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Abstract. In this paper, we study the following quasilinear Schrédinger equation
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—Au+ V(x)u — kul(u®) + (1+ xu®)u

where k > 0, 4 > 0, V € C}(R%R) and f € C(R,R). By using a constraint mini-
mization of PohoZaev—-Nehari type and analytic techniques, we obtain the existence of
ground state solutions.
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1 Introduction

In this paper, we are interested in the existence of ground state solutions for the following
nonlocal quasilinear Schrodinger equation

—Au+ V(x)u — xul(u®) + 72 (1x]) 1 2
7 PE (1+xu”)u

o bis) (1.1)
+u </| ‘ S(2+Ku2(s))u2(s)ds> u=f(u) inIR?
X
where u : R? — R is a radially symmetric function, x, u are positive constants, h(s) =
Jo w*(1)IdI (s > 0) and the nonlinearity f : R — R satisfies the following suitable assump-
tions:
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(f1) limg 0 f(s—s) = 0 and there exist constants C > 0 and g € (2, +o0) such that

fE)I<CA+]s™), VseR;

(f2) there exists a constant p € (6,8) such that lim|_, % = 400, where F(s) = [; f(t)dt;

(f3) [s)s—(B-p)Fis)] 4 nondecreasing on both (—o0,0) and (0, +o0).

|s|P—1s
Moreover, we assume that potential V' : R? — R verifies:
(V1) V € C}(R%,R) and Vi := limyy 4o V(y) > Vo := min,cge V(x) > 0 forall x € R?;

(Vo) t — t9%72[(20 — 2)V(tx) — VV(tx) - (tx)] is nondecreasing on (0, +o0) for any x € R?,
where a = % > 1, which is inspired by [6] where Kirchhoff-type problems were

studied.

If x = 0, (1.1) turns into the following nonlocal elliptic problem

—Au+V(x)u+ yhjgfj)u +2u (/I:OO h(;)uz(s)ds) u=f(u) inR>% (1.2)

(1.2) appears in the study of the following Chern-Simons-Schrodinger system

iDo¢ + (D1D1 + D2Da)¢ + f(¢) =0,
dpA1 — 91Ag = —Im($pD2¢),

doAzx — 02 Ag = —Im(¢D1¢),

014, — A1 = —1|p),

(1.3)

where i denotes the imaginary unit, dg = %, 9, = %, 0y = 8672 for (t,x1,x) € R'*2, ¢ :
R!*2 — C is the complex scalar field, Ay R — R is the gauge field, D, = 0y +1iA, is
the covariant derivative for y = 0,1,2. Model (1.3) was first proposed and studied in [12,13],
which described the non-relativistic thermodynamic behavior of large number of particles in
an electromagnetic field. In [1], the authors considered the standing waves of system (1.3)
with power type nonlinearity, that is, f(u) = A|u|P~lu, and established the existence and
nonexistence of positeve solutions for (1.3) of type

(t,x) = u(|x))e™,  Ag(t,x) = k(|x]),

Ai(tx) = ,szhqx\), Aaltyx) = — T ph(lx)),

(1.4)

where w > 0 is a given frequency, A > 0 and p > 1, u, k, h are real valued functions depending
only on |x|. The ansatz (1.4) satisfies the Coulomb gauge condition 9;A; + d,A, = 0. Byeon
et al. [1] got the following nonlocal semi-linear elliptic equation

2 +o00

— Au+ wu + i ’S;Du + (/| | h(ss)uz(s)ds> u=AluP'u inR%. (1.5)
X

Later, based on the work of [1], the results for the case p € (1,3) have been extended by

Pomponio and Ruiz in [20]. They investigated the geometry of the functional associated with

(1.5) and obtained an explicit threshold value for w. The existence and properties of ground
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state solutions of (1.5) have also been studied widely by many researchers, see, e.g., [2,7,10,11,
14,19,21,29,31,33,35] and references therein. If we replace w > 0 with the radially symmetric
potential V and more general nonlinearity f, then (1.5) will turns into (1.2). Very recently,
by using variational methods, Chen et al. in [4] studied the existence of sign-changing multi-
bump solutions for (1.2) with deepening potential. In [25], when f satisfied more general
6-superlinear conditions, Tang et al. proved the existence and multiplicity results of (1.2). For
more related work about the problem (1.2), we refer to [9,15,28,35] and references therein.
If u =0, (1.1) reduces to the following quasilinear elliptic problem

— Au+V(x)u —xud(u?) = f(u) in R> (1.6)
(1.6) is obtained from the quasilinear Schrodinger equation
i+ AP = W(x)§ +xpA(F1*) + h(|§)§ =0 inR?,

by setting ¢ = e ™'u(x), V(x) = W(x) —w, where w € R, W is a given potential, /1 is a
suitable function. The existence and properties of ground state solutions of (1.6) as well as the
stability of standing wave solutions have also been studied widely in [16,32] and references
therein.

Motivated by [3,8], we try to establish the existence of positive ground state solutions for
(1.1) involving radially symmetric variable potential V and more general nonlinearity f than
[8]. Compared to [3], the equation (1.1) has appearance the Chern-Simons terms

</|+Oo h(ss)uz(s)ds + hig;‘)> u,

x|

so that the equation (1.1) is no longer a pointwise identity. This nonlocal term causes some
mathematical difficulties that make the study of it is rough and particularly interesting. To
overcome these difficulties, we adopted a constraint minimization of the PohoZaev-Nehari
type as in [5,8] and establish some new inequalities.

In order to state our main theorem, let us define the metric space

X = {u € HY(R?) : /ZMZIVuZIdx < +oo} = {u € H(R?) : u* ¢ H}(IRZ)},
R
endowed with the distance

dy(u,0) = lu—ol| + V() = V(0?)] 2.

We will show that (1.1) can obtain the following energy functional: I : y — R,

u?(x * 2
I(u) = ;/]RZ [(1—|—2Ku2)|vl,t|2+V(x)uz]dx+g - ‘;’2) (/0| |Su2(5)d5> dx

N %K /]R u*(x) (/OX| suz(s)ds>2dx - /RZ F(u)dx,  Vue€x.

2 [x?

(1.7)

Similarly to [1,8,16,22,29], any weak solution u of (1.1) satisfies the PohoZaev identity, that
is, P(u) = 0. For the nice properties of the generalized Nehari manifold, we refer to previous
works in [17,18, 34] and references therein. Inspired by this fact, we define the following
Pohozaev—Nehari functional T'(#) = aN(u) — P(u) and the PohoZzaev—Nehari manifold of I

M = {u € x\{0} : T(u) = o}.
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Although x is not a vector space (it is not close with the respect to the sum), it is easy to check
that I is well-defined and continuous on ). For any ¢ € Cgf’r(]Rz), uecyxandu+¢@ € x, we
can compute the Gateaux derivative

h?
(I'(n), 9) = /11{2 {(1 + 2ku?)Vu - Vo + 2ku|Vul>¢ 4+ V(x)ug + u ‘S‘Z‘) (1+ KuZ)u(p} dx

+u 2 (/|+oo @(2 + Kuz(s))uz(s)ds> updx — /sz(u)(pdx. (1.8)

x| S

Then u € x is a weak solution of (1.1) if and only if the Gateaux derivative of I along any
direction ¢ € Cgf’r(]RZ) vanishes (see Proposition 2.2 below). A radial weak solution is called
a radial ground state solution if it has the least energy among all nontrivial radial weak
solutions.

Our main result is the following theorem.

Theorem 1.1. Assume that (V1)—(Va) and (f1)—(f3) are satisfied. Then (1.1) has a positive ground
state solution u € x\{0} N C%(IR?), such that () = inf,cp [(u) = inf, e, j0y maxeso I (ut) where
ur = (u); := t“u(tx).

Remark 1.2. Theorem 1.1 can be viewed as a partial extension to the counterpart of the result
and method in [8]. The assumptions on f in this paper are from the reference [5]. Furthermore,
by [5, Remark 1.4],

fu) = (Ju]P~? = alu|"?)u,
satisfies (f1)—-(f3) whena >0and 2 < g < p € (6,8].

To prove the Theorem 1.1, by using some new techniques and inequalities related to I(u),
I(u;) and T'(u), as performed in [3,5,24], we prove that a minimizing sequence {u,} C x of
inf, e I(u) weakly converges to some nontrivial # in x (after a translation and extraction of
a subsequence ) and # € M is a minimizer of inf,cq I(1).

Notations. Throughout this paper, we make use of the following notations:
* Vi is a positive constant;
* C, Cy, Cq, Cy,...denote positive constants, not necessarily the same one;

¢ L’(R?) denotes the Lebesgue space with norm |[u||r = ([g |u|’dx)l/r, where 1 <r <

+oo;

* H'(IR?) denotes a Sobolev space with norm |[u|| = ( [, u* + |Vu|2dx)1/2;
e HY(R?) := {u € H'(R?) : u is radially symmetric};

* C3o(R?) := {u € C°(IR?) : u is radially symmetric};

e Forany x e R?and 7 >0, B,(x) = {y € R?: |y — x| < r};

e “ ~"and “ = ” denote weak and strong convergence, respectively.
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2 Variational framework and preliminaries

In this section, we will give the variational framework of (1.1) and some preliminaries. Now
we find that if u € x is a solution of (1.1), then it solves Q(u) = 0, where

Q(u) = divA(u, Vu) + B(x,u, Vu),
with
A(u, Vu) = (1+2xu*)Vu,

(2.1)
B(x,u, Vi) = — (2K|w12 V() + Ky () (1 + ku?) + sz(x)>u + fu),

and

12(]x) N
Kl(x):{ e X700 1<2(x):/+ h(s)<2+Ku2(s)>u2(s)ds.

0, x=0, x| S

We observe from (2.1) that (1.1) is a quasilinear elliptic equation with principal part in
divergence form and it satisfies all the structure conditions in [19] or [26].

In order to show that any weak solutions of (1.1) are classical ones, we introduce the
following lemma.

Lemma 2.1 ([8]). Let us fix u € x. We have:
(i) Ky, Ko are nonnegative and bounded;
(ii) if we suppose further that u € C(R?), then Ky, Ky € C1(R?).
Arguing as in [1,8], standard computations show that

Proposition 2.2. The functional I in (1.7) is well-defined and continuous in x and if the Gateaux
derivative of I evaluated in u € X is zero in every direction ¢ € ng;(le), then u is a weak solution of
(1.1). Furthermore, the weak solution of (1.1) belongs to CZ(JRZ), s0 the weak solution u is a classical
solution of (1.1).

Lemma 2.3. Any weak solution u of (1.1) satisfies the Nehari identity N(u) = 0 and the PohoZaev
identity P(u) = 0, where

2
N(u) = /IRZ [(1 + i) | Vul? + V(x)u? + yh |§c|\§|) (3 —|—2KM2)M2] dx — /sz(u)udx, (2.2)

2
P(u) = /11{2 [V(x)u2 + %VV(x) - x|ul? + yh ’S;D (24 Kuz)uz] dx —2 . F(u)dx. (2.3)

Proof. By a density argument, we can use u € x as a test function in (1.8), we have

/ [(1 + 2ku?) | Vul? + 2xu®| Vu|* 4+ V(x) }
R?
s)

”/Rz ’Sél)(lﬂu Y+ u (/ 7(2—{—1(1,1 (s ))u2(s)ds> uldx = 0. (24)

We claim that: for § =2 or B = 4, we have
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2 400 1B
/ h <’x’)uﬁdx:/ </ WASS) <S)h<s)ds) u?dx.
R[22 R\ s
Now we using the integration by parts to prove the claim. A simple computation yields that
B |x| 27 [ ptoo 4B r
/ [u h(‘sz </ suz(s)ds>} dx :/ [/ “ hz(r) </ suZ(s)ds> rdr] de

R2 | x| 0 0 0 r 0

27T p4oo +o0 4B

:/ / </ WASMS) (S)h(s)ds> u?rdrdé

0 0 r s

-/ ( /| uﬁ<sgh<s>ds> W2dx.

Then, we conclude that the identity N(u) = 0 holds.
Next, let u € x N C?(IR?) be a solution of (1.1). Then multiplying by Vu - x and integrating
by parts on Bg. Arguing as in [1,8], we get the following identities:

ou
Au(Vu - x)dx = [ Vu-x)dS,— [ Vu-V(Vu-x)d
/BR u(Vu - x)dx aBRﬁ(ux) BRu (Vu - x)dx
ou \? R
~R dsx——/ Vu[2dS,
3BR (ﬁ) 2 BBR| ul
_R |Vu?dS, =1,
3Bg
/uA(uz)(Vu-x)dx: ajuZu(Vu-x)de— Vu? - V(u(Vu-x))dx
Br BBRaTl Br

R a2\’ 1 5 )
=3 s (ﬁ) dsS, — 3 Jo. Vu® - V(Vu® - x)dx

R
= / IVi22dS, = T,
4 JaBg

/BR V(x)u(Vu - x)dx = /BR V(x) (V(;Lﬂ) -x) dx

1 v R
o 24, 1 )2 2
= /BR V(x)u“dx 5 /BR (VV(x) x)u dx + 2 ). V(x)u"dSy

= —/ V(x)uzdx—l/ (VV(x) -x)uzdx—i—HI,
Br 2 Br

/ Fu)(Vu - x)dx = / V(F(u)) - xdx
BR BR
=—-2/[ F(u)dx+R F(u)dSy
BR aBR
= —2 [ F(u)dx+1V.
Br
We note that if f(x) > 0 is integrable on R?, then liminfg_, |« RfaBR fdS = 0. Since u € y,

then u?> € H'(R?) and the integrands in the terms I, II, IIl and IV are all nonnegative and
contained in L' (IR?), one can take a sequence {R;} such that the terms I, II, IIl and IV with R;
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replacing R converge to 0 as j — 4-00. Moreover, for f = 2 or f = 4, we have

) 2
4 </|+ h(s)uﬁ(s)ds> u(Vu - x)dx + f (|3§Du5’1(Vu-x)dx

B Bg, \Jlx| 8 Br |x|
-/ hz‘gé‘)uﬁl(vu -x)dx —1—2 e u‘ﬁx(’;c) </0|x suz(s)ds> </le szu(s)u’(s)ds> dx
— 2 b uifé) </0x suz(s)ds> </Ox szu(s)u/(s)ds) dx
+ ;13 " </|:oo h(:)uﬁ(s)ds> u(Vu - x)dx
. 2
3 A ([ sets)as) ax

L[ o) ([ o)
)

-5, ' ( [onn) ar IEaBR o B (" o000) s
+5 (/ - !x|2|x’ ) e

5k () ds) et

Then, from (1.1), we get

2
/ [V(x)u2 + 1VV(x) x|ul? + Vh (|§|> 2+ Kuz)uz} dx —2 F(u)dx +o0,(1) = 0.
Bg, 2 | x| Bg;
This implies that P(u) = 0 holds. The proof is completed. O

Remark 2.4. From (2.2) and (2.3), by Lemma 2.3, any weak solution of (1.1) belongs to M.

For functionals D(u), E(u) (see Section 3 below), we have the following compactness
lemma:

Lemma 2.5 ([8]). Suppose that a sequence {u,} converges weakly to a function u in H}(IR?) as
n — +oo. Then for each p € HY(R?), D(uy), D' (uy)y and D' (1y )uun, E(ty), E' (1) and E' (uy)uiy,
converges up to a subsequence to D(u), D'(u)y and D' (u)u, E(u), E'(u)y, and E'(u)u, respectively,
asn — +oo,

3 Existence of ground state solutions

Throughout this section, for any u € x, we denote

:/ |Vu|>dx, B(u) :/ V(x)u*dx, C(u) :/ u?|Vul|*dx,
JRr2 R2 R?
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2

D(u) = /]RZ uyzx(;) </0|x su2(s)ds> dx,
E(u) = /]1;2 u|4x(|9§) (/O|x suz(s)ds>2dx.

To complete the proof of Theorem 1.1, we prepare several lemmas.

Lemma 3.1. Assume that (f1) and (f3) hold. Then

_ 48a—4
1(t,0) ==t ?F(t"0) — F(q) + i(zt,f_l) [af(0)o—2F(0)] >0, Vt>0,0€R, (3.1

and
fle)o—
Proof. Tt is easy to see that g1(¢,0) > 0. For ¢ # 0, by (f3), we have

(8"‘;2%(9) >0, VoeR (3.2)

d a5 82 | af(t*0)t*o — 2F (" o —2F
2 r(tr0) = £-3gl" [ f("Q)t"e —2F(t%0) _ uf(e)e—2 (@)]
|tg| = o] s
Sp—24 2 2 2
_ 257 oP | f(tFrQ)tT e — (8—p)F(t570)  f(e)e— (8—p)F(e)
8—p 16577 g7 lol?

and this expression is greater than or equal to zero for t > 1 and less than or equal to zero for
0 < t < 1. Together with the continuity of g1(+, 0), this implies that g1 (t,0) > g1(1,0) = 0 for
all t > 0 and ¢ € R\{0}. This shows that (3.1) holds. By (f1) and (3.1), we have

limg1(t,0) = 4(2“1_1) [af(0)o— (8a —2)F(0)] 20,  Vo€R,

which implies that (3.2) holds. O
Lemma 3.2. Assume that (V1)—(V3) hold. Then
202y, (41 15
gt x):=V(x) —t"*V(t 'x) — 1221 [(2a —2)V(x) = VV(x) - x] (3.3)
>0, Vt>0, x<cR?\ {0},
and
(6a —2)V(x) +VV(x)-x >0, VxecR%. (3.4)

Proof. For any x € R?, by (V;) and (V2), we have

;tgz(t,x) = t8""5{(20¢ -2)V(x) =VV(x)-x
— 6220 — )V (%) — VV (£ 1x) - ()] }
and this expression is greater than or equal to zero for ¢t > 1 and less than or equal to zero for

0 < t < 1. Together with the continuity of g»(-, x), this implies that g>(¢,x) > g2(1,x) for all
t > 0 and x € R2. This shows that (3.3) holds. By (3.3), one has

(6o —2)V(x)+VV(x)- -x
(20— 1) 20,

which implies that (3.4) holds. O

lim g>(t, x) =
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Fort >0, let

7 (t) = a4 — (4o — 2)t** +3a — 2, (3.5)
o) =at® 4 — 20 —1)* +a—1, (3.6)
() = (B — 2)83%* — (4o — 2)1%* 1 o, (3.7)
Since a > 1, for all t € (0, )U( +00),
7 (t) > n(l) = () > (1) =0, w(t) >1(1) =0 (3.8)
Lemma 3.3. Assume that (Vq)—(V. ) (f1) and (f3) hold. Then for all u € H'(R?) and t > 0,
1 — t80—4
1) 2 ) + 4o . T+ 4(;(?1)14@) (222(_”1) (1). (3.9)
Proof. Note that
tZD( t21x—2
() = - Aw) + — /m V(F x)uldx + HC ()
a_ - (3.10)
+ 62 D@ + 2 4;1KE( ) — :2 / F(fu)dx,  Vue H'(R?).
Since I'(u) = aN(u) — P(u) for u € x, then (1.7) and (1.8) imply that
[(20 — — VV(x) - x|u*dx
"2 / i (3.11)

+ 4axC(u) + (3 — 2)uD () + (26 — 1)uxE () + /Rz 2F (1) — af ()u] dx.
Then, it follows from (1.7), (3.1)—(3.7), (3.10)—(3.11) that

I(u) — I(ut)
1 — t20¢ 2 / 2y (4 )] uldx + (1 — £49)%C(u)
60 —4 8a—4
T <1 ; > uD(u) + (1 i ) uxE(u) +/]RZ [t72F(t*u) — F(u)]dx
8a—4
i(ZtXt—l { 2/ [(2a =2 — VV(x) - x|u’dx

+4axC(u) + (Ba —2)uD(u) + (2a — 1) uxE(u) + /}Rz [2F (u) — af(u)u}dx}
N [1 - (- t8”‘4)] Au) + [(1 - t6“4> (A=) (Ba — 2)] WD)

2 420 — 1) 2 420 —1)
_ 48u—4
2/ { _ 2y (L) i@:_l)[(za—Z)V(x)—VV(x).x]}uzdx
" [1 e 4a<(12 - )4>] KC(u)

—l—/ { t2F (t%u) )+i(2 £ 4)[0cf( u)u — (u)]}dx

1 — 84 7 () T (t)

Z 1001 W e - AW ey W

for all u € H'(R?) and ¢ > 0. This implies that (3.9) holds. O
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From Lemma 3.3, we have the following corollary.
Corollary 3.4. Assume that (V1)—(V2), (f1) and (f3) hold. Then for all u € M,

I(u) = max I(uy).

Lemma 3.5. Assume that (V1)—(Va), (f1)-(f3) hold. Then for any x\{0}, there exists a unique
ty > 0, such that (u);, € M.
Proof. Inspired by [3,5], we let u € x\{0} be fixed and define the function y(t) := I(u;) on
(0, +0). Clearly by (3.10), (3.11), we have

t20(—3

Y (1) =0 <= aA(u)* 1+ —5—

+ 4axC(u)t** 1 + (Ba — 2)uD (u)t%* ™ + (2a — 1) uxE (u) 3
+ t’3/ [2F(t"u) — af (Hu)t*uldx =0
R2
—T(u) =0 u; € M.

From (V1) and (V2), (f1) and (3.10), it follows that lim;_,o () = 0, ¢(¢) > 0 for t > 0 small.
Moreover, from (f1) and (f2), for every 6 > 0, there exists Cy > 0 such that

o (20— DV (%) — VV(Ex) - (#) ] uldx

F(o) 2 6lo]’ — Coo®, Vo eR. (3.12)
We note from Lemma 2.1 and Holder inequality that for some Cy > 0,
T2 [ 2
hs) = [ wr(r)rdr = /BSZn” (y)dy < Cosllu|%, (3.13)
then )
D(u) = / u2(x) /'xl su?(s)ds | dx < Collu||*s||ul? (3.14)
R2 |x|2 0 >~ L0 L4 [2s .
w0 (M ds) ;
E(u) = < . 3.15
= AP </O su (s)ds) dx < Collullf, (3.15)
By (V1), we have Viax:= max,cg2 V(x) > 0 and by (3.10), (3.12) and (3.14), (3.15), we have
tZD( tZtX—Z
I(ar) < 5 A1) + 5 Vinax|u]* + #5C ()
t60¢*4 t81xf4 3 3.16
ol + gl — 0654 ), (310

+ 1472 Cou| 2.

Let 0 be large enough in (3.16), then y(t) < 0 for ¢ large. Therefore, max;~o () is achieved at
some t, > 0, so that 9/(t,) =0 and (u);, € M.

Next, we claim that t, > 0 is unique for any u € x\{0}. If there exist two positive constants
t; # tp, such that both u;,, uy, € M, thatis, I'(uy,) = I'(ug,) = 0, then (3.5)-(3.7), (3.10) imply

60—4 60—4
tl — t2

4(20 — )5
tgl)(—‘L _ t?t’(—‘l

2 "1y
4(20 — 1)t5* 4 (1)

This contradiction shows that ¢, > 0 is unique for any u € x\{0}. O

I(ug) > I(ug,) +

[(uy) = I(u,)

> I(uy,) + = I(uy,).
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Arguing as in [5], standard computations show that
Lemma 3.6. Assume that (V1)—(Vy) hold. Then there exist constants C1, C; > 0, such that
(20 —2)V(x) = VV(x)-x >C;, VxcR%. (3.17)

and
(6a —2)V(x) +VV(x)-x >Cp,  VxeR%. (3.18)

Lemma 3.7. Assume that (Vy) and (V2), (f1)—(f3) hold. Then

(i) there exists py > 0 such that ||u|| > po, Yu € M;

(ii) m :=inf,cpg [(u) = inf,c 0 oy max I(ug) > 0.
Proof. (i) Since I'(u) = 0 for u € M, it follows from (f1), (3.11), (3.17) and Sobolev embedding
inequality, there exists a constant C3 > 0, such that

1
aA(u) + 4axC(u) + §C1H”||%z

< aA(u)+4axC(u) + % /]R

< /]1{2 laf (u)u —2F (u)]dx

1
< ;CullulZ + Csllu]”,

(e —2)V(x) = VV(x) - x]u’dx

for all u € M. This implies that there exists pg > 0 such that

min{4a, C1}\ 7
> = — -
] 2 po = (RRLCL)

‘ -
Nl

. YueM. (3.19)

(if) From Corollary 3.4 and Lemma 3.5, we have

M#@ and m= inf maxI(u).
uex\{0}

Next, we prove that m > 0. Let
1

Y(u):=I(u)— mf(u)
_ 4(3211_—21) (u) + 8(20‘1_1) /R (60 —2)V(x) + VV(x) - x]udx
o . (3.20)

+ 20— 1)KC(M) + K2 —1) 1)yD(u)

+ 4(2“1_1) /]R2 [af(W)u — (8« —2)F(u)]dx,  Vu € H'(R?).

Since I'(1) = 0 for all u € M, then it follows from (3.2), (3.4), (3.18) and (3.19), (3.20) that
1) > 4(320;__21)14(11) + 8(2;_1) [ [(68 =2V (x) + TV (x) - o] sty
> mm{g((;z:lz))’cﬂ ul? > min{g((sz:f)),Q}p% =p; >0, VYueM.

This shows that m = inf,c ¢ [(u) > p1 > 0. O
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Next, we establish the following lemma.

Lemma 3.8. Assume that (V1)—(V2) and (f1)—(f3) hold. If u € M and 1(u) = m, then u is a radial
ground state solution of (1.1). Moreover, it is positive (up to a change of sign).

Proof. We argue as in [8,22]. Suppose by contradiction that u is not a weak solution of (1.2).
Then, we can choose ¢ € Cg’,(R?) such that

(I'(u), ) < —1.

Hence, we fix ¢ > 0 sufficiently small such that
(1 (s + 09), @) < —%, for [—1|,|8] < ¢, (321)

and introduce ¢ € C§°(IR) be a cut-off function 0 < ¢ < 1 such that {(t)=1 for |t — 1| < § and
{(t) =0for |t — 1] > ¢. For t > 0, we construct a path ¢ : RT — x defined by

o(t) = .
ur+el(t)e, if|t—1| <e.

Note that # is continuous on the metric space (), d,) and eventually, choosing a smaller ¢, if
necessary, we obtain that d, (c(t),0) > 0 for |t — 1| < .
We claim that
sup I(o(t)) < m. (3.22)
£>0
Indeed, if |t — 1| > ¢, from Corollary 3.4, we have I(c(t)) = I(u;) < I(u) = m. If [t —1| <,
by using the mean value theorem, we get

1@ (6)) = 1+ el(1)9) = 1) + [ (1'u +82(0)9), L (19w
< I(uy) — %sg(t) <m,

where in the first inequality we have used (3.21).

To conclude that I'(c(1+¢)) < 0 and I'(c(1 —¢)) > 0. By the continuity of the map t —
I'(o(t)), there exists tp € (1 —¢,1+¢) < 0 such that I'(c(fp)) = 0. This implies that o () =
uy, +€f(to)e € M and I(o(ty)) < m. By Lemma 3.7, this gives the desired contradiction,
hence u is a weak solution of (1.2). By Remark 2.4, we conclude that u is a radial ground state
solution. Moreover, if u € M is a minimizer of I| v, then |u| is also a minimizer and a solution.
So we can assume that u is nonnegative. By Proposition 2.2, we know that u € C?(IR?) and by
the Harnack inequality [27], we know that u > 0. This completes the proof. ]

Lemma 3.9. Assume that (V1)—(Va) and (f1)—(f3) hold. Then m is achieved.
Proof. Let {u,} C M be such that I(u,) — m, then by (3.20),

m+0(1) = I(y) > (2";__11)

30— 2 Cz
= foa—1) 80a—1) KC(1n),

A(uy) + 800 —1)

which implies that {u,} and {u2} are bounded in H}(IR?). Therefore, by the compactness
result due to [23], there exists u € x such that, up to a subsequence,

a2 +
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u, —u in H(R?),
u2 —~ 7% in H}(R?),
u, —u in L1(R?) for any q > 2,
U, —u a.e.in R

There are two possible cases (i) # = 0 and (i7) # # 0. Next, we prove that @ # 0.

Arguing by contradiction, suppose that # = 0, that is u, — 0 in H!(R?) and 2 — 0 in
H!(R?). Then u, — 0 in L1(R?) for g > 2 and u, — 0 a.e. in R?%. From I'(#,) = 0, (3.17) and
(3.19), one has

min{a, %cl}po2 < min {a, %Cl}HunHz
< wA(u) + %clnunuiz
< aA(uy) + % /RZ (20 —2)V(x) — VV(x) - x]12dx (3.23)
+ 4axC (1) + (3a — 2)uD (1) + (20 — 1) E 1)
— /R (o f (1t )1t — 2F (1)] dx + 0(1).

Using (f1), (f2), clearly, (3.23) contradicts with u,, — 0 in L(IR?) for g > 2, therefore u # 0.
Let v, = u, — u. Then by Lemma 2.5 and the Brezis-Lieb Lemma (see [22,24,30]), yield

I(uy) = I(u) + I(vy) +0(1), (3.24)
and
I'(u,) =T(u)+T(vn) +o(1). (3.25)
Since I(u,) — m, T'(u,) = 0, then it follows from (3.20), (3.24) and (3.25), we have
1
Y(v,) :=1(vy) — mf(vn)
= m—"¥(@) +o(1) (3.26)
and
T(vy) = —T(7) +o(1). (3.27)
If there eixsts a subsequence {v,, } of {v,} such that v,, = 0, then
1@ =m, T(@ =0, (3.28)

which implies that the conclusion of Lemma 3.9 holds. Next, we assume that v,, # 0. In view
of Lemma 3.5, there exists t, > 0 such that (v,);, € M for large n, we claim that I'(u) < 0,
otherwise, if T'(#) > 0, then (3.27) implies that I'(v,) < 0 for large n. From (1.7), (3.9) and
(3.26), we obtain

m—"Y(u)+0(1) =¥(vy) = I(vy) 4(2a_1)F(vn)
Su—4
> (o)1) ~ g3 T0n) + g 2 Aln) + o0 C(o)
> 1((vn)t,) — ﬂf(w) >m forlargen € N,

420 —1)
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which implies that I'(%) < 0 due to ¥(#) > 0. Applying Lemma 3.5, there exists t > 0 such
that u; € M. From (1.7), (3.5), (3.6) and (3.9), the weak semicontinuity of norm and Fatou’s
Lemma, one has

m = lim ¥ (u,)

= tim [100n) ~ gt T)
> 1(7) — 4(2“1_1)1*(11)
> 1() - %rw +r ) + e
> m— 4(;2:,4_41)F(u) >m,
which implies that (3.28) holds. O

Proof of Theorem 1.1. In view of Lemmas 3.7, 3.8, 3.9, there exists # € M such that I'(#) = 0,
I(u) = m = inf,¢ oy max I(u;), we can conclude that, actually, # is a positive radial ground
state solution of (1.1). This completes the proof. O
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