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Abstract. In this paper we consider the existence of antisymmetric solutions for the
quasilinear defocusing Schrodinger equation in H!(RN):

—Au + gumﬂ +V(x)u = g(u),

where N > 3, V(x) is a positive continuous potential, g(u) is of subcritical growth
and k is a non-negative parameter. By considering a minimizing problem restricted
on a partial Nehari manifold, we prove the existence of antisymmetric solutions via a
deformation lemma.
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1 Introduction and main results

In this paper we are interested in the existence of antisymmetric solutions in H'(RY) for the
modified quasilinear Schrodinger equation

k
— Au+ EuAuz +V(x)u=g(u) inRY, (1.1)
where V : RN — (0,00) is a continuous and positive potential function, ¢ : R — R is a
continuous and subcritical function, k > 0 is a parameter. The existence of solutions for (1.1)
is closely related to study of standing waves w(x,t) = u(x)e E)/" for the superfluid film
equation arising in the plasma physics (see [9]),

ihdw = —Aw + W(x)w — h(|w]?)w + gwsz, (1.2)

where W(x) is a given potential and h(u?)u = g(u) is a real function. So, w(x,t) will be a
such solution of (1.2) if and only if u(x) solves equation (1.1) with V(x) = W(x) — E.
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For the case k = 0, equation (1.1) becomes a semilinear Schrodinger equation. The exis-
tence of positive ground states or least action nodal solutions for the semilinear Schrodinger
equation has been studied widely, we refer the readers to [3,8,24,26] and the references therein
for the literature on nodal solutions of the semilinear Schrodinger equation.

For k = —1, the modified quasilinear Schrodinger equation has received a lot of attention.
The appearance of the quasilinear part uAu? makes the problem much more complicated, it is
quite difficult to study the associated energy functional directly in the Sobolev space H'(IRN)
and requires one to develop new techniques to apply variational methods. The existence
of a positive ground state solution of equation (1.1) has been proved in [16] and [25] by
introducing a parameter A in front of the nonlinear term. In [17], by a change of variables,
the authors studied the quasilinear problem was transformed to a semilinear one and the
existence of a positive solution was proved using the Mountain-Pass Lemma in an Orlicz
space. Different from the change of variable methods, in [20] the authors introduced new
perturbation techniques and also proved the existence of solutions for a new kind of critical
problems for the modified quasilinear Schrodinger equation in [21].

The existence of sign-changing solution is an interesting topic i.e. looking for solutions
u with ut,u~ # 0, where u™(x) = max{u(x),0} > 0, and u~ (x) = min{u(x),0} < 0,
x € RN. In [18] the authors proved the existence of sign-changing ground state solution for
(1.1) with k = —1 and g¢(s) = |s|F2s, s € R with 3 < p < 22* — 1, that is, ¢ having subcritical
growth (22* plays the role of critical exponent here), and V is a continuous function such that
0 < Vo = infgy V(x) < im0 V(x) = Voo with V(x) < Voo — A/ (1 + |x|™), for [x| > M, for
some real constants A, M, m > 0. The perturbation arguments in [21] was successfully applied
to study the existence of multiple nodal solutions for a general class of sub-critical quasilinear
Schrodinger equation in [19].

Also, we would also like to mention [10, 11,13, 15, 18] and references therein for some
recent progress of the study of the quasilinear Schrodinger equation for k < 0. However, in
[12,14], the nonlinearity g is permitted to behave in a critical way, under the more restrictive
assumption that V' is symmetric radially positive and differentiable continuous function with
V'(r) > 0 for r > 0. Their approach was based on Mountain Pass Theorem on Nehari
manifolds.

But, for the case k > 0, it seems that there are few work about this type of problems.
The existence results of solutions, we like to mention [1] and the existence of sign-changing
solutions, we like to mention [2].

The existence of T-antisymmetric solutions, in [5] and [6], the authors proved existence of
T-antisymmetric solutions for the problem

—Au+V(x)u=g(u) inRN,
by considering the limit problem
—Au+ Veou = g(u) inRV,
In [7], the authors showed the existence of T-antisymmetric solutions for the system
{—Au+u: |u|??~2u + B(x)|o|P|u|P~2u,  in RN,
—Av + w?v = [0|?P 720 + B(x)|ulP|v|P~%v, in RN
under suitable assumptions by considering the limit problem
{—Au—l—u: |u|?P~2u + Boo|v|P|u|P~?u,  inRN,
—Av + w?v = [0|*P 720 + Boo|u|P|v|P~20, in RV,
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and other additional conditions.

However, for the case k # 0, it seems that the existence results of solutions of T-antisymmetric
solutions to equation (1.1) has not been considered yet. Thus the aim of the present paper is
to study the existence of T-antisymmetric solution for a quasilinear defocusing Schrodinger
equation.

To state the main results, we may assume that the potential function V is continuous such
that V(x) >V > 0 for all x € RN, and:

(V1) V(tx) = V(x), where 7 : RN — RY is a nontrivial orthogonal involution that is a linear
orthogonal transformation on RN such that T # Id and 72 = Id;

(Va) Vis 1-periodic in x;, 1 <i < N;
(V3) V is radially symmetric, i.e. V(x) = V(|x|) and V € L®(RN);
(Vi) limyy e V(x) = 0.
The nonlinearity g is supposed to satisfy:
(G1) g € C(R,R) is such that g(0) = 0 and odd;

(G2) limy 0 @ =0 and limsupy,_,, rf‘(% < oo for some q € (2,2%);

(Gs) 0 <6G(s) <sg(s),s # 0 for some 2 < 6 < 2*, where G(u) = [ g(t)dt;

(Gy) t+— %, t > 0 is non-decreasing for some p > 1.

Our principal result shows the existence of a T-antisymmetric solution, that is u satisfies
(1.1) and u(tx) = —u(x).

Theorem 1.1. Suppose that (V1) holds and one of (V2), (V3) and (Vy) is satisfied and the conditions
(G1)—(Ga) hold. Then there exists ko > 0 such that for each k € (0,ko) equation (1.1) has at least one
T-antisymmetric solution u € H'(RN) N L*(RN) with

1/2
o 1 1 8
< — h = 4———/=+-1/8 . 1.3
;relﬂz%ﬁ|u(x)|_ﬁ where o [( ; p2+p>/] (1.3)

The antisymmetric solution found in Theorem 1.1 minimizes the energy functional among
all possible solutions for (1.1), and so we can call it the least action antisymmetric solution.

This work contributes to the literature of modified quasilinear defocusing Schrédinger
equation in the two senses: on the hand, we found an T-antisymmetric solution instead of a
limit problem, we used several different conditions of the function V; on the other hand, we
just need the function g to be continuous, so we can not use directly Ekeland’s variational
principle.

The paper is organized as follows. In Section 2, we introduce the variational framework
for the quasilinear defocusing Schrodinger equation. In Section 3, establishing some auxil-
iary lemmas and build a homeomorphism between sphere and Nehari manifold. Finally in
Section 4, we prove the existence of T-antisymmetric solution for (1.1) with subcritical growth
and obtaining a L*-estimate.



4 J. S. Gamboa and |. Zhou

Notation

We will use the following notations frequently:

e C, Cy, Cq, Cy, ... denote positive (possibly different) constants.

e Br denotes the open ball centered at the origin with radius R > 0.

e C°(RYN) denotes functions infinitely differentiable with compact support in R.
e Forl <s < oo, LS(IRN ) denotes the usual Lebesgue space with the norms

s 1/s
’u|5::</IRN|u|> , 1 <5< oo
|tt]eo := inf{C > 0 : |u(x)| < C almost everywhere in RM}.

e H!(IRYN) denotes the Sobolev spaces with usual norm

1/2
lulli2 == (IVulz +ul) ™.

e The weak convergence in H!(RY) is denoted by —, and the strong convergence by —.

2 The modified problem

Formally, this equation has a variational structure, that is, by considering

1) =5 [ A=KuP)VuP+5 [ vlP- [ G,

a function u € H*(IRYN) is said to be a weak solution of equation (1.1) if it satisfies

/RN(1 —k\u|2)Vquo—k/]RN |vuy2u(p+/RN V(x)ug :/ 2()o

IRN

for all ¢ € H'(RVN), which means (I'(u), ¢) = 0 for all ¢ € H'(RN).
First, we point out that, under the hypothesis V(x) > V; > 0 for all x € RY, the subset

E— {u e H®RY) | [ V() < oo}
R
is a closed subspace of H!(RN). Moreover,

lullt = [ 1VuP+ [ v

defines a norm on E. However, the presence of the second order nonhomogeneous term
uAu? prevents us to work directly with the functional I, because it is not even well defined in
general in H!(RN).

In order to prove the main results, we first establish the existence of nontrivial solution for
a modified quasilinear Schrodinger equation. More precisely, we will show the existence of
sign changing solutions for the following quasilinear Schrodinger equations

— div(I(u)Vu) + L)' (u) | Vul> + V(x)u = g(u), x € RN (2.1)

with I(t) = V1 —kt2 for |t| < o/v/k for k > 0, where V : RN — R is a continuous function
and ¢ > 0 was chosen in (1.3). Clearly, when I(t) = v/1 — kt?, we derive that (2.1) turns into
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(1.1). Then, by using Morse type L*-estimate, we will prove that there exist ko such that for all
k € [0,ko) the solution found verifies the estimate maxgy |u| < /v/k. After that, we conclude
that the solutions obtained are solutions of the original equation (1.1).

For the equation (2.1), we will consider [ : R — R defined by

V1 —kt?, 1f0<t<f,
I(t) = o3
(t) vk },ft>”,
ktv1— 02 vk
and I(t) = I(—t) for all t+ < 0. So, it follows from the choice of ¢ = ¢(p) > 0 for p > 1 in
(1.3) that I € C}(RR, (1/1/p,1)) is an even function and it increases in (—oo,0) and decreases
n [0, +0).
Note that (2.1) is the Euler-Lagrange equation associated to the energy functional

=3 [ B@IVuP g [ vk - [ 6w 2
for |u| < o/ k.

In the sequel, we will prove the existence of nontrivial antisymmetric critical points u
of (2.2) satisfying sup_ gn |u(x)| < o/Vk. This means that it is a nontrivial antisymmetric
solution of (2.1) with I(u) = v/1 — ku?, and so, a nontrivial antisymmetric solution of (1.1) can
be got from the function I.

In what follows, we set

uﬂzéﬂwﬁ, teR.

By a simple computation, we see that the inverse function L~1(t) exists and it is an odd
function. Moreover, it is very important to note that L, L~! € C?(R). The lemma below shows
some important properties of the functions ! and L~ that will be used in the later part of the

paper.
Remark 2.1. From assumption (Ga), if p» > p1 > 1 and g(t)/# is non-decreasing, then

g(f) /1 is non-decreasing as well. Thus, if g(t)/t° is non-decreasing for some p > 1, we can
assume that p is sufficiently close to 1, satisfying

1 1 8 8
44 —-—+4/5+—-—>— and 2<2,/p<6. (2.3)
o 2T P ve

Throughout the paper, we need the following lemma. Its proof can be found in [1] and [2].

Lemma 2.2. The functions | and L' satisfy:

(1) lim;_o L ( ) — 1;

(3) /ot SUNESL(t) Standt < L7Y(t) < \/pt, forall t > 0;

(5) L2045 04s increasing for § > 1 and non-decreasing for § =1,

g, b > 0is decreasing for p > 1 close to 1 and L ( L, t>0is non-decreasing.
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Now, changing variable by
u
v=1L(u)= / I(s)ds,
0
we can observe that the functional I; can be rewritten in the form
_1 2 1 ~1(,\[2 -1

o) =5 [ VolP+3 [ VEILT@F- [ 6L @),

From Lemma 2.2, J; is well defined in H!(RN) and J; € C'(H!(RN), R) with

-1 -1
Gh9) = [, |Vovo + V@i ose - S ) 24

for all v,¢ € H'(RV).

Lemma 2.3. Ifv € H'(RY) is a critical point of J;, then u = L~'(v) € H'(RN) and additionally it
is a weak solution for (2.1) if sup, gy |u(x)| < o/ Vk.

Proof. See [2]. O

The following embedding result plays an important role in showing that the minimizing
function on the partial Nehari manifold are non-trivial functions.

Proposition 2.4. The function L~ is such that:
1. the map v — LY (v) from (E,|| - ||g) to (LS(RN), | - |s) is continuous for 2 < s < 2*.

2. under (Vy), the above map is compact for 2 < s < 2*, and under (V3) with N > 2, this map is
compact for 2 < s < 2%,

Proof. See [2]. O

3 Auxiliary results
Before stating the auxiliary results, let us point out some consequences of our hypotheses.
Remark 3.1. From assumption (G;), there exists ¢ > 0 such that

gt <eltP+clt]”T VteR
for each € > 0 given.
Remark 3.2. From assumption (G3), there exists a constant K > 0 such that

G(t) > K|t|® forall |t| > ¢

for each 6 > 0 given.

After these, let us associate to the functional [, the Nehari manifold

N ={v e E\{0} | (Ji(v),v) = 0}.

In order to find T-antisymmetric solutions, we look for critical points of the functional J; on

NT={veN|v(tx)=—v(x)} CN.
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The involution T on RY induces an involution T, : E — E given by

Tz(v(x)) := —o(7(x)).

We denote by E™ := {u € E : T-(v(x)) = v(x)} the subspace of T-invariant functions of E, we
have

NT=NNE".

Now, we are going to introduce the differentiable continuous function £ : [0,00) — R by
setting h{(t) = Ji(tv), that is,
1 1
Uipy e - 2, 2 -1 2 _ -1
HOESE /IRN £Vl + /IRN V(x)|L7 1 (t0)] /IRN G(L (o)),

for each v € E with v # 0.
Lemma 3.3. Assume that (G1)—(Gs) hold. If v € ET with v # 0, then there exist x > 0 such that

{Jk(av),0) =0,
that is, vv € N7, and « € (0,00) is a critical point of h.

Proof. It follows from the definition of i, that

ohl(t) B L~ Y(tv) g(L71(tv))
T t/RN Vol + /IRN V) () ° ~ /RN L (k) ”

= (Ji(tv),0).

So, it follows from Remark 3.1 and (3) of Lemma 2.2, that

-1
(Ji(tv), tv) > #* /1RN Vol - RN w

-1 2 -1 q
o [ vop— [ LR all o
RN RN V1/p|L=1(tv)|

> 2|Vof} — pef[of} — y/p'cet[ol!,

to

which means there exists t,, > 0 sufficiently small such that

Ullc(tmv), tmv> >0,

since g > 2.
On the other hand, it follows from Hypothesis (G3) that

—1 -1
(Ji(tv), to) < /]RN Wz;|2+/]RN V(x)M(tv) -6 s I(Lﬁ(év))(iv)l)(tv) (tv).

Set 4 > 0 such that the set

A={xeRY; |o(x)| >} c RN

is not empty. By Remark 3.2; [(t) > 1/,/p, t > 0; and (3) of Lemma 2.2, we get

(JL(t0), 1) < P2 /1RN|VU|2+\@t2/]RN V(x)vZ—OKte/A|v|9
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for t > 0.
As a consequence, we obtain t); > 0 sufficiently large such that

(Je(tmo), tmo) <0,
since 6 > 2. Hence, the lemma follows from intermediate value theorem. O
Lemma 3.4. If v € N and (Gy) hold, then

oh} ohy
8t<>>0 foro<t<1, atk(t)<0 fort>1,

In particular, hi(t) < h(1) = Jx(v) for all t > 0 such that t # 1.

Proof. By the facts of | being even and L odd, it is sufficiently to prove the case of that v > 0.
First, it follows from (3.1) that

() Vof? SL(r) VL) ] .
o ‘tp{/m 1 ‘/w[< f0)) (f0)? ‘1<L—1<tv>><tv>9]z’p }

Now, by using (Gs), (5), (6) of Lemma 2.2, and the monotonicity of /, L~!, we obtain

g(L7'(tv))  V(x)L™'(to)
)P I(L=1(t0))(to)P

P 1 L1(tv)
o }Z(L*(tv)) V) T 0)) (roe

for 0 < t < 1, and in a similar way, we obtain

gL (to))  V(x)L7l(t) _ g(L7M(v))  V(x)L7'(0)
I (ko)) (bo)f I(L= (ko)) (t0)f ~ I(L7H(0))(0)P KL (0))()f

fort > 1.
So, it follows from above informations, and the hypothesis v € N, that

ohy ony
S E(t) >0 for0<t<1, and W(t)<0 fort > 1. (3.2)
That is, h{(t) < k(1) = Jx(v). So, the lemma is proved. O

It follows from above informations, that:

Remark 3.5. If v € NV, then 1 is an unique critical point of K.
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Remark 3.6. If v € E with v # 0, then the critical point & = &, € (0,40c0) of h{, given by
Lemma 3.3, is unique.

In fact, by Lemma 3.3 there is « > 0 such that « is a critical point of /}. Finally, assume
that &1 and a; are two critical points of i}, then

1% .
” (10) = apo.

Since wyv € N, then by the Remark 3.5, we have ay/a; = 1, and so a1 = .

The following two lemmas are important to prove our theorem, the proofs can be found
in [2]

Lemma 3.7. Assume that V is continuous such that V(x) > Vo > 0 for all x € RN and (G;)—(G3)
hold. Then:

(i) forallv € N, we have

o) = S ([ 1o [ vl ef),

(ii) there is v > 0 such that

/ |Vv|2+/ (0)* >, forallve N.

Lemma 3.8. Assume the same hypotheses of Lemma 3.7, and (vy,) being a sequence in N'. Then

liminf | |L7Y(v,)|%dx > 0

n—oo RN
for some q € (2,2%).

Remark 3.9. By Lemma 3.8 and (3) of Lemma 2.2, there exists a constant ; > 0 such that

| lenl =7 > 0.

Lemma 3.10. Assume that (Gs) hold. If V C ST is a compact subset of ET, then there exists R > 0
such that Jy < 0on (RTV)\ Br(0), where ST := {u € EY; ||u|g = 1}.

Proof. Arguing by contradiction, suppose there exits u, € V and w, = t,u, such that [, (w,) >
Oand t,;, — coas n — oo.
By the definition of J; and (3) of Lemma 2.2 have

Jetaon) < Bllnlle = [ G1L7 wn) =58~ [ 6L wn).

Using (Gy), we have t — gj—(ﬁ, t > 0 is non-decreasing for some p > 1 and

G(L Y (w))

T — oo uniformly in x as |w| — . (3.3)
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Passing to a subsequence, we may assume that 1, — u € S™. Since |w,(x)| — oo if u(x) # 0,
it follows from (3) of Lemma 2.2, (3.3) and Fatou’s lemma that

G(L™ (wn)) _ [ G(L™'(wn))uy
e “ e

t2 w2
~1 -1 2
e
Hence
0 < Je(wy) < £ [g - /IRN G(L ;%(wn»] L
a contradiction. ]

Recall that S is the unit sphere in E and define the mapping m : S — N by setting
m(w) := tyw,

where f, is as & in Lemma 3.3. Moreover, ||m(w)| g = ty.
Recall that S” is the unit sphere in E7, and consider the mapping m™ : ST — N7 by setting

m® = m|g.

We shall consider the functional

P (w) = Jx(m*(w)).

By Lemma 3.3, Lemma 3.4, Remark 3.5, Lemma 3.7 and Lemma 3.10, we have the following
two lemmas, similar to the results in [23].

Lemma 3.11. The mapping m" is a homeomorphism between ST and N7, and the inverse of m™ is
given by (m%) 1 (u) = %

= Tuller
Lemma 3.12.
(1) yf € CY(S",R) and

() (w), 2) = [lm" (w)|[e(Jp(m" (w)),z)  forall z € Ty(S7) C E".

(2) If (wy) is a Palais—Smale sequence for f, then (m™(w,)) is a Palais—Smale sequence for Ji. If
(un) C N is a bounded Palais-Smale sequence for Ji, then ((m%)~1(uy,)) is a Palais-Smale
sequence for Pf.

(3) wis a critical point of Y if and only if m™(w) is a nontrivial critical point of Ji|g=. Moreover, the
corresponding values of P and Ji coincide and infs- P{ = infpre Jy.

(4) If Ji is even, then so is i].



Antisymmetric solutions for a class of Schrodinger equations 11

4 Proof of Theorem 1.1

Now, we are ready to prove Theorem 1.1 by applying the auxiliary results in Section 3.
Proof of Theorem 1.1. It follows from Lemma 3.7 that there exists cg > 0 such that

= inf .
c wler}\fT ]k(w)

Moreover, if 1y € N satisfies Ji(19) = co, then (m7)~!(up) € ST is a minimizer of ¢{ and
therefore a critical point of ¥, so that ug is a critical point of J; in E* by Lemma 3.12. We
will show that there exists a minimizer v € N'T of Ji|x~. By Ekeland’s variational principle
[27], there exists a sequence (w,) C ST with {(w,) — co and (¢f) (w,) — 0 as n — co. Put
u, = m*(w,) € N7 for n € N. Then Ji(u,) — co and J;(u,) — 0 as n — oo by Lemma 3.12 (2).

Claim: (u,) C ET is bounded.
In fact, assume by contradiction that ||u,|| — +oo up to subsequence, that is,

LIVl [ V2 = = .

So, at least one of the two terms goes to infinity. If

1/2
</N]Vun]2> — 00,
R

it would follow from Lemma 3.7 that

0—2
Jitn) = =V [V e,

which is a contradiction, because (Jx(u,)) C R is bounded. Now, if

/ V(x)u2 — oo,
RN

then it would follow from Lemma 3.7 again and (3) of Lemma 2.2, that

i) = T2 [ VI ()

L 0-2yp

3 o V(x)u2 — oo,

which is a contradiction again. Hence u,, — v after passing to a subsequence.
Claim: v # 0 and J;(v) = 0in ET.
If (V,) is fulfilled, then let y, € RN satisfy

/ usdx = max/ ubdx.
Bi(yn) YyERN JBy (y)

Using once more that Jy and A7 are invariant under translations of the form u — u(- —k)
with k € ZN, we may assume that (y,) is bounded in RN. If

/ uldx — 0 asn — o, 4.1)
JB1(yn)
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then u, — 0in LP(RN), 2 < p < 2%, by Lemma 1.21 in [27]. From Proposition 2.4 and (Gy),
we infer that
g(L_l(”n))”nd

RN (L (1)) x = o(|lunle)

as n — oo, hence

lun Up -1 Un))Un
—/ |wn|2+/ f“um ol

and therefore ||u,||g — 0, contrary to Lemma 3.7. It follows that (4.1) cannot hold, so u, —

v#0and J;(v) =
Suppose that (V3) or (V4) is satisfied. Then it follows from Proposition 2.4, that

L™ uy) — L™ Yv) in LY(RN) for all y € (2,2%).

Then by Lemma 3.8, we conclude that v # 0 and J;(v) = 0 in E7.
Hence, we conclude that v € N7 is a critical point of J; in E*. Now we will show that
Jx(v) = co. By Lemma 2.2, Fatou’s lemma and since (u,) C ET is bounded,

o +0(1) = Ju(ua) — 5 (o) )

= 2/ [V, Pdx + 5 / Mn)|2dX—/]RN G(L ™ (uy))dx
L u)un 1 (L ()
|Vun,2dx 6/ mdx+§ - mdx
= % RN ’v”n‘de—F / |L (un)|2dx—\fV(x)]L1(un)]2dx
VP (1t )ty
+ YV (@) |17 () Px — / L o T

+/}RN [;gE(LLf(”);)” - G(Ll(un))] dx

=02 [ Vanpaxs TR [ vl ) P
3 fo v | VAL >|2 o <()”>]d
1g(L ()
v [91(()) G(L ()| d
> 02 [ oy TP L™ (o) 2

1(0)0
1

5 o V0 VPIL O - sz— <v>>] "

-1 0))0
o oSty — ST E]ax oty

= Ji(0) = 5 k@), ) +0(1) = Ji(0) +0(1).
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On the other hand, since Jx(v) > ¢o, hence J¢(v) = co.

Now, by using a quantitative deformation lemma and adapting the arguments in [4,11],
we are going to show J;(v) = 0in E.

Suppose, by contradiction, that J;(v) # 0. Then there exist 6 > 0 and v > 0 such that

IJi(w)|| > v forevery w € E with ||w — || < 26.

Since v # 0, we can take L = ||v||g > 0 and, without loss of generality, we may assume 64 < L.
Let I = [3,3]. Since, (J;(v),v) = 0 and by Lemma 3.4,
Ji(tv) < Jk(v) = co,
holds for t € I with t # 1, we obtain that

= rrg?x]k(tv) < cp.

Applying Theorem A.4 in [28] with € = min{(co — ¢)/2,v6/8} and S = B(v,J), there exists
n € C([0,1] x E, E) such that

(i) n(0,u)=uif0 =0orifu ¢ ]]:1[C0 — 2€,¢0 + 2¢] N B(v,20);

(i) 7(1,J") N B(v,8) C 5

(i) Je(7(1,w)) < Jx(w) for every w € E, where |} = {w € E; Ji(w) < a},

(iv) n(t,u) is odd in u.
Consequently, we have

max Jk(1(1,tv)) < co. 4.2)

On the other hand, we claim that there exists ty € I such that
1(1,tov) € N7

In fact, by (iv) for 17, we know #(1,tv) € ET for each t. Now we will prove that there exists
to € I such that tgv € N. Define ¢(t) = (1, tv) and

¥(t) = (Ji(o(t)), (1))

for t > 0. Since,
|lo—tol|lg =|1—t|||v]|g = |1 —¢tL>65]1—t >26 (4.3)

if only if t < % ort > %. It follows from property (i) for # and inequality (4.3) that ¢(t) =
n(1,to) =tv € ETift € [3,35) U (3, 3]

Thus,
¥(3) =i (2(3) 9(3)) = (i (30), 30),
and it follows from (3.2) that

On the other hand,
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and it follows from (3.2) that
(i (30) . 30) = 3% (3) <0 (45)

Noting that the function ¥ is continuous on I and taking (4.4) and (4.5) into account, we
can apply the intermediate value theorem again to conclude that there exists ty € I such that
¥(tp) = 0. This and (4.2) lead to a contradiction. Hence, we conclude that v is a critical
point of J;. So, by Lemma 2.3, we just need to show that || = |L7!(v)]e < 0/ Vk holds to
conclude that u is a solution of problem (1.1).

Now, set ¢ = L1 (v)I(L~1(v)). It follows from Lemma 2.2 that

L (0)I'(L™(v))
(L~ (o))

that is, ¢ € H'(RYN). So, by taking ¢ as a test function in (2.4), we obtain

9l = L7 @)L ()| < |o|, and [Vg| = '1 + Vol < [Vo),

L)1 (L1 (0) ; RV
fo |1+ SR 2 190+ VL @) - g )L o) =0,

As a consequence of (4) of Lemma 2.2, we have
| IVoP+VE@IL T @)F - gL @)L (0) > 0.
R

Since v is a critical point of J, it follows that

Oco = 0Jk(v) — (Jp(0), L™ (0)I[(L™ ' (v)))

0—2
> —= [ VoP+V(x)|[L7 (0) "
2 RN
Then, by (3) of Lemma 2.2,
20¢
2 o 750 4.
ol < 2 (46)
For each m € IN and B > 1 given, define
An={x¢€ RN ]v|f’3’1 < m} and By, = ]RN\Am,
and
o[oPF=Y) in A,
0 ey
" m2v in B,,.
We know v,, € H'(RN), v,; < 041, v < |0|?P71, and
28 —1)|v]*F-DVo in A,,
vo, _ {@B-DRPFIVO in 4,
m2Vo in By,
that is, v,;, can be used as a test function. Besides this, we have
/ VoVo, = (28 — 1)/ 0261 | Vo2 + mz/ Vol?. 47)
RN Am B

Letting

olo[f~1 in Ay,
?/Um - .
mo in By,
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2

we obtain w2, = vv,, < 0|, w, < w41, and

Y, — Blo|P~1Vov in A,
mVo in By,.

So,
| Vol = [ oPED o [ |90l 49)
RN Am B

As a consequence of (4.7) and (4.8), we obtain
/]RNHVwm]Z VoVou] = (B— 1)2/A 10261 | 2. (4.9)

Taking v, as a test function, it follows from (4.7) and (4.9) that

' e L@
/RN V> +2 /RN V) gy

-1
=(B- 1)2/ |[o|2F=D|Vo|? +/ VoVo, +52 V(x)Z(LLl((vv)))v’”
(B ( )
<[2ﬁ—1 +1}/ szjuﬂs/ s
<p vvvlvm+V(x)l(LLl((vv)))vm]
g(L™(v))
=P Jo T
Now, it follows from Remark 3.1 that
L'(v)
Je IVl + 87 [ Voo
€|l (v)? ce|L 1 (v)]7

|Um|‘|’ﬁ2

2 0
<P Jo T @)L 1) w T @) LT (o)]

that is, ) )
2 L) AP
B fen VO 2 P e T -]

for € > 0 sufficiently small. So, we have

Lo
Joo Vel < 8 o R T T
<8 [ ceptloli 2w,

Then, it follows from the Sobolev inequality that

N—
. N
(/ |wm|2> <s/ |V |2
Aﬂl

< Sp? /RN c€p7|v\‘7_2wﬁ1.

The Holder inequality implies that

N=2 3 1/1’]
2% N < %S 2 qu 27’]
" |wm| < cep2SB7|v],. RN |wWm| ,
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where 1/r1 + (g —2)/2* = 1.
Since, |wy,| < |v|f in RN and |w,| = |v|f in A,,, we have

N-2

/ o]f2 ) T < cpdspol? / |o[2Pn o
An - 2 \Jry '

which implies, by the Monotone Convergence Theorem, that
02 < BYP(cep?Slol3 )% [v]g, (4.10)

So, taking o = 2*/(2r1) and set B = ¢%, i = 1,2,..., in an iterative way in (4.10), we get
ol < oS3/ ceplsfol %) 2 EA 1D ol
that is, by doing i — co and using the limitation of ||v||g, given by (4.6), together with the
Sobolev inequality, we get |v] < Cp, where Cy > 0 is a real constant independent of k > 0.
Now, it follows from Lemma 2.2-(3) that

oo = |L71(0)|oo < \/P[0]eo < \/BCo < 0/ V

holds for all k € (0,ko), where kg > 0 is such that ,/pCo < ¢/+/ko. Thus, Lemma 2.3 implies
that problem (1.1) admits a solution. O
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