SHELLS OF MATRICES IN INDEFINITE INNER PRODUCT SPACES^∗

VLADIMIR BOLOTNIKOV^† , CHI-KWONG LI^{† ‡} , PATRICK R. MEADE^{† §} , CHRISTIAN MEHL^¶, AND LEIBA RODMAN^{† ‖}

Abstract. The notion of the shell of a Hilbert space operator, which is a useful generalization (proposed by Wielandt) of the numerical range, is extended to operators in spaces with an indefinite inner product. For the most part, finite dimensional spaces are considered. Geometric properties of shells (convexity, boundedness, being a subset of a line, etc.) are described, as well as shells of operators in two dimensional indefinite inner product spaces. For normal operators, it is conjectured that the shell is convex and its closure is polyhedral; the conjecture is proved for indefinite inner product spaces of dimension at most three, and for finite dimensional inner product spaces with one positive eigenvalue.

Key words. Indefinite inner products, Numerical range, Shells, Normal matrices.

AMS subject classifications. 15A60, 15A63, 15A57

∗ Received by the editors on 25 January 2002. Final manuscript accepted on 1 May 2002. Handling Editor: Ludwig Elsner.

†College of William and Mary, Department of Mathematics, P.O.Box 8795, Williamsburg, VA 23187-8795 (vladi@math.wm.edu, ckli@math.wm.edu, prmead@mail.wm.edu, lxrodm@math.wm.edu).

‡The research of this author is partially supported by NSF Grant DMS 0071994. §The research of this author was done as an undergraduate at William and Mary, and was partially supported by NSF Grant DMS 9988579.

¶Fakultät II; Institut für Mathematik, Technische Universität Berlin, D-10623 Berlin, Germany (mehl@math.tu-berlin.de).

‖The research of this author is partially supported by NSF Grant DMS-9988579.