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Abstract. In this paper, we study the following generalized quasilinear Schrédinger
equation

—div(g*(u)Vu) + g(u)g' (u)|Vul> + V(x)u = Af(x,u) + h(x,u), x € RN,
where A > 0, N > 3, ¢ € Cl(]R, RT). By using a change of variable, we obtain the

existence of positive solutions for this problem with concave and convex nonlinearities
via the Mountain Pass Theorem. Our results generalize some existing results.
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1 Introduction

In this paper, we are concerned with a class of generalized quasilinear Schrodinger equation
—div(g*(u)Vu) + g(u)g' (u)|Vu|*> + V(x)u = Af(x,u) + h(x,u), (1.1)

where A >0, N > 3,2* = %, and g satisfies:

(g) g € CY(R, (0, +00)) is even with ¢/(t) > 0, for all t € [0, +00),g(0) = 1 and satisfies

Qoo 1= tlg(r)log(tt) € (0,00), (1.2)

and 0
—sup ) 4 1.3
P s =" )
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Mathematically, it is also a hot issue in nonlinear analysis to study the existence of solitary
wave solutions for the following quasi-linear Schrodinger equation

0z = —Az +W(x)z — k(x, |z|) — Al(|z|>)I'(|z]*)z, (1.4)

wherez:]RxIRN—>C,W:1RN—>1Risagivenpotential,l:1R—>lRandk:]RN X R — R are
suitable functions.

The quasilinear equation of the form (1.4) appears naturally in mathematical physics and
has been derived as models of several physical phenomena corresponding to various types of
nonlinear terms /. Kurihara [23] considered the case where I(s) = s in (1.4), and this kind of
equation was used for the superfluid film [23,24] equation in fluid mechanics. [29-31] studied
the equation which corresponds to the case I(t) = t* for some a > 1. For more details see
[2-4,21,25,32,34,38] and references therein. Moreover, many conclusions about the equation
(1.4) with I(s) = 1 have been studied, see [35-37] and the references therein.

Cuccagna [11] was interested in the existence of standing wave solutions, that is, solutions
of type z(t,x) = exp(—iEt)u(x), where E € R and u is a real function. It is well known that
z satisfies (1.4) if and only if the function u(x) solves the following equation of elliptic type
with the formal variational structure

— Au+V(x)u — Al (u*)u = a(x,u), x € RV, (1.5)

If we take R
[(FF(u))]

2 4
then (1.5) turns into quasilinear elliptic equations (see [39])

gu) =1+

—div(g®(u)Vu) + g(u)g' (u)|Vul® + V(x)u = a(x,u), x € RN, (1.6)

The existence of solutions for (1.6) have been extensively investigated in the literature over
the past several decades (see [5,9,12,13,26,27,39-42]). For example, Shen et al. studied the
existence of positive solutions for two types of quasilinear elliptic equations with degenerate
coerciveness and slightly superlinear growth in [40]. By introducing a new variable replace-
ment, Cheng et al. proved the existence of positive and soliton solutions to a class of relativistic
nonlinear Schrédinger equations in [12,13]. In [9], Chen et al. proved existence and asymp-
totic behavior of standing wave solutions for a class of generalized quasilinear Schrodinger
equations with critical Sobolev exponents. In [42], Shi et al. proved the positive solutions for
generalized quasilinear Schrodinger equations with potential vanishing at infinity. Besides,
Li et al. in [26] considered a class of generalized quasilinear Schrodinger equations with a
Kirchhoff-type perturbation. Under the assumption that the potential may be vanishing at
infinity, the existence of both the ground state and the ground state sign-changing solutions
is established. Furthermore, the behavior of these solutions is studied when the perturba-
tion vanishes. More concretely, Deng et al. [17,18] proved the existence of positive solutions
with critical exponents, where critical exponents are 2* and a2*, respectively. Moreover, the
existence of nodal solutions have been proved by Deng et al. in [15,16]. Very recently, in
[27], Li et al. via Nehari manifold method proved the existence of ground state solutions and
geometrically distinct solutions. In [28], the authors by using symmetric mountain theorem,
considered the existence of a positive solution, a negative solution and infinitely many so-
lutions. For generalized quasilinear Schrodinger equation of Kirchhoff type and generalized
quasilinear Schrodinger-Maxwell system, we can refer to [6,7,26,44] and references therein.
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If we set
¢ (u) =1+ 2u?,

then (1.6) reduces to the following well-known quasilinear Schrodinger equation
— Au+V(x)u — ul(u?) = h(x,u). (1.7)

For (1.7), Liu-Wang-Wang [30] and Colin—Jeanjean [14] made the change of variable by v =
f~Y(u), where f is defined by

1

RO

on [0,00) and f(t) = —f(—t) on(—o0,0], (1.8)

and then equation (1.7) in form can be transformed into a semilinear equation. Afterwards,
many recent studies has focused on the above quasilinear equation via the variable f, see
for example [8,14,33] and references therein. Especially, in [33], the authors considered the
existence of positive solutions for (1.7) with concave and convex nonlinearities.

To our knowledge, there are few papers studying the existence of positive solutions for
(1.6) with concave and convex nonlinearities. Motivated by the previously mentioned pa-
pers, especially [33], we study the existence of positive solutions with concave and convex
nonlinearities. Next, we give the following conditions on V:

(V1) Ve C(RN,R) and 0 < Vp < inf gy V(x);
(V2) [V(x)]7! € LY(RN).
Moreover, the nonlinearities term f and & should satisfy the following assumptions:
(FH) f,h € C(RN x R,R) and f(x,s) =0, h(x,s) =0 for all s < 0 and x € RY;
(FH;) there exist constant c; > 0 and g € (1,2) such that

0< f(x,8) <cy]s|”7t, forall (x,5) € RN x R;

(FHy) lim @ = 0 uniformly in x € RY;
s—0
(FH3) there exist c; > 0and 4 < p < 2-2* such that

h(x,s) <c(1+ ]s]p’l), for all (x,s) € RN x R;

(FHy) there exists 4 > 2 such that
0 < 2ug(s)H(x,s) < G(s)h(x,s),
where H(x,s) = [; h(x,t)dt and G(s) = [ g(t)dt;
(FHs) there exist c3 > 0 and g7 € (1,2) such that

h(x,s) > c3g(s)|G(s)|" ! forall (x,5) € RN x R.
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Next, we recall some basic notions. Let

HY(RN) = {u € LA(RN) : Vu ¢ LZ(]RN)},

It = ([ (7P 1))

In the study of the elliptic equations, it is well known that the potential function V plays an
important role in choosing of a right working space and some suitable compactness methods.
Generally speaking, many papers study (1.1) under the following working space:

endowed with the norm

X = {u e H'(RY) : /}RS V(x)u? < oo},

endowed with the norm

Jullx = (/RN<rW|2+v<x>u2))%, wex

But in this paper, we define the following working space:

E= {v e H'(RY) : /IRN V(x)|G ()] < oo},

which is called Orlicz-Sobolev space. Then E is a Banach space endowed with the following
norm

Jolli= Vol + inf 1 {1+ [ v@wIG @)} 19)

To resolve the equation (1.1), due to the appearance of the nonlocal term [,y g% (u)|Vul|?,
the right working space seems to be

_ . 2 2
EO_{uEE./]RNg(uHVu\ <oo}.

But under the assumption of (g), it is easy to see that Ey is not a linear space. To overcome
this difficulty, we follow the idea developed by Shen and Wang in [39], that is, we make the
change of variable substitution

u=G1v) and G(u)= /Ou g(#)dt, v E€E,

then
2 2 _ 21 102 — 2
/]RNg (u)|Vul? = /]RNg (G 1(0))|VG ()2 = |[Vofp < +o0, wEE.
In such a case, we obtain the following Euler-Lagrange functional associated with the
equation (1.1)
_1 2 2 2
) =5 [JE@IVaP+ V-2 [ Feu) - [ Hw).

Therefore, after this change of variable, E can be used as the working space and the equa-
tion (1.1) in form can be transformed into the following functional

Tr©) =5 [ (VP +V()IG@)P) — ¥a(0) (110
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where

¥, (0) = A /IR CF(x,G (o) + /IR H(x,G(0). (1.11)

Because ¢ is a nondecreasing positive function, we get |G~!(v)| < g(l—o)]v]. From this and
our hypotheses, it is clear that 7 is well defined in E and J € C.

Moreover, we can easily derive that if v € C?(RY) is a critical point of (1.10), then u =
G~ 1(v) € C?(RN) is a classical solution to the equation (1.1). In order to obtain a critical point
of (1.10), we only need to find the weak solution to the following equation

Gl(v) _,f(x,Gl(v)  h(x,G"'(0))
g(G1(v)) ~ 8(Gl(v)  g(Gl(o) '

Here, we call that v € E is a weak solution to the equation (1.12) if it holds that

G!(v)
,1(

— Av + V(x) x € RV, (1.12)

(@) 9) = [, o Vot [ V) imise— (Fao) o)

where . .
f(x,G(v)) / h(x, G (v))
Y,(v),p) =A EA S A A 222 N,
@l =2 f 6w e g6
Then it is standard to obtain that v € E is a weak solution to the equation (1.12) if and
only if v is a critical point of the functional 7 in E. All in all, if we find a critical point of the
functional J in E, then we will get a classical solution to the equation (1.1).
Now, we state the results by the following theorems.

¢ € E.

Theorem 1.1. Suppose that (g), (V1), (V2) and (FH)—(FHy) are satisfied. Then there exist Ay, Cy >
0 such that for all A € [0, Ag], problem (1.1) has one positive solution uy; € H'(RN) such that
llur1|lg < Co. Moreover, if A = 0, then there exist constants M, { > 0 such that

ugr < Mexp (—C|x|), forall x € RN,

Theorem 1.2. Suppose that (g), (V1), (V2) and (FH)—(FHs) are satisfied. Then for all A > 0, (1.1)
possesses a positive solution vy, € H(RYN), which is different of v) 1 when A € (0, Ag].

Remark 1.3. Condition (g) originates from [19]. In fact, as [10], there are many functions
satisfying (g). For example:

V1+s2, if0<s<1,
g(s) = ?(s%—l), if s >1,
g(—s), if s <0,

and

g(s) = V1+2s%

Note that if we choose g(s) = V1 + 252 in (1.1), then (1.1) will become the classical quasilinear
Schrodinger equation

—Au+ V(x)u — Au?)u = Af(x,u) +h(x,u).

Remark 1.4. By Remark 1.3, our results extend [33].
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Remark 1.5. Is easy to check that the following function satisfies (V1) and (V2):

2, if <1,
NI+ [x?), i x| > 1,

where N > 3.

For the above problem, there are many difficulties in treating this class of generalized
quasilinear Schrodinger equations in RN. The first difficulty is the possible lack of compact-
ness besides the concave term. The second difficulty is lack of natural functions space for
the associated energy functional to be well defined. The function space H'(RN) cannot be
applied directly to handle with this class of generalized quasilinear Schrodinger equations.
To overcome these difficulties, we refer [33] and establish a different approach based on an
appropriate Orlicz space. It was crucial in our argument the fact that this function space
considered in our approach can be embedded into the usual Lebesgue spaces L' (RY) for all
1<r<2*.

Motivated by the argument used in [39], we use a change of variable to turn the problem
into a semilinear one so that it has the associated functional well defined and Gateaux differ-
entiable in a suitable Orlicz space. We prove that the energy functional satisfies the geometric
hypotheses of the mountain-pass theorem and the Palais-Smale condition. In this paper, the
first result is proved by using a version of the mountain-pass theorem and the second solution
is obtained as a consequence of a minimization argument based on the Ekeland variational
principle.

The paper is organized as follows. In Section 2, we give some preliminary lemmas. In
Section 3, we give the proof of Theorem 1.1 and Theorem 1.2, respectively.

Notations. Throughout this paper, we make use of the following notations:

* [rv % denotes [y dodx.

C will denote a positive constant, not necessarily the same one.

L"(RN) denotes the Lebesgue space with norm
1/r
full = ([, 1)
RN

e Forany z € RN and R > 0, Br(z) := {x e RN : |x —z| < R}.

where 1 <7 < o0.

The weak convergence in H!(RY) is denoted by —, and the strong convergence by —.

2 Some preliminary lemmas

In this section, we present some useful lemmas and corollaries. Now, let us recall the following
lemma which has been proved in [19].

Lemma 2.1 ([19]). For the function g, G, and G, the following properties hold:

(g1) the functions G(-) and G~1(-) are strictly increasing and odd;
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(g2) 0< 4 (G71(t)) = g(G}l(t)) < 3%for all t € R;

(83) |G| < %!tIfor allt € R

im G0 1
(84) ﬁ‘lg}) T g0y

. G _ 1.
(85) It\1—>+ (G 1() — igm/

() 1< 88 <2ana1 < SUC W) <o forailt £0;

(g7) G:;?(t) is non-decreasing in (0, +00) and |G=1(t)| < (2/g)"?\/|t] forall t € R;

(8s)
» G YD)|t|, forall |t| <1,
G ()] = { “1(1)\/]t], forall |t| >1;

(g9) ( ) is increasing and ‘(i‘ gifor alt € R;

(g10) the function [G~1(t)])? is convex. In particular, [G™1(6)]> < 0[G~1(t)]> forall t € R, 6 €
[0,1];

g11) [GHOH)? <G L)) forallt e R, 0 > 1;

g12) [G71(t1 — t2)]2 <4([G7HH)]> + [G N (tp)]?) forall ty, t, € R;

913) the function G~1(t) is concave. In particular, G=1(0t) <0G~ L(t) forallt € R, 6 € [1, +00);

(g11)
(812)
(813)
(g12) G71(6t) > 0G™(t) forallt € R, 6 € [0,1].

Proposition 2.2 ([19]). Assume that V satisfies (V1)—(Va). Then the space E has the following
properties:

(1) if {v,} C E is such that v,(x) — v(x) a.e. in RN and

im [ V(x)[G (o) = / V(x)[G (o),

n—+oo JRN RN
then

inf 2 {1+ [ V@IGT G- o) | 0
(2) the embedding E — D'?(RN), E — HY(RN) and X < E are continuous;
(3) the map v — G~ 1(v) from E to L"(RN) is continuous for each r € (2,2 - 2*];

(4) ifv € Eand u = G~1(v), then
[[ug(u)]| < 4llv];

(5) if vy — v in DY2(RN) and { [gn V(x)[G 1 (v,)]?dx} is bounded then, up to a subsequence,
G Y(vn) — 0strongly in L' (RN) forany 2 <r < 2-2%.
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Proposition 2.3 ([10]). Assume that V satisfies (V1)—(V2). Then the space E has the following
properties:

(i) E is a normed linear space with respect to the norm given in (1.9);
(ii) there exists a positive constant C > 0 such that for all v € E,

S V()G (0)
1+ (Jrn VIG1(0)12) 7]

< C|lv||; (2.1)

(iii) if v, — v in E, then
[ V@6 @) -16" @] =0,
RN

and

2
’—>O.

[ V@ |6 @) -67w)

Lemma 2.4. Suppose that (V;)—(Vz) holds. Then the embedding
X < L"(RN)
is continuous for 1 < r < 2* and compact for 1 <r < 2*.

Proof. Similar to the proof of [33], by (V;), the embedding X < H'(IRY) is continuous. Thus
X < L"(RN) is continuous for 2 < r < 2*. Moreover, if u € X we get

[ = (fover) i

Therefore, by interpolation the first part the lemma is proved. Next, let {u,} C X be a
bounded sequence. Hence up to a subsequence, 1, — up in X. Given ¢ > 0, for enough large

R > 0, we have
2
Vix) 1< [8} ,
Sk VO™ = |5 el

1/2
_ €
/ lun — ug| < (/ V(x) 1> [un —uol[x < 5,
J]x|>R [x|>R 2

and since X — L! (Bgr) is compact, it follows that there exists N such that for all n > N

/!w—wﬂs
Br

Thus u, — up in L}(RN). Now, if r € [1,2*), by interpolation inequality, for some 0 < ¢ < 1,
we have

which shows that

N ™

57 < Cllun —uoll{ =0,

[tn = ol < [Jun — uol|T[|un — uo

and this completes the proof. O

Lemma 2.5. The map v — G~ 1(v) from E to L"(RN) is continuous for each r € [1,2 - 2*]. Moreover,
under assumption (V3), the above map is compact for r € [1,2-2*).
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Proof. Let v € E. By definition, we know that G™(v) € X, which together with Lemma 2.4
and (g2) in Lemma 2.1 implies that

1/2
6 @, < Cl6 @lx < ¢ | [ Vol + Vil @R @2)

for all 1 < r < 2*. Moreover, by the Gagliardo—Nirenberg inequality and (g9) in Lemma 2.1,

we have . L ey
|G (V) [l2:2r = |G ()7

< C|V(G (0?32

)
_C [/]RN G (v)

8(G1(v))
< ¢
Qoo

Thus for all v € E, we know G~ '(v) € L*? (RN).
Let {v,} be a sequence in E such that v, — v in E. Thus

2 1/2

’vv‘Zl (2.3)
[o]]-
dvy, o0v

— — in L?(RY),
Bxi axi n ( )

fori=1,2,...,N. By (iii) in Proposition 2.3, we have
2
/RN V() |16 @) - 167 ()] dx —o. (2.4)

Therefore, by Lemma A.1 in [43], up to a subsequence, there exists U; € L2(RN) for i =
1,2,...,N such that

dv, N
< U; .e. .
ox; | = Uj(x), ae.xeR
Hence 1( )
oG (vn)| 1 dvuy, 1
‘ ox; | 'g(Gl(vn))axi ~ 8(0) Ui),
and a 1( ) a a a 1( )
G (v, 1 Un 1 v G (v N
= — 5 ———— = ——" a.e.x €RY,
ox;j g(G™(vy)) ox;  g(G~Y(v)) 9x; ox;

fori=1,2,...,N. So by the Lebesgue Dominated Converge Theorem, we have
G '(vn) = G '(v) in DY*(RY),
which together with (2.4), we have
G Yv,) - G Yv) inX.
Moreover, by Lemma 2.4, one has
G Yv,) - G YHov) inL'(RN) forl<r<2".

By (2.3), we have
G v, —0)> =0 inL*(RN).
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Again by Lemma A.1 in [43], there exists W € L? (RY) such that
|G vy, —0)> < W(x) ae xcRV.

By the convexity of G1(v)?, we get

2*
G712 | < 3671200, — o)+ 3G (20

G

2
21

< Co2

-2
21

< Co2

- 2

2*
G (0 — )2+ %G—l(v)z

< ‘

(167 (o0 = 0P + 167 (@)%

(W@ +1671@17) € LY(RY).
Hence by the Lebesgue dominated converge theorem, one has
G Y(vy) = G Hov) in L*¥ (RV).

Therefore, this completes the proof of continuity.
Next, we will prove the compactness. Let {v,} C E be a bounded sequence. Then {v,} is
bounded in D2(RN) and by (2.1), we conclude that there exists a constant C > 0 such that

/ V(x)G L (v,)2 < C.
RN

Form (2.2) and (2.3), we can know that {G~!(v,)} is bounded in X and in L2?"(RYN). The
compact embedding X < L!(RYN) implies that, up to a subsequence, there is w € L!(RV)
such that G™1(v,) — w in L'(RN) and almost everywhere in RN. Thus, by the Brezis-Lieb
Lemma we conclude that w € L22" (RN) and according to interpolation inequality, given any
1 <g <2-2% there exists 0 < ¢ <1 such that

_ _ _ 1— _
IG™ (vn) = wllg < G (a) = w[SI1G ™ (vn) = wlly,* < CIG (va) —wllf,
which shows that G™(v,) — w in L"(RN) for 1 < r < 2-2*. This completes the proof. O
Lemma 2.6. The embedding E — L' (RN) is continuous for 1 < r < 2%,

Proof. Firstly, by (gs) in Lemma 2.1, we can get

1 1
t < =~ |G ()| + =75 |G () [ 25
1< o716 O+ a6 0 @)
Moreover, by Lemma 2.5, if v € E, then v € L!(RN). That is to say that if v, — 0 in E, then we
have G~ 1(v,) — 0 in LY(RY) and L?(RN). Thus by (2.5), we know v, — 0 in L'(RYN). Thus
E — L!(RYN) is continuous. Using one more time (2.5), we have

1
G=1(0)

PPN 1 o
IGTHOP + = an GO

2% <
= G (07

It follows from Lemma 2.5 that v, — 0 in L2 (RN). Finally, by interpolation the results
obviously holds. O
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Proposition 2.7 ([10]). E is a Banach space. Moreover, C3(RN) is dense in E.

Proposition 2.8. The functional [J, is well defined, continuous and Gateaux-differentiable in E with

/ _ G!(v)
(T4 9) = [ Vot [ V) Emiise— (¥a(0).9),
e e G@), [ haGT )
X, v X, v
(@0 =4 LT P e sGon P EE
Moreover, for v € E we know that J\(v) € E* and if v, — v in E then
(Ti(0n), @) = (TN (), 9),
for each ¢ € E, that is, J\(v,) — J,(v) in the weak * topology of E*.
Proof. By (FHy)-(FHj3), for each v € E, we have
-1 C1 1
[ Fx G @) < o [ 167 @), (2.6)
and
[ HEG @) ¢ [ (67 @F+IG @), 7)
RN RN

Hence, by Lemma 2.6, ¥ (v) is well defined.
Let v, — v in E, then by the continuous embedding E < D"?(RN) «— L2 (RN), we have
vy, — vin DV2(RVN), v, — vin L"(RN) for 1 < r < 2* and

/ V()G () = [ V()G (o)
RN RN

It follows from (2.6), (2.7) and Lebesgue’s Dominated Converge Theorem implies that

[ F& G @) [ F(xG (o)),
| HEG @)~ [ H(xG7(0)).

Thus 7, is continuous.
Next, we prove that J, is Gateaux-differentiable in E. Note that for any fixed v, ¢ € E, by
the mean value theorem, there exists 0 < 6 < 1 such that

1L VUG (o+to)P =G (), G (v +6tg)
2 Jrw t dx = /RN V() 2(G1(v + tg)) ¥

For any |t| < 1, we have

G (v +6te)
g(G~1(v + btg))

\v<x> (p] < CV(x)|(0 + btg)g)

< CV(x)[op + ¢
< CV(x)(log| + |p|*) € LY(RN).

Since

a.e. on IRN, ast — 0,
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then by the Lebesgue Dominated Convergence Theorem, we have

D
L
—~
Q
~—

1 VG (0 + ) — 16 (0)P)
2 Jrs t 7 e Ve

ast — 0,

Similar to the proof and using (FH)-(FH;), we can conclude that

/ F(X, G_1(0+ t(p)) — F(X, G_l(v)) N f(xl G_l(v)) ast — 0
RN t '

R g(G1(0) ¥

and

/ H(x, G‘l(v + tqﬂ)) — F(x, G_l(v)) R / h(x/ G_l(v)) ast — 0
RN t R ’

v 56T
Based on the above discussion, we have that 7 € C'(E,R).

To prove J' € E* for v € E, we only need to check the term [y V(x)
wy — 0in E. By Proposition 2.3-(iii), we have

ﬁ(p. In fact, let

/ V(x)|G Y wy)*> =0, asn— co.
RN

Moreover, it follows from (g2), (g9) in Lemma 2.1 and (2.5) that
G (v) ‘
$G 1@y
G Y
&1 o V56101

G_11<0)2 /]RN V(x) | =

S}
~—

1

which implies that

/]RN V(x)mwn — 0.

Thus J' € E* for any v € E.

Similar to the proof of the first part in this proposition, we can prove that if v, — v in E,
then

(T (0n), @) = (T2 (0), @),
for each ¢ € E, thatis, J, (v,) = J,(v) in the weak * topology of E*. O
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3 Proofs of Theorem 1.1 and Theorem 1.2

This section is devoted to prove Theorem 1.1 and Theorem 1.2. To this end, we will present
two lemmas to show that the functional J, verifies the mountain pass geometry. Before
proving the two lemmas, we need to the following version mountain pass theorem, which is
a consequence of the Ekeland variational principle as developed in [1].

Theorem 3.1 ([1]). Let E be a Banach space and ® € C(E,R), Gateaux-differentiable for all v € E,
with G-derivative ®'(v) € E* continuous from the norm topology of E to the weak x topology of E*,
® satisfies (PS) condition and ®(0) = 0. Let S be a closed subset of E which disconnects (archwise)
E. Let vy = 0 and vy € E be points belonging to distinct connected components of E\S. Suppose that

iIb}fCDZ17>O and ®(vy) <0.

Then

= inf max ®(v(t)) > a,
¢ = inf max (v(t) = &

and there exists a (PS). sequence for ®. c is critical value of ®.

Next, we prove that there exists Ay > 0 such that for all A € [0, o], J, satisfies all the
conditions of Theorem 3.1. To this end, for p > 0, let us define the following set

S(p) = {x eRN:P(v) = pz},
where P : E — R is given by
Pe) = [ (Vo +VEIe@P).

Since P(v) is continuous then S(p) is a closed subset and disconnects the space E for p > 0.

Lemma 3.2. Suppose that (Vy)—(V,) and (FH)—(FHy) are satisfied. Then there exist Ag,n,0 > 0
such that for all A € [0, Ao, Tr(v) > 1 forall v € S(p).

Proof. By (FH) and (FHs), for any € > 0 there exists C, > 0 such that
|H(x,G1(s))| < e|G(s)[* + Ce|G1(s)|P forall (x,5) € RN x R.

Thus for v € S,, by (V1) and Hoélder’s inequality, we get

/RNH(x,G”(v)) < s/RN G (o)) +Ce /RN G (o)]?
< [ VWICT PTG [ 167 @R
< ViOPerC8 [/IRN \Gl(v)lz]z [/RN G (0)?

‘ 5 (1-5)
< 2 pK -1 2\|2
et G | [V wpR] T

1—P¢
2*]

IA

where
2 2" —p

T -y
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Moreover, since v € S, then

2
4 4

[Vol? < 2 Jrw [Vol? < gTPZ-
(o] IR [ee]

G '(v)

“1()2)2 =
J V@ AP =4 [ s

RN

Therefore, one has

4
H(x,G (o)) < Zp2+C PK[Z
/RN< (@) < 30"+ o™ | 0 -

2(p+N)

< Vi0p2+Cp NTZ

Next, by (FH7) and (2.2), we conclude that

[ e @) <a [ 167 @)

<167 @)%
q/2
<c| [ vek+vwic @]

and so v € §,, we get
1 q
| Fx G (@) < co (3.2)

It follows from (3.1) and (3.2) that for v € S,,

Next, we choose 0 < 2e < Vj and pg > 0 such that

2(p=2)

1 € (p
== — — — Cp,N*? 0,
Xo 5 Vo () >

where implies that
Ja(0) > pY(aopy T = AC).

2—4
In the above inequality, choosing Ag = % and 77 := % > 0 such that for all A € [0, Ag],
Ir(v) > 5 >0.
This completes the proof. O

Lemma 3.3. Suppose that (V1)—(V2) and (FH)—(FHy) are satisfied. Then for A € [0, Ao], there exists
v € E such that P(v) > po and J)(v) < 0.

Proof. To this end, we prove that for fixed ¢ € E\{0},

Ir(tp) — —o0  ast — +oo.
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By (FHy), there exist C;,C, > 0 such that H(x,G!(s)) > Cys?* — C; for all (x,5) € RN x R.
Choosing ¥ € (CP(RN), [0,1]) such that supp ¥ = Q, we have

Tiy) <5 [ (0992 + V@I P) - [ HExG o))
<2 [Vl + V() - [16 )P + ]

.
Stzl/ (VP + V(x) c/'G ] cﬁ?'],

where | Q)| denotes the Lebesgue measure of Q). Moreover, by (¢7) in Lemma 2.1, we have

-1 2 -1 4
[letwr_ (c (t¢)> G () P42 s too ast s oo,

VYl

Hence, we take v = ti with t large enough. This completes the proof. O

A sequence {v,} C E is said to be a (PS).-sequence if J)(v,) — c and J;(v,) — 0. Jy is
said to satisfy the (PS).-condition if any (PS).-sequence has a convergent subsequence. Now,
we will prove that 7, satisfies (PS).-condition.

Lemma 3.4. Any (PS). sequence for J) is bounded in E.
Proof. Suppose that {v,} is a (PS). for J), that is, J)(v,) — ¢ and J;(v,) — 0. Using (g)

- (35 Juu Vol [ v (167 @R - 5o,

. {ZVH(x/G_l(Un)) e ),

2 8(G1(vn))
v C-1(o (3.3)
1 1, . 1 Gfl(vn)
> (2—)/ |an|2+/ (\G 1<vn>|2—2yg<G_1())vn)
_ 21],1,/IRN [ZVH(x,G_l(Un)) — hg(CGG ] A/ Un)).

Using the definition of G, we can get G(t) < g(#)t for all + > 0. In fact, by ¢’(t) > 0 for all

t>0
t

t t
G(t) = / ¢(s)ds = sg(s) —/ sg'(s)ds < g(t)t. (3.4)
0 0 Jo
By (3.4) and (gs) in Lemma 2.1, it is easy to check that
1, G 1(s)s _
ZIGTH )P < /22 < |GTY(s)[?, foralls € R. (3.5)
5167 0P < s <1671

By (3.3) and (3.5), we have

1 1
¢+ o0,(1) vl > (2 - 2y> /IRN (yvvn|2 + V(x)|c—1(vn),2> — AC||G ™ (vn) || (3.6)
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It follows from (2.2) and (3.6) that

¢+ 0u(1)||vp]| + AC U]RN (|an\2 + V(x)!G—l(vn)|2)] q/2

Z(;—22>A§<WMM?+Vuﬂ61@ﬁF)

which implies that there exists C > 0 such that
| (Vo + V@I @)R) <c, (37)
RN
due to g € (1,2). Since s1/2 <1+ s for all s > 0, then we have the following estimate

1/2
|oa|| < </N |an|2> —|—1+/NV(x)\G*1(vn)‘2
R R

<2+ [ (Vo4 V@IGT @0 ).

(3.8)

It follows from (3.7) and (3.8) that {v, } is bounded in E. O
Lemma 3.5. Any (PS). sequence for J, has a converge subsequence.

Proof. Let {v,} be a (PS). for J,. By Lemma 3.4, we know that {v,} is bounded in E.
Since E — H'(RY), {v,} is bounded in H!(RYN). Hence up to a subsequence, there exists
v € H'(RYN) such that

Up — 0 inHl(]RN), Up — 0 inLr(]RN) forall1 <r <27, vy — v ae. in RY.

Using (2.1) and Fatou’s Lemma, we have

/IRN V(2)|G 1 (0)2 < liminf [ V(x)|G (oa)2 < C,

n—co  JRN
which shows that v € E. Moreover, by Lemma 2.5, one has
G Y(v,) - G Yv) inL"(RN) foralll<r<2-2% (3.9)

Since [G~1(s)]? is convex, then P(s) is also convex function. Therefore by Lemma 15.3 in [22],
we have

1,

5P@) = 5P (0n) 2 5 (P (va), 0~ vn)
- . o Gl o
_/RN Vo,V (v n)+/RN V( )g(G—l(UH))( n)-

Moreover,

3 Vol + V@I @R = 5 [ [1Vou] + V(x)IG @)

fx G w) h(x, G 1(oa) (3.10)
20 o 60 @ fo a6ty 0 )

+ <j/{(vn),v — V).
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Writing
hx, G Yva)), h(x,G ' (va)) h(x,G '(v) B
o st6t0y @20 = by~ “sen | @
h(x,G"'(0))
s gt Ty
Due to hg(?ci_l((z;))) € L2N/(IN+2)(RN) and v, — v in L?" (RN), we have

h(x, G (0)
Jeo g6 Ty @ 0 asn oo

By (FHz)—(FHj3), (3.9) and the Lebesgue Dominated Converge Theorem, we have

h5 G 0n) | B5G) vy g
(G g(Gi@) E (RT)-

By Holder inequality and the boundedness of {v,} in L? (RN), one has

h(x,GMvn)) _ h(x,G'(v)],
ol ‘

g(G1(vy)  g(G1(v)) vg) >0 asn— oo,

Thus

h(x, G} (vn))
/]RNg(G(vn))(v_vn)_)O asn — oo.

Similarly, we can prove the following

f(x, G (on))

Ry (G T(on) (v—v,) >0 asn— oo,

which dues to

0. — v in Ny an fx,G Y (va) | f(x,G ' (v)) in L9/ @D (RN
o IRT) and “reTn ) T 6wy ET R

By virtue of (7, (vn),v — vn) = 0,(1), by (3.10), we get

liminf | {[Vou] + V()G (wa)?] < /IRN“VU' + V()G ()]

n—o00

In addition, by the semicontinuity of norm and Fatou’s Lemma, we have

lim inf |an|22/ IVol?,
RN RN

n—oo
o 1 2 —1(.\]2
liminf [ V()G (vn) Z/RN V(x)|G (o).
Therefore we have
liminf |an|2:/ |Vol?,
RN RN

n—oo

and

liminf [ V(x)|G " (0n)2 = /]RN V()G (0) 2

n—oo RN

By (1) in Proposition 2.2, we get

int 2 {1+ [ VEIG G- 0)E | 0

which together with Vo, — Vo in L2(RY), implies that v, — v in E. O
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Proof of Theorem 1.1. By Lemmas 3.2-3.5, all conditions of Theorem 3.1 are satisfied. Thus

there exists a critical point c, for [J) at mountain pass level

ey = inf max Ta(r(t)) >0,

where
I'y={y€C(0,1],E) : v(0) =0and Jy(y(1)) < 0}.

Therefore for all ¢ € E, we get

Gl(on) . _ f(x,GH(vp) h(x, G"1(02))
Jou TV V) S50 = S 6T P e (6 T
Choosing ¢ = —v,, where v, = max{—wv,,0}, we have
_ G '(va) - _
/]RN [|V0A ‘2+V(x)m(—v)\ )} =0.

Since G1(v))(—v; ) > 0, we conclude that

2 G H(vy) L
/]RN Vo |*=0 and /]RN V(x)M(—UA) = 0.

(3.11)

Thus v; = 0 a.e. in RN and we have v, > 0. It follows from the strong maximum principle

that v) > 0 in RY, therefore u); = G~!(v,) is a positive solution for (1.1).

Next, we shall prove that there exists C > 0 such that |[u, ;]| < C for all A € [0,A¢]. In

(3.11), taking ¢ = v, and using (3.5), we get

Gfl(UA)UA
2 2 > 2
2/ Vo, +2/ |G (wy)] 2/ Vo, +2/ Jretos

h(le (v/\))v/\
> fo o)

Since J)(v)) = c), we get
2ucy = p /}RN(\WAP + V()G (03) P)dx — 2pA /RN F(x, G} (v)))dx

-1
—2u o H(x,G (vy))dx,

and c, < ¢g, where

— inf >0,
;gro max Jo Jo(r(t)) >

with [Jp is given by

Fo(@) = 5 [ (VorP+ V)G n)P)x— [ H(x G o),

and
Io={y€C([0,1],E) : v(0) = 0 and Jo(y(1)) < 0}.

(3.12)

(3.13)
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Thus, by (3.12), (3.13), (FH4) and (2.2), one has

(1=2) [ (IVorP+V(x)|6 ™ @)P)
_ —2/RN(|VZ)A|2+V(x)|G*1(v)\)|2) +2un /RN F(x,G ' (0)))
+2pu /}RN H(x,G 1 (v)))dx + 2uc)

X -1 0
< o [ttt G - MRS L)

q/2
< 2pc [/]RN(WUMZ +V()[GH (o) !2)} + 2uco,

. B .
v;\] +2pucq /]RN |G (vp) |7+ 2pco

which implies that [n(|Voa|> + V(x)|G ! (v,)[?) is bounded in A. Thus
1/2

lurillm = 16 @)l < C [/RN(IVvaler V(x)IGTH())|  <C

Next, we study the exponential decay property for solutions of (1.1) when A = 0. Let vg be
a solution of (1.12) for A = 0. Now, we first prove that vy € L®(IRY). Thus we conclude that

-1 h ’ -1
Lo (ow v SR gy [ GO, g

For each k > 0, let

0o, if 0o < k/
O =
0, if 0o Z k,

and

Ok = vi(ﬁfl)vo and wy = 057100’

where p > 1. By (V3), (FH;) and (FHs), we have
_ Vo~ _ _
h(x, G (00)) < /G (@0)| + Cri |G (w0)" .
Thus choosing ¢ as a test function in (3.14), we know

2(p—1 2(p—1 2(6-1)-1
/]Rva(ﬁ )’VUQFS/IRNU]((‘B )|Vvo|2+2(ﬁ—1)/]Rva(ﬁ )0 Vog - Vo

G 1 (o0)P? a(pen
< —— .
<% fo @@y

By (3.5), we have

(%] _
(G i) S ¢ ()

It follows from (g7) in Lemma 2.1 and the above inequality that

— _ 4 )
/RN 2PV | yoy)2 < C/]RN 2P Vys = C/]RN 0w, (3.15)
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Moreover, using the Gagliardo-Nirenberg-Sobolev inequality and (3.15), one has

i 2/2*
(/RNW%) <c [ Ivwf

< C/ 2(p=1) \VU > +C(B 1)2/ v%vi(ﬁ_z)\VUﬂz
RN

g-1) 2
< Cp? /nka Vo)
2 5-2_9

<CB /IRNUO wy,

which dues to v; < vp, 1 < % and (B — 1)? < B2. By Holder’s inequality,

2*-F42

(F-2) s 27t
2/2° T +2\ ¥
w? < Cp? v3 i wz* p
RN K - RN 0 RN K

Since wy; < vg , using the continuity of the embedding E — L% (IRN ), we have

- F42
—1y2¢ 2 (£-2) Fogt
(AN[vovk F) <l (/]R )
Taking p =1 +X2 , we get = 2;’; =2% Letd := 2* p+2 Thus

2/2*
pP_ 2
(oot ) " < B0l & ol

Using Fatou’s Lemma in k, we have

1
o
[voll2:p < (CﬁZHUOH(2 2)>2ﬁ llvolls-

(3.16)

Form =0,1,2,..., let 2*B,, = 6Bm+1 with Bo = B. Hence, similar to (3.16), for 81, we know

that )
(F—2)\ 21
loollzep, < (CBIwOllE2) ™ floollpas

1
P_ E 2B
< (CARllwol| z)ml (CB ool &) 7 Jloollgs
< (Clonll¢=2) " B g7 ooz

Since By +1 = Bm - B, we know B, = B - B. Thus by iteration, we have

X: ﬁ 1yvm —i 1ym :p—i
25 i=0 m m
looll2+p, < (Cllooll4=2) pr 0P B ER B gy ..

Using B > 1, we conclude that Y7, 3~ and Y ,if~. Thus letting m — oo, we have vy €

L®(RN) and
4

[N]

[v0]]e0 <

By (V1), (g9) in Lemma 2.1 and (3.14), for all ¢ € C(RYN), we get

./1RN VooV < C/]RNvogo.



Positive solutions of generalized quasilinear Schriodinger equation

21

Thus using an elliptic estimate in [20], for : > % and any ball Bg(x) centered at any x € RV,

we have
sup 20(y) < C [l[o0ll (5,0 + 1901 et -
YEBr(x)
Obviously,
vo(x) <C [HUOHLZ(BZR(x)) + HUOHL‘(BZR(x))} :
Since

190l 22(Bor (x)) + 100/ Le(Bor(x)) = O a@s |x[ — oo,

it follows that
vo(x) =0 as |x| — oo.

At last, we give a proof of the exponential decay for vy. By (FH>) and since

: Gl(s)

lg% sg(G-1(s)) L

we can choose Ry > 0 such that for all |x| > Ry,
G (vo(x))

g(GY(vo(x)))

and

(G (w(x) _ Vo
-1 —
§(G(w(x))) — 2
Now, we define
x(x) = Mexp(—C|x|),
where ¢ and M are such that 472 < Vj and for all |x| = Ry,
Mexp(—CRp) > vo(x).
It is easy to check that for all x # 0,
Ax < 3x.
Let ¢ = x — vg. Then it follows from (3.17)—(3.19) and
G (v) h(x,G 1 (vp))

—AUO+V(x)g(G—1(vo)) ~ (G (v0))

that v
—AB + ZO& >0 in|x| > Ry,
®>0 in|x| =Ry,

lim d(x) =0.

|x|—o00

xEIRN,

By the maximum principle, we know that #(x) > 0 for all |x| > Ro. Hence

¥(x) < Mexp(—|x|) forall |[x| > Ry,

which implies that

up = G (vg) < vo(x) < Mexp(—|x|) forall x € RN,

This completes the proof.

(3.17)

(3.18)

(3.19)
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Next, we shall use the Ekeland variational principle in [43] to prove Theorem 1.2. To this
end, we prove the following lemma.

Lemma 3.6. Suppose that (V1)—(V,) and (FH)—(FHs) are satisfied. Then there exists i € E such
that J)(ty) < O for t enough small.

Proof. To this end, by (g14) in Lemma 2.1 and choosing ¢ € (CF°(RY),[0,1])\{0} such that
supp ¥ = O, we have
1
T <5 [ (VP +vIGT ) P) - [ Hx G (1)
<2 [ (Vg +Vy?) - ¢ [ 167 )

<# [/Q(\th|2+V( — Gyt~ /yG |‘71] <0,

where | Q)] denotes the Lebesgue measure of Q) and t enough small. This completes the proof.
O

Proof of Theorem 1.2. By the previous proof, we know that J) is bounded in Bg for R > 0.
By Lemma 3.6, we have
—oo < by = ié’lfj)\ < 0.
R

Since J, satisfies (PS)-condition. By the Ekeland variational principle (see [43]) for 7, in Bg,
there exists @, € E such that forall A >0

\7)\(@/\) = bA and j){((i))\> =0.

Therefore u,» = G~ !(@,) is a solution of (1.1).
Moreover, for A € (0, Ag], we have J)(®@,) < 0 < n < J)(v)), which shows that u, ; is
different from u, ,, where (0, Ag]. O
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