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Abstract. ~We consider weak solutions to nonlinear elliptic systems with non-
differentiable coefficients whose principal parts are split into linear and nonlinear ones.
Assuming that the nonlinear part g(x,u,z) is equipped by sub-linear growth in z only
for big value of |z| (but the growth is arbitrarily close to the linear one), we prove the
Morrey and BMO regularity for gradient of weak solutions.
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1 Introduction

In the paper, we consider the problem of interior everywhere regularity of gradients of weak
solutions to the nonlinear elliptic system

—diva(x,u, Du) = b(x,u, Du), (1.1)

wherea: Q x RN x R"™N — R™, p: Q x RN x R"™N — RN are Caratheodorian mappings,
) C R" is a bounded open set, N > 1, n > 3. A function u € Wllo’f(ﬂ, RYN) is called a weak
solution to (1.1) in Q) if

/Q(a(x,u,Du),D(p(x)> dx:/Q(b(x,u,Du),go(x)> dx, V¢ eCPO,RV).

As it is shown by examples, in a case of general system (1.1), only partial regularity of weak
solutions can be expected for n > 3 (see e.g. [2,7,12]). Under the assumptions specified below
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we prove, in Campanato spaces, £L>"-regularity (or, so called BMO-regularity) of gradient of
weak solutions for the system (1.1) whose coefficients a4 can be written in the special form

a(x,u, Du) = A(x)Du + g(x,u, Du), (1.2)

where A = (A?jﬁ), i,j=1,...,N,a B =1,...,n, is a matrix of functions, the following
condition of strong ellipticity

(A(X)E &) >v|E), aexcQ, VEeR™; v>0 (1.3)

holds, and ¢ = g(x,u,z) are functions with sub-linear growth in z. In what follows, we
formulate the conditions on the smoothness and the growth of the functions A, ¢ and b
precisely.

It is well known that in the case of linear elliptic systems with continuous (see [2]) or
with VMO N L™ (see [8]) coefficients A, the gradient of weak solutions has the L?>*-regularity.
Supposing that the coefficients A of the linear system belong to some Holder class, the author
of [2] proved that the gradient of weak solutions belongs to the BMO-class. The foregoing
result has been refined in [1], where the coefficients A are supposed to belong to the class of
so-called “small multipliers of BMO”. The both mentioned results from [2] and [1] have been
generalized in [8], where the coefficients A belong to some subclass of VMO N L* and in [13],
where nonstandard growth conditions of p(x)-type are considered.

Similar regularity results (L?>*-regularity for continuous coefficients A and BMO-regularity
for Holder ones) were achieved in [2] for systems (1.1)-(1.2) in a case when ¢ = g(x,u) (but
does not depend on Du). The last mentioned results are generalized in [4], where the first
author has proved the L**-regularity of the gradient of weak solutions to (1.1)~(1.2) when
the coefficients A are continuous and the BMO-regularity of gradient in the case of Holder
continuous coefficients A under an assumption that the function ¢ = g(x,u,z) grows sub-
linearly in z and the growth is controlled by power function |z|*,0 < & < 1. The L>}-regularity
result from [4] has been generalized to the VMO N L* coefficients A in [5].

The present paper extends the results from [4] and [5] in two directions. The first one
consists in the fact that, while the sub-linear in z growth of the function g(x, 1, z) from (1.2)
is controlled by the power function |z|*, « € (0,1), the present paper offers the control by a
function |z|/ In*/?(e + |z[2), s > 0, which is closer to the linear function then the power one.
The second extension is that in [4] and [5] the sub-linear growth is required for all |z| > 0 and,
on the other hand, here we prescribe it only for big values of |z| as it is visible in (3.2), (3.3),
(3.5) below. The last mentioned assumption could be seen as a kind of asymptotic growth
condition. Recently a few papers have appeared, which study regularity of weak solutions to
nonlinear systems diva(Du) = 0, where the coefficients a = a(z) are so called asymptotically
regular (for precise definitions and statements see [15] and references therein). Our growth
condition is a bit different from the condition on asymptotic regularity of coefficients in [15]
because of structure of the systems. Here it is useful to mention a paper [10], where the
authors deal with (beside other problems) the partial Cl""—regularity of Wl*®-weak solutions
to quasi-monotone systems diva(x,Du) = 0, a = a(x,z) is C! in variable z, where they
provide upper bounds for the Hausdorff dimension of the singular set (see [10, Chapter 6]).
If a(x,z) = a(z) and the coefficients a satisfy an asymptotic condition, which requires the
differentiability of 2 with respect to z, then weak solutions to the previous systems belong to
WL (0, RN). A typical model example for reaching such a result is a(z) = z + b(z), where

loc

the derivative b,(z) — 0 when |z| — oo (see [10, Chapter 6] as well). In this paper we provide
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Elzc’)’Z—regularity of gradients of weak solutions because of special structure of the system (but
here we have a = a(x,u,Du)) and a = a(x,u,z) does not have to be differentiable in the
variable z and so we can not suppose any condition of the type g (x,u,z) — 0 for |z| — co.

2 Notation and definitions

We consider the bounded open set ) C R" with points x = (x1,...,%,), n > 3, u : QO —
RN, N > 1, u(x) = (u'(x),...,uN(x)) is a vector-valued function, Du = (Diu,...,D,u),

= d/9dx,. The meaning of (g CC () is that the closure of () is contained in (), i.e.
Qo C Q. For the sake of simplicity we denote by | - | the norm in R” as well as in RY and
R"™N. If x € R" and r is a positive real number, we write B,(x) = {y € R": |y — x| < r}, i.e.,
the open ball in R” with radius r > O centered at x and Q,(x) = QN B,(x). Denote by
Uy, = |Q(x)];1 fQ y)dy = fQ y) dy the mean value of the function u € L'(Q,RN)
over the set (),(x), where | (%) is the n-dimensional Lebesgue measure of (),(x). Beside
the usually Sobolev spaces W7 (Q, RN), W 7(Q,RN), Wg’p(Q, RY) (see, e.g. [11]), we use the

loc
following Morrey and Campanato spaces.

Definition 2.1. Let A € (0,1), g € [1,0). A function u € L1(Q,RY) is said to belong to the
Morrey space LI (Q), RN) if

1
sy = 5P 5 [ lu(y)l7dy < oo

[u
xeQr>0 "

Let A € [0,n+4], g € [1,00). The Campanato space £7*(Q),RN) is the subspace of such
functions u € L1(Q), RN) for which

1
[u]zqf’\(Q,IRN) - V>SOUXI;Q ™ Joy ) [1u(y) — |1 dy < co.

Proposition 2.2. For a domain Q) C R" of the class C%' we have the following

(a) With the norms ||u||gn and |[ul| pon = |ullLs + [4] 90, L7(Q,RN) and L9(Q,RN) are
Banach spaces.

(b) L(Q, RN) is isomorphic to the LI (Q,RN), 1 < g < 00,0 < A < 1.
(c) L1(Q), RN) is isomorphic to the L (Q,RN) C L7"(Q,RN), 1 < g < 0.

(d) £>"(Q,RN) is isomorphic to the L7"(Q,RN) and L£9"(Q,RN) = BMO(Q,RN), Q being a
cube, 1 < g < oo.

() Ifu € W2(Q,RN) and Du € LX*(Q,R"™), n —2 < A < n, then u € COA+2-1/2(0) RN),

loc loc
(H LY, RN) is isomorphic to the C>A=1/1(Q,RN) forn < A < n +q.
(g) Forp € [1,00), 0 CC Q,0 < a <dist(QY,00) and u € LP"(Q,RN) set
1/p
Nyl ) = sup (f julo) —us, )
xe(Y,r<a By (x)
Then we have for each u € LP"(Q,RN)
1/2
Noaw0Y) < Noas0Y) < clpn) sup (f,  lnlo) =, Pdy)

xeQ,r>0
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For more details see [2,7,11,16].
Definition 2.3 (see [14]). Let f € BMO(R") and

n(f,R) = sup 1f(y) — fxrldy,

Pp<R Bp(x)

where B, (x) ranges over the class of the balls of R" of radius p. We say that f € VMO(RR") if
lim 5 (f, R) = 0.

We can observe that substituting R" for () we obtain the definition of VMO(Q2). Some
basic properties of the above-mentioned classes are formulated in [1,14,16].

3 Main results

Suppose that for almost all x € Q and all u € RY, z € R™ the following conditions hold:

1b(x,u,2)] < () + M(|Jul® + [2[), (3.1)
180 1,2)] < F(x) + M (Jul’ +h(lz])), (32)
where
|| ;
W if |Z’ S t(),
h(lz) = e (3.3)
2| if |z| > to.

lns/z(e+|z|2)

Here f € [210*0(Q), g0 = n/(n+2), 0 < A < n, M is a positive constant, 1 < § <
(n+2)/(n—2),1 <9< 1/g0, F€ L>*(Q),1 <5< n/(n—2),s >0, ty > 0. We remark
that ty = to(s) is chosen in such a way that, putting h?(|z|) = H(|z|?), the function H = H(t)
is nondecreasing on [0, o), absolutely continuous on every closed interval of finite length and
H(0) = 0. The relationship between t; > 0 and s can be expressed through an inequality
s < (e+ty)In(e + to)/to.

Now we can state a result for the continuous case.

Theorem 3.1. Let u € W¥?(Q, RN) be a weak solution to the system (1.1) with (1.2) and the condi-
tions (1.3), (3.1), (3.2) be satisfied. Suppose further that A € C(Q,R"N). Then

D le(;é‘(ﬂ, R™), ifA<mn,
LZ’)‘/(Q, R™) with arbitrary \' <mn, if A = n.

loc

Therefore,
. CO(A-n+2)/2() RN), ifn—2<A<n,
Co%(Q, RN) with arbitrary 0 <1, if A = n.

If the coefficients of the linear part of the system are supposed to be discontinuous, we
have to modify the previous assumptions in the following way:

|b(x,u,2)| < f(x) + M]z[", (3.4)
8(x,u,2)| < F(x) + Mh(z]), (3.5)
(g(x,u,2),2) > v H([2]) — I*(x), (3.6)
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where f € L1900 (), F € L9(Q), g > 2, 11 is a positive constant, I € L7*(Q)) and the other
constants and functions are supposed to be the same as in (3.1), (3.2).
The next theorem slightly extends the main result from [5].

Theorem 3.2. Let u € W?(Q,RN) be a weak solution to the system (1.1) with (1.2) and the condi-
tions (1.3), (3.4), (3.5) and (3.6) be satisfied. Suppose further that A € L N VMO(Q,R"™N). Then

. L7 (Q,R™) ifA<n,
Li’)i‘/((), R™) with arbitrary ' < n  if A = n.
Therefore,
. COMA=n+2)/2(0) RN) ifn—2<A\A<mn,
CO%(Q), RN) with arbitrary © <1 if A = n.

To obtain EZ'”—regularity for the first derivatives of the weak solution we strengthen the
conditions on the coefficients ¢ and b. Namely suppose that

8 m,21) = 8(y,0,22)] < M (|F(x) = F@) + (ul + o)’ + bz —z0))  G7)

forae. x € Qand all u, v € RN, z1, z, € R™N. Here F € £>"(Q), g(+,0,0) € L>"(Q,R™N). Tt
is not difficult to see that (3.7) implies (3.2) with A = n.
Now we can formulate the main result of the paper.

Theorem 3.3. Let u € WY2(Q),RN) be a weak solution to the system (1.1) with (1.2) and suppose
that the conditions (1.3), (3.1) with f € L2 (Q)) and (3.7) with 0 < s < 1 hold. Let further
A € CO(Q, R™) for some & € (0,1]. Then Du € L"(Q, R™N).

loc

4 Some lemmas

In this section we present results needed for the proofs of the theorems. In Br(x) C R”
we consider a linear elliptic system (here the summation convention over repeated indices is
used)

— Do(AfDgwl) =0,  i=1,...,N (4.1)

with constant coefficients (according to the introduced denotation, the previous system can
be written in the form — div(A - Du) = 0) for which (1.3) holds.

Lemma 4.1 ([2, pp. 54-55]). Let u € W'2(Bgr(x),RN) be a weak solution to the system (4.1). Then,
foreach 0 < o <R,

/BU Du(y)f dy <L (F)" ./BR Du(y)|? dy,

[ 1Duty) — (D)o dy < L2 ()" [ Duty) ~ (Du)al* dy

hold with constants Ly, Ly independent of the homothety.

The following lemma is fundamental for proving the theorems.
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Lemma 4.2 ([9, pp. 537-538]). Let ¢ be a nonnegative function on (0,d] and let E1, Ez, D, «, p be
nonnegative constants. Suppose that ¢(d) < co and

¢(0) < (E1 (%)“ + Ez) ¢(R)+DRP, V0<oc<R<d
hold. Further let the constant k € (0,1) exist such that € = E1k* P + Exk=P < 1. Then
(o) < CoP, Yo e (0,d],

where

We set

vozmin{n <1— Z;§50>,n(l—q070)}. (4.2)

Lemma 4.3 ([2, pp. 106-107]). Let u € W'?(Q,RN), Du € L21(Q,R™), 0 < < nand (3.1) or
(3.4) be satisfied. Then b € L2700 (Q, RN) and for each ball B (x) C Q we have

/B o [Py, D) 0 dy < cRM, 4.3)
R

where ¢ = c(n, M, do, o, qo, diam Q, || f [ ;200190 (o), 1]l 1wy, 1P| 2 mevy ), Ao = min{Aqo,
vo +1qo} in the case (3.1) or ¢ = c(n, M, yo, g0, diam Q, || f || paagrao () | Dtt || 2 qrevy) and Ag =
min{n(1—2/q) +2Aq0/q,n — (n —1)qoY0} in the case (3.4).

In the case of discontinuous coefficients of the linear part of the system (1.1) with (1.2) we
will use a result about higher integrability of the gradient of a weak solution to the system.
Proposition 4.4 ([7, p. 138]). Let u € Wll.f(Q, RN) be a weak solution to the system (1.1) with (1.2)
and the conditions (1.3), (3.4)—(3.6) be satisfied. Then there exists an exponent 2 < r < q such that
u € W (Q,RN). Moreover there exists a constant ¢ = c(v, vy, L, || Al|~) and R > 0 such that, for

loc

all balls Bg(x) C Q, R < R, the following inequality is satisfied

1/r 1
D‘l/[rd> SC <][ Du2d> —|—<][ ZV_+_FV d)
<7[Bm<x>| "y { ey | DAY s (T FIER) dy
1/rqo
+R <][ 140 > .
s Y

Lemma 4.5 ([17, p. 37]). Let ¢ : [0,00) — [0, c0) be a nondecreasing function which is absolutely
continuous on every closed interval of finite length, ¢(0) = 0. If w > 0 is measurable and E(t) =
{y e R" : w(y) > t} then

1/2

/]Rngbowdy = /Ooo m(E(t))¢'(t) dt.

In the proof of the theorems we will use a modification of Natanson’s lemma (for a proof
see [6, pp. 8-9]). It can be read as follows.
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Lemma 4.6. Let f : [a,00) — R be a nonnegative function which is integrable on [a,b] for all
a<b<ooand

a+h
N = sup }11/+ f(t)dt < o0

0<h<oo
is satisfied. Let g : [a,00) — R be an arbitrary nonnegative, non-increasing and integrable function.

Then -
| rosoar

| fwgmar <N [ gnyar

Remark 4.7. The foregoing estimate is optimal because if we put f(t) =1, t € [4,00) then an
equality will be achieved.

exists and

holds.

5 Proofs of the theorems

Proof of Theorem 3.1. Let Q9 CC Q, dy = dist(Q,0Q2), Bx = Br(xp) C Q, x9 € Qo be an
arbitrary ball and let w € W(}’Z(B r/2(x0), RY) be a solution to the system
| {(A)w2Dw,Dg) dx = [ (((A)rs2 = A(x)) Du, Dg) dx
R/2

Brs2

—/ (¢(x,u,Du), Do) dx + (b(x,u,Du), ) dx
Bry2

Br/2

for all ¢ € W&’Z(B r/2,RN). Tt is known (according to the linear theory and the Lax-Milgram
theorem) that, under the assumption of this theorem, such solution exists and it is unique for
all R < R (R" < 1 is sufficiently small). We can put ¢ = w in the previous equation and,
using ellipticity, Holder and Sobolev inequalities, we get

1// IDw|?dx < c</ \AR/Z—A(x)|2\Du|2dx+/ ¢(x, u, Du) | dx
Br/2 Br/2 Br/2

1/q0
+ </ |b(x, u, Du)|*™ dx) ) =:c(I+I1I+1I). (5.1)
Br/2

Now we obtain

I<W(R) / \Dul? dx, (5.2)

Br/2

where w(R) = SUP. yeq, [x—y|<R |A(x) — A(y)|-
From the assumption (3.2) (taking into account (3.3) and the comments below it), putting
mg(t) = m({y € Br(xo) : |Dul? > t}), we can estimate II as follows.

<3/ |FPdx+3M2 </ \u|25dx+/ 2(|Dul) dx>
B

Brs2

§(n—2)/n o 4
(Rt ([ o) s 2y [ (1) a0
Br/2 o dt

< <RA+Rn(17(5(n72)/n) +I) ) (5.3)
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where ¢ = ¢(n, M, 6, diam Q, ||F|| 4., ||¢]| ;20/(n—2)). By means of Lemma 4.5 and Lemma 4.6 we

get
vd ) dt __t t) dt
/ (111 +t2)>mR/2 +/0 dt <ln( +t))mR/2()

Knto 1 td w > 00
<_ Mo pn 7/7 SR B d
= (e + ) ‘*$$;<t—m w do \ (e v w) ) @) ), mralw)de

= 21nK(efO+t3)R TR, Lns(e1+ 5 <1 B <e+é)sir§1<e+é>>] /Bm IDuf*dy
= on 1n§€50+ 2) T lns(e1+ fo) /Bm [ Duf* dx
< M / \Dul?dx + 1(*°+t2)1zn. (5.4)
From (5.3) and (5.4) we have
Ilgc(m /BR |Du]2dx+ls<t+tz)R”+R)‘+R”(l 6(n= 2>/”>>. (5.5)

We can estimate III by means of Lemma 4.3 (with #7 = 0) and we have
I < cRM/40, (5.6)

Together we have

1
2 24, < 2 2
v /BR/2|Dw| dx_c{[w (R)+lns(e—|—t0)]/3 |Du|*dx
to

i ‘(e +t3)

The function v = u — w € W2(Bg,»,R") is the solution to the system

R" 4+ R 4 R1(1-0(n=2)/n) 4 RAo/ %} (5.7)

/B ((A)r/2Dv,Dg) dx =0, Vg € W(Bg/o, RY)
R/2

and from Lemma 4.1 we have, for 0 < 0 < R/2,
n
/ |Dv|?dx < ¢ (Z) / |Dv|? dx.
B, R Brya
By means of (5.7) and the last estimate we obtain, for all 0 < ¢ < R, the following estimate:

f, 1ouax < e [ (5)" + @2+ | [ Dufax
Br R B

In®(e + fo)

to
—C __R" 4 R} 4 RM1-001=2)/m) 4 Rho/40
+o [1 et B) +R'+ -
o 1 ’
< — — 2 A
=a [(R) tw (R)+lns(e+to)]/BR|Du| dx+eR,

where the constants ¢; and ¢, only depend on the above-mentioned parameters and A’ =
min{n, A, n(1 —8(n —2)/n),Ao/q0} (A’ < n). For = 0 (see Lemma 4.3) we have A’ =
min{A,n— (n—2)8,(n+2) — (n—2)by, (n+2) —nyo}. Set

1

2 2

- — = R - D = ¢s.
¢(0) /Bg |Du|” dx, Ei = ¢, Eb=0 <w (R) + (e t0)> , Co
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Further we can choose k < 1 such that E;k"~" < 1/2. It is obvious (the coefficients A
are continuous) that the constants Rg > 0 and fyp > 0 exist such that Eok~ < 1/2, then
Ek" + Exk < 1. Forall0 < ¢ < R < min{dy, Ro} the assumptions of Lemma 4.2 are
satisfied and therefore

/ |Du|?dx < caA/, Vo < min{dy, Ro}.

[

If min{do, Ro} < diam Q)y, it is easy to check that for min{dy, Ro} < ¢ < diam )y we have

/\/
24, < o / 2
/Qg(xo) |Du|”dx < c( in{do,R0}> A |Du|” dx,

and thus we get

||Du||L2W(QO,]R"N) <c ||D”||L2(Q,1R"N) :

If A = A’ the Theorem is proved. If A’ < A the previous procedure can be repeated with 7 = A’
in Lemma 4.3. It is clear that after a finite number of steps (since A" increases in each step as
it follows from Lemma 4.3) we obtain A’ = A. O

Proof of Theorem 3.2. Using the same procedure as in the foregoing proof we get the inequality
(5.1). The terms I, II and IIl we can estimate as follows.

From Proposition 4.4 with 2 < r < g, Holder inequality (' = r/(r — 2)) and from the fact
that, for a BMO-function, all L" norms, 1 < r < oo are equivalent (see Proposition 2.2 (g)) we
obtain

, 1/ 2/r
1< </ |A(x) — Ag o™ dx) (/ ]Du\ﬂix)
BR/Z BR/Z
, 1/7
<c (/ |A(x) — Agjal* dx>
Br/2

, 2/r 2/rqo
X{R"/’/ !Du\zdx+</ (111" + |E[") dx> + RZ2(1/q0) (/ \f\”’“dx) }
Br Br Br

< CNZZr’,R(A/' QO) [/B \Du|2 dx + (RZn/r—z(n—/\)/q +R2+2n(1/r—1/q)—4/q+2A/q> Rn/r’]
R

< c N3y r(A; Q) [ /B |Dul|? dx + R“(MW] , (5.8)
R

where ¢ = c(r, ||| zar, [|Fll o, (|| Lororao )-
From assumption (3.5) (taking into account (3.3) and the comments below it) we can esti-
mate II as follows.

m<2 |F]2dx+2M2/
B

Br/2

Dl < ¢ (Rr20 004 [ (3100 malt)
R/2 0
— (Ran(an)/q + ]) ] (5.9)

The term | in the previous inequality can be estimated in the same way as in (5.4) and so
(5.9) and (5.4) give us

1 to Y
HN<c|——— Dul?>dx + —2__R" 4 R" 20 W‘i>. 5.10
=€ <lns(e+to) /BR [Duldx + In®(e + 13) * (5-10)
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We can estimate III by means of Lemma 4.3 (with #7 = 0) and we have
I < cRM/40, (5.11)

Now (5.1) implies

1

2 2 2 2
Dwl| dx < N o(A; Qo) + ————— / Dul* dx
4 /BR/2’ ’ X_C{|: Zr,R( 0) lns(e tO):| BR‘ u|

2 . n—2(n—»2)/q to n Ao/ 40
i (A; Q) 1)R — R R . (512
+('/v-2r,R( 0)+ ) +lns(e+t%) + } ( )

The function v = u — w € W2(Bg,»,RV) is the solution to the system
| (A)rszDo,Dg) dx =0, Vo € Wi (Bry RY)
Br/2

and Lemma 4.1 gives us, for 0 < o < R/2,

2 o ”/ 2
< — .
/BJ|DU| dx <c (R) Bm]Dv[ dx

Inequality (5.12) and the last estimate give us, for all 0 < ¢ < R, the following estimate:

20y < A% 2 . # / 2
/B |Du|”dx <cq [(R) +N2r'R<A’QO>+lnS(e+tO)] BR\Du| dx

£
+ 2 |:(N227/,R(A} QQ) + 1) R”*Z("*A)/q + 0

U Rn R/\o/qo
(e +)

1

o\" 2
< — / ; _—
~C |:< ) +N2r,R<A QO)+ ll‘ls(e—i-t())

] / |Du|?dx 4 ¢, RY,
R Br

where the constants ¢; and c; only depend on the above-mentioned parameters and
A= min{n —2(n — A)/q,Ao/q0} (A’ < n). For y = 0 (see Lemma 4.3) we have ' =
min{n —2(n—A)/q,2+n(1—y)}. Set

1
4)(0-> = / ’Du‘zd'xl El =C1, EZ =C <'/V’22r’,R(A" QO) + lns(e-|-t0)> , D = Co.

Further, we can choose k < 1 such that E;k"* < 1/2. It is obvious (the coefficients A are
VMO) that the constants Ry > 0 and fy > 0 exist such that Exk~ < 1/2, then Ejk" +
Ezk_N < 1. Forall 0 < ¢ < R < min{dy, Ro} the assumptions of Lemma 4.2 are satisfied and
therefore

/ ]Du|2dx < co, Vo < min{dy, Ro}.
The remaining part of the proof is analogous to the corresponding part of the proof of
Theorem 3.1. O

Proof of Theorem 3.3. Theorem 3.1 gives that Du & Li’)i‘ (Q, R"™N) for arbitrary A < n and, con-
sequently, u € C%(Q),RYN) for each a € (0,1). Let Bg/2(x9) C Br(x0) C Q be an arbitrary
ball and let w € Wy?(Bg,/2(x0), RY) be a solution to the system (we denote Bg = Br(xp) and

UR = UxyR)
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J,, {(AxaDw,Dg)dx= [ ((A)xs2~ A(x)) Du,Dg) dx

Bry2

~ [, {s(e,Du) = (s(x,1, D)) Do) d

+ (b(x,u, Du), ¢) dx (5.13)

Brya

for every ¢ € W&’Z(B r/2,RY). It is known that, under the assumption of the theorem, such
solution exists and, it is unique for all R < R’ (R’ is sufficiently small, R" < 1). We can put
@ = w in (5.13) and using the ellipticity, Holder’s and Sobolev’s inequalities, we get

1/2/ |Dw|2dx§c (/ |AR/2—A(x)|2|Du|2dx—|—/ |g(x,u,Du)—(g(x,u,Du))R/2|2dx
Br2 Br/2 Br/2

1/q0
+ (/ |b(x, u, Du) > dx) ) =:c(I+1I+1I). (5.14)
Br/2

The estimate of I is analogous to that in the proof of Theorem 3.1, but here we have to
use the Holder continuity of coefficients, which is the crucial assumption for obtaining some
reasonable estimate (using the information at the beginning of the proof).

I< CRZ"‘/ ]Du\zdx < ¢R",
Brya
where « € (0,1] is a given constant.

Further, we estimate the second integral on the right hand side of (5.14). From the assump-
tion (3.7) and by means of the Young inequality, we obtain

nef ( [, lstxuto), Dutx) - g(y,u@),Du(y))de) dx

<omf ([P —Fe)Pdy)aseamf ([ ()] + lul) dy ) as
ramf (/B/ 12(|Du(x) — Du(y)|) dy) dx

<12M/ F(x) — Fryp[*dx +3-2°" nMKnH”HC BR/2]RN)R
|Du(x) — Du( )2 >
+3M < dy | dx
By \Jbn, In*(e + | Du(x) — Du(y)P)

=12M | |F(x) — Fryal®dx 32" M| &5, oy R +3M </B
R/2

Brya

K(x,y) dy> dax.
R/2

Using the fact that the function /() = t*/ In®(e + t?) is nondecreasing and convex on [0, c0)
if 0 < s < 1 and so the function k(z) = I(|z|) is convex on R™, we can get the estimate

K(x,y) = |Du(x) — (Du)r/2 + (Du)g/2 — Du(y)|*
In®(e + [Du(x) — (Du)r/2 + (Du)rs2 — Du(y)|?)
< 1 2(Du(x) — (Du)g2)|* 41 2(Du(y) — (Du)g2)|*
2 In*(e + [2(Du(x) — (Du)r2)[?) = 2 In’(e + [2(Du(y) — (Du)rs2)|?)
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which gives

]éR/z </BR/2 Kexy) dy) dx < /BR/Z In® (GZLLD‘II\%CZ(;;?LEEZSE/Z\Z) dx=t]a

and so

I <12M |F(x) = Frya|*dx +3.2°7" Micu |ul|E 5, gy R" +3M Ja. (5.15)

Br/2

The quantity J4 can be estimated in a way, analogous to that in (5.4). Putting mg(t) =
m({y € Br(xo) : 4|Du— (Du)g|* > t}) and H(t) = t/In’(e 4+ 1), t € [0,00), we get (through
Lemmas 4.5 and 4.6)

Ta= [ S HE) mesa(n) e

—/tOd ' \m (t)dt + Y (L mpgo(t) dt
~Jo dt \InS(e+1)) R/? o dt \In°(e+t)) /2

4 to
< Du— (D 24 —_—
S (et fo) /BR |Du — (Du)g| x+1n5(e+t0)

From (5.15) and (5.16) we have

. (5.16)

to

4 2 20 n
1= (e oy P~ (PP M (gl 1l ) )

The term III we can estimate in the following manner. In Lemma 4.3 (remember that A = n),
thanks to Theorem 3.1, the parameter # < n can be chosen arbitrarily close to n. Consequently,
Ap can be bigger than value ngy and so

IIT < cR™.

Now, using the estimates I, II, III, from (5.14) we have

1/2/ |Dw|?dx < ¢ |Du(x) — (Du)g|*dx +c R". (5.17)
Br/2

1
In®(e + to) JBg

The function v = u — w € W2(Bg,»,RV) is the solution to the system
| (A)rszDo,Dg) dx =0, Vo € Wi (Brsz RY)
Br/2

and Lemma 4.1 gives us, for 0 < o < R/2,

n+2
/. 1De) — (Do)ofar<e ()" [ IDo— (Do)

Inequality (5.17) and the last estimate give us, for all 0 < ¢ < R, the following estimate:

/ |Du(x) — (Du)y|*dx < c (z>n+2 + __t |Du(x) — (Du)g|*dx + c; R"
Be =R In*(e + to) | /s ’
where the constants ¢y and ¢, only depend on the above-mentioned parameters.

If we put ¢(R) = [ [Du(x) — (Du)r|>dx,a =n+2, =n, E1 = c1, E» = c1/In°(e + t),
D = ¢ and use Lemma 4.2, the result follows in a standard way, analogous to those in the

previous proofs. So we can conclude that Du € £"(Q, R"V). O
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Remark 5.1. It is known that for weak solutions u € W' (Q,RN) to the system (1.1) the
Holder continuity of their gradients is, broadly speaking, equivalent to the fact that the con-
dition of Liouville type is satisfied (see [12, Chapter 6] for precise information). Later the first
author of the paper proved in [3] that the same holds under the assumption that gradients
of weak solutions belong to the class £>"(Q), R"N). So the paper [4] and the statement of
Theorem 3.3 could be seen as contributions to the above mentioned theory.
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