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Abstract. This paper is concerned with a stochastic delay competition system driven
by Lévy noise under regime switching. Both the existence and uniqueness of the global
positive solution are examined. By comparison theorem, sufficient conditions for ex-
tinction and non-persistence in the mean are obtained. Some discussions are made to
demonstrate that the different environment factors have significant impacts on extinc-
tion. Furthermore, we show that the global positive solution is stochastically ultimate
boundedness under some conditions, and an important asymptotic property of system
is given. In the end, numerical simulations are carried out to illustrate our main results.
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1 Introduction

The stochastic Lotka—Volterra model has been an important topic in mathematical ecology
and widely investigated (see e.g. [4,5,13,27-29,31,37] and the references therein) by many
scholars. Meng Liu and Ke Wang [16] investigated a stochastic two-species Lotka—Volterra
model in the competition case, just as

dxl(t) = xl(t)[rl — allxl(t) — alzxz(t — Tl)]dt + lel(t)dBl(t), (1 1)
de(t) = XZ(t)[Vz — a21x1(t — Tz) — 1122X2(t)]dt + szz(t)de(t), ’
with initial conditions

xi(s) = @i(s) >0, se[-1,0]; ¢i(0)>0, i=1,2,

where x;(t) (i = 1,2) represent the ith population size at time t; r; (i = 1,2) are positive
constants which represent the intrinsic growth rate of the ith species; a1; and a2 denote the
density-dependent coefficients of the 1th species and 2th species, respectively; a1, and ay;
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denote the interspecific competition coefficients between the 1th species and 2th species; o7

(i = 1,2) denote the intensity of white noise; T = max{ty > 0,» > 0}, and ¢;(s) (i =1,2) are
continuous functions on [—7,0]; B(t) = (B;(t), B2(t))T denotes a two-dimensional standard
Brownian motion which is defined on a complete probability space (Q2, F, P) with a filtration
{F }ter satisfying the usual conditions. Liu and Wang obtained the stability in time average
and extinction of the system.

In the real world, however, the population systems may suffer sudden environmental
shocks, such as earthquakes, epidemics, soaring, tsunamis, hurricanes and so on, see [1,2,6,
17,18]. These natural calamities are so abrupt that they can change the population size greatly
at short notice, and these phenomenon can’t be accurately described by the white noise. So,
introducing Lévy noise into the underlying population systems may be a reasonable way to
explain these phenomena, see [18,21,23,24,36]. In [23], Qun Liu, Qingmei Chen and Zhenghai
Liu considered the following stochastic delay Lotka—Volterra system driven by Lévy noise

dx1(t) = xl(t )[7’1 — a11x1(t ) — 61123(2 = Tl)]dt
+(71x1(t*)dB1 i’) —|—X1 / ’)/1 di’ dlx[)
) (1.2)
dxa(t) = x0(t7 ) [r2 — a1 (- —w) — azzxz(t )]dt

+0’2X2(t7)d32 ) + Xz / ’Yz dt du)
with initial conditions

xi(s) = ¢i(s) >0, se[-1,0]; ¢;(0)>0, i=1,2.

In the model, x;(t7) (i = 1,2) represent the left limit of x;(t) (i = 1,2); N denotes a
position counting measure with characteristic measure A on a measurable subset Y of (0,0)
with A(Y) < oo; N(dt,du) = N(dt,du) — A(du)dt is the corresponding martingale measure.
The pair (B, N) represents a Lévy noise.

The authors [23] studied the model in two types:

(i) competition system (1.2), thatisr; > 0,72 >0, 412 > 0, a1 > 0;
(ii) predator—prey system (1.2), thatis 7 > 0,1, <0, a2 > 0, a1 < 0.

For each case, they obtained some sufficient and necessary criteria for stability in time
average and extinction of each population, under some assumptions.

The above systems only consider that the intrinsic growth rate is perturbed by white noise.
In practice, other system’s parameters are also affected by white noise, such as the density-
dependent coefficients and the interspecific competition coefficients. So far as our knowledge
is concerned, another important type of environmental noise, the color noise, also called
telegraph noise, has been widely studied by many famous scholars [25,26,34,35]. The color
noise can be regarded as a switching between two or more regimes of environment, which
differ by factors such as rain falls or nutrition [3,33], and the regime switching is always
modelled by a right-continuous Markov chain 7(t) with finite state space S = {1,2,...,N}.
System (1.2) does not incorporate the effect of Markov chain.

Motivated by the above discussions and based on system (1.2), we consider the following
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stochastic delay competition system driven by Lévy noise under regime switching

dx1(t) = x1(t7)[r1(v(t)) —an (y(£)x1(t7) — a2 (y(£))x2(t™ — T (t))]dt
+o1(y(t))x (t_)dBl( )+ oo (y())x7 (¢ )dBo(t)

+ xq(t / 01 (y(t), u)N(dt,du),

dxa(t) = x2(t)[ra(7(t)) — ﬂ21(7(f))x1(f7 —(t)) —an(y(t))x2(t")]dt
+03(y(t))x2(t™)dB ( )+ 0u(7y(t))x3 (¢ )dBy(t)

+ox(t /92 2(8), )N (dt, du).

(1.3)

Introduced by [15] and [35], we know that the mechanism of the ecosystem described by
(1.3) can be explained by follows. If the initial state y(0) =i € S, then (1.3) obeys

dx1(t) = x1(t7)[r1 (i) — a1 (D)x1(t7) — app()xa(t™ — T (t))]dt + o1 (i) x1 (7 )dBy (¢)
+ 0o (i) (£ )dBy(t) + 11 (£ / 61(i, u)N(dt, du),

dxa(t) = x2(t7)[r2(i) — axn (D)x1 (™ — 1a2(t)) — az2(i)x2(t7)]dt + o3(i)x2(t ™ )dBs(t)
+ 0u (i) (£ )dBa(t) + xo(t / 0 (i, u)N(dt, du),

until the Markov chain switches from state i to a new state j, then the system (1.3) obeys the
following equation

dxy () = x1(t7)[r1(j) —an(f)xa(t7) — a2 (f)xz(t™ — 7 (t))]dt + o1 (j)x1 (£7)dBy(t)
(t) + x1(t /91 j,u)N(dt,du),
Nx(t —m2(t)) —azz( )x2(7)]dt + o3(j)x2(t ™ )dBs(t)
+ o4()x3 (7 )dBy(t) + xa(t / 02(j, )N (dt, du),

until the next switching. The switch of the system (1.3) will be as long as the Markov chain
switch. Meanwhile, the Markov chain has significant impacts on the system’s analysis and
many scholars (see [3,15,25,26,33-35]) have given many important results which reveal the
effect of the environmental noise to the population system.

The distinguish between system (1.2) and system (1.3) is that system (1.3) not only consid-
ered the impacts of the white noise on the intrinsic growth rate, but also imposed the effect
of the white noise on the density-dependent coefficients. In order to make our research more
practical, we considered time-varying delay in system (1.3). In addition, the effects of color
noise are also considered by system (1.3).

In this paper, we attempt to research how the different environmental factors affect the
dynamical properties of system (1.3). So, the remaining part of this paper is organized as
follows. The proof of the existence and the uniqueness for the global positive solution of
system (1.3) for any initial value is given in Section 2. In Section 3, sufficient conditions for
extinction and non-persistence in the mean of system (1.3) are established. The stochastically
ultimate boundedness of the positive solution is examined in Section 4. An important asymp-
totic property of the system is obtained in section 5. Numerical simulations under certain
parameters are presented to illustrate our main results in Section 6. Finally, a few comments
will conclude the paper.
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2 Global positive solution

Throughout this paper, let y(t) be a right-continuous Markov chain taking values in a finite
state space S = {1,2,..., N} with the generator Q = (g;;)nxn given by

) . giiAt + o(At), j#1i,
P = {y(t+At)=jly(t) =i} =" .
1+ giAt+o(At), j=1i.
where At > 0, g;; > 0 is transition rate from i to j. If i # j, then Z}il gij = 0. Furthermore, we
should assume that Markov chain 7y (f) is irreducible which means that the Markov chain has
a unique stationary distribution 7w = (711, 712, . .., T ) € RPN satisfying 7Q = 0 and

N
Zm =1 and m; >0, forallie€S.
i=1
For simplicity and convenience, throughout this article the following assumption will be
essential:

(A1) # >0, d;; > 0, 0; > 0, where f = minje, f(i), f = maxes f(i).

(A2) 7;(t)(i = 1,2) are nonnegative, bounded and continuous differential function on [0, «];
7/ (t)(i = 1,2) are bounded function and 7" = sup;.(y ;o T'(t) < 1.

(A3) Let T = max;—12sup,., Ti(t) and denotes by C = C([-7,0];R+) the family of continu-
ous function defined on [—7,0]. For any given ¢;(s) € C, the initial condition of system
(1.3) is

xi(s) = @i(s) >0, se[-7,0];, sup ¢i(s) <o, i=12. 2.1)

—1<5<0

(A4) There exists a positive constant ¢ such that [, [In(1+ y(i,u))]*A(du) < ¢, for alli € S.

(A5) For the sake of convenience and simplicity, we introduce the following notations:

) = 1/0tf(s)ds, F* =limsup f(£),  f. = liminf f(t)

f— 400 t——+o0

Before the properties of the solutions are considered, we should guarantee the existence of
positive solutions, firstly. Then, the following result will be obtained.

Theorem 2.1. Under assumptions (A1)—(A4), for any given initial value v(0) € S and (2.1), system
(1.3) admits a unique positive solution X(t) = (x1(t),x2(t)) on t € [—T,+00) and the solution
remains in R3 with probability 1.

Proof. Our proof is inspired by [2] and [35]. Since the coefficients of system (1.3) are local
Lipschitz continuous, then for any given initial state ¢1(s) > 0, ¢2(s) > 0, —7 < s < 0, system
(1.3) has a unique local positive solution X(t) on [0, 7.), where T, is the explosion time. To
show this positive solution is global, we only need to show 7. = . a.s. Let kg > 0 be
sufficiently large for ¢1(t), ¢2(t) lying within the interval [kio, ko]. For each integer k > ko, we
define a sequence of stopping time described by

T =inf {t € [0,7.) : x;(t)  ({, k), for some i =1,2}.
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Clearly, 7 increase as k — 0. If Too = limy_, T, then 7o, < 7, a.s.
For any constant p € (0,1), we define a Lyapunov function V : RZ — R as

V(X) = x} +xb.

Now, in order to make the following writing more efficient and convenient, we omit ¢~ in
x(t~). Let T be arbitrary positive constant, for any 0 < t < 74 A T, making use of general It6
formula with jumps to system (1.3) leads to

v (0 = pra(r()) = pan (1(0))31 = a7 (1))t = ()
+/Y[(1+91(7(t),u))”—1])L(du)}dt
+xtfprala(1) - pra(r Ot - () - pozlr ()
+ 100+ a0, = () e

2 p(p = VX (@(r(1)) + B (r(0)3)dt + prben (4(1) B (1)

oY (O)B() + 2p(p ~ D) + FA DA
+ pxhos (v (£)dBs(t) + pxb ou(y(t))dBa(t)
+ /Y[(l F01(7(), 1)) — 1N (dt, du)

34 [+ 0a(y(0), ) — 1N (at,du)

= LV (x1, x)dt + pxf oy (v())dBy (1) + px} oo ((£))dBa(t)
+ pxbos(y(£))dBs(t) + pxb ™ ou(y(¢))dBa ()
wxf [ 10+ 8u(y(8),w)7 = YN (dt, du)

x4 [0+ 6a0r(0),0)” ~ 1N, du),
where

LV (x1,x2)

=+ {pn(r(0)) = pan(r (6 = pa(r ()t - ()
+ [0+ 060,07 ~ UM + p(p — D) + ) |
b {pra(r()) = pasa (1) (¢ — (6 = pasar(1) 23)
+ [0+ 02000, ~ UM + p(0 — D) + )

1 . . .1 . A
< 3t { 3ty - 1033 = piua + pia+ plp =05+ [ [0+ 000) - Dage) |

+
=
N
—
|

1 1 A
39(p ~ 1)033% = piara + pia + 3p(p — D5 + [ (14 6a(10)7 — ()}
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As p € (0,1), there exist two constants k; and k; such that

xf{;P(P — 1)3x% — pixy + piy + 2p(p )07 +/ (1401 (u))? — 1]/\(du)} <k,
and
xg{;P(P — 1)03x5 — plippxy + pio + %p(p —-1)55 + /Y[(l + 02 (u))P — 1]/\(du)} <k
Thus, we can get that
LV (x1,x2) < ki + k. (2.4)

Applying inequality (2.4) to equation (2.2), and integrating from 0 to 7 A T, yields

T NAT TN

/O AV (x1,%) < / (ki + ko)dt + / palxldBl + / poax! 1 dBy (1)

+/ posxldBs (1 +/ / (14 61 (1))? — )N (dt, du)
T AT AT N -
+ /0 posxl By () + /0 x /Y (14 62(u))? — 1)N(dt, du),
Taking expectations, the above inequality changes into
EV(X(tAT)) = V(X(0)) < E[(ki +k2) (T A T)],
that is to say

EV(x1 (% AT),x2(5AT)) < V(x1(0),x2(0)) + (k1 + k2) E(te A T)
1%

(x1(0),32(0)) + (k1 + ko). 5)

<
<

For each u > 0, we define p(u) = inf{V(X), |x;| > u, i = 1,2}. Clearly, if u — oo, then
p(u) — oo. Let us set (O = 7, < T and P(Q)) > ¢, for any w € (), then it is easy to see that

poP(t < T) < E(V(X(1))Io,) < V(X(0)) + (ki +k2)T.

When k — oo, we can get that P(tw < T) = 0. Due to the arbitrariness of T, then
P(7e = o0) = 1. So, this completes the proof. O

Basing the view of biomathematics, the positivity and nonexplosion property of the solu-
tions are often not good enough in the population dynamical system. Then, the critical value
between extinction and persistence of the system (1.3) will be investigated in the next.

3 Critical value between extinction and persistence

Now, in order to obtain our main results, several lemmas and definitions which play an
important role in our article will be given.
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Lemma 3.1 ([12]). Under assumption (A4) and x(t) € C(Q x [0,+00),Ry), then the following
statements hold.

(i) If there exist two positive constants T and &y such that

Inx(t) < 8t —Jy /Otx(s)ds +aB(t) + iéi /Ot/yln(l +i(u))N(ds,du), a.s.
i=1

forall t > T, where a, 61 and 6, are constants, then

|

.S

>

< =, .. 0>0,
lim x(t) =0, as. 6 <0.
t—+o0
(ii) If there exist three positive constants T, § and &y such that
t 2 t B
Inx(f) > 5t—50/ x(s)ds+ucB(t)+Z(5i/ /ln(1+%(u))N(ds,du), as.
0 = JoJy

forall t > T, then X, > (;5—0 a.s.

Lemma 3.2 ([35]). Suppose that M(t), t > 0, is a local martingale vanishing at zero, then

lim pM(t) < o0 = lim M) _ 0, as.
f—>to0 t—4co t
where (M) (s)
s
M(t :/ , t>0,
IO ( ) 0 (1 +S)2 —

and (M) (t) is Meyer’s angle bracket process.
Definition 3.3.
(i) Population x(t) is said to go to extinction, if lim;_, x(t) = 0.

(ii) Population x(f) is said to be non-persistence in the mean, if lim;_, ;o x(t) = 0.

In order to obtain the above results, we will consider the following stochastic competition
system driven by Lévy noise under regime switching
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with initial condition y;(0) > 0, y2(0) > 0 and (0) € S.

Lemma 3.4. Let assumption (A4) hold, then for the initial value y1(0) > 0, y2(0) > 0and y(0) € S,
the solution (y1(t),y2(t)) of system (3.1) satisfies

N N
limsuplnytl(t) <Y m(i)m and limsup Inya(t) <Y h(i)m,
i=1 i=1

t— oo t—+oco t
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where .
(i) = r1(i) = 5630 + [ In(L+63(i,u))A(dw),

and

ho(i) = r2(i) — 5

Proof. Our proof is motivated by [14] and [19]. For system (2.5), making use of generalized
Itd’s formula with jumps [20-22] to Iny; and Iny,, then

i)+ /Y In(1 + 65(i, 1) )A(du).

Ay () = |y (1) = 5030(0) + |1+ 60, ) A [ de = s (6 s 01

+ o1 (v (t))dBy(t) + o2 (v (t))y1(t)dBa(t) — %Uzz(v(t))y%(t)df
+/Yln[1+61('y(t),u)]N(dt,du),

inya(t) = |a(r(1) = 03000+ [ 11+ 62((0), ) A | de = (1) (o)

+03(y(t))dBs(t) 4 ou (v (t) )y2(t)dBy(t) — %Uf('r(f))%(f)df

+/ In[1 + 0, (7 (), )N (dt, duc).
Y

Integrating from 0 to t, leads to

inn (1) ~ @) = [ n(7(6)) = 3R (r(6) + [ In(1+65(1(6), 1) ()

—/tan( () (s ds+/ o1 ((s))dBy (s) (32)
+ / o (y s)dBa(s / 503 (v s)ds + My,
Inya(t) - Inya(0) = Avwm» %ﬁ( +/m1+®WWMDMWWk
—/t a2 (7(s) )ya(s ds+/ o3(7(s))dBs(s) (3.3)
+/ ou(y $)dBy(s /204 s)ds + My,
where
M, = / /ln1—|—91 N(ds,du) and M, = / /1n1+92(7( ), 1)|N(ds, dut).

According to assumption (A4) and Lemma 3.2, we can get

Mi(t) Ma(t)

lim =0as. and lim =0 a.s. (3.4)
t—+o0  f t—+o00
Let p1(t) = fo oo (y )de( = fo oy (y 2(s)dBy(s), then the quadratic

variations of p1(t) and pz( )

(0, p1(0) = [ BOEWES and (palt),palt) = [ (DB
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An application of exponential martingale inequality [12,35] gives

IP{sup _Pl(t)—;m(f),m(f))_ >21nk} %

0<t<k L

and

IP{ sup {p2(t) = 3 (pa(0), pa(1)] > zlnk} <

0<t<k L

making use of the classical Borel-Cantelli Lemma, we have that for almost all w € (), there is
a random integer ko = ko(w) such that for k > ko

sup [m(t) - ;(191(1?),791(15))] < 2Ink,

0<t<k

and )
sup [Pz(t) - 2<P2(f),pz(t)>] < 2Ink.
0<t<k

They are equivalent to

pi(t) < 20k -+ 3 (1 (6, 1 (1) = 21k + 3. [ GB(5)R(5)als), (35)

and

palt) < 21k -+ 3 (pa(), pa(t)) = 21k + 3. [ G3(5))13(5)a(s), 6

forall 0 < t <k, k > ko. According to (3.5), (3.6) and assumption (A1), equations (3.2) and
(3.3) change into

Iy () I (0) < [ (r(s)ds = [ an(r(s)m(s)at

3.7)
+/ o1(7(s))dBy (s) + 2Ink + My,
and
Ingat) ~ Inya(0) < [ ha(y(s))ds — [ am(o(s)pas)d o
+/ 03(7(5))dBs(s) + 2Ink + My,
where
In((5)) =1 (2(6)) - %oms)) + [ In(1+ 01((r(5)), ) A ),
and

a(1()) = 12(7(5)) = 503(1(9)) + [ In(1+02((x(5)), ) Mew),
Dividing (3.7) and (3.8) by t, for k —1 < t <k, k > ko, we obtain

()~ O] < 5 [ ) — 1 [ e )
Tt Otal('Y(S))dBl( )+ 2k M
i)~ Inya(0)] < ¢ [ halr(s)ds— [ tazz(v(S))yz(S)dt

1/t 2Ink M
5 o(r(9)dBa(s) + ==+ =2,
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In the case of using the property of the Markov chain and (3.4), taking the superior limit,
we have

N
lim sup Iny: (1) <Y (i),
t—>+o00 i=1
. Inya(t) &, .
lim sup < ) hy(i)m.
t—+oco t 1121 l
Then, this completes the proof. ]

Theorem 3.5. Let assumption (A4) hold, then for any given initial value v(0) € S and (2.1), the
solution X (t) = (x1(t), x2(t)) of system (1.3) satisfies

N N
lim sup Inx(*) <Y m(i)m and limsup In x3(t) <Y h(i)m,
t——+oo i=1 t=+oo t i=1
where .
(i) = r1(i) - 503(0) + /Yln(l 4 0,(i,u)) A (du),
and

(i) = ra(i) —;032(1')+/Y1n(1+92(i,u)))\(du).

Proof. By the comparison theorem for stochastic differential equation with jumps [30], we have

x1(t) <yi(t) and  xp(t) <yalt).
Applying Lemma 3.4, we can obtain

N N
limsup1 x1 <Y m(i)m and limsupmx;(t> <Y ha(i)m. O

t—+o00 i=1 t——+oo

Theorem 3.6. If YN | 1y (i)7r; < 0 and YN | hy(i)7t; < 0, then the species x1(t) and x»(t) will go to
extinction a.s.

Proof. Basing the result of Theorem 3.5, if YN, hi(i)m; < 0 and YN, h(i)m; < 0, then

limsup, , ]nxl( ) < 0 and lim SUP;_, 4 o 1nx2( ) < 0. It is easy to find that lim;_, ;. x1 (£) = 0,
a.s. and limt_>+oo x2(t) = 0 a.s. So, species x1( ) and x»(t) go to extinction a.s. O

Theorem 3.7. If YN hy(i)mr; = 0 and YN, hy(i)7r; = 0, then the species x1(t) and x,(t) will be
non-persistence in the mean a.s.

Proof. For system (1.3), making use of generalized Itd’s formula with jumps to Inx(t) and
In x5(t), and integrating from 0 to f, we have

Inx () ~Inx(0) = [ T(ns) - SR () + [ In(1+03(x(5), m) A ()]s
- /Otunw(s» 1(s)ds — /tam( Dals —(5)ds + [ o (v(s))aBy (s

t
+/0 a2(v(s))x1(s)dBa(s /202 )ds+N1,
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In(t) ~Inea(0) = [ 12(7()) ~ 3630r(5) + [ (1 + (y(s),u))A(du) s

- /tazm(s)) 2(5)ds — /tam(fy(s))xl(s—rz( s + [ 05(1()dBs(s)
0

t
~|—/0 04(y(s))x2(s)dBy(s /204 )ds+N2,

where t
Ny = / / In[1+ 61 (y(s), u)|N(dt,du),
0 Jy
and |
Ny, = / / ln[l+92(7(5)/”)]N(dt,du)_
0JY
According to assumption (A4) and Lemma 3.2, we can get

Ni(t) Na(t)

lim =0as. and lim =0a.s.
t—4o0 f f—+oo
Let pi(t fo o2 (7 1(s)dBa(s) fo oa(7y 2(s)dB4(s), making use of expo-
nential martmgale 1nequa11ty, we have
[ / 1 / / ] 1
P sup |pi(t) — 5 (pi(t), pr(1)) | >2Ink o < 5,
0<t<k L |
and ) . ) .
p{ sup [0 - 3 pa0 30| > 2mif <
o<t<k L 1

by the classical Borel-Cantelli lemma, we have that for almost all w € (), there is a random
integer ko = ko(w) such that for k > kg

1
sup |PA(t) = 54 (0)ph ()] < 21nk,
0<t<k
and )
sup [Plz(t) - 2<p’z(t),p’2(t)>] < 2Ink.
0<t<k
Obviously,
Ph(t) < 2Ink-+ 2 (ph (1), pi (1)) = 2Ink + 5 /az (5))23(5)ds,
and

pA(F) < 2k + 2 (ph(6), ph(1)) =2k + 3 [ GBr(5))3(5)as,

forall0 <t <k, k>ko.
According to the above discussion, we obtain

Inxi(t) —Inx1(0 /h1 ds—/ a11(7y(s))x1(s)ds

—|—/ (7'1 dBl )+21nk+N1,
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and

Inx(f) — Inxa(0) < /h2('y(s))ds—/Otap('y(s))xQ(s)ds o
+/ (73 dB3 )+21nk—|—N2. .

Dividing (3.9) and (3.10) by t, for k —1 <t <k, k > ko, we obtain

1 [Inx (£) — Inxi (0)] < = / h (y(s))ds — = /0 o (7 (s)) e (5)dt

2Ink N
t/"l DB (s) + ==+ 5

F 1 Inxa(f) — Inx2(0)] < = /hz ds—/otazz('y(s))xz(s)dt

2Ink N
+ - /0’3 dB3 )—I—Tn—FTZ.

Based on the fact that limHﬂot*lfotm (s))ds=YN hy (i)mr; and limHjLoot*lfOthz(’y(s))ds =
YN 1 hy(i)7;, for arbitrary e > 0, there exists a constant T; > 0 such that

t N

e ¢
[ n ds< Y m(m+-==, t>T
; 1(7(s)) s_i; ity =1 t>T
t N €
1| ha(y(s))ds < Y ho(i)m + 11 t> Ty,
0 i=1
and N N
1 £ 2 £
A A 2
p S d g

By the strong laws of large numbers, we have
1 € [ €
. / 1(7(9)dBy(s) < 5 and 1 [ ax(y(s))dBs(s) < 1.
0 4 0 4
Then, for T; <t <k, k > ko, (3.9) and (3.10) change into

t
lnxl(t) —11’13(1(0) < %t —ﬁll/o Xl(S)dt-i' it +2Ink + 8*t,

4 4
t
Inx;(f) — Inx(0) < %t —ﬁzz/o xp(s)dt + %t +2Ink + ‘C’Zt.

Note that for sufficiently large t with T} < k—1 <t <k, k > ko, we have tlnk < g. Due
to the above results, we obtain

t

Inxy(t) —Inx1(0) < et — dn/ x1(s)dt,
0
t

Inx(t) —Inxy(0) < et — ﬁzz/ xp(s)dt.
0

Making use of Lemma 3.1, we have ¥} < i and x; < ﬁ—iz, by the arbitrariness of ¢, we

obtain our result. O
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Remark 3.8. Theorem 3.6 and Theorem 3.7 have an obvious biological interpretation. It is
that the extinction and non-persistence in the mean of the system (1.3) only depend on the
values of Y1V, hy(i)7t; and Y1 ho(i)7t;, where hy (i) = r1(i) — 202(i) + [, In(1 + 61 (i, u) ) A (du)
and hy(i) = rp(i) — 303(i) + [, In(1 + 62(i,u))A(du). We can see that the white noise ¢» and
o4 imposed on the interspecific competition coefficients have no impact on the extinction and
non-persistence in the mean of system (1.3).

Remark 3.9. Let us consider the effect of time delay on the extinction and non-persistence
in the mean of system (1.3). It is clearly that time-delay has no impact on the values of
YN (i) and YN hy(i) 7, so the same to extinction and non-persistence in the mean of
system (1.3).

Remark 3.10. Let us consider the effect of jump-diffusion coefficients 6; (i, u) and 6> (i, u) on
the extinction of system (1.3). If 6, (7, u) < 0 and 6,(i, u) < 0, which mean that the jump noise
are always disadvantageous for the ecosystem, such as earthquakes and tsunamis, so the jump
noise can make the system extinctive. If 6;(i,u) > 0 and 6,(i,u) > 0, which imply that the
jump noise are always advantageous for the ecosystem, for example, ocean red tide, this case
is very complex, so we will study it in the future.

Remark 3.11. When (f) = i, i € S, we can see the different subsystems of system (1.3).
Similarly, we can obtain the same results as Theorem 3.6 and Theorem 3.7.

Remark 3.12. By Remark 3.11, we can consider the impact of Markovian switching on system
(1.3) easily. If every subsystem of system (1.3) is extinctive, then as a result of Markovian
switching, the overall behavior of system (1.3) remains extinctive. But, if only some subsys-
tems of (1.3) are extinctive, then the values of YN, hy(i)7r; and YN, hy(i)7r; compared with
zero may be not clear, so the overall behavior of system (1.3) is uncertain.

Theorem 3.13. If YN | by (i)7t; > 0and YN, hy(i)r; > 0, then %} < ZlNﬂa%(l)

‘ N b (v
T and x5 < 72:1%(1)”’

Proof. Basing Theorem 3.7, we have

t 1 Inx; (1) — Inxq(0)] < % hy(y(s))ds — % /Ot a11(y(s))x1(s)dt

£ UInxs () — Inx,(0)] < 1/;;12(7(5))015—1/; 1o (7(5)) %2 (s)dt

By assumption (A1) and the fact that

N

lim 7! /Othl(fy(s))ds =Y h(i)m

t—4-o00 =1
and

lim ¢! /t ha(7y(s))ds = th(i)ﬂi,

f—+o0 0
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for arbitrary € > 0, there exists a constant T; > 0 such that

t N
,1/0 hi(7y(s))ds < Y hi(i)m; + Z, t>T,

i=1

N
E1 [ a(y(s))ds < Y ha(i)m + 2, E> Ty,

0 i=1
and N N
1 € 2 €
et 2 f
pSg md sy
Then the inequalities will be changed into
al [t o 2Ink
F Inx (1) — Inxg (0)] < Y I (i) + = — J/ wi(s)dt + TLBy(p) + 20k L €
i=1 4 t Jo t t 4
N oy [t o 2Ink
F Inxo () — Inxa(0)] < Y ho(i) 7 + Z - ”% [xa(s)at + %B;;(t) n T“ + Z.

Note that for sufficiently large t with T; < k—1 <t <k, k > ko, we have link < I
Then

N iy [t o
M In (1) —Inxg (0)] < Y- b (i) i + e — L xq(s)dt + %Bl(t),
£ In x5 (£) — In x,(0)] < ihz( Vi 4e— "2 [ xy(s)dt + ?B;;(t).

Let ¢ be sufficiently small, if YN h(i)r; > 0 and YN, ho(i)r; > 0, making use of

N 1 (iVre N (Vo
Lemma 3.1, we can derive that ¥] < %11(1)71, and x; < %22(1)711 O

Theorem 3.14.
i) IFYN hi (i) < 0and YN, ha(i)7r; > 0, then species x1(t) will o to extinction and species
xo (t) will satisfy X5 < Ll

axn
i) IF YN hi(i)r; > 0 and YN, hy(i)7r; < 0, then species x»(t) will go to extinction and species
x1(t) will satisfy x} < L m(@m

d1n

Proof. According to Theorem 3.7, we obtain the following inequalities

t~HInx(t) —Inx;(0)] < 1/0th1('y(s))ds — % /Otan('y(s))xl(s)ds

1 tau('y(s))xz(s —1(s))ds

2Ink N
+ - /0’1 dB1 )—I—Tn‘FTl

7

t 1 Inx(t) — Inxp(0)] < 1/0 ha(7y(s))ds — % /Ota21('y(s))x1(s — To(s))ds

1/t 2Ink N

1 [t + 4 [ osris)as(s) + 2 4+ T2,
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By assumption (A1) and the fact that

t N
Jim ¢! /0 i (y(s))ds = Yy (i)

i=1

and
t
lim t’l/ hy (i),
e 8 Z 2(0)7

for arbitrary € > 0, there exists a constant T; > 0 such that

and

We can obtain

_ N e dap [ app !
t~HInx(t) — Inxq(0)] < Zhl(z)m +- - /0 x1(s)ds — == [ x2(s — i (s))ds

= 4 t t Jo
@'1 2Ink €
Ag (224 =
+ f 1( ) P 4/
1 N e dy (! i
t Inx(t) — Inxz(0)] < Y ho(i)mi + 1 T/ x1(s — 1a(s))ds — == | xa(s)ds
i=1 0
&3 2Ink ¢
+ 733(’5) 5 T

Note that for sufficiently large t with T; < k—1 < t < k, k > ko, we have t 'Ink < £
Then

Inxy(t) —Inx(0)] < % h(i)m+e— =2 | xp(s)ds — d% x2(s — 11 (s))ds + @Bl(t),
i=1
[Inx(t) —Inx(0)] < ihz(z)m—i—s— d% txl(S—Tz(S))dS— a% xz(s)ds+—333(t)

i) Let ¢ be sufficiently small, and YN, i1 (i)7r; < 0, one can derive that lim;_, ;o x1(t) = 0.
Then, for arbitrary € > 0, there exists a constant T, > T; such that —e < x1(t) <¢, for t > T».
So, we can have

N v t A
F Inx(t) — Inxa(0)] < Y ho(i)7ti + & + e — ”Lf/o 2(s)ds + 2 Bs ).
i=1

According to Lemma 3.1 and YN h1(i)7t; > 0, one can derive that &5 < L) ()azj(lﬁﬂ)g_

Let e be sufficiently small, then x; < L o,

1122
ii) The proof is similar to that of i), so we omit it. O
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Remark 3.15. According to Theorem 3.13, we know that if Y-~ /1 (i)7r; >0 and YN 1, (i) 7t; >0,
then 7f < i 4 gz < Eile()m
- a1 2
That is to say, species x1 and species x; are no longer extinct. Based on Theorem 3.14, if

YN hi(i)m; < 0 and Zl 1 ha (i)t > 0, then spec1es x1 will go to extinction, a.s. and species x,
may not be extinct; if Zl: 1(i)t; > 0 and 21:1 hy(i)7r; < 0, then species x; may not be extinct
and species x; will go to extinction a.s.

Theorem 3.16.
D) IFYN (i) < 0 and YN ha(i)mr; = 0, then species x1(t) will go to extinction a.s. and
species xy(t) will be non-persistence in the mean a.s.
i) If YN hi(i)r; = 0 and YN ho(i)mr; < 0, then species x1(t) will be non-persistence in the
mean a.s. and species x(t) will go to extinction a.s.

Proof. By the proof of Theorem 3.14, we obtain

tInx (t) — Inx;(0) Zhl 7T,+s——/ x1(s dS—E ; xz(s—Tl(s))ds—i—%Bl(t),

v t A
1 In x2(£) — In x2(0) <Z% e — ?Oxﬁ—nwﬂﬁj?om@%+%&@.

i) The proof is similar to that of Theorem 3.141), if YN, hi(i)7r; < 0, we can derive that
limi, 10 x1(t) = 0. Then, for arbitrary € > 0, there exists a constant T, > Tj such that
—e < x1(t) <¢ fort > T,. So, we can have

t_l[lnxz( ) 11’19(2 < th 1) + €+ dp1e — 7/ x;_ dS+ B3( )

Making use of Lemma 3.1 and YN, (i) 7r; = 0, then %} < M , by the arbitrariness of
e, we know the species x,(t) will be be non-persistence in the mean a.s.
ii) The proof is similar to that of i), so we omit it. O
Theorem 3.17.
D) IFYN (i) = 0and YN hy(i)7t; > 0, then species x1(t) will be non-persistence in the
ha (i) 7

Zz 1
mean a.s. and species x(t) will satisfy x; < ==~

i) If YN (i)t > 0 and YN ha(i)7r; = O, then species x;(t) will satisfy % < % and
species x,(t) will be non-persistence in the mean a.s.
Proof. By the above Theorem 3.13, we have

N - .
t”%m@—bmmﬂgzm@m+&£%/m@%+%&m,
i=1 0

N A
tHInxp(t) — Inxz(0 Z i) +e— iz x2(s)ds + @Bg,(t).
= t Jo t
i) Basing on Lemma 3.1 and YN, ;(i)7r; = 0, we have %] < -, by the arbitrariness of

e, we know the species x1(t) will be non-persistence in the mean a.s. If Y-~ ; h(i)7r; > 0, by

Lemma 3.1 we have x5 < %(2)”'“

this proof is completed
ii) The proof is similar to i), so we omit it. O

Let ¢ be sufficiently small, we get ¥; < %zz()n’ So,
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4 Stochastically ultimate boundedness

In this section, we continue to examine another important asymptotic property: stochastically
ultimate boundedness which means that the solution is ultimately bounded with the large
probability. Firstly, its definition will be given.

Definition 4.1. The solution of system (1.3) is said to stochastically ultimately bounded if
for any € € (0,1), there is a positive constant H = H,, such that for any initial state x;(s) =
¢i(s) >0, —t <s <O0and y(0) € S, the solution X(t) = (x1(t), x2(t)) of system (1.3) satisfies
limi 1o P{|X(t)| > H} < &.

We provide a useful lemma from which the stochastically ultimate boundedness follows
directly.

Lemma 4.2. For any p € (0,1], there exists a constant C such that the solution of system (1.3) has
the property
limsup E|X(t)|P < C,

t—+4o00
where C is independent of the initial state.
Proof. Let V be defined by Theorem 2.1. For any |x;(0)| < k (i = 1,2.), we define a stopping
time

o = inf{t > 0, |21 (£)] > k or |xa(t)] > k}.

Then 03 — o0 a.s. as k — oo.
Applying the It formula to eV (X(t)), where V(X(t)) = x{(t) + x5 (), yields

d(e'V(X(t)))
= e (x} +xb)dt + ' dV (X(t))

+ %P(P = 1)oz (v())xildt + x5 [1+ pra(y(t)) — pazn (v(1) 21 (t = (1))

— pan(r(6)x2 + 5 p(p —~ D3 (r(1) + 3 p(p — Ve (v(1))3ld
+ pebon (y(6))dBa(t) + pe'al " oa (y())dBat) + pe' ¥ (1)) dBs()
+ pe'al o (y(0)dBa(e) + pets]. [ [(1+01(7(0),))? — 1N (dt )

+pels] [ 101+ 8a(y(8),0))7 — N(dt, du),
making use of assumption (A1), we obtain
AV (X(1)))
<elx] [;W (05 — pin (7)1 + 1+ i1 (v(5) + 5 p(p — DR ((1))
+ 10+ 00,0 —1M<du>]dt+efx§{§p<p—1>z%<v<t>>x%—pazm(t))xz

14 pia(r(0) + 5p(p = DAGO) + [ [+ 8a(y(1),))7 ~ 1A) [
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+ ey (7(£))xLdBy () + pe'on(y(t))x}  dBy(t)
+ pelos (v (1)) x5dBs(t) + pe'x] /Y [(1+ (7 (t),u))P — 1]N(dt, du)
+ pelog (v (t))xh T dBy(t) + petx} /Y[u +0a(v(t),u))P — 1N (dt, du). (4.1)

By the value p € (0, 1], there exist two constants k| and k), such that

e 3p(p = D02 = pi (7)1 -+ 1+ pha (1)

+ 300~ DGR 0) + [ 10+ 8 (0),10)7 = 1AG) e < b,

e 3p(p = D03 = pialr ()32 + 1+ pia(a (1)

+ 30~ A0 + [ [0+ 8a(3(0),1))7 ~ UAG) e < by,
By the above two inequalities and integrating (4.1) from 0 to t A 0}, we have
Aoy
| aEvxe)
they Ao, p L P
< [t [ pea(v(e)xtaBis) + [ peaa(v(s)xl TdBa(s)

tAOk . p Aok . p+1

[ pean(r(s)xaBas) + [ pes(y(s)xs dB)
tAOK -

+/ pe xl/ (1401 (7(s), 1)) — 1N (ds, du)

[ pend [10+ba(y(s) ) ~ NS, du),

Taking expectation, yields
t/\U'k
E[e"V(X(t A oy))] < )+ E / 'L K)edt.

Hence,
E[e'V(X(1))] < V(X(0)) + (k) +ky)(e' —1).
Clearly,
E[V(X(1)] < e 'V(X(0)) + (ky + k) (1 —e™").
For X € R2 and p > 0, we have inequality 21~ 20| X |V < x + xb. Taking the superior
limit for both sides, we obtain
limsup E|X(£)|P < (g)ﬂf%m lim sup IE[x + x£].
t—s4o00 t—+oo
That is to say
limsup E|X ()] < (5)17970(k + ky)=C.

t—+o0

Then, this completes the proof. O
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According to Chebyshev’s inequality and the application of Lemma 4.2, we have the fol-
lowing result.
Theorem 4.3. Under assumption (A1), system (1.3) is stochastically ultimate bounded.
Proof. By Lemma 4.2, we see that

limsup E{|X(#)|"} < C.

t—+o00

Forany e € (0,1), let H = (%)% Then according to Chebyshev’s inequality

E|X(#)[”
P{X(0)] > HY < 2,
obviously
lim sup P{|X(t)| > H} <e¢
t—+o00
will be obtained. This proof is completed. O

5 Asymptotic property

Before we investigate this asymptotic property of system (1.3), we need to provide some useful
conditions, firstly.

(A6) Let assumption (A4) hold, assume further that forany t > 0and i € S,

sup /Ot/yes_t(()(i,u) ~In(1 + 67, u)))A(du)ds < oo.

t>0

Lemma 5.1 ([22]). Assume that ¢ : [0,00) — R and h : [0,00) x Y — R are both predictable
Fi-adapted processes such that for any T > 0,

T T
/ g(t)Pdt < o0 as. and / / (¢, 1) PA(du)dt < oo a.s.
0 0 Y

Then for any constants x, f > 0,

]P{sup [/Otg(s)dB(s) —;/Ot ]g(s)]zds+/Ot/yh(s,u)N(ds,du)

t>0

— % /Ot /Y[e”‘h(s'”) -1- och(s,u)])\(du)ds] > /3} <e P,

Theorem 5.2. Let assumptions (A4) and (A6) hold, then for any given initial value v(0) € S and
(2.1), the solution X(t) = (x1(t), x2(t)) of system (1.3) has the property

lim sup Inxq (f) +Inxo(t)

<6 as.
t—+o0 Int
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Proof. For any t > 0, applying It0’s formula to e’ In(x1(t) 4 x2(t)) yields
e'(Inx1(t) +Inxa(t))
= Inx1(0) + Inx2(0) +/0tes[1nx1(s) +r1(7(s)) — an(v(s))x1(s)
—a12(7(s))x2(s — 1(s)) + Inxa(s) + ra(7y(s)) — az(y(s))x1(s — 2(s))
—axn(y(s))xa(s +/ln (T4 61(y(s),u)))A(du) +/Y1n(1 + 602(7(s),u)))A(du)]ds

+/em ))dBi (s +//}hn+m )»N@@@—A?ﬁm@ms

+/e@ 1(5)dBa(s) — /e%(@n %+/e@ 5))dBs(s)
—1—//651111—1—92 (7(s),u))N(ds,du) /Otesa
+/e% 2(5)dBa(s) — /e@(@ﬂ() (5.1)

It is easy for us to see that there exists a constant C such that
Inx1(s) +r1(7(s)) — an(v(s))x1(s) — ara(y(s))x2(s — 71(s)) +Inxa(s) + r2(7(s))
= an (7(s))x1(s — () — az((s))x2(s) + /Yln(l +01(v(s), w))A(du) (52
+ [ In(1+02(7(s), 1))A(d) < C.
Y
By virtue of Lemma 5.1, for any «, 8, T > 0, we have

]P{limsup [/Ot eoq(7y(s))dB(s) —% e o7 (y ds+// e®In(1+ 01 (y(s), u))N(ds,du)

0<t<T
t
_ i/ /[eagSIn(1+91(7(S),u)) —1—ac’ln(1+ 91(7(5),1/1))])\(1114)115] > ﬁ} < e P,
0 JY

Choose T = ky, a:ee*k”andﬁz w,wherekeN,0<e< 1,7 >0and 6 > 1
in the above equation. Since )}, % < oo, then by the classical Borel-Cantelli lemma, one
can conclude that there is an Q; C Q) with IP(Q);) = 1 such that for any € € (g, an integer
k1 = ki(w, €) can be found such that

/60'1 ))dBy (s —I—/ /e In(1+01(7(s), u))N(ds,du)

< ee*kﬂ /0 /Y In(1+61(y(s), u))“H” —1—ee" M In(1+ 01(7v(s),u))|A(du)ds  (5.3)

ky —kn t
fe 6lnk eez 02 (v(s))ds,
0

whenever k > ki, 0 < t < kyy. Next, for x > 0, 0 < r < 1, there exists an inequality
¥ <1 —|—r(x — 1) such that

[ Lm0y, 1 - et n(1 403 (y(5), ) A

(5.4)
/ / o) —In(1401(7(s),u)))A(du)ds.
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According to the exact calculation, one can derive that
ee K 1t o,k
— = _ s=ki _ 08) g2 < 5.5
> o e So2(7(s))ds 2/ 0 (y(s))ds 2/0 (ee e*)oi(y(s))ds < 0. (5.5)
Combining the inequality (5.3) and (5.5) results in
t
/eal ))dBy (s +/ /e (1 + 6 (7(s), ))N(ds,du)—;/ 02 (y(s))ds
0
k
96 TInk (5.6)
o5~ ki _
+— k,,/ / (1 + 6 (7(s), 1)) — 1 — e In(1 + 6 (7(s), 1) )] A (du)ds.
Similarly, making use of Lemma 5.1, we have
t t 5
/0 a3(7(s))dBs(s) + /0 /Y & In(1 + 0, (7(s), u))N (ds, du)
t s—ky _
< —5 | [+ exr(0),u)% " =1 - i1+ 6a(r(s),w)Ad)ds (7)
ky —kny ot
0 Ink L€ 02 (v(s))ds,
€ 2 0
and then
1 t o
W/ / (1 + 02(7(s), ) — 1 — e M n(1 + 62(7(s), u) )] A(du)ds
eet M
(5.8)
< [ [ & @r(s),u) ~ (1 + 62(7(5), 1) )A(du)ds,
obviously
—kn t
€ e25c73 ds — f/ o3y 1/ (€e® 7R — ¢%)02 (7 (s))ds < 0. (5.9)
2 Jo 2 Jo
Combining the inequality (5.7) and (5.9) leads to
| eoa(r(s)aBa(s) + [ [ & In(1+6a((s), ) N(ds, du) —7/0 02 (~(s))ds
k
< 6e" Ink (5.10)
o5~ ki, 5—
ee_k” / / (1 + 62(7(s), 1)) — 1 — ees 1 In(1 + 02 ((s), u))] A (du)ds.
Let D1 (¢ fo eoa(y(s))x1(s)dBa(s) and Dy(t) = fot ¢S04 (7y(s))x2(s)dBy(s), applying the

exponential martmgale inequality [12,35], for any positive constants T, « and 8, we have

P ( sup -Dl(t) - ;(Dl(t)/Dl(t»- > ,3) <e ",
o<t<T L l

and

P ( sup | Da(t) — ;(Dz(t),Dz(t»_ > ﬁ) < e0h,
0<t<T A
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To maintain the value of T, « and B, we have

Okl Ink  eeku

Dy(t) < ——— + ——(D1(t), Ds(1))
and 0k Ink  ee 1
Dy < 220 LM, ), D),

that is to say

k —k t
fe"Ink  ee ™ 025 52
€ 2 0

/Ot e’ o2 (7(s))x1(s)dBa(s) <

and
k —k
B Ink  ee ™ 625 ’

/Otescr4('y(s))x2(s)d34(s) < Ink | e

According to the precise calculation, we can obtain

_kW
662 ; 325(722(')/( s)ds — 7/ ez ((s))x3(s)ds

=3 /O (e 1 — )03 (4(5))(s)ds < 0,

K !
662 17/0 e® 03 (7(s))x5(s)ds _;/0 e 03 (7(s))x3(s)ds

=3 [ = @) (r(s)ds)as <

Combining the inequality (5.11) and (5.13) gives

t 1/t ek In k
[ entr@)m)anas) - 5 [ i) <
Then combining the inequality (5.12) and (5.14) gives
t 1t 0ek Ink
[ eotrshm)aBas) - 5 [ ecdins)adods <

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

According to the inequalities (5.2), (5.4), (5.6), (5.8), (5.10), (5.15), (5.16) and dividing equa-
tion (5.1) by e Int, for any w € Oy and (k— 1)y < t < knp with k > k; + 1, one can derive

that
Inx (t) +Inx (t) Inx (0) +Inx (0) C(l _ e—t) 6065 In k
1 Int 2 < 1 etInt 2 + Int + celk=1)1 ln((k—l)iy)
lnt/ / ,u) —In(1+601(y(s), u)))A(du)ds
lnt/ / ;u) —In(1+402((s),u)))A(du)ds.

Letting k — 400, then combining with assumption (A5) results in

1
lim su Inx;(t) +1Inxo(t) < 60e .
ts oo Int €
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Letting# — 0, e — 1 and 6 — 1 gives

lim sup Inxq (f) +Inxo(t)

<6 as.
t—-+oo Int

So, this proof is completed. O

6 Discussion and numerical simulations

In this section, some numerical simulations is given to support our main results. We assume
the Markov chain 7 (t) takes values in the state space S = {1,2}, and the generator Q be
expressed by Q = (% ’5). According to equation 7Q = 0 and exact calculation, the unique
stationary distribution 7w = (71, 12) = (15—2, %) will be obtained. In Figure 1-2, we choose
a11(y) = 0.02, ap(y) = 0.01, ax (y) = 0.03, ax(y) = 0.03,01(y) = 2.0, 03(y) =22 0a(y) =
0.04, 04(y) = 0.03. The initial values are x1(0) = 0.8, x2(0) = 10 and A(Y) = 1. The only
difference between conditions of Figure 1 and Figure 2 is in the values of 6; and 6,.

Comparing Figure 1 with Figure 2, we can observe when the jumping function is positive,
the population size of species x1(t) and x»(f) will increase rapidly in a short period of time.
In addition, whether the jumping function identically equal to zero or is positive, the species
x1(t) always rapidly go to extinction. But, when the jumping function is positive, the species
x2(t) will go to extinction more slowly. That is to say, the species x»(t) is more likely to be
affected by the Lévy noise.

In Figure 3, the parameters of system (1.3) are given as follows a11(y) = 0.02, a12(y) = 0.01,
a21(y) = 0.3, a2(y) = 0.5,01(7) = 2.0, 03(y) = 1.6 02(y) = 0.02, 04(y) = 0.4. The initial values
are x1(0) = 0.3, x2(0) =5and A(Y) = 1.

According to Figure 3, we can find that the species x,(t) go to extinction more quickly than
the species x1(t). However, the results of Figure 1 and Figure 2 shows that species x1 (t) will be
extinct more rapidly, no matter the value of jumping function is positive or identically equal
to zero. That is to say, the Lévy noise can cause both favorable and unfavorable influence on
ecosystem. If the jumping function is positive, it indicates that the Lévy noise is advantage
for a ecosystem. Inversely, if the jumping function is negative, it indicates that the Lévy noise
is disadvantage for a ecosystem.

In Figure 4, the parameters of system (1.3) are given as follows a11(y) = 0.02, a12(1y) = 0.04,
a21(y) = 0.03, axn(y) = 0.01, o1 (y) = 1.0, 03(77) = 1.2 02(7y) = 0.04, 04(y) = 0.03. The initial
values are x1(0) = 0.8, x2(0) = 0.9 and A(Y) = 1.

Comparing Figure 1 with Figure 4, the jumping function both identically equal to zero,
and the changes between species x1(t) and x(t) in Figure 1 and Figure 4 are perfectly clear.
But, the important difference between conditions of Figure 1 and Figure 4 is that the values
of o7 and 03. In Figure 4 we choose 01(y) = 1.0 and 03(y) = 1.2, and in Figure 1 we give
01(y) = 2.0 and o3(y) = 2.2. That is to say, when the jumping function identically equal to
zero, the values of 01 and 03 have great significance in the population size of species x (t) and
species x5 (t).

Figures 1-4 all describe the extinction of species x () and species x2(t). Now, we will give
some simulations to substantiate that it is possible for species x;(t) and species x»(t) are no
longer extinct.

In Figure 5 the parameters of system (1.3) are given as follows a11(y) = 0.02, a12(y) = 0.01,
ay1(y) = 0.3, an(y) = 0.5, o1(y) = 1.0, 03(y) = 0.4 02(y) = 0.52, 04(y) = 0.4. The initial
values are x1(0) = 0.8, x2(0) = 1.2 and A(Y) = 1.
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In Figure 6.6 the parameters of system (1.3) are chosen as follows a11(y) = 0.2, a;p(y) =
0.01, a1 (y) = 0.3, an(y) = 04, o1(y) = 0.8, 03(7) = 1.2 ;»(y) = 0.01, 0a(y) = 0.25. The
initial values are x1(0) = 0.8, x2(0) =5 and A(Y) = 1.

In Figure 7 the parameters of system (1.3) are given as follows a11(y) = 0.2, a12(y) = 0.01,
a2 (y) = 0.1, ax(y) = 04, 01(y) = 0.8, 03(y) = 0.8 02(y) = 0.01, 04(y) = 0.05. The initial
values are x1(0) = 0.8, x2(0) = 1.2 and A(Y) = 1.

In Figure 5, we choose the values of the parameters such that Y7 ; iy (i)7r; = —0.01 < 0
and Y2, ho(i)r; = 1.37 > 0. In view of Theorem 3.14 i), we obtain that x;(t) is extinct and
x(t) is no longer extinct. Similarly, in Figure 6, we choose the values of the parameters such
that Y2, hy(i)r; = 0.4 > 0 and Y2, hy(i)r; = —0.1 < 0. An application of Theorem 3.14
ii), species x,(t) is extinct and x;(t) is no longer extinct. In Figure 6.7, by simply calculation
about the values of parameters, Y2, h;(i)7r; = 0.88 > 0 and Y7 ; hy(i)r; = 1.08 > 0 will be
obtained. It therefore from Theorem 3.13. That is to say, population x;(f) and x,(t) are no
longer extinct. Figure 7 just confirms these.

7 Conclusion and future directions

This paper studies a stochastic delay competition system driven by Lévy noise under regime
switching. The main results are as follows.

(1) For any initial value, the system exists an unique global positive solution.
1n(1)m; < 0an 1 1np(1)m; <0, then both the species x; and x> go to extinction
Q) YN hy(i 0and YN, hy(i 0, then both the speci dx g incti
a.s.
1) = an _1np(1)mr; = 0, then both the species x; and xp are non-
@) If YN (i 0 and YN, ho(i 0, then both the speci d
persistence in the mean a.s.
: : —x N (i) —x N ha(i)m
@ YN h(i)m > 0and YN ho(i)mr; > 0, then &} < % and x; < %
(5) i) If "N, hi(i)r; < 0 and YN, ha(i)7r; > 0, then species x;(t) goes to extinction and

N N
species x,(t) satisfies X5 < %22(1)7@

i) If YN, (i) > 0 and YN, hy(i)mr; < 0, then species x,(t) goes to extinction and

N N\ o
species x1(t) satisfies X7 < %11(1)7@

(6) i) If "N, hi(i)r; < 0 and TN, hy(i)7r; = 0, then species x;(t) goes to extinction and
species x,(t) is non-persistence in the mean a.s.

i) If YN,y (i) = 0 and YN, ha(i)7r; < 0, then species x;(t) is non-persistence in the
mean a.s. and species x»(t) goes to extinction.
@) 1) It YN, hi(i)m; = 0 and YN hy(i)r; > 0, then species x1(t) is non-persistence in the

. . . —x Zzl\il hz(i)?Ti
mean a.s. and species x;(t) satisfies %} < R

.. N . . N . L . P —% le\il hl (i)ﬂi
ii) If Y21 hi(i)r; > 0 and 132y ho(i)7r; = 0, then species x1(t) satisfies ¥7 < ===
and species x,(t) is non-persistence in the mean a.s.

(8) Some asymptotic properties of system (1.3) have been given.

For stochastic population models, the persistence in the mean and weak persistence are
not good definitions of permanence. In recent years, some authors have introduced a more
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appropriate definition of permanence for stochastic population models, that is stochastically
persistent in probability (see [10,11,32]), which is a more appropriate definition of persistence.
Moreover, for system (1.3), we also consider its stochastically persistent in probability. Because
of the existence of time-varying delay in our model, it makes the task more complicated to
deal with. So far, we have looked up a lot of relevant known references, but we still can’t find
a suitable Lyapunov function to solve the problem of the system (1.3) with variable time delay.
It is a pity that we have to take it as our research work in the future.

Furthermore, the stability of the positive equilibrium state is a very interesting study for
population models. For models with noise, the stochastic models do not keep the positive
equilibrium state of the corresponding deterministic systems. Recently, the stability in distri-
bution of stochastic population models has been one of the most interest topics, and many
authors have studied the stability in distribution of various stochastic population models (see
[7-9]). Then, in order to increase the interest of our articles, we will study the stability in
distribution of stochastic population models in our future investigation.
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Figure 6: Numerical simulations for system (1.3) with 6;(y,u) = 0.2 and
02(y,u) = —0.1.
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Figure 7: Numerical simulations for system (1.3) with 6;(y,u) = 0.2 and

02(y,u) =0.2.
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