and hence the singular values of Y are the the union of the singular values of X; for 1 < k < m. Let
S1,-..Smn denote the singular values of Y. Then

mn mn

1 1 1
—IY|<—> s5;<— » s?+1
mn|| ”_ng]_ng]
j=1 j=1
1
SﬁTrY*Yle——Z > (Xk)l] +1—2as.
=11<i,j<n

as n — oo by the law of large numbers. The same argument shows that

By < —Z > B[]

=11<i,j<n

+1=2

A similar argument verifies (33).
O

Theorem 31 (Least singular value bound for Y). Let Y be the (mn) x (mn) matrix defined in and
let A be a positive constant. Then, under the hypothesis of Theorem [2] there exists positive constants B
and C (depending on both A and m) such that

P(I(y -z =n") <cn

uniformly for |z| < M.

2240



Proof. We remind the reader that (Y —2I)~! is an (mn) x (mn) matrix and again refer to the m?
blocks (Y —zI )g}) each of size n x n. A simple computation reveals, that (when invertible) (Y —zI )glb
has the form

-1
K _ &l
Z X]l X]l (Xil Xiq Z )
where «k,1,q,r are nonnegative integers no bigger than m, the variables «,l,q,1,j1,.--Jj,i15---,1

depend only on a and b, and the indices iy, ..., 1, are all distinct.

q

By the definition of the norm, we have that

-1 -1 -1
IV =207 < G max IV =20} S G D5 (Y 2D

1<a,b<m

where C,, is a constant that depends only on m. Thus, it is enough to show that given a positive
constant A, there exists B and C such that

-1
P (IlzKle X (Xi1 X, —zr) | > nB) <cn™

uniformly for |z| < M,.

So we have,
K r -1 B
IP(”Z Xj, X, (de"'Xiq_Z ) | =n )
-1
< mP (I, 2 /042 4 (n (%, —=) Iz nB/(m+2>)

for |z| < M, and n large. The first term can be estimated by Markov’s inequality

E[1X4]]

nB/(m+2) = 0P/

P (I, ]l > n®/0m2)) <

since IE||X;|| = O(n) by Lemma Therefore, this term is order n™ by taking B > (m + 2)(A+ 1).
So, it is now enough to show that given a positive constant A, there exists B and C such that

-1
P (II (Xil X, —zr) | > nB) <cn™.

We note that,
XX —2")  =xlex (X, —2rxtex )
l.l... l.q_z — iq “ee i2 l.l_z iq PP i2 .
By Theorem [28] there exists positive constants B and C such that
P (||X;1---X;1|| > nB) <mP (|Ix;1) = /™) < cn . (34)
q 2

Thus, we only need to show that given A there exists B and C such that

1y - -

-1
P ((Xil —EXex) 2 nB) <cn,
q

2241



We then have that
1 1\ 7! B
IP((Xil—eri_ X ) >n )
q 2
-1
— -1 -1 B -1 -1 C
—]P((Xil—eriq XYz ‘||Xl.q XM <n 1)

xP (X7t x7Y <n®
lq Iy

-1
+P | (x;, —2'x7 1 x7)  >aB|Ix7tx7Y > S
151 lq 15} lq 1)

x P (B X =0
q 2
<cn™

where the first term is controlled by Theorem 28] (in particular, see Remark[29)) and the second term
is estimated as in (34)). This completes the proof of the Theorem. O

4.6 Proof of Lemma

Proof of Lemmal5] In order to finish the proof of Lemmal5|we need to show (5 holds. By integration
by parts, we have

J (g,.(s,t) — g(s, t))e““Ttvdrds
z€T

— J iut(s, t)dtds + f (t(A t) — T(—A, t))dt
z€T

|c|<A®

—f (r(\/(1+e)2— 2,6) = t(—/(1+€)? — tZ,t)) dt

[t|<1+e

+J (r(\/u e -2 t)— (= (1 —e2— tZ,t)) dtl,
[t|<1—e

where o
(s, t) = et Tivt J Inx(v,(dx,2) — v(dx, 2)).
0
Lete, = e ", By Theorem [31|and the Borel-Cantelli lemma, with probability 1,
en
lim f f Inxv,(dx,z)|{dtds = 0.
n—o0
z€T |JO
By Lemma [22]
en
lim f J Inxv(dx,z)|dtds = 0.
n—oo
z€T |JO
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By Lemma there exists k > 0 such that the support of v,,(+,z) lies in [0, xn?] for all z € T. Thus,
by Lemma
J;GT
2

Kn
= J J Inx(v,(dx,z) —v(dx,2))|dtds
z€T |Je,

J Inx(v,(dx,2) —v(dx,2))| dtds

n

<C [l In(e, )| + ln(an)] max lv,(,2) —v(-,2)|| — 0O a.s.
ze
Therefore, with probability 1,

n—oo

lim iuJ 7(s, t)dsdt = 0.
z€T

In a similar fashion, we can show that the boundary terms satisfy the following

lim f T(£A t)dt =0 a.s.,
|t]|<A3

n—o0
lim J (Vv (1 +e)P—t2t)dt =0 a.s.,
0 )t 1< 14e
and
lim J T(£V/ (1 —€)>—t3,t)dt =0 a.s.
n—oo
[t|<1—e
The proof of Lemma [5]is complete. O

Remark 32. After we finished our paper, we learned about a very recent preprint [[16]] where EGotze
and A. Tikhomirov proved the convergence of the expected spectral distribution Euy to the limit
defined by under the assumption that the matrix entries are mutually independent centered
complex random variables with variance one. Our approach is different from the one used in [16].
We are grateful to Z. Burda, T. Tao and A. Tikhomirov for useful comments regarding the results of
the paper. In addition, we are grateful to unanimous referees for valuable and constructive criticism
regarding the proofs of Theorem 15 and Lemma 19, and for bringing to our attention the reference
[[13]] where a similar result was obtained for m = 2.

References

[1] N. Alexeev, E Gotze, A. Tikhomirov, On the singular spectrum of powers and products of
random matrices, Doklady Mathematics, 82, No. 1, 505-507, (2010).

[2] N. Alexeev, E Gotze, A. Tikhomirov, On the asymptotic distribution of singular values of power
of random matrices, Lithuanian Math. Journal, 50, No. 2, 121-132, (2010). MR2653641

[3] Z.D. Bai, Circular law, Ann. Probab. 25 (1997), 494-529. MR1428519

2243


http://www.ams.org/mathscinet-getitem?mr=2653641
http://www.ams.org/mathscinet-getitem?mr=1428519

(4]

(5]

(6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

[19]

[20]

[21]

Z. D. Bai, Y.Q. Yin, Limiting behavior of the norm of products of random matrices and two
problems of Geman-Hwang, Prob. Th. Rel. Fields, 73, 555-569, (1986). MR0863545

Z. D. Bai, B. Miao, B. Jin, On the limit theorem for the eigenvalues of product of two matrices,
J. Multivariate Anal., 98, No. 1, 76-101, (2007). MR2292918

Z. D. Bai, J. Silverstein, Spectral analysis of large dimensional random matrices, Springer
Series in Statistics, Springer, New York, 2010. MR2567175

T. Banica, S. Belinschi, M. Capitaine, B. Collins, Free Bessel laws, available at arXiv:0710.5931.
MR2779129

Z.Burda, R. A. Janik,and B. Waclaw, Spectrum of the product of independent random Gaussian
matrices, Phys. Rev. E 81, 041132 (2010). MR2736204

Z. Burda et.al., Eigenvalues and singular values of products of rectangular Gaussian random
matrices, Phys. Rev. E 82, 061114 (2010). MR2787469

J. Ginibre, Statistical Ensembles of Complex, Quaternion, and Real Matrices, Journal of Math-
ematical Physics 6 (1965), 440-449. MR0173726

V. L. Girko, Circular law, Theory Probab. Appl. (1984), 694-706.

V. L. Girko, The strong circular law. Twenty years later. II. Random Oper. Stochastic Equations
12 (2004), no. 3, 255-312. MR2085255

V. L. Girko, A.L. Vladimirova, Spectral analysis of stochastic recurrence systems of growing
dimension under G-condition. Canonical equation Ko;. Random Oper. Stochastic Equations 17
(2009), no. 3, 243-274. MR2574103

E Gotze, A. Tikhomirov, The circular law for random matrices, Annals of Probab. 38, No. 4,
1444-1491, (2010). MR2663633

E Gotze, A. Tikhomirov, On the circular law, available at arXiv:0702386.

E Gotze, A. Tikhomirov, On the asymptotic of spectrum of products of independent random
matrices, available at arXiv:1012.2710v1 math.PR.

R. Horn, Ch. Johnson, Topics in Matrix analysis, Cambridge University Press, 1991.
MR1091716

A.M.Khorunzhy, B.A. Khoruzhenko, and L.A. Pastur, Asymptotic properties of large random
matrices with independent entries, J. Math. Phys. 37, (1996), 5033-5059. MR1411619

R. Latala, Some estimates of norms of random matrices, Proc. Amer. Math. Soc. 133 (2005),
no. 5, 1273?1282. MR2111932

V. Marchenko, L. Pastur, Distribution of eigenvalues of some sets of random matrices, Math USSR-
Sb. 1, (1967), 457-486.

C. McDiarmid, On the Method of Bounded Differences, Surveys in Combinatorics 141: 148-
188, 1989. MR1036755

2244


http://www.ams.org/mathscinet-getitem?mr=0863545
http://www.ams.org/mathscinet-getitem?mr=2292918
http://www.ams.org/mathscinet-getitem?mr=2567175
http://www.ams.org/mathscinet-getitem?mr=2779129
http://www.ams.org/mathscinet-getitem?mr=2736204
http://www.ams.org/mathscinet-getitem?mr=2787469
http://www.ams.org/mathscinet-getitem?mr=0173726
http://www.ams.org/mathscinet-getitem?mr=2085255
http://www.ams.org/mathscinet-getitem?mr=2574103
http://www.ams.org/mathscinet-getitem?mr=2663633
http://www.ams.org/mathscinet-getitem?mr=1091716
http://www.ams.org/mathscinet-getitem?mr=1411619
http://www.ams.org/mathscinet-getitem?mr=2111932
http://www.ams.org/mathscinet-getitem?mr=1036755

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

M.L. Mehta, Random Matrices and the Statistical Theory of Energy Levels, Academic Press,
New York, NY, 1967. MR0220494

M.L. Mehta, Random Matrices, 3rd ed., Elsevier/Academic Press, Amsterdam, 2004.
MR2129906

J.A. Mingo, R.Speicher, Sharp bounds for sums associated to graphs of matrices, available at
arXiv:0909.4277.

G. Pan, W. Zhou, Circular law, extreme singular values and potential theory, J. Multivariate
Anal. (2010), 101, 645-656. MR2575411

M. Rudelson, Invertibility of random matrices: Norm of the inverse, Ann. of Math. 168, No.2,
575-600 (2008) , 575?600. MR2434885

M. Rudelson, R. Vershynin, The Littlewood-Offord problem and invertibility of random matri-
ces, Adv. Math. (2008) 218, 600-633. MR2407948

T. Tao, V. Vu, Random Matrices: the Circular Law, Commun. Contemp. Math. 10, No. 2, 261-307
(2008). MR2409368

T. Tao, V. Vu, Random Matrices: Universality of ESDs and the Circular Law, Annals of Probab.
38, No. 5, 2023-2065 (2010). MR2722794

2245


http://www.ams.org/mathscinet-getitem?mr=0220494
http://www.ams.org/mathscinet-getitem?mr=2129906
http://www.ams.org/mathscinet-getitem?mr=2575411
http://www.ams.org/mathscinet-getitem?mr=2434885
http://www.ams.org/mathscinet-getitem?mr=2407948
http://www.ams.org/mathscinet-getitem?mr=2409368
http://www.ams.org/mathscinet-getitem?mr=2722794

	1 Introduction and Formulation of Results
	1.1 The Circular Law
	1.2 Main Results

	2 Notation and Setup
	3 Proof of Theorem 2
	4 Proof of Lemma 5
	4.1 Notation
	4.2 Integral Range Reduction
	4.3 Characterization of the Circular Law
	4.3.1 Truncation
	4.3.2 Useful tools and lemmas
	4.3.3 Main Theorem

	4.4 Rate of Convergence of n(x,z)
	4.5 Least Singular Value Bound
	4.6 Proof of Lemma 5

	References

