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1 Introduction

The aim of our article is the investigation of the behavior of the weak solutions to the Robin
problem for quasi-linear elliptic second-order equations with the variable p(x)-Laplacian in
a neighborhood of an angular or a conical boundary point of the bounded cone. Boundary
value problems for elliptic second order equations with a non-standard growth in function
spaces with variable exponents have been an active investigations in recent years. We refer to
[7] for an overview and the recent papers [1,9,10] and reference therein. Differential equa-
tions with variable exponents-growth conditions arise from the nonlinear elasticity theory,
electrorheological fluids, etc. There are many essential differences between the variable expo-
nent problems and the constant exponent problems. In the variable exponent problems, many
singular phenomena occurred and many special questions were raised. V. Zhikov [11,12]
has gave examples of the Lavrentiev phenomenon for the variational problems with variable
exponent.

Most of the works devoted to the quasi-linear elliptic second-order equations with the
variable p(x)-Laplacian refers to the Dirichlet problem in smooth bounded domains (see [7]).
Concerning the Robin problem for such equations we know only a few articles [2,5, 6, 8],
but in these works a domain is smooth and lower order terms depend only on (x,u) and
do not depend on |Vu|. Our article [3] is deduced to the Robin problem in a cone for such
equations with a singular p(x)-power gradient lower order term. The present article is the
continuation of [3]. Here we describe qualitatively the behavior of the weak solution near
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a conical point, namely we derive the sharp estimate of the type |u(x)| = O(|x|*) (cf. §3.1)
for the weak solution modulus (for the solution decrease rate) of our problem near a conical
boundary point. As well as, we establish the comparison principle for weak solutions.

The Robin boundary conditions appear in the solving Sturm-Liouville problems which are
used in many contexts of science and engineering: for example, in electromagnetic problems,
in heat transfer problems and for convection-diffusion equations (Fick’s law of diffusion). The
Robin problem plays a major role in the study of reflected shocks in transonic flow. Important
applications of this problem is the capillary problem.

Let C be an open cone in R", n > 2, with the vertex at the origin O and let B, be an open
ball with radius r centered at O. We use the following standard notations:

e 5”1 :a unit sphere in R” centered at O;
* (r,w),w = (w1,wy,...,wy_1) : the spherical coordinates of x € R" with pole O:

X1 = rCoswh,

Xy = ¥ COS Wy Sin w1,

Xy_1 = ¥rCOSWy,_1SiNwy_7...sinwi,

Xy = rsinwy,_1Sinw;y,_»...sinw;q;

Q : a domain on the unit sphere S"~! with the smooth boundary 9} obtained by the
intersection of the cone C with the sphere S"~!;

00 =09CNS1;

Gl=CNnBy={(r,w)|0<r<d;, weQ};

IM=0CNB;={(r,w) |0<r<d wedQ};

Qy = GIn{|x| =d}.

We investigate the behavior in a neighborhood of the origin O of solutions to the Robin
problem with the boundary condition on the lateral surface of the cone:

=D pu+b(u, Vu) = f(x), x € Ggo, (ROL)
VUPI2 2 a2 0, reTd,
where 0 < dyp < 1 (dy is fixed) and
Dy = div (|VulP=27u). (1.1)

We will work under the following assumptions:
@ 1<p_<plx)<psr=p0)<n, VXEGT;ZO;

(ii) the Lipschitz condition: p(x) € C%! (GT?()) = 0<p;—px)<Llx|, Vx € G™; where
L is the Lipschitz constant for p(x).
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G [f(x)] < flFY, fi > 0 Bx) > Ll (px) - DA - p(x); Vx € G
v =const > 1, 0 < pu <1and A is the least positive eigenvalue of problem (NEVP)
(see below);

(iv) the function b(u, ¢) is differentiable with respect to the u, { variables in 9t = R x R" and
satisfy in 91 the following inequalities:
(iv)a [b(w,&)] < 8Jul7HEP®) + bolulP®=1,  0<6 < p; if u>0;
(iv)p b(w, &) > viu| Y E[P) — bolu[P™)7L, v > 0; if p = 0;

n
(iv)e | & |25 " < byful 7 MgP 01 2l > bylu| 2 P0); g >0, by >0, by > 0;
i=1 !

(iiv) the spherical region () C S"~! is invariant with respect to rotations in 5" 2.

We consider the functions class

m—l(oo) (Gdo) = {“

u(x) € Loo(Ggo) and /Gdo <]x|*P(x)‘u|P(x) + |u’71‘Vu’P(x)> dx < oo}
0

which was introduced in [4]. It is obvious that ‘ﬁl o’ ( )(Gdo) c W) (Ggo).

Definition 1.1. The function u is called a weak bounded solution of problem (RQL) provided
that u(x) € ‘)Tl p( )(Gdo) and satisfies the integral identity

Q(u,n) = /Gdo (IVulPO 2+ b (n, V) ) dx + /rdo PP P82y ds
0 0

_ /Q |V |P() 23”;7de o S (x)dx )

do
for all #(x) € ‘ﬁlp( )(Gdo)

Remark 1.2. It is easy to verify that the above assumptions (i), (iii), (iv) ensure the existence
of integrals over Gg and Fg. Therefore, Definition 1.1 is correct.

Main result is the following statement.

Theorem 1.3. Let u be a weak bounded solution of problem (RQL), Mo = sup__ 4 |u(x)]| (see [3])
0

and let A be the least positive eigenvalue of problem (NEVP) (see Section 2). Suppose that (i)—(iiv)
hold. Then there exist d € (0,do) and a constant Cy > 0 depending only on A,dy, Mo, p+, p—, L, n,
(u—96),v,bo, fo and such that

1
u(x)| < Colx|*, s = pp—lﬂtA Vx € G, (1.2)

2 Nonlinear eigenvalue problem

To prove the main result we shall consider the nonlinear eigenvalue problem for
Pp(w) € CHOQ)NCHO):
—dive ((A292 + | Vo) 72729 )
=AMpy —1) +n—py) (A2P*+ |Vl ) (p=2)/2y, weQ, (NEVP)

(V247 [Vag?) D722 o (B5) gy =0, wean,
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where |V, | denotes the projection of the vector Vi onto the tangent plane to the unit sphere
at the point w :

{ 1 oy 1 oY }
Vo = e, ,
V1 9wn Vn—10wn—1
n—1 1 alIJ 2
2 _ = _ (e o ) 2 . >
Vo ; 0 <8wi> , g1 =1, g = (sinwy ---sinw;_1)7, i >2
and 7 denotes the exterior normal to dC at points of 0Q).

If we rename w = wi, W' = (wy,...,wy_1), then, by assumption (iiv), we can assume
that (w1, w’) does not depend on w'. Therefore, our problem (NEVP) is equivalent to the
following

(A2 + (p = D)y?) 9" (w) + (1 — 2) cotw (A2 + ¢7%) ¢/ (w)

+A(A2ps = 3) +n—pi) YPp(w)

2 (Mps =) +n—p)P(0) =0,  we (-4 %), (OEVP)
L2 + ) 0Dy () oy () 1 (@)pl@)r=2| =

2.1 Properties of the (OEVP) eigenvalue and corresponding eigenfunction

First of all, we note that any two eigenfunctions are scalar multiples of each other if they solve
problem for the same A. Therefore, without loss of generality we can assume ¥ (2) = 1.

Next, we observe that the following two cases are possible: either ¥(—w) = —¢p(w) or
P(—w) = p(w). In Section 2 [4], it was shown that we obtain the least positive eigenvalue A*
if (—w) = Pp(w); then ¢/ (—w) = —¢'(w) = ¢'(0) =0, P(0) # 0, as well as the following
inequalities for eigenvalue and for the corresponding eigenfunction:

AMpy —1) +n—py) >0 0<A*<§; 2.1)
0
1 < y¢(w) < g = const(n, p, A, wo) (2.2)

hold.
Now we define the function y(w) = v(w) p(0) # 0 and let yo = y (%) . From (OEVP)
we obtain the Cauchy problem

((p+ =Dy* +22) ¥ (w) + (p+ = Dy* + (n = 2) cotw (y* + A?) y(w)
FAQMps =D +n—p) Y + A (Mps —1)+n—-py) =0, we(0,%), (CP)
y(0) =0.

and the following equation for A :

py—2 -1 + p+—1
Yo <)‘2 + y%> fo=—y <p+_1y> . (M)
P+

Since
(P =Dy +ACA(ps — D +n—p) V¥ +A° (AMps —1) +n—py)

n_
=(py — 1) +1?) <y2 + A%+ _’L{A) /
P+
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the (CP) equation can be rewritten as follows

y(w) = (n—-2)cotw C(pr DA A+ (n—pi)A wo
Ry A | o A (ps — 12 1 A2 ,we(0F). @3)

By Lemma 2.2 [4], we have
y(w) <0, |y(w)| < zo=const(n,A,wo, py), Vw € [0,wy/2]. (2.4)

Proposition 2.1. If assumption (i) is satisfied and v > 1 (see assumption (iii)), then

p(x)-p(0)
(j\ﬂ/)@ +y5> <1, VxeTld (2.5)

where s is defined by (1.2).

Proof. We rewrite (A) with regard to (1.2):

vl = 2. P =2
Fra () R, w42

Case py = 2.‘

The inequality (2.5) is true if p(x) = 2. Now, let 1 < p(x) < py =2, Vx € I'l. From (A)
we have

lyol = v(1+u) =

(p(x) ~ pi)in

‘Case p+ > 2.‘

From (A) and (2.6) it follows that

A e A
Yol < o «),p+1_1 and \/m > 2. ,yp+1_l .

(p(x) —ps)In (X\/Az +y%> < p(pxj:i”ln'y <0 = (2.5)is true.

‘Case p+ < 2.‘

From (A) and (2.6) we obtain that
A p+—1 2-p4+ A p+—1 B A B
|y°|:7<%> < A2+y5> 27<%> [yol> 7P [yol > — -7 =

py—2 1 A 1
lyo|>7+ > ;"Y’”’l =

x)

p_ihr Iny <0 = (2.5)is true. O
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3 Comparison principle

In Gg C G we consider the second order quasi-linear degenerate operator Q of the form

Q) = [ (A + b, )0y + [ T g2y 2y
T4

rp(x)—l
G

— /Ai(x, uy) cos(r, x;)n(x)dQy;  y(w) > v >0 (3.1)
Qq

for u(x) € m&’i(;)((}g ) and for all non-negative 7(x) belonging to m{’ff;;)(cg ) under the fol-
lowing assumptions:

functions A;(x,&),b(x,u,&) are Carathéodory, continuously differentiable with respect to the
u, & variables in MM = G x R x R" and satisfy in M the following inequalities:

(i) aAég,C) 0ilj > #p|E[P 7202, VT € R"\ {0}; 2, > 0;

n 2
(@) 4/ L ab(ac@\ < bylul g0 REE) > ol 2(g[P); by >0, by > 0;
i=1

(iii) p(x) > p- > 1.

Proposition 3.1. Let Q satisfy assumptions (i)—(iii) and functions u,w € m&ﬁ',(;)(G(d)) satisfy the
inequality

Q(u, 1) < Q(w,n) (3.2)

(x) (G). Assume also that the inequality

,00

for all non-negative n € snl_’{
u(x) < w(x)on Qy (3.3)
holds. Then u(x) < w(x) in Gi.
Proof. Let us define z=u —wand u™ = tu+ (1 — 7)w, T € [0,1]. Then we have
0= Q(u,n) = Qw,n)

1 . T 1 T .7 1 -
-/ <,7xl,zxj [RAC By ab@wdr>dx
0 0 0
Gd

8u§j ouf, out

out.
Qy i
N / ’Y(w}
rd

T a(uTlu® p(x)—2
(01 (/0 W)d7> z(x)1(x)ds (3.4)

out

for all non-negative 1 € ‘ﬁ&’l)(x) (G3) .

,00



The Robin problem for singular p(x)-Laplacian equation in a cone 7

Now, we introduce the sets

(GOt = {x e GE| u(x) >wkx)} c Gy,
THT = {x T8 | u(x)>wk)} crs

and assume that (GI)* # @, (T9)" # @. Let k > 1 be any odd number. We choose
1 = max{(u — w)¥,0} as a test function in the integral inequality (3.4). We have

1 T|,T|p(x)—2 1
/ a(u ‘Lgl) |T >dT = (p(x) — 1)/ TP =247 > 0.
0 u 0

Then, by assumptions (i)(iii) and 7| a,= 0, we obtain from (3.4) that
1 1
/ {k%pzkl </ ]VuTIP(x)zdr> V2|2 + by </ ’uT‘2|VuT\p(x)dT>}dx
0 0
(G§)*

1
<by- / Zk(/ |uT|1]VuT|F’(")1dT>\Vz]dx. (3.5)
0

(G§)

By the Cauchy inequality,
by 2X | V2| [0 L VTP = <yuf\—1zk?yw*f|”<z’”> : (blzkzlyv2||vw\"‘z’”—l)
€ b?
< §|uT]_sz+1|VuT|p(") + z—zzk_1|Vz|2|VuT|p(x)_2, Ve > 0.
Hence, taking ¢ = 2b,, we obtain from (3.5) the inequality
b? 1
ks, — - / 21 Vz|? / |VuT|P¥) =247 ) dx < 0. (3.6)
4b2 0
(G§)*

Choosing the odd number k > max(1; %), in view of z(x) = 0 on 9(Gf)*, we get from

(3.6) that z(x) = 0 in (Gd)*. We got a contradiction to our definition of the set (G¢), this
completes the proof. O

Remark 3.2. For the p(x)-Laplacian assumption (7) is satisfied with

1, if p(x)>2;
=
g p-—1, if 1<p_<px) <2

3.1 Barrier function and eigenvalue problem (OEVP)

We shall study the barrier function w(r, w) # 0 as a solution of the auxiliary problem:

—Ap w = pw | Vw|P+, x € GY,
| Vel =2 2% aprwlwP 2 =0, x €T, (BEP)

0 <d<dy.
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By direct calculations, we derive a solution of this problem in the form

_ /A _ P+ — 1
w=w(r,w)=r w), n=——"A, (BF)
(rw) =ryp=(w) P
where (A, (w)) is the solution of the eigenvalue problem (OEVP). For this function we cal-

culate with regard to y(w) = %:

V| = %P lpfl(w % g2 (0) +42(w) = TP gt @R ).
Proposition 3.3. w € ‘I&’;,(;)(Gg ).
Proof. From (BF) and (2.2) it follows that w € Le(GY). Next,
/ =P P () gy — / PO D) pFP0) () dx.
Gl el
By r < d < 1 and assumption (i), we have
PO p() < pGe=Dp— if 50 > 1
pOe P < pGe=Dpe - if 5 < 1
1,0%”(") (w) < ¢g+ in virtue of (2.2) and » < A.
Hence it follows that
elptn
[t < g meas 0 { 554”);*"’ sl (3.9)
£ A, ik <1

From (3.7) with regard to (2.4) we obtain that
-1 P gy = el px) (p(x)=1)se—p(x) 1 (p(x)—1) ¥ —p(x) 2.2 2 p(x)/2
Jurtvartas= [ (3)7 PUrEIEI (@) (292 (w) +yP(w)) " dx
G§ Gl
< ¢P+ 1/ p(x)—1)3c—p(x) (A2+y2(w))p(x)/2dx
Gd
<yl 1/ (p(x)=1)%—p(x) (AZJFZ%)P(x)/de.
f

Since |/A? 4 z3 = const(n, A, wy, p+) and p(x) € [p—, p+], we have

A2+ (w px)/2 < Ci = const(n, A, wg, v+, v—).
Yy P+, P
From the above inequality we obtain that
/ 0 Vool Wdx < Crgpl ! / PP =1)e—p(x) g
Gd Gi

— ! / =1)(p(x)=p+) . p=D)ps=5 (3.9)
Gy
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Now, by assumptions (i)-(ii) and r < 1, we derive

1—3)Lr :
Joe () —pe) < [T i >,
1, if 2 < 1.

Using the well known inequality

1
r1nr| g@, Va >0, 0<r<l, (3.10)

where e is the Euler number, we establish for s« > 1 the inequality

L(>—1)
A=l < 75 0<r < 1.

Thus, from (3.9) it follows that

1 L) g7 (p+—1)+n—ps
/w NVw[P®dxy < Ciypf* e ¢ meas Q- . O
#(py —1)+n—py

Gd

4 The proof of the main Theorem 1.3.

Let A > 1, and let w(r,w) be the barrier function defined above. By the definition of the
operator Q in (II), we have

Q(Aw,n) = /<A” 1|Vw|p wxliyxl—kb(Aw AVw)n(x )>dx
G

for all d € (0,dp) and all non-negative 77 € ‘J‘(lf{(;) (G). Integrating by parts, we obtain that

/Ap VP 2w, .. dx

Gd
dx; i dn
Gd re
0
+ [ AP T2 Sy (x)d0,.

Qq

Hence and (4.1), with regard to problem (BFP), it follows that

Q(Aw, 1) = Jgg + Jras (4.2)
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where
p(x)—p
Jeg= | <P‘A’“"“w1!vwﬂx> — A g, AV
Gg i
p(x)-1
_ aAax-wxi |Vw|P)=2 4 b (Aw, AVw) >17(x)dx; 4.3)
1

Aw\ PH)-1 I\ PO =P+
Jra = 'Y/ <r> 1- <|w’> 1 (x)ds.
rg

At first, we assert that ]rg > 0. Indeed, by (3.7),

r|Vw| %[5
(57| =5

and desired inequality follows from Proposition 2.1. Thus, from (4.2) it follows that

Q(Aw, 1) > Js- (4.4)

d
rU

Further, we proceed to the estimating of integral /. Setting W(x) = |Vw|PX) =P+, we calculate

1 dW _ dp (x) —p+ d[Vuw|
W(x) dx; 0x; |Vw| dax;

d _ _ d (x) — d|Vwl
A p(x)—p+) — p(x)-ps [ OP P P+
= (17uPr) = Vo <8xi In Vo] + PP L),

InW(x) = (p(x) — ps) In|Va|, = In [Vew| + P

Similarly,

d 0
A ap(x)-1) _ pp(x)-19P
ax; (A ) A o, In A.

By (4.3), we obtain that

o = | {AWH|Vwrp<x>—2<uw—1|w|2 — (Vp-Vaw)(InA + In| Vo))

i
(4.5)
_px) —ped VWl
Vo Wy, i, + b (Aw, AVw) pn(x)dx.
Passing to polar coordinates, we calculate
dlVw| _ow d[Vw| 19w J|Vw|
Yodx;  or  or row dw
Now, by (4.4)—(4.5) with regard to assumption (iv), we obtain that
Q(Aw) = [ AW“{|Vw|*’<x>-2<aw-1|wrz —(Vp- Vw)(InA +In|Vw|)
Go (4.6)

o p(x)_p+ . aﬂa‘vw‘ laﬂa’vw’ o p(x)—1
|Vw| ( o or 23w ow bow 1(x)dx,
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with

o =

u—>=6, ifu>0;
v, if u=0.

Taking into account (3.7), the Lipschitz condition of p(x) (ii) and % = y(w), we directly
calculate:

1)

[(Vp-Vw)(InA+1In|Vw|)| < |Vp|- |Vw| - (InA+ |In|Vw||)
< L|Vw|- (InA + |In|Vw||);
in virtue of (3.7), (2.2), (2.4), we derive:

x 1
[In|Vaol| < [In 5|+ [ = 1] [Inr| + Z9T Ing + 5 In(2% + 3 ()|
< ln%+lnlpo+%|ln(/\2+z(2))| + |2 —1] - |In7]|
=InCy(n, py, A, wo) + |« —1| - |In7|;

(note that C; > 1 : indeed, by virtue of (BF) and (2.2) %1/}0 > 1; from (13) [4] and (2.5) it
follows that \/ A2 +22 > \/ A2 +y% > % >1 = (C; = %1[]0 A2 —i—z(z) > 1); using inequality
(3.10) with &« = 5, we get that

Vool - |In [ Vaol| < 2 A2 4+ y2(w) - (InCy + |32 — 1] - In7)

\/7
- X 2P (W) /A2 + 2 (w) - (rInCy + (|5c — 1|/r) - V/rIn7)
x \/—

A +y2(w) - (rIinCy + |3 — 1|\/7);

IN

XT
from which we obtain that
(Vp - Vw)(InA + In|Vw|)| < L;r%—%ﬁ(w) A2 4 y2(w) - (rIn(AC)) + |2 — 1]v/7).

2)

d|Vuw| _x—1 Vo,
or r

J|Vuw| # y' (w) p+ —1 Y (w)
—so =Vl <A+A2+y2(w)) y(w) = | V| (milﬂl + A2+y2(w)> Y(w),

and by (BF) it follows that
p+ — p(x) (E)w olVw| 1 dw 8|Vw|>

or or 20w  ow

w v pi—1 Y(w) ;
_”(p+_p(x))2<%_l+A <P+il+y +A2+y2(w)>>’

|Vl or

<

using (2.3)—(2.4), we establish that
g (2.3)-(2.4)

pe—1 o Y@ o (n—ps) St y 4+ A2
pr—1+p A4+y*(w) = (pr—1Dy*+A2 Tpp—14p (pr -1y + A2
(n—py) Y2+ A?

(s — 2+ A2 F o 12+ A7
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hence it follows that
2 / 2
y- ([ _pr—1 y'(w) >> 1 y 2 52
T - ((n—pi)A A
A <p+—1+y+A2+y2(w) = A (pr—1)yP+ A2 ((n—p)A+uly*+27))
o n=pr  pyP+A?)
B

using (2.4) again, we derive

p+—plx) <aw d|Vw| 1dw B\Vw\>
V|

ar ar 20w ow
n—pe  p2+A7)
p+—1  AMp+—1)

3) |w| Y| Vw]? = (£)*r 29T (w) (A2 + 2 (w)) .

> —%L% <|%— 1]+ > > —LCo(n,p+,/\,wo,V)%;

From 1)-3) it follows that
N
w

Jw J|Vw 1 ow J|Vw
o el 120 37)

. _px) —ps (oW
(Vp-Vw)(InA +In|Vaw|) V| <ar or 2w  dw

v

(5) 7 2f @ (2 + P (@)

Ld Ld Lis —1| LCod
><<(y—5)—%lnA—%lnC1— Vi — B > 4.7)
Now, we require the fulfilment of the following inequalities:
( % InA-d < %(7,
% In Cld S %0’,
Hllva < lo,
Ic ; (4.8)
A—Zﬂd < :0,
1, f >1,
bod < {50, where » = orx =
»P+, for < 1.

Using (BF), (3.7) and the last inequality of (4.8), we get

|Vw|”(x)_2<(rw‘1 IVw|?> = (Vp- Vw)(In A +1n |Vw|)

g (0 ATl 100, alel>> _ ppr-1
V| or  or r2ow  dw
>7 (J;)”(’“) AP D =p() g F D) () (A2 4 2 (@) 5 — Bor P DT () -1) ()
> PP ()1 =p() % (1) -1) () (%%pm _ bor”(")> > (%%0 _ bod) pe=D)p(x) =5
> %%Orw—l)p(x)—% (4.9)

From (4.6), (4.9) it follows that

Q(Aw,n) > 1%%0/A’“(")’lr(”’l)p(")’”ﬂ(x)dx.
G§
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Since p(x) > p— > 1and A > 1, we have AP(¥)~1 > AP-~1 Therefore, taking into considera-
tion assumption (iii), the last inequality takes the form
Q(Aw,n) > %%OA’]*_I /r(”_l)p(x)_”iy(x)dx > %%OA”*_l /rﬁ(x);y(x)dx
Gd Gl
> [ forfy x> [ 1)l > [ fenxds
Gl G! G!
0 0 0

= Q(u,17), by (1),

for all non-negative 17 € ‘ﬁi;{(x) (Gg ), if A > 1 satisfies

A> (10f0> — (4.10)

Further, we show that u(x) < Aw(x) on Q4. By (BF) and (2.2),
w(x)|o, = d”lp"/)‘(w) > d”.
In virtue of |u(x)| < My, Vx € G4, we can choose A such that

A % 4.11)

and therefore
Aw(x)|q, > Ad* > My > u(x)|q,.

Thus, if we choose a small d > 0 according to (4.8) and a large A > 1 according to (4.10)—(4.11)

1
_—1
a» (o2}

then we come to the Comparison Principle
Q(u,7) < Q(Aw,y) inGf; u(x) < Aw(x) on Q.
For this purpose, we need to check the consistency for the system of two inequalities
{glnA d <,
A > Mo,
Indeed, from this system it follows that

o 1 o . o
In (Mod )glnAga.ST —  d-In(Mod )SST'
Now, in virtue of
lim d-In (Mod ) = lim M=y g = o lim d =0,
d—+0 d—+0 i d—+0 d—+0

consequently, there is d > 0 such that for d € (0,d) the desired inequality is true.
Thus, the Comparison Principle implies that

u(x) < Aw(x) in Gg.

Similarly, we derive the estimate u(x) > —Aw(x) in Ggl~ if we replace u(x) with —u(x). By
this and (2.2), we get the required estimate

u(x)| < Aw(x) < C|x|*, in Gi.
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