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Abstract. We consider singular problems of the form —Au = k(-,u) —h(-,u) in Q,
u=0o0n0dQ, u > 0in Q, where Q) is a bounded C! domain in R", n > 2, h :
Q x [0,00) — [0,00) and k : Q2 x (0,00) — [0,00) are Carathéodory functions such
that 1 (x, ) is nondecreasing, and k (x, -) is nonincreasing and singular at the origin a.e.
x € Q. Additionally, k(-,s) and 4 (-,s) are allowed to be singular on 9Q) for s > 0.
Under suitable additional hypothesis on k and k, we prove that the stated problem has
a unique weak solution u € H} (QQ), and that u belongs to C (Q). The behavior of the
solution near d() is also addressed.
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1 Introduction and statement of the main results

Let O be a bounded domain in R” with C! boundary, and consider a singular semilinear
elliptic problem of the form

u=20 on d(Q), (1.1)

where k : Q) X (0,00) — [0,00) is a Carathéodory function (i.e., k (+,s) is measurable for any
s € (0,00) and k (x,-) is continuous on (0,00) a.e. x € Q), with k = k(x,s) allowed to be
singular at s = 0.

Singular problems like (1.1) arise, for instance, in the study of chemical catalysts process,
non-Newtonian fluids, the temperature of some electrical conductors whose resistance de-
pends on the temperature, thin films, and micro electro-mechanical systems (see e.g., [4,7,13,
15-17,26,33-35], and the references therein).
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Problem (1.1) was studied, in the case where k (x,s) = a(x)s™ %, under different sets of
assumptions on a2 and «, in [2,8,11,13,16,23,36].

In [14] existence and nonexistence theorems were stated for Lane-Emden-Fowler equa-
tions with convection and singular potential.

Recently, Chu, Gao and Gao [6], studied problems of the form —div (M (x) Vu) =
a(x)u=*®) in Q, u = 0 on 90, where a belongs to a suitable Lebesgue space. Among
other results, they found a very weak solution in H} (Q)) (with test functions in C} (Q2)) when
0<a<2and0<aeC(Q).

Problems of the form (1.1), with k = k (x,s) singular at s = 0, and with k (-, s) allowed to
exhibit some kind of singularity on 0}, were studied in [1,24,28,30,31,37,38].

Diaz, Hernandez and Rakotoson [12] considered the problem

—Au = adaﬂyu*ﬁ in ),
u=20 on d(), (1.2)
u>0 in Q),

where dg := dist(-,9Q), v < 2, and a € L*®(Q) satisfies infoa > 0. They studied the
existence of solutions u € L! (Q),dq) (the do-weighted Lebesgue space) in the following very
weak sense:

— / uhp = / ad ¢ forany ¢ € C*(Q) such that ¢ = 0 on 9Q). (1.3)
o) o)

Notice that the space of test functions involved in their notion of solution is strictly smaller
than the corresponding space in the present paper (as given in Definition 1.1 below). In Theo-
rem 2 they find, when B + 7y < 1, a very weak solution of problem (1.2), and prove that it be-
longs to Wy (O, || - | n(r),e0) N WIZO’Z (Q) forany r € (0,1) and g € [1,00), where Wi (Y, || - In(),0)
is the space of the functions w : QO — R such that w € W1 (Q) and |Vw| belongs to the
Lorentz space LN (Q), with N (r) := -

Regarding the case p+ < > 1, in theorem 1 they find a very weak solution of problem
(1.2) that belongs to C (Q) N leog (Q) for any g € [1,00); and in Theorem 5, they prove that,
when B+ 7 > 1 and 7 < 2, the solution that they found belongs to H} (Q) if, and only if,
B + 27y < 3. Additionally, in Theorem 4, they prove that, when B + v > 1, there exist positive

27 29

constants ¢; and ¢; such that the found solution u satisfies cld? <u< cld? in Q). However,
it is not obvious that, if u € Hé (Q), then u is a weak solution of problem (1.2), i.e., that (1.3)
holds for any ¢ € H} (Q).

The existence of classical solutions u € C? () N C (Q) of problem (1.2) was addressed by
Maagli [27] in the case when a € C7,_(Q) for some ¢ € (0,1), and d/ja belongs to a suitable
class related to the notion of Karamata classes. Our results heavily depend on those found in
[27], which are summarized in Remark 2.5 below.

The interested reader can find an updated panoramic view of the area in the research
books [19], [32], and in the survey article [18].

In this work we consider problem (1.1) when k : Q) x (0,00) — [0, 00) is a Carathéodory

function, k = k (x, s) is allowed to be singular at s = 0, in the sense that

lim k(-,s) =co a.e.in (),
s—0F

and k (-,s) is allowed to be singular on d(), in the sense that

lim k(x,s) =oc0 forany (y,s) € 9Q x (0,00).

Qox—y
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Additionally, we allow the introduction of a second term, and consider the problem

—Au=k(-,u)—h(,u) inQ,
u=20 on 0, (1.4)
u>0 in Q),

where h = h (-, s) is allowed to be singular on Q) for any s > 0. Under some further assump-
tions on k and &, we prove existence and uniqueness results for weak solutions of problems
(1.1) and (1.4).

The notion of weak solution that we use in this work is the usual one, given by the follow-
ing definition.

Definition 1.1. Let ¥ : () — R be a measurable function such that g9 € L! (Q) for all ¢ in
H} (Q). We say that u : Q — R is a weak solution of the problem

—Au=19 inQ, u=0 ondQ), (1.5)

if u € Hj (Q) and [, (Vu, V) = [, g for all ¢ in Hj (Q).
Similarly, for u € H} (Q), we say that u is a weak supersolution (respectively a weak
subsolution) of problem (1.5), and we write

—Au>1p inQ(resp. —Au<yinQ),
u=20 on 0Q),

to mean [ (Vu, Vo) > [ e (resp. [, (Vu, Vo) < [, pe) for all nonnegative ¢ in H} (Q2).

Definition 1.2. Let dg : 3 — R be the distance function dq := dist(:,0Q2). For § > 0 and
v € [0,2) define ¢4, : Q@ — R by:

* 1.9‘3,7 Z:inf‘B—i—’y<l,

* U, :=dq In(wodgy!) if B+ 7 = 1, where wy is an arbitrary number, which we fix from
now on, such that wy > diam (Q),

2-y
o Op,:=dgn’ if p+y > 1.
We assume, from now on, n > 2. Let us state our main results.

Theorem 1.3. Let Q be a bounded domain in R" with C*' boundary, and let k : Q x (0,00) — R
satisfy the following conditions:

k1) k is a nonnegative Carathéodory function;

k2) s — k(-,s) is nonincreasing on (0,00) a.e. x € ();

k3) there exist B >0, > 0, and B, > 0 such that, for any s > 0,k (-,s) < Body"s P a.e. in O

k4) there exist 6 > 0 and By > 0 such that, for any s € (0,6), k (-,s) > Bidgy's P a.e.in Q.
Let h : Q) x [0,00) — IR satisfy the following conditions:

h1) his a Carathéodory function;
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h2) h(x,-) is nondecreasing on [0,00) , and h (-,0) = 0 a.e. in ();

h3) h(-,s) < Bsdg's? ae.in Qforalls € [0,00), with B3 > 0,p > 1,0 <7y <y+p+pif
ﬁ+fy§1,and0<77<’y+(p+,3)%if,3+’)’>1-

Then:

i) If B+ 2y < 3, then problem (1.4) has a unique weak solution u € H} (Q). Moreover, u €
WIZOZ (Q)NC (Q) forany q € [1,00), and u satisfies cdg,, < u < c'0g, in Q, for some positive
constants ¢ and c'.

ii) If problem (1.4) has a weak solution u € H} (Q0) N C (Q), then p+ 2y < 3.

Note that, in particular, Theorem 1.3 says that —Au = d;ﬁ nO,u=00nd0, u>0in O,
has a weak solution if, and only if, v < %

The next theorem states that, when / is identically zero, the assertion i) of Theorem 1.3
remains valid if the condition k4) is replaced by the following milder condition:

k5) there exist & > 0 and a measurable set E C () such that [E| > 0 and infg, g6 k > 0,
where inf stands for the essential infimum, and |E| denotes the Lebesgue measure of E.

Theorem 1.4. Let Q) be a bounded domain in R" with C' boundary, and let k : Q x (0,00) — R
satisfy the conditions k1)-k3) of Theorem 1.3. Assume that B+ < 3, and that the condition k5)
holds. Then problem (1.1) has a unique weak solution u € H} (Q)), and u € WIZOZ (Q)NC(Q) for
any q € [1,00), and cdg < u < c’ﬁﬁﬁ in Q, for some positive constants c and c’.

Concerning the case when & is nonidentically zero, our next result shows that the assertion
i) of theorem 1.3 holds under a weaker condition than k4), at the expense of strengthening 13).

Theorem 1.5. Let Q be a bounded domain in R" with C'! boundary, and let k : Q x (0,00) — R
satisfy the conditions k1)-k3) of Theorem 1.3, with B and y satisfying p > 0, v € [0,2) ,and p+ v <
3. Assume also the following condition:

k6) there exist 6 > 0 and By > O such that, for any s € (0,6),k(-,s) > Bis P a.e. in Q.
Let h : Q) x [0,00) — R satisfy the conditions h1) and h2) of Theorem 1.3, and the following

h4) h(-,s) < Bsdg'sP a.e.inQforalls € [0,00),withB; >0,p>1,0<n <p—1if+7y <1
and0 <y <(p-1)5Fif1<p+r<3

Then problem (1.4) has a unique weak solution u. Moreover, u € WIZO’Z (Q)NC(Q) forany g € [1,00),
and there exist positive constants c and ¢’ such that ¢’ 19;5,0 <u< cﬁﬁﬁ in Q.

Remark 1.6. Let us stress that the strength of the singularity, which is the theme in the back-
ground of the present work, needs to be limited if one expects weak solutions in H} (Q).
Indeed, Lazer and McKenna [23] considered the problem —Au = au™ in O, u = 0 on J(),
u > 0 in Q, under the assumptions a € C7 (Q)), minga > 0, « > 0, and Q) a bounded reg-
ular domain. They proved that there exists a unique solution u € C?(Q) N C (Q); and that
u € H} (Q) if, and only if, « < 3. A clear-cut simple condition like that is elusive when the
right hand side of the equation is not in the form au™*; in [21] we addressed such a more
general situation, but still did not consider the case when a spatial singularity is added. This
latter situation is considered in the present work.



Positive solutions to singular elliptic problems 5

The paper is organized as follows: in Section 2, we collect some preliminary results.
Lemma 2.4 is an adaptation of Lemma 3.2 in [22] and states that, under suitable conditions, a
solution in the sense of distributions of an elliptic problem, is also a weak solution in H} (Q).
Remark 2.5 recalls a result, due to Maagli [27], about existence, uniqueness, and behavior near
the boundary, of positive classical solutions of problems of the form —Au = ad,"u=P in Q,
u = 0 on dQ) (for a suitable class of Holder continuous functions a); and Remark 2.7 recalls a
sub-supersolution theorem for singular problems due to Loc and Schmitt [25]. In Section 3 we
prove Theorems 1.3, 1.4 and 1.5, by combining the results of [27], [25], and Lemma 2.4, jointly
with some additional auxiliary results.

2 Preliminaries

1 (Q), we write, as usual, w € (H}(Q))' to mean that wg € L!(Q) for any
¢ € H} (Q)), and that the map ¢ — [, wg is continuous on H} (Q).

For w € L}

Remark 2.1. Let us recall the Hardy inequality (as stated, e.g., in [29, Theorem 1.10.15], see
also [3, p. 313]): There exists a positive constant ¢ such that || 2|, @ S¢ IVl 2 for all
9 € Hy (Q).

Remark 2.2. If € LI (Q) and doyp € L?(Q), then ¢ € L' (Q) for any ¢ € H} (Q).

Moreover, ¥ € (H} (Q2))’ and 19l maqyy < € lldatpll, with c independent of 9. Indeed, for

¢ € H}(Q), from the Holder and the Hardy inequalities, [ |p@| < ||day,|lda e[z <
clldayll2lell Hi(q)» Where ¢ is the constant in the Hardy inequality of Remark 2.1.

Remark 2.3. (See e.g., [10]) A € R is called a principal eigenvalue for —A in (), with homoge-
neous Dirichlet condition and weight function b € L* (Q)), if the problem —A¢ = Ab¢ in Q),
¢ = 0 on 92 has a solution ¢; (called a principal eigenfunction) such that ¢; > 0in Q. Itis a
well known fact that, for any C!! bounded domain Q C R", b € L® (Q), and b* # 0, there
exists a unique positive principal eigenvalue A (b), and its eigenspace V), is a one dimen-
sional subspace of C! (ﬁ) Moreover, for each positive ¢; € V,,, there are positive constants
c1, ¢z such that c1dg < @1 < c2dg in Q). Consequently, |In (¢1)| € L' (Q); and ¢} € L (Q) if,
and only if, t > —1.

The following lemma is an adaptation of Lemma 3.2 in [22]

Lemma 2.4. Let ¢ € L (Q) be such that || € (HL(Q)), and let u € W2 (Q) N C (Q) be a

loc
solution, in the sense of distributions, of the problem

—Au =1 in ().

If there exist constants ¢ > 0 and r > % such that 0 < u < cdf, in Q, then u € H} (Q) N C (Q) N
C (Q), and u is a weak solution of —Au = 1 in O, u = 0 on QL.

Proof. Let ¢ € H} (Q) such that supp (¢) C Q. Then [ (Vu, V¢) = [ p¢. Indeed, let § > 0
be such that supp (¢) C )5, and let {goj}jeN be a sequence in CZ° (Q0) satisfying supp (¢;) C

Q) for all j, and such that {goj}jE]N converges to ¢ in Hj (Qs). Now, Vo, € L? (5, R"), and
50§ = [n, (Vu, V) is continuous on Hg (Qs). Also, [ (Vu,Vg;) = [, ¢; for all j. Then
Jo (Vu, Vo) =limj o0 [ (Vi Vogj) = limj e [, ¥ = [ ¥ -
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For each j € N, let y1; : R — R be defined by p; (s) := 0if s < %, pi(s) := —3j%s® + 14js* —
19s+ 3 if 3 <s <% and p;(s) :=sif ; <s. Then p; € C' (R), pj (s) = 0fors < j, i (s) > 0
for % <s < %,and pi(s) =1for % <s. Also, 0 < pj(s) <sforalls e (O,%).

Let pj (u) := pjou. Then, forall j, V (p; (1)) = (ujou)Vuin D' (Q). Since u € W2 (Q),

it follows that p; (u) € W2 (Q). Since supp (i (u)) C Q, we have y; (u) € H} (Q0). Therefore,

loc

forall j, [ (Vu,V (uj (1)) = [quj(u),ie.,

Au>0} (ﬂ}ou) Vul* = /Qtpyj (u). 2.1)

Now, (;4]/ ou) |Vu|? is nonnegative and lim; e (;4; ou) |Vu|? = |[Vul* ae. in Q, and so, from
(2.1) and Fatou’s lemma, we have

[ vul <timg o [ gy ).

Let ¢; be the principal eigenfunction for —A in ) with homogeneous Dirichlet condition,
and with weight function 1, normalized by ||¢1|,, = 1. Since, for some positive constant ¢/,
u < ¢l in Q, and ¢} € H} (Q), we have pu € L' (Q). Now, lim; e ¢pj (1) = yu in Q, and,
forany j € N, |puj (u)| < |[¢pu|in Q. Then, Lebesgue’s dominated convergence theorem gives

lim/Ql,lJy]-(u):/leu<oo.

j—oo

Thus [, |Vul*> < co,and so u € H' (Q)). As —Au =y in D’ (), u € L® (Q) and y € L (Q),

loc
then the inner elliptic estimates (as stated e.g., in [5], Proposition 4.1.2, see also [20], Theorem

9.11) give that u € C'(Q). From 0 < u < cdg, in Q, and u € C(Q), we conclude that
ueC(Q).Sinceu e H (), u € C(Q),and u =0on 90, we get u € H} (Q)).

As u € Hj (Q)), we have that ¢ — [, (Vu, V) is continuous on Hj (Q2). Therefore, since
C (Q) is dense in H} (Q), and since, for any ¢ € CZ (Q)),

Vu, Vo) = / , 2.2
AR @2
we conclude that (2.2) holds for all ¢ € H} (). O

Remark 2.5. i) Let wy be as in Definition 1.2, « < 1, and p < 2. Let z € C ([0, wo]) be such that
z(0) = 0and [, t17PL; (t)dt < oo, where L; () := exp ( @ds). Let o € (0,1), and let
a € Cf . (Q) satisfy, for some constant ¢ > 0,

%LZ odo <dfa<cL,odq inQ. (2.3)
Then, Theorem 1 in [27] says that the problem

—Au =aqu®* in Q),
u=>0 on dQ), (2.4)
u>0 in O)

has a unique classical solution u € C2 Q)nc (ﬁ) ; and that, for some positive constant ¢/, u
satisfies,
(c’)_19p odo <u<c0,0dq inQ,
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where
1
o wo LZ (S) T—a . _
6, (t) := (/0 5 ds> if p=2,
0, (1) := 115 (L. (1))T% ifl+a<p<2,
1
T2
6, (t) :zt(/ Ls(s)ds> ifp=1+u«,
t
and

0, (t):=t if p<l+a.
ii) Let B > 0, and let v < 2. If in i) we take & := —f, z := 0 (then L, = 1), and p := 7, we get
that the problem
—Av=d;"v P inQ,
v=20 on d(Q), (2.5)
v>0 in )

has a unique classical solution vg, € C* () N C (Q); and that there exists positive constants
¢1 and ¢, such that
Clﬂﬁ,'y S Ul;/y S C219/3,'y in Q, (26)

where 9, is as in Definition 1.2.
Remark 2.6. Let § > 0 and v > 0 be such that g +2v < 3.

i) dpy 70,8 € 12(Q). Indeed, if B+ < 1 then dg, "8,F = d, P77 € L (Q) C [2(Q). If

B+ =1, then dj; 719ﬁ (In (42 ))ﬂEL“’(Q)CLZ( Q). If B+ > 1, then dg, "8, =

By
1-
i 1B _ dg, N (/5+7 ) and, since f+ 27 < 3, —ﬁ (B+7—1) > —1, and so, again in

this case, d 71955 € L2 (Q) (because, for r € R, dy € L? (Q)) whenever 2r +1 > 0).

ii) There exist positive constants ¢ and T > 3 such that 85, < cdf in Q. Indeed, if +7 < 1

then 95, = dq, if +7 = 1 then 85, = doIn () and so, for any & > 0, l9ﬁ7(d1*8)_1 =

2- 7

dgIn (2) € L®(Q); and if B+ > 1, then 8, = d(,” and, 31nce,3—|—2'y<3,1+ﬁ 3

iii) Let vg ., be the solution of problem (2.5) given by Remark 2.5. From i) and (2.6), it follows

1oy —
that dg, "v, b € 12 (Q0).
iv) Let vg, be as in iii). Then, by iii) and Remark 2.2, d;"v /3?/ (H} (Q))/ .

v) Let vg, be as in iii). Since d,"v ﬁg (H} (©)) and since, by Remark 2.5, v5, € C2(Q) N
C (Q), Lemma 2.4 gives that vg, € H} (Q}), and that vg, is a weak solution of problem

(2.5). Moreover, since vg, € L* (Q) and d"v ﬁf € L. (Q), the inner elliptic estimates
give v, € W21 (Q) for any ¢ € [1,00).

loc

Remark 2.7. Let g : Q) x (0,00) — R be a Carathéodory function. We say that w € L] _(Q) is
a subsolution (supersolution) of the problem

—Az=g(,z) inQ (2.7)
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in the sense of distributions, if, and only if: w > 0in Q, g (-, w) € L} . (Q),and [, (Vw, Vg) <

>) [o8 (-,w) ¢ for all nonnegative ¢ € C° (Q0). We say that z € L (Q) is a solution, in the
sense of d1str1but1ons of (2.7) if, and only if, z > 0 a.e. in (), and, fQ (Vz,Vo) = [8(2) ¢
forall p € C* ().

According to Theorem 2.4 in [25], if (2.7) has a subsolution z and a supersolution z (in the
sense of distributions), both in Li>. (Q)) N Wllo’f (Q)), and such such that 0 < z <z in (), and if
there exists ¢ € Li° (Q) such that |g(x,s)| < ¢ (x) a.e. x € Qforall s € [z(x),Z(x)]; then
(2.7) has a solution z in the sense of distributions, which satisfies z < z < z in ().

3 Proof of the main results

Remark 3.1. Let ¢; be a positive principal eigenfunction of —A in ), with homogeneous
Dlrlchlet boundary condition. If r > 1, then ¢} € H}(Q). Indeed, ¢} € L?(Q). Also,
¢t € L?(Q) and [Vg1| € L® (Q), thus V (¢}) € L? (Q).

Lemma 3.2. Let y and p be as in the condition h3) of Theorem 1.3. Then:

p+p c L® (Q)

oY
i) dg, 19[37

ii) If, in addition, p+ 2y < 3, then dg, 9% € [2(Q) and dg, "8," € 12 (Q0).

Proof. i) follows directly from the definition of ¢4, and the facts that < v + p + B when
B+ <1, and that 7 < 7+(p+ﬁ)ﬁ—g when B+ v > 1, and using, when  + ¢ = 1, that
déyIn (42 ) € L*(Q) for any ¢ > 0.
To see the first assertion of ii) note that, by h3) 2(1—n+p) > 0when p+ v < 1. Now,
1- 2 2(1- 2(1- 2
(dg "0% )* = day' ") when -+ < 1, and (dp, "8} )2 = dgy' " (In (42))¥ when B +

v = 1. Thus, in both cases, d}{"ﬂzﬁ € L®(Q) C L2(Q). If B+ > 1, then dl '719;7 =

pp
de, "' and, by h3),

2(1—17+p§:/§>+1>2< (’y+(p+ﬁ)1+g>+p1+g>+1

_3-B—-2v

B+1 > 0.

Thus, again in this case, d '7195 S L% (Q).
. —p o 1 o
Finally, dg, "9," = dﬂﬁ T e L®(Q) C L%(Q) when B+ < 1, and di, 79,7 =

By
- 1-
(In(§2)) Per=)c LZ(Q) when B+ =1. If 4+ > 1, then dg, 719/35 —d, T-PTop and
since 2(1 — 7 — .51+/5) 3;% > 0, we have, again in this case, d;; 719;3,5 el2(Q). O

Remark 3.3. Assume the conditions k1), k3), h1), and h3) of Theorem 1.3. Assume also that
B+ 2y < 3. Then, for any ¢ > 0, k(-,evg,,) and & (-, evg,, ) belong to (Hj (Q))/ Indeed, by k1)
and h1), k (-, €vg,) and & (-, €vp ) are measurable functions, and by k3) and h3),

dok (-, evg,) < e’ﬁBzdi{vvgﬁ < s’ﬁBzc;'sd};”’ﬁ[;i a.e.in Q),

1- 1- :
doh (-, evg,) < e'Badg, ”vgﬁ < e Bschd, ”ﬂfm a.e.in Q.
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Then, by Lemma 3.2, dqk (-,evﬁﬁ) and dah (-,svﬁlv) belong to L2 (Q), and so, by Remark 2.2,

/

k (-, €vg,) and h (-, evg,,) belong to (Hj (Q)) .

Lemma 3.4. Assume the conditions k1), k3), k4), h1), and h3), of Theorem 1.3, and let U,y be the
solution, given by Remark 2.5, of problem (2.5). Then, for any ¢ positive and small enough, €vg ., is a
subsolution, in the sense of distributions, of problem (1.4) and, if in addition, B + 2y < 3, then evg
is a weak subsolution of (1.4).

Proof. By Lemma 3.2 i), there exists a positive constant c; such that d&” 192/7 < cld(_{’l?;ﬁ in Q),

and by Remark 2.5, there exist positive constants c; and c3 such that c20p, < vg, < c3t,

p

in Q). Thus, for some positive constant cy, daqvg < cld(_)'yvgl7 in Q). Then, for any ¢ positive

and small enough, 3¢ #Byd,"v (e P> epBgd /3 in (). By diminishing ¢ if necessary, we can

assume that, in addition, ¢ < min {1, - TorTm 1B1}. By Remark 2.5, vg,, satisfies, in the sense

H ’2
of distributions,

— Avg, =dg 0P in Q. (3.1)
Then, in the sense of distributions,
1 _
—A (evp,) = edgv,h < 5 PBidy v, (32)
<eg /SBld ﬁﬁ — spBng”vzﬁ <k (- evpy) —h(, evg,) inQ;

where, in the last inequality, we have used that, since ¢ < m we have ¢vg, < J in (), and
/Y 110

then, by k4), k (-, evg ) > e_ﬁBld(_ﬁvglg a.e. in Q. Thus, for any nonnegative ¢ € C® (Q)),

(Y (€052), V9) < [k (605,) b (5055)) 9. 3)

and so €vg, is a subsolution, in the sense of distributions, of problem (1.4). Now suppose
B+ 2y < 3. By Remark 2.6 v), evg, € Hj (Q), and by Remark 3.3, k (-, evg,) and h (-, €vg,,)
belong to (H} (Q))". Thus (k (-, evp,) — 1 (-, ev5,)) @ € L' (Q) for any ¢ € H} (Q) and, since
CZ (Q) is dense in H} (Q), it follows that (3.3) holds for any nonnegative ¢ € H} (Q). O

Remark 3.5. Let us recall the following well known result: Let ¢ : Q) x (0,00) — R be a
Carathéodory function such that s — g (x, s) is nonincreasing for a.e. x € (), and consider the
problem

—Au=g(-,u) inQ,

u=20 on d(), (3.4)

u>0 in Q).

Let u € H} (Q)) be a weak subsolution of problem (3.4) and let 7 € H} (Q)) be a weak su-
persolution of the same problem. Then u < % a.e. in (). Indeed, we have, in weak sense,
~Au—1u)<g(,u)—g(-u), u—1u=0o0nd0. Taking (1 — )" as test function, and noting
that (g (-, u) —g(-u)) (u— ﬂ)+ < 0 a.e. in O, we conclude that u < 7.

Lemma 3.6. Assume the conditions k1), k4), h1), and h3) of Theorem 1.3. If problem (1.4) has a weak
solution u € H{ (Q) N C (Q), then v < 3.
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Proof. Let u € Hj (Q) N C (Q) be a weak solution of problem (1.4). For p > 0, let A, :=
{xeQ:dg(x )<p} Since u € C (Q) and u = 0 on 9(), there exists p > 0 such that u < § in
A,. Then, by k4),

k(-,u) > Bidy"u P ae in A,. (3.5)

Let ¢1 be a positive principal eigenfunction for —A in (), with homogeneous Dirichlet condi-
1
tion and weight function 1. Let ¢ > 0, and let ¢ := (plﬁg. Then ¢ € H} (Q) N L™ (Q). Note

that, by k1) and h1), k(-,u) ¢ and h (-, u) ¢ are nonnegative measurable functions, and that,
by h3),
_ 2— 1 ,— _
B () @ = dah (- u) dg'e < Bsdg, " |u]2," |dg'u| |d5le)
< Bs |dall " Jull ! |d5'u [dgle| e in 0;

and so, by the Holder and the Hardy inequalities, (-, u) ¢ € L! (Q). Now, taking into account
(3.5) and that k is nonnegative,

Bl [ dgle< By [ dgu o< [ k(ue (3.6)
o o

< [ ko= /GJV¢+/ u) ¢ < co.

il
Thus [,dy"¢ < oo, therefore [, dQAHZJr'S < co. Then — + % +e>—1,ie,y < % + ¢. Since

this holds for any € > 0, the lemma follows. O

Remark 3.7. Let us mention that, if the following condition k7) holds:
k7) There exists B; > 0 such that, for any s > 0, k (-,s) > Byd,"s P a.e.in Q,

then the conclusion of Lemma 3.6 remains valid when the assumption u € H} () N C (Q)
is weakened to u € H} (Q) N L™ (Q). Indeed, define ¢ as in the proof of Lemma 3.6, and
observe that (3.6) holds with A, replaced by Q).

Proof of Theorem 1.3.. We first prove i). Let vg,, be the solution, given by Remark 2.5, of prob-
lem (2.5). By Lemma 3.4, for ¢ positive and small enough, z := ¢vg, is a weak subsolution
a1
of (1.4). Letz := B, Pvg,. By Remark 3.3, k(-,z) —h(-,z) € (H} (Q))" and so, taking into
1

account Remark 2.6 v), z := B,"" U,y is a weak supersolution of problem (1.4). In particular
z and z are a subsolution and a supersolution, respectively, in the sense of distributions, of
the problem —Au =k (-,u) —h(-,u) in Q). By diminishing e if necessary we can assume that
z < zin Q). Moreover, by (2.6), there exist positive constants ¢; and ¢, such that z > ¢184, and
z < o0, in Q. Thus, for a.e. x € Q and for s € [z (x),z (x)],

k() = (x,8)] < k(2,2 (x) +h (x,2(x))
< Badgy" (x) ¢ P97 (%) + Badg! (x) Bof . (%)
Also, déyﬂﬁif and d,’ 195 belong to Lo (€2). Then Remark 2.7 gives a solution u, in the sense

of distributions, of the problem —Au =k (-,u) —h (-, u) in ), that satisfies z < u < Z a.e. in Q).
Consequently, for some positive constants c¢; and ¢y,

clﬂﬁﬂ <u< CZﬁIM a.e. in Q). (3.7)
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Therefore, |k (-, u) —h (-, u)| < Badg, u=F + Bad"ub < Bzc;ﬁd57ﬁ[;€ + Bachd,"9;  ae. in Q.

Q "py
By Remark 2.6, d}{vﬂgﬁ € L2 (Q) and by Lemma 3.2, d}{"ﬁzﬁ € L2 (Q), then, by Remark 2.2,

k(- u) —h(-u)| € (H(Q))". Also, from (3.7), k(-,u) —h(-,u) € L (Q) and u € L= (Q).

loc

Then, by the inner elliptic estimates, u € leo’g (Q)) for any g € [1,00). Therefore u € C (QQ). By
(3.7), u is also continuous on 9. Then u € C (Q). Notice that (from the definition of 8 ,)
there exist positive constants ¢j, ¢; and 7, such that c;dg < Op,y < c2df, in O, and so, by (3.7),
an estimate of the same kind holds for u. Then, by Lemma 2.4, u € Hé (Q), and u is a weak
solution of problem (1.4). The uniqueness assertion of the theorem follows from Remark 3.5.

Now we prove ii). Suppose that u € H} () N C (Q)) is a weak solution of problem (1.4).
Asu € C(Q),u>0in Q,and 0 < k(-,u) < Byd,"u"F, we have k(-,u) € L (Q). Also
h(-,u) € L2 (Q). Therefore, by the inner elliptic estimates,

loc

ueC(Q)NW2(Q) forany g e [1,00). (3.8)

loc

Note that, by Lemma 3.6, 7 < 2. By Lemma 3.4, for ¢ positive and small enough, evg , is a
subsolution, in the sense of distributions, of (1.4). For s > 0, let g(-,s) := k(-,s) —h(-,s).
Then

—A(u—evg,) >g(,u)—g(,evp,) inD(Q); (3.9)
and, by (3.8) and Remarks 2.5 and 2.6, u — vz, € C (Q) N W, (Q) for any g € [1,00). Then,
from (3.9), using a suitable family of mollifiers {¢.},.,, we get

—A(u—evg,) >g(,u)—g(,evp,) ae inQ. (3.10)

Let us see that the openset V := {x € O : u (x) < evg, (x)} is empty. By way of contradiction,
suppose V # @. From h2) and k2), s — g (+,s) is nonincreasing a.e. in (), and then (3.10) gives
that —A (u — evﬁ,,) > 0 a.e. in V. Moreover, from u — evg, € C (ﬁ) and u — evg, = 0 on d(),
it follows easily that u — evg, = 0 on dV. Then, by the Aleksandrov maximum principle, (as
stated, e.g., in [20], Theorem 9.1), u > VB in V, which is impossible. Therefore, as stated,
V =@, and so

u>evg, in Q. (3.11)

On the other hand, from the definition of vg ,, k3), and h2),

and so —A(B, " vg, —u) > g(-, B, "vg,) — g (-,u) in D' (Q), which gives
N N
—A (Bz“’3 Vg — u) > g (-,BZH’“]'vl;ﬁ) —g(,u) aeinQ.

1
Proceeding exactly as in the above proof of V = & (with u and evg , (x) replaced by B, " vg,
- 1
and u, respectively) we get that V := {x € Q: B,"vg, < u} is empty, and consequently,

1

u<B,"vg, inQ. (3.12)
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Thus, taking into account (3.11) and (3.12), by Remark 2.5, there exist positive constants c; and
¢o such that
clﬁﬁﬁ <u< 02195,7 in Q. (3.13)

In order to conclude the proof we take u as test function in problem (1.1), to get [ Bad u! P <
fokCouw)u= [|V ()] + [y (-, u) u < co. Let us consider the three possible cases.

Case B+ v < 1. Since ¢y < %wehave,[%+2'y:ﬁ+'y—|—fy§1+'y<3.

2—y
Case B+ > 1and B < 1. In this case, by (3.13), d,"ul # > ¢~ Pag 719[13 P—cl7Pdg 7d(1 P

in Q. Since [, dq"u'"F < oo we get that ’y+(1—ﬁ)m -1, 1ie, ,B+2’y<3

Case B+ > 1 and p > 1. Here we have, by (3.13), d,"ul " > (¢")' P, 7192 ,Yﬁ in O and so,

as in the second case, we get g + 2y < 3. O

Proof of Theorem 1.4. Assume B+ ¢ < % Let ¢ and E be given by k5), let mg := infg, (), and
let Ag and ¢ be the principal eigenvalue and the positive principal eigenfunction respectively,
for —A in ), with homogeneous Dirichlet condition and weight function mgxg, with ¢ nor-
malized by ||¢r|, = 1. Let e € (0,min{5,A;'}), and let z := egr. Then z € W>7 (Q) for any
g € [1,00) and thus, in particular, z € C (5) Also,

— Az = eApmoxepe < moxe <k (-,;) in D’ (Q) . (3.14)

By the properties of the principal eigenfunctions (see Remark 2.3) there exist positive constants
¢1 and ¢, such that c1dg < z < c2dg in Q). Let vg, be the solution, given by Remark 2.5, of

1
problem (2.5), and let z := B, " U~ By diminishing ¢ if necessary, we can assume z < Z in
Q). As in the proof of Theorem 1.3, Remark 2.7 applies to obtain a solution u, in the sense of
distributions, of the problem —Au = k (-, u) in Q), such that z < u < zZ a.e. in Q). Then, for some
positive constants ¢ and ¢/, cdg < u < ¢/ 0, a.e.in Q). Asin the proof of Theorem 1.3, we have

uc WIZOZ (Q)NC(Q) forany g € [1,00). Note also that, by k3), dak (+,z) < Bzﬁ;ﬁd};%ﬁ a.e.in
Q, and so, since d}{%ﬂ € L?(Q) (because B+ < 2), Remark 2.2 gives k (-,z) € (H} (),
and so, as in the proof of Theorem 1.3, using Lemma 2.4, we get u € Hé (Q), and that u is a
weak solution of problem (1.1). Finally, the uniqueness of the weak solution u is proved, as in

Theorem 1.3, using Remark 3.5 . O

Remark 3.8. Assume the hypothesis of Theorem 1.5, and let # and p be as in the condition /4)
there. Then, n < p—1if <1,and 5 < 2 1fﬁ> 1. Indeed, 1fﬁ+'y< 1,theny <p—-1

1ﬁ
IfB<land B+ > 1, theny < (p—l)? g — 1 (because 3= 1+ﬁ <1when g+ >1). If
2—y

<p
p>1,thenp+vy>1andson <(p—1) 335 < (+ﬁ)

Lemma 3.9. Assume the hypothesis of Theorem 1.5, and let y and p be as in the condition h4) there.
Then:

i) dp, "0%, € L2(Q).
ii) dodyh € L2 ().

ii) 19p+5d Tel®(Q).
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Proof. To see i), note that, by h4), 1 —#n +p > 0 when B < 1. If < 1 then dl ’71920 = d1 P e

L™ (Q) C L2 (Q). If,B—lthendl T9hy =dgp T (In (42))7 € L¥(Q) € L2(Q). If > 1 then
dg '71950 —d S and, by h4), 1 — 17—}—1 B> 1— (5 2p 5))—{—1 5 > 0. Therefore, again in
€ L®(Q) C L?(O).

this case,d b
To prove ii), observe that dndyh = di " € L®(Q) when B < 1, and that dyh =

B0
B0

1-prip

(In (%))_1 € L®(Q) when B = 1. Note also that, if B > 1, then dnd,> = de and

B,0
2(1- B125) +1= 35 > 0. Then dn 8§ € L(Q) C L2(Q) when g > 1.

To see i), note that 8 1%d," = d," ™" when B < 1, and 8%fdg" = d"" " (In (52))""

when B = 1. Since, in both cases, p+ 8 -1 > B+ 1 > 0, we obtain ﬂl’;gﬁd Tel*Q) c
_ 2

L% (Q) when B < 1. If B > 1, then ﬁggﬁd T = dQH(Hﬁ)”ﬁ nd, by h4), —n + (p + B) ﬁ >

O

—(2(1%;)) +(p+B) ﬁ =2 > 0. Thus, again in this case, ﬁggﬁd TelL®(Q)cL*(Q).

Lemma 3.10. Assume the hypothesis of Theorem 1.5 and let 17 and p be as in the condition h4) there.
Let B and D be positive constants, let F : Q) x (0,00) — R be defined by

F(.,s):=Ds #—Bd,'s?, (3.15)

and let vg g be the solution, provided by Remark 2.5, of problem (2.5) taking there v = 0. Then, for €
positive and small enough, €vg  is a weak subsolution of the problem

—Au=F(,u) inQ,
u=20 on 0Q), (3.16)
u>0 in Q.

Proof. Note that, for x € Q and s > 0, F(x,s) = Ds P — Bd," (x)s? > 1Ds P whenever
sPTP < IB7Dd] (x). Let Q := B~!D. Then

_n
F(x,s) > %Ds’ﬁ for x € Qand s € (0,Q77d}” (x)). (317)

By Remark 2.5, vg g < 1040, with ¢; a positive constant. By Lemma 3.9, there exists a positive
constant ¢, such that 19245/3 d.7 < ¢y in Q. Then, for e > 0,

(evﬁlo)ﬁﬁ < (ecy)"P cdl in Q. (3.18)

Thus, from (3.17) and (3.18), we have, for € positive and small enough,

F (- ev50) > % D (ev50) * inQ. (3.19)

We have also, for some positive constant c,
|F (., evﬁo)‘ < De~ ﬁvﬁg+B£de Vo < € (%g%—da 19!30> in Q,

the last inequality by Remark 2.5. By Lemma 3.9, dQl?ﬁg € [2(Q) and dj, '719;0 € L2(Q).
Then, by Remark 2.2,
F (- evp0) € (Hy(Q))" (3.20)
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By diminishing ¢, if necessary, we can assume that ¢ < 1De~# Then (3.19) and (3.20) give that
evp, satisfies, in weak sense,

[cle — A (evgo) = ev;,g < %D (evp)) P<F (- evgo) inQ,
evpo =0 on dQ). O

Lemma 3.11. Assume the hypothesis of Theorem 1.5 and let ny and p be as in the condition h4) there.
Then:

i) dg, 7955 € L2 (Q)).

ii) d1 '7‘957 €L?(Q).

Proof. To prove i), observe that dl_vﬂﬁg = d1 P~7 when <1 and that2(1-f—79)+1>0

(because B+ < 3). Then dgy mﬁg € I2(Q) when p < 1. If B = 1, then dp, "0, =

dg" (In (%))_1 and 7 < 3 — B = 3. Therefore, since (In (ﬂ))_1 is bounded, we obtain that
- 1—r—Brip
diy "955 € L2 (Q) when p = 1. If f > 1 thendyy "0,8 =dgy | 7 and 2(1—y — BiZg) +1 >
2(1— (3 - B) —BiZ) +1 =257 > 0. Thus dg, "6, § € L*(Q) when B > 1.
To prove ii), note that, by 4),2(1 —n+p) +1>2(1—(p—1)+p)+1 > 0when g+ < 1.

Then, taking into account that dl ”ﬂg = d};“p when B+ < 1, and that dl ok =

By
dg;, " (In (—)) when B+ 7 = 1, we conclude that dg; ’719;7 € L2(Q) when B+ < 1. If

1- ’7+p1+,5

p
5_51

- 2 2 329 +7
2(1—17+p1+g>+1>2<1—(p—1)ﬁ+1/+p1+g>+1:m

1 5+4
>———(36—-2(=— +7) = >0
s (3-2(3-8) +7) = 5
and so, again in this case, d '7195 ) € L2 (Q). ]
Proof of Theorem 1.5. Let By, Bs, 1, and p, be given by k6) and h4). Let vp,, be the unique
classical solution (given by Remark 2.5) of problem (2.5). Let F be defined by (3.15), taking
there D such that 0 < D < Byinf (d,") and B = Bs; and let ¢ > 0 be small enough such

that evgp is a weak subsolution of problem (3.16). Then u := €vgy is a weak subsolution of
problem (1.4). Since B +2y < B+2 (3 — B) =3 — B < 3, by Remark 2.6, vg,, € H} (Q), and
1

B+ >1thend "8 and, by h4),

—_

U,y is a weak solution of problem (2.5). Note that 7 := B;Tﬁ U,y is a weak supersolution of
problem (1.4), thus, by Remark 3.5, u < u in (). Also, by (2.6), there exist positive constants c;
and c; such that u > c18g0 and u < 204, in Q. Then, for a.e. x € Q and s € [u (x),u (x)],

[k (x,8) = h(x,8)| < k(x,u(x)) +h(x,7(x))

< Bodgy" (x) ¢ P91 (x) + Badyy” (x) b0l (%)

Since d;{*ﬁgﬁ and d;{*ﬁgﬁ belong to Li°. (Q2), Remark 2.7 gives a solution u, in the sense of
distributions, of the problem —Au =k (-,u) — h (-, u) in (), that satisfies u < u < u in Q). Then,
for some positive constants c; and ¢y,

clﬁﬁ,() <u< czﬁﬁﬁ a.e. in Q. (3.21)
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Therefore, |k (-,u) —h (-, u)| < Badq"u=F + BsdquP < Bzclfﬁd(_ﬂﬁg’g - Bgcgdaﬂl‘)g7 a.e. in Q.

By Lemma 3.11, d~0.F € 12(Q) and d~"8° ¢ [2(Q); then, by Remark 2.2,
y a Yso Q "By y

k(-,u) —h(-,u)| € (H(Q))". Also, from (3.21), we get k(-,u) — h(-,u) € L2 (Q) and

loc
u € L*(Q)). Then, by the inner elliptic estimates, u € WIZO’Z (Q)) for any g € [1,00). There-
fore u € C(Q)). By (3.21), u is also continuous on Q). Then u € C (Q). Notice that, by the
definition of 0,4, there exist positive constants ¢» and T, such that Op < Cdf, in ), and so,
by (3.21), u < ¢'df, in Q) for some positive constant ¢’. Then, by Lemma 2.4, u € Hé (Q), and
u is a weak solution of problem (1.4). Finally, the uniqueness assertion of the theorem follows

from Remark 3.5. O
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