A RELATION BETWEEN THE MULTIPLICITY OF THE SECOND EIGENVALUE OF A GRAPH LAPLACIAN, COURANT’S NODAL LINE THEOREM AND THE SUBSTANTIAL DIMENSION OF TIGHT POLYHEDRAL SURFACES^∗

TSVI TLUSTY^†

Abstract. A relation between the multiplicity m of the second eigenvalue λ_2 of a Laplacian on a graph G, tight mappings of G and a discrete analogue of Courant’s nodal line theorem is discussed. For a certain class of graphs, it is shown that the m-dimensional eigenspace of λ_2 is tight and thus defines a tight mapping of G into an m-dimensional Euclidean space. The tightness of the mapping is shown to set Colin de Verdiére’s upper bound on the maximal λ_2-multiplicity, m ≤ chr(γ(G)) − 1, where chr(γ(G)) is the chromatic number and γ(G) is the genus of G.

Key words. Graph Laplacian, Tight Embedding, Nodal domains, Eigenfunctions, Polyhedral Manifolds.

AMS subject classifications. 15A18, 05C10, 47A75, 15A90.

∗Received by the editors 24 March 2007. Accepted for publication 30 September 2007. Handling Editor: Richard A. Brualdi.

†Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76100, Israel (tsvi.tlusty@weizmann.ac.il).