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Abstract. In this paper, we mainly study the existence, boundary behavior and
uniqueness of solutions for the following singular elliptic systems involving weights
—Au=w(x)u " Po ™1, -Av=Ax)u""v7%,u>0,0>0,x €O, ulzn =030 =0, where
() is a bounded domain with a smooth boundary in RN (N>2),p,s>0,qr>0and
the weight functions w(x), A(x) € C*(Q)) which are positive in Q) and may be blow-up
on the boundary.
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1 Introduction

In this paper, we mainly consider the existence, boundary behavior and uniqueness of solu-
tions for the following singular elliptic systems involving weights

—Au=w(x)u"Pv=1, inQ,
—Av=A(x)u”"v™%, inQ), (1.1)
u>00v>0, ulgn =700 =0,

where () is a bounded domain with a smooth boundary in RN (N > 2), p,s > 0¢q,vr > 0.
Assume w, A satisfies

(Hp) w,A € C*(Q) for some « € (0,1), are positive in ), and there exist 71,72 € R and
positive constants c1, c; such that

w(x)

lim = lim A(x)
dx)s0d(x)n b d(x)—0 d(x)72

= (2.
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The first motivation for the study of problem (1.1) comes from the so-called Lane-Emden
equation (see [4,5])

—Au =uP in Bg(0), R > 0.

Systems of type (1.1) with p,s < 0 and g,s < 0 have received considerably attention in the last
decade (see, e.g., [1,3,15-18,20,23] and the references therein). It has been shown that for such
range of exponents system (1.1) has a rich mathematical structure. Various techniques such
as moving plane method, Pohozaev-type identities, rescaling arguments have been developed
and suitably adapted to deal with (1.1) in this case.

Recently, there has been some interest in systems of type (1.1) where not all the expo-
nents are negative. Ghergu [8] first established the existence, non-existence, C!-regularity and
uniqueness of classical solutions (in C2(Q)) N C(€})) in terms of p,q,r and s.

Later, Zhang [21] also study the existence, boundary behavior and uniqueness of solutions
for problem (1.1), which results are obtained in a range of p, q,r, s different from those in [8].

In [13,14], Lee et al. studied the existence of solutions for the singular systems

—Apu = A(fi(u,0) —u="), inQ,
—Agu = A(f2(u,v) —u=72), inQ,
u>0,0>0, ulgn =720 =0,

(1.2)

where ; € (0,1), fi € C([0,00) x [0,00)), f; is non-decreasing for both u and v,i = 1,2, A > 0,
and Ayu = div(|Vu|=2Vu), r = p(> 1), g(> 1).

Inspired by the above works, in this paper, we wish to further deal with the existence,
boundary behavior and uniqueness of solutions to problem (1.1) under appropriate conditions
on weight function w(x) and A(x), which have a precise asymptotic behavior near 0Q).

Our main results are summarized as follows.

Theorem 1.1 (Existence). Let —2 < y1 < p—1,-2 <y <s—1and p,q,7,s be such that one of
the following conditions hold:

(1+p)(1+s)—qr>0,
(Ha)

2
+71>max{ q ,r},
2+ 7 1+s"1+p

q2+72—71) r2+172—9)
p+ 145 >1+v, and s+ 1+ p >14+7.
B 2+ 7 ) q r
) (I14+p)(1+s)—gr <0, 2+72<m1n{1+s,1+p},
2
q2+72—71) r2+72—9)
Pt <ltm and s+ T4 p <1+

Then system (1.1) has at least one classical solution (u,v) satisfying

mod(x) < u(x) < Mp(d(x))~, xeQ, (1.3)
mod(x) < v(x) < Mp(d(x))P, x € Q), (1.4)

where mg and My are positive constants, d(x) = dist(x,0Q)) and
@490+ @EnEp-rCtm) g

(I1+p)(1+s)—gr

(1+p)(Q+s)—gr
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Theorem 1.2 (Exact boundary behavior). Let p, q,r,s satisfy (Hy) and the following conditions:

(Hs) p >0, p+g>14+7 and g <24

(Hy) s> 0, s+r>1+v and r<2+7;.

Then for any classical solution (u,v) of system (1.1)

7

wn) <c1+scq(ﬁ(1—5)q>“ ((L4p) (1) —7)
1

lim
d(x)—0 (d(x))"

] v(x) o a (ﬁ(l—‘B) r N\ 1/((1+p)(14s)—qr)
%0 )P < CZ*"W) '
o TUCWG) _ | ((osog (B0 VP05
d(lx)ao (d(x))=t 'X(Cl “2 (oc(l—oc))1+5> '

Vo(x)v(x)

7

lim -~~~ — g < _r 1+qW>1/((1+p)(1+s)—qr)
d(x)—0 (d(x))P-1 @ —a)ir
where v(x) is the outer unit normal vector to oQ) at x.

Theorem 1.3 (Uniqueness). Under the conditions of Theorem 1.2, system (1.1) has a unique classical
solution (u,v).

Corollary 1.4 (Existence). Let p = q = r = s = constant =: C and —2 < 71,72 < C — 1. If the
following conditions holds:

(Hs) (r2=m)C<2+m, and (24+72+m1)C>1+m,
then system (1.1) has at least one classical solution (u,v) satisfying

mod(x) < u(x) < Mp(d(x))*, x€Q), (1.6)

mod(x) < v(x) < My(d(x))*%, x €Q), (1.7)

where mqy and My are positive constants, d(x) = dist(x,0Q) and

Lo 2t Cn =)

1+4+2C (1.8)

Corollary 1.5 (Exact boundary behavior). Let p,q,7,s satisfy the assumption in Corollary 1.4 and
the following conditions:

1+7 1+7

(He) C >0, C>max{ 5 o } and C<max{2+’yl,2+'yz}.

Then for any classical solution (u,v) of system (1.1)

¢ —c\ 1/(1+20)
SIE) _<c%+ 6 ) ,

dx)—o (d(x))*  \ a(l —a)

B 1/(142C)
2 (cl Cc%”)

Q

d(x)—0 (d(x))~ a(l—a)



Vu(x)v(x) (e =\ M/ (142)
lim AWV (a2 ,
d(x)—0 (d(x))x1 (=)

1/(142C

. Vo(x)v(x) e Cclte (120

lim ————~——==—a| —=— ,
d(x)—0 (d(x))x1 a(l—a)

where v(x) is the outer unit normal vector to oQ) at x.

The outline of this paper is as follows. In Section 2, we give some preliminary results that
will be used in the following sections. Theorems 1.1-1.3 are proved in next sections.

2 Some preliminary results

In this section, we collect some useful results about the following singular Dirichlet problem
—Aw=(d(x))"w™?, w>0,xe€Q, whn=0, 2.1)

where 0 € R and ¢y > 0.

Problem (2.1) arises in the study of non-Newtonian fluids, boundary layer phenomena for
viscous fluids, chemical heterogeneous catalysts, as well as in the theory of heat conduction in
electrical materials, and was discussed and extended in a number of works; see, for instance,
[2,6,9,11,12,19,22] and the references therein.

Definition 2.1. A function @ is called a super-solution of problem (2.1) if @ € C?(Q) N C(Q)
and
—Aw > (d(x)) @7, @w>0,x€e€Q, Wy >0. (2.2)

Definition 2.2. A function w is called a sub-solution of problem (2.1) if w € C2(Q) N C(Q)
and
—Aw < (d(x)w, w>0, x€Q, whn <O0. (2.3)

Since Q) is C?, we see by Lemma 14.16 in [10] that 4 is C?1in a neighborhood of dQ).
Redefining d(x) outside this neighborhood if necessary, we can always assume that d € C2(Q)).
Let (A1, ¢1) be the first eigenvalue/eigenfunction of

—Ap=Ap, ¢>0,xe€Q, ¢[pn=0. (2.4)

It is well known that A; > 0 and ¢; € C?(Q)). Furthermore, using the smoothness of Q)
and normalizing ¢; with a suitable constant, we can assume

cod(x) < g1(x) <d(x), x€Q (2.5)

for some 0 < ¢g < 1.
By Hopf’s boundary point lemma, we have 8<p817v(x) >0, Vx € Q). Hence,

|IVpi1| >0 near 0Q

and
Cy = meg(wp%(x) +(1—p)|Vei?), (2.6)
X
Cu = ggg()uqv%(w + (1= w|Ve]?), (2.7)

are well defined with ¢, > 0 for u € (0,1).
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Lemma 2.3 (Lemma 3 in [2] and Proposition 2.1 in [8]). If problem (2.1) has a super-solution ., ,
and a sub-solution Wy o then

(i) W o < Wey o in Q}

(ii) problem (2.1) have a unique solution W, € C*(Q) N C(Q)) satisfying

Wyo < Woe S Wqp  in L)

Lemma 2.4 (Theorem 1.2 in [22]).
(i) If ¢ > 2, then problem (2.1) has no classical solution;
(ii) If o € (1 —1,2), then problem (2.1) has a unique classical solution W, , satisfying
cr@1(x) < Woo < Crpi(x), x e,

where C; and ¢, are as in (2.6) and (2.7),

2—0

T = .
T+7

Lemma 2.5 (Lemma 2.3 in [21]). Let A > 0,0 < 2,7 > 0 and let W) € C2(Q) verify
—A®y > Ad(x)) @, ", @y >0, x €Q, Wrlan =0,

then
@y (x) > AVIHW, . xeQ.

Similarly, if w, € C2(Q) satisfies
_AQA S /\(d(x))*ﬂ'w/;r)’, Wy > 0/ X € Q/ Q/\|aﬂ = 0/

then
wy(x) < AVOIIW. . xeQ.

The following lemma is an extension of Lemmas 2.4 and 2.5 to the case where () is a half-
space D = {x € RN : x; > 0} (for a point x € RN we write x = (x1,x’), with ' € RN~1). This
result is useful when dealing with the boundary estimates for solutions to system (1.1).

Lemma 2.6 (Lemma 2.4 in [21]). Let Cy > 0,y > 0,0 € (1 —,2) and @, w € C?(D) verify
—Aw > Coxy w7, (resp. — Aw < Coxyw™ ") in D,

and
w(x) > Cxf  (w(x) <Cxq),

where C is positive constants and T is in (2.8). Then

w(x) > Ax] (resp. w(x) < Ax7), xeD, (2.9)

1/(14+7)
A= (CO> _
T(1—1)

where
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3 Existence and estimates of solutions

In this section, we quote the sub-supersolution method in [13].
Consider the more general systems

—Au =hy(x,u,v), inQ,
—Av = hy(x,u,v), inQ), (3.1)
u>0 0v>0, u|aQ:U|aQ:0,

where h; : Q) x (0,00) x (0,00) — R is continuous for i = 1,2.

Definition 3.1. A pair of function (i1,7) : Q) — R? is called a super-solution of system (3.2) if

1,0 € C2(Q)NC(Q) and

—Ai > hy(x,4,7), inQ,
—AG > hy(x,i1,3), inQ), (3.2)

Definition 3.2. A pair of function (1,v) : QO — R? is called a sub-solution of system (3.2) if
w,v € C*Q)NC(Q) and

_AE S hl (xlﬂlg)/ in Q/
_AQ S hZ(x/ E/g)/ 1n Q/ (33)
u>0,v>0, ulpn = 2[an = 0.

Lemma 3.3 (The extension of Lemma 1.8 in [13]). If u < i and v < @ in Q), then the system (3.2)
has at least one solution (u,v) satisfying u,v € C2(Q)NC(Q) andu <u <dandv < v < 0on Q.

Proof of Theorem 1.1. By (Hy), we deduce that there exist positive constants w;, A; (i = 1,2)
such that w1d(x)" < w(x) < wyd(x)7" and A1d(x)7? < A(x) < Apd(x)"? in Q.
Let u = v = mp¢1, where

: g : e
mo = min { (A wp) T (meag gol(x)> (AT A) T (meag gol(x)> SR
X X

By a direct calculation, one can see that (u,v) is a sub-solution of system (1.1).
By (H;) or (Hz) and the definitions of «, B, we see that a, 8 € (0,1).
Let

where

xeQ)

1- 1-B
My = max{(wz_locca)_l/(lﬂﬂ), (Ay 1 Beg) 1/ IHH) mg ( max ¢1(x)) a, o ( max qol(x)) }
xe()
and ¢, and ¢4 are as in (2.7).

By a direct calculation, one can see that

—Afll = Moocqo’i‘_z (Al(p% +(1—a) |V(p1|2)

> w(x)MO*(PJrL])q)l*(PaJrliﬁ) — w(x)gfpgfq in O
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B 2
AT = MO,Bgof (/\1§0% +(1-8) W(Pl‘z)
> MM, e T = A@ue ™ inQ

and
“>u and 9>v inQ

Thus the result follows by Lemma 3.3. O

In the following, by using an iteration method, we consider the global estimates of solu-
tions.

Lemma 3.4. Let (u,v) be any classical solution of system (1.1), =2 < 1 < p—1land =2 <y, <
s — 1. Then there exists a constant ¢y > 0 such that

u(x) > éod(x) and v(x) > cod(x) in Q.

Proof. Since —Au > C(d(x))"u~? for some constant C > 0, combined with Lemma 2.5, we
can find a suitable constant ¢y > 0 such that u(x) > &d(x) and similarly v(x) > ¢yd(x) in Q,
where ¢ is a positive constant. ]

Lemma 3.5. Under the conditions of Theorem 1.2, for any classical solution (u,v)
A(d(x)* <u(x) < B(d(x))* and A(d(x))P <u(x) < B(d(x))P, x e, (34)
where A and B are positive constants, a and B are in Theorem 1.1.

Proof. Let (H3) hold. By (2.5) and Lemma 3.4, v(x) > Cod(x),x € Q, where Cy = min{cp, ¢1}.
Then
—Au < wy(d(x))"Cy N(d(x)) U, u>0,x€Q, ulpn=0.

By (H3), Lemmas 2.4 and 2.5, we see that
u < agCq,(d(x)), x €,
where C,, is in (2.7) and

_A\1/(1+p) 2+ _
ap = <w2CO ‘1) ’ oy = (1’)/_}_1)pq € (011)

Inserting this into the second equation in system (1.1), we have
—Av > A1(d(x))" (a0Cyo) " (d(x)) ™07, ©>0, x €Q, v)|yn =0.
By (H;), (H3) and «ag € (0,1), we have

(2+71)—9¢

> 14 7.
1+p 72

rag < 24 vz, s+rag=s+r

Then Lemmas 2.4 and 2.5 give that
v > Cgocﬁobo(d(x))ﬁo, xeQ,
where Cg, is in (2.7) and

A\ 1/(145) 24 70) —
bo = (A1 (aoCp,) ") . Bo= (fi)smo € (0,1).



Proceeding inductively, we obtain
u < a,Cq, (d(x))*, v > Cg”cﬁnbn(d(x))ﬁn, x e,
wheren =0,1,...,

(2+71) —qBn

n

1+p
24+ 7)A+s) —q2+72) g
= a+pazs  tarpazar <@l
(24 72) —ray
gy = 210D T
24+ m)A+p)—r2+72) gr
- (1+p)(L+s) Tarpa _’_S),anl € (0,1),
—q/(1+p)

_ _ —q/(1+p)
_ w;/(lﬂi)A1 q/(1+p)(1+s) (an—lcﬁn C r/(1+S)) 9/(+p azrjl(1+s)(l+p)

Xp—1
and
bn — Ai/(l-l-s) (Clxnan)—i’/(l-i-s)
—r/(1+
:A}/(1+s)w2—r/(l+s)(l+l7) <Can(cgnflc H)—W(Hp)) (1+s) bZ;f_/1(1+s)(1+P)'
Since
qr
—— € (0,1),
(14+s)(1+p) (0.1)

we deduce that
2+7)A+p)—r2+7)

N (D
and

: _ @+7r)A+s)—q2+72)

P T A At —ar

Then, we have

1 - q(1+s?
lima, =a= (w%“A{ﬂW (CgCﬁC,;r/(Hs)) P

n—o00
r(14p)

n—oo

and
u < aCu(d(x)), v > begCh(d(x))P.

lim b, =b = (@Q\W)W (ca(cgcﬁ)—q/(up))*<1+v><l+s>fw

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

The symmetric argument and (Hy) prove the reversed inequalities and thus the results are

established

O]
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4 Boundary behavior

In this section, we prove Theorems 1.2. The proof is an adaptation of the arguments used
in [7].

Proof of Theorem 1.2. Let (u,v) be a classical solution of system (1.1). Taking xo € Q) and x,, €
Q such that x, — xg as n — 0. Choose an open neighborhood U of xj so that 90 admits C>#
local coordinates & : U — RN, and x € UNQ if and only if & (x) > 0 (¢ = (&1,&,...,&n)). We
can moreover assume ¢(xg) = 0. If u(x) = @1(¢(x)),v(x) = 9(&(x)) then we have the systems

; 7;(8) 3¢ 9g;9C; ar’: T 2 bi(E) % = —w(x)a rs,

Ul
R[]

N _
Z: (g) agag + Z b (C)al = —/\(X)L_l_rﬁ_s,

W

in {(UNQ), where a;;, b; are C¥, and a;;(0) = J;.
Denote by t, the projections onto ¢(U N Q) of ¢(x,), and introduce the functions

un(y) = d ity +dny),  va(y) = dPi(ty +duy),

where d,, = d(&(x,)), and «, B are given in (1.5). Then the functions (u,,v,) verify
N _
Z a;j(tn + dny) 5 T dn 421 bi(ty + dny)aa—g]_ = —c1(dy(x))"a—Po 1,
1]— i=
N
Z aij(tn + dny) = Tdn 1 b (tn + dny)% = —co(du(x))70" 07"
i,j=1 i=1

On the other hand, estimates (3.4) imply that
Ay < un(y) < Byt and Ay} < ou(y) < By,

for y in compact subsets K of D := {y € RN : y; > 0}. These estimates, together with the
system, a bootstrap argument and a diagonal procedure, allow us to obtain a subsequence
(still labeled by u,) such that u, — ug, v, — vg in CZZOC(D). In particular, we obtain that

—Aug = c1y]'uyPvy " in D,
—Avy = cy{*uy"vy®  in D,

which verifies

Ayt <ug(y) < By} and A <w(y) <By), yeD.

We claim
up(y) = Cryf and vo(y) = Coyl,  y €D,
where
C, = <C1+scqW>l/((l+p)(l+5)_qr) 4.1)
D (=)
and

1 - g)) \ M ((A+p)(1+s)—qr)
C = <cf’c§+qm> . 4.2)
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Let us prove the claim by an iteration method.
Notice that

~Dugly) = eyl By, Pug " (y),

Lemma 2.6 implies
uo(y) > Awyi,  yeD,

Al = 7C1 1/(1+p) .
Bia(1l—a)

—Avy(y) < ey ATy 05t (y),

where

Similarly, since

Lemma 2.6 again gives

vo(y) < Blyf, yeD,

- (i)

Iterating this procedure, we obtain that

where

uo(y) > Ayl vo(y) < Buyf,
where
1/(14p)
1
Ay = ——
i (B,Zoc(l — oc))
:<qgwmgy#<@0—ﬁwm“)
a(l—a)
and
5 B < Co > 1/(1+S)
T4 B)
1 _ r/(1+p)
- (azcl—f/ (1+p)) B ((“(113(1“1)[3)
Consequently,
InA,11=InC34+6InA,
and
InB,;1 =InC4+6InB,
where ar
0=—""——-€(0,1),
(1+3s)(1+p) (0.1)

1
1+p
) A

yeD.

yeD,

yeD,

n

1

1

a(l—a)

C3 = (chZ—vI/(Hs)) T ((,3(1 — ﬁ))q/(us)

> T+p

9
(1+s)(1+p)

T+s
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and

_ (o —r/aap  ((a(1 =)0 T
Co = ()" ( B p)

By the iteration, we have

limInA, = InGs and limInB, = InCy
n—oo — n—o0 - 0

ie.,
lim A, =CY/0® =¢; and 1lim B, =Cl/" =,

n—oo n—oo
where C; and C; are given in (4.1) and (4.2).
Thus
up(y) > C1yf and ovy(y) < Czyf, y €D.

The symmetric argument provides with the reversed inequality, and the claim is proved.
To summarize, we have shown that u, — Ciy{ and v, — Czy1 in C2 (D). Thus, taking

y=-e = (1,0,...,0) and recalling that ¢(x,) = t, + d,e1, we arrive at

L) (g B
1

¢ Cz

loc

> ((1+p)(1+s)—qr)

olw) @ R
(du(x))P L2 (a1 — )t 2
Ju S)—ar
o (%n) L g (s (BA =BT 1/ (+p)(s) =)
(dn(x))et D72 (a(1—a))lts ’
) (g (B )V
(dn(x))P (2(1 — o)) T+7 :
Then Theorem 1.2 follows by the arbitrariness of the sequence x,,. n

5 Uniqueness of solutions

In this section, we prove the uniqueness of solutions.

Proof of Theorem 1.3. Let (u1,v1) and (uy, v2) be positive solutions to system (1.1).
Let

_h
=0
and assume k = sup, .o w(x) > 1.
It follows by Theorem 1.2 that
uy (x)

d(x)—0 uz(x)

Then, there exists x( such that w(xp) = k, and hence
w(xg) =0, Vw(xg) = 0.

In particular,
u2AM1 — M1AM2 S 0
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at x¢. This leads to
02 (x0) = kP90, (xp).

We now claim that v, < k/6+Dp; in Q). Assume on the contrary that Qg := {vy > kr/(s+1)vl}
is nonempty. Notice that 00y C (), since k > 1 and v1 /v, = 1 on d(), thus v, = k'/5t)y; on
. Then

— vy = A(x)uy "0y < M) Dy = AR5 Dg))

on in Qp and the maximum principle implies v2 < k’/+Yv; in Qg which is impossible. Hence
vy < K"ty in Q and by the strong maximum principle it follows that v, < k'/ 5ty in Q.
Combining the two assertions we have

k(“”)/qvl(xo) < kr/(”l)vl(xo),

ie.
(1+p)(s+1)—qr
ka0 < 1.
By (1+5s)(14 p) > gr, we obtain k < 1, which is also a contradiction. Thus we conclude
k <1,ie., u; < up. The symmetric argument proves u; > up, and using the equation for u;
and uy, we deduce v; = v,. The result is proved. O
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