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1 Introduction

In recent years several authors studied the existence of homoclinic orbits for first or second
order Hamiltonian systems via variational methods and critical point theory, see for instance
[2,4-6,9,12-16]. In particular, with the aid of a bounded self-adjoint linear operator and the
dual action principle, Coti Zelati, Ekeland and Séré [4] obtained some existence theorems of
nonzero homoclinic orbit for first order Hamiltonian systems

x'=JAx+ JH'(t,x),
x(+o0) =0,

via the Ambrosetti-Rabinowitz mountain-pass theorem and concentration compactness prin-
ciple. Inspired by the ideas of [4], we consider the more generalized operator equation

Lu—G'(t,u) =0, (1.1)

where L : LF(R,RN) — W (R, RN) N L7 (R, RYN) is a bounded linear operator for all y > B
and for some B € (1,2) and [ ((Lu)(t),v(t))dt = [ ((Lo)(t),u(t))dt for all u,v € LF(R,RY),
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G : RxRN — R and G'(t,u) denotes the gradient of G with respect to u. u = u(t) €
LP(R,RY) is called a solution of (1.1) if (Lu)(t) — G'(t,u(t)) =0 ae. t € R.
We need the following assumptions:

(L1) For any bounded {u,} C LF(R,RN) and R > 0, there exists a subsequence {un;} such
that Lu,, — w in C([-R,R],RN).

(Lp) There exists vy € LP(R,RN) such that fj;o(Lvo, vo)dt > 0.
(Ls) (Lu(-+T))(t) = (Lu)(t+T) for all t € R, where T > 0 is a constant.

(Ly) [(Lu)(t)] < co [*Z e ="lu(7)|dT for all u € LF(R,RN), where cp,! > 0 are two con-
stants.

(G1) G(t,-) and G'(t,-) are continuous for a.e. t € R, G(-,u) and G/(-,u) are measurable for
allu € RN, G(t,-) is convex for all t € R and G*'(t,-) exists for a.e. t € R .

(G2) G(t+T,u) = G(t,u) forall t € R.

(G3) c1]ulP < G(t,u) < cp|u|P, where ¢ > ¢; > 0 are two constants.
(Ga) 0 < 5(G'(t,u),u) < G(t,u).

(Gs) |G'(t,u)| < c3|u|P~1, where c3 > 0 is a constant.

Now we state our main result as follows.

Theorem 1.1. Assume L and G satisfy (L1)—(Ls) and (G1)—(Gs). Then (1.1) has a nonzero solution.

Remark 1.1. Although the equation (1.1) also appeared in the proof of Theorem 4.2 in [4],
the bounded linear operator L there equal (2.2) which comes from first order Hamiltonian
systems. In this paper, L discussed in (1.1) contains not only (2.2) but also (2.4) coming from
indefinite second order Hamiltonian systems. In addition, introducing the condition (L)
makes the proof of conclusion clearer and simpler.

The rest of this paper is organized as follows. In Section 2, we firstly establish a preliminary
lemma, and then, we give two application examples for homoclinic orbit of Hamiltonian
systems. In Section 3, we give the proof of our main result.

2 Preliminaries and examples

To complete the proof of Theorem 1.1, we need a lemma.

Lemma 2.1. Let % + % =1

(1) Ifu € LA(R,RN) and b > a > 0, then

</|t2b (/aa e !l !u(T)\dT>adt>

2=

i

< 2(al) Eel0—0) < /f ”ﬂ |u(r)|ﬁd7>
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(2) Ifw,u € LA(R,RN)and b >a > r >0, then

/|f>b [u(®) /a>|T>r e w(t)|dvdt
< Z(al)‘%e—l(b—a) </t|2b |u(t)|ﬁdt>é </a2|rzr Iw(r)\ﬁdr>

(3) Ifw,u € LA(R,RN) and b > a > r > 0, then

>l

/a o0 M<ae—llf—fl\w(r)|drdt

<It|<a

\w(r)|ﬁd7>ﬁ] .

Proof. For u € LF(R,RN) and b > a > 0, by some simple calculations, we have

</t'>b </— e () !dr) a dt> %
< ((/;00 + /j) /aa e_alt—Tdet> @ </aa |u(T)|ﬁdT> %

1 a
= Zi(al)*% (1 — 672“”) * e lb=a) (/ ’“(TﬂﬁdT)

1

< 2(al) ke l(0-0) </ |u(r)|ﬁdr> !

which implies that (1) holds. The same arguments also prove that (2) holds.
By (2), we have

/ lu(t)] e =" w (1) |drdt
a<|t|<b |T|<a

B /a<t|<b ) (/|r<r +/r<|r<a> e (mldeds
2mnwumﬂFlwrwwmﬁ+([ hwnWM)él

This shows that (3) holds. O

-2 —I(a—r
s%m>wwmﬁF“ ol + ( [

™=

<|t|<a

Next, we return to applications to homoclinic orbit of Hamiltonian systems. For systematic
researches of homoclinic orbit of Hamiltonian systems, we refer to the excellent papers [2,4-
6,9,12-16] and references therein.

As the first example we consider

'=TJA H'(t,x),
x' = JAx + JH'(t, x) @.1)
x(to0) =0,
where | = f)ln I(;’) is the standard symplectic matrix in R?N, A is a 2N x 2N symmetric

matrix and all the eigenvalues of JA have non-zero real part, H(t, x) satisfies
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(H;) H e C(Rx R?N,R),H € C(R x R?N,R?N) and H(t,-) is strictly convex;
(Hy) H(t+ T,x) = H(t, x) for some T > 0;

(Ha) kqi|x|* < H(t,x) < ka|x|* for some & > 2 and 0 < k1 < ky;

(Hs) H(t,x) < 1(H'(tx),x).

As in [4], define G(t,u) = sup, gav{ (%, x) — H(t,x)} and G satisfies (G;)—(Gs).
Define L : LF(R,R?N) — WYA(R,RN) N L*(R,R?N) by z = Lu satisfies

—JZ' — Az = u,z(+e0) =0
Then , N
2(t) = / EE=D P Jy(t)dr — / EE=Dp, Ju(1)dr, 2.2)
J —oo t

where E = JA,R?N = E, ® E; and P, and P, are the projections onto E; and E, respectively
satisfying |e!EP¢| < ke |¢| for t > 0 and |eFP,¢| < ke'|¢| for t < 0, € R?N and some
b,k > 0. So

t o0
|(Lu)(t)] g/ ke_b(t_7)|u(r)\d’r+/ ke? =0 |u(7)|dT
—o0 t
o [T e
=k e lu(t)|dT,

which implies that (Ls) holds. From Lemma 2.1 of [4], we know that L : LF(R,R*N) —
WA (R,R?N) N LY(R,R?N) is a bounded linear operator for v > 8,8 € (1,2) and

(@)= [ (Lo)(0),u(t))ds

R

for all u,v € LF(R,R?N).
By z/(t) = Ju(t) + Ez(t) for all t € R, we have

15}
() — 2(e2)] = | [ (000 + E=(0)t
1
< |ty — t1|%||ull g + Motz — t1] )1zl co

where M, > 0, which implies that (L;) holds. Note that the proof of (b) of Lemma 4.1 in [4],
we see that there exists vy € LP(IR, R?N) such that (L,) holds. The validity of (L3) is obvious.

Moreover, G*(t,x) = H(t,x) and a solution u € LF(R,R?N)\ {0} of Lu — G'(t,u) = 0
corresponds to a nonzero solution x = Lu of

—Jx' — Ax = H'(t,x),
x(+o0) = 0.

Therefore, we have the following corollary.

Corollary 2.2 ([4, Theorem 4.2]). Assume H satisfies (Hy)—(Ha). Then (2.1) has a nonzero solution,
i.e., the Hamiltonian system
—Jx' — Ax = H'(t, x)

has at least one nontrivial homoclinic orbit.
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Remark 2.1. The above corollary was essentially [4, Theorem 4.2] by Coti Zelati, Ekeland and
Séré using the Ekeland variational principle and concentration compactness principle, and the
equation (1.1) also appeared in the proof the theorem already:.

As a second example we consider

x(+o0) =0, 23)

where D, B are N x N symmetric matrix, (&=c(D)) (0, +o0) # @, D is invertible, D~'B = Q2
with Q being a N x N matrix and all the eigenvalues of Q have positive real part, V : R x
RN — R and V'(t,x) denotes the gradient of V with respect to x. The system was called
indefinite second order system in [3].

{Dx” — Bx = V'(t,x),

Let
Dx" — Bx = u,
x(£o0) = 0.
Then
x" — D 1Bx =x" — Q*x = D lu,
x(+o0) =0
and

[¢'Q(x" — Qx)]" = ¢D 1y,
x(£o0) = 0.

Assume x'(—o0) = 0 (and this will be verified later). Then
t
x'— Qx = e’tQ/ e CD tu(t)dr

and
t
(e7Rx) = e_ZtQ/ eCD lu(t)dr.

So, we have

1 -1 —+o0
- Q tQ/ e 2Dy (1)dTr — QTetQ e 9D u(1)dr
:

= 2 / e =TIy (1) d.
For u € LF(R,RN), set

1 )
x=Lu= _QT e I=TIRD 1y (1)d. (2.4)

We claim that
x=Lue WPR,RY)(L"(R,RY)
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for y > B,B € (1,2) and u € LF(R,RYN). In fact, from all the eigenvalues of Q have positive
real part, we know that there ex1st /\0 > 0 and ¢y > 0 such that |e 17| < cueMIH|&| for t € R
and & € RN. By [T e lldt = 2, we have

el € LI(R,R) and [ 1|7, = AZW Wy > 1.
0

Using the convolution inequality, we have

o PallQ D (e (e Y
(/ |Lu|fdt> < : (/ </ e—Aolf—Tl\u(r)mr) dt)

C 1. 1)71 _
< 41Q Hz I HHe AoItIHLP.HuHLﬁ (2.5)

AN

for 1 = % + % —1and r,p > 1, which shows that Lu € L'(R,RN) Vr € [B,+oo]. Similarly,

p
from the equation

x —Qx+/ ~=0QD 1y (1)dr, (2.6)

it is easy to see that Lu € wWlip (R, RN ). Moreover, by (2.5), we can also see that L: LA (R, RN ) —
WY (R, RN) NLY(R,RYN) is a bounded linear operator for ¢ > B. This implies x(+c0) = 0
and x'(—o0) = 0 via the above equation.
Let x = Lu and y = Lv. Then
“+o00

J (e, em)at= [ (x Dy~ By)ds

—00

for all u,v € LF(R,RN), which implies that L : LA — L%is self-adjoint.
By (2.6) for all t;,t; € R, we have

x(h) — x(t2)| = /t <Qx+/ ~(t=0Qp -1y (7 )dT> dt'

=1 —
<RI lxlleo - [t2 = ta] + ca(Aoa) = IDTH] - flull 5 - [£2 = 1],

which implies that (L) holds.
Since (0 (D)) N(0, +00) # @, we know that there exist A; < 0 and & € RN\ {0} such that
’50’ =1and D¢y = Aq{p. Let

Gosinkt, t € [0,2mm],

xo(t) = CO[%(t —2mm — 71)° + %(f —2mm — )3, t € [2mm,2mm+ 7,
0, t>2mma+ 7,
—%o(—1), t<0,

where k,m € N\{0}. Then
Dx{ — Bxo = vy,
XO(:lzoo) =0
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and
+o0 oo
/ (Lvg,vo)dt = 2/0 (Dx{ () — Bxo(t), xo(t))dt

_ =2 (/Ozmn + zmnﬂ) (Dxg (t) — Bxo(t), xo(t)dt

2mrm
2m7t 2mm+m , 5 5
2 ([ [ -l or - 181 - a(oP)
0 2mrt
2 k273
_ 2 L2\ , i
= -2\ <k mr + 15k 7'L'> 2||B|| <m7‘c+ 105 >

> —2Aymk* — 27t||B|| - (m + k?)
>0

provided m = k? and k? > ZHHBH . This shows that there exists vy € LF(R,RY) such that (L,)
holds. The validity of (L3) and (Ly) are obvious.

Further, assume V satisfies (H;)-(H4) with H(t, x) replaced with V (¢, x) and 2N replaced
with N. Define V*(t,u) = sup,gn{(1,x) — V(t,x)}. Then V*(t,u) satisfies (G;)-(Gs) with
G(t,u) replaced with V*(t,u). By the Legendre reciprocity formula

V¥ (tu) =x s u="V(x),
we see that (2.3) is equivalent to
Lu—V*(t,u)=0, uecLP(RRY). 2.7)
Therefore, we have the following result from Theorem 1.1.

Corollary 2.3. Assume V satisfies (Hy)—(Ha) with H(t, x) replaced with V (t,x) and 2N replaced
with N. Then (2.3) has a nonzero solution.

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1. The method comes from [4] with some modifications.

Proof of Theorem 1.1. We define the functional I on LFf(R, RN) by

I(u) = /]RG(t,u)dt—;/ (Lu, u)dt (3.1)

R

for all u € LP(R,RN). From (G3), we have
0< / G(t,u)dt < cz/ lulPdt < +oo.
R R

Noticing that Lu € L*(R,IRN) and L is a bounded linear operator, then [i(Lu, u)dt is well
defined. Since G(t,-) and G'(t,-) are continuous for a.e. t € R, from (Gs), we know that the
functional I is a C! functional. Moreover, a solution of (1.1) correspond to a critical point of
the functional I.

Next, we take five steps to prove the existence of the critical point of the functional I.

Step 1. There exists a sequence {u,} C LF(R,RN) such that I(u,) — ¢ > 0 and I'(u,) — 0.
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By (L) and (G3), for vy € LF(R,RN), 8 € (1,2) and s > 0 we have

2
I(svg) = /]RG(f,SUo)dt—%/IR(LUo,UO)df
2
< czsﬁ/ \vo\ﬁdt—s—/ (Lvg, vo)dt
R 2 Jr

— —00 ass — +oo,
which shows there is sy > 0 such that I(sovg) < 0. Set uy = spvg and define

c=1inf sup I(u),
7€l ueq((0,1))

where T' = {7 € C([0,1], LF(R,RN))|7(0) = 0,7(1) = up}.
By (G3), we have

I(u) ch/ \u]ﬁdt—;/ (Lu, u)dt
R
M
> crlfully — 5 Nl

where M > 0 and ||Lu||p« < M||ul|;p. Since ﬁ € (1,2), there exists r € (0, ||uo||;p) such that
arf — %> > 0. So SUP e (o)) 1(1) = cirP — %2 > 0 and ¢ > 0. By [7, Theorem V.1.6], the
result follows

Step 2. We prove that the sequence {u,} C LF(R,RN) is bounded and there exist 6, > ; > 0
such that ||u,||;s € [61,02].
Clearly,

(1), w) = [

(G (b, ), 1ty )t — / (Ltty, 4y )it
R R
Using (G3) and (G4), we have

I(un) + *III/(un)HLa [l s = T(un) — %(1’(%) n)
/ (t,un) t—f/]R(G’(t,un),un)dt
>(1- 5)/ G(t, un)dt
> (1 Byer
Since ¢c1 > 0,1 < B <2, I(uy) — ¢ > 0and ||I'(u,)||z« — 0, we deduce that {u,} is bounded

in LF(R,RN).
Again, from (3.1) and (G3), we have

1
I(uy) < Cz/ |un|Pdt — f/ (Luy, uy,)dt
R 2 JrR
M
< callunlls + 5 luulls
If there is a subsequence{u,, } such that ||u,,||;s — 0, then

M
L) < allutn Iy + 5 llen, [} = 0= ¢ <0,



A nonzero solution for bounded selfadjoint operator equations and homoclinic orbits 9

which contradicts ¢ > 0.

Set p,(t) = ‘\Tn(H)ﬁl Then f t)dt = 1. By [4, page 145, Lemma] (also see [10,11]), wi
have three p0351b111t1es
(i) vanishing

y+R
sup/ pn(t)dt — 0 as n — co VR > 0;
yeR Jy—R

(ii) concentration

Ynt+R
HynelR:Vs>03R>0:/ Pn(t)dt > 1 —¢Vn;
yn—R

(iii) dichotomy
Jy, € R,3A € (0,1), 3R}, R? € R such that

"—>0

(@) R;, RY — +oo, 24

()fy” Rl pn t)dt — A as n — o;
(c) Ve>0 E|R>Osuchthatfy”an tydt > A — e Vn;

(d) yynﬁli Pn(t)dt — A as n — oo.

Step 3. Vanishing cannot occur.
Otherwise, there exists a nonnegative sequence ¢, — 0 such that

s+1 B
/H 1 (£)[Pdt < enlun]ly Vs R,
By (L4), we have
+o0 !
(L)) S co [ eIy (o) ar
+00 t
= co/ e’”t’r‘]un(’f)]dr—i—co/ e M=, (1) |dt

t —o0

gkl © / ptrkel ] B
< ¢pe / e Mt / Uy (T dT>
B ([ ) ([ o)

k=0

T/ =k B
+coe_“2 ( /t Ny “le7> ( /tk1|un(r)|ﬁdr>

1
1 T—e™\* 1
< 2coef ||tnll ;s < ) . -0

al 1—e!

as n — oo uniformly for t € R, which implies that ||Lu, || — O.
From L : LA(R,RN) — WY (R, RN) N L7(R,RN) is a bounded linear operator for y > B,
we obtain || Luy, || s < ¢s||tn]| s, where c5 > 0. Since

Ll = [ Lnl*at < | Louall57 [ [Lata Pt < sl osl| Loa 15
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we have ||Luy|/» — 0. By (Gs3) and the convexity of G(t,-), G(t,0) = 0 and G(t,u,) <
(G'(t,un),uy). So

[ ualPade < = [ (Gt ma),wn)de < G (e - aalls =,
R €1 JR €1

since G'(t,u,) = Luy + I'(u,) — 0 in L*(R,RYN). This is a contradiction to ||uy||;s > 61 > 0.

Step 4. Concentration implies the existence of a nontrivial solution of (1.1).
If concentration occurs, we set

wy, (1)

Wy () = tn(t +yn), vu(t) = Twonls

Then [ [04(t)|Pdt =1 and for every &1 > 0 there exists R > 0 such that
R
1—g < / lon (8)|Pdt < 1. (3.2)
-R
We claim there is Z and a subsequence denoted also by itself such that

Lv, —Z in L*(R,RYN). (3.3)

In fact it suffices to show that for every € > 0 there exist z. € L*(R,RY) and subsequence U,
such that
Loy, — ze| e <&

Let v,(f)(t) = on(t)X|—r,r)(t) and v,(qz)(t) = v,(t) — vgl)(t). By (L;), for every ty > 0 there

exist {v,%)} and ul) € C([—to,to], RN) such that Lv,%) — uM in C([~to, to], RN). Define
u(t) = ugl)(t) for t € [—to, to] and u.(t) = 0 otherwise. Then

1
i ,
Low, — uellx < |Lo%2 [l + | Loy — uellre < Me] + || Lok} — uel|1,

and

1
+o0 °
(/ |Lv%) - uJ"‘dt)
1)a 1 «
< </t|2t0 |Lv,(1]_)| dt +2to||Lv,(1].) _ uEHC[tO’tO])

1
R &N
<ao(f ([ ol mlde) ) + @) 10k - wlei
[t >ty \/—R

1
R B
< 2c0(«xl)_%e_l(t°_R) (/R ’Ug)(T”ﬁdT) + (ZtO)% ||LU1%) — Uellcto,to]

< 2co(al) ke !0 4 (260)3 | Lo%) — ttel| 1oz

«

via (1) of Lemma 2.1 and [ |0, (t)|Pdt = 1, where to > R.
1

For any ¢ > 0, there is &1 > 0 such that Msf < 5, and there exists R = R(e1) > 0 such that
(3.2) is satisfied. For the above R > 0, there exists fy > R such that

2co(al) ~iel(—R) <

W[ m
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Then we can choose subsequence vy, such that

1 1
(2t0) 7 |0t — tellcpon) <

@I m

via (Lq). It follows that

3 3 €
||Lvnj. —MgHLa S g + g + § = E.

From (3.3) and the boundedness of ||wy||;s, there exists z € L*(R,RY) such that Lw, —
z in L*(R,RN). We assume %+ € Z. It follows that I(w,) = I(u,) and that I'(w,)(t) =
I'(uy)(t+yy), and I(w,) — ¢, I'(w,) — 0in L*(R,RN). Then

zn(t) = G'(t,wy) = I'(wy) (t) + (Lwy)(t) = z in L*(R,RY).
We have w, = G*'(t,z,) — G*'(t,z) = w on LF(R,RN). Taking limit on both sides of
G'(t,wy) — Lw, = I'(wy),

we have G'(t,w) — Lw = 0, i.e., u = w is a nontrivial solution of (1.1).

Step 5. Dichotomy also leads to a nontrivial solution of (1.1).
If dichotomy occurs, we set

Wa () = tt(t+Y),
wi (1) = wa () X[_go gy (1),
Wi (1) = wa (1) (1= X_re i) (1)),
wi (1) = wa(t) —wi (1) — wi? (1),
W Wi ()
[

By (b) of the dichotomy, we have

+o00 (1) ¢ B R} t B
[ OR 0y,
— fJwallj R flwnll
From 6, > ||wy||; s = ||un|| s > 1, we can see that there exists d3 > 0 such that Hw,(ql) s > 6.

By Step 4 and (L), wgll)(t) — zin LA(R,RN) and ||z||;s > 63. We will show that I’(w,gl)) — 0,
and hence I'(z) = 0, that is, u = z is a nontrivial solution of (1.1). In fact, for any u €
LP(R,RN), as the splitting of w,, u = u® 4+ 4@ 4 46 and

+o0 400

(I'(@w®), u) = / (G (6, wD), u)dt — /_ (Lw®M, u)dt

—o0 [ee]

J —00

) 400
—r (1) 1 @2 4,0 (2) )y @)
njrs n s n n ’ .
(I'(wy), u') / (Lwy”,u'™ +u )dt+/ (L(wy” +wy”),u')dt

In the following we assume ||u||;s < 1 and the limits will be taken as n — +o0. From (b) and
(d) of the dichotomy, we have

3 e 3 !
e )Hﬁﬁ - /,oo it = /|t<R2 [Pt - /t<R1 Pt =0,
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which shows that

“+o00
/ <waf%u“>>dt1 < Ml 5 [u s < Mlfoi 15 — 0. (34

—00

Using (L4), (2) of Lemma 2.1 and (a) of the dichotomy, we have

+o0 Rl
’/' (Lwﬁ%uﬂhd4;gco/' lu(t)| eI a0, (7) |dedt
e R, |\2R%
1
< 2co(al) 5 e B ]| || o
< 2co(al) i {RI-RN 5, 5 0 (3.5)

and

+o0 +o0
'/ (Lw,(ll),u(z))dt‘ = ’/ (Lu(2),wfll))dt‘

—00

< 2co(al)"se M (Ri-Ri s, — 0. (3.6)
By (c) of the dichotomy, we have that for any £; > 0 there is R > 0 such that [~ R ‘w” ”)‘ﬁdt >
wn

A — g1. Using (b) of the dichotomy, we obtain fR<‘T|<R1 |w, (T)|PdT < £1||w”||Lﬁ' By (L4), (3)
of Lemma 2.1 and (a) of the dichotomy, we have

e M) @3) lt—1|
/ @W,u)ﬂgm/ lu(t)] o170, (1) |dedt
—eo Ry<|t|<R3 [rl<R}

1
_2 _I(Rl— B
< 2co(al) " ull [ g ([ (@) ]

<|tI<R}

_2 (Rl 1
< 2c0(a) " ull s lon ( () R) +ef)

1
< 2co(ocl)’§(52 (el(R}fR) + ef)

9\!\)

or€

= =

— 2co(al)™ (3.7)

1
Noticing I' (w,) — 0, from (3.4)— (3 7), for any € > 0 choosing €1 > 0 satisfying 2co(a!) _%5281 <e,

we find that limsup,, ., HI’(wn )|l s < € and hence I’(w,(l )) — 0. The proof is complete. [
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