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Abstract. The present study is concerned with the rectifiability of orbits for the two-
dimensional nonautonomous differential systems. Criteria are given whether the orbit
has a finite length (rectifiable) or not (nonrectifiable). The global attractivity of the zero
solution is also discussed. In the linear case, a necessary and sufficient condition can
be obtained. Some examples and numerical simulations are presented to explain the
results.
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1 Introduction

We consider the two-dimensional nonautonomous differential system

¥ = —e(t)x+ f(Hy — p(Hx (2 +2)",
v = —g(Hx —h(ty —q(t)y (2 +17)",

where ¢, f, g, h, p and g are continuous for t > t5, and A > 0. Since the right hand side of this
system is continuously differentiable with respect to (x,y), so it satisfies the Lipschitz condi-
tion. Therefore, the local existence and uniqueness of solutions of (1.1) are guaranteed for the
initial-value problem. We can show that, for each ¢y € R and (xo,y0) € R?, the initial value
problem (1.1) with (x(to),y(to)) = (x0,Y0) has a unique solution on [ty, o) under some con-
ditions (this fact will be shown in Lemma 3.4.). We denote it by (x(¢; to, X0, y0), y(; to, X0, Y0))-
Clearly, (1.1) has the zero solution (x(t),y(t)) = (0,0). Throughout this paper, ||(x,y)| means

(1.1)
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the Euclidean norm of (x,y); that is, ||(x,y)| := /x% + y2. Here, let us give a definition about
the zero solution of (1.1). The zero solution of (1.1) is said to be globally attractive if

tlggo | (x(; 1, x0,¥0),y (£ t1, X0, 40)) || =0

for any t; € [to,) and any (xp,y0) € R? Now rewrite (x(t;to, X0, v0),y(t; to, X0, 40)) by
(x(f),y(t)). We define the orbit of (x(t),y(t)) by

F(tolx,y) = {(X(t),y(t)) c R2 1t > t()}.

The orbit I';, ., is said to be simple if (x(t1),y(t1)) # (x(t2),y(t2)) for any ty, > € [to, 00) with
t; # to. Now, we assume that the zero solution of (1.1) is globally attractive. The simple orbit
I ) is said to be rectifiable if the length of I ) is finite, that is,

to, X,y to, X,y

im [/ (5),/(5)) s < .

t—o00

Otherwise, it is said to be nonrectifiable.
When A = 1 and e(t) = h(t) = ao, f(t) = g(t) =1, p(t) = q(t) = 1 for all t > t, system
(1.1) reduces to the planar nonlinear differential system

X =y—x(*+y*+a),

/

1.2
Y =—x—y(*+y +a). (-2

For every solution (x(t),y(t)) of (1.2), using the polar coordinate transformation x = rcos#,
y = rsinf, then we have

r'=—r(r*+a),

0 = —1.
From 0’ = —1, every orbit I'; ., of (1.2) is rotating in a clockwise direction. Moreover, if we
suppose ag > 0, then ' < —73, so that

1 1
VAl f) T %) © VAl )

for t > ty. This says that a9 > 0 implies that the zero solution of (1.2) is globally attractive.
Hence, every orbit I' . .y of (1.2) is a spiral.

r(t) <

to,x,y

Remark 1.1. Since (1.2) is an autonomous system and 1’ < —13, the orbit F(
to any nontrivial solution (x(t),y(t)) of (1.2) is simple.

to,x,y) COrresponding

Miligi¢, Zubrini¢ and Zupanovié¢ [10] studied rectifiability for more general autonomous
differential systems based on planar system (1.2). Theorem 8 given in [10] and the above
mentioned facts imply the following.

Theorem A. Let (x(t),y(t)) be any nontrivial solution of (1.2). Suppose that ag > 0 holds. Then
the zero solution of (1.2) is globally attractive, the orbit Ty ..y corresponding to (x(t),y(t)) is simple,
and (i) and (ii) below hold:

Y)

(i) if ag > O, then the orbit I’ is rectifiable;

to,x,y)

(ii) if ag = O, then the orbit T'( is nonrectifiable.

to,x,y)
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Remark 1.2. Miligi¢, Zubrini¢ and Zupanovié [10] and Zubrini¢ and Zupanovié [23,24] dealt
with the rectifiability and the fractal analysis of spiral orbits (or trajectories) of some au-
tonomous systems including (1.2). They dealt with more general, but autonomous systems.

This study focuses on the rectifiability of the nonautonomous systems.

For simplicity, we denote

ar(t) = minfe(t), (1)} — LD =8O 5 4y — mingp(e), q(0)),
wr(t) = macle(t), h(®)} + L8011y max(p(e), (1),

and
y1(t) := —max{f(t),g(t)} — le(t) ;h(t)‘ _p(®) ; Q(t)\,

1a(t) 1= —min{f(1), g(1)) + S HOL PO~
If e(t) = h(t), f(t) = g(t) and p(t) = q(t), then
ai(t) = ax(t) = e(t), Pi(t) = P2(t) =p(t) and 7i(t) = 72(t) = —f(¥)

for t > tg. Moreover, for each ¢ > 0, we denote

pi(t;c) :=exp (2/\ /t: oci(s)ds> (c +2A /t: Bi(s) exp (—ZA t: Oci(T)dT) ds> , i=1,2.

The first main result in this paper is as follows.

Theorem 1.3. Let (x(t),y(t)) be any nontrivial solution of (1.1). Suppose that
ay(t) >0, B1(t) >0 for t > ty,

ay(t) + B1(t) >0 for t > ¢,

and
t t

tli)r?o . a1(s)ds = o0 or }Lr?o . B1(s)ds = oo.

Then the zero solution of (1.1) is globally attractive, the orbit T'
simple, and (i), (ii) and (iii) below hold:

to,xy)

(i) if a1 (t) > 0 for t > to, and

s PELTOL 120} _

t—>o0 D‘l(t)

then the orbit I ) is rectifiable;

to,x,y

(i) if0 <A <1/2and

lim sup max{[71(t)], [72(#)[}
oo 1(t)o1(tc) + Br(t)

) is rectifiable;

< oo foreach c >0,

then the orbit F(tO,x,y

(1.3)

(1.5)

corresponding to (x(t),y(t)) is

(1.9)

(1.10)
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(iii) if A > 1/2 and

. cmax{yi(t), —7(t),0}
1 f

e Taa(t)pa(t;0) + Pa(t)
is nonrectifiable.

>0 foreach c >0, (1.11)

then the orbit T';, ..

Using Theorem 1.3 we get the following result, immediately.
Corollary 1.4. Let (x(t),y(t)) be any nontrivial solution of (1.1). Let (x(t),y(t)) be any nontrivial
solution of (1.1). Suppose that (1.6), (1.7) and (1.8) hold. Then the zero solution of (1.1) is globally
attractive, the orbit Ty, . corresponding to (x(t),y(t)) is simple, and (i), (ii) and (iii) below hold:

(i) if ay(t) > O for t > to, and (1.9), then the orbit Lty 18 rectifiable;

(ii) if 0 < A < 1/2and B1(t) > 0 for t > to, and

max{|y1(t)], |[2(t)]} (1.12)

lim sup < 0,

f—00 :Bl(t)

then the orbit I is rectifiable;

to,x,y)

(iii) if A > 1/2and ay(t) = 0 for t > to, and

lim inf max{71(t), —72(t), 0}
Frre Ba(t)

is nonrectifiable.

>0, (1.13)

then the orbit T'; ...

Corollary 1.4 is expressed in a form which does not include the functions p; and p5.
Ife(t) =h(t) =ap >0, f(t) =g(t) =1, p(t) = q(t) = 1 for all t > t;, then system (1.1)
reduces to the planar system
¥ = —apx+y—x(2+12)",
oty - (Cy )A (1.14)
! 2 2
Yy =—x—ay—y (¥ +y)".
In this case, we know that a;(t) = ax(t) = ag, B1(t) = B2(t) = 1 and y1(t) = 72(t) = —1 for
all t > ty. Then (1.6), (1.7), (1.8), (1.12) and (1.13) hold. If agp > 0 then (i) in Corollary 1.4 holds.
Hence, we get the following result, immediately.

Corollary 1.5. Let (x(t),y(t)) be any nontrivial solution of (1.14). Suppose that ay > 0 holds.
Then the zero solution of (1.14) is globally attractive, the orbit Ty ., corresponding to (x(t),y(t)) is
simple, and (i), (ii) and (iii) below hold:

to, X,y

(i) if agp > 0, then the orbit F(tO,x,y) is rectifiable;
(ii) ifap = 0 and 0 < A <1/2, then the orbit Ty .y is rectifiable;

(iii) if ag = 0 and A > 1/2, then the orbit I’ is nonrectifiable.

to,x,y)

Remark 1.6. From Corollary 1.5, Theorem A is easily obtained.

Figures 1.1-1.4 below show that the orbits corresponding to the nontrivial solution
(x(f),y(f)) of (1.14) with (x(0),y(0)) = (0.9,0). We choose ap and A as follows: a9 = 0.1
and A = 1in Fig. 1.1, a0 = 0 and A = 0.1 in Fig. 1.2; a0 = 0 and A = 0.5 in Fig. 1.3; a9 = 0 and
A =09 in Fig. 1.4.
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Figure 1.1: agp = 0.1, A = 1; rectifi- Figure 1.2: a9 = 0, A = 0.1; rectifi-
able. able.
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Figure 1.3: a9 = 0, A = 0.5; nonrec- Figure 1.4: a9 = 0, A = 0.9; nonrec-

tifiable. tifiable.

The second main result in this paper is as follows.

Theorem 1.7. Let (x(t),y(t)) be any nontrivial solution of (1.1). Suppose that (1.6), (1.7) and
(1.8) hold. Then the zero solution of (1.1) is globally attractive, the orbit Iy .y corresponding to

(x(t),y(t)) is simple, and (i) and (ii) below hold:

(i) if
im [ Vlna(s) + Ba(s)@r(sie) 1+ (maxtim )l a2
e Ji (p1(570))
for each ¢ > O, then the orbit ', . is rectifiable;
(i) if
i [ V() + 1) (pa(si0) 1P + (max{n(s), ~ma(s) 02
e i (pa(s7¢))

for each ¢ > O, then the orbit I, . is nonrectifiable.

(1.15)

(1.16)
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If p(t) = q(t) = 0, then system (1.1) reduces to the two-dimensional linear differential
system

X' = —e(t)x+ f(t)y,

y = —g(t)x —h(t)y.
Note that B1(f) = B2(t) = 0. For this linear system, using Theorem 1.7, we obtain the following
corollary.

(1.17)

Corollary 1.8. Let (x(t),y(t)) be any nontrivial solution of (1.17). Suppose that
wi(t) >0 for t > t,

and t

lim [ waq(s)ds = oo.

t—00 Jty
Then the zero solution of (1.17) is globally attractive, the orbit 'y ., corresponding to (x(t),y(t)) is
simple, and (i) and (ii) below hold:

(i) if

fim [ /a3(5) + (max{im(s)] (o) D2ep (- [ m(o)ie ) ds < e

t—o00 0

then the orbit 'y .. ) is rectifiable;
(ii) if

lim /t: \/o2(5) + (max{1(s), —72(5), 0})2exp <— /t: zxz(T)dT) ds = oo,

t—o0

then the orbit T'( is nonrectifiable.

to,x,y)

In particular, if e(t) = h(t), f(t) = g(t) then we have the two-dimensional linear differen-
tial system

x'=—e(t)x+ f(t)y,

y = —f(t)x —e(t)y.
In this case, we know that a1 (t) = ax(t) = e(t), B1(t) = B2(t) = 0 and 71 (t) = 12(t) = —f(¢).
We can establish the following result by Corollary 1.8.

(1.18)

Corollary 1.9. Let (x(t),y(t)) be any nontrivial solution of (1.18). Suppose that

e(t) >0 for t >t (1.19)

and t
lim [ e(s)ds = co. (1.20)

t—o0 Jt,

Then the zero solution of (1.18) is attractive, the orbit I'(
and the orbit Ty, . ) is rectifiable if and only if

tlgg /tt \/€2(s) + f2(s) exp (— /ts e(r)dt) ds < oo. (1.21)

Remark 1.10. It is well known that the local attractivity and the global attractivity are equiv-
alent in the linear case (see [1,20-22]). Hence, the attractivity of (1.18) means the global
attractivity.

to,x,y) Corresponding to (x(t),y(t)) is simple,
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Consider the two-dimensional nonautonomous linear system

/

1
¥ o= —ox s t%y,

1
Y =—t"x =2y,

(1.22)

where ¢ € R and t > 1. Then assumptions (1.19) and (1.20) are easily satisfied. By Corol-
lary 1.9, the zero solution of (1.22) is attractive, the orbit I'; .,y corresponding to (x(t),y(t))
is simple. Moreover, we can see that the orbit I'; , ) is rectifiable if and only if ¢ < 0 (The
conditions of Corollary 1.9 will be confirmed in Section 5).

Remark 1.11. Our result on the rectifiability of orbits (or trajectories) of (1.22) is the same as
one that the special case of the result given by Naito, Pasi¢ and Tanaka [12, Example 5.2].
Note here that they dealt with half-linear systems. On the other hand, as related research,
the rectifiability results of the authors [13,14] can be mentioned, but note that this study has
no inclusion relation with them. Moreover, we can find many results on the rectifiability
and the fractal analysis of the systems and equations. For example, the reader is referred to
[4-7,9,11,15-19].

In the next section, we will discuss the rectifiability for more general systems under the
assumption that the zero solution is globally attractive, and the orbit I'; ) is simple. In
Section 3, the simplicity and the global attractivity for (1.1) are considered. In Section 4, we
prove Theorems 1.3 and 1.7. In Section 5, some examples and numerical simulations are
presented.

2 Rectifiability
In this section, we consider the two-dimensional nonautonomous differential system

x/ - Fl(t/ x/y)/

(2.1)
y' = hb(txy),
where F; and F, are continuously differentiable with respect to (x,y), and satisfying
(F1(,0,0),F(t,0,0)) = (0,0).

For every solution (x(t),y(t)) of (2.1), we introduce the polar coordinate transformation
x =rcosB, y = rsinf. Then we obtain

r' = Gi(t,1,0),

0’ = Gy(t,1,0), 22)
where G; and G; are defined by
Gi(t,r,0) = cosOF;(t,rcosb,rsin@) + sinOF,(t,rcos 6, rsin b) (2.3)
and
Ga(t,r,0) = cosOF,(t,rcosB,rsin@) — sinOF; (t,rcos 6, rsinb). (2.4)

The obtained result is as follows.
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Theorem 2.1. Let Gy and G be the functions given by (2.3) and (2.4), respectively. Let (x(t),y(t)) be
any nontrivial solution of (2.1) on [to, 00). Suppose that the zero solution of (2.1) is globally attractive,
and the orbit T, .,y corresponding to (x(t),y(t)) is simple. Then, (i) and (ii) below hold:

£0,%,Y

(i) if there exist an ¥ > 0 and a continuous function h : (0,7) — (0, 00) such that
1(Gy(t,1,0),Ga(t,1,0))|| < —h(r)Gi(t,7,0), (t71,0) € [fp, ) x (0,7) XR, (2.5)

and

tim [ h(p)dy < oo, 2.6)

r—+0Jr
then the orbit 'y . ) is rectifiable;

(ii) if there exist an ¥ > 0 and a continuous function h : (0,7) — (0, c0) such that
|(Gi(t,7,0),Ga(t,7,0))|| > —h(r)Gi(t,r,0), (t71,0)€ [to,) x (0,7) xR, (2.7)

and _
Jim, | Mo == e

then the orbit T'( is nonrectifiable.

to,x,y)

Proof. Let (x(t),y(t)) be any nontrivial solution of (2.1). Define the functions r and 6 by

x(t) =r(t)cosO(t), y(t) =r(t)sind(t)

for t > tg, where
= [[(x(t), y(t)) |-

Then (r(t),60(t)) is a solution to (2.2). Since the existence and uniqueness of solutions of (2.1)
are guaranteed for the initial-value problem, the zero solution (x(t),y(t)) = (0,0) is unique.
Thus, r(t) > 0 for t > tg. This together with the global attractivity of (2.1) implies that
lim;_,o r(t) = 0, and there exists a T > 0 such that

r(t) € (0,7) (2.9)

fort > tg+T.
Now, we consider case (i). Using (2.5) and (2.9), we have

1 (1), ' ()| = I(Fu(t x(8), (1)), B2 (t, x(8), y (1))
= \/ (cosOF; + sin0F,)?% + (cos OF, — sin 0F;)2

= [[(Ga(t,7(£),6(8)), Ga(t, 7(1),0(8))) |
< —h(r(1))Gi(t,r(1),6(t)) = —h(r(t))r'(t)

for t > to+ T. Since h(r) is a positive continuous function on (0,7), and (2.9) holds, we see
that

x(
+(

r(to+T)

/t:” 1(x'(5), ¥/ (5)) lds < — /t:”h“@))“@)ds = [, Honan

)
< / h(n)dn
"0
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for t > tg + T. Therefore, we have

[ e yenis= [ 1eEy e+ [ 1yl
sAMHW@y@w%f&yww

for t > tg + T. Using (2.6), (2.9) with lim; ,« r(t) = 0, we conclude that

lim/ I(x )lds < co.
t—o0

Hence, the simple orbit I'¢ . is rectifiable.
Next, we consider case (ii). From (2.7) and (2.9), we have

I (8), y' ()| = —h(r(8))Ga(t, r(£),0(t)) = —h(r(t))r' (¢)

for t > to+ T. Since h(r) is a positive continuous function on (0,7), and (2.9) holds, we see
that

L@y elds = [ 1606, 6)ds
t r(to+T)
> [ o= [ honay

o+T t)

S d—/r h(n)d
/r(t) ()dny s (17)dn

for t >ty + T. From (2.8), (2.9) with lim;_,« 7(t) = 0, we get

lim/ I(x ))lds = co.

t—o0

Consequently, the simple orbit I’ is nonrectifiable. This completes the proof. O

to,X,y)

For our main system (1.1), we find that

and
Gi(t,r,0) = — (e(t) cos® 0 + h(t)sin? ) r + (f(t) — g(t))rsinf cos O
L2\ 2041
— (p(t) cos? 0 + q(t) sin® 0) r** 11, (2.10)
Ga(t,1,0) = — (g(t) cos® 0 + f(t)sin?6) r + (e(t) — h(t))rsin6 cosd
+ (p(t) — q(t))r** 1 sin @ cos 6.

3 Simplicity and global attractivity

In this section, we deal with the simplicity and the global attractivity for our main system
(1.1). First, we give two lemmas.



10 M. Onitsuka and S. Tanaka

Lemma 3.1. Let Gy be the function given in (2.10). Then
Gi(tyr,0) < = (wa(t) + B (D)) 1

holds for t > to and r € [0, 00), where a1 and By are given in (1.3).

Proof. By (2.10), we get

Gi(t,r,0) < —min{e(t), h(t)}r + ‘f(t)z_g(t)’r —min{p(t),q(t)}r*1
= — (ma(t) + o)) r

for t > toand r € [0,00). O

Lemma 3.2. Suppose that (1.6) and (1.7) hold. Then

(M(o + 51(t)r2A) r>0

holds for t > to and r € (0, 00), where ay and Bq are given in (1.3).

Proof. By way of contradiction, we suppose that there exists a t; > ty such that
(061(t1) + ,Bl(tl)VZ/\> r<0.
From (1.6) and r € (0, ), we have
a1(t) + Pr(t)r* = 0.

This together with (1.6) says that a1(t;) = B1(t1) = 0. However, this contradicts assumption
(1.7). 0

We now consider the simplicity of the nontrivial solutions to (1.1). The obtained result is
as follows.

Lemma 3.3. Let (x(t),y(t)) be a nontrivial solution of (1.1). Suppose that (1.6) and (1.7) hold. Then

the orbit Ty ., corresponding to (x(t),y(t)) is simple.

Proof. Let (x(t),y(t)) be a nontrivial solution of (1.1). Assume to the contrary that there exist
t1, tp € [tg,o0) such that ty < fp with (x(t1),y(t1)) = (x(t2),y(t2)). Let (r(t),0(t)) be the
solution of (2.2) with (2.10) corresponding to (x(t),y(t)). Then r(t;) = r(t2) holds. Since
(x(t),y(t)) is a nontrivial solution and the zero solution is unique, we know that r(t) > 0
for all t+ > ty. From Lemmas 3.1 and 3.2, we see that #'(t) < 0 for t > ty. Integrating this
inequality from f; to t,, we obtain

r(ts) — r(h) = /tz Y (1)dt < 0.

ty

This is a contradiction. Consequently, I'¢ ., is a simple orbit. ]

We will give an important inequality.
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Lemma 3.4. Let (x(t),y(t)) be a nontrivial solution of (1.1) with the initial condition (x(to),y(to)) =
(x0,y0). Let (r(t),0(t)) be the solution of (2.2) with (2.10) corresponding to (x(t),y(t)). Suppose
that B1(t) > 0 holds for t > to. Then (x(t),y(t)) exists on [tp, 00) and is the unique solution of (1.1)
with (x(to), y(to)) = (x0,Yy0), and the inequality

1

t t s —
0<r(t) <exp (—/ le(S)dS> (r_m(to) +2A/ Bi(s) exp (—2)\/ oq(r)dr) ds> i (3.1)
to to to
holds for t > to, where ay and By are given in (1.3).

Proof. Let (x(t),y(f)) be a nontrivial solution of (1.1) with (x(t),y(to)) = (xo0,y0). Let
(r(t),0(t)) be the solution of (2.2) with (2.10) corresponding to (x(t),y(t)). Let I C [tg, o)
be the maximal interval of the existence of (x(t),y(t)). Then r(t) > 0 holds for t € I, from the
uniqueness of the zero solution. Using Lemma 3.1, we have

F(1) < = (aa(t) + B () (1)) r(1)
for t € I. Set z(t) := r~2*(t). Then, it follows from the above inequality and r(t) > 0 that

Z/(t) = =2Ar (1) (1) > 24P (1) ((xl(t) +ﬁ1(t)r2)‘(t)) = 2Aaq (1)z(t) + 2AB1(t)

for t € I. Hence

(exp <—2A t: oq(s)ds) z(t))/ > 2AB1(t) exp <—2A /t: al(s)ds>

for t € I. Integrating this inequality from f( to t, we get

ttxl (s)ds> z(t) > z(tp) + 2A /t:ﬁl(s) exp <—2/\ /t: 0(1(T)dT) ds,

to

exp <—2A

and so that

r2M(t) = z(t) > exp <2/\ /t: o (s)ds> (r_Z/\(to) +2A /t: B1(s) exp (—ZA t: oq(r)dr> ds)

for t € I. Therefore, if B1(t) > 0 for t > ty, then we obtain (3.1) for t € I.
Using the above inequality and B1(f) > 0 for t > t;, we have

r2M (1) > exp <2A /t oq(s)ds) (1),
to
and thus, ,
0 < x(0, ¥ < o w)llexp (= [ ma(s)ds) for te . 62)

This inequality means that I = [t, c0), that is, any nontrivial solution of (1.1) exists on [t, o)
by a standard argument of a general theory on ordinary differential equations. Consequently,
the initial value problem (1.1) with (x(fo),y(f0)) = (x0,y0) has a unique solution on [tp, c0). [J

Next, we consider the global attractivity for (1.1). Assuming a stronger condition, we can
get stronger stability. The zero solution is said to be globally exponentially stable if there exists
ak > 0 and, for any 7 > 0, there exists a 6(7) > 0 such that t; € R with #; > t; and

[ (x0, o) || < 17 imply
I1(x(t; 1, %0, ¥0), y (£ 11, x0,50)) || < 8()]| (x0, yo) |l F—1)
for all t > t;. The following lemma is established.



12 M. Onitsuka and S. Tanaka

Lemma 3.5. Suppose that (1.6) and (1.8) hold, where w1 and By are given in (1.3). Then the zero
solution of (1.1) is globally attractive. In particular, if there exists an a > 0 such that

a1(s) >a for t > ty, (3.3)
then the zero solution of (1.1) is globally exponentially stable.

Proof. Let t satisfy t1 > to. Let (x(f), y(t)) be any nontrivial solution of (1.1) with (x(#1),y(t1))
= (x0,y0). Let (r(t),0(t)) be the solution of (2.2) with (2.10) corresponding to (x(t),y(t)).
Using Lemma 3.4, we have inequality (3.1) for t > t;.

Now we consider the case lim;_.« ftt) a1(s)ds < oo. This together with (1.8) yields

ot
tlgrolo . Bi(s)ds = co.

Let L := lim/— 00 ftz a1(s)ds > 0. Using this and (3.1), we obtain
1 1

0 < [|(x(t), y()[l =r(t) < T < T
(r—m(tl) +2Ae—2AL ftﬁ ,Bl(s)ds> # (2/\6—27‘L fti /Sl(s)ds) “

for t > t;. Hence, any nontrivial solution of (1.1) tends to (0,0) as t — oo. That is, the zero
solution of (1.1) is globally attractive.

Next we consider the case lim;_ o ftg a1(s)ds = oo. Then, by assumption (1.6), we obtain
inequality (3.2). Therefore, the zero solution of (1.1) is globally attractive. Moreover, if we sup-
pose condition (3.3), then inequality (3.2) implies global exponential stability. This completes
the proof. O

Remark 3.6. If a1 (t) = 0 then, it does not imply the (global) exponential stability for (1.1). For
example, we consider the case A =1, e(t) = h(t) = 0and f(t) = g(t) =1 and p(t) =q(t) =1
for t > ty. Thatis, a1(t) = aa(t) = 0, B1(t) = B2(t) = 1 and y1(t) = 12(t) = —1 for t > f.
From (2.2) and (2.10), we have

Solving this equation, we get

1
V2(t—to) +12(to)

for t > ty. Thus, the zero solution is not exponentially stable. Although not described here
in detail, we can see that the zero solution of this system is uniformly asymptotically stable.
It is well known that the exponential stability implies the uniform asymptotic stability; the
uniform asymptotic stability implies the asymptotic stability (the zero solution is attractive
and stable). If (1.1) is a periodic or autonomous system, then the asymptotic stability and
the uniform asymptotic stability are equivalent. For example, see [2,3,8,21,22]. Moreover,
if (1.1) is a linear system, the uniform asymptotic stability and the exponential stability are
equivalent. For example, the reader is referred to [3,21,22] and the references cited therein. In
general, our main equations are nonautonomous and nonlinear, so their stabilities are often
different.

r(t) =
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4 Proofs of the main theorems

Before proving the main theorems, we give three lemmas.

Lemma 4.1. Let G be the function given in (2.10). Then
Gi(t,r,0) > — (zxz(t) +f52(t)r“) r (4.1)

holds for t > to and r € [0, c0), where ay and B, are given in (1.3).

Proof. By (2.10), we get

SOl maxp(e) ()2
=— (rxz(t) + ﬁz(t)r“> r

fort > typand r € [0, 0). O

Gi(t,r,0) > —max{e(t), h(t)}r— |f(t)

Lemma 4.2. Let (x(t),y(t)) be any nontrivial solution of (1.1). Let (r(t),0(t)) be the solution of
(2.2) with (2.10) corresponding to (x(t),y(t)). Suppose that B,(t) > 0 holds for t > to. Then the
inequality

1
2A

r(t) > exp (— /tucz(s)ds) (r‘z)‘(tg) +2A /tot B2(s) exp <—2A t: ocz(T)dT> ds) ) (4.2)

to

holds for t > to, where ay and By are given in (1.3).

Proof. Let (x(t),y(t)) be any nontrivial solution of (1.1). Let (r(¢),6(t)) be the solution of (2.2)
with (2.10) corresponding to (x(f),y(t)). Using Lemma 4.1, we have

F(1) = — (aat) + B2ty (1)) r(1)
for t > t. Set z(t) := r~2*(t). Then, it follows from the above inequality and r(t) > 0 that
Z'(t) < 2Aap(t)z(t) + 2ABa(t)

for t > ty. Hence

(exp <—2A toq(s)ds) z(t))l < 2ABo(t) exp <—2A /t: az(s)ds>

to

for t > ty. Integrating this inequality from ty to t, we get

t t s
r2M (1) < exp (22\/ ucg(s)ds) (r‘“(to) +2A/ Ba(s) exp <—2A/ az(r)d7> ds>
to to to
for t > ty. Therefore, if B2(t) > 0 for t > t;, then we obtain the inequality in Lemma 4.2. [
Lemma 4.3. Let Gy be the function given in (2.10). Then
m(H)r < Go(t,1,0) < Ya(b)r (4.3)

holds for t > to and r € [0,1), where 1 and 7y, are given by (1.4).
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Proof. By (2.10) and r € [0,1), we obtain

le(t) —h(®)[ . [p(t) —4(t)] 211

Ga(t,7,0) > —max{f(t),g(t)}r - R 3
> m(t)r
and
Galt,r,6) < —min{£(t), g(t)}r + 1Y) ;h(t)|rJr |P(f)gﬂl(f)lrm+1
< 7a2(t)r.
Thus, (4.3) holds. 0

Now, we will prove the main theorems.

Proof of Theorem 1.3. From Lemma 3.5, the zero solution of (1.1) is globally attractive. Let
(x(t),y(t)) be any nontrivial solution of (1.1). By Lemma 3.3, the orbit I'y, ., corresponding
to (x(t),y(t)) is simple. Let x = rcos @, y = rsinf. Then we have (2.3) and (2.4). By Lemmas
3.1, 3.2, 4.1 and 4.3, the inequalities

0< (uq(t) + 51(t)r2A) r < |Gi(t,1,0)| = —Gi(t,7,0) < (txz(t) + /sz(t)rﬂ) r,o (44)
and
max{y1(t), —=72(t),0}r < [Ga(t,r,0)| < max{[y1(t)], [r2(t)[}r (4.5)
hold for t > ty and r € (0,1). Therefore, we obtain
max{71(¢), =72(¢),0} _ ‘Gz(tmf’)‘ < max{|n(®)], [}
ay(t) + Ba(t)r?h |Gyt r,0)| = aq(t) + Br(t)rA

fort > tpand r € (0,1).
First, we consider case (i). Suppose that aq(f) > 0 for t > ty, and (1.9), that is, there exists
au >0andat; > tysuch that

(4.6)

max{|y1(f)], |r2()]} <
wy(t) B

holds for t > t;. By (1.6), B1(f) > 0 for t > t(. This together with the above inequality implies

max{[71(t)], [72(5)} ) max{ |71 (8], [72(8)1} )
\/1+< "‘1(”151(02?“ )S\/H( 1o<1(t) 2 )S 1+p2

for t > t;. Moreover, we can choose an M; > /1 + u? such that

\/1 ., (max{mu)r, mm\})Z oy

ay(t) + Br(t)r#t

for tg <t < t;. Using these inequalities and (4.6), we have

2
1(Gi(t,7,6), Ga(t,7,0))]| < —\/ 14 (mzj{(gf;gg;;ig?'}) Gi(t,7,6) < —MiGi(t,7,6)
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fort >ty and r € (0,1), so that we get (2.5) with 7 = 1 and h(r) = M;. By
1
Jim | h(y)dn = My,

we have (2.6). Consequently, the orbit I'y, ., is rectifiable.

Let (r(t),0(t)) be the solution of (2.2) with (2.10) corresponding to (x(t),y(t)). Before
proving cases (ii) and (iii), we will discuss some properties of r(t). By the global attractivity
for (1.1), there exits a t; > ty such that

0<r(t) <1 for t>H.
From Lemmas 3.4 and 4.2, we have
o1(t;co) <71 24 (t) < pa(t;co)  for some co > 0, 4.7)

and for t > ty, where p; and p; are given by (1.5). This together with (4.6) implies that

max{y1(t), —72(t),0} 2 b < ‘Gz(t/r(f)ﬁ(f))‘ < max{[n(®)] [r2()]} 2
az(t)p2(t; co) + Ba(t) =Gt r(0),006) | = ar(Dpr(trco) + pi(t)
fort > t.
Now, we consider case (ii). Suppose that 0 < A < 1/2 and (1.10) hold, that is, there exists
apu>0andat, >t such that

() (48

max{|y1 (8], [r2(8)]} _
ar(t)o1(tc) +Ba(t) —
holds for t > t,. By (4.8), we have

2 max{ |71 (t)], [72(8)|}\* -
) = \/rM(tH (“1(t)Pl(t}C0)+.Bl(t)> O

max{|71(t)], |r2(t)[} ) 2
S\/H_( 1(H)p1(t; Co)+ﬁ1()> )

< /14 u2r 2 (1)

for t > t,. Moreover, we can choose an M, > /1 + p? such that
2
\/1+ (el DY’
a1 (t)p1(t;co) + Pa(t)
for tg < t < t;. Therefore, we see that

1" (), y" ()T = Nl (Fu(t x (), y(8)), Fa(t, x(8), y())) | = [[(Gr(t,7(£), 6(2)), Ga(t,r(£), (1))
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for t > to. Hence, we conclude that the orbit Iy, ., is rectifiable.
Finally, we consider case (iii). Suppose that A > 1/2 and (1.11) hold, that is, there exists a
v > 0and a t, > £ such that
max {1 (1), ~12(1),0} _
>v
az(t)p2(t;c) + Ba(t)

holds for t > t,. By (4.8), we have
Galt, (0,6(0) [ _ [Galt,r(1),0(0))| . max{m(t),~12(1),.0} a1,y o
w*aﬁwﬂm WMWWMZ TR O MR

for t > t,. From this, we see that

2
wawwzw\gfgﬁg (t,7(),6(6))
> urs ( )| Gi(t,r(t),0(t)] = —vr‘”‘(t)r/(t) 4.9)

2

> ‘

for t > t,. Now, we consider the case A = 1/2. Integrating (4.9), we obtain

! / / /r(t) -1 T(t)
> = —
LGy EDlds > v [y~ = —viog 73

for t > t,. Since the zero solution of (1.1) is globally attractive, we conclude that the orbit
r(to,x,y) is nonrectifiable. On the other hand, we consider the case A > 1/2. Integrating (4.9),
we obtain

r(t) v 1 1
/” e 2 ”&ﬂ ”zwﬁ@ﬂmrmwﬁ

fort > t;. Consequently, I'(

to,x,y) 18 nonrectifiable. This completes the proof of Theorem 1.3. [

Proof of Theorem 1.7. Let (x(t),y(t)) be any nontrivial solution of (1.1). From Lemmas 3.3 and
3.5, the zero solution of (1.1) is globally attractive, and the orbit I'¢ .,y corresponding to
(x(t),y(t)) is simple. Let (r(t),0(t)) be the solution of (2.2) with (2.10) corresponding to
(x(f),y(f)). Then the global attractivity for (1.1) implies that there exits a t; > to such that

0<r(t) <1 for t>H.

From Lemmas 3.4 and 4.2, we have (4.7) for t > ty. Using Lemmas 3.1, 3.2, 4.1 and 4.3, we get
inequalities (4.4) and (4.5) for t > typ and r € (0,1). Therefore,

1(G1(t,7,0), Ga(t,1,0))|| < \/(wz(f) + B2(£)r2)* + (max{ |71 ()], 72(8)[})?r (4.10)

and

1(Ga(t,7,0), Galt,r, 6)1| = 3/ (aa(t) + Br(D)r2)? + (max{ra(t), —ma(), 012 (@1D)

fort > tyand r € (0,1).
First we consider case (i). By (4.7), (4.10) and the fact

1 (), y" ()| = I (Fr (8 x(8), y(8), Ba (8, x(8), y ()| = (G (£, r(£), (), Ga(t, r(£),6(£))) I,
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we obtain

HuﬂﬂjamwiJMAD+&Uxm@w»*f+@MHWNMWWmHV
’ - (1(tc0)) %

for t > t;. Hence from (1.15) it follows that I';; .,y is rectifiable.
Next we consider case (iii). By (4.7) and (4.11), we obtain

[a1(t) + B1(t) (p2(t o)) 1) + (max{y1(t), —72(t), 0})?
(p2(t; o))

for t > t;. Integrating this inequality and using (1.16), we conclude that I'; ., is nonrectifi-
able. This completes the proof of Theorem 1.7. O

I (8), y" ()] = \/

Using Theorems 1.3 and 1.7, and Lemma 3.5, we can establish the following result.

Theorem 4.4. Let (x(t),y(t)) be any nontrivial solution of (1.1). Suppose that (1.6) and (3.3) hold.
Then the zero solution of (1.1) is globally exponentially stable, the orbit T corresponding to
(x(t),y(t)) is simple, and (i), (ii) and (iii) below hold:

to,x,y)

(i) if (1.9) holds, then the orbit I is rectifiable;

to,X,Y)

(ii) if (1.15) holds, then the orbit Litxy) is rectifiable;

Y

(iii) if (1.16) holds, then the orbit T, . is nonrectifiable.

to,x,y

Corollary 1.9 and Lemma 3.5 imply the following.

Corollary 4.5. Let (x(t),y(t)) be any nontrivial solution of (1.18). Suppose that there exists an e > 0
such that

e(t) >e for t > t. (4.12)

Then the zero solution of (1.18) is exponentially stable, the orbit I'; ..
is simple, and the orbit Iy . is rectifiable if and only if (1.21) holds.

corresponding to (x(t),y(t))

to,x,y

5 Examples and numerical simulations

In this section we will present some examples and numerical simulations.

Example 5.1. Let A = 0.5. Consider the two-dimensional nonautonomous differential system

(1.1) with

1 = 10cost
St

and p(t) =4q(t) =t (5.1)
Then

1 10 cost

a1 (t) = a(t) =e(t) = o Bi(t) = B2(t) = p(t) =t and 1(t) = 1(t) = —f(t) = — P

Hence, assumptions (1.6), (1.7) and (1.8) are easily satisfied. Moreover,

1
ocl(t):¥>0 for t > 1,
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and
max{|y1(t)], |v2(t)]}

a1 (t)
By Theorem 1.3 (i), we conclude that the zero solution of (1.1) with (5.1) is globally attractive,
the orbit I';, . ,) is simple and rectifiable. Fig. 5.1 shows the orbit I'(; , ;) corresponding to the
nontrivial solution (x(t),y(t)) of (1.1) with (5.1) and (x(1),y(1)) = (0.9,0).

= 10| cost| <10 for t > 1.

Example 5.2. Let A = 0.1. Consider the two-dimensional nonautonomous differential system
(1.1) with

e(t) =h(t) =0, f()=g(t) =7+ L and p() = q(t) = 0.1 (5.2)

Then

a(h) =a(t) =0, Pi(t) =po(t) =01 and 7i(t) =n(t) = —5 — =~

Hence, assumptions (1.6), (1.7) and (1.8) are easily satisfied. Moreover,

max{[ 1 (8], [v2(O} _ (1, cost
1[%10‘) 2 _10<2+t)§15 for t > 1.

By Corollary 1.4 (ii), we conclude that the zero solution of (1.1) with (5.2) is globally attractive,
the orbit I'¢, . ) is simple and rectifiable. Fig. 5.2 shows the orbit I'; , ;) corresponding to the
nontrivial solution (x(t),y(t)) of (1.1) with (5.2) and (x(1),y(1)) = (0.9,0).

Example 5.3. Let A = 0.5. Consider the two-dimensional nonautonomous differential system
(1.1) with (5.2). Then

max{n(-1a0.0) 5 Zml) _y (1, s
Ba(t) Ba2(t) 2 t
By Corollary 1.4 (iii), the zero solution of (1.1) with (5.2) is globally attractive, the orbit r(tO,x,y)

is simple and nonrectifiable. Fig. 5.3 shows the orbit I';; . ) corresponding to the nontrivial
solution (x(t),y(t)) of (1.1) with (5.2) and (x(1),y(1)) = (0.9,0).

5
>>2 for t > 4.

Example 5.4. Let A = 0.5. Consider the two-dimensional nonautonomous differential system
(1.1) with

e(t) =h(t)=—, f(t)=g(t)=2+cost and p(t)=4(t) = . (5.3)
Then

w)=w) =1, FO)=Fa(t)= 5 and () = 7a(t) = 2 —cost.

Hence, assumptions (1.6), (1.7) and (1.8) are easily satisfied. Since

t
exp (2/\/ 062(5)ds> = exp <log t) _
to tQ to

t L c 1 1
Le)=—|c+t sVds | =t —+—5—=— |,
paltic) = < + O/tO > (to o 2t2>

for t > ty, we have
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0.6f 0.6}
0.4f
0.2}

-0.5 f 0.5 1.0
-0.2¢
-0.4f
-0.6f

—0.8;

Figure 5.1: Example 5.1; Theo- Figure 5.2: Example 5.2; Corol-
rem 1.3 (i); rectifiable. lary 1.4 (ii); rectifiable.

and hence
max{y1(t), —72(t),0} 2+ cost S 1

wB)ea(t;e) +h(t) T L4pte £te
for t > tg. Hence (1.11) is satisfied. By Theorem 1.3 (iii), the zero solution of (1.1) with (5.3)
is globally attractive, the orbit I'¢ .y is simple and nonrectifiable. Fig. 5.4 shows the orbit

I'(1,x,) corresponding to the nontrivial solution (x(t),y(t)) of (1.1) with (5.3) and (x(1),y(1)) =
(0.9,0).

Example 5.5. Consider the two-dimensional nonautonomous linear system (1.18) with
e(t) =1 and f(t) =¢". (5.4)

Then assumption (4.12) is easily satisfied. It is clear that

/t: \/€2(s) + f2(s) exp (— /tose(r)dr> ds > /tese_”tods = el (t — to)

fo

for all t > t;. Hence, by Corollary 4.5 we conclude that the zero solution of (1.18) with (5.4)
is exponentially stable, the orbit Iy . ) corresponding to (x(t),y(t)) is simple and nonrecti-

fiable. Fig. 5.5 shows the orbit I'; , ) corresponding to the nontrivial solution (x(t),y(t)) of
(1.18) with (5.4) and (x(1),y(1)) = (0.9,0).

Example 5.6. Consider the two-dimensional nonautonomous linear system (1.22), where
o € R. Then assumptions (1.19) and (1.20) are easily satisfied. By Corollary 1.9 we con-
clude that the zero solution of (1.22) is globally attractive, the orbit I'( corresponding to
(x(t),y(t)) is simple. Moreover, the orbit I'(

to,x,y)

to,x,y) 18 rectifiable if and only if

tlggo /t: \/€2(s) + f2(s) exp (— /t: e(T)dT> ds < oo.

w(t) = \/e2(t) + F2(t) exp <— /t:e(s)ds>

Let
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Figure 53: Example 5.3; Corol- Figure 5.4: Example 5.4; Theo-
lary 1.4 (iii); nonrectifiable. rem 1.3 (iii); nonrectifiable.

S
y 0.5 10

Figure 5.5: Example 5.5; Corol-
lary 4.5; exponentially stable; non-
rectifiable.

for all t > 1. Then we have
w(t) =t 12 412 (5.5)

holds for all ¢+ > 1. We will consider the three cases (i) o < —1, (ii) —1 < ¢ < 0 and (iii) ¢ > 0.
Case (i). Using (5.5), we get

t t t
/ w(s)ds = / 572/ 1+ 520t ds < \/E/ s2ds = —V2(t1 1) < V2
1 1 1

for all t > 1. By Theorem 1.9 we see that the orbit I'; ., ) is rectifiable.
Case (ii). From (5.5), we have

t t t
/ w(s)ds = / s71/s=2(0+1) 4 1ds < \@/ s lds = \(/f(t” -1)< \/g
1 1 1 -

for all t > 1. By Corollary 1.9 we see that the orbit I';, . is rectifiable.
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Case (iii). Using (5.5), we get

t t t
/w(s)dsZ/ s"‘ldsz/ s‘lds:logt
1 1 1

for all t > ty. By Corollary 1.9 we see that the orbit I'; , ) is nonrectifiable. Consequently, we

can conclude that the orbit I'y . ) is rectifiable if and only if ¢ < 0.
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