ESSENTIAL DECOMPOSITION OF POLYNOMIALLY NORMAL MATRICES IN REAL INDEFINITE INNER PRODUCT SPACES^∗

CHRISTIAN MEHL^†

Abstract. Polynomially normal matrices in real indefinite inner product spaces are studied, i.e., matrices whose adjoint with respect to the indefinite inner product is a polynomial in the matrix. The set of these matrices is a subset of indefinite inner product normal matrices that contains all selfadjoint, skew-adjoint, and unitary matrices, but that is small enough such that all elements can be completely classified. The essential decomposition of a real polynomially normal matrix is introduced. This is a decomposition into three parts, one part having real spectrum only and two parts that can be described by two complex matrices that are polynomially normal with respect to a sesquilinear and bilinear form, respectively. In the paper, the essential decomposition is used as a tool in order to derive a sufficient condition for existence of invariant semidefinite subspaces and to obtain canonical forms for real polynomially normal matrices. In particular, canonical forms for real matrices that are selfadjoint, skewadjoint, or unitary with respect to an indefinite inner product are recovered.

Key words. Indefinite inner products, Normal matrices, Selfadjoint matrices, Skewadjoint matrices, Unitary matrices, Essential decomposition.

AMS subject classifications. 15A21, 15A57, 15A63.

1. Introduction. Let H ∈ R^{n×n} be invertible and (skew-)symmetric. Then H induces a nondegenerate (skew-)symmetric bilinear form on R^n via [x, y] := y^T Hx for x, y ∈ R^n. This form can be extended to C^n either as a (skew-)Hermitian sesquilinear form via [x, y] := y^∗ Hx for x, y ∈ C^n or as a (skew-)symmetric bilinear form via [x, y] := y^T Hx for x, y ∈ C^n. In the paper, we will use both extensions in order to obtain canonical forms for several classes of real matrices that are normal with respect to the real indefinite inner product induced by H.

In the following let F denote one of the fields R or C, and for M ∈ F^{m×n} let M⋆ denote either M^T , the transpose, or M^∗ , the conjugate transpose of M, respectively. Moreover, let H ∈ F^{n×n} be invertible and satisfy H⋆ = ±H. Then H induces a nondegenerate (skew-)symmetric bilinear form (in the case ⋆ = T ) or a nondegenerate (skew-)Hermitian sesquilinear form (in the case ⋆ = ∗) via [x, y] := y⋆Hx for x, y ∈ F^n. For a matrix M ∈ F^{n×n} , the H-adjoint of M is defined to be the unique matrix M^[⋆^] satisfying

[x, My] = [M^[⋆^]x, y] for all x, y ∈ F^n.

The matrix M ∈ F^{n×n} is called H-selfadjoint, H-skew-adjoint, or H-unitary, respectively, if M^[⋆^] = M, M^[⋆^] = −M, or M^[⋆^] = M^{−1} , respectively. H-selfadjoint, H-skewadjoint, and H-unitary matrices have been widely discussed in the literature,

∗ Received by the editors on 12 August 2005. Accepted for publication on 2 February 2006. Handling Editor: Peter Lancaster.

†Institut für Mathematik, Sekretariat MA 4-5, Technische Universität, Berlin, D-10623 Berlin, Germany, (mehl@math.tu-berlin.de). Supported by Deutsche Forschungsgemeinschaft through Matheon, the DFG Research Center Mathematics for key technologies in Berlin. 84

see [1, 6, 7, 13, 18] and the references therein, both from the viewpoint of theory and the viewpoint of numerical analysis. In particular, the case F = R and

H := J := � 0 1 −1 0 �

has been intensively studied. Canonical forms for H-selfadjoint and H-skewadjoint matrices have been developed in various sources, see [4, 6, 7, 13] for the case F = C and H being Hermitian, and [4, 5, 6, 7, 13] for the case F = R and H being symmetric or skew-symmetric. These canonical forms are obtained under transformations of the form

(M, H) → (P^{−1} MP, P ⋆HP ), P ∈ F^{n×n} nonsingular.

(1.1)

that correspond to a change of bases x → P x in the space F^n. It is easy to check that M is H-selfadjoint, H-skewadjoint, or H-unitary, respectively, if and only if P^{−1} MP is P ⋆HP -selfadjoint, P ⋆HP -skewadjoint, or P ⋆HP -unitary, respectively.

Canonical forms for the case F = C and H being symmetric or skew-symmetric have been developed in [15], but have been implicitly known by the canonical forms for pairs of complex symmetric or skew-symmetric matrices given in [22]. (Observe that, for example, for symmetric H, a matrix M ∈ C^{n×n} is H-selfadjoint if and only if HM is symmetric. Thus, a canonical form for the pair (M, H) under transformations of the form (1.1) can be easily obtained from the canonical form for the pair (HM, H) of symmetric matrices under simultaneous congruence.)

Canonical forms for H-unitary matrices have been developed in [9] for the case of sesquilinear forms on C^n. For F = R and the case of skew-symmetric bilinear forms, they can be obtained from [21, Theorem 5]. For the case F = R and symmetric H, a canonical form is given in [20] in general and in [2] for the special case that M is diagonalizable (over the complex field). In addition, canonical forms for Hunitary matrices for some particular choices of H have been developed in [14, 19] under similarity transformations that leave H invariant.

Also, attempts have been made to obtain a more general theory by investigating H-normal matrices, i.e., matrices M satisfying M^[⋆^]M = MM^[⋆^]. (It is easy to see that H-normality is invariant under transformations of the form (1.1) as well.) However, it has been observed in [8] that the problem of classifying H-normal matrices is wild and so far, canonical forms have been obtained for some special cases only, see [8, 11, 12]. In [9] and [10], canonical forms for a subclass of H-normal matrices, the so-called block-Toeplitz H-normal matrices, have been obtained for the case F = C and H induces a sesquilinear form. However, it has been explained in [15] that it does not make sense to generalize this concept to bilinear forms, because even H-selfadjoint matrices fail to be block-Toeplitz H-normal in general.

Therefore, the class of polynomially H-normal matrices has been studied in [17] and [15]. Recall that a matrix X ∈ F^{n×n} is polynomially H-normal if there exists a polynomial p ∈ F[t] such that X⋆ = p(X). It easy to check that H-selfadjoint, Hskewadjoint, and H-unitary matrices are polynomially H-normal. For H-selfadjoint and H-skewadjoint matrices this is trivial and for H-unitary matrices U, this follows because the inverse of a matrix is a polynomial of the matrix, i.e., U⋆ = U^{−1} = p(U) for some polynomial p ∈ F[t]. On the other hand, polynomial H-normality implies H-normality, because any square matrix M commutes with any polynomial of M. In [15] canonical forms for complex polynomially H-normal matrices have been developed both for the case of sesquilinear forms and bilinear forms.

It is the aim of this paper to extend the results of [15] to the real case. This could be done by starting “from scratch”, i.e., decomposing polynomially H-normal matrices into indecomposable blocks (for the concept of decomposability see Section 2) and then reducing these blocks towards canonical form. Instead, we introduce a special representation of real polynomially H-normal matrices in this paper, the so-called essential decomposition. In this representation a real polynomially H-normal matrix is decomposed into three parts: the real part, i.e., a part with real spectrum only, the complex sesquilinear part that can be described with the help of a complex matrix that is polynomially H-normal matrix with respect to a sesquilinear form, and the complex bilinear part that can be described with the help of a complex matrix that is polynomially H-normal with respect to a bilinear form. It is then shown that canonical forms can be obtained by computing canonical forms for all three parts of the essential decomposition separately. In particular, the canonical forms of the two latter parts are implicitly given by corresponding canonical forms for the complex case.

Although the essential decomposition has been designed having in mind the computation of canonical forms for real polynomially normal matrices in indefinite inner products, it is of independent interest and appears to be a convenient tool in the investigation of real polynomially normal matrices. Instead of proving results by starting from canonical forms, one may use the essential decomposition to reduce the problem to the corresponding problem in the complex cases. We give an example for this strategy by using the essential decomposition for the proof of existence of semidefinite invariant subspaces for polynomially normal matrices of special type.

The remainder of the paper is organized as follows. In Section 2, we discuss some basic properties of real polynomially H-normal matrices. In Section 3, we recall the well-known algebra isomorphism that identifies the complex numbers with a set of particular 2 × 2-matrices and discuss several properties of this isomorphism. In Section 4, we state and prove the main result of this paper, i.e., existence of the essential decomposition. Then, we show in Section 5 how this result can be applied to obtain canonical forms for real H-selfadjoint, H-skewadjoint, and H-unitary matrices. In Section 6, the essential decomposition is used in order to prove existence of semidefinite invariant subspaces for some polynomially H-normal matrices.

Throughout the paper, we use the following notation. N is the set of natural numbers (excluding zero). If it is not explicitly stated otherwise, H ∈ F^{n×n} always denotes an invertible matrix satisfying H⋆ = ±H and induces a bilinear, respectively, sesquilinear form [ ·, ·]. A matrix A = A_1 ⊕ · · · ⊕ A_k denotes a block diagonal matrix A with diagonal blocks A_1, . . . , A_k (in that order) and e_i is the i-th unit vector in F^n. The spectrum of a matrix A ∈ F^{n×n} is denoted by σ(A). If A = [a_{ij} ]_{i,j} ∈ F^{n×m} and

B ∈ F^{k×l} , then A ⊗ B denotes the Kronecker product

A ⊗ B := [a_{ij} B]_{i,j} ∈ F^{(nk)×(ml)} .

The symbols R_n, Σ_n, and J_n(λ) denote the n × n reverse identity, the n × n reverse identity with alternating signs, and the upper triangular Jordan block of size n associated with the eigenvalue λ, respectively, i.e.,

R_n = � � � 0 1 . . . 1 0

� � � , Σ n = � � � 0 (−1)^0 .. . (−1)^{n−1} 0

� � � , Jn(λ) = � � � � � λ 1 0 .. . .. . .. . 1 0 λ

� � � � � .

Finally, we use the abbreviation M^−⋆ := (M⋆)^{−1} = (M^{−1} )⋆.

2. Preliminaries. In this section, we collect some basic results for polynomially H-normal matrices. We start with the following proposition. Recall that the sizes of Jordan blocks associated with an eigenvalue λ of a matrix A are also called the partial multiplicities of λ.

Proposition 2.1. Let X ∈ F^{n×n} be such that X^[⋆^] = ~p(X) for some ~p ∈ F[t]. 1) There is a unique polynomial p ∈ F[t] of minimal degree so that X^[⋆^] = p(X). 2) p^′(λ) ≠ 0 for all eigenvalues λ ∈ C of X having partial multiplicities larger than one.

3) If [·, ·] is a sesquilinear form, then p � p(X) � = X. If [·, ·] is a bilinear form, then p � p(X) � = X.

Proof. See [15].

Definition 2.2. Let X ∈ F^{n×n} be such that X^[⋆^] = ~p(X) for some ~p ∈ F[t]. Then the unique polynomial p ∈ F[t] of minimal degree such that X^[⋆^] = p(X) is called the H-normality polynomial of X.

An important notion in the context of classification of matrices that are structured with respect to indefinite inner products is the notion of H-decomposability. A matrix X ∈ F^{n×n} is called H-decomposable if there exists a nonsingular matrix P ∈ F^{n×n} such that

P^{−1} XP = X_1 ⊕ X_2, P ⋆HP = H_1 ⊕ H_2,

where X_1, H_1 ∈ C^{m×m} and 0 < m < n. Clearly, any matrix X can always be decomposed as

P^{−1} XP = X_1 ⊕ · · · ⊕ X_k, P ⋆HP = H_1 ⊕ · · · ⊕ H_k,

(2.1)

where X_j is H_j -indecomposable, j = 1, . . . , k. Thus, it remains to classify indecomposable matrices.

Proposition 2.3. Let H ∈ R^{n×n} be nonsingular and symmetric or skew-sym-metric. Furthermore, let X ∈ R^{n×n} be an H-indecomposable polynomially H-normal matrix. Then σ(X) ⊆ R or σ(X) ∩ R = ∅.

Proof. Clearly, for any real matrix X there exists a similarity transformation with a nonsingular transformation matrix P ∈ R^{n×n} such that ~X := P^{−1} XP = X_1 ⊕ X_2, where σ(X_1) ⊆ R and σ(X_2) ∩ R = ∅, for instance, let ~X be the real Jordan canonical form of X (see, e.g., Section 3). Since X is polynomially H-normal, say with Hnormality polynomial p ∈ R[t], it follows that σ � p(X_1) � ⊆ R, because p has real coefficients. We claim that σ � p(X_2) � ∩ R = ∅. Indeed, assume that μ ∈ σ � p(X_2) � ∩ R.

Then there exists an eigenvalue z ∈ C \ R of X_2 such that μ = p(z). But then, Proposition 2.1 item 3) implies z = p � p(z) � which identifies z as a real number, a contradiction. Hence, the claim follows. Now set ~H := P^T HP . Then the identity � p(X_1) ⊕ p(X_2)

�_T ~ H = p( ~X)^T ~H = ~H ~X = ~H(X_1 ⊕ X_2)

together with the information on the spectra of X_j and p(X_j ), j = 1, 2 implies that ~H = H_1 ⊕ H_2 has a block structure conformable with ~X. (Here, we used that the Sylvester equation AY = Y B has only the trivial solution Y = 0 if the spectra of A and B are disjoint.) But then, the H-indecomposability assumption on X implies ~X = X_1 or ~X = X_2 and the assertion follows.

In view of Proposition 2.3, it is sufficient to develop canonical forms for polynomially H-normal matrices that have either real spectrum only or nonreal spectrum only. We start with the case of a real spectrum. The following result has been proved in [15].

Theorem 2.4 ([15, Theorem 9.1]). Let δ = ±1 be such that H^T = δH and X ∈ R^{n×n} be polynomially H-normal with H-normalily polynomial p ∈ R[t]. If σ(X) ⊆ R, then there exists a nonsingular matrix P ∈ R^{n×n} such that

P^{−1} XP = X_1 ⊕ · · · ⊕ X_p, P^T HP = H_1 ⊕ · · · ⊕ H_p,

(2.2)

where X_j is H_j -indecomposable, and X_j and H_j have one of the following forms:

i) blocks associated with λ_j ∈ R satisfying p(λ_j ) = λ_j and p^′(λ_j ) = 1 if n_j > 1:

if δ = +1 : X_j = J_{nj} (λ_j ), H_j = ε_j R_{nj} ,

(2.3)

if δ = −1 : X_j = � J_{mj} (λ_j ) 0 0 p � J_{mj} (λ_j )

�_T � , H_j = � 0 I_{mj} −I_{mj} 0 � , (2.4)

where ε_j = ±1 and n_j ∈ N if δ = +1 and n_j = 2m_j ∈ N is even if δ = −1; ii) blocks associated with λ_j ∈ R satisfying p(λ_j ) = λ_j and p^′(λ_j ) = −1:

X_j = T (λ_j , 1, a_{j,2}, . . . , a_{j,nj −1} ), H_j = ε_j Σ_{nj} ,

(2.5)

where n_j > 1 is odd if δ = 1 and even if δ = −1, a_{j,2}, . . . , a_{j,nj −1} ∈ R, a_{j,k} = 0 for odd k, and ε_j = ±1;

iii) blocks associated with λ_j ∈ R satisfying p(λ_j ) = λ_j and satisfying p^′(λ_j ) = −1 if m_j > 1:

X_j = � J_{mj} (λ_j ) 0 0 p � J_{mj} (λ_j )

�_T � , H_j = � 0 I_{mj} δI_{mj} 0 � , (2.6)

where m_j ∈ N is even if δ = +1 and odd if δ = −1;

iv) blocks associated with a pair (λ_j , μ_j ) ∈ R × R with μ_j = p(λ_j ) < λ_j = p(μ_j ):

X_j = � J_{mj} (λ_j ) 0 0 p � J_{mj} (λ_j )

�_T � , H_j = � 0 I_{mj} δI_{mj} 0 � , (2.7)

where m_j ∈ N.

The form (2.2) is unique up to permutation of blocks and the nonzero parameters a_{j,k} in (2.5) are uniquely determined by λ_j and the coefficients of p and can be computed from the identity T (λ_j , −1, a_{j,2}, 0, a_{j,4}, 0, . . .) = p � T (λ_j , 1, a_{j,2}, 0, a_{j,4}, 0, . . .) � . Observe that both cases ii) and iii) describe Jordan blocks associated with eigenvalues λ_j satisfying p(λ_j ) = λ_j and satisfying p^′(λ_j ) = −1 if the corresponding partial multiplicity is larger than one. Then the theorem tells us that if δ = 1 then evensized Jordan blocks must occur in pairs while odd-sized blocks need not. Analogously, odd-sized Jordan blocks must occur in pairs, but even-sized blocks need not, if δ = −1.

Theorem 2.4 settles the case that the matrix under consideration has real spectrum only and it remains to investigate the case of nonreal spectrum only. This will be done in the following sections.

3. Relating real and complex matrices. Assume that X ∈ R^{n×n} is a polynomially H-normal matrix with nonreal spectrum. Instead of developing a canonical form for such matrices directly, it is our aim to construct these forms by applying the known results for the complex case obtained in [15]. As a tool, we use the well-known algebra isomorphism that relates complex matrices with real matrices of double size that have a special structure. Indeed, it is well known that the set

M_C = � α β −β α � : α, β ∈ R �

equipped with the usual matrix addition and matrix multiplication is a field that is isomorphic to the field C of complex numbers. The corresponding field isomorphism

ϕ : C → M_C, (α + iβ) → � α β −β α �

can be easily extended to an algebra isomorphism (that we will also denote by ϕ) from the matrix algebra C^{n×n} onto the matrix algebra M^{n×n}_C consisting of n × n matrices with entries in M_C by ϕ � (z_{ij} ) � := � ϕ(z_{ij} ) � = � Re z_{ij} Im z_{ij} −Im z_{ij} Re z_{ij}

�_n

j,k=1

, (z_{ij} ) ∈ C^{n×n} .

If scalar multiplication in M^{n×n}_C is restricted to multiplication by diagonal matrices from M_C (which are images of real numbers under ϕ), then we can (and do) canonically identify M^{n×n}_C with a subalgebra of R^{2n×2n} .

With the help of the isomorphism ϕ the real Jordan canonical form of a real matrix can be conveniently described. Indeed, recall that a Jordan block associated with a pair of conjugate nonreal eigenvalues α ± iβ, α, β ∈ R has the form

J_n(α, β) := I_n ⊗ � α β −β α � + J_n(0) ⊗ I_2 =

� � � � � � � � � � � � α β 1 0 0 −β α 0 1 α β .. . −β α .. . 1 0 0 1 α β 0 −β α

� � � � � � � � � � � � .

(3.1) Clearly J_n(α, β) is in the range of ϕ, because ϕ � J_n(α + iβ) � = J_n(α, β) for all α, β ∈ R. Other properties of ϕ are listed in the following remark and can be verified by straightforward calculations.

Remark 3.1. Let Z ∈ C^{n×n} and M ∈ M^{n×n}_C .

a) If λ ∈ C is an eigenvalue of Z, then λ, λ are eigenvalues of ϕ(Z). b) ϕ(Z)^T = ϕ(Z^∗ ) and ϕ^{−1} (M^T ) = ϕ^{−1} (M)^∗ . c) (I_n ⊗ R_2) ϕ(Z)(I_n ⊗ R_2) = ϕ � Z � . d) ϕ � R_nZR_n � = R_{2n} ϕ � Z � R_{2n}.

e) If T ∈ C^{n×n} is upper triangular Toeplitz, then ϕ(T ) = R_{2n} ϕ(T )^T R_{2n} . f) p � ϕ(Z) � = ϕ � p(Z) � for any polynomial p ∈ R[t].

Note that each Jordan block J_n(α, β) = ϕ � J_n(α + iβ) � in (3.1) is similar to the block J_n(α, −β) = ϕ � J_n(α − iβ) � and thus, J_n(α, β) can be represented by a complex matrix either having the eigenvalue α + iβ or α − iβ. This observation easily generalizes to the following lemma.

Lemma 3.2. If X ∈ R^{2n×2n} has no real eigenvalues and if σ_1 ⊆ σ(X) satisfies σ_1 ∩ σ_1 = ∅ and σ_1 ∪ σ_1 = σ(X), then there exists a nonsingular P ∈ R^{2n×2n} and a matrix X ∈ C^{n×n} such that σ(X ) = σ_1 and P^{−1} XP = ϕ(X ).

Let us assume that M ∈ M^{n×n}_C is a polynomially H-normal matrix with Hnormality polynomial p, that is, the identity p(M)^T H = HM holds true. By, Remark 3.1 items b) and f), we immediately obtain that also p(M)^T ∈ M^{n×n}_C . The question arises if also H is contained in M^{n×n}_C , or, equivalently, if the Sylvester equation p(M)^T H = HM has a solution in M^{n×n}_C . A sufficient condition is given in the following result.

Proposition 3.3. Let A, B ∈ C^{n×n} such that σ(A) ∩ σ(B) = ∅. If Y ∈ R^{2n×2n} satisfies ϕ(A)Y = Y ϕ(B), then Y ∈ M^{n×n}_C .

Proof. Define the permutation matrix Π = [e_1, e_{n+1}, e_2, e_{n+2}, . . . , e_n, e_{2n}], where e_j denotes the jth unit column vector of length 2n. Then for any Z ∈ C^{n×n} the transformation with Π has the following effect:

Π^{−1} ϕ(Z)Π = � Re(Z) Im(Z) −Im(Z) Re(Z) � , where Re(Z) :=^1_2 (Z + Z) and Im(Z) :=^1_2 (Z − Z). Moreover,

Q^{−1} ϕ(Z)Q = � Z 0 0 Z � , where Q := 1 √ 2 Π � −iI_n I_n I_n −iI_n � . Next consider

Π^{−1} Y Π = � Y_1 Y_2 Y_3 Y_4 � , (3.2)

where Y_j ∈ R^{n×n} , j = 1, 2, 3, 4. Then

Q^{−1} Y Q = � Y_1 + Y_4 + i(Y_2 + Y_3) Y_2 + Y_3 + i(Y_1 − Y_4) Y_2 + Y_3 + i(Y_4 − Y_1) Y_1 + Y_4 + i(Y_3 + Y_2) �

and ϕ(A)Y = Y ϕ(B) implies � A 0 0 A � Q^{−1} Y Q = Q^{−1} Y Q � B 0 0 B � . (3.3)

Since σ(A) ∩ σ(B) = ∅, the Sylvester equation AX = XB has only the trivial solution X = 0. Thus, we obtain from (3.3) that Y_2+Y_3+i(Y_1−Y_4) = 0 which implies Y_3 = −Y_2 and Y_4 = Y_1. Inserting this in (3.2), it follows that Y = ϕ(Y_1 + iY_2) ∈ M^{n×n}_C .

4. Essential decomposition of polynomially H-normal matrices. In this section, we prove the main result of the paper that shows the existence of a decomposition of a real polynomially H-normal matrix X that we will call essential decomposition. As a first step, we recall that in view of Proposition 2.3, it remains to investigate polynomially H-normal matrices X that have nonreal spectrum only. Since any real matrix with nonreal spectrum only is similar to a matrix in M^{n×n}_C , we may assume without loss of generality that X = ϕ(X ), where X ∈ C^{n2 × n2} . In addition, we know that X is polynomially H-normal, i.e., p(X)^T H = HX for some polynomial p ∈ F[t]. It is natural to ask if this property is inherited by X , i.e., we ask whether there exists some complex (skew-)Hermitian matrix H such that p(X )^∗ H = HX . Since ϕ � p(X )^∗ H � = ϕ � p(X )^∗ � ϕ(H) = ϕ � p(X )

�_T

ϕ(H) = p � ϕ(X )

�_T

ϕ(H) = p(X)^T ϕ(H) and ϕ(HX ) = ϕ(H)ϕ(X ) = ϕ(H)X,

we obtain that the answer is affirmative if H is in the range of ϕ, that is, H = ϕ(H) for some H ∈ C^{n×n} . (It is easy to check that in this case H is (skew-)Hermitian if and only if H is (skew-)symmetric.) By Proposition 3.3, we know that a sufficient condition is given by σ(X ) ∩ σ � p(X ) � = ∅. The following example illustrates this fact.

Example 4.1. Let H ∈ R^{4×4} be nonsingular and consider the matrix S = � 0 1 −1 0 � ⊕ � 0 1 −1 0 � = ϕ � � i 0 0 i � � � �

=: S

� .

Assume that −S^T H = HS, that is, S is H-skewadjoint, or, equivalently, S is polynomially H-normal with H-normality polynomial p(t) = −t. Since the only eigenvalue of S is i, we have σ(S) ∩ σ � p(S) � = ∅. Thus, H ∈ M^{2×2}_C by Proposition 3.3. Indeed, a straightforward computation reveals that S is H-skewadjoint if and only if H has the form

H = � � � h_1 0 h_3 h_4 0 h_1 −h_4 h_3 h_3 −h_4 h_2 0 h_4 h_3 0 h_2

� � � = ϕ � � h_1 h_3 + ih_4 h_3 − ih_4 h_2 � � � �

=: H

� ,

where h_1, h_2, h_3, h_4 ∈ R. It is easy to check that S is skewadjoint with respect to the sesquilinear form induced by the Hermitian matrix H.

Unfortunately, the trick in Example 4.1 does not work if σ(X ) ∩ σ � p(X ) � ≠ ∅.

We illustrate this with the help of another example.

Example 4.2. Let H ∈ R^{4×4} be nonsingular and consider the matrix A = � 0 1 −1 0 � ⊕ � 0 1 −1 0 � = ϕ � � i 0 0 i � � � �

=: A

� .

Assume that A is H-selfadjoint, or, equivalently, that A is polynomially H-normal with H-normality polynomial p(t) = t. Then a straightforward computation reveals that this is the case if and only if H has the form

H = � � � h_1 h_2 h_3 h_4 h_2 −h_1 h_4 −h_3 h_3 h_4 h_5 h_6 h_4 −h_3 h_6 −h_5

� � � ,

where h_1, h_2, h_3, h_4, h_5, h_6 ∈ R. Thus, since H ≠ 0, we obtain that H is not in the range of ϕ. However, observe that

(I_2 ⊗ R_2)H = � � � � h_2 −h_1 h_4 −h_3 h_1 h_2 h_3 h_4 h_4 −h_3 h_6 −h_5 h_3 h_4 h_5 h_6

� � � � = ϕ � � h_2 − ih_1 h_4 − ih_3 h_4 − ih_3 h_6 − ih_5 � � � �

=: H

� .

It is interesting to note that H is not Hermitian, but complex symmetric, and that A is selfadjoint with respect to the bilinear form induced by H as it follows easily from a straightforward computation.

Examples 4.1 and 4.2 suggest the following strategy for the investigation of a matrix X = ϕ(X ). If σ(X ) ∩ σ � p(X ) � = ∅ then we interpret X as a polynomially normal matrix with respect to a sesquilinear form. If this is not the case, then we will try to interpret X as a polynomially normal matrix with respect to a bilinear form along the lines of Example 4.2. This is the main idea that leads to the essential decomposition of polynomially H-normal matrices.

Theorem 4.3 (Essential decomposition). Let δ = ±1 be such that H^T = δH and let X ∈ R^{n×n} be a polynomially H-normal matrix with H-normality polynomial p ∈ R[t]. Then there exists a nonsingular matrix P ∈ R^{n×n} such that

P^{−1} XP = X_1 ⊕ X_2 ⊕ X_3, P^T HP = H_1 ⊕ H_2 ⊕ H_3,

(4.1)

where for j = 1, 2, 3 the matrices X_j and H_j have the same size n_j × n_j and satisfy the following conditions:

(1) σ(X_1) ⊆ R;

(2) X_2 = ϕ(X_2) and H_2 = ϕ(H_2), where H^∗_2 = δH_2 and where

p(X_2)^∗ H_2 = H_2X_2,

i.e., X_2 is polynomially H_2-normal with respect to the sesquilinear form induced by H_2; moreover, X_2 satisfies

σ(X_2) ⊆ {λ ∈ C \ R | p(λ) ≠ λ}, σ(X_2) ∩ σ � p(X_2) � = ∅,

(3) X_3 = ϕ(X_3) and (I ⊗ R_2)H_3 = ϕ(H_3), where H^T_3 = δH_3 and where

p(X_3)^T H_3 = H_3X_3,

i.e., X_3 is polynomially H_3-normal with respect to the bilinear form induced by H_3; moreover, X_3 satisfies

σ(X_3) ⊆ {λ ∈ C \ R | p(λ) = λ}, σ(X_3) ∩ σ � p(X_3) � = ∅.

Furthermore, the decomposition (4.1) is unique up to equivalence of the factors X_j , H_j in the sense (X_j , H_j ) ∼ (P^{−1} X_j P, P^T H_j P ) for some nonsingular P ∈ R^{nj ×n j} .

Proof. Clearly C = R ˙∪ {λ ∈ C \ R | p(λ) ≠ λ} ˙∪ {λ ∈ C \ R | p(λ) = λ}. Thus, the spectrum of X can be split analogously into three disjoint parts and there exists a nonsingular matrix P such that P^{−1} XP = X_1 ⊕ ~X_2 ⊕ ~X_3 where

σ(X_1)⊆R, σ( ~X_2)⊆{λ ∈ C\R | p(λ) ≠ λ}, σ( ~X_3)⊆{λ ∈ C\R | p(λ) = λ}.

(4.2)

Observe that if λ ∈ σ(X) is from one of the spectra in (4.2), then p(λ) is from the same spectrum. (This follows easily from the property p � p(λ) � = λ which holds for all eigenvalues λ ∈ C of X.) Consequently, the identity

p(X_1 ⊕ ~X_2 ⊕ ~X_3)^T (P^T HP ) = (P^T HP )(X_1 ⊕ ~X_2 ⊕ ~X_3)

implies that P^T HP has a block structure H_1 ⊕ ~H_2 ⊕ ~H_3 corresponding to P^{−1} XP , where we used that the Sylvester equation AY = Y B only has the trivial solution Y = 0 when the spectra of A and B are disjoint. Clearly, the decomposition of X into the three parts X_1, ~X_2, and ~X_3 is then unique in the sense of the theorem.

Next, we focus our attention on the blocks ~X_2 and ~H_2. Since ~X_2 is polynomially ~H_2-normal and since ~X_2 has no eigenvalues satisfying p(λ) = λ, it follows from Proposition 2.1, item 3) that the eigenvalues of ~X_2 occur in pairs (λ, μ), where p(λ) = μ and p(μ) = λ. Since ~X_2 is furthermore real and, hence, all eigenvalues occur in conjugate pairs, we obtain that

σ( ~X_2) = m� j=1 {λ_j , λ_j } ∪ r� j=m+1

{λ_j , λ_j , μ_j , μ_j },

(4.3)

for some λ_j , μ_j ∈ C \ R, where p(λ_j ) = λ_j for j = 1, . . . , m and p(λ_j ) = μ_j ≠ λ_j for j = m + 1, . . . , r, and λ_i ≠ λ_j , λ_j for i ≠ j. Setting

σ_2 := m� j=1 {λ_1} ∪ r� j=m+1

{λ_j , μ_j },

(4.4)

we obtain that σ_2 ∩ σ_2 = ∅ and σ_2 ∪ σ_2 = σ( ~X_2). Hence, by Lemma 3.2, there exists a real nonsingular matrix ~P_2 such that X_2 := ~P^{−1}_2 ~X_2 ~P_2 = ϕ(X_2), where σ(X_2) = σ_2. Observe that, by construction, we also have σ(X_2) ∩ σ � p(X_2) � = ∅. Now denote H_2 := ~P^T_2 ~H_2 ~P_2. Then X_2 is polynomially H_2-normal and in view of Proposition 3.3, we obtain from the identity ϕ � p(X_2)^T � H_2 = ϕ � p(X_2)

�_T

H_2 = p(X_2)^T H_2 = H_2X_2 = H_2 ϕ(X_2)

(4.5)

that H_2 ∈ M^{m2×m 2}_C , where m_2 = n_2/2, i.e., there exists H_2 ∈ C^{m2×m 2} such that H_2 = ϕ(H_2). From H^T_2 = δH_2, we easily obtain H^∗_2 = δH_2. Moreover, identity (4.5) implies that ϕ � p(X_2)^∗ H_2 � = ϕ � p(X_2)^∗ � H_2 = H_2 ϕ(X_2) = ϕ(H_2X_2),

and since ϕ is an isomorphism, it follows that p(X_2)^∗ H_2 = H_2X_2.

Next, consider the blocks ~X_3 and ~H_3. Since the spectrum of ~X_3 is nonreal, there exists a real nonsingular matrix ~P_3 such that X_3 := ~P^{−1}_3 ~X_3 ~P_3 = ϕ(X_3) and where X_3 is chosen such that

σ(X_3) ∩ σ(X_3) = ∅.

(4.6)

(For example, we may choose σ(X_3) ⊆ {λ | Re(λ) > 0}.) Denote H_3 := ~P^T_3 ~H_3 ~P_3. Then X_3 is polynomially H_3-normal and from Remark 3.1, we obtain that

(I ⊗ R_2)H_3 ϕ(X_3) = (I ⊗ R_2) p � ϕ(X_3)

�_T H_3 = (I ⊗ R_2) ϕ � p(X_3)^∗ � H_3 = (I ⊗ R_2) ϕ � p(X_3)^∗ � (I ⊗ R_2)(I ⊗ R_2)H_3 = ϕ � p(X_3)^T � (I ⊗ R_2)H_3.

Recall that all eigenvalues λ of ~X_3 satisfy p(λ) = λ. Thus, in view of (4.6), we have σ(X_3) ∩ σ � p(X_3) � = ∅. Then Proposition 3.3 implies (I ⊗ R_2)H_3 ∈ M^{m3×m 3}_C , where m_3 = n_3/2, that is, (I ⊗ R_2)H_3 = ϕ(H_3) for some H_3 ∈ C^{m3×m 3} . Moreover, we obtain from H^T_3 = δH_3 that

ϕ(H_3) = (I ⊗ R_2)H_3 = δ(I ⊗ R_2)H^T_3 = δ(I ⊗ R_2) � (I ⊗ R_2)H_3

�_T (I ⊗ R_2)

= δ(I ⊗ R_2)ϕ(H_3)^T (I ⊗ R_2) = δ(I ⊗ R_2)ϕ(H^∗_3 )(I ⊗ R_2) = δϕ(H^T_3 ), that is, H^T_3 = δH_3. Finally, we have that ϕ � p(X_3)^T H_3 � = ϕ � p(X_3)^T � (I ⊗ R_2)H_3 = (I ⊗ R_2)H_3 ϕ(X_3) = ϕ(H_3X_3)

which implies p(X_3)^T H_3 = H_3X_3 and concludes the proof.

The uniqueness property of Theorem 4.3 justifies the following definition. Definition 4.4. Let X ∈ R^{n×n} be polynomially H-normal and let

P^{−1} XP = X_1 ⊕ X_2 ⊕ X_3, P^T HP = H_1 ⊕ H_2 ⊕ H_3,

be its essential decomposition. Then X_1 is called the real part of X, X_2 is called the complex sesquilinear part of X, and X_3 is called the complex bilinear part of X.

In view of Theorem 4.3, it seems natural to compute the canonical form for the pair (X, H) by computing the canonical forms for the pairs (X_j , H_j ) in the essential decomposition. The following theorem justifies that the combination of these canonical forms does indeed yield a canonical form for the pair (X, H).

Theorem 4.5. Let δ = ±1 be such that H, ~H ∈ R^{n×n} satisfy H^T = δH and ~H T = δ ~H. Moreover, let X ∈ Rn×n be polynomially H-normal and let ~X ∈ Rn×n be polynomially ~H-normal such that the two pairs (X, H) and ( ~X, ~H) are essentially decomposed

X = X_1 ⊕ X_2 ⊕ X_3, H = H_1 ⊕ H_2 ⊕ H_3, ~X = ~X_1 ⊕ ~X_2 ⊕ ~X_3, ~H = ~H_1 ⊕ ~H_2 ⊕ ~H_3,

in the sense of Theorem 4.3, in particular, X_1, H_1 ∈ R^{n1×n 1} , ~X_1, ~H_1 ∈ R^{~n1 ×~n 1} ,

X_2 = ϕ(X_2), H_2 = ϕ(H_2), X_3 = ϕ(X_3), H_3 = (I ⊗ R_2) ϕ(H_3), ~X_2 = ϕ( ~X_2), ~H_2 = ϕ( ~H_2), ~X_3 = ϕ( ~X_3), ~H_3 = (I ⊗ R_2) ϕ( ~H_3),

where X_j , H_j ∈ C^{mj ×m j} , ~X_j , ~H_j ∈ C^{~mj × ~m j} , j = 2, 3 and where all blocks satisfy the assumptions of Theorem 4.3. Assume further that the blocks M = X_2, ~X_2, X_3, ~X_3 have been chosen so that their spectra satisfy the condition

λ ∈ σ(M) ⇒ λ ∉ σ(M).

(4.7)

Then the following conditions are equivalent.

(1) The identities n_1 = ~n_1, m_2 = ~m_2, m_3 = ~m_3 hold and there exist nonsingular matrices P_1 ∈ R^{n1×n 1} , P_j ∈ C^{mj ×m j} , j = 2, 3 such that (1a) P^{−1}_1 ~X_1P_1 = X_1 and P^T_1 ~H_1P_1 = H_1, (1b) P^{−1}_2 ~X_2P_2 = X_2 and P^∗_2 ~H_2P_2 = H_2, (1c) P^{−1}_3 ~X_3P_3 = X_3 and P^T_3 ~H_3P_3 = H_3.

(2) The identities σ(X_2) = σ( ~X_2), σ(X_3) = σ( ~X_3) hold and there exists a nonsingular matrix P ∈ R^{n×n} such that P^{−1} ~XP = X and P^T ~HP = H.

Proof. ’(1) ⇒ (2)’: From (1b) and (1c), we immediately obtain σ(X_2) = σ( ~X_2) and σ(X_3) = σ( ~X_3). Let P := P_1 ⊕ ϕ(P_2) ⊕ ϕ(P_3). Then P satisfies the requirements of the theorem, because we clearly have

P^{−1}_j ~X_j P_j = ϕ(P_j )^{−1} ϕ( ~X_j )ϕ(P_j ) = ϕ(P^{−1}_j ~X_j P_j ) = ϕ(X_j ) = X_j for j = 2, 3,

P^T_2 ~H_2P_2 = ϕ(P_2)^T ϕ( ~H_2) ϕ(P_2) = ϕ(P^∗_2 ~H_2P_2) = ϕ(H_2) = H_2, and

(4.8)

P^T_3 ~H_3P_3 = ϕ(P^∗_3 )(I ⊗ R_2) ϕ( ~H_3)ϕ(P_3)

(4.9) = (I ⊗ R_2) ϕ(P^T_3 )(I ⊗ R_2)(I ⊗ R_2) ϕ( ~H_3)ϕ(P_3)

= (I ⊗ R_2) ϕ(P^T_3 ~H_3P_3) = (I ⊗ R_2) ϕ(H_3) = H_3.

’(2) ⇒ (1)’: Applying the uniqueness statement of Theorem 4.3, we obtain from the existence of P as in (2) that n_1 = ~n_1, m_2 = m̃_2, and m_3 = m̃_3, and that there exists nonsingular matrices P_1 ∈ R^{n1×n 1} , P_j ∈ R^{2mj ×2m j} , j = 2, 3 such that P^{−1}_j ~X_j P_j = X_j and P^T_j ~H_j P_j = H_j for j = 1, 2, 3. In particular, this implies (1a). Then from (4.7), from σ(X_j ) = σ( ~X_j ), j = 2, 3, and from Proposition 3.3, we obtain that P_j ∈ M^{mj ×m j}_C , j = 2, 3, that is, there exist (nonsingular) matrices P_j ∈ C^{mj ×m j} such that P_j = ϕ(P_j ), j = 2, 3. Then analogously to the calculations in (4.8) and (4.9), we show that

ϕ(P^{−1}_j ~X_j P_j ) = ϕ(X_j ), j = 2, 3, ϕ(P^∗_2 ~H_2P_2) = ϕ(H_2), ϕ(P^T_3 ~H_3P_3) = ϕ(H_3).

Then using the fact that ϕ is an isomorphism implies (1b) and (1c).

Remark 4.6. Combining Theorem 4.3 and Theorem 4.5, the problem of computing a real canonical form for a real polynomially H-normal matrix X is finally reduced to computing one real canonical form as in Theorem 2.4 and two complex canonical forms as in [15, Theorem 6.1] and [15, Theorem 7.1]. Since these three canonical forms are unique up to permutation of blocks, by Theorem 4.5 we obtain an analogous uniqueness statement for the real canonical form of a real polynomially H-normal matrix X once we have specified the spectra of the matrices X_2 and X_3 in essential decomposition of X. For X_3, this could be easily achieved, e.g., by requiring that σ(X_3) ⊆ {λ | Re(λ) > 0}. For X_2 this is not as easy, because we have to choose a subset σ_2 as in (4.4) from a set σ( ~X_2) as in (4.3). In general, we cannot require σ(X_2) ⊆ {λ | Re(λ) > 0}, because σ_2 must contain pairs {λ_j , μ_j } = {λ_j , p(λ_j )} and it is not guaranteed that with λ_j also μ_j = p(λ_j ) is in the open upper half plane of the complex numbers. However, we may specify the spectrum of X_2 as follows. Introducing the following relation of the complex numbers

c_1 < c_2 :⇔ � |c_1| < |c_2| or � |c_1| = |c_2| and arg(c_1) < arg(c_2) � , let the elements of the set in (4.3)

σ( ~X_2) = m� j=1 {λ_j , λ_j } ∪ r� j=m+1

{λ_j , λ_j , μ_j , μ_j } be ordered such that λ_j < λ_j for j = 1, . . . , m and λ_j < λ_j , μ_j , μ_j for j = m+1, . . . , r. Then we choose

σ_2 := m� j=1 {λ_1} ∪ r� j=m+1

{λ_j , μ_j },

as the spectrum of X_2. With this specification, the real canonical form for a real polynomially H-normal matrix X is unique up to permutation of blocks.

5. H-selfadjoint, H-skewadjoint, and H-unitary matrices. In this section, we derive real canonical forms for real H-selfadjoint, H-skewadjoint, and H-unitary matrices by applying Theorem 4.3. As before, H ∈ R^{n×n} always denotes a symmetric or skew-symmetric, nonsingular matrix.

Theorem 5.1 (Canonical forms for H-selfadjoint matrices). Let δ = ±1 be such that H^T = δH and let A ∈ R^{n×n} be H-selfadjoint. Then there exists a nonsingular matrix P ∈ R^{n×n} such that

P^{−1} AP = A_1 ⊕ · · · ⊕ A_p, P^T HP = H_1 ⊕ · · · ⊕ H_p,

(5.1)

where A_j is H_j -indecomposable and where A_j and H_j have one of the following forms:

a) in the case δ = +1:

i) blocks associated with real eigenvalues λ_j ∈ R:

A_j = J_{nj} (λ_j ), H_j = ε_j R_{nj} ,

(5.2)

where n_j ∈ N, ε_j = ±1;

ii) blocks associated with a pair α_j ± iβ_j of conjugate complex eigenvalues:

A_j = J_{mj} (α_j , β_j ), H_j = R_{2mj} ,

(5.3)

where m_j ∈ N, α_j ∈ R, and β_j > 0. b) in the case δ = −1:

i) paired blocks associated with real eigenvalues λ_j ∈ R:

A_j = � J_{mj} (λ_j ) 0 0 J_{mj} (λ_j )^T � , H_j = � 0 I_{mj} −I_{mj} 0 � , (5.4)

where m_j ∈ N;

ii) blocks associated with a pair α_j ± iβ_j of conjugate complex eigenvalues:

A_j = � J_{mj} (α_j , β_j ) 0 0 J_{mj} (α_j , β_j )^T � , H_j = � 0 I_{2mj} −I_{2mj} 0 � , (5.5)

where m_j ∈ N, α_j ∈ R, and β_j > 0.

Moreover, the form (5.1) is unique up to the permutation of blocks.

Proof. Since A is H-selfadjoint, we have that A is polynomially H-normal with H-normality polynomial p(t) = t. Without loss of generality, we may assume that A and H are already essentially decomposed in the sense of Theorem 4.3. Observe that

A has no complex sesquilinear part, due to the special structure of the polynomial p. Thus, we have

A = ~A_1 ⊕ ~A_3, H = ~H_1 ⊕ ~H_3,

where σ( ~A_1) ⊆ R and ~A_3 = ϕ(A_3), ~H_3 = (I ⊗ R_2)ϕ(H_3), and where A_3 is H_3- selfadjoint with respect to the bilinear form induced by the complex (skew-)symmetric matrix H_3. For the sake of uniqueness, we choose the eigenvalues of A_3 such that σ(A_3) ⊆ {λ ∈ C \ R | Im(λ) > 0}. In view of Theorem 4.5, we may furthermore assume that the pairs ( ~A_1, ~H_1) and (A_3, H_3) are in canonical form.

The canonical form of the pair ( ~A_1, ~H_1) can be read off Theorem 2.4. If δ = 1 then only blocks of the form (2.3) occur. This gives blocks of the form (5.2). On the other hand if δ = −1, then only blocks of the form (2.4) occur. This gives blocks of the form (5.4).

The canonical form of the pair (A_3, H_3) in the case δ = 1 can be read off [15, Theorem 7.2] and is

A_3 = J_{m1} (α_1 + iβ_1) ⊕ · · · ⊕ J_{mk} (α_k + iβ_k), H_3 = R_{m1} ⊕ · · · ⊕ R_{mk} ,

where m_j ∈ N, α_j ∈ R, and β_j > 0 for j = 1, . . . , k. Using (I ⊗ R_2)ϕ(R_{mj} ) = R_{2mj} this gives the blocks of the form (5.3) (after eventually renaming indices).

The canonical form of the pair (A_3, H_3) in the case δ = −1 can be read off [15, Theorem 8.2] and is block diagonal with diagonal blocks of the form

A_j = � J_{mj} (α_j + iβ_j ) 0

0 J_{mj} (α_j + iβ_j )^T � , H_j = � 0 I_{mj} −I_{mj} 0 � , where m_j ∈ N, α_j ∈ R, and β_j > 0, or, equivalently,

A_j = � J_{mj} (α_j + iβ_j ) 0

0 J_{mj} (α_j + iβ_j ) � , H_j = � 0 R_{mj} −R_{mj} 0 �

which follows easily by applying a transformation with the transformation matrix I_{mj} ⊕ R_{mj} . Using the fact that (I ⊗ R_2)ϕ(R_{mj} ) = R_{2mj} this gives the blocks of the form (5.5) (after renaming of indices and after applying a transformation with the transformation matrix I_{2mj} ⊕ R_{2mj} ).

Remark 5.2. The canonical form given in Theorem 5.1 is well known see, e.g., [13] for the case δ = +1 and [5] for the case δ = −1.

Concerning the corresponding result for H-skewadjoint matrices, we will need additional notation. Let E_n denote the diagonal matrix with increasing powers of i, that is, E_n := diag(1, i, i^2, . . . , i^{n−1} ). Observe that the following identities hold:

E^{−1}_n J_n(iλ)E_n = iJ_n(λ), E^{−1}_n R_nE_n = i^{n−1} Σ_n, E_nR_nE^{−1}_n = (−i)^{n−1} Σ_n.

Theorem 5.3 (Canonical forms for H-skewadjoint matrices). Let δ = ±1 be such that H^T = δH and let S ∈ R^{n×n} be H-skewadjoint. Then there exists a nonsingular matrix P ∈ R^{n×n} such that

P^{−1} SP = S_1 ⊕ · · · ⊕ S_p, P^T HP = H_1 ⊕ · · · ⊕ H_p,

(5.6)

where S_j is H_j -indecomposable and where S_j and H_j have one of the following forms:

i) blocks associated with the eigenvalue λ_j = 0:

S_j = J_{nj} (0), H_j = ε_j Σ_{nj} ,

(5.7)

where ε_j = ±1 and where n_j ∈ N is odd if δ = 1 and even if δ = −1; ii) paired blocks associated with the eigenvalue λ_j = 0:

S_j = � J_{mj} (0) 0

0 −J_{mj} (0)^T � , H_j = � 0 I_{mj} δI_{mj} 0 � , (5.8)

where m_j ∈ N is even if δ = 1 and odd if δ = −1;

iii) blocks associated with a pair (λ_j , −λ_j ) ∈ R^2 of real nonzero eigenvalues:

S_j = � J_{mj} (λ_j ) 0 0 −J_{mj} (λ_j )^T � , H_j = � 0 I_{mj} δI_{mj} 0 � , (5.9)

where m_j ∈ N, and λ_j > 0.

iv) blocks associated with a pair (iλ_j , −iλ_j ) ∈ iR^2 of purely imaginary eigenvalues:

S_j = J_{mj} (0, λ_j ), H_j = ε_j Σ_{mj} ⊗ I_2,

(5.10)

where m_j ∈ N is odd if δ = 1 and even if δ = −1, and ε_j = ±1, and λ_j > 0; or S_j = J_{mj} (0, λ_j ), H_j = ε_j Σ_{mj} ⊗ Σ_2,

(5.11)

where m_j ∈ N is even if δ = 1 and odd if δ = −1, and ε_j = ±1, and λ_j > 0; v) blocks associated with a quadruplet ±α_j ±iβ_j of nonreal, non purely imaginary eigenvalues, where m_j ∈ N and α_j < 0 < β_j :

S_j = � J_{mj} (α_j , β_j ) 0 0 −J_{mj} (α_j , β_j )^T � , H_j = � 0 I_{2mj} δI_{2mj} 0 � . (5.12)

Moreover, the form (5.6) is unique up to the permutation of blocks.

Proof. Since S is H-skewadjoint, S is polynomially H-normal with H-normality polynomial p(t) = −t. Without loss of generality, we may assume that S and H are essentially decomposed in the sense of Theorem 4.3. Observe that the real number λ = 0 is the only number satisfying λ = p(λ) (= −λ). Consequently, S has no complex bilinear part. Thus, we have

S = ~S_1 ⊕ ~S_2, H = ~H_1 ⊕ ~H_2,

where σ( ~S_1) ⊆ R and ~S_2 = ϕ(S_2), ~H_2 = ϕ(H_2), where S_2 is H_2-skewadjoint with respect to the sesquilinear form induced by the complex (skew-)Hermitian matrix H_2. Here, we choose the eigenvalues of S_2 such that σ(S_2) ⊆ {λ ∈ C \ R | Im(λ) > 0}. In view of Theorem 4.5, we may furthermore assume that the pairs ( ~S_1, ~H_1) and (S_2, H_2) are in canonical form.

The canonical form of the pair ( ~S_1, ~H_1) can be read off Theorem 2.4. If δ = 1 then only blocks of the forms (2.5)–(2.7) and of the form (2.3) for n_j = 1 occur. These give the blocks of the form (5.7)–(5.9) in (5.6). (Observe that the parameters a_{j,2}, . . . , a_{j,nj −1} in (2.5) are zero. Indeed, this follows immediately from the identity ~ST_1 ~H_1 = − ~H_1 ~S_1.) On the other hand if δ = −1, then only blocks of the forms (2.5)– (2.7) occur. This gives again blocks of the form (5.7)–(5.9) in (5.6). (Again, the parameters a_{j,2}, . . . , a_{j,nj −1} in (2.5) are seen to be zero.)

The canonical form of the pair (S_2, H_2) in the case δ = 1 can be read off [15, Theorem 6.3]. (The canonical form is explicitly given for H-selfadjoints only, but contains implicitly the canonical form of H-skewadjoint matrices, because multiplying an H-selfadjoint matrix with the imaginary unit i results in an H-skewadjoint matrix.) Having in mind that the spectrum of S_2 is a subset of the open upper half plane, we see that this form consists of blocks of the form

S_j = iJ_{mj} (λ_j ), H_j = ε_j R_{mj}

where λ_j > 0 and ε_j = ±1, or

S_j = � iJ_{mj} (β_j + iα_j ) 0 0 iJ_{mj} (β_j + iα_j )^∗ � , H_j = � 0 I_{mj} I_{mj} 0 � , where α_j , β_j > 0. Applying a transformation with the matrix E^{−1}_{mj} or (E_{mj} ⊕ E_{mj} )^{−1} , respectively, we obtain the alternative representations

S_j = J_{mj} (iλ_j ), H_j = (−i)^{mj −1} ε_j Σ_{mj} , or

(5.13)

S_j = � J_{mj} (−α_j + iβ_j ) 0 0 −J_{mj} (−α_j + iβ_j )^∗ � , H_j = � 0 I_{mj} I_{mj} 0 � , (5.14)

respectively. Observe that ϕ � (−i)^{mj −1} Σ_{mj} � = � ±Σ_{mj} ⊗ I_2 if m_j is odd ±Σ_{mj} ⊗ Σ_2 if m_j is even.

Thus, we obtain from (5.13) blocks of the forms (5.10) and (5.11), respectively, (after eventually replacing ε_j with −ε_j and after possibly renaming some indices). Analogously, we obtain from (5.14) blocks of the forms (5.12) (after possibly renaming some indices). The case δ = −1 is completely analogous and follows again from [15, Theorem 6.3]. The only difference is that each block H_j has to be multiplied with −i. After applying a transformation with the matrix E^{−1}_{mj} or (iE_{mj} ⊕E_{mj} )^{−1} , respectively, we obtain

S_j = J_{mj} (iλ_j ), H_j = (−i)^{mj} ε_j Σ_{mj} , or

(5.15)

S_j = � J_{mj} (−α_j + iβ_j ) 0 0 −J_{mj} (−α_j + iβ_j )^∗ � , H_j = � 0 I_{mj} −I_{mj} 0 � . (5.16)

This gives us blocks of the forms (5.11), (5.11), and (5.12), respectively (after replacing α_j with −α_j , eventually replacing ε_j with −ε_j , and after possibly renaming some indices).

Remark 5.4. Again, the result of Theorem 5.3 is not new, but can be found, e.g., in [13]. It should also be noted that the results of this and the previous subsection are related to canonical forms for pairs of real symmetric and skew-symmetric matrices under simultaneous congruence that have been obtained by Weierstraß and Kronecker, see [22] and the references therein.

In the following, let T (a_0, a_1, . . . , a_{n−1} ) denote the upper triangular Toeplitz matrix with first row � a_0 a_1 . . . a_{n−1} � , i.e.,

T (a_0, . . . , a_{n−1} ) =

� � � � � � a_0 a_1 . . . a_{n−1}

0 a_0 .. . . . 0 0 .. . a_1 0 0 0 a_0

� � � � � � .

Theorem 5.5 (Canonical forms for H-unitary matrices). Let H ∈ R^{n×n} and δ = ±1 such that H^T = δH. Furthermore, let U ∈ R^{n×n} be H-unitary. Then there exists a nonsingular matrix P ∈ R^{n×n} such that

P^{−1} UP = U_1 ⊕ · · · ⊕ U_p, P^T HP = H_1 ⊕ · · · ⊕ H_p,

(5.17)

where U_j is H_j -indecomposable and where U_j and H_j have one of the following forms:

i) blocks associated with λ_j = η = ±1:

U_j = T (η, 1, r_2, . . . , r_{nj −1} ), H_j = ε_j Σ_{nj} ,

(5.18)

where n_j ∈ N is odd if δ = 1 and even if δ = −1. Moreover, ε_j = ±1, r_k = 0 for odd k and the parameters r_k for even k are real and uniquely determined by the recursive formula

r_2 = 1 2 η, r_k = − 1 2 η � � k 2 −1�

ν=1 r_{2·ν}r_{2·(}k_{2 −ν)} � � , 4 ≤ k ≤ n_j ;

(5.19)

ii) paired blocks associated with λ_j = ±1:

U_j = � J_{mj} (λ_j ) 0 0 � J_{mj} (λ_j )

�_{−T} � , H_j = � 0 I_{mj} δI_{mj} 0 � , (5.20)

where m_j ∈ N is even if δ = 1 and odd if δ = −1.

iii) blocks associated with a pair (λ_j , λ^{−1}_j ) ∈ R × R, where λ_j > λ^{−1}_j and m_j ∈ N:

U_j = � J_{mj} (λ_j ) 0 0 � J_{mj} (λ_j )

�_{−T} � , H_j = � 0 I_{mj} δI_{mj} 0 � . (5.21) iv) blocks associated with a pair (λ_j , λ_j ) of nonreal unimodular eigenvalues:

U_j =

� � � � � � �

Λ_j Θ_j −r_2Λ_j . . . −r_{n−1} Λ_j 0 .. . . . . .. . . . . . .. . . . . .. . −r_2Λ_j . . .. . .. . Θ_j 0 · · · · · · 0 Λ_j

� � � � � � � , H_j = � ε_j R_j ⊗ I_2 if δ = 1 ε_j R_j ⊗ Σ_2 if δ = −1

(5.22)

where |λ_j | = 1, Im(λ_j ) > 0, m_j ∈ N, ε_j = ±1, and

Λ_j = � Re(λ_j ) Im(λ_j ) −Im(λ_j ) Re(λ_j ) � , Θ_j = � Im(λ_j ) −Re(λ_j ) Re(λ_j ) Im(λ_j ) � . (5.23)

Moreover, r_k = 0 for odd k and the parameters r_k for even k are real and uniquely determined by the recursive formula

r_2 = 1 2 , r_k = 1 2 � � k 2 −1�

ν=1 r_{2·ν}r_{2·(}k_{2 −ν)} � � , 4 ≤ k ≤ m_j ;

(5.24)

v) blocks associated with a quadruplet (α_j ± iβ_j ,^1_{α j ±iβ j} ) of nonreal, nonunimodular eigenvalues:

U_j = � J_{mj} (α_j , β_j ) 0

0 J_{mj} (α_j , β_j )^{−T} � , H_j = � 0 I_{2mj} δI_{2mj} 0 � , (5.25)

where α_j ∈ R, β_j > 0, α^2_j + β^2_j > 0, and m_j ∈ N.

Moreover, the form (5.17) is unique up to the permutation of blocks.

Proof. Since U is H-unitary, we have that U is polynomially H-normal with Hnormality polynomial p satisfying p(U) = U^{−1} . In particular, this implies p(λ) = λ^{−1} for all eigenvalues λ ∈ C of U. Without loss of generality, we may assume that U and H are already essentially decomposed in the sense of Theorem 4.3. Observe that the real numbers λ = 1 and λ = −1 are the only numbers satisfying p(λ) = λ. Consequently, U has no complex bilinear part. Thus, we have

U = ~U_1 ⊕ ~U_2, H = ~H_1 ⊕ ~H_2,

where σ( ~U_1) ⊆ R and ~U_2 = ϕ(U_2), ~H_2 = ϕ(H_2), where U_2 is H_2-skewadjoint with respect to the complex sesquilinear form induced by the complex (skew-)Hermitian matrix H_2. Here, we choose the eigenvalues of U_2 such that

λ ∈ σ(U_2) and |λ| ≥ 1 ⇒ Im(λ) > 0.

Since the eigenvalues of U_2 are either unimodular or occur in pairs (λ, λ^{−1} ), see, e.g., [15, Theorem 6.5], this implies in particular that Im(λ) < 0 for all eigenvalues λ of U_2 with modulus smaller than one. In view of Theorem 4.5, we may furthermore assume that the pairs ( ~U_1, ~H_1) and (U_2, H_2) are in canonical form.

The canonical form of the pair ( ~U_1, ~H_1) can be obtained from Theorem 2.4 giving the blocks of the forms (5.18)–(5.21). The detailed argument follows exactly the lines of the proof of Theorem 7.5 in [15] and will therefore not be repeated here. The canonical form of the pair (U_2, H_2) in the case δ = ±1 can be read off [15, Theorem 6.5]. (The canonical form is explicitly given for Hermitian H_2 only, but the result for H_2 skew-Hermitian can be obtained by considering the Hermitian matrix iH_2 = √ −1H_2 instead.) Having in mind the assumption on the spectrum of U_2, this form consists either of blocks of the forms

U_j = � J_{mj} (λ_j ) 0 0 J_{mj} (λ_j )^{−∗} � , H_j = � 0 √ δI_{mj} √ δI_{mj} 0 � , (5.26)

or of blocks of the forms

U_j = ω_j I_{mj} + iω_j T (0, 1, ir_2, . . . , ir_{mj −1} ), H_j = ε_j √ δR_{mj} ,

(5.27)

where |ω_j | = 1, Im(ω_j ) > 0, m_j ∈ N, and ε_j = ±1. Moreover, r_k = 0 for odd k and the parameters r_k for even k are real and uniquely determined by the recursive formula

r_2 = 1 2 , r_k = 1 2 � � k 2 −1�

ν=1 r_{2·ν}r_{2·(}k_{2 −ν)} � � , 4 ≤ k ≤ m_j ;

The blocks (5.27) results in blocks of the form (5.22). Concerning the blocks (5.26), we immediately obtain blocks of the form (5.25) in the case δ = 1. For the case δ = −1, observe that a transformation with the matrix Q := I_{mj} ⊕ (−iI_{mj} ) yields

Q^{−1} U_j Q = U_j = � J_{mj} (λ_j ) 0 0 J_{mj} (λ_j )^{−∗} � , Q^∗ H_j Q = � 0 I_{mj} −I_{mj} 0 � , which results again in blocks of the form (5.25).

Remark 5.6. A result in the direction of Theorem 5.5 for the case δ = −1 has been obtained in [21] concerning existence of a decomposition of H-unitary matrices into indecomposable blocks. Also, the possible Jordan canonical forms of the indecomposable blocks have been fully described. The part in what Theorem 5.5 differs from the result in [21] is that not only the H-unitary matrix U, but also H has been reduced to a canonical form and that the form of Theorem 5.5 is unique up to permutation of blocks. Canonical forms for H-unitary matrices for the case δ = 1 have been developed in [20] and for some special cases in [2].

Remark 5.7. We note that it follows from the proofs of the Theorems 5.1– 5.5 that H-selfadjoint matrices have no complex sesquilinear part and that H-skew-adjoint and H-unitary matrices have no complex bilinear part.

6. Semidefinite invariant subspaces. In this section, we apply the essential decomposition to prove existence of semidefinite invariant subspaces for polynomially H-normal matrices. Let H ∈ F^{n×n} be Hermitian. Then a subspace S ⊆ F^n is called

H-nonnegative if [x, x] ≥ 0 for all x ∈ S. An H-nonnegative subspace M ⊆ F^n is called maximal H-nonnegative if H is not contained in a larger H-nonnegative subspace. It is well known and easy to verify that an H-nonnegative subspace M ⊆ F^n is maximal H-nonnegative if and only if dim M = ν_+(H), where ν_+(H) is the number of positive eigenvalues of H, see, e.g., [16]. It is also well known that if X ∈ C^{n×n} is H-normal, then X has an invariant subspace M that is also maximal H-nonnegative, see [3, Corollary 3.4.12] for a more general result in Krein spaces or [16] for a proof depending on finite dimensionality. However, the corresponding statement for the case F = R is not true as the following example shows.

Example 6.1. Let α ∈ R and β ∈ R \ {0}, and consider the matrices A = � α β −β α � , H = � 0 1 1 0 � . Then A is H-selfadjoint and H has one positive eigenvalue. However, A has no real nontrivial invariant subspaces and thus, no invariant subspace that is also Hnonnegative.

In the following, we give a sufficient condition for a polynomially H-normal matrix to have an invariant subspace M ⊆ R^n that is also maximal H-nonnegative.

Theorem 6.2. Let H ∈ R^{n×n} be symmetric and let X ∈ R^{n×n} be polynomially H-normal such that X has no complex bilinear part in its essential decomposition. Then X has an invariant subspace M ⊆ R^n that is also maximal H-nonnegative.

Proof. Without loss of generality, we may assume that X and H are in the form (4.1). Thus, since X has no complex bilinear part, we find that

X = ~X_1 ⊕ ~X_2, H = ~H_1 ⊕ ~H_2,

where σ( ~X_1) ⊆ R and ~X_2 = ϕ(X_2), ~H_2 = ϕ(H_2), where X_2 is polynomially normal with respect to the sesquilinear form induced by H_2. In view of Theorem 4.5 we may furthermore assume that ~X_1 and ~H_1 are in the canonical form (2.2). It is sufficient to consider the case that X equals either ~X_2 or one of the indecomposable blocks in (2.2), because if each such block has an invariant subspace that is maximal H-nonnegative then an invariant maximal H-nonnegative subspace for X can be obtained as the direct sum of all those subspaces.

If X and H are in the form (2.3) or (2.5), then we choose

M = � � � Span(e_1, . . . , e^n_2 ) if n is even Span(e_1, . . . , e n+1_2 ) if n is odd and ε = 1 Span(e_1, . . . , e n−1_2 ) if n is odd and ε = −1.

Indeed, it is easily seen that M is X-invariant and maximal H-nonnegative. If X and H are in the form (2.6) or (2.7), then M = Span(e_1, . . . , e^n_2 ) is the desired invariant subspace that is also maximal H-nonnegative.

Next consider the case that X = ~X_2 = ϕ(X_2) and H = ~H_2 = ϕ(H_2). Since X_2 is polynomially H_2-normal (and thus, X_2 is in particular H_2-normal), X_2 has an invariant subspace M_C that is maximal H_2-nonnegative. Let k be the number of positive eigenvalues of H_2 and let M_C be spanned by the columns of the matrix T ∈ C^{n×k} . Then there exists a k × k matrix B ∈ C^{k×k} such that X_2T = T B. Applying ϕ to this identity, we obtain

~X_2 ϕ(T ) = ϕ(X_2T ) = ϕ(T B) = ϕ(T )ϕ(B),

that is, M := Range ϕ(T ) is an invariant subspace for ~X_2. The dimension of M is 2k, because ϕ doubles the rank of matrices. (This follows easily by considering the singular value decomposition and using that ϕ is an isomorphism.) Finally, M is ~H_2-nonnegative (and, consequently, maximal ~H_2-nonnegative, because ~H_2 = ϕ(H_2) necessarily has 2k positive eigenvalues which follows by diagonalizing H_2 and then using that ϕ is an isomorphism), because

ϕ(T )^T ~H_2 ϕ(T ) = ϕ(T^∗ H_2T )

is positive semidefinite if and only if T^∗ H_2T is. (Again, diagonalize T^∗ H_2T and use that ϕ is an isomorphism.) Thus, the H_2-nonnegativity of Range T implies the ~H_2-nonnegativity of Range ϕ(T ).

In view of Remark 5.7, we immediately obtain the following corollary. Corollary 6.3. Let X ∈ R^{n×n} be H-skew-adjoint or H-unitary. Then X has an invariant subspace M ⊆ R^n that is also maximal H-nonnegative.

Remark 6.4. The hypothesis of X having no complex bilinear part is essential in Theorem 6.2. Indeed, this fact is illustrated by Example 6.1. Thus, in contrast to H-skewadjoint and H-unitary matrices, H-selfadjoint matrices need not have an invariant maximal H-nonnegative subspace, because H-selfadjoint matrices may have a non-vanishing complex bilinear part.

7. Conclusions. We have introduced the essential decomposition of polynomially H-normal matrices. With the help of this decomposition, real polynomially H-normal matrices can be described by a polynomially H-normal matrix having real spectrum only and two complex matrices that are polynomially normal with respect to a sesquilinear form and bilinear form, respectively. The main motivation for the development of the essential decomposition is the construction of canonical forms for real polynomially H-normal matrices, but it is expected to be useful for the investigation of polynomially H-normal matrices in general, in particular, for the investigation of H-selfadjoint, H-skewadjoint, and H-unitary matrices, because the real part, the complex sesquilinear part, and the complex bilinear part of a polynomially H-normal matrix can be considered separately.

REFERENCES

[1] G. Ammar, C. Mehl, and V. Mehrmann. Schur-like forms for matrix Lie groups, Lie algebras and Jordan algebras. Linear Algebra Appl., 287:11–39, 1999.

[2] Y. Au-Yeung, C. Li, and L. Rodman. H-unitary and lorentz matrices: a review. SIAM J.

Matrix Anal. Appl., 25:1140–1162, 2004.

[3] T. Azizov and I. Iohvidov. Linear operators in spaces with an indefinite metric. John Wiley and Sons, Ltd., Chichester, 1989. (Translated from Russian.)

106 C. Mehl

[4] D. Djoković, J. Patera, P. Winternitz, and H. Zassenhaus. Normal forms of elements of classical real and complex Lie and Jordan algebras. J. Math. Phys, 24:1363–1373, 1983.

[5] H. Faßbender, D. Mackey, N. Mackey, and H. Xu. Hamiltonian square roots of skew- Hamiltonian matrices. Linear Algebra Appl., 287:125–159, 1999.

[6] I. Gohberg, P. Lancaster, and L. Rodman. Matrices and Indefinite Scalar Products. Birkhäuser Verlag, Basel, Boston, Stuttgart, 1983.

[7] I. Gohberg, P. Lancaster, and L. Rodman. Indefinite Linear Algebra. To appear. [8] I. Gohberg and B. Reichstein. On classification of normal matrices in an indefinite scalar product. Integral Equations Operator Theory, 13:364–394, 1990.

[9] I. Gohberg and B. Reichstein. On H-unitary and block-Toeplitz H-normal operators. Linear and Multilinear Algebra, 30:17–48, 1991.

[10] I. Gohberg and B. Reichstein. Classification of block-toeplitz H-normal operators. Linear and Multilinear Algebra, 34:213–245, 1993.

[11] O. Holtz and V. Strauss. Classification of normal operators in spaces with indefinite scalar product of rank 2. Linear Algebra Appl., 241–243:455–517, 1996.

[12] O. Holtz and V. Strauss. On classification of normal operators in real spaces with indefinite scalar product. Linear Algebra Appl., 255:113–155, 1997.

[13] P. Lancaster and L. Rodman. Algebraic Riccati Equations. Clarendon Press, Oxford, 1995. [14] W.-W. Lin, V. Mehrmann, and H. Xu. Canonical forms for Hamiltonian and symplectic matrices and pencils. Linear Algebra Appl., 302/303:469–533, 1999.

[15] C. Mehl. On classification of normal matrices in indefinite inner product spaces, Electron. J.

Linear Algebra, 15:50–83, 2006.

[16] C. Mehl, A. Ran, and L. Rodman. Semidefinite invariant subspaces: degenerate inner products.

Oper. Theory Adv. Appl., 149:467–486, 2004.

[17] C. Mehl and L. Rodman. Symmetric matrices with respect to sesquilinear forms. Linear Algebra Appl., 349:55–75, 2002.

[18] V. Mehrmann. Existence, uniqueness, and stability of solutions to singular linear quadratic optimal control problems. Linear Algebra Appl., 121:291–331, 1989.

[19] V. Mehrmann and H. Xu. Structured jordan canonical forms for structured matrices that are hermitian, skew hermitian or unitary with respect to indefinite inner products. Electron. J. Linear Algebra, 5:67–103, 1999.

[20] L. Rodman. Similarity vs unitary similarity and perturbation analysis of sign characteristics:

Complex and real indefinite inner products, to appear in Linear Algebra Appl. [21] V. Sergeichuk. Classification problems for systems of forms and linear mappings. Math. USSR- Izv., 31:481–501, 1988.

[22] R. Thompson. Pencils of complex and real symmetric and skew matrices. Linear Algebra Appl., 147:323–371, 1991.