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Abstract. We consider a class of fractional logarithmic Schrodinger equation in
bounded domains. First, by means of the constraint variational method, quantitative
deformation lemma and some new inequalities, the positive ground state solutions and
ground state sign-changing solutions are obtained. These inequalities are derived from
the special properties of fractional logarithmic equations and are critical for us to obtain
our main results. Moreover, we show that the energy of any sign-changing solution is
strictly larger than twice the ground state energy. Finally, we obtain that the equation
has infinitely many nontrivial solutions. Our result complements the existing ones to
fractional Schrédinger problems when the nonlinearity is sign-changing and satisfies
neither the monotonicity condition nor Ambrosetti-Rabinowitz condition.
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1 Introduction

In this paper, we consider the following fractional Schrodinger equation with logarithmic
nonlinearity:

(=A)*u+V(x)u = [ulf 2ulnu?, xecQ,
(1.1)

u=0, xcRN\Q,

where & € (0,1), N > 2a and 2 < p < 2§ := 2%, (—A)* denotes the fractional Laplacian
operator, () is a bounded domain with smooth boundary in RN and V : ) — R satisfy

(Vi) V € C(Q,R).
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(V2) info((—A)*+V(x)) >0, where o((—A)*+ V) is the spectrum of the operator (—A)*+ V.
The general form of problem (1.1) can be given by

(—=A)*u+V(x)u= f(x,u), inRN, (1.2)
which arises in the study of standing waves to the time-dependent Schrodinger equation

2 = () MY - Fx ), 13)

where ¢ : RN x (0, +o0) + R. This equation is of particular interest in fractional quantum
mechanics for the study of particles on stochastic field modelled by Lévy processes. A path in-
tegral over the Lévy flights paths and a fractional Schrodinger equation of fractional quantum
mechanics are formulated by Laskin [16] from the idea of Feynman and Hibbs path integrals.
We call ¢ a standing waves solution if it possesses the form (x,t) = e“!u(x). Then ¥ is a
standing waves solution for (1.3) if and only if u solves (1.2) with V(x) = M(x) — w. Our goal
is to study the case for logarithmic nonlinearity F(x,¢) = |¢|P~2¢plog ||>. Here, the fractional
Laplacian operator (—A)* can be characterized as the singular integral (see, for example [11])

fy(x) — u(x) — u(y)
(=AN)*u(x) = C(N,a)P. V. v T = gV dy, (1.4)
for all x € RN, where C(N, &) is a normalization constant and P.V. stands for the principal

value. When u has sufficient regularity, the fractional Laplacian has a pointwise expression
(see [11, Lemma 3.2])

u(x+y) +u(x—y) ~2u(x) |
|y [N Y

(—A)*u(x) = —;C(N,a)/ vx € RV,

RN
Equation (1.1) and (1.2) admit applications related to quantum mechanics, phase transi-
tions and minimal surfaces etc. (see [11] and the references therein). There are much attention
by various scholars, especially on existence of ground state solution, multiple solutions, semi-
classical states and the concentration behavior of positive solutions, see for example [3,9,20,24],
and the references therein. When a = 1, Chen et al. [5] proved the existence of ground state
sign-changing solutions of problem (1.2) with f(x,u) = Q(x)|u|P~2ulnu?. When p = 2, Pietro
d’Avenia et al. [9] obtained the existence of infinitely many weak solutions of problem (1.1).
If « =1 and p = 2, then the problem (1.1) reduces to the classical logarithmic Schrodinger

equation
—Au+V(x)u = ulnu? (1.5)

More recently, many scholars focused on the problem (1.5), such as the existence of ground
state solution, multiple solutions, semiclassical states and the concentration behavior of posi-
tive solutions, see for example [1,2,8,18,25], and the references therein.

In 2014, Chang et al. [4] proved the existence of a nodal solution of (1.2) with V(x) =0 in
bounded domain. They assume that the nonlinearity f(x, t) satisfies the following Ambrosetti—
Rabinowitz condition and monotonicity condition:

(AR) There exists p € (2,25) such that
0 < uF(x,t) < tf(x,t)

for a.e. x € Q) and all t # 0, where F(x,t) = fotf(x, T)dT.
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(NC) t+ f(x,t)/|t] is strictly increasing on (—co,0) U (0, +00) for every x € Q.

E. G. Rodrigo, et al. [13] considered the existence of sign-changing solution for (1.2) with
V(x) =0and f(x,u) = Ag(x,u) + |u|>u, where g(x, u) satisfies the conditions (AR) and (NC).
When f(x,u) satisfies a monotonicity condition, Deng et al. [10] dealt with the least energy
sign-changing solutions for fractional elliptic equations (1.2) in bounded domain. Ji [15] con-
cerned with the existence of the least energy sign-changing solutions for a class of fractional
Schrodinger—Poisson system when f(x, t) satisfies the following monotonicity condition:

(F) t > f(x,t)/# is strictly increasing on (—o0,0) U (0, +c0) for every x € R3.

For more discussions on the existence of sign-changing solutions, we refer the readers to other
references, such as [6,7,14,22,23] and so on.

However, the logarithmic nonlinearity f(x,u) = |u|’~2ulnu? is sign-changing and satisfies
neither the condition (AR) nor monotonicity condition (NC). In addition, the nonlocal operator
brings some new difficulties, such as

/RN|( A)su de#/ 2dx+/ ~(x)[2dx,

ut(x) := max{u(x),0} and u (x):=min{u(x),0}.

where

But, most methods for local problem heavily rely on the decompositions

/RN | Vu(x)Pdx = /}RN |Vu+(x)\2dx+/]RN |V~ (x)|2dx.

Thus, these classic methods do not work for equation (1.1). Therefore, combining constraint
variational method, quantitative deformation lemma, non-Nehari manifold method and some
new energy inequalities, we will establish the existence of positive ground state solutions
and ground state sign-changing solutions for (1.1). Finally, we analysis that the existence of
infinitely many nontrivial solutions. To the best of our knowledge, there seem no results
concerned with sign-changing solutions for fractional problem (1.1).

Before stating our main results, we introduce some useful results of fractional Sobolev
spaces. For 0 < a < 1, the fractional Sobolev space is defined as

H3(Q) :={u € L*(Q) : [u]y < 0o,u =0 a.e.in RN\ Q},

where the Gagliardo seminorm [u], is given by

)|2dxd
= Jfo e s

It is well known that H{(Q2) is a Hilbert space endowed with the standard inner product

(u,v) //]sz ’x_))‘(f](éi_v(y)) dxdy+/0u(x)v(x) dx,

and the correspondent induced norm

H”HHg(Q) =/ (u,u). (1.6)
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In light of the Propositions 3.4 and 3.6 in [11], we have

uy)l>
[(—A)2u| (n,a //leN ‘x_y‘N'f'za dxdy,

-1
where 7 stands for the Fourier transform of u, ¢ € RN and C(n,«) ( Jra 1| éﬁf’fﬁl dx) . As

a consequence, the norms on H*(Q)) defined below
1
lzdx>

un—>(/ dx+/
Y2 2
ur—></ dx—i—//IRN |x— ’N+2a dxdy)

are equivalent. To find solutions of (1.1), we will use a variational approach. Hence, we will
associate a suitable functional to our problem. More precisely, the energy functional associated
with problem (1.1) is given by ¥ : H — IR defined as follows

I\J\R

1 « 2 1
OB <|(—A)7u\2+V(x)u2) dx+pz/0|u|pdx—p/0|u|”1nu2dx. (1.7)

We define the suitable subspace of Hjj(Q),

H:= {ueHg(Q):/

A V(x)u? < —l—oo}.

In view of assumptions (V;) and (V2), it is not hard to check that H is a Hilbert space endowed
with the inner product

(u,v)H:/]RN( A)2u( Zvdx—l—/ x)uvdx,

and the induced norm ||u||?> = (u,u)y, which is equivalent to [ )
The basic property of Sobolev space H that we need is summarized in the following
lemma.

Lemma 1.1 ([11]). The embedding H < LP(Q) is compact for p € (2,2}).

Note that

P~ 11n #? tP=1n #2
Iim—— =0 and Iim —— =0,
10 t t—oo 11

where g € (p,2}), thus, for any € > 0, there exists Ce > 0 such that

P Inf?| < elt| + Celt|T?,  VxeQ, teR\{0}. (1.8)

By (1.8) and a standard argument, it is easy to check that ¥ € C!(H,R) and

N\R

(Y'(u),0) :/]RN< A)2u 20dx—|—/ uvdx—/ﬂ\u|p’2uvlnu2dx, (1.9)

for any u,v € H.
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Definition 1.2. We say that u € H is a weak solution of (1.1), if u a critical point of the
functional ¥, that is

[ (=2)

for all v € H. Moreover, if u € H is a solution of (1.1) and u® # 0, then u is called a
sign-changing solution.

[STES

u(—A)%vdx—i—/ V(x)uvdx:/ lulP~2uvInu? dx,
0 0

Definition 1.3. The u € H is called a classical solution of (1.1), if (—A)*u can be written as
(1.4) and equation (1.1) is satisfied pointwise in .

Remark 1.4. Since (u™,u™)y := [pn(—A)2ut(—=A)2u~dx > 0 for u™ # 0, it follows from a
simple computation that

Y(u)=Fu")+¥wu )+ wu)y>Yu")+¥wu), (1.10)
and
(1), 1) = (¥ (05),1) + () > (¥ (), ), (111)
Let
c:= iélf Y(u) and m:= 1€n/{/l‘F(u)
where
N = {u € H\ {0}[(¥'(u),u) = 0},
and

M:={uecHu*#0| (¥ (u),ut) = (¥(u),u") =0}.
The main result of this work can now be stated as follows.

Theorem 1.5. Assume that (V1) and (V3) hold. Then problem (1.1) possesses one positive ground
state solution it € N such that ¥ (i1) = ¢ := infy ¥ (u).

Theorem 1.6. Assume that (V1) and (V,) hold. Then problem (1.1) has a ground state sign-changing
solution 1i € M such that ¥ (ii) = m := inf rq. Moreover, m > 2c.

Theorem 1.6 indicates that the energy of any sign-changing solution of (1.1) is strictly
larger than twice of the ground state energy. In terms of the results, Theorem 1.6 is a rela-
tively new result for fractional equations. In terms of processing technology, we adopt some
new technique inequalities derived by the variable transformation and the special concave
properties of energy functional.

Theorem 1.7. Suppose that (Vi) and (V) hold. Then problem (1.1) possesses infinitely many non-
trivial solutions.

The remaining of the paper is organized as follows: In Section 2, we present some prelim-
inary results and we set up the variational framework to our problem. In Section 3 and 4, we
prove our main result. Throughout this paper, the symbol S denote unit sphere, the C, Cy,
Cy, ... represent several different positive constants.
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2 Some preliminary results

In this section, we give some preliminary lemmas which are crucial for proving our results.
For a fixed function u € H with u® # 0. We define a continuous function J : [0,00) X
[0,00) — R by
1 1
J(s5,t) == ¥ (smﬁ + t?u_)

1,1 1 2 1 1
:§||spu++tpu I +pz/0|sr’u++tpu |P dx 2.1)
1 1 1 1 1 2
_p/ |spu++tPu*]P1n(spu++tﬂu*> dx.
O

The following lemma is derived from the special properties of fractional logarithmic equa-
tions, which is critical to our results.

Lemma 2.1. The ] (s, t) defined in (2.1) is strictly concave in (0, +00)? and thus there exists a unique
global maximum point in (0, +00)2.

Proof. It follows from (2.1) that

1

==

Vst = L1tz + Lsi 1 (u+,u),x—1/ [P In(ut )2 dx
0s p p pJa 22)
—1/ P In(s?) dx,
pJO
Vo) = 2w 2+ Lo 1sF (ut,um ) — 1/ =P In(u~ )2 dx
ot p p pJa 23)
—1/ = |PIn(t3) dx,
pJa
0?] 2—p 2., , 1—p 1,1 _ 2
@(S/t): p2 sP o Jut|F + p? sp v (ut,u )rx—pzs/oyuﬂpdx/ (2.4)
0?] 2—p.2 o , l—pa1 1, 2
i - - - r =), — — —|P 2.5
g (51 = =0 P =P R (), pzt/o|u 17 dx (2.5)
and
Pl sty = G (s = Leb 0 ) 2.6)
dsot '’ otds ' p? T '
Therefore, the Hessian matrix D?](s, t) is
92 92
D?J(s,t) = = t
](S’ )_ aZI BZI (S’ )
ofds  of2
_2—p (S|P s () 0
p? 0 t%_zHu_Hz—i—t%_zs%(uﬂu_)a
+l(u+ ) T AT 2.7)
p2tn e 55711}%71 —t%zs%
_|_£ _%f0|u7|pdx 0
0 —1 [ lu~|Pdx

=: J1(s,t) + Jo(s, t) + J3(s, t).
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Note that 2 < p < 2% and (ut,u™), > 0, it is not difficult to verify that J;(s,t), J2(s,t) and
J3(s, t) are negative definite matrices for s,t > 0. Thus, D?](s,t) is a negative definite matrix.
Since J(0,0) = 0 and

J(s,t) = —oo as |(s,t)| = 400,

which shows that ] (s, t) is strictly concave and there exists a unique global maximum point in
(0, +00)%. We complete the proof. O

In view of Lemma 2.1, we have the following corollaries.

Corollary 2.2. Assume that u € M, then

1 1 1 1
Y(ut+u ) =max¥GErut +tru")>Y(stut +tru), (2.8)

51>0
forany s, t > 0and (s,t) # (1,1).

Proof. Let | : [0,00) x [0,00) — R be defined in (2.1). Since u € M, then (¥'(u),ut) =
(¥'(u),u”) = 0. This, combined with (2.2) and (2.3), implies that

9] _ 9] _

Then, by the strict concavity of ] in Lemma 2.1, (2.8) follows immediately, which is the desired
conclusion. n

Since (¥'(u),u™) = p%(l,l) and (Y'(u),u~) = p%(l,l), the following corollary can be
directly derived from Lemma 2.1.

Corollary 2.3. If u € H with u® # 0, there exists a unique pair (s, t,) € R" x R such that
1 1
sput +tium € M.

Corollary 2.4. Assume that u € N, then

—

1
¥ (1) = max ¥ (tru) > ¥(F
(u) = max¥(tru) > ¥

=|

i), (2.9)

forany t > 0and t # 1.

Proof. By setting s = t in (2.1), we can deduce similarly that

J(t) = ¥(tru)

is strictly concave in (0, +00) and has a unique global maximum point. This, together with
u € N, implies the desired conclusion. O

The following corollary directly follows from the Corollary 2.4 and [19, Proposition 8].

Corollary 2.5. Forany u € H\ {0}, there exists a unique t = t(u) > 0 such that tu € N'. Moreover,
the map 7t : H\ {0} — N is continuous for 7t(u) = t(u)u and 7w := 7| defines a homeomorphism
between the unit sphere S of H with .

In view of Corollaries 2.2, 2.3, 2.4 and 2.5, we have the following results.
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Lemma 2.6. The following equalities hold true:

inf¥(u) =:c= inf max‘I’(t%u)
N u€Eu#0 t>0

and : :
inf¥(u) =m= inf max¥(sru’+tru).
M u€E,u*+#0 s,t>0

Proof. We only prove the second equality because the other case is similar. On the one hand,
it follows from Corollary 2.2 that

inf max‘l’(s%uJr + t%u_) < inf rnax‘“I’(s%uJr - t%u_) = inf ¥(u) =m. (2.10)
u€E,u*+#0 s,t>0 ueEM 5,t>0 uemM

On the other hand, for any u € H with ut #£0, by Corollary 2.3, we have

1 1
rnax‘I’(s%uJr + t%u_) >¥(sjut +tiu") > inf ¥(v) =m. (2.11)
s,t>0 veM
Thus, the conclution directly follows from (2.10) and (2.11). O

Proposition 2.7. For any u € M, there exists ¢ > 0 such that ||u™||, > o.
Proof. Since u C M, we have (Y'(u),u*) = 0, that is

/ (—A)fu(=A)Su* dx +/ V(x)[utPdx = / [P In [u* 2 dx.
RN o 0
Then, by (1.8), (u™,u™ ), > 0 and the Sobolev inequality, we have
2 < [ P n(u)? dx
o

< Sl IR+ Gl

=9 1 q
for some C; > 0 independent of u. Thus there exists a constant ¢ > 0 such that |[u*||; > ¢. O

Proposition 2.8. For any u € N, there exists v > 0 such that ||ul|; > 7.

Proof. By (1.8) and the Sobolev inequality, for any u € N, we deduce that
ul|? = / || Inu? dx
0
< ol + CallulP a2
for some C, > 0 independent of u. Then there exists v > 0 such that ||u[[; > 1. O

Lemma 2.9. ¢ > 0 and m > 0 can be achieved.

Proof. We only prove that m > 0 and is achieved since the other case is similar. Let {u,} € M
be such that ¥ (u,) — m. By (1.7) and (1.9), one has

m+o(1) = ¥ (i) — ;<‘f'<un>,un>
(1IN 2
— (2 p) |2y | +p2/0|u”| dx

1 1
> (5-3) Il
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This shows that {u,} is bounded. Thus, passing to a subsequence, we may assume that
uf — 0* weakly in H and u;f — 7 strongly in L5(Q) for 2 < s < 2. Since {u,} C M, then
it follows from Proposition 2.7 that there exists a constant ¢ > 0 such that ||u;"||; > o. By the
compactness of the embedding H — L°(Q)) for 2 < s < 2}, we have

[2%lg = lim [|uy llg > o,

which shows 7% # 0. By (1.8), (1.9), the Theorem A.2 in [21], the weak semicontinuity of
norm and the Lebesgue dominated convergence theorem, we have

Hﬁin—i-/RN(—A)%u”F(—A)%ﬁi dx < lim inf <||u,f|\2+/RN(—A)"£u,T(—A)%u,§ dx>
= liminf/ luE|P In(uk)? dx (2.12)
n—oo (@)

— / %7 In(a%)? dx,
Q

which implies
(¥'(n),0%) <0. (2.13)

. 1 N
According to Corollary 2.3, there exist §,f > 0 such that §? 1+ +trii~ € M and

==

(ot +raT) > m. (2.14)

By the concavity of (s, t) := ‘~I’(s%ﬁJr + t%ﬁ_) for s,t > 0 and the Taylor expansion, for some
6 € (0,1), we have

J&:5 =TA1D+ADE-1) + (1L 1D(E-1)
+ %((é— 1),(=1)D*J(1+6(5—1),1+6(F-1))((6—1),(F—1)T (215
<JAD+EADE=1) + (11D (E-1).
That is

1 N 1 1.
Y(a) >Y(@Erat +fa) — ;(é —1)(Y'(a),a") — ;(t —1){Y'(a),47). (2.16)
Therefore, it follows from (1.7), (1.9), (2.12), (2.13), (2.14), (2.16), Lemma 2.1, Corollary 2.2 and

the weak semicontinuity of norm that

— 14 1 !/
= Jim (¥(00) = S0 () ) )
T 2 U TR )
= lim (= )+ 2 [ il atv)
1 1,.,. 2 R

> (5= lal+ 5 [ jalr dx

N1 N n
= ¥(i) = ((0), )

1 Sl 8 t
> Y(grat +iram) — S (¥(0),0") — —(¥'(4),0")



10 Y. H. Tong, H. Guo and G. Figueiredo

which implies that
(¥'(0),0%) =0 and ¥(i2) = m. (2.17)

Therefore, # € M and ¥ (i1) = m. Since 4% # 0, then by (1.7), (1.9) and (2.17), we have
"= (a) = 1uauz+22/ ]ﬁ\”dx—l/ [P In 22 dx
2 e pJa
Ly 1 A ~2
> 2|4 —7/ )P In 22 dx
pJa

- (; - 1) a2 + ;<‘Y’(ﬁ),ﬁ>

p
1 1 1 1 1 1
> (== ﬁ+2+<—) A |12+ =(¥'(a),a") + = (¥ (a),a"
(55 )01+ (55 )11+ ¢ )+ ¥ (@)
> 0.
That is m > 0. The proof is completed. O

Lemma 2.10. The minimizers of infar ¥ (1) and inf g ¥ (1) are critical points of Y.

Proof. We prove it by contradiction. Assume that # € M, ¥(i4) = m and ¥'(1) # 0. Then
there exists § > 0, u > 0 such that ||¥/(v)|| > u, for |[v — || < 36. Let D = (3,3) x (3,3). By
Lemma 2.1, we have

B = Taaéqf(s%ﬁ* i) <m (2.18)
s,te

Applying the classical deformation [21, Lemma 2.3] with ¢ := min{(m — p)/3, u6/8} and
S := Bs(l), there exists a deformation # € C([0,1] x H, H) such that

(@ n(L,u) =u,ifu g Y1 (m—2em+ 2e),

(b) (1, ¥"NS) C ¥,

(c) ¥(n(1,u)) <u,Vu € H.
Corollary 2.2 implies that ‘Y(s%if“ + t%ﬁ_) < ¥ (i) =m, for s > 0,t > 0. Then it follows from
(b) that

¥(y(1srat + i) <m—e, (2.19)

fors > 0,t > 0and |s — 1|2 + |t — 1|2 < §2/|ut]|>. Furthermore, using Lemma 2.1 and (c), we
derive that

¥ (1 (1,s%ﬁ+ + t%ﬁ—)) < ‘f(s%fﬁ + t%ﬁ—> <¥(il) = m, (2.20)
fors > 0,t > 0and |s — 1|2 + |t — 1|2 > 62/ |it||*>. Thus, from (2.19) and (2.20), we obtain

ma;‘l’(;y <1,s%ﬁ+ + t%ﬂ*» < m.

steD

1~

Define g(s, ) = sPu™ + ¢

1
71~ . To complete the proof it suffices to prove that

n(1,g(D)) "M #Q, (2.21)
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which implies maxslteﬁ‘f’(iy(l,s%fﬁ + t%ﬁ_)) > m and it contradicts (2.21). Let us define
k(s,t) :=1n(1,g(s,t)) and

p(s,1) = (;Sﬁﬂ(x(s, 1) (), (x5, 1), <K<s,t>>>) |

Since (s, t)|op = g(s, t), we have
;w’(g(s,t)),sim — J'(s,), onaD,

and
1

ptw'(g(s,t)),téuﬂ = J!(s,t), onaD.

Therefore, by the homotopy invariance of Brouwer’s degree, we can deduce from (2.7) that

deg(¢, D, (0,0)) = deg((J;, J}), D, (0,0))

=sgn (det Gj:) (1,1)> =1,

which implies that ¢(s,f) = 0 for some (5,t) € D, thatis x(5,t) = 7(1,4(5,f)) € M, which is
a contradiction.

The proof of infyr ¥(u) is critical points of ¥ is similar to above argument and hence is
omitted here. O

3 Proof of Theorems 1.5 and 1.6

We first prove Theorem 1.5. According to 2.9 and 2.10, there exists # € A such that ¥(i1) = ¢
and ¥'(i1) = 0. Now, we only need to prove that u is a positive solution of problem (1.1).
Indeed, replacing ¥ (u) with the functional

1

\FJF(M) = E RN

a 2 1
—A)2ul> + V(x)u? dx+—/ u*”dx—f/ ut P In(ut)?dx.
(AP + V() et 5 |t de = [P nGe)
In this way we can get a solution u such that
(=A)*u+V(x)u = u"|P2u"In(u™)? in Q. (3.1)

Testing equation (3.1) with u~, we obtain

/ (—A)su(=A)Su dx+/ V(x)u~[2dx = 0. (32)
RN JQ
On the other hand,
/ (—A)Su(—A)du dx :/ (=AY Pdx+ [ (—A)iut(—A)iu dx
RN RN RN (33)
= [ (=A)2u Pdx+ (ut,u")e > 0.
JRN

Thus, it follows from (3.2) and (3.3), we have u~ = 0 and u > 0. Since |t|P~!|Int?| < |t| +
Colt|7 L, vx € Ot € R\ {0}, for g € (2,2}), by the regularity theorem [12, Lemma 3.4],
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we can obtain that u € C% for some u € (0,1). Therefore, using the maximum principle
[17, Proposition 2.17], we obtain u = 0 in (), a contradiction. Thus, u is a positive solution of
problem (1.1).

Finally, we prove Theorem 1.6. We conclude from Lemma 2.9 and Lemma 2.10 that prob-
lem (1.1) has a sign-changing solution 7 € M such that ¥ (i) = m and ¥/ (ii) = 0. It remains
to prove that ¥ (ii) = m := infa ¥(u) > 2c. Indeed, by (1.10), Corollary 2.2 and Lemma 2.6,
we have

The proof is completed.

4 Infinitely many solutions

In the following, we analysis the existence of infinitely many nontrivial solutions for problem
(1.1).

Define ¢ : H— Rand ¢ : S — R by ¢(u) = ¥(#(u)) and ¢ := @|s, respectively. Clearly,
¢ and ¢ are even since ¥ is even. It is not difficult to verify that ¢ is bounded from below in S
and ¢ satisfies the Palais—-Smale condition on S. Hence, arguing as [19], the functional ¥ has
infinitely many critical points, which shows that (1.1) has infinitely many nontrivial solutions.
The Theorem 1.7 is proved.

Acknowledgements

The authors are deeply grateful to Professor Changfeng Gui for his kind support and useful
comments. Hui Guo was supported by Natural Science Foundation of Hunan Province (Grant
No. 2020JJ5151) and Scientific Research Fund of Hunan Provincial Education Department
(Grant No. 19C0781) the National Natural Science Foundation of China (Grant No. 12001188).

References

[1] C. O. Arves, D. C. M. FrLao, G. M. FIGUEIREDO, On concentration of solution to
a Schrodinger logarithmic equation with deepening potential well, Math. Methods
Appl. Sci. 42(2019), No. 14, 4862-4875. https://doi.org/10.1002/mma.5699; MR3992943;
Zbl 1426.35128

[2] C. O. Avrves, C. J1, Multiple positive solutions for a Schrodinger logarithmic equation,
Discrete Contin. Dyn. Syst. 40(2020), No. 5, 2671-2685. https://doi.org/10.3934/dcds.
2020145; MR4097474; Zbl 1435.35028

[3] V. AmBrosio, Multiplicity and concentration results for a class of critical frac-
tional Schrodinger—Poisson systems via penalization method, Commun. Contemp.
Math. 22(2018), No. 1, 1850078, 45 pp. https://doi.org/10.1142/50219199718500785;
MR4064905; Zbl 1434.35270


https://doi.org/10.1002/mma.5699
https://www.ams.org/mathscinet-getitem?mr=3992943
https://zbmath.org/?q=an:1426.35128
https://doi.org/10.3934/dcds.2020145
https://doi.org/10.3934/dcds.2020145
https://www.ams.org/mathscinet-getitem?mr=4097474
https://zbmath.org/?q=an:1435.35028
https://doi.org/10.1142/S0219199718500785
https://www.ams.org/mathscinet-getitem?mr=4064905
https://zbmath.org/?q=an:1434.35270

4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Sign-changing solutions and infinitely many solutions for fractional equations 13

X. J. CHANG, Z. Q. WANG, Nodal and multiple solutions of nonlinear problems involving
the fractional Laplacian, J. Differential Equations 256(2014), No. 8, 2965-2992. https://
doi.org/10.1016/j.jde.2014.01.027; MR3199753; Zbl 1327.35397

S. T. CueN, X. H. TANG, Ground state sign-changing solutions for elliptic equations with
logarithmic nonlinearity, Acta. Math. Hung. 157(2019), No. 1, 27-38. https://doi.org/
10.1142/50219199718500785; MR3911157; Zbl 1438.35192

S. T. Cuen, X. H. Tang, E F L1ao, Existence and asymptotic behavior of sign-
changing solutions for fractional Kirchhoff-type problems in low dimensions, NoDEA
Nonlinear Differential Equations Appl. 25(2018), No. 5, 40-63. https://doi.org/10.1007/
s00030-018-0531-9; MR3841989; Zbl 1417.35032

K. CrHENG, Q. Gao, Sign-changing solutions for the stationary Kirchhoff problems in-
volving the fractional Laplacian in RN, Acta. Mathe. Sci. 38(2018), No. 6, 1712-1730.
https://doi.org/10.1016/50252-9602(18)30841-5; MR3868696; Zbl 1438.35139

P. D’Avenia, E. MONTEFUSCO, M. SQuassiNa, On the logarithmic Schrodinger equation,
Commun. Contemp. Math. 16(2014), No. 2, 1350032, 15 pp. https://doi.org/10.1142/
S0219199713500326; MR3195154; Zbl 1292.35259

P. D’AVENIA, M. SQuAssIiNA, M. ZENARI, Fractional logarithmic Schrodinger equations,
Math. Methods Appl. Sci. 38(2015), No. 18, 5207-5216. https://doi.org/10.1002/mma.
3449; MR3449663; Zbl 1334.35408

Y. B. DENG, W. Snuas, Sign-changing solutions for non-local elliptic equations involving
the fractional Laplacain, Adv. Differerential Equations 23(2018), No. 1, 109-134. MR3718170;
Zbl 1386.35087

D. N. ELEONORA, P. Gi1amriERO, V. ENRICO, Hitchhiker’s guide to the fractional Sobolev
spaces, Bull. Sci. Math. 136(2012), No. 5, 521-573. https://doi.org/10.1016/j.bulsci.
2011.12.004; MR2944369; Zbl 1252.46023

P. FELMER, A. Quaas, ]J. G. TaN, Positive solutions of the nonlinear Schrodinger equation
with fractional Laplacian, Proc. Roy. Soc. Edinburgh Sect. A 142(2012), No. 6, 1237-1262.
https://doi.org/10.1017/S0308210511000746; MR3002595; Zbl 1290.35308

R. F. GaBert, R. S. RoDRIGUES, Existence of sign-changing solution for a problem in-
volving the fractional Laplacian with critical growth nonlinearities, Complex Var. Ellip-
tic Equ. 65(2020), No. 2, 272-292. https://doi.org/10.1080/17476933.2019.1579208;
MR4043951; Zbl 1436.49007

H. Guo, T, WANG, A multiplicity result for a non-local critical problem, Taiwanese ].
Math. 23(2019), No. 6, 1389-1421. https://doi.org/10.11650/tjm/181201; MR4033551;
Zbl 1427.35027

C. J1, Ground state sign-changing solutions for a class of nonlinear fractional
Schrédinger—Poisson system in R3, Ann. Mat. Pura Appl. (4) 198(2019), No. 5, 1563-1579.
https://doi.org/10.1007/s10231-019-00831-2; MR4022109; Zbl 1430.35093

N. LaskiN, Fractional Schrodinger equation, Phys. Rev. E (3) 66(2002), No. 5, 056108, 7 pp.
https://doi.org/10.1103/PhysRevE.66.056108; MR1948569


https://doi.org/10.1016/j.jde.2014.01.027
https://doi.org/10.1016/j.jde.2014.01.027
https://www.ams.org/mathscinet-getitem?mr=3199753
https://zbmath.org/?q=an:1327.35397
https://doi.org/10.1142/S0219199718500785
https://doi.org/10.1142/S0219199718500785
https://www.ams.org/mathscinet-getitem?mr=3911157
https://zbmath.org/?q=an:1438.35192
https://doi.org/10.1007/s00030-018-0531-9
https://doi.org/10.1007/s00030-018-0531-9
https://www.ams.org/mathscinet-getitem?mr=3841989
https://zbmath.org/?q=an:1417.35032
https://doi.org/10.1016/S0252-9602(18)30841-5
https://www.ams.org/mathscinet-getitem?mr=3868696
https://zbmath.org/?q=an:1438.35139
https://doi.org/10.1142/S0219199713500326
https://doi.org/10.1142/S0219199713500326
https://www.ams.org/mathscinet-getitem?mr=3195154
https://zbmath.org/?q=an:1292.35259
https://doi.org/10.1002/mma.3449
https://doi.org/10.1002/mma.3449
https://www.ams.org/mathscinet-getitem?mr=3449663
https://zbmath.org/?q=an:1334.35408
https://www.ams.org/mathscinet-getitem?mr=3718170
https://zbmath.org/?q=an:1386.35087
https://doi.org/10.1016/j.bulsci.2011.12.004
https://doi.org/10.1016/j.bulsci.2011.12.004
https://www.ams.org/mathscinet-getitem?mr=2944369
https://zbmath.org/?q=an:1252.46023
https://doi.org/10.1017/S0308210511000746
https://www.ams.org/mathscinet-getitem?mr=3002595
https://zbmath.org/?q=an:1290.35308
https://doi.org/10.1080/17476933.2019.1579208
https://www.ams.org/mathscinet-getitem?mr=4043951
https://zbmath.org/?q=an:1436.49007
https://doi.org/10.11650/tjm/181201
https://www.ams.org/mathscinet-getitem?mr=4033551
https://zbmath.org/?q=an:1427.35027
https://doi.org/10.1007/s10231-019-00831-2
https://www.ams.org/mathscinet-getitem?mr=4022109
https://zbmath.org/?q=an:1430.35093
https://doi.org/10.1103/PhysRevE.66.056108
https://www.ams.org/mathscinet-getitem?mr=1948569

14 Y. H. Tong, H. Guo and G. Figueiredo

[17] L. SiLvesTRE, Regularity of the obstacle problem for a fractional power of the Laplace
operator, Commun. Pure Appl. Math. 60(2007), No. 1, 67-112. https://doi.org/10.1002/
cpa.20153; MR2270163; Zbl 1141.49035

[18] M. SquassiNa, A. SzuLKIN, Multiple solutions to logarithmic Schrodinger equations with
periodic potential, Calc. Var. Partial Differential Equations 54(2015), No. 1, 585-597. https:
//doi.org/10.1007/s00526-014-0796-8; MR3385171; Zbl 1326.35358

[19] A. SzuLkin, T. WETH, The method of Nehari manifold, in: Handbook of nonconvex analysis
and applications, Int. Press, Somerville, MA, 2010, pp. 597-632,. MR2768820

[20] T. WaNG, H. Guo, Infinitely many solutions for nonhomogeneous Choquard equations,
Electron. |. Qual. Theory Differ. Equ. 2019, No. 24, 1-10. https://doi.org/10.14232/
ejqtde.2019.1.24; MR3938292; Zbl 1438.35196

[21] M. WiLLEM, Minimax theorems, Progress in Nonlinear Differential Equations and
Their Applications, Vol. 24, Birkhduser Boston, Inc., Boston, MA, 1996. MR1400007;
Zbl 0856.49001

[22] C. X. YE, K. M. TenNG, Ground state and sign-changing solutions for fractional
Schrodinger-Poisson system with critical growth, Complex Var. Elliptic Equ. 65(2020),
No. 8, 1360-1393. https://doi.org/10.1080/17476933.2019.1652278;, MR4118692;
Zbl 1452.35028

[23] Y. Y. Yu, E K. ZHAO, L. G. ZHAO, Positive and sign-changing least energy solutions for
a fractional Schrodinger-Poisson system with critical exponent, Appl. Anal. 99(2020),
No. 13, 2229-2257. https://doi.org/10.1080/00036811.2018.1557325; MR4144117;
Zbl 1448.35425

[24] J.J. ZuANG, ]. M. D0 O, S. MARCO, Fractional Schrodinger-Poisson systems with a general
subcritical or critical nonlinearity, Adv. Nonlinear Stud. 16(2016), No. 1, 15-30. https:
//doi.org/10.1515/ans-2015-5024; MR3456743; Zbl 1334.35407

[25] C. X. ZHANG, X. ZHANG, Bound states for logarithmic Schrodinger equations with poten-
tials unbounded below, Calc. Var. Partial Differential Equations 59(2020), No. 1, Paper No.
23, 31 pp. https://doi.org/10.1007/s00526-019-1677-y; MR4048332; Zbl 1433.35374


https://doi.org/10.1002/cpa.20153
https://doi.org/10.1002/cpa.20153
https://www.ams.org/mathscinet-getitem?mr=2270163
https://zbmath.org/?q=an:1141.49035
https://doi.org/10.1007/s00526-014-0796-8
https://doi.org/10.1007/s00526-014-0796-8
https://www.ams.org/mathscinet-getitem?mr=3385171
https://zbmath.org/?q=an:1326.35358
https://www.ams.org/mathscinet-getitem?mr=2768820
https://doi.org/10.14232/ejqtde.2019.1.24
https://doi.org/10.14232/ejqtde.2019.1.24
https://www.ams.org/mathscinet-getitem?mr=3938292
https://zbmath.org/?q=an:1438.35196
https://www.ams.org/mathscinet-getitem?mr=1400007
https://zbmath.org/?q=an:0856.49001
https://doi.org/10.1080/17476933.2019.1652278
https://www.ams.org/mathscinet-getitem?mr=4118692
https://zbmath.org/?q=an:1452.35028
https://doi.org/10.1080/00036811.2018.1557325
https://www.ams.org/mathscinet-getitem?mr=4144117
https://zbmath.org/?q=an:1448.35425
https://doi.org/10.1515/ans-2015-5024
https://doi.org/10.1515/ans-2015-5024
https://www.ams.org/mathscinet-getitem?mr=3456743
https://zbmath.org/?q=an:1334.35407
https://doi.org/10.1007/s00526-019-1677-y
https://www.ams.org/mathscinet-getitem?mr=4048332
https://zbmath.org/?q=an:1433.35374

	Introduction
	Some preliminary results
	Proof of Theorems 1.5 and 1.6
	 Infinitely many solutions

