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Abstract. We establish the existence of global solutions and L7 time-decay of a three
dimensional chemotaxis system with chemoattractant and repellent. We show the ex-
istence of global solutions by the energy method. We also study L7 time-decay for the
linear homogeneous system by using Fourier transform and finding Green’s matrix.
Then, we find L7 time-decay for the nonlinear system using solution representation by
Duhamel’s principle and time-weighted estimate.
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1 Introduction

Chemotaxis is the oriented movement of biological cells or microscopic organisms toward
or away from the concentration gradient of certain chemicals in their environment. We may
use cells to denote the biological objects whose movement we are interested in and chemo
attractants or repellents to denote chemicals which attract or repell the cells. This type of
movement exists in many biological phenomena, such as the movement of bacteria toward
certain chemicals [1], or the movement of endothelial cells toward the higher concentration of
chemoattractant that cancer cells produce [4].

Keller and Segel [11,12] derived a mathematical model to describe the aggregation of
certain types of bacteria, which consists of the equations for the cell density n = n(x,t) and
the concentration of chemical attractant ¢ = ¢(x, t) and is given by

ng=An—V-(nxVe),
acy = Ac+ f(c,n),

where x is the sensitivity of the cell movement to the density gradient of the attractant, a is a
positive constant, and the reaction term f is a smooth function of the arguments. Since then,
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many mathematical approaches to describe chemotaxis using systems of partial differential
equations have emerged, some of which will be discussed later in this section.

In this paper, we use the equations for continuum mechanics to describe the movement
of cells and for the chemoattractant and repellent, we use diffusion equations. The com-
bined effects of chemoattractant and repellent for chemotaxis are studied in diseases such as
Alzheimer’s disease [2].

We consider the initial value problem for the system in IR® given by

on+ V- (nu) = n(ne —n)

osu+u-Vu-+ WT(") = x1Vec1 — x2Vea 4+ 6Au (1.1)
dic1 = Acy — agpcr + ajcin

dtca = Acy — axncy + ax con,

where n(x,t),u(x,t),c1(x,t),c2(x,t) for t > 0, x € R3, are the cell concentration, velocity
of cells, chemoattractant concentration, and chemorepellent concentration, respectively. The
initial data is given by

(7’1, u, C]/CZMt:O = (7’10, Uuop, €1,0, CZ,O)(x)/ X e Ra/ (12)
where it is supposed to hold that
(110, 10, €1,0,€20) (X) = (11,0,0,0) as x| — oo,

for some constant 1, > 0.

In this model the cells follow a convective logistic equation, the velocity is given by the
compressible Navier-Stokes type equations with the added effects of chemoattractants and
-repellents. The pressure for the cells p(n) is a smooth function of n and p’(n) > 0, a positive
constant ¢ is the coefficient for the viscosity term, and x; and x» express the sensitivity of the
cell movement to the density gradients of the attractants and repellents, respectively. Usually
Xi, (i = 1,2) are functions of ¢; and in this paper we consider the case x; = Kjc;, where K; are
positive constants, so that the sensitivity is proportional to the concentration of the attractants
and repellents. We choose K; = 2 for simplicity. We may equally use x; = Kjc;’, where a;
are positive constants. For chemical substances, we use the reaction diffusion equations. The
reaction terms are based on a Lotka—Volterra type model in which the nonnegative regions
of ¢; are invariant in the sense that if the initial conditions for c; are nonnegative, they are
nonnegative for positive t. This can be verified by the maximum principle. The couplings
between c¢; and n are given as nonlinear terms.

The main goal of this paper is to establish the local and global existence of smooth solutions
in three dimensions around a constant state (71,0,0,0) and the decay rate of global smooth
solutions for the above system (1.1). The main result of this paper is stated as follows.

Theorem 1.1. Let N > 4 be an integer. There exists a positive numbers €y, Co such that if
| [0 — 11eo, U0, €1,0, €2,0] ||HN < €o,

then, the Cauchy problem (1.1)—~(1.2) has a unique solution (n,u,cy,c2)(t) globally in time which
satisfies
(u,c1,02)(t) € C([0,00); HN(R?)) N C ([0, 00); HN2(RR?)),
n — e € C([0,00); HY(R?)) N C'([0,00); HN1(R?))
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and there are constants Ay > 0 and Ay > 0 such that

t t
11— 1o, 1, 1, 2] |30 + M1 /0 V[, c1, 2] || Fn + /\2/0 [ = 1o, €1, 2] || 3y

< Col|[10 — 1o, 1o, €1,0, €20] || Fyn- (1.3)

Furthermore, the global solution [n,u, c1, c2] satisfies the following time-decay rates for t > 0:

11— ool < C(1 4 1) 273, (1.4)
lulls < CO+£) 273, (1.5)
llc1, ez < C(l‘f‘t)%gz (1.6)

with2 < g < oo, C > 0.

The proof of the existence of global solutions in Theorem 1.1 is based on the local exis-
tence and an a priori estimates. We show the local solutions by constructing a sequence of
approximation functions based on iteration. To obtain the a priori estimates we use the energy
method. Moreover, to obtain the time-decay rate in L7 norm of solutions in Theorem 1.1, we
first find the Green’s matrix for the linear system using the Fourier transform and then obtain
the refined energy estimates with the help of Duhamel’s principle.

To motivate our study, we present previous related work on chemotaxis models. Many
of them are based on the Keller-Segel system. Wang [21] explored the interactions between
the nonlinear diffusion and logistic source on the solutions of the attraction—repulsion chemo-
taxis system in three dimensions. E. Lankeit and J. Lankeit [13] proved the global existence of
classical solutions to a chemotaxis system with singular sensitivity. Liu and Wang [14] estab-
lished the existence of global classical solutions and steady states to an attraction-repulsion
chemotaxis model in one dimension based on the energy methods.

Concerning the chemotaxis models based on fluid dynamics, there are two approaches,
incompressible and compressible. For the incompressible case, Chae, Kang and Lee [3],
and Duan, Lorz, and Markowich [8] showed the global-in-time existence for the incompress-
ible chemotaxis equations near the constant states, if the initial data is sufficiently small.
Rodriguez, Ferreira, and Villamizar-Roa [19] showed the global existence for an attraction—
repulsion chemotaxis fluid model with logistic source. Tan and Zhou [20] proved the global
existence and time decay estimate of solutions to the Keller-Segel system in R® with the small
initial data. For the compressible case, Ambrosi, Bussolino, and Preziosi [2] discussed the
vasculogenesis using the compressible fluid dynamics for the cells and the diffusion equation
for the attractant.

Many related approaches use the Fourier transform, and we only mention that Duan [6]
and Duan, Liu, and Zhu [7] proved the time-decay rate by the combination of energy estimates
and spectral analysis. Also by using Green’s function and Schauder fixed point theorem, one
can study the existence and regularity of solution for these kinds of equations (see [9,10,17,
18]).

For later use in this paper, we give some notations. C denotes some positive constant and
Ai, where i = 1,2, denotes some positive (generally small) constant, where both C and A; may
take different values in different places. For any integer m > 0, we use H™ to denote the
Sobolev space H"(R?). Set L?> = H°. We set 9* = 95193205 for a multi-index a = [ay, a2, a3).
The length of « is |.| = a1 + ap + a3; we also set Jj = 8x], for j = 1,2,3. For an integrable
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function f : R® — R, its Fourier transform is defined by f = [, e ™ f(x)dx, x- & = Y3 %,
and x € R®, where i = \/—1 is the imaginary unit. Let us denote the space
X(0,T) = {(u,c1,c2) € C([0, T]; HN(R?)) n CL([0, T]; HN2(R?)),
n—ne € C([0, T]; HN(R®)) n CY([0, T]; HNL(R%))}.

This paper is organized as follows. In Section 2, we reformulate the Cauchy problem
under consideration. In Section 3, we prove the global existence and uniqueness of solutions.
In Section 4, we investigate the linearized homogeneous system to obtain the L? — L7 time-
decay property and the explicit representation of solutions. In Section 5, we study the L1

time-decay rates of solutions to the reformulated nonlinear system and finish the proof of
Theorem1.1.

2 Reformulation of the system (1.1)

Let U(t) = [n,u,c1,c2] be a smooth solution to the Cauchy problem of the chemotaxis system
(1.1) with initial data Uy = [no, 1o, c10, ¢2,0]. We introduce the transformation:
n(x,t) =ne + p(x,t). (2.1)
Then the Cauchy problem (1.1) is reformulated as
910 + MooV - U + N = =V - (pu) — p?
it + - Vi — 60+ PU=VGp = V(e1)2 — V(ep)? — (Llette) _ Plielygy,

P e 2.2)
dic1 = Acy — (a12 — a111e0)C1 + A110C1
dic2 = Acy — (a22 — a17e0)C2 + a210C2,
with initial data
(p,u,c1,¢2)|t=0 = (po, to,c1,0,¢2,0) = (0,0,0,0), (2.3)

as |x| — oo, where py = 1y — 1. We assume that a1 — 111 > 0 and ax — 4211, > 0.
In what follows, the integer N > 4 is always assumed.

Proposition 2.1. There exists a positive number €y which is small enough such that if
|00, 10, €1,0, c2,0] || v < €0,
then the Cauchy problem (2.2)—(2.3) has a unique solution (p,u,c1,c2)(t) globally in time which
satisfies (p,u,c1,¢2)(t) € X(0,00) and there are constants Cy > 0, Ay > 0 and Ay > 0 such that
t t
H[p,u,cl,Cz]HéerM/o ||V[u,cl,Cz]H?,N+/\z/0 e, e1, 2| Fn < Colllpo, 1o, 1,0, c20][[Fn- (2:4)

Proposition 2.2. Let U(t) = [p, u, c1, 2] be the solution to the Cauchy problem (2.2)—(2.3) obtained
in Proposition 2.1, which satisfies the following Li-time decay estimates for any t > 0:

lplle < C(1 4172+, 2.5)
il < C(1+1) 27, (2.6)
e, eoljpe < C(1+ )7, 2.7)

with2 < g < ooand C > 0.

The proof of Theorem 1.1 obtained directly from the global existence proof in Proposition
2.1 and the derivation of rates in Theorem 1.1 is based on Proposition 2.2.
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3 Global solution of the nonlinear system (2.2)

The goal of this section is to prove the global existence of solutions to the Cauchy problem
(2.2) when initial data is a small, smooth perturbation near the steady state (#14,0,0,0). The
proof is based on some uniform a priori estimates combined with the local existence, which
will be shown in Subsections 3.1 and 3.2.

3.1 Existence of local solutions

In this subsection, we show the proof of the existence of local solutions [p, i, c1, ¢2] by con-
structing a sequence of functions that converges to a function satisfying the Cauchy problem.
We construct a solution sequence (o/, u/, cjl, ch) j>0 by iteratively solving the Cauchy problem
on the following

00t + 1oV - T 4 g plt! = —pr cutt - AR o’
Ot — AW = —ul - Vul + V()2 — V(ch)? — el tn) 7 o

i+1 i+1 +1 g Pl 3.1)
atc]1 — Ac]1 + (a1p — annoo)c]1 = anp]c]l
+1 i+1 +1 i+l
oty — AL + (A — anne)cy = anplcy ",
with initial data
i+1 41 1+l
(PH ,l/l]+ /Czl /C]2 )’t:O = uO = (POr Uup, €1,0, CZ,O) — (0/ 0/ O/ 0) (32)
as |x| — oo, for j > 0. For simplicity, in what follows, we write u = (pf, w, cjl,cjz) and

Uy = (po, to, 10, c20), where U° = (0,0,0,0).
Now, we can start the following Lemma.

Lemma 3.1. There are constants Ty and €y > 0 such that if the initial data Uy € HN(R®) and
|Uol| gv < €0, then there exists a unique solution U = (p, u, c1,¢2) of the Cauchy problem (2.2)—(2.3)
on [0, Ty] with U € X (0, Ty).

Proof. We first set uo’ = (0,0,0,0). Then, we use U° to solve the equations for U'. The first
equation is the first order partial differential equation and the second, third, and fourth equa-
tions are the second order parabolic equations. We obtain u!(x, t),cl(x,t),c}(x,t), and p'(x, t)
in this order. Similarly, we define (uf , c]1, cjz,pf ) iteratively. Now, we prove the existence and
uniqueness of solutions in space C([0, T1]; HN(IR%)), where T; > 0 is suitably small. The proof
is divided into four steps as follows.

In the first step, we show the uniform boundedness of the sequence of functions under

our construction via energy estimates. We show that there exists a constant M > 0 such that
U € C([0, Ty]; HN(IR3)) is well defined and

sup || (t)||gv < M, (3.3)
0<I<Ty

for all j > 0. We use the induction to prove (3.3). It is trivial when j = 0. Suppose that it is
true for j > 0 where M is small enough. To prove for j 4 1, we need some energy estimate for
Uitl. Applying 0* to the first equation of (3.1), multiplying it by *o/*! and integrating in x,
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we obtain

d ‘ ‘
- @ j+1Y2 o j+1)2
dt/w(ap )dx+noo/w\ap 2dx

N =

- _ ajtlyaxy |, j+1 _ a L j+1a j+1 ]
= nm/wap 0"V -/ dx /]Rsap " (Vp/ ™ - u/)dx
& jH1aa T 4,7+ _ « j+1aa 72
+/]RSap *(P!V - /) dx /]Rgap 2" p~dx.
The terms on the right hand side are further bounded by

CIV - H gl g + CIV - 0 [l [l (g
+ 1w 107w V07 2+ [ 0w [V - 27

+Cllo/ -2l w10 | -

Then, after taking the summation over || < N and using the Cauchy inequality, one has

O A2l I
H H

< CIIV - + Clld [ 107 I + Clo I 0 e + Cll I (34)

24t
Similarly, applying 9 to the second equation of (3.1), multiplying it by 0*u/*!, taking integra-

tions in x, and then using integration by parts, we have

1d
2dt

. . I . .
/ <aau]+l)2dx 4 5/ |azxv . u]“]de — P (noo) / V- aau]+1aap]+1dx
R3 R3 Neo R3

- [ v-owtyddaxt [ veorutlond dy
R3 RR3

. . , . j
— [ % 9% - Vul)dx —/ it . 9* <W(p+n°°)> dx
R? R3 P+ N

Then, after taking the summation over |a| < N, the terms on the right side of the previous
equation are bounded by

CIV -l o + Clle s [V - 0 |l [

+Clicy -V - & iyl + NI IV -2 i+ Clle [ [V - 07
By using the Cauchy inequality, we obtain

1d : : : : _ .
5 7 W AV - < Cllp ™ [+ Clle [+l 3w IV - w7 [ +Cllcy

+ Clle IV - e+ Cll I3 [V - 7 s+ (3.5)

In a similar way as above, we can estimate c; and ¢, as

1d, i+ +1 +1 ; +1
E%HCi I + IV 3w + A2l 13w < Clle e lle} ™ 1 (3.6)
1d, +1 +1 ; +1
EﬁHC]z i+ 1V, 1 + A2lleh 3 < Cllo/ 3 lley 1 3.7)



Existence of global solutions to chemotaxis fluid system with logistic source 7

Taking the linear combination of inequalities (3.4)—(3.7), we have

1d . . '
O B 2 I 2 4 1S5 12 + Al 1, 7 1

2dt
i i+l j+1 ' ;
+ Ml L S < Cllled e, 1 + CllT0 w2 07 1

i g i +1 j+1
+CH[M]’C]1’C]2]HHNHV'u]+1H%IN+CHPJH wlller™ & -

Thus, after integrating with respect to t, we have

+1 41 +1 i+
HU]Jrl( HH —|—A1/ HV ]+1 J ] ]HHNdS‘f‘)\Z/ H ]+1 ] ] ]HHNdS
< CIU (0) Bu+C [ IS s +C [ IUI6) 7, 7 071,67 4 s, 39)

In the last inequality, we use the induction hypothesis. We obtain
t L t L
, , 1 ,
U O A [ 1900, e s + Az [ 11107, e, 6 s

2 2 2 [frj +1 J+1 J+1

< Ce2 + CM2T, + CM /OH[p] V-l |12, ds,

for 0 < t < T;. Now, we take the small constants €y > 0, T; > 0 and M > 0. Then we have
t ,
j i 1 j+1 1 j+1
6 Bt s [NV, e s + e [ 107, ¢ s < M2, (39)

for 0 <t < Tj. This implies that (3.3) holds true for j + 1. Hence (3.3) is proved for all j > 0.

For the second step, we prove that the sequence (U) > is a Cauchy sequence in the Banach
space C([0, T;]; HN"1(R3)), which converges to the solution U = (p,u,c1,cz) of the Cauchy
problem (2.2)~(2.3), and satisfies sup;, ., I (Ui (¢ || yn-1 < M. See for example [16].

For simplicity, we denote §f/*! := fi*! — fi. Subtracting the j- th equations from the
(j + 1)-th equations, we have the following equations for 5p/*1, sui*1, (5C]1+1 and 5c]1+1:

(01001 + 110V - (/1) + neodp/*l = —pIV - 5ui*1 — 5p/V -
—uw VIt — sulNVpl + (o/ + p/~1)Sp/

Aot — SASWIT = —uf - Voul — sul - Vi1 + V(] + o))
—V((ch+h)od)) — (Teptne) _ Tolp i)

] (5c]1+1 + A<5c]+1 + (a;p — cznnoo)&]l'+1 = anpféc]frl + an&pfc]l'
atéc];l + A5C]2+ + (axp — azmoo)éc];l = a21pf5c];r1 + a21(5p]'c£.

The estimate of 5p/*! is as follows:

H5P]+1|| v Hteo |00 [Fns < CIV - 607 | v 10074 | v

+ Cll/ -1 160" H a1 |V - 007 | s+ ClOP v 1V 0/ e (1607 ] -
+CIV ]| 1607 o +COR ™ 2 [0 [ a1 1607 | v

+Cllop v 160 | -1 V0! [ a1 +C O v 16 07 [ g

Zdt
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Then

607 HIE -1 A2l 80 s < CIIV - 86 By + Cll - 1807 s

+ C|V - 3 |60 | En +C I [ 1607 1 3
+ ClIVO! v 1 1831 +ClIS07 31 (3.10)

Zdt‘

The estimate of du/*! is

1 d
+ 16w v |V - | g |60 | s +Cll8 | g [| 60 || e [V - 0 [ g
+ ClIoc] 2 [V - 07 |2 +-ClOS ™ Bea [V - 86 2 +-C 607
+C||5p]||HN—]||V'51/l]+1||HN71.

6 [+l V - 0w R < CIV - 007 [ g || s [ 60| -

Then

1d

N-1 1 u HN-1 uw N-1 uw HN-1 w N-1 W gNn-1
5 g 10w i+ A0V - 0w B < Clled e 100 v+ [0 a1V - 017

+ Cllow IV - 0 s +Cll 6 | s
+ Clloct -1 +ClloC - 1180 Fpu-1- (3.11)

We have a similar way to estimate 56{“ and 5c£+1 as follows:

1 22 A NN [ v e [ DA 1,22 A
+1
< CHP]HHN 1||5C] |\HN71+CH5C]1HHN71HP]HHN—l (3.12)

and

6k s +I V06, P Aol 0k

< Cllo - 1565 12 es +ClIEC |2 107 2 (3.13)
We combine the equations (3.10)—(3.13) to obtain

1d

o 75 1007 100 B+ 186 B+ 1865 By )

+ M ([IV - S+ V8 VS, 2w )
+ A2 (1007 2 [16e) 2 +Clloch ™ 2 a)
i 1 1
< CY|ow ™ 2y 4 160w+ l16e 1166, 2 )
+ C10W |2 r + Cll6p7 [Pya +ClIOC |2 +C 10k [2yncs )-

By using Gronwall’s inequality, we obtain

sup (100 ot low ™ e} a0 )
<t<T

t t . ;
< efo cds / ||5U](S)||2 vds + efothS||5u]+1 (0)||%{N—1d5

< CTl(eCTl) sup ||5u]||HN1
0<t<Ty
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By taking Ty > 0 sufficiently small we find that (U/);>¢ is a Cauchy sequence in the Banach
space C([0, T1]; HN"!(IR®)). Thus, we have the limit function

m

— U+ L j+1 i
u U*éﬂ’%og(u u)

in the same space C([0, T1]; HN1(IR3)), and satisfies
sup ||U||gnv-1< sup Lim inf||U/|| v < M. (3.14)

0<t<Ty 0<t<T, J
Thus, as j — oo the limit exists such that
(U)j=0 — U(t)
strongly in C([0, T;]; HN"!) and as j' — co, where {j'} is a subsequence of {j}, we have
D(u,cq,c2)j — D(u,c1,c2)
weakly in Ly([0, Ty]; HV) by step one. Also by step one, we know
weakly in HN for every fixed t € [0, T1], where j” = j’(t) is a subsequence of {j'}, depending
on t. Thus, we have a solution U(t) € L ([0, T1]; HY) for the problem (2.2)-(2.3).

For the third step, we show that [|L/™(t)||2, is continuous in time for each j > 0.
For simplicity, let us define the equivalent energy functional

' ' » +1 +1
(W) = 0" i ey s + lley ™ [

Similarly to how we proved (3.8), we have

et (1) — et (s / ei+(o d9| / U ()|, d0

t . . .
+C [+ U Bl 77,7 7, el s + € [ VI, 4 s
2 2 ! i+1 '+1 ]+1 ]+1
< CM2(t—s) + C(M +1)/y|[pf V- J|I2nds

t .
+C [V & s,

for any 0 < s <t < Tjy. The time integral on the right-hand side from the above inequality is
bounded by (3.9), and hence €U/ (t) is continuous in  for each j > 0. Therefore, ||U/(t)]|3,y
is continuous in time for each j > 1. Furthermore, U = (p, 1, c1,c) is a local solution to the
Cauchy problem (2.2)—(2.3).

For the fourth step, we show that the Cauchy problem (2.2)—(2.3) admits at most one solu-
tion in C([0, Ty]; HN(IR3)). We assume that there exist two local solutions U, U in C([0, T;]; HV)
which satisfy (3.2). Let p = p1(x,t) — pa(x, t), 6i(x,t) = uq(x,t) —ua(x,t), €1(x,t) = c11(x, t) —
c1o(x,t) and &(x,t) = cp1(x, t) — c22(x, t) solve

(010 + 1oV - T+ oo = —V - (pu1) — V - (02) — (01 + p2)p
atﬁ—i—ul-Vﬁ—(SAﬁ:—ﬁ-vuz—MV{)—I—V((Cll‘FClz)Cl)

- "(01+100 oo
—V((c21+22))82 — <p£f;fi_nw ) _ pégi_nm )> V2 (3.15)

0161 = A1 — a1 + a11p1€1 + anpicip

0162 = A&y — axls + ax1p102 + ax10¢2.
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Multiplying g to both sides of the first equation of (3.15) and integrating over R?, we have

< o o <12
/]RSpE)tpdx—i—noo/]RSpV-udx+noo/R3|p| dx
— [0V (pundx+ [ V- (paidx+ [ (o1 +p2)f.
R? R? R?

Using integration by parts and the Cauchy-Schwarz inequality, we have

1y« Moo - 1 <
5B 1R < 52101 + 521V -l + 51V -l [ o
+ ozl Ag<|v-a|2+ 6+ [ Vpalles [ (18P +1pP)dx
+ s +ealllis [ | pPax. (316)

Next, we establish the energy estimates for #. By multiplying i to both sides of the second
equation of (3.15) and integrating in x, we have

/ i - atudx+/ (uq - Vu)dx—cS il - Afidx
R3

= —p(”"")/ ﬁ-Vuzdx+/ - Vpdx
R3 R3

Neo

(P tne)  pl(ne) o - -
+/]R3u-( o1+ 7 = )Vp+/]Rsu-V((c1,1+c1,2)c1)dx

i i _ P(p1+ o) P (P2 + 1)
_ /]1{3 it - V((c21 4 c22)62)dx — /IR3 i - ( or F 1o dx — 07 + e )V padx.

By using integration by parts and the Cauchy-Schwarz inequality, we have

d, 8 . -
5 gL A8V - @L< IV - [l @+ V - a2 Lot L) |V - it B+ Py |

+ [lo1ll([|V - @7+ 11pl172) + IV erll = ([l 72+ 161172)
+[lent + 2l (| V - i) 72+ [|E ]1F2)
+ lle21 + ool (| V - ]| T2+ [162]172) + | Vol (1|74 1|]172)-

Since L* norms of p;, u;,c1i,¢; where i = 1,2 are bounded, we have

2dtll HL2+7HV i[> < Cllall3.+Cllpll3.+Cller[| 7 +Cliell 2. (3.17)
We have a similar way to estimate ¢; and & as follows:
1d L2 L2 <12 an 2 LA 112
2dt”clH : + IVér ||z + anllér |2 < anllor | ee |12+ e 2 L= (AN 2+ e ll72) - (3.18)
]‘ d ~ 112 =~ 112 =~ 112 an1 ~112 ~ 112
2dtHCzH 2 + IV 4+ anllG2|72 < anller || e |22+ 22 = (AN 2+ le2l72). (3.19)

By taking a linear combination of all estimates, we obtain

Lt lalfz+ el + el + MV - @l + Ve lf+ VelZ.)
+Ma(llplfa+ e iz + i) < Clipliz+lalz+elz. + 12li7)- (3-20)

a0
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The Gronwall’s inequality implies

sup ([|pl1E+ |z + 1 122 + llezl2)

0<I<Ty
< e (o) [+ 22411 (0) 172 + &2(0)[172)- (3.21)
Since the initial data of (g, #, ¢, ¢2) are all zero for T > 0, that implies the uniqueness of the
local solution. 0
3.2 A priori estimates

In this subsection, we provide some estimates for the solutions for any t > 0. We use the
energy method to obtain uniform-in-time a priori estimates for smooth solutions to Cauchy
problems (2.2)—(2.3).

Lemma 3.2 (A priori estimates). Let U(t) = (p,u,c1,c2) € C([0, T]; HN(IR®) be the smooth solu-
tion to the Cauchy problem (2.2)—(2.3) for T > 0 with

sup (o, u,c1,c2)(t)|y < € (3.22)

0<t<T
for 0 < e < 1. Then, there are ey > 0, Cop > 0, Ay > 0and Ay > 0 such that for any € < e,
t t
o, cv,call +Ar [ IVl ev,callfaz [ Nlprer,call < Collloo, o, era,caol e (329

holds for any t € [0, T].

Proof. First, we find the zero-order estimates. For the estimate of p, multiplying p to both
sides of the first equation of (2.2) and taking integrations in x € IR®, we obtain

. 2 g . — 2
/]RBpptdx—i—noo/]RspV udx—i—noo/]RS|p\ dx /}RBPV (pu)dx /IRBpp dx
Using integration by parts and the Cauchy-Schwarz inequality, we have

1 , ,
2 Jes (0 )th+noo/RS|p| dx-i‘noo/]RSpV-udx

1 2 2
< 5 sup|Val [ JoPdx +suplo| [ lpPdx
< Clip,ulliy [ loldx. (3.24)

Now, we estimate u by multiplying the second equation of (2.2) by u and integrating over IR>.
Then, we have

/ u- utdx+/ (u-Vu) dx—é/ u- Audx+p( )/3u-Vpdx
IR3 R

!/
:/ u-Vc%dx—/ u-chdx—/ - (P(p+”°°) —p(”‘”))vpdx.
R3 R3 JR3 0+ e Moo

By using integration by parts and the Cauchy-Schwarz inequality, we have

2/ dx+5/ |Vu|>dx — Pflno.J/ eV - udx

<l [ [FuP+Cllully [ (e + feal + o). (3:25)



12 H. Hattori and A. Lagha

For the estimates of c;, we multiply c; to both sides of the equation of c; and integrate with
respect to x, and we have

_ _ 2 2
/]R3 c1(c1)pdx /]R3 c1Acrdx + (arn nooan)/R3|c1| dx <aqp sgp]p|/]RS|c1] dx.

By using integration by parts, we have

1
7/ (c%)tdx—i—/ |Vc1|2dx—|—(a12—nooa11)/ 1 Pdx < aanHHz/ eiPdx. (3.26)
2 JR3 RR3 RR? RR3

Similar to above, from the equation of c;, we have

1
f/ (c%)tdx+/ ]ch|2dx+(a22—nooa21)/ oo 2dx < amHPHHz/ Py, (327)
2 R3 R3 R3 R3

Consider the linear combination d; x (3.24) + (3.25) + (3.26) + (3.27), where d; = Plis) e

N5

1
see that as long as £(U) = ||U]||g~ is small so that

u,

(ﬂzz — Tlooﬂ21) > ﬂ215§,(u)

(a1 — neoatr1) > a1 €

= 22N

are satisfied, the linear combination yields

1d
2dt Jr3
+/ |VC1|2dx+/ |ch|2dx+(a12—nooa11)/ \c1|2dx+(a22—nooa21)/ loo[2dx
R3 R3 R3 R3
<0. (3.28)

(rlpPuf+ler P leaf?) dx e [ [P0 [ [Vulax

Now, we make estimates on the high-order derivatives of (p, 1, c1,c2). Take a with 1 < |a| < N.
Applying 9" to the first equation of (2.2), multiplying by 9*p and then integrating in x, we
have

/]113 0% 00" prdx + Moo /]R3 0"p0*V - udx + ne, /1R3 0" po*pdx

= — /]1{3 000"V - (pu)dx — /]R3 9" pd*p*dx.

By using integration by parts and Cauchy-Schwarz inequality, we obtain

li )2 PV / X
23t e (0%p) dx+noo/R3\8 pl7dx + 1o ]R38 "V - udx
o o
_ o B B . x—p o B B, . ya—p _ ® K2
_/Rsapﬁ;)C“&V ud pdx+/}RsapﬁZOC“8u 0" PVpdx /]Rsapapdx
< Cllullv [ 10P+Cllellav [ [0%0[+[2*Vuld. (629)

Similarly for 0*u, what follows from (2.2), is
1d [
2dt Jrs

S / 91 - 9% (u - Vut)dx + / 9 - PV eddx — / 9 - PV eddx
R3 R3 R3

/
9%11)? dx—é/sa“u 9% Audx + pfq”"‘j)/sa“u'a“v,)dx
R o R

= [ ot (T — ) Vp)d.
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By using integration by parts and the Cauchy-Schwarz inequality, we have

1d
2dt

/
/ (a“u)zdx+(5/ |0*Vu|?dx — 4 (noo)/ 0"V -u d%p dx
R3 R3 Moo R3
< Cllully [ o ulPds + Cllerllv [ (10 ul*+[0 Ve )dlx
R R
+Cch||HN/]R3(|8“u|2+|8“Vc2]2)dx+C||pHHN/]RB|8“u|2dx+ 9%dx.  (3.30)

Similarly, we estimate ¢y, c; as follows:

1d [ o -
5 R3(8 c1) +/]RB|V8 c1l ds+(a12—nooa11)/1R3|a c1[2ds
Y A i
and
1d [ ) -
2t Jee' ) +/]R3|Va c2| d5+(azz—nma21)Asya oo ds
= CHPHHN/IRaHa%Z‘ZdS+C||Cz||HN /R3(|a“cz|2+|a"‘p|2)ds. (3.32)

Then, after taking the summation over 1 < |a| < N and the combination (3.29) x d; + (3.30) +
(3.31) + (3.32), we obtain

1d ) )
S C"‘/IRJB (o, u,c,02)P+A Y /}RS|a V(u,c1,c2)|Adx

1§‘D¢‘§N 1§‘0€|§N
+A ), / |0%(p, c1,¢2)|*dx <0, (3.33)
1<|aj<N /B

for some positive constants C,, A; and A,. Therefore (3.23) follows from the further linear
combination of (3.28) and (3.33) and the time integration over [0, T]. This completes the proof
of Lemma 3.2. O

Now, we are ready to present the proof of Proposition 2.1.

Proof of Proposition 2.1. Choose a positive constant M = min{ey, €1 }, where ¢g > 0 and €; > 0
are given in Lemma 3.1 and Lemma 3.2.
Let Uy € HN(IR®) satisfy ||Up|| v < s—-%—. Now, let us define

2y/Co+1°
T={t>0: sup [|[U(s)||gpn< M}.
0<s<t
Since || Up||gv < 2\/% < M < M < g, then T > 0 holds from the local existence result. If T
is finite, from the definition of T, we have
sup ||U||gpv= M. (3.34)
0<s<t

On the other hand, from a priori estimates, we have

IN

MV'Cy
su U(s NS C() LIO NS — M/
Sp U (3) i < V/CollUol< 5720 < )
which is a contradiction to (3.34). Therefore, T = oo holds. This implies that the local solution
U(t) obtained in Lemma 3.1 can be extended to infinity in time. Thus, we have a global
solution (p,u,cy,c2)(t) € C([0,00); HN). This completes the proof of Proposition 2.1. O
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4 Linearized homogeneous system

In this section, to study the time-decay property of solutions to the nonlinear system (2.2), we
have to consider the following Cauchy problem arising from the system (2.2)—(2.3)

010 + MooV - U + N = g1
atu—(SAqu”',ﬁ—’prng @1)
dtc1 — Acy + (a1 —ap1)c1 = 3 '

dtcr — Acy + (A — az1)c2 = Qa,
with initial data
(p,u,c1,62)|t=0 = Uo = (po, to, €1,0,€2,0)- (4.2)
Here, the nonlinear source term takes the form

g1 =—V - (pu) —p?

g2 =—u-Vu+ Ve - v — (L) _ rli=)ygy (4.3)

83 = d110C1
84 = d2100C2.

To obtain the time-decay rates of the solution to the system (4.1) in the next section, we
are concerned with the following Cauchy problem for the linearized homogenous system
corresponding to (4.1)

010 + NV - U +1gop = 0
ot — dAu + %Vp =0
dic1 — Acy + (6112 — 6111)C1 =0

0ico — Acp + (llzz — a21>C2 =0.

(4.4)

In this section, we always denote U; = [p, u] as the solution to the linearized homogeneous
system

{atp + 1MoV U +1eop =0 45)

o — 6Au + %Vp =0,

with the initial data U |;—o = Uy = (po, tig) in R3.

4.1 Representation of solutions

We first find the explicit representation of the Fourier transform of the solution U; = [p, u] for
the system

oov : o) — 0
pren ”:;”) P (4.6)
up — 0Au + F=Vp =0,
with initial data Uy |t—o = U0 = (po, Uo)-
After taking the Fourier transform in x for the first equation of (4.6), we have
Pt + NooiCll + N = 0, 4.7)

with initial data p|;—o = Po.
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Similarly, by taking the Fourier transform for the second equation of (4.6), we get
iy + olePa + P=ligp = o, (4.8)

with initial data |;—o = 7.
Further, by taking the dot product of (4.8) with (f, we have

E- i+ 0[ePE-n+il=)E gp =0, (4.9)

Here and in the sequel we set ¢ = for |&| #0.
Then, we have

{pt+inmg ﬁ+noop_o 10)
£ty +8EPE- o+ il 5 — o,
We can rewrite (4.10) as

U = A(&YU, (4.11)
with U(E,t) = (p(¢,1),& - (G, 1)) and

where T denotes the transpose of a row vector. Then,
det(A — AI) = A% + (8% + oo ) A + 010 |E[* + p' (o) € = 0.

The eigenvalues of the system are as follows

M= =308 + ) /(68 + o) — 4IG (611 + ' (1s))

Ao =~ 208 ) — 208+ ) — e+ (1)

Therefore, the eigenvectors corresponding to the eigenvalues A of A(¢) that satisfy (A —
AX =0 are

_ | inl]
= [—(”w+7\1)]
and

“2= [—(;n: ‘f ‘Az)] '

From the work above, one can define the general solution of (4.10) as

p 1 _ [ inslgle™ iNo| ]! d
[5 LAJ a [_(”oo + A)eMt —(ne + Az)e)‘zt] [dz] ’ (4.12)

where dy,d; satisty

[fice ]l el ] ]
¢ - =0 —(Meo + A1) —(neo +A2)] [d2]

From this, we deduce that

[dl] B 1 |:_(noo+/\2) —ine|Cl] [ po } (4.13)
0

dp| — RN | (oo + A1) ineolG] ] |-
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Therefore, we have

pl__ g2l inglele Y—(netA2) —inslel][ fo | 1
o] inelllM—22) | — (e + A1)eM! — (oo + A2)eM || (Moo + A1) ineo|€] ||E- 0]
It is straightforward to obtain
(Mt ne)eM — (A ne)eMt Mttt
= — M7+ C * 4.15
P (A1 —A2) PO =) ¢t 19
and
c . (Mot M) (Mo +Ag) M —eM\ (A 4 1e0)eMt — (Mg + neo)eMt o
G-l = |7 P o+ A, ¢-ipg. (4.16)

Moreover, by taking the curl for the second equation of (4.6), we have

!/
qut—(SVXAu—i—pElMVXVp:O, 4.17)

[ee]

since V x Vp = 0 implies
9:(V xu) =6V x Au=0.

Taking the Fourier transform in x for the above equation, we have
3:(& x 1) + 0|E[*(E x ) = 0. (4.18)

Initial data is given as
(¢ x 1) |t=0 = ¢ X o (4.19)

By solving the initial value problem (4.18) and (4.19), we have
Ex i = e OEE x . (4.20)

For t > 0 and ¢ € R® with |&| # 0, one has the decomposition 7 = ¢¢ -l — & x (¢ x i1). It is
straightforward to get

Mt Aot
g = (oo M) (1100 + 1) (el e’ )C-ﬁo

iNes |2 M= A
A o At A o Aot o B - 5 .
n (M +ne)e (A2 + noo)e E-ng—e 5\§|2t§>< (& x 7o) (4.21)
AM—Ay
Then
. (Moo 4+ A1) (Moo + A2) <e)‘1t—e"2t> g .
ol M- ) e
(A1+noo)e“—(?\z+noo)e“t> C®C ., ot _ D8\
+ fip+e I — flp. 4.22
< M =2 e = ¢[? Ao (422

After summarizing the above computations on the explicit representation of the Fourier
transform of the solution U; = [p, u], we have
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We can verify the exact expression of the Fourier transform G(&, t) of Green’s function G (&, t)=
tB
e'® as

t = A A
G& ) |:G21 Goo
(M +100)e2t = (A +11e0)eM! . AME_ ot
( 1)L )( )\}L*)/Ez At Aot (A Yert—(A _l?cj\o%re(/\lgﬁ , (4 23)
NootA1) (oot 1 _eh2 +11e0)eM! = (Ap+1100)e*2! E® ) ® : :
e () R e T - )

4.2 L2-L19 time-decay property
In this subsection, we use (4.23) to obtain the refined L?>-L7 time-decay property for
U1 = (p,u) = etBULO,

where e'? is the linear solution operator for + > 0. For this, we need to find the time-frequency
pointwise estimate on p, i in the following lemma.

Lemma 4.1. Let Uy = [p, u| be the solution to the linear homogeneous system (4.6) with the initial
data Uy |i—o = (po, to). Then there exist constants € > 0, A > 0, C > 0 such that forall t > 0, |{| < €,

(@ )] < CgPe P 4 e7mM) 5o ()] + C(|&le™ P + [gleM) [0 (§)], (4.24)

|28, 1)| < CI&|(e Pt &A1) | (£)] + C(e MEFt 4 |gPe ) ag()|,  (4.25)

and forall t > 0, |G| > €,
P 1) < CeM]po(&), 0(S)], (4.26)

(&, )| < Ce M[po(€), 110 (E)]- (4.27)

Proof. In order to obtain the upper bound of §(¢&, t) and (¢, t), we have to estimate Gr1, Gro,
CA;21, and sz in (4.23). To do so, we need to deal with the low frequency |¢] < € and high
frequency |G| > €. By using the definition of the eigenvalue, we can analyze the eigenvalue
for |¢| — 0 as

A~ —O(M)[E)%,
Ay ~ —es + O(1)|E|%.

On the other hand, we have the leading orders of the eigenvalue for || — oo as

A~ —0(1),
Ay ~ =& +0(1).

Now, we can estimate G(&,t) as follows: For |&| < ¢,

|Ga1| < C(|E[2e el 4 gmnestty,

G| < | (e MEPt 1 gty

G| < C|E|(e-MEPt 4 gty

|Gaa| < Ce=MEPt 42 2e—Aty 4 Co—0lEPt,
< C(ef)\\élzt + ‘ér‘Zefnw/\t),
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and for |§| > €
|G| < Ce O < ceM,
Gia| = |G| < Ce™,
6ol < Cen s 4 o0 < o

Since the real parts of the eigenvalues are negative except when ¢ = 0, G decays exponentially
when the eigenvalues coalesce.
Therefore, after plugging the above computations into (4.15) and (4.22), it holds that

@ )] < CIgPe M 4 e 3o (§)] + C(Igle™EF* + [gleM) g ()]
and . .

[(,1)] < CIEI(e M+ emmM) |9 (§)] + C(e M [gPe M) o (£)],
for || < e. This proves (4.24) and (4.25). Finally, (4.26) and (4.27) can be proven in the
completely same way as for (4.24) and (4.25). This completes the proof of Lemma 4.1. O

Theorem 4.2. Let 2 < g < oo, and let m > 0 be an integer. Suppose that Uy = eB'Uy g is the
solution to the Cauchy problem (4.6) with the initial data Uy = (po, to). Then Uy = [p, u] satisfies
the following time-decay property:

_3(1—1y_mx1 m 1.1
IV 0(B)]|1s < C(+£) 27872 o, uo[| 1 + e MV PG (g, u0) |12, (428)

_3(1-1) m[3(1—1
IV u(®)ller < CL+8) 200" flpg,ugl| x4+ e MV EETI (oo, o) |2, @29)
for any t > 0, where C = C(m, q) and [3(} — %)]Jr is defined as
0 fg=2
{3 <1 - 1)] - { o I (4.30)
2 q/]4 Bz —7)]_+1 ifq#2

where [-]_ denotes the integer part of the argument.
Proof. Take 2 < g < co and an integer m > 0. Set U; = eB*U; o. From the Hausdorff-Young
inequality,
IV"p()llary) < CIIEN™P(E, )l (s
< ClI[1"p(& D)l (g1 <e) + CNIEI™D(E, Ol oz ze)  (4:31)
where % + % =1.
We estimate the first term of (4.31) by using (4.24), as follows:

I11E™p(E, t)Hqu el<e) < /§|<6[(‘C|(m+2)q’eAq’52t+ ’C’mq/efnw)xq't)mo(g)‘q

- e(|g| M g e g ()9 dg

< Csup]po\q’/ (|&|m+ 20 o= q MEPATO AR | |z |ma’ =o'ty g
g I¢]<e

+ Cst}pm(]’ﬂ///g<€(|§|(m+1)qle—9\‘1’Cz(l+t)+)\q'|§2 + |E| (D gty g
(;‘ >

!

mq’ +2

_ mg'+2¢'+3 / _mg'+q'+3 /
<C1+t) 7 el +CA+1)" 2 Jluoll},
+ Ce ™M |00, uo] |7
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Thus,

m+1

_ 3 _mi2 _ 3 _(mfl
1E"6(E Ol z1<ey < CO+H 77 ppll +C(1+8) 22 Jug||
+ e |l[oo, ug] |
—3[1-1)-mHL
< C(1+6) 7272 oo, gl |1 (4.32)

Now, we estimate the second term of (4.31) from (4.26) as

==

NEAE )l g2y = C [ /¢|>e &1 e 9o(), 0 (& >|‘7d¢}

27 /
2q7 , we have

Now, take €; > 0 which is small enough. By the Holder inequality % =1+

1
7

A - 2—q" 7/ ma —a N N q
Ilg] P(é’,t)Hm’(g|>e)§C[ /Mm () (55 g Be) 5+ “t|po<¢>,uo<c>|q'd¢}
At @3 % ((3+e€) —‘/)erq 2 q'(3) (%)(%)
<cett| [ et T [ el oy, o ]
|&|>e |g|>e
_ _ € 2_”,7, 3 62_—7/ Mr A A
< CeM|[1g =B+ = )|1g) T T (30(@), 80(2)] | 2
24
< Ce M| V" RIS oo, g 12
m l 1
< Ce M| V"2 00, ug] |12

1_1
e MVl 0g, ug] | 12, (4.33)

after plugging (4.33) and (4.32) into (4.31) implies (4.28).
To prove (4.29), it similarly holds that
IV u(®) ey < CHIGI™2(E, )l Lar (w2
< CllIEI™a(E, )l (g 1<e) + CIEMA(E )l Lo (z12e),  (4:34)

where from (4.25), the first term is

H!@!"“(C t)HLq (el<e) _C/§|<E(’§’mq/+q( *q/)\\é‘ (t+1)+efnoo)xqt)’ ( )‘Q/

+C [ (gpremieresn LI
i<e

_ mq'+q'+3 ’
< COU+H7 ool Ty + (1 + )% o)y

+ Ce "= |[po, uo] || 1.

It follows that

NEI™ a0 )l ey < CA+D 7% ool
+ (14 8) 7% EJugl| 1 + Ce "M [po, o] |
< C(1+8) I o+ (140720 g
< C(1+ )72 0717F oo, ug] || 1. (4.35)
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Similarly to obtaining (4.33), one has

ma3[l_1
E™ (&, 1) || Lo epze) < Ce M IV 2741 [0g, ug)] | 2. (4.36)

Thus, plugging (4.35) and (4.36) into (4.34) implies (4.29). This completes the proof of Theo-
rem 4.2. O

Corollary 4.3. Assume that Uy = eB'U, g is the solution to the Cauchy problem (4.6) with initial data
Ui = [po, to]. Then Uy = |p, u] satisfies the following:

lo(®)[l2 < C(1+ )~ oo, uo) [l 11 + e[| [0, o] || 2, (4.37)
u()| 2 < C(1+ )~ %|[oo, uo) |1 + e~ [[[oo, 0] | 2, (4.38)
o)l < C(1+ )2\ [oo, uo] I + e[| [eo, o] |l g, (4.39)
(B[l < C(1+ )72 |[00, o] || + €| [00, 0] | - (4.40)

5 Time-decay rates for the nonlinear system

In this section, we will prove (2.5)—-(2.7) in Proposition 2.2. The main idea is to introduce a
general approach to combine the energy estimates and spectral analysis. We will apply the
linear L2 — L7 time-decay property of the linearized homogeneous system (4.4), studied in
the previous section, to the nonlinear case. We need the mild form of the original nonlin-
ear Cauchy problem (2.2). Throughout this section, we suppose that U = [0,u,c1,¢2] is the
solution to the Cauchy problem (2.3) with initial data Uy = (po, o, ¢1,0,2,0)-

Then, by Duhamel’s principle, the solution U = [p, u, ¢1, ¢2] can be formally written as

t
u(t) = ey +/0 e8¢y, 92,93, g4)ds, (5.1)

where eBtU is the solution to the Cauchy problem (4.1) with initial data Uy = (po, to, ¢1,0, c2,0)-
Here, the nonlinear source term takes the form (4.3).

5.1 Time rate for the energy functional and high-order energy functional

In this subsection, we will prove the time-decay rate for the energy functional [|U(t)||3,y and
the time-decay rate for the high-order energy functional || VU(t)||3,y. For that, we investigate
the time-decay rates of solutions in Proposition 2.1 under extra conditions on the given initial
data Uy = [p(), Up, 1,0, 62,0]. We define

ey (Uo) = [[Uoll s + [[Too, uol I 11, (52)

for an integer N > 4. We also define ExU(t) ~ ||[o, 1, c1,¢2]||%,y as the energy functional and
DNU(t) ~ [V (u,c1,2)] |20, DRU(E) ~ ||, c1, 2] ||2,x as the dissipation rates.

First, we start with this proposition for the energy functional and the high-order energy
functional.
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Proposition 5.1. Let U = [p,u,c1,ca] be the solution to the Cauchy problem (2.2) with initial data
Uy = (po, 1o, €1,0,€20)- If en+1(Up) > 0 is small enough, then the solution U = [p, u, c1, co] satisfies

IU(E) ||y < ena(Uo)(1+1) T, (5.3)

and ]
IVU()[gy < enp1(Uo)(1+1t) 7, (5.4)

forany t > 0.

Proof. Suppose en+1(Up) is sufficiently small. From Proposition 2.1 the solution U = [p, u, ¢1, ¢2]
satisfies:

d

EN(U() + M Dy (U(D) + A2DR(U(H) <0, (5.5)

for t > 0.
Now, we proceed by making the time-weighted estimate and iteration for the inequality
(5.5). Let I > 0. Multiplying (5.5) by (1 + t)! and integrating over [0, ] gives

(14 BENU() + Ay /Ot(1 4 5)' Dy (U(s))ds + s /Ot(1 1)l (U(s))ds
< En(Up) +1 /Ot(l + )l U(s)ds
< En(Uo) +C1 [ (1457 (D 1U(s) + DY (U(E)) + [u(s)]F)ds,
where we have used
ENU(t) < CDyU() + CDR(U(E) + [[u(t) .
Using (5.5) again, we have
Ena(U() + A1 [ Dua(U(e)+ 2 [ Dl (U(H) < Ena(U)
and
(10 el + A [ (148 Dya (UE)ds + 42 [ (15Dl (U(s))ds
< Ena(Uo) + € =1) [ (14 5)/ PEwaal(s)ds

t

< Exia(Uo) +CI 1) [ (149 2(DyU(s) + CDh s (U(E)) + [u(s) )

By iterating the above estimates for 1 < [ < 2, we have
t t
(1+ B ENU(E) + Ay /0 (14 5)'Dn(U(s))ds + /\2/0 (14 5)'Dl, (U(s))ds
t
< (o) +C [ (1+9)" " uls) s (5:6)

To estimate the integral term on the right-hand side of (5.6), let us define

Eneo(U(t) = sup (14 £)2ENU(E).

0<s<T
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Now, we estimate the integral term on the right-hand side of (5.6) by applying the linear
estimate on u in (4.38) to the mild form (5.1), giving us

l4()llz < C(L+ )7 flpo, olls +Cellpo, o2
+C /ot(l +t—5)7 ||g1, gl nds +C /Ot e M) g1, gall o ds. (5.7)
Recall the definitions (4.3) of g1 and g». It is direct to check that for any 0 <s <'t,
I1(s), &2(5) |3z < CENU(E) < C(145) 7 Enl(H),
where

Ene(U(t)) = sup (14 £)2ENU(H).

0<s<T

Putting the above inequalities into (5.7), gives

lu(®)lli2 < CO+ T (oo, uollirre + Enel(H)). (58)

Next, we prove the uniform-in-time boundedness of Ex«U(t) which yields the time-decay
rates of the energy functional EyU(t). In fact, by taking | = 3 + € in (5.6) where € > 0 is
sufficiently small, it follows that

(14 £ EgU(E) + My /Ot(1 +8)3HeDy (U(s))ds + Ag /Ot(1 +s) 3Dl (U(s))ds
< Eva(lo) + C [ (1) (o) s

Here, using (5.10) and the fact that En,.(U(t)) is non-decreasing in t, it further holds that

t 1 € €

/0 (1+8)2lu(t)[|72ds < C(1+ 1) (ER U () + lloo, w0l F1p2)-
Therefore, it follows that

3te ! 3te ! 3temyh

(14 D)3FeeyU(t) + M/o (14 s) 3Dy (U(s))ds +/\2/0 (14 5) 3Dl (U(s))ds
< Eng1(Uo) + C(L+ 1) (EX LU(E)) + lloo, ol F112),
which implies
(14 £)2ENU(E) < C(Enga(Un) + [loo, ||} + EXU(E),
and thus
ENU(t) < Clerq(Uo) + EX U (1))

Since en1(Up) > 0 is sufficiently small, it holds that EneU(t)) < CeX,;(Up) for any t > 0,
which gives || U(s)|| gy < C(SNU(t))% < Cen+1(Uo)(1 + t)_%. This proves (5.3).

Now, we estimate the high-order energy functional. By comparing the definitions of
EnU(t), DyU(t) and D} U(t), it follows from (5.5) that we have

d
F VUG + VUG [ < CIVu(®)],
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which implies
t
VU5 < e M VU3 + C/O e M9 Vu(s)||7.ds, (5.9)

for any t > 0.
Similarly to obtaining (5.8), we estimate the time integral term on the (r.h.s.) of the above
inequality. One can apply the linear estimate (4.29) to the mild form (5.1) so that

IVu())llz < 1+ 87 lloo, ol + Ce ™ [po, ol |
t B t
+C [t =) Nsi() g2 luds +C [ e lgis),gals) s (5:10)
Recall the definition (4.3) of g1 and g». It is straightforward to check that for any 0 <s <,
=3
1181(5), 82(8)]l| i < CENU(S) < CeRyya (Un)(1+5) 7.
Putting this into (5.10) gives
IVu(t)]12 < Cenea (L) (1 +1) 7 (5.11)
Then, by using (5.11) in (5.9), we have
VU@ < e M VU3 + Cedpa (Uo)(1+1) 7,

which implies (5.4). The proof of Proposition 5.1 is complete. O

5.2 Time-decay rate in L9

In this subsection, we will prove Proposition 2.2 for time-decay rates in L7 with 2 < g < oo
corresponding to (1.4)—(1.6) in Theorem 1.1. For N > 4, Proposition 5.1 shows that if en1(Up)
is small enough,

1U(s) ||y < Cena(Uo)(1+£)71, (5.12)

and y
|[VU()|gnv < Cenga(Uo)(1+£) 7. (5.13)

Now, let us establish the estimates on u, p as follows.
Estimate on ||u(t)]|1s. For the L? rate, it is easy to see from (5.8) and (5.12) that

u(B)]l 2 < Cens1(Up)(1+6)T < C(1+1)7.

For the L™ rate, by applying the L™ linear estimate on u in (4.40) to the mild form (5.1), we
have

Ju(t) e < €O+ oo, ol + Ce™ [0, o]
+C [+ 1= 97 llga(5) g2 ds + € [ eI [T2ga(s), (512
< C+ 0% oo ol +C [ (1 +1-9) 210 g2l lseds. 6:14)
Since by (5.12) and (5.13)

lg1(s), g2()]ll g < CIVUE) [ lIU($) [l < CeRpyq (Uo)(1+5)72,
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it follows that 3
Ju(®)llis < Cenya(Uo) (1 +5) 7

Then, by [2—L® interpolation,
lullzs < Cenar(Up)(1+1)7 %

for2 < g < co.

(5.15)

Estimate on ||o(t)||.s. For the L? rate, utilizing the L? estimate on p in (4.37) to (5.1), we have

_ t -
o)l < €U+ 57 lloo, uoll + Ce™[lpo, sz +C€ [ (14 =5)7 31,1

+C [ g1 (5), 02(5) s

Due to (5.12), ,
181(5),85(5) Iz < CIU(s)[[Fn < CeRya(Uo) (1 +4) 7
Then (5.16) implies the slower decay estimate

o)1z < Censr(Up)(1+£)F < C(1+)7

For the L rate, utilizing the L* estimate on p in (4.39) to (5.1), we have

t
lo())ll= < (1 + 1) 2llpo, ol 1 + C/O (1+t—5)72]l[g1(5), 82(5)] | 2 pedis.

Since by (5.12) and (5.13)
lg1(s), 82(5) i < CIVUE) [ [U () [[1av < CeRra (Uo) (1 +5) 72,
which yields from (5.18) that
lo(t)ll < Cens1(Uo)(1+5)72
Therefore, by R R interpolation,
lo(t)ll1r < Censa(Uo)(1+5) >4

for2 < g < co.

(5.16)

(5.17)

(5.18)

(5.19)

Next, we estimate the time-decay rate of [c1,cp]. We start with the estimate on ||cq(¢)]| s

For the L? rate,

exllr2 < Clléal e

(5.20)

1 1
<C |:/ 6—2(§|2+(ﬂ12_ﬂ11noo))t|60|2d€:| i +an /t |:/[g—2(|§2+(u12—u11noo))(t—5)|p61’2d€] : ds
¢ 0 [/

2 t 2
< o (m2—anne)t [/g 626|2(t)‘€0|2d€:| _|_C/0 o~ (B12—a117105 ) (15) [/C EZC|2(tS+1)‘p@1’2d§] ds

t
< Ce~ (m2=anne)t) gl 5 4 C/ e~ (m2manne) (t=5) gy €_‘g‘z(t_s+1)HpCl(S)HdeS
0 ¢

Due to (5.12), .
leci(s)ll2 < CIUs) IR < CeRpyr (Uo)(1+1) 7

(5.21)
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Then (5.20) implies the slower decay estimate

el < Censr(Up)(1+1)7. (5.22)

Similarly, we have
-3
[eallr2 < Cenya(Uo)(1+1t) 7. (5.23)

For L* rate, from the Hausdorff-Young inequality and the Holder inequality, we have
et < Cllér]lp < C/g<e e—(|§\2+(u12—a11nw))t|€1,O‘d6
t
+ C/() /€<€ e~ [P+ (az—annw)) (t—s) |0ty |dEds
t
+C e e‘(”lZ_allnw))qéLO’dg + C/O /|(:>€ e—(ﬂlz—llllnw))(f—s) |p?:1 |d§ds

_ t
< Centommmnm= () F ol € e om0 oty 5) oy

1 2
+ Cef(“lZ*ﬂnnoo))t [/ ‘€|4d4 [/ ‘CWCALO ng]
&]>e ¢ >e

t 3 !
s [l [ [ jeptag] | [ jefon Pz as
0 I¢]>e ] =e

_ t
< Ce~(memane)t(1 4 )7 || o[ + C /0 e (2 mnne)(=9)| oy (5) | 1 ds

t
+ Cem(m2mmne))t 72¢0|| 5 4 C / e~ (m2mmne)(t=9)| 72 oy (5)) || 2ds (5.24)
0

Since by (5.12)
-3
loc1 ()l pnre < CIUGS) IRy < Cedyiq (Uo)(1+1)2

Then, (5.24) implies the slower decay estimate
-3
el < Ceny1(Uo)(1+1¢) 2. (5.25)

Similarly, we have
-3
Ea

le2|lL < Cent1(Uo)(1+1) (5.26)

So, by L2 L™ interpolation,
-3
||C1,C2HL4 < C€N+1(U0)(l + t)T, (5.27)

for2 < g < co.
This completes the proof of Proposition 2.2 and hence Theorem 1.1.

6 Conclusion

We have studied a chemotaxis model where a compressible fluid model for cells and a diffu-
sive Lotka—Volterra model for chemoattractants and repellents are used. The previous results
for chemotaxis are mostly extensions of the Keller and Segel model or in the case of fluid
dynamical models, the incompressible fluid models for the cells are used. We showed the
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existence of global solutions and their asymptotic behavior in three dimensions with the ini-
tial data as a small perturbation of the constant state (11,,0,0,0). Our method is based on
the basic energy estimates used for the a priori estimates and the iterative method in solving
the Cauchy problem (1.1). Moreover, we have also shown the decay estimates of solutions
to the Cauchy problem (1.1) in R3, in which the detailed analysis of Green’s functions of
the linear system is combined with the refined energy estimates with the help of Duhamel’s
principle. We proved the decay property of solutions as time goes to infinity. Our results are
complementary to Ambrosi, Bussolino and Preziosi [2], where the modeling aspects such as
qualitative analysis and numerical simulations of the compressible fluid model for cells with
chemoattractants are examined for vasculogenesis.
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